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CHAPTER 1
INTRODUCTION

It is well known, that for rather general Markov decision processes with
additive reward functions, strategies are optimal if and only if they are
conserving and equalizing (references will be given presently). A strategy
is conserving, if no irrecoverable loss can be expected at any step. A
strategy is equalizing if for each large time instant almost all profit,
that might be obtained from that time on, is indeed obtained. Partial
results of the above type are also known in continuous-time stochastic
control.

In this monograph the characterization of optimal strategies is derived
for a fairly general decision process. By imposing more structure on the
reward function and on the process, we can also give more structure to
the concepts of conservingness and equalizingness. Without difficulty

we can generalize the derivation of the characterization to decision
processes with more than one decision maker or player. At first we
restrict ourselves to a characterization of Nash optimality. Afterwards,
the generalization to processes with several players leads to the
characterization of stronger types of optimality.

The remaining part of this introductory chapter is built up as follows.
We start by sketching the structure of the decision process. The relation
of our work to that of others is described thereafter. Further we introduce
some notation. Finally, the contents of this monograph are summarized
chapter by chapter.

The decision process we study, can be sketched as follows (for the sake
of simplicity this sketch is restricted to the discrete-time case). At
successive time instants t from a time space T, a system is observed to
be in states L from a state space X. This observation is made by all n
players of the system (the number n is not necessarily finite). Then

each player chooses an action from his own action space, and thereafter
he observes which action is chosen by the other players. These choices
cause the system to move into a next state, which is observed by all
players. The transition mechanism is determined by a probability distri-
bution, defined on the state space, and may depend on the history up to
the time of the transition. The action chosen by a player has to be

admissible, and the admissibility of an action may depend on all preceding



observations. However, the choice of an action at a certain time by a given
player is not allowed to depend on the choices of the other players at that
time. In other words, the process is "noncooperative".

A strategy is a rule, which determines where and when what action must be
chosen by each player. Thus every strategy determines a measure on the
space of possible paths (these paths are sequences of the following form:
state, action, state, action, etc.). By means of a utility function each
path has a certain value, hence each strategy has a value, namely the
expected utility value. A strategy is called optimal if the expected
utility value is maximal in >a certain sense: we will restrict ourselves
to optimality concepts of the Nash type. Precisely this type of optimality
will be characterized by the properties conservingness and equalizingness
mentioned before.

Intuitively the idea of characterizing optimality by these two properties
is so selfevident, that one cannot expect it to be new. And indeed, this
type of characterization can already be found in the work of Dubins and
Savage (1965), Sudderth (1972) and Hordijk (1974) and more recently in a
paper of Kertz and Nachman (1977). Also the discussion at the end of
Blackwell (1970) contains some remarks about this characterization. (The
concept of thriftiness arising in some of these papers, means that also a
special action - the stopping action - is conserving.) However, in the
literature mentioned the proofs of the characterization make essential use
of the specific structure of the process or of the utility function.

In Groenewegen (1975) a different proof is given, based on the principle

of optimality from Bellman (1957). This technique has led to generalizations
for the case of a two-person zero-sum game (see Groenewegen and Wessels
(1977) and Groenewegen (1976)). Meanwhile Groenewegen and van Hee (1977)
found another proof of this characterizatidn, using a martingale approach.
Rieder (1976) also uses martingale theory in establishing a characteriza-
tion. Some of his results are closely related to those in Groenewegen

and van Hee (1977).

Above we mentioned Bellman's principle of optimality. Apparently there is
same confusion about the exact meaning of this concept. In Bellman (1957)
chapter 3 section 3 it is formulated as follows: "An optimal policy has

the property that whatever the initial state and initial decision are,

the remaining decisions must constitute an optimal policy with regard to
the state resulting from the first decision" This is essentially the same

as the assertion of lemma 1 in Groenewegen(1975), and the result in Gavish



and Schweitzer (1976) which they call a principle of optimality. These
three authors formulated the result without a reference to Bellman. Although
Bellman states that he uses the principle of optimality in the derivation
of the dynamic programming equation, he is not extremely careful in giving
this derivation. This is probably the reason that the dynamic programming
equation is also called Bellman's optimality principle by some authors.
Since the dynamic programming equation and conservingness are thé same
thing, this explains why in control theory one uses the term optimality
principle for the conserving property (see e.g. Striebel (1975), Boel and
Varaiya (1977)).

In control theory much has been written on the relation between Pontryagin's
maximum principle, Hamilton Jacobi equations and the optimality principle
or conservingness, so there is no need for us to discuss it here. A good
reference for this topic is Berkovitz (1974), chapter 5 section 2.

In the sequel we will use the following notation to classify the decision
processes we are interested in: a/b/c/n, with a € {C,D}, denoting that the
time space is discrete (a = D) or continuous (a = C), with b ¢ {F,D,G},
denoting that the state space is finite (b = F), denumerable (b = D) or
general (b = G), with ¢ ¢ {F,D,G}, denoting that for each player the

action space is finite (¢ = F), denumerable (c = D) or general (¢ = G), and
with n a cardinal number, denoting the number of players. For instance,

a C/D/F/2 process is a continuous-time, two-person decision process on a
denumerable state space with a finite action space for each player.

The discrete as well as the continuous time spaces are supposed to have

the usual ordering (<). Both have a lowest element and are unbounded to

the right. It is not difficult to see how processes which actually do not
continue after a terminal time 1, can be fitted into our model with an
infinite time space. This can be done by defining the transition mechanism
in such a way that after time 1 the process stays with probability 1 in the
state it has reached at time T, whatever actions are chosen.

The contents of this monograph are as follows. After this introductory
chapter 1, two chapters are devoted to the D/G/G/1 process: in chapter 2

we discuss its general model and derive the characterization of optimality
for a general utility. In chapter 3 it is established that for so-called
tail vanishing utilities the characterization has a "nice" form. The
concept of a tail vanishing utility is stronger than the concept of
recursiveness, introduced in Furukawa and Iwamoto (1973) and also treated

here in chapter 3. Chapter 4 gives the analogous results for the C/G/G/1



process. The D (or C)/G/G/2 process with a zero-sum utility is studied in

chapter 5. Several optimality concepts are discussed, and characterized

in terms of conservingness and equalizingness. The analogous results for
the D (or C)/G/G/n process are given in chapter 6.



CHAPTER 2
THE D/G/G/1 PROCESS WITH A GENERAL UTILITY

As has already been said in chapter 1, the D/G/G/l‘process is a discrete-
time (the D) decision process on a general state space (the first G) with

a general action space (the second G), controlled by 1 player (tﬁe 1).

The D/G/G/1 process is formulated in the first section of this

chapter, and some conventions, notations and definitions are given there
too. In section 2.2 we give a characterization of v-optimality by means
of v-conservingness and v-equalizingness. Since this characterization is
given in the general situation, where the utility has no special structural
properties (as e.g. additivity), this characterization is fairly global.
So, at least in this chapter, our concepts of conservingness and equalizing-
ness look a bit different from those introduced for gambling houses

(Dubins and Savage (1965), Sudderth (1972)) and for Markov decision
processes (Hordijk (1974), Groenewegen (1975), Rieder (1976)).

2.1. The D/G/G/1 PROCESS

To begin with we present a definition of the D/G/G/1 process that is
closely related to the set-up given in Hinderer (1970). The general D/G/G/1
(decision) process is defined as a tuple (T, (X,X), (AA), (Lt| teT),

(pt [t e T),r) together with a set of requirements.

-T= {to,t +1,...} is the time space (usually we will take T = N = {0,1,...});

0
X is the state space, endowed with a o-field X;

A is the action space, endowed with a o-field A;

t t
- for each t ¢ T the symbol Lt denotes a subset of X {(XxA), X and x
k=0 k=0

yee o X ,at) € Lt’ then a, is

denoting a Cartesian product. If (xo,aO €

called an admissible action in (xo,ao,...,xt);

- (pt [ t € T) is the family of transition functioms;

r is the utility function.

For the description of the components and the behaviour of the process, we

also introduce

- the sample space (i.e. the set of all sample paths or histories)



oo

(H,H := ( X (X xA, @ (Xe A)), where X ® A denotes the product
k=0 k=0

o-field of X and A;
t t
-~ for each t € T the space (Kt,Kt) = (X (X xA, @ (X& A);
k=0 k=0

- for each t € T the space of histories up to time t

o= 1/
HoHD) o= (K x X, K _ 0 X

t-1
Note that the empty product disappears from the above expressions. The sets

Lt c Kt’ t € T satisfy the following requirements:

(1) Lt € Kt;
(ii) for any h, e Ht the set Lt n theprojectionoftheht—sectionoth (i.e.
t
= L i . L is called the
Lt h, {ach| (h sa) e t}), is nonempty.The set L n,

set of admissible actions in ht‘

Note that Lt h is an A-measurable set (see e.g. Neveu (1965), th. III, 1.2).
t

Now we give the requirements for the traq;ition_mechgnism.

The transitions made by the process from one coordinate of the sample

space to the next are determined in part by the transition functions in the
family (ptlt e T). Any element P, of this family is a transition probabili-

ty from (Kt,Kt) into (X, X, i.e.pt((xo,ao,...,xt,at),.) is a probability

measure on (X, X for each (xo,ao,...,xt,at) € Kt' and pt(.,B) is a measur-

able function on (Kt,Kt) for each B e X,

For the other part, the transition mechanism of the process is determined
by a strategy m = (no,ﬂl,...). This is a sequence of functions LA te T,

such that T is a transition probability from (Ht'H£) into (A, A, with the

condition that for each ht = (xo,ao,...,at_l,xt)e Ht the probability

measure wt(ht,.) is concentrated on the set Lt h of admissible actions in
t

ht' The A -measurability of Lt h has been noted before.
t



The set of all strategies is denoted by TI.

In the sequel we shall use the following convention: let f: H - IR be measur-
able with respect to the o-field on H induced by Ht’ then we write f(kt) in-
stead of f(h).

Now, the Ionescu Tulcea theorem can be applied (see Neveu (1965) th.v.1l.1
and its corollaries) to construct a probability measure for the process on
the sample space. Since (H,H) is a product space of measurable spaces, and
since for each choice of a strategy m all the relevant transition proba -
bilities are determined, it may be concluded that for every X, e X

there exists a probability measure n>x o on (H,H), with the following
properties. 0

Let £f: H » IR be nonnegative. If £ is measurable with respect to the

o-field on H, induced by Kk’ then it holds that

ﬂ(dh) =

[f(m P
Rl ;

H

= I f f ...f [ f(xo,ao,...,ak) ﬂk((xo,ao,...,xk), dak). ves
A XA XA
LR . PO ('(xo;ao) rdxl) "0 (xo Idao) ;\

and if f is measurable w.r.t. the o-field on H, induced by H , the

/fm)mx
H

= I/ //f(xo,ao,...,xk)pk_l((xo,...,ak_l),dxk).
A X A X

(@) =
o'"

e e po((xo,ao), dxl) no(xo,dao).

This I’x . is the uniquely determined probability measure for the process
Ol

which starts in xo, with a transition mechanism prescribed by m and the

family (pt | teT.

Let v be a probability measure on (X,X), called the starting distribution.

In the Ionescu Tulcea theorem it is also asserted, that there exists a

probability measure P, on (H,H), defined by

’



JP\)’1T (H) = /]Px,n (H') v(ax) for all H' ¢ H.
X

It may even be concluded that for every ht € Ht and kt € Kt there exist

probability measures E’h . and E>k - respectively, which are
t’ t’

a version of the conditional probability measures for the process, given

ht and kt' respectively. They satisfy the following conditions:

[ = [
r, 'n(H ) /JPk ,n(H ) m (b ,da)
t t
A
' = hi2l (] (] .
and E’k ,n(H ) f h '"(H ) Pt(kt' dxt+1) for all H' € H
t t+1
X
REMARK. In the sequel we will use the probability measures n>x o as well
OI
as I’V T It would be convenient if every E’x . could be considered as
’

OI
a special case of E’v _ Unfortunately, we cannot in general construct a
’
starting distribution v concentrated on the set {xo}, since it is not

necessary that {xo} € X for all x; € X.

However, there always exists a v such that E’v =P .

, T Xye T
In fact, if we define for all B e X
1 if xj € B
v(B) = e (B) := {
0 0 otherwise
then v is a probability measure on (X,X) with
]Pv,ﬂ (p) = j]Px,vr (D) v(dx) = ]PxoﬂT (p) for all D e H.
X

Hence the P case is contained in the P case.
xol“ Vv, T

Since any strategy m selects with probability one only admissible actions,

the following theorem is intuitively clear.



2.1.1. THEOREM. For every Xy € X and T € I we have

P (n (Lk x X x Ax Xx Ax ...)) =1.

'™ k=0

PROOF. It is sufficient to prove, that for all k € T

Pxo.ﬂ (Lk><X><A><X><A><...)=1

(note that Lk x Xx Ax ...ce H, since Lk € Kk).

We reason as follows:

]Pxo,Tr (Lk x X x Ax...) = j[ f/l{kaXxAx...}(h) .
A X X A

. nk((xo,ao,...,xk),dak) pk—l((XO""’ak—l)' dxk)° ce. ®

Ty Kgr Bg) =

= [.[ vee /.1 pk—l((xo""'ak-l)' dxk) LI no(xo,dao) = 1. .
A X X

Note that the sets Lt’ determining the admissible actions, play no
essential role in the description of the model for the D/G/G/1 process.
However, the sets Lt restrict the set of possible strategies. This set-up
is not unusual in papers on Markov decision processes, see Hinderer (1970),
Blackwell (1965).

An important property of the set of strategies I , which follows directly
from our definition of a strategy, is the following. Let w,%' e II.

Then a new strategy 7" € TT is specified Ly

k
"= < < "o [ U
M= for 0 < k < t, me =m on B xA x X (X x A) and me = m on
L=t+1
c k
B~ xA x X (X xA) for k 2 t. This 7" is a strategy indeed, since each
L=t+1

T is atransition probability from Hk to A, for each history hk concentrated on
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the corresponding set of admissible actions.
To be able to handle "heads" and "tails" of strategies appropriately,
we introduce the following notations.

) € I. Then .7 = (T ). is called the head

1o ¢ 0rMyree rTey
of m until time t. Furthermore, for any ht = (XO'aO""'at-l'xt) € Ht we

Let T = (ﬂo,n

define n(t;ht) = (né,n',...) with

[] 1 . = . ] 1 1 ] °
HT(hT. ) ﬂt+T((x0,a0,...,at_l,xo,ao,xl,...,xT), )

for all h% = (x!',a’

1]
o 0,...,xT) € HT and T € T.

Thus, ﬂ(t;ht) is a strategy for the process which starts at time t, and
n(t;ht) causes this process to behave stochastically the same as the
original process from time t on, if the "history" h, without x, has occurred,
and if the transitions depend on the strategy m. We call this strategy
m(tih ) the tatl of w given a history ht before time t. Note that in the
case of a Markov process and a Markov strategy 7w, the occurrence of ht

in the tail n(t;ht) is not essential.

For each t € T we define Ft as the o-field in H, generated by sets of type
Ht': xA xX xA xX x ..., with H'tl: € H.t. Moreover we introduce the following
random variables: H denoting the whole history, Ht denoting the history up
to time t, Xt denoting the state at time t, and At denoting the action at
time t. More formally we say that H’Ht'xt and At with t € T are measurable
functions from H into H, such that H is the identical function, Ht is the

projection from H into Ht' X _ is the projection on the 2t+l1-th coordinate

t
of H and At is the projection on the 2(t+l)-th coordinate. Instead of
roH(h) we will use the notation r(H). It should be noted that the o-field

F_ is precisely the o-field generated by Ht'

t
, E etc. are the expectation operators with respect to the
xo,n v, T
probability measures IP , P etc.
xo,ﬂ v, T

Now we are in a position to give another notation for tails of strategies.
Consistently with the notation n(tﬂit), we use w(t;Ht) to denote n(tﬂxt)
if H =h . The symbol m(t;H ) is called the tall of m from time t on. It
is also possible to concatenate heads and tails of strategies, so each

m. € II can be written as t1r1T(t;Ht).
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We have given a description of all stochastic processes involved, and we
have introduced some notations. Now we have reached the point where the
decision part comes in.

The player of the D/G/G/1 process chooses a strategy, and in this way he
"controls" the process. In order to attach a certain value to each strategy,
we have the following requirements for the utility function. Thelutilitz
function r is supposed to be a real valued measurable function on (H,H).
Moreover r is supposed to be quasi integrable with respect to each Pv

;T
with m € T and v a fixed starting distribution, i.e. either

+ - . + _
E\),1r r (H) < ® or Ev,n r (H) <, with r (h) = max(0,r(h)) and

r (h) = max(0,-r(h)).

REMARK. y is supposed to be fixed throughout this monograph.

Now the value of a strategy can be defined. For each t ¢ T the value of
strategy m, given the history h = (xo,ao,...,at_l,xt) up to time t,

is a function vy Ht xIT + R withR = R U {-»,o}, such that

E r (H) if this integral exists,

vt (ht,ﬂ) = ht'“

- otherwise.

Consistently with this definition we will choose from now on, for all

t € T and the starting distribution v, the function vt(Ht,n) as our

fixed representative for Evtn r (H),
’

F

where E t
v

T denotes the conditional expectation of Ev w.r.t. F_.
7

T t
(By the above assumptions about r the right-hand side is:Pv ﬂ—almost everywhere
14

defined.) This is called the value of strategy m, given H_. The value of

e
the game, given hys henceforth called: the value given h, or the value
function, is a function

W ot Ht+ R with

w, (h,) = sup v

e e (ht,w),
mell

t

and therefore the value, given H_ for a fixed starting distribution v is

t
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F
w (H )=sup v, (H _,m) = sup E t r(H).
t t v,T
mell mell

The higher the value of a strategy, the more the player prefers this

strategy. Thus, we arrive at the concept of v-optimality.

2.1.2. DEFINITION. A strategy 7¥ ¢ I is called v-optimal, iff

. .
vt(Ht,n ) = wt(Ht) I’v o = a-s. for all t € T

REMARK. The value function wt is not necessarily measurable. At the end of

the next section we give some references where this problem is discussed.

We conclude this section with a few remarks on the model. Since the
transition probabilities P, depend on the action at time t, and on the
history up to time t instead of only the state at time t, the model
describes a class of decision processes, which is much more general than
the class of Markov decision processes. The strategies we allow may also
depend on the history, and may select randomized actions, the class of
strategies under study is the class of randomized behavioural strategies.
This class is fairly general, since by a result of Aumann (1964) so-called
mixed strategies may be replaced by behavioural strategies, if for instance
the history up to time t is known at every time t. The precise definitions
of mixed and randomized behavioural strategies can also be found in

Aumann (1964).

The utility functions we allow, are of the same generality as those in
Kreps (1977). In the next chapter the more restrictive recursive utilities,

as introduced in Furukawa and Iwamoto (1973), will arise quite naturally.

2.2. CHARACTERIZATION OF v-OPTIMAL STRATEGIES

In this section it will be shown that the class of v-optimal strategies
coincides with the class of strategies that are both v-conserving and
v-equalizing. As said before in chapter 1, conservingness means, that at
every step prescribed by the strategy, you loose nothing, and equalizing-
ness means, that in the long run the value of the strategy comes arbitrarily

close to the value one can hope for from then on.
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First it will be shown, that for each strategy m the value function wt is

a supermartingale, if some measurability conditions are satisfied. This
generalizes a result in Groenewegen and van Hee (1977), where this property
is proved for a special class of utility functions and for Markov strategies
in the context of a D/D/D/1 Markov decision process. Recall that in general

the value function is not measurable.

2.2.1. THEOREM.

Let v be a starting distribution and m a strategy, such that for all t € T
the value we is E’V’“—ahmost equal to a measurable function. If the
following condition is satisfied: for all probability measures u on

Ht , teT, all e >0 and all m € IR there exist strategies 7',7" such
that

' > - -
vt(Ht,ﬂ ) wt(Bt) € u a.s. on {hte:Ht [ wt(ht) < »},
and

"> - =
v (H ") > m U - a.s. on {ht € H | w (hy) w},

then the value function is a supermartingale, i.e.

F

t
P - a.s.
wnwu4mtﬂ) v, T a.s

wt(Ht) 2 E
REMARK. For X and A complete separable metric spaces the result is well
known, see Strauch (1966), Hinderer (1970), Shreve (1977). The condition
in the theorem is satisfied, if there exists a p-almost everywhere
measurable selection from tails of strategies.

This is the point, where so-called selection theorems play a role, see the
survey on this topic by Wagner (1977). Since theorem 2.2.1. is not
really used in the sequel, we will not discuss a possible derivation of

the conditions in the theorem from other conditions.

PROOF. Without loss of generality we may restrict ourselves to the case
that W is finite.
Suppose there exist € > 0, t e T, m e II and a starting distribution v such

that
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Fe

Ev,n wt;+1(H

s .
t+1) wt(Ht) + € on Ft € Ft with P Tr(Ft) > 0.

’

By the condition in the theorem with u the marginal probability corresponding

to E’v x OP the (2t+1)-th coordinate, there exists a m' ¢ II such that

’

1
) - 5 € Pv,w - a.s.

1]
Vit Bpggr ™) > w (e

Since v 1(ht+1,'n') does not depend on T', we may conclude that

t+ t+1
v (H ™) >w (H ) - L € P - a.s.
t+1 e+l t+1 e+l 2 v,m
3 n ] . = .
with t+1" t+1“ and ~ " (t+1; .) T(t+1;.). Hence
: F F .
v (H”ﬂ") =E t v (H n") > E t w (H ) - 1‘8 > w, (H) + L €
tot' V, T tHl e+l ottt 2 t Tt 2
Pv,n - a.s. on Ft'
which is contradicted by the definition oI W - 0

This result in fact means, that the best the player can hope for at any

given time, is not less than what he can hope for after the next step taken.

In this light it seems plausible, that for a v-optimal m ¢ I it is

necessary that (wt(Ht)It € T) should be a martingale with respect to

E’v’“*. This result is contained indeed in theorem 2.2.4., where we call this
martingale property the v-conservingness of m*,

Before formulating and proving a characterization theorem for optimal strategies,

we need the concepts of v-conserving and v-equalizing strategies.

2.2.2. DEFINITION. A strategy m* € II is called v-conserving iff for all t € T

Fe

v, T* wt+1(H

= P - a.s.
wt(Ht) E ) a.s.,

t+1 v, m*

i.e. (wt(Ht) ] t ¢ T) is a martingale with respect to P, .
I

(In this definition it is supposed that the right-hand side of the equation is
well defined.)
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The concept of conservingness used by Kreps (1977) is stronger, as his
concept of optimality is stronger. His optimality concept is in fact the
analogue of subgame perfectness, introduced in Selten (1965). We will come

back to this in chapter 5 section 2.

2.2.3. DEFINITION. A strategy m* ¢ II is called v-equalizing iff

. N 7 =
lim Ev,n* [wt(nt) vt(Ht,n )]l = 0.
o

(The left-hand side of the equation is supposed to be well defined.)

REMARK. Since

F

: t
1 E *) = 14 =
im v, m* vt(Ht,w ) lim Ev Ev,ﬂ* r (H) Ev,ﬂ* x (H),

*
>0 >0 a

v-equalizingness of 7 can also be defined by

limE_ , w (B ) = lim E_ 4 v _(H_,7%).
v,m* Tttt fow VeTFETE

2.2.4. THEOREM. A necessary and sufficient condition for the v-optimality

of ™ € Il is that m is v-conserving and v-equalizing.

PROOF. Suppose T* is v-optimal. First we prove the v-conservingness, using

the definition of v-optimality in the first and in the last equality.

F F,OF
t t t+1
= * = = =
wt(Ht) vt(Ht,ﬂ ) Ev,n* xr (H) Ev,n* Ev,n* r (H)
F F
=E° . v,  (H. .,m™) =EC ,w . (H ) P - a.s
v, T* Tt e’ ST SRS s | v, m* ©=e

To show that ™ is v-equalizing, we use the definition of v-optimality.
We have
E - = - =
v, ¥ [Wt(Ht) Vt(Ht,ﬂ*)] Ev,n* [wt(Ht) wt(Ht)] 0,
for all t € T. Taking the limit for t - =, we obtain that v-optimal
strategies are both v-conserving and v-equalizing.

Now suppose T is v-conserving and v-equalizing, then
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F F,OF

t t t+1
=E = =
wt(Ht) v,n* wt+1(Ht+1) Ev,n* Ev,n* wt+2(Ht+2)
=EFtw (H ) = —EFt (H) P
v, 1% Y2 et S R v,m¥ T&-8-

for all t,t € T with T 2 t, since ¥ is v-conserving. Hence, using the v-

equalizingness

E H) = lim E = 14 *, _
,"*wt( t) im v, ¥ wT(HT) lim Ev a* vT(HT,n )

v T T '
= Ev,ﬂ* r(H) = Ev,ﬂ* vt(Ht,ﬂ*).
And since vt(Ht,n*) < wt(Ht) :Pv,n* -a.s. it follows that
vt(Ht,vr*) = wt(Ht) Pv'"*—a.s. ]

Let us make a few remarks about this last theorem and its proof.
The part of the proof where it is shown that v-optimality implies

V-conservingness can also be found in Kreps (1977).

The concepts of conserving and equalizing strategies can be found already
in Dubins and Savage (1965), where they have been.introduced and used in a
characterization of optimal strategies in gambling situations. In Hordijk
(1974) this characterization is given for the convergent dynamic program-
ming case. His proof depends rather heavily on the special type of
utility he considers, the so-called charge structure. In Groenewegen (1975)
and Groenewegen and van Hee (1977) two different proofs of this charac-
terization can be found in practically the same situation as in

Hordijk, and these proofs can both be extended to the case of a more
general utility and more players (for a two-person zero-sum Markov game
this is partly done in Groenewegen and Wessels (1977) and Groenewegen
(1976)) . The proof in Groenewegen (1975) gives insight in the result
itself, the proof in Groenewegen and van Hee (1977), however, is more
concise. In the next chapter we come to speak about these proofs in more
detail.

It should be noted that the v-equalizingness of strategy 7% implies
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1 .
the existence of the L -limit of [wt(Ht) - vt(Ht,ﬂ*)] for t > » with

respect to the measure IP s Since w_(H ) - v_(H ,T*) is nonnegative
Vv, T tt tt

v, T
function w not being measurable, as extensively discussed in Blackwell,

r «-a.S. Moreover we emphasize the fact that the problem of the value
’

Freedman and Orkin (1974) and more recently in Shreve (1977), does not
play any role at all here. This is so because we deal merely with a
characterization of optimality. If there exists an optimal strategy ™,
then the value function equals the value of m*, which, of course, is
measurable indeed. When proving the other part of the characterization,
the (quasi) integrability of the value function is implicit in the
definitions of conservingness and equalizingness.

As a final remark within this chapter we want to make more clear why in
the definition of v-optimality the equality vt(-,n*) = wt(.) is supposed
to hold for all t ¢ T and not only for t = to. It may be observed that
there are cases where the equality for all t ¢ T follows from the equali-
ty for t = to,'so one may ask whether this is true in general. However,
this depends on some topological requirements, which allow the use of
some selection theorem to derive the equality for all t € T . These
requirements can be formulated in different ways, each of them correspon-
ding to its own selection theorem. In order to avoid the choice of
whatever set of topological requirements, we prefer to incorporate this

property in the definition of v-optimality itself.
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CHAPTER 3

THE D/G/G/1 PROCESS WITH A RECURSIVE UTILITY

In this chapter we study the D/G/G/!1 process with a recursive utility. It
will be seen that the recursiveness enables us to reformulate the v-
conservingness and the v-equalizingness. Thus we obtain a new form of the
characterization of v-optimality, which is more similar to the formulation
given in e.g. Dubins and Savage (1965) and Hordijk (1974). In addition we
will give two more proofs of this characterization, not depending on
theorem 2.2.4.

The first of these two proofs makes rather explicit use of Bellman's
optimality principle for t-recursive utilities, expressed in corollary
3.1.5. We quite agree with Gavish and Schweitzer (1976), who say that in
various cases it is precisely this optimality principle, which is behind
the proofs. This certainly applies to the characterization given here,
since it actually was the use of the optimality principle, which motivated
our study. (See Groenewegen (1975), Groenewegen and Wessels (1977), Groene-
wegen (1976).)

The second of the two extra proofs for the characterization of v-optimality
is the generalization of the concise proof in Groenewegen and van Hee (1977).
We begin this chapter with a section on t-recursive utilities, in which

we ‘have gathered some results for later use.

3.1. t-RECURSIVE UTILITIES

The first aim of this section is to give a sufficient condition for the
following property to hold:the tail(from time t on) of an optimal strategy
is itself optimal in those states the system can be in at time t. As it is
formulated here, this is precisely the optimality principle as used in
Bellman (1957), Gavish and Schweitzer (1976) and Groenewegen (1975). It
turns out that t-recursiveness of the utility function suffices for the
optimality principle to hold at a fixed time t.

A second result for t-recursive utilities, derived in this section, and
needed for the validity of the optimality principle, also plays a role

in the sequel. This result guarantees the possibility of splitting wup
wt(Ht)' the value given Ht, into two parts: the first part only depends
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on the history up to time t, and the second part is just the value of a
new decision process, which is "the tail from time t on" of the original
decision process.

Let us denote the original D/G/G/1 process by I, so
L= (T, (X0, (AA), (L |teT), (p |1 e TH,x).

Let ht = (xo,ao,...,at_l,xt)Ae Ht. We introduce the "tail" of I from time

t on given a ﬁistory h , called the t-delayed process given ht and
denoted by I t , as follows

[h 1

[h. ]
t JXX L AA) L e

z = (T[t]

[t])'

[h, 1]
(PT|T € T[tj), r ©).

Here

[t]

T = {tO +t, b+t +1, ...},

0
[h ]

L % is the (xo,ao,...,x

. ) -section of LT,

t-1"%¢-1
[ht] [ht]

r is a function «r : H >R with

h
r[ t] (x.',a,',x!' a' ) = r(x.,a x a x ',a. ")
L LA ' R L A 0770 """ "Te-1"Te-1""e e
(When in the sequel some symbo%hw%th the superscript [ht] is used, we mean
the analogue for the process I t of what that symbol mﬁaﬁs in the process

L. Sometimes [ht] may be replaced by [t].) Note that L t s again
T

[hed
measurable and also that each (x',a,,...,a ,X ) - section of L t i
hel Tt -1 T [hti

nonempEy. We denote by II the set of strategies for the process I .

h
This I t is defined by

(h, ]
I : = {n(t;ht)|w e I}

As already concluded directly after the definition of the tail of a stra-
tegy, such a ﬂ(t;ht) is_a strategy itself for the process which starts at

time t, so the set II t is well defined as a set of strategies.
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[h ]
The measure corresponding to a strategy w(t,ht) e I is defined by
[ny]

P
x;,W(t;ht)

3.1.1. DEFINITION. Let t € T be fixed. The D/G/G/1 process is called

t—geparable iff for all histories ht € Ht and all strategies m € I there

exists a strategy m* € II, such that for all h; € Ht and all xé.e X
[ht] [ht]

]Pv . LT
xt,n(t.ht) ,n-(t,ht)

1]
*t

It is not difficult to see that a sufficient condition for t-separability
is: the transition probabilities P T 2 t as well as the admissibility

of actions at times 1,T 2 t do not depend on xo,ao,...,x Namely,

t-1"%¢-1"
choosing ht = (XO’aO""’xt—l'at—l’xt) € Ht and ™ € I, we define ™™ such

that for each h; = (xa,a'

b,...,x;) € H,r

* " = “ " " 3 >
nT(hT,.) wT((xo,ao,...,xt_l,at_l,xt,at,...,xT),.) ift 2t
WT(h;,.) otherwise

This is possible since for T 2 t the admissibility of actions does not

depend on xo,ao,...,a Since also the transition probabilities Pr'

t-1°
T 2 t do not depend on xO""'at-l’ it follows from the definition of 7*
that w*(t;h;) = m(t;h), so

[n, 1] _ [hg]

t = 1P
1] " 1] P n 1]
xt,n(t,ht) XL, T (t,ht) for all ht € Ht and all X! € X

In the following definition we use the transformation
¢: H - H with z(h) = c(xo,ao,xl,al,...) = (xl,al,xz,az,...) for all h € H.
We also use [ on finite sequences: [: Ht > Ht-l with ;(ht) = (xi,al,...,xt).

3.1.2. DEFINITION. Let the D/G/G/1 process be t-separable for some t € T.

The utility r is called t-recursive iff

t
r(h) =6 (h) +x (h) * p(c (h)),

+
where et= Ht > IR, Xy Ht + IR (the nonnegative real halfline) are

measurable and integrable, and p:H -+ IR is measurable and quasi integrable,
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with respect to every n’v T (or restriction of E’V . to Ht) with v our
’ I’
fixed chosen starting distribution. (Integrability of a measurable function

f means E [£] < =.)
v,

In other words, t -recursiveness means, that the utility function can be
split up into a part which depends on the history up to time t, and a part
which depends on the sample path beginning at time t.

Note that, though the admissibility of actions at a time t1,T 2t, does not
depend on the history beforeAtime t, a certain action a may be admissible
in state j at time 0, and in-admissible in j at time t, since the
admissibility of action a still may depend on the time t itself.

Examples of t-recursive utilities can be easily given. The examples we
give, are also examples of recursive utilities, which will be introduced
in the beginning of the next section. The first example is the total
reward or additive utility: corresponding to the action chosen at time

t, t € T, the player immediately receives a one step reward, which depends
on the action chosen, on the state at time t and on the state at time

t + 1 (cf. Blackwell (1970), Strauch (1966)). Then Bt is the sum of the
one step rewards up to time t - 1, Xe is 1, and p is the sum of the

one step rewards from time t on. In the case of a discounted (discount

factor o > 0) additive reward the function Gt is the sum of the discounted

. t .
one step rewards up to time t - 1, X is @y and p is the sum of the
discounted one step rewards from time t on. Another interesting example

is the average reward: Bt is 0, Xt is 1, and p(ct(h)) is r(h).

3.1.3. LEMMA. Let I be a t-separable process. For a given xé € X the set
[n, ]
t
of measures E&,,W(t;ht),nGIIdoes not depend on ht'

PROOF. Actually this lemma follows directly from the definition of t-sepa-

rability, since choosing x% e X and ht,h" e H there exists for each

[ht] [hy]

measure E&',ﬂ(t;h ),n € I a measure :Px',ﬁ*(t;h“)’n*'i T such that both
t t t t

are equal. 0

[h ] [ht] [h ]
Denote the value of a strategy mell by v_ («ym), T €T , and the
[n,1 rh, ] [n,J
value function of the process I by v, ,Te T . The next lemma
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shows how the functions v and w, can be separated into different parts.

3.1.4. LEMMA. If r is a t-recursive utility, then for all h ¢ H

t
[ht]
vt(ht.ﬂ) = et(ht) + Xt(ht) Ve (xt,v(t;ht)),
[ht]
and wt(ht) = Gt(ht) + xt(ht) Wt (Xt)'

PROOF. Choose ht € Ht’ then we have

t —
. x (H) =Eh - [et(Ht) + xt(Ht)p(c ()] =

v, (h ,m) =E
t 't e’ £

h

t =
6,(h) + x () * By 0@ @)

t
[ht]
- . =06 (h) + (h)v m(t;h, )).
=0, th) +x, (B Ext,ﬂ(t;ht) P (H) e (B + xRV ™ G, t
From lemma 3.1.3. it follows that
[ht]
= h v :h =
wt(ht) et(ht) + xt( t) i:ﬁ € (xt,ﬁ(t t))
[n,]
t O
= + h .
0 () * x (B we 7 (xp)
[h ]
Since v, (-,w(t;ht)) only depends on ht via w(t;ht), we shall write
[t] [h, ] [t]
vy (*,°) instead of v, . Likewise we shall use W (*) instead of
[htJ [h, 1]
W , since by lemma 3.1.3. wT does not depend on ht at all.

Now we come to the formulation of the optimality principle. For its

formulation we need a new notation. Define the probability measure ux

on (X,X) as px(B) =1 if x € B and ux(B) = 0 otherwise, for any B ¢ X
(cf. our remark in section 2.1, where we say that the measures P

m
. . o’
are contained in the measures n; ).

I

3.1.5. COROLLARY. Let r be a t-recursive utility. If 7% € II is v-optimal,
P - .a. > t
then for v, Tk almost all (a.a.) ht € Ht with xt(ht) 0, the strategy
h ' h
n*(t;ht) € n[ t]is W - optimal for the process Z[ tj_
t
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initi .1.2. ~a.a h
PROOF. By definition 2.1.2 wehaveforimvlw* a.a h e Ht

*
= h
vt(ht,n ) wt(.t).

By lemma 3.1.4. this means

[t] . _ [el,
0 () + X (h) v " (x ,m*(tih)) = 8, () + x (h)w " (x).

H - a.a. Cowi
ence for I%,n* a.a. h ¢ Ht with Xt(ht) > 0 we have

t

[t]

VEtJ Ve

(xt,ﬂ*(t;ht)) = (xt),

which establishes the result. O

3.1.6. DEFINITION. If the v-optimality of g* € Il implies that wx(t;hy)

h
is M_ -optimal in the process I t for P
Xt Vs
say that the optimality principle holds for the process I.

a.a. ht € H,, then we

™ t

Note that if the utility r is t-recursive for all t ¢ T , then in fact it
is a direct consequence of the definition of v-optimality that the

optimality principle holds.

3.2. CHARACTERIZATION OF v-OPTIMALITY IF THE UTILITY IS RECURSIVE

After the preliminary results of the preceding section, the recursiveness
of the utility is now introduced. Recursiveness together with another
condition, called the v-vanishing tail, turns out to be sufficient to give
formulations of v-conservingness and v-equalizingness, that are analogous
to the formulations given in Hordijk (1974).

This more special form of the characterization of v-optimality will be
derived in this section in three different ways. The first proof uses

the characterization established in theorem 2.2.4' and lemma 3.1.4.

The second proof uses the optimality principle, and the third proof uses
a suitably chosen function which gives rise to a martingale. Therefore
this proof is referred to as the martingale approach, although martingale
properties are not really used there.

We start by introducing the concept of recursiveness.
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3.2.1. DEFINITION. Let the D/G/G/1 process I be t-separable for all

t € T. The utility r is called recursive iff for all t € T and all

[t] XEtJ ang rLtd

t
T € T[ 1 there exist functions eT '

, such that

[ol
r

=r,

[t] _ . [t] [t] [t] , t-t
r th) —BT (hT) +Xg (hT) x (t (h))

) € X (XxA)

for each sequence (xt'at'xt+1’at+1"") =: h=: (hT,aT,x X

T+1'°°°

-1

[t]
: [ X
T k=t

with 6 XxAlxXrmr,

-1 +
: X XxAIxX>r,
k=t

[t]
X

T

o

r[t]: X (X xA >R,

k=t

both GEt] and xEt] measurable and integrable, and r[t:I measurable and

quasi integrable (with respect to the o-fields generated by products

of X and A and with respect to the probability measures induced by the
[t]

measures E’v n'“ e II). To ensure the uniqueness of the decomposition of r
’
we define x[t](x 1A, yeees@ /X ) = 0 iff r[T](h') = constant
T t't T-1""1

LI ' ' ' '
for all h (xT,aT,xTﬂ,aT+1

(As before, the empty product disappears from the above expressions.)

[t]

rees) wWith x' = x .
T T

So a recursive utility is t-recursive for each t ¢ T, with p =

[t] [t]

Recursiveness implies that the et 's and the xT 's are related in a

certain sense.

3.2.2. LEMMA. Let r be a recursive utility. Then for each T € T and

hT = (xo,ao,...,xT) € HT we have

T k-1
(hT) = & [ @I x
k=1 2=1

[2-1]
L

[k-11

ol
0 ng)] ] k (xk_llak_llxk)l

T

(1) (g 17301
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T

s (o] _ [k-1]
(ii) Xq (hT) = I Xk (xk-l’ak—l’xk)’
k=1
PROOF. We will prove this by induction. Note that h1 = (xo,ao,x ), so that

both assertions are obviously true for T = 1.
Suppose (i) and (ii) are true for T = O. Then choosing h = (xo,ao,...) € H,
and defining

o(h ) = a(xo,ao,...,x

o+l o+l

o+l k-1
2-1 ) [k-1]
= I [ I Xl (xz_l,az_l,x )] . e (xk_lrak_llxk)
k=1 =1
o+1
= _ [k-1]
and B(h0+1) = B(xolaol"'lx0+1) = k£1 Xk (xk-i'ak—l'xk)'
we may write
Lm0 = ol m) + X m) N m =
[0] [o] [o] [c]
(h ) + Xg (h) [6 (x LN S ) + X5 (x ,aT,xT+1)
[o+1]

(h)]

Using the induction hypothesis we get

[o] _ [c+1]
x (h) = a(hq+1) + B(hc+1) (h))
On the other hand
fo] [0] [o] [0+1]
r (h) 0+1 h 1) G+1(h l)r (h))

ol fo]

Since the eT 's and xT 's are uniquely determined (note that

[o] _ - i
Xge1 By 1) =0 «»B(h0+1) = 0), the proof is completed. O

REMARK. It is easy to see, that we have obtained the following recursion

relations for T 2 1

[O] _ o] (ol [t]

T+1 (hr+1) B er () + x T (h) 60 (x 18 %, +1)
[0] _ [ ] [t]
XT+1 1) = (h ) Xi4 (x ,aT,xT+1).
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For a recursive utility, we can give an equivalent formula for v-conserving-

ness.

3.2.3. THEOREM. If r is a recursive utility, then the condition

. F .
[t] _ Tt . [t] [t] [t+1]
3.2.3.1. w (Xt) - Ev,ﬂ L6 el Ker P 'Xt+1) * X1 KerBer t+1) Vit1 (Xt+1)]
P - a.s. for all t € T, is a necessary and sufficient condition for

v, T
the strategy m € II to be v-conserving.

Especially in the situation of an additive utility (see the examples

given after definition 3.1.2), the interpretation of this theorem is intuiti-
[t]
t+1
is conserving iff the value function equals the expected one-step reward

vely obvious. Since in that case ¥ = 1, the theorem says that a utility

plus the value in the next state.

PROOF. The following four assertions are equivalent, and the arguments
leading to the equivalence of assertion j and j+1 are given directly after
the (j+1)-th assertion. The first statement is the definition of v-conserv-

ingness (definition 2.2.2).

F
) N -
(i) wtmg 'Ewnwudmtu) Pvm a.s. for all t e T.
L. fo] [o] [t] _
(i) o6 "~ ) + X (Ht) we (x) =
S2t TN PRIV
=BT ert) T Xl Begg) Ve ey
r ~a.s. for all t € T. Use lemma 3.1.4, and the fact that ;t(H ) =X,.
Vv, T t t
@i 0wy + M my WHe) = EFt oL, + EFt [0] g )
t X¢ t v, Xg t e
. [t] [t] [t+1]
o L Xt+1(Xt’At Xert)Veer  FKeyg)d
i) -a.s. for all t € T. Use the formulae of lemma 3.2.2.

Vv, T
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F

. [t] _ .t [t] [t] [t+1]
Wv) wp T =B D0 KRR ) Xy BB X)) Yo (Xiyy)
P .-a.s. for all t ¢ T. Use the Ftﬂmeasurability of Hg.
I’
Note that the last step is valid both for xEOJ # 0 and x[OJ = 0. 0

REMARK. Completely analogously it can be proved, that formula 3.2.3.1 with
" > " instead of " = " is equivalent to
E

t
H >
w, (H,) EV

n Vet ) P - a.s. for all t ¢ T,
1!

H
( t+1 v, T
provided that r is recursive.

To make a reformulation of the v~equalizingness possible, we assume the

utility to be v-tail vanishing.

3.2.4. DEFINITION. The utility r is called v-tail vanishing (or is said

to have a v-vanishing tail) iff it is recursive and for all m e II

. [0l [t]
lim E . =
v, Xe (Ht) Ve (thﬂ(t,Ht)) 0.
REMARK. The function vEtJ(Xt,n(t;Ht) is measurable, since
[o] [t] _ [ol -
Xe (Ht) Ve (Xt,ﬂ(t,Ht)) = vt(Ht,ﬂ) et (Ht). The property of definition

3.2.4 implies, that %&g Ev . eEOJ(Ht) = Ev r vo(Ho,ﬂ). This eqﬁality
’ r’

holds e.g. in the case of an additive utility, if

F o
_To [x] )
VO(HO,H) = Ev,ﬂ kgo 9k+1 (Xk’Ak’xk+1) (i.e. the value of T equals the expected
sum of one-step rewards) and E_C. I | e[k]( ) | <=
P vor k20 | Ok BB Kt .

Actually, this situation is described in Hordijk (1974), and he calls this
property of the utility function the charge structure.

3.2.5. THEOREM. If r is a v-tail vanishing utility, and 7 ¢ II, then the

following two assertions are equivalent.

(1) Unz, [w () - v @ m]50,
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(1) LimE, XEOJ(Ht) wgtj(xt) s 0.

foxa-d]

These formulae should both be read with equality, or both with strict

SN = v (ol
wt(Ht) > i Ev,n b "W).

inequality. Note that (ii) is equivalent to %&g Ev T
14

PROOF. Choose m ¢ Il. The following three assertions are equivaleht.

(i) lim Ev'ﬂ [wt(Ht) - Vt(Ht'")] s o.

onesy
. , [o] [o] [tl fol
(ii) 1lim Ev,w [et (Ht) + Xt (Ht) wt (xt) - et (Ht) +
o0
~xE ) v, w15 0.
Use lemma 3.1.4.
L ) [ol [t] =
(iid) tii Ev,n Xt (Ht) wt (Xt) > 0,
because r is v-tail vanishing 0

It is worth noting that theorem 3.2.5, read with equality signs, gives
an equivalent criterion for v-equalizingness. Therefore a combination of
theorem 2.2.4 with theorems 3.2.3 and 3.2.5 1leads to a new chracteriza-

tion of v-optimality.

3.2.6. COROLLARY. Let r be a v-tail vanishing utility. Then a necessary

and sufficient condition for the v-optimality of 7* ¢ II is the validity

of both
[l -
3.2.6.1. wp (X)) =E L[0T (K ALK )
+ XgEE(XtIAt,Xt+1) wgijl] (Xt+1)] :Pv,n* -a.s.
for all t € T, and
[t]

. [ol
3.2.6.2. 1lim Ev * X

oo v, (Ht) L (Xt) =0
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We also mention here that by the nonnegativity of the expression in
part (i) of theorem 3.2.5, we get the nonnegativity of the expression

in part (ii).

3.2.7. COROLLARY. If r is a v-tail vanishing utility, then

X[O](H ) “w[t](Xt) 20 for all me I

3.2.7.1. lim E\),,rr £ " €

£t

if this expression is well defined.

3.2.8. DEFINITION. Let r be a recursive utility. The property of formula
3.2.7.1 is called the property amne of the value function (anne is the

abbreviation of asymptotically nonnegative expectation).

So the property anne for the value function, introduced in Hordijk (1974)
(definition 3.7 and theorem 3.9), holds far more generally than only in
the situation, where the utility has a so-called charge structure

(see Hordijk (1974) definition 2.12, and our remark after definition 3.2.4).
By now we have seen a first proof of the result stated in corollary 3.2.6.
A second proof of the same result utilizes the optimality principle

in an essential way, and so it throws a somewhat different light on

the situation. Actually, this way of attacking the characterization
problem was the instigation to this monograph.

The optimality principle was used for the first time in this manner in
Groenewegen (1975), to prove a result of Hordijk (1974). Afterwards this
method turned out to be succesful in deriving a similar characterization
for special kinds of optimality in two-person zero-sum Markov games
(Groenewegen and Wessels (1977), Groenewegen (1976)), and in Markov

games with countably many players (Couwenbergh (1977)). These results

in game theory can be found in chapter 5 and 6 of this monograph.

3.2.9. SECOND PROOF OF COROLLARY 3.2.6. Suppose m™ ¢ II is v-optimal.
We first establish 3.2.6.1. Choose t € T. Then

v =

* . -
N i (t,ht)) for n%’“* a.s. h, e H

tl t tl

by the optimality principle. The right-hand side of this relation equals
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t t] _t
E [ ](c (H) =
v o
- EFt [t]( aLx ) + [t]( A ) [t+1] @tlayy g =
e DO R R ) X (R B Xy
= EFt [e [t](x A ,X ., + EFt+1 L (e ]( A ) [e+1] t+1(HD]]
o o1 et KB X s 'y am* SXerr R B Xy
et ot xax, ) i xgn )EFt” LE ) -
Ey ST Tt e e+t Xewr EerBerXey v ¥
F
_ 't [t] [t]
=Ey e DO XALX )+ t+1(x BrX )
[t+1] .
A (xt+1 F TR (L ; H ))]
=EFt [[t](x ALK )+ L aax ) wE Mg )3
vo,m* el T t+1 Xer1 P B e’ Yen t+1° 7
where we have used the optimality principle again in the last step.
Hence [t](x ) = EFt [e[t](x A X ) [t](x A ,X ..) w[t+1](x )]
vrr e B Berfog) P X BerBerX i) Ve Y
r x — &.s.

v, T

Next, we establish formula 3.2.6.2, using the optimality principle.

. [0] [t]
lim E x (H,) (X ) =
N v, ¥ t
. fo] [t]
= lim E X H,) v (X ,T¥ (6 H )) =0
. v, % A t

by the v-tail vanishing property. This completes the proof of the necessity
of formulae 3.2.6.1 and 3.2.6.2.
Now suppose formulae 3.2.6.1 and 3.2.6.2 are valid. Then using 3.2.6.1
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iteratively,
[e] S N 1 N oS e
we o (x) =E L8 ReAoXy el RePoXn! Yesr Pent
F F -
t [t] rel t+1 [t+1] X +
= E, [0 RerBer¥ip) + Xy XA X ) E\),n*[et+2 (K pgPrgrXea2)
Te+1] [t+2]
X en KB X)) Ve (X403 -
By Lemma 3.2.2. it follows that
[t] __t [t] [t] [t+2 X ] -
we o (X)) =By (002 KprBpreniXyyy) X g KprBpreear X o) Wi { e+2)
= Fe reltdix ,a ) +xt x .a x) W x) 1.
- Ev,ﬂ* T CRE S Xy PR LA SO T
Using 3.2.6.2. and the v-tail vanishingness, we have
[t] s [t] [t] X
EV'"* W (xt) = lim Ex,"* [eT (xt,At,...,xT) +X (xt,At,... T)_

T-roo

[]

. » [t]
v (Xl,ﬂ*zT;HT))] = E\) Ve

s (X, x (E7H))

By lemma 3.1.4. this implies

= H T
By We(H) = By o v (B ™o,

i 2 * - i = *
Since wt(Ht) vt(Ht,n ) Eb’“* a.s., it follows that wt(Ht) vt(Ht,n )

Py qw = 3:Sei hence T* is v-optimal. 0
A third approach to corollary 3.2.6 is given in a proof of Groenewegen and
van Hee (1977). In this proof a martingale is used, that is introduced in
Mandl (1974) in connection with the average cost criterion for the optimal

control of a Markov chain. We will use an analogous martingale here, without
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exploiting its martingale properties. This martingale can be described as
follows: at each instant of time it is the one-step loss you incur by
choosing some action, minus the expected one-step loss you incur by that
action. We will refer to this third approach to corollary 3.2.6 as the

martingale approach.

3.2.10. THIRD PROOF OF COROLLARY 3.2.6. This proof is only valid under
the assumption of theorem 2.2.1. The expected one-step loss A, incurred
by choosing strategy 7, in state xt at time t given history

h, = (xU,a

" ,...,at), is defined forZPv -a.a. histories ht by

0 ,

A(xt,ﬂ(t;ht)) =

= [t] [t] [tl [t] [t+1] _ Lt]

= Eht,n 0opr 3D+ Xegop HGY o Weyy Ripq)d W (=)
rreps bt
lers H denotes XT’AT’XT+1""'At—1'Xt'

Then the function A is nonnegative, since the first term of the right-hand

[t] .
side equals Eht,w wt+1(xt'At'Xt+1)' and since by theorem 2.2.1 the value

function is a supermartingale. Let T € T be arbitrarily chosen. For each
hq
proces I we introduce the one-step loss minus the expected one-step

loss dt'time t 2 T by means of a quantity YT. This YZ is a real valued

t
measurable function on (H[TJ,H[TJ), defined for each T,t ¢ T with t =2 T
t+17 t+1
T_ [7] [t] [t] [t+1]
Vo= xg D O KRR ) Xy Beg) Wegy T R F
[t] [t] [Tl
X¢ (Ht) we (xt) X¢ (Ht) A(Xt,w(t,Ht)).
Note that Yz only depends on hT through T.
Then for all x € X, Tell and t,t ¢ Twith t =2 1
F
t (1] . t [t] [t] [T]
E&Hnyt J&Uﬂ{xt (Be) Oppy RerBorXipg) + Xy Wiy
S R . P R P (g ) EFt et a,x )+
e Fear) T X THED W TR =X TEY) B D BB Xey
[t] [t+1] [t]
* Xy BprBorXo ) wog TE ) - v Tk 1)



[T]

As (H ) is F —measurable,
F F
t T t [r] [t] L[] [t+1]
e Uxg @) 0L RBrX ) ¥ Xee1 Bear) Yert
T T
[] [t] [] [t]
Xg CEQ W R) - xe TEY) 80 (RRGX )+
[t]
-k T, W e+ L my vt woy =0,
Hence
F
0= Z Y
ka—’l’

F £l € [x]
T [t] ( ) [k] [T](H )
= Eyr B ®en T L Xk ) ¥ szxk K
- Z x[T](H ) MK m0kiE ) =

k=T
NS DN < 5 DU oS DU c P
h Ev,n t+1(Ht+1 Xee1 Fert! Vet t+1 T

£ o

- kf X () A(Xk,ﬂ(k;Hk))}.
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(x ) +

We let t > @, and conclude on account of the v-vanishing tail of r, putting

the second and the fourth term together, that

o

, L] [t+1] [tl
3.2.10.1. tiz B Xerr Fead) Yoo R ~ By g ki X
[] [Tl
. . = (H - 0 =
A(Xk,ﬂ(k,Hk)) E:\"1r . ) -lim Ev’“ N (Ht)

[z] []
= E\),TI’ [wT (ET) - VT (HT,’IT)].

(Hk) .
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The first term in the top line of formula 3.2.10.1 is nonnegative by the
property anne, corollary 3.2.7. The second term on the same line is non-
positive by the first remark of this proof. The integrand in the bottom
line (of 3.2.10.1) is nonnegative by definition. Hence 7 is v-optimal, or
equivalently formulated,
= - a.s. for all T e T.

WT(HT) v (H,m) ]Pv,n a.s
iff the two terms on the top line of formula 3.2.10.1 vanish. By the
definition of recursiveness, the last term on the same line vanishes

iff for all k ¢ T

A(Xk,ﬂ(k;Hk) =0 P - a.s.

This in turn is nothing else than formula 3.2.6.1, while the vanishing
of the first term on the top line of formula 3.2.10.1 is nothing else
than formula 3.2.6.2. 0

3.3. REMARKS AND EXAMPLES
We conclude this chapter with some remarks and examples.

A: Kreps (1977) uses a stronger optimality concept than v-optimality.

He calls a strategy m* ¢ Il optimal iff for all t ¢ T, X, € Xand 7 € II

wt(ht) = vt(ht,ﬂ*(t;ht)) for n;o'" - a.a. ht'
This means that every tail of m* is optimal even for those histories that
are possible at the beginning of the tail only by choosing nonoptimal actions
prior to t. This kind of optimality is equivalent’ to the subgame perfectness
from Selten (1975). This stronger optimality concept can also be characteri-
zed by means of conserxvingness and equalizingness. We do not give this

characterization now, but we return to it in chapters 5 and 6.

B: The average reward as it is often used in Markov decision processes, is

[t]

a recursive utility, since in that case we can choose et+1 = 0 and

xi:i = 1 for all t € T. However, it should be noted that in general the
v-tail vanishing condition is not fulfilled. Hence in the average-reward
case v-optimality is characterized by 3.2.6.1 and v-equalizingness
(definition 2.2.3 . The optimality principle (corollary 3.1.5) remains

valid.
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C: If the utility is recursive and all strategies are v-equalizing (which
happens for instance if the reward structuré is additive, if there is a
discount factor B, 0 £ B < 1 and if r is bounded; cf. van Nunen (1976)

and van Hee, Hordijk and van der Wal (1977)), then formula 3.2.6.1 is
necessary and sufficient for v-optimality. For a fixed t € T this

formula depends only on 1 by ﬂ;.

[ol

Let 7 € Il be v-conserving. Suppose for a moment that wO < o, Then it is

intuitively clear that almost all actions a,r selected by nt in state X, for

a given history ht' should have the property

[t]
t+1

[t]

t ( a [t+1]
t+1 X!

) Wi

(xprapsx q) + X £ ¥+t (ep)d e

[t _
3.3.c.1. W (xt) = ./[6 e+l
X

. pt((xt,at),dxt+1).

The condition w

(o] , s . .
0 < » , is satisfied, whenever there exists a v-conserving

strategy for the situation C, as can be seen by the following reasoning .

[o] _ ol [o]
"0 (Xg) = Ev,r b¢ (Ht) * Ev,w Xg ~ @)

[ol .
e+

If ™ is v-conserving, then Ev
’

'w[t](x ). Since v is also v-equalizing and 6

£ € s P "—lntegrable, it
[ol i
0

vV,

[ol

follows that w s I,v,n -integrable, so wo (xo) < o for v-a.a.

x, € X.

Let us call an action, satisfying 3.3.C.l., a conserving action, and

let us suppose that {al € A for all a € A. If there exists a v-conserving
strategy m, we can construct a strategy m* which selects always the same
conserving action in I’v’ﬂ—almost all states x, that can be reached
with strategy m and starting distribution v. The strategy m* is
v-conserving since it prescribes conserving actions only. It is Markov
since it depends only on the last state of the history. It is stationary
since the choice of the action does not depend on the time. And it is
nonrandomized since only one action is chosen. (See 3.3.F for a
counterexample against this result, if the condition of the recursiveness
is somewhat weakened.)

Hence we may conclude, that for Markov decision processes with a recursive
utility and only v-equalizing strategies for a given v, the v-optimality

of a strategy implies the existence of a nonrandomized stationary Markov
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strategy which is also v-optimal. Actually the above idea to derive the
existence of stationary optimal strategies given the existence of an
arbitrary optimal strategy, is quite commonly used (see e.g. Blackwell
(1965) theorem 6) .

D: The essential negative case (EN). Suppose r is a recursive and v-tail

vanishing utility. Define

!
mt(xt) = sup Ev i 2 [n x
mell ' k=t &=t

[e]

[k] +
041 (XQ,A X, )06

g ¥pen) 0L KA Xy DT

Suppose furthermore

(1) lim E m (X)) =0 for all 7 € I.
fao VeT EE

+ .
The condition (i) is a weakened version of the condition C in Hinderer
(1971), and also of the condition C in Schdl (1975). Clearly it is
satisfied if

v e x
(ii) z I x2+1(x2,a2,x£+1) 6k+1(xk,ak,xk+1) I < o,
k=0 2=0
with Il || the usual supremum norm. The case where the "additive analogue"

of condition (ii) holds, can be found in Hinderer (1970), where it is called
the essential negative case (EN). We will use this term for the analogous
situation, covered by condition (i) and the v-tail vanishing property.
Evidently, each strategy m € I is v-equalizing in the EN case, since (i)
holds, and on the other hand the property anne holds (corollary 3.2.7).

So v-conservingness is necessary and sufficient for v-optimality. This is

also established for a more special model in Striebel (1975). And by remark

C it follows for an EN Markov decision process, that if there exists an
optimal strategy, then there exists a nonrandomized stationary Markov
strategy which is also v-optimal. This generalizes a result of Strauch (1966)
for the case that the utility has the v-tail vanishing property.

E: The condition in D that r is v-tail vanishing is essential, as is shown

by the following example.
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3.3.1. THEOREM. COUNTEREXAMPLE. If r is not v-tail vanishing but only
recursive, then condition (i) in D does not imply that all strategies

are v-equalizing.

PROOF. We introduce the following D/F/F/1 process

1 2 1
0 +|0 + 0 +
F1 F2 F2
Fl F2
Here the notation
— - a - - —
6(i,a) +
I pl(i,a,3) rj
jeX
r,
i

means the following. In state i a "game" Fiis played, i.e. if in state i
the player chooses action a, then the system moves with probability
p(i,a,j) to state j, and a one step reward 6 (i,a) is earned, not depending
) (1,a,9) = 6(i,a) for

t+1
all t € T and j € X. (Note that we have used a superfluously complicated

on the time t and the state j, in other words 6

notation. This notation will be needed later for a more complicated case.)
The utility function is defined as

r(h) = -1 ifh= (1,1,1,1,...,1,1,...),

0 otherwise.

In fact, this utility is the usual average gain in a Markov decision
process, where the one-step gain in state 1 with action 1 equals -1, and
all the other gains equal 0. It is easily verified that the strategy

which prescribed always action 1 in state 1 is not equalizing. 0

F: We here give an example, showing that the result of remark 3.3.C.

[t]

does not hold if the assumptions are only weakened in such a way, that GT

is allowed to be quasi integrable. It turns out that‘w(EO:|

may be infinite,
in which case it may be impossible to construct an optimal nonrandomized
stationary Markovian strategy from a given optimal strategy.

We introduce the following D/D/D/1 process
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1 1 1 o k o _
0 + 0 + 0 + 0 +
0
Z %}( rk , Pz r 1 n I"<ll
k=1 L o
I‘l I‘]<.ll F2
1 1
2k + 0 +
r3 F3
I‘k" I‘3
o
r(h) = § 8(x sa ), Vv is concentrated on {1}. Let m be such, that
k=0
on time 2 in state 2 action ko is selected with probability 1 at time 1, if
the system was in state ké. Then VgOJ(l,ﬂ) = », hence ng](l) = ©, Each
strategy is v-tail vanishing (except that BEt] is quasi integrable instead

of integrable) and v-equalizing. However, the value in state 1 of an
arbitrary nonrandomized Markov strategy is finite. Nevertheless, there
exists a randomized Markov strategy T which is v-optimal. (Choose m*

such that on time 2 in state 2 action k is selected with probability lf')
: 2
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CHAPTER 4
THE C/G/G/1 PROCESS

In continuous—-time stochastic control processes most attention is paid to
the case with a finite time horizon. In that situation one can expect, that
all strategies are equalizing, and that optimality may be characterized by
some kind of conservingness only. Actually, this type of characterization
is known already for certain classes of control processes: for processes
that can be written as the sum of a "nice" deterministic process and a
Wiener process (Davis and Varaiya (1973)), and for jump processes (Boel

and Varaiya (1977)). As in Richel (1970) this type of conservingness

is called the "principle of optimality", of "Bellman's principle

of optimality" (cf. our remarks in the introductory chapter).

Even in the case where Boel and Varaiya (1977) admit an infinite time
horizon, the equalizing property holds for all strategies, since the
situation considered there is the continuous-time analogue of the essential
negative (EN) case with additive rewards (see remark D in chapter 3

section 3).

Again we shall characterize optimality in this chapter. In section 1 we

set up the underlying model. The infinite-time horizon case will be treated

in section 2. In section 3 we study recursive utilities, and we give some

examples.

4.1. THE DESCRIPTION OF THE C/G/G/1 PROCESS

In the introduction to the D/G/G/l1 process we started with a description
of the transition mechanism of the process. The transition structure
enabled us to use Ionescu Tulcea's theorem to construct probability
measures on the sample space. However, in the continous-time case there

is no result like Ionescu Tulcea's theorem. Therefore we prefer to start
with measures on the (measurable) sample space. This approach turns out

to be quite adequate in deriving the characterization of optimality

as given in section 2 of this chapter.

Thus we avoid the type of problems, that are treated in Doshi (1976) for
continuous-time Markov decision processes by techniques from Dynkin (1965).

In stochastic control, problems of this kind are treated with measure
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transformations: Beneg (1971) introduced the so-called Girsanov measure
transformations (see Girsanov (1960)) to handle Brownian noise (see also
Davis and Varaiya (1973)), and Boel, Varaiya and Wong (1975) introduced
a similar technique to treat jump processes.
The general C/G/G/1 process is defined here as a tuple
:= (T, (X,X), (ALA), U, {n’xO'u | g € X, u € U} ,r) together
with a set of requirements.
- T, the time space, is some subset of IR, containing a lowest element,
say to;

- X is the state space, endowed with a o-field X;
- A is the action space, endowed with a o-field A;
- U is the set of controls (in the continous-time case it is usual to talk

about the set of controls U, whereas the discrete-time analogue is called

the set of strategies II);

- {]; u ! X, € X, u € U} is a set of probability measures on the
0’
sample space (H,) = (X (X x A, 8 (Xo A )i
teT teT

- r is the utility functionm.
The set of requirements will be specified further down.

Let us first remark that by the notation H= (Xe A)t we denote the

.
tel
o-field, generated by sets of type téT(Xt x At) with Xt e X and At e A
and Xt x At unequal to X x A for only finitely many t € T. These
generating sets are called cylinders of a finite base. For each t e T
we define a o-field Ft’ which is generated by a special subset of these
cylinders, namely by sets of type téT(XT x AT) with XT € XT,AT € AT,

XT X AT unequal to X x A for finitely many T, and XT =Xif 1>t

and AT = A if T 2 t. Hence for each sequence t, < t, < t_<... in T it

0 1 2
follows that F, < F. c ... c H.
tO ‘l:1

Define Ht = [T§T (X x A)] x X, the truncation of H at time t. The set
<t

Ht is called the set of histories up to time t. The symbol Ht denotes the

o-field induced by H on Ht' If h € H, then ht is the restriction of h to

Ht'



We have the following requirements for the controls u € U. The set of
controls U is a set of functions u: T x H x A+ [0,1], such that
u(t,.,.) is a transition probability from (Ht,Ht) into (A,A). So u is
nonanticipative, i.e. u(t,h',*) = u(t,h",*) for all t € T and all

h', h" ¢ H with htl: = h'é. This enables us to write u(t,ht,B) instead of
u(t,h,B) for any t € T and B ¢ A.

Moreover, we assume that U is closed under exchange of tails, i.e.

if u',u" e U, t e T and B ¢ Ht' then there exists a u ¢ U such that for

allDeA,‘reTantheHT

u"(T,hT,D) if T 2 t and ht e B,
u(r,hT,D) =

u' (T'hr'D) otherwise,

with ht the restriction of hT (T =2 t) to Ht‘

Next we formulate the requirements for the probability measures ]Px a
’

Let v be a fixed probability measure on (X,X), the so-called starting

distribution. We assume that ZIPx a is measurable in x, and we define

P :=/ r v (dx) .
v,u X,u
X

We also assume the existence of a probability measure ]Ph a o° H for
tl

each ht € Ht and u € U, such that P is an Ft—measurable function of

ht’
h_, and moreover that PP (h, xA' x X (X xA) =u(t,h ,A") for all
t htlu t ™t ' t'
t €T, uel, a' €A, teT
We suppose, that IPh u depends nonanticipatively on u, i.e. for all
tl

TeT and all B € FT we have ]Pht,u' (B) = ]Pht,\l"(B) whenever

u',u" ¢ U satisfy u'(o,*,*) =u"(o,*,*) for t £ 0.< T,

It follows that the expectation operator, corresponding to ]P\) a and
4
written as Ev a’ has a similar nonanticipativity property, viz.
’
Ev’u-,y = Ev,u,,y if y is Ft-measurable and u'(t,*,*) =u"(t,*,*) for
T <

t. A similar result holds for Ei'l , the expectation operator
(e
corresponding to IP

ht,u'

41
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The correspondence between the measures IPh' u ! t € T is given by
tl
: - "
(1) ff(h) By, (@h) fff(h) B, @) B, (@)
s t s
H HH

for any s,t € T with s £ t, and nonnegative H-measurable function. f,

(ii) /f(h) * g(h) ]Pht'u
H H

@) = £ /g(h) ® o @)

for any t € T, nonnegative H-measurable function g and nonnegative Ft—
measurable function £ {i.e. £(h') = £(h") if hé = h;, and we write f(hé)
instead of £(h')).

As before, the random variable H denotes the whole history, and the
random variable Ht denotes the history up to time t, including Xt the
state at time t, and excluding At the action at time t.

Formula (i) and (ii) mean, that the fundamental properties of the
F

conditional expectation E\)t
’

a £(H) hold even everywhere on H.
Finally, we give the requirements for the utility function. The utility
function r: H - IR is assumed to be measurable and quasi integrable

w.r.t. any P, uce U arbitrarily chosen and v fixed.
r

All foregoing requirements (for the controls, the probability measures
and the utility function) together with the tuple I define a C/G/G/1
process. We shall refer to this process as the process I.

Corresponding to the C/G/G/1 process I, there exists for each t ¢ T and
[ht]
ht € Ht a C/G/G/1 process I , defined by

[h,] [h,] [h, ]
X t = (T t I (XIX)I (AIA)I U t ’
[h, ] [h, ] [h, ] [h, ]
{IPX,'A{,:u[ht] | x{ € X,u © eU © bor 5.

[h ]
£ Y is called the t-delayed process (given the history before time t).
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[h, ] [h ] [h, ] [h ]
T {u L T Y N [o,1] I there exists a u ¢ U
[h 1] [h,_] [ht]

such that u t (t,h',B) = u(T,hth',B). on T o H x A},

with hth' the concentenation of ht and h' in the sense that xt, the last
component of ht' has disappeared (cf. the introduction of n(t;ht) in section
[ht] ,
(2.2), and with H = X [h ] (X x A), the sample space of the t-delayed
t
teT
(h ] [h ]

process L . Instead of u we write ut(ht)' and this symbol is called

(h ]
the tall of u from time t on, given ht' For all 7 € T we define
[ht]

H = (X

. [h ] (X x A)) x X, the set of histories up to time T of the
t

(h, ] [h,] [h 1 [n. ] (h,] [h 1 [h]
process I Y oLetH °© ,FT t ,HT Y be the o-fields on H °© H t ,HT t ’

which are the restriction of H,F_L_,H_r respectively. It follows directly,
that ut(ht)(r,-,°) is a transition probability, that ut(ht) is nonantici-

(h ]
pative, and that U is closed under exchange of tails, since u has these
properties.
[ht] [h, ]
For all 0 ¢ T ,B € FT we define
[ht]
IP, (B)=]P ' (X (XXA)XB)I
xgrug (Ry) BeXord et
s<t
[ht] B
r_, (b) = P ' (X
h'su (b)) hhiyu oo (X x A) x B).

s<t
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Note that the probability measures on the right-hand side of each of both
equations do not depend on the part of the control before time t, since

these measures are nonanticipative.

[h ] :
The nonanticipativity of ]Ph'tu () follows also from the nonanticipativity
o'ttt
, [ht]
of ]Ph h',u To verify the properties (i) and (ii) for IPh',u ) we need
to ot ot .
, th, ] [h]
the following notation. For a function f: H -~ IR, define £ : H + IR
[h. ]
by £ t (h) = f(hth) . Then, using (i) in the second step, we have for
(h] [h,]
L] "
any hc € Hcr and all h_[ € HT
[ [h] [h,]
£ (h") P _, (dh") = ff(h“) P . (dh") =
hc'ut(ht) htho’u
[h,] H
H
= £(h") P.  (dn"™) P, .,  (dh) =
f/ h',[,u hthc,u
H H
= " " "i -
//f(h ) ]Phth;',u (dh") Iphth(;,u (ah"')
HH t
[ht] [ht] [ht]
= f / f t™ ]Ph"' (h ) d(h") ]Ph' (an"').
B ey o't
[h 1 [h]
H S H®
[h ]
This establishes property (i) for ]Ph, u (h)° Property (ii) can be proved
o'ttt
analogously.
(hd  [bJ [h] [h,]
Finally we define r " by r : H -+ IR, such that r (h) = r(hth) .
[h ]
The measurabijlity of r follows from the measurability of r. T}[u}al ]
[h .

utility r is not necessarily quasi integrable w.r.t. every PP ’
Y wru ()
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(h.]
with ut(ht) e U t and y the marginal probability measure on the t-th

coordinate of H induced by ]P\) u Here V is our fixed chosen starting
4

distribution, and u is any control in U, the tail of which is ut(ht) .
[ht]
However, for ]P\) u a.a. ht € Ht the function r is quasi integrable
14
(h ] '
w.r.t. P , since otherwise the quasi integrability of r w.r.t.
U,ut(ht)

\

P would be violated.
v,u

4

Beside the tail u (h) of a control u € U, we define the head of a control
u up to time t ¢ T as a function tu:{TETIT<t]‘ x Hx A=[0,1] with

tu("l:,h,.) = 'u(t,h,*), the restriction of u to {t € T|[t <t} x Hx A .

[h, ]
t | h, e H, teT

The family of processes (I N t

has the semigroup property, i.e. ]

(h. 1 [n] (h h!] h
- S . t

(z ) =3 for all ht € Ht, hy € HT .

We will prove this property only for the probability measures of the process.

[h ]

Choosing ht € H_ and h"c € H'r t , we have

t

h ' '

@ C t]) (1] ) ]P[ht] C -~ JP[hthT]
' 1 ' 1 - 1 ATy

X1 (ut (ht) ) (D) hi,ug (ht) hho,u x ou (b hl)

The semigroup property can be proved even more easily for the other

components of the process.

For each t ¢ T the value of a control u, given h e Ht is a function

Vi HtXU—>IR with

E x (H) if this integral exists,
- otherwise.

For each t € T the value given h e Ht is a function w,: Ht - IR with
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wt(ht) = sup vt(ht,u).
uel

Again in accordance .with these definitions we have for each t € T and for a

fixed starting distribution v

F

: t
H =E H - a.s.
Vt( t,u) v r (H) I’v u a.s

’ 4

F
: t
and wt(Ht) = sup vt(Ht,u) = sup E\), r(H).-
uel uel

Analogous to the discrete~time situation we formulate the concept of

v-optimality.

4.1.1. DEFINITION. A control u* ¢ U is called v-optimal iff

= * -
w, (H_ ) = Ve #_ ,u%) JPv’u* a.s. for all t ¢ T.

Without loss of generality we assume from now on, that t0 = 0.

We want to make one more remark in this section.in chapter .2 we have irtroduced
the model of the decision process in the same way as is done in Hinderer
(1970) . In chapter 4 we have replaced the sets of admissible actions by

more directly formulated restrictions on the set of controls. For the rest,

we have build up the model along the same lines as in chapter 2. However,

an alternative approach to the model is also possible, and perhaps even

more transparent.

Such a set-up should start with a description of the sample space H,

together with a set of probability measures E’h ! with u an element of a
r

t
set of indices U. These measures satisfy the requirements given above. In

order to have the possibility to "concatenate" measures IP for Tt > t

h_,u'
T

and I’h a" for T < t, t fixed, we assume the requirements for the set U to
T'

be satisfied. Then we introduce the function r together with its requirements.
This defines the process L.
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4.2. GENERAL UTILITY

The concept of v-optimality will be characterized in this section.
Again this is done by means of v-conserving and v-equalizing strategies.
The derivation of this characterization is similar to that in the

discrete-time case (cf. the proof of theorem 2.2.4).

4.2.1. DEFINITION. A control u* ¢ U is called v-conserving iff for all
i 2
tl't2 e T with t t

(It is supposed in this definition that the right-hand side is well

defined). So u* is v-conserving iff (wt(Ht), t € T) is a (continuous-time)

i 1 .r.t.
martingale w.r IPv,u*

4.2.2. DEFINITION. A control u* € U is called v-equalizing iff

lim E [w (H) - v, (H, ,u*)] = 0.
oo v,u* t( t) t( t’ )

4.2.3, THEOREM. A necessary and sufficient condition for the v-optimality

of a control u* ¢ U is, that u* is v-conserving and v-equalizing.

PROOF. Suppose u* is v-optimal. Using the v-optimality we get for each pair

i >
tl,t2 e T with t2 2 t1

Ft1 Ft
w, (H )=v (H ,u*) =E V., (H_,u*) =E
t1 t1 t1 t1 v,u t2 t2

So u* is v-conserving. Also

- *) 7 =
E [wt(Ht) vt(Ht,u)] 0,

v,u*

by the v-optimality. Letting t - « we see, that ux is v-equalizing. So v-con-
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servingness and v-equalizingness are necessary for v-optimality.

Now suppose u* is v-conserving and v-equalizing, then for all 7,t' € T with

L
E w (H) =E w (H, )= 1lim E w,(H,) = lim E v, (H _,u*) =
vou* Tt v,u* Tt v,u* "ttt & v,u* Tttt
Fe F. .
= lim E = - = v_(H_ ,u”).
vour By, gx TH = By By g T(H) = E, 7 (Hrw)

And since vT(HT,u*) < wT(HT) o] - a.s., it follows that

v,u¥

*) = -
vT(HT,u ) w_(H) P, gx - a-s. forallTe T. O

4.3. RECURSIVE UTILITY

In this section we consider the continuous-time analogues of theorems 3.2.3
and 3.2.5. The only proof we give for the characterization, is the analogue of the

first proof of corollary 3.2.6. We start with a definition of recursiveness.

Let ;t: H - H be defined for each t € T as the function, that maps a his-

tory h into the tail of h beginning with (xt,at).

4.3.1. DEFINITION. (i) The process I is called separable iff for all t e T,

abl histories ht € Htland all controls u € U there exists a control ux e U,

such that for all h; € Ht and all,xé e X

n
]P[ht] B ]P[ht]
1 - ' "
xt,ut(ht) xt,u*(ht)
for any ht € Ht' The utility r is called recursive iff for each t,t ¢ T
with T 2 t there exist functions GEt], xEt] and r[t], such ' that
[0l _
r =r,
[t] _ alt] [t] [x]
r-"(h) =6_"(h) + X, (b)) x (€ ()
for all h € H[t] and hT the restriction of h to HEt] with
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e[t] : H[:t:| + IR,
T T
[t] [tl] +
Xg HT + R,
r[t:| : H[t] + R,
’ t
both GEtJ and xEt] measurable and integrable, and r[ ] measurable and
- [t]
quasi integrable. To ensure the uniqueness of the decomposition of r '
]
we define xEt](hT) = 0 iff r[T](h') = constant for each h' € H[ with its
t
first conponent x% equal to the last component X of hr € HE ].

If the process I is separable and if it has a recursive utility, then
[n ]
for each ht € Ht the proces I depends on ht rather weakly, since the
[n ]
dependence is mainly on t. Note that actually the function r is repla-

ced by r[t]. The controls are allowed to depend on ht' but from the proof

of lemma 3.1.3 it follows immediately that the set of measures
[ht]

P_, only depends on h_ through t. Therefore it is possible to
x!,u_(h) t [h ]

tet [t] t
speak a bit loosely about the t-delayed process I instead of I .

So the superscript [t] is used instead of [ht]. Compare also the remarks
after lemma 3.1.4.

The following lemma is the analogue of lemma 3.1.4.

4.3.2. LEMMA. If r is a recursive utility, then for all t ¢ T and

ht € Ht we have

(o] _ oL0] (o] [t]
Ve (ht,u) =6 (ht) +xg (b)) Ve (xt,ut(ht)),
[0] _ olo] o] [t]
W (ht) = et (ht) + Xt (ht) we (xt).
PROOF. Completely analogous to the proof of lemma 3.1.4. 0

The next step in the framework of this section is an analogue of lemma 3.2.2.
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4.3.3. LEMMA. If r is a recursive utility, then for each h ¢ H and
T,t e Twitht <t )

9[0](h glol [ol L]

(1) 8 ) =6 ) xS )+ 6 (T (),
(i1) xgo](ht) = xEOJ(hT) . xET] (c ).
PROOF. On the one hand
L0 - 6-%m,) + ) L mn,
and on the other hand
L0 = eEOJ(hT) + xEO}(hT) r[T](;T(h)) =
=ot%m) +xm) oL my) T @ mpy -2 g a.

Hence, independent of the choice of h,

[o] _ o1 [o] [t]
(6, "hy) =8 " (h) - x () 6 T(C ()] +
[0l [ol [t] [t]
+ [xt (ht) - xp ) oxg (ct(ht)) (g (h) = 0.

Using the same arguments as in the proof of lemma 3.2.3 we obtain the

result. 0

Now we come to a characterization of v-conservingness, in the context of a

recursive utility.

4.3.4. THEOREM. If r is a recursive utility, then

F
[t] _ .t [t] [t] [t]
Wl (Xt) = Ev,u [BT (Ct(HT)) + X (Ct(HT)) +owo (XT)]
I’v e a.s. for all t,T ¢ T with 1t 2> t, is a necessary and sufficient
17

condition for the control u ¢ U to be v-conserving.

PROOF. The proof is exactly the same as the proof of theorem 3.2.3, eXcept
for the fact that lemmas 4.3.2 and 4.3.3 are used instead of lemmas 3.1.4

and 3.2.2, respectively. O
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In the continuous-time case we have also the concept of a v-vanishing tail.

4.3.5. DEFINITION. The utility r is called v-tail vanishing iff it is

recursive, and for all u e U

. [o] [t] _
lim E\)'u Xe (Ht) v (Xt,ut(Ht)) =0
£
(or, equivalently lim E SEOJ(H ) =E v.(H ,u)).
! 5% Tv,u t t vyu 00’

This leads to the following theorem.

4.3.6. THEOREM. If r is a v-tail vanishing utility and u e U, then the

following two assertions are equivalent

(1) limE, {wt(Ht) - vt(Ht,u)] 30,

o 4
[o] [t] =
(ii) lim E X (H) w (x,) 3 0.
<o v,u “t t t t

These formulae should both be read with equality, or both with strict

inequality.
PROOF. See the proof of theorem 3.2.5. 0

Hence in the C/G/G/1 process the analogues of corollary 3.2.6 (a reformula-
tion of the characterization of v-optirality) and corollary 3.2.7 (the

property anne) hold.

So by‘now we have actually proved our remark in the introduction of
chapter 4, that the principle of optimality as it occurs e.g. in Rishel
(1970) , Davis and Varaiya (1973), Boel and Varaiya (1977), is precisely
our concept of conservingness. For so far as in these papers the time
horizon is assumed to be finite, it follows that all controls are
equalizing, so conservingness suffices for optimality. A similar example
(with a finite time horizon) can be found in Bather and Chernoff (1967),
whose lemma 3.1 states that conservingness implies optimality.

Let us discuss some examples with T=1[0,0), i.e. with an infinite

time horizon.
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EXAMPLE A: (cf. The model in Boel and Varaiya (1977)). Suppose the process
IZ to be separable, and let v be such that ]Pv u

!

(X0=x0) = 1 for all

u e U and a fixed x0 € X. Assume furthermore the existence of a (jointly)

measurable nonpositive function p: X x A - IR, called the instantaneous
reward or reward density, such that for all u ¢ U and for P ,-aahe H

’
the utility r in the point h can be written as

©

r(h) = / p(xT,aT) dar .
0

It is supposed, that for all u ¢ U

©

vo(xo,u) = Ex u / p(XT,AT)dT > oo,
0 0

This expression is well defined by the measurability and quasi integrability
of r.

It is easy to see, that r is recursive and that for all t, T € T with

T2 t,
T o
[t] [t] t
GT (hr) = p(xclac)dol r (h) = p(xo,ac)do and xE 1. 1.
t t
Since by the monotonicity of the functions GEOJ, t € T, in a fixed point
h e H,
(o]
Lol [
= X
1 v,u et (Ht) Ev a p(X_ ,A)dr Ev, vo( 0,u),
0

it follows that r is also v-tail vanishing.
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Using the nonpositivity of p and the fact that %im Ev u Ve
’

(Xt) > 0 by
theorem 4.3.6 we conclude that

wEtJ

lim E\)'u (Xt) = 0 for every u ¢ U.

>0

So each u € U is v-equalizing. Hence u* ¢ Uis v-optimal iff for all

t ,t, e Twith t, <t

1'%2 1= %2
t
Ce,) Fe, 2 Fe, e
(1) wt1 (th) = Ev,u* j p(xT,AT)dt + Ev, wt2 (xt ) E>v,u* - a.s.
. 2
1

This result is the analogue of the second assertion of theorem 4.1. in
Béel and Varaiya (1977). It is also the analogue of the essential
negative case, discussed in example 3.3.D.

Actually, we could have made p dependent on t € T. This is worked out in

the next example.

EXAMPLE B: In fact, this example covers the situation described in
Doshi (1976). Again we assume I to be separable. Let o > O be a so-called
discount rate and let v be a fixed starting distribution. Suppose we have
an instantaneous reward p: T x X x A > IR, which is a jointly measurable
function satisfying |p| < M < », such that for t € T, u ¢ U and for

E’v u "a-a. h € H the utility r in the point h can be written as
’

©

-0t
r(h) = j e p(T,xT,aT)dT =
0

t ©
-0t -at -a(t-t)
= ] e p(r,xT,aT)dT + e f e p(T,xT,aT)dT.
0 t

So r is recursive with

t
2

[ @ =./ e (Tt
t t
2 5 .
1

p(T,xT,aT)dT

53
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t
and b Yo m = e T2,
t t
2 1
t
Since Ipl < M, the functions r[t] are uniformly bounded:]r[ ]I < 5.
[t] M ;
From |v. "(X_,u)| €= P -a.s. for all u € U, it follows that
t t a v,u
: o] [t] . ot M
lim IE X H) Vv (X, ,u, (H ))[ < lim e -=0,
v,u 't tt 0.ttt £ o
. ; ; i : [t] M
i.e. r is v-tail vanishing. Since also Iw (X )| <= P - a.s., it
t t o v,u

follows from theorem 4.3.6, that every u € U is v-equalizing. Hence

u* € U is v-optimal iff

t
2 [t.]
t t -a(t-t,) ~-a(t.~t,) 2
1] [ "1 271w (x, )
e p(T'XT'AT)dT + e t2 t2
t

Also we know, that u* is v-optimal iff for all t € T

Wit
t

[t]

(ii) (Xt) = vt (Xt'ué(Ht)) hi2] x — a.s.

v,u

(One part of the assertion follows from lemma 4.2.2 and lemma 4.3.2 with
the subsequent remark, the other part is trivial).

Suppose the decision process satisfies conditions, that enable us the

use of theorem 1.7 in Dynkin (1965) (see Doshi (1976) for a precise
formulation of all conditions required). One of these conditions is, that
u is a Markovian control, i.e. that u, does not depend on the history
before time t. Dynkin's result says, that for each t € T the function

[t]
v

t is the unique solution of

(iii) o V(Xtrut) = p(tlxtlu(tlxt)) + (Au(t,°) V('lut)) (xt)-
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Here Au(t 9 is the infinitesimal operator of the process at time t,
4
determined by u. Now suppose u* is a Markovian v-optimal control. Then

from (ii) and (iii) it follows, that for all t e T

; [t] [t]
= * = -
(iv) «a W (xt) p(t,Xt,u (t,Xt)) (Au*(t,-) wt ) (Xt) n>v,u* a.s.
On the other hand, supposing (iv) to hold for a Markovian control u*,
it follows from (iii) that (ii) is fulfilled, so u* is v-optimal. Hence

(iv) is a necessary and sufficient condition for v-optimality of a

Markovian control u*. Note that (iv) is the infinitesimal analogue of (i).

EXAMPLE C: Finally, we want to make some remarks about the average

reward criterion. Let I be separable and let v be a fixed starting
distribution. Let p be a jointly measurable function p: X x A - IR, such
that for all u € U and for P, 2. h € H the utility r in the point h

r
can be written as

r(h) = 1li

p(x_,u )dr.
oo T T

(ol L
O S~

Lel _ 0 and X[t] = 1 for
T T

t,T € T,T 2 t, but r is not v-tail vanishing. Then the conservingness

As in the discrete-time case, r is recursive with 6

means, that the process does not move towards a less favourable recurrent
subset of the state space. Equalizingness means, that the player actually
receives the gain corresponding to the most favourable recurrent subset

of the state space he can reach. This formulation seems to be father helpful
in interpreting e.g. the optimality condition in formula 16 of de Leve,

Federgruen and Tijms (1977).
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CHAPTER 5

THE D (AND C)/G/G/2 PROCESS WITH A ZERO-SUM UTILITY

The main difference between the process in this chapter and that studied in
the previous three chapters, is that here the decision process is controlled
by two players. Furthermore, these players have opposite aims, or formu-
lated alternatively, the process has a zero-sum utility.

It is well known that methoas used to compute the optimal value, and to
determine the optimal strategy in two-person zero-sum games, have much

in common with the methods used in one-player games. (See e.g. Shapley (1953)
and van der Wal and Wessels (1976). The survey of Parthasarathy and Stern
(1976) contains many other interesting references.) Here we show that

the characterization of optimal strategies in the two-player game is also
strongly akin to the characterization in the one-player game. On the

other hand, this characterization in connection with alternative notions
of conservingness, that are not suitable for a characterization, gives
more insight in the optimality concept itself. Moreover, some of the
alternative notions of conservingness lead to characterizations of other,
stronger optimality concepts such as subgame perfectness, persistent
optimality and tail optimality.

In section 1 we describe the model of the more general D/G/G/n process
(recall that n is the number of players). In section 2 and 3 we restrict
ourselves to the case n = 2 with a zero-sum utility. Several types of
optimality are introduced and characterized in section 2, and a number

of counterexamples clarify the differences between these concepts. In
section 3 these results are transferred to the situation with a recursive
utility. Furthermore an analogue of the optimality principle (corollary
3.1.5) can be found in this section. In section 4 the continuous-time

case is treated.

5.1. THE D/G/G/n PROCESS

The general D/G/G/h process, where n is the cardinal number of the set
of players, looks very'much like the D/G/G/1 process. We denote the set
of players by ]ﬂn. Note that for a finite n the set nan = {f ¢ | 0<t<n}.
The D/G/G/n process is defined by the tuple
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2 L
(TI(XIX)I((A( )IA( )) | L € ]Nn) ’ (Lt(l) | 2 e ]Nn, t e T),

(2)
(o, lteT, (x | 2 ¢ N )

together with a set of reguirements.
Here again T = {0,1,...} is the time space, (X,X) the measurable state
space and (pt | £ € T) the family of transition functions. But now there

are n measurable action spaces (A(Z), A(z)), n families (Léﬁ), t e T) and

(%)

n utility functions r , L€ nqn. A(Z) is the action space for player

2 and r(n) is his utility. Each Lél)

(x a(ﬁ) X a(z)
0’70 Tt Tt

t
is a subset of kéO(X x A(z)), and if
(2)

) € Léz), then a ™" is called an admissible action

in(xoraéz),...,xt) for player %. In a similar way as before we suppose

t
that Léz) € kgo(X ® A(R)) and thattheht—section Lélg of Léz) is

nonempty for all ht = (xo,aéz),...,xt), L € N . :

To describe the behaviour of the process properly, we introduce

(AA) := (A(O) X ... X A(n~1),A(O) ® ... ® A(n-l)).The sample space
(H,H) is defined as (X x A x X x A x..., X® A® ...) and (Ht,Ht), the
space of histories up to time t, is defined as

(X x Ax XxAx...x X, Xe Ae...8 X) with t+1 factors X and X and
t factors A and A. Each pt from the set of transition functions is a
transition probability from (X x A x...x X x A, X® Ae...08 X® A),
with t+l factors X,X, A and A, into (X,X). The second part of the
transition mechanism of the process is prescribed by a (simultaneous)
(0), n(l) n(n-l)). Here each n(z)
player %, and it can be written as ﬂ(z) = (néz), “;2)
() s a transition probablity from (Ht,Ht)

t

into (A,A), with the extra condition that for all h, = (x.,a.,...,%,) € H
®) t c'o t t

€ (ht,f) is concentrated on the set of
admissible actions for player % in h
. (0) (1) (n-1)
with “t = (nt ’ nt ,...,ﬂt
only cylinder sets in A. The set of all simultaneous strategies T is

strategy m = (mw is a strategy for

PR
;+...) where for

each t € T the function 7

the probability measure T

e € Ht' We also write T as (ﬂo,wl,...)

). It should be noted, that "t selects

denoted by II, and the set of all strategies n(z) for player % is denoted

by H(Z{,
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As in chapter 2 the Ionescu Tulcea theorem provides the construction of

a suitable probability measure IPx x °n the sample space, for each
OI

X, € X and m € I. This IPx . is the uniquely determined probability
OI

measure for the process which starts in x., with a transition mechanism

0

prescribed by m and (pt [ t € T). As in chapter 2, we have a unique

probability measure ZIPh for each ht € Ht and ™ € II, and a probability
t'

measure ]P\) - for each starting distribution v on (X,X). From now on Vv
’

is assumed to be fixed.

s 1 -1
Defining Lt as {(ht,a) | h e Ht' a = (a(O) ,a( )““’a(n )) c A

. (%) (L) Y @
with (ht,a ) € Lt }, and defining H as 20 (Lk x Xx Ax XxAx...).

we may apply theorem 2.1.1 to conclude that ]Px Tr(H) = 1 for every
OI
Xy € X and m € 1.

(2) :

We also assume, that for each £ € INn the function r H >+ R is Borel

measurable and quasi integrable with respect to each ]P\) T The symbols
’

H,H i i .

' t'xt'At'Ft'Exo,n'Ev,'n'Eht,w have a similar meaning as before
The value of strategy m for player L, given ht is defined as a function
véz) : Ht x I » R with

(2)

E r
(2) _ h, ,m
Ve (ht:‘") = t

(H) if this integral exists,
- @ otherwise.

(2)

We will use the notation (w*; £: ) for a strategy that is obtained from

(R

m* ¢ II by replacing the component 11*(9') by m € . The value for

player %, given h ‘ and given n* for the other players is a function

wék) : Ht x I - R satisfying

(2)
t

(L)

¥ (ht,ﬂ*) = sup E r (H) .

h, (m*;2:m ()
Tr(2.) EI[(JL) t



59

5.1.1. DEFINITION. A simultaneous strategy m* € Il is called v-optimal
(oxr a v-equilibrium strategy) iff for all & € N and all t e T

v m® = v M@ P - a.s.

We emphasize that the above type of optimality is precisely the well known
Nash optimality for all time instances t ¢ T, with respect to a fixed starting

distribution v.

5.2. THE D/G/G/2 PROCESS WITH A GENERAL ZERO-SUM UTILITY

In this section and the next one we will study the D/G/G/n process with

0 _ (1)
= -r

n=2andzr . This process is called a two-person (or two-player)

game, and because of the condition r(o) + r(l) = 0 the process is said to

have a zero-sum utility. The latter condition implies that the two players

have opposite aims, since a gain for the one player is a loss for the

other. For this special situation we will change our notation a little: =

denotes only a strategy for player 0, and p denotes a strategy for player 1;

a simuitaneous strategy is denoted by (m,p), and never by m as in the

r(O)_ (0)
! t

general D/G/G/n case; r:= for all t ¢ T, and instead of

L (0

v, =V
t

(h,,m,p); for all t € T we define 9 H

t Tt (1)
(ht,(n,p)) and wt: Ht x I

v, (h _, (ﬂ,D)) we write v -+ IR
t Tt (1)
by ¢ (b ,m =¥

t
(0)
t

t
* R by ¥ (h ,p)

=y (ht,(ﬂ,p)). This means that for all t e T

*) =
9, (hy,m) inf E. , (1%, p) r(H).

pen(1) t

Apparently, v-optimality of a strategy (m*,p*) € II can be reformulated as

* *) < * -
vt(Ht,Tr,p ) < Vt(Ht,'lT ,p%) < vt(Ht,Tr 0) P\),(n*,p*) a.s.

for all 7 € H(O) and p € H(i)and t ¢ T. Now we may apply a well known standard

reasoning (cf. the proof of lemma 5.2.1) tosee, that v-optimality of

(m*,0%) € Il implies that for P - almost all ht € Ht'

v, (1%,0%)

S\;p i;lf v, (hme) = ix;f s:p v, (h,mp) = v (ham*,e%) .
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The reasoning is the following: for IP - a.a.
g wing v (nx %) a.a ht € Ht
5.2.0.1. v, (h, ,7%,p%x) = inf v (h,_,m%p) < sup inf v, (h_,m,p) <
t t 0 v T p L A -
< sup inf zup inf sup sup
= < =
™ 0 T Vt(htl“lp) 0 - Vt(htﬂ"rp) - Vt(htr'"rp*) =

vt(ht,ﬂ*,p*) .

An important role in the sequel is played by the functions wt : Ht + 1R,
t € T, defined by

wt(ht) = s:p l:f vt(ht,ﬂ,p).

We call w_ the saddle given ht' This name may seen a bit misleading,.since

W is usually called a saddle function iff

wt(ht) = s;p 12f vt(ht,n,p) = igf sxp vt(ht,ﬂ,p).

In general such a saddle function does not exist. Note however that our
saddle is really an extension of the usual concept, and moreover it is
always well defined.

The following results will be derived in this section. A characterization
of v-optimality is given in terms of v-conservingness and v-equalizingness.
These concepts are defined by use of the functions ¢t and wt. We also intro-
duce alternative notions of conservingness and equalizingness formulated in
terms of the functions W, These alternative concepts reveal some weak
aspects of the v-optimality, but they are not very useful for a characteri-
zation of v-optimality. However, at the same time these new concepts lead
to stronger optimality concepts, which have those weak aspects to a lesser
degree. The weakest of these optimality concepts is persistent optimality,
introduced in Groenewegen (1976), and the strongest is subgame perfectness,
introduced in Selten (1965) as perfectness, and reintroduced in Selten
(1975) as subgame perfectness. Another concept called tail optimality, is
stronger than persistent optimality and weaker than subgame perfectness.

All these relatively strong types of optimality can be characterized by
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means of different types of conservingness and equalizingness, all
formulated in terms of the saddles We- These characterizations will be
derived in this section, with the exception of persistent optimality, that

will be treated in the next section.

5.2.1. LEMMA. If (n*,p*) e T is v-optimal, then for all t ¢ T

* * = * = * = -
v (H T, e") =9 (H 1) =9 (H,p") = w (H) P, (wkp*) ~ @S-

PROOF. The result follows directly from formula 5.2.0.1. ]

In order to formulate theorem 5.2.3 we need an extra assumption.

5.2.2. ASSUMPTION. Let v be a fixed starting distribution and let p* ¢ H(“

and T* € H(O) be arbitrarily chosen. It is assumed, that for all

(0)

mel the functions wt(°,p*) are P - almost equal to a measur-

v, (m,p%)

(1)

able function, and that for all p € I the functions mt(°,ﬂ*) are

E’V (1%,0) - almost equal to a measurable function. Moreover it is assumed,
r r
that for all probability measures U on Ht’ teT, all € >0 and all m € IR

(0)

firstly there exist strategies 7',7" € I such that

vt(Ht,n',p*) > wt(Ht,p*) - € U - a.s. on {ht € Ht l wt(ht,p*) < «},

n Lk - *) = o
v (H 0% > m U - a.s. on {ht € Ht | Yy (h 0% 1,

and secondly there exist strategies p',p" € H(l) such that

H ,m%,p') < * - a.s. *) > —
v ( LT ) ¢ (H /) + € u - as. on {ht € Ht | ¢t(ht,n ) ®},

vt(Ht,n*,p“) <m U - a.s. on {ht e H ¢t(ht,n*) = -},

¢ |
Now we give the analogue of theorem 2.2.1. We need this analogue for the
derivation of the characterization of tail optimality and persistent
optimality, at least in this chapter. In chapter 6, however, we derive a
somewhat different characterization of both these optimality concepts,

without using theorem 5.2.3.
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5.2.3. THEOREM. Let assumption 5.2.2 be satisfied. Then it holds that

E
t (0)
H *) 2 * -
b (H 0% Ev,(n,p*) Vopg Heqrp™®) n>v,(n,p*) a.s. for all m ¢ II',
Ft (1)
. * < * - .
wt(Ht’ﬂ ) EV,(W*,D) ¢t+1(Ht+1'“ ) E,V,(ﬂ*,p) a.s. for all p ¢ I,

i.e. the functions wt and @t form a supermartingale and a submartingale

respectively.

(1)

PROOF. Fixing p* e II , we are in the situation of aD/G/G/!1 process, with

wt as value function. Hence theorem 2.2.1 applies. On the other hand
fixing T € H(O), we may apply the proof of theorem 2.2.1, but now with
minimizing instead of maximizing, and with "greater than" instead of "less

than". 0

5.2.4. DEFINITION. A strategy (m*,p*) e Il is called v-conserving iff for
allt e T

F
¥y =@ © * -
1) o (H_,T) Ev,(n*,p*) Pppg Eeyqr™) E’v'(“*'p*) a.s.
Ft
: s = * -
(ii) wt(Ht,p*) Ev,(w*,p*) wt+1(Ht+1’p ) E’v,(n*,p*) a.sf

i.e. both {¢t(Ht,n*) | t e T} and {wt(Ht,p*) I t € T} are martingales w.r.t.

F V, ("*:D*) °

5.2.5. DEFINITION. A strategy (m*,p*) € I is called v-equalizing iff

: ; *) - * k7 =
(1) tlm Ev,(w*,p*) [¢t(Ht,ﬂ ) - v (H 10 )1 =0
i ; *) _ * p%)] =
(ii) lim Ev,(n*,p*) [wt(Ht,p ) Vt(Ht,ﬂ %1 =0
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5.2.6. THEOREM. A necessary and sufficient condition for v-optimality of

(m*,p*) € I is that (n*,p*) is both v-conserving and v-equalizing.

PROOF. Suppose (m*,p*) is v-optimal. Then ﬁ* is v-optimal in the D/G/G/1
process that arises from fixing p*. Hence formulae 5.2.4 (ii) and 5.2.5
(ii) hold. Analogously 5.2.4 (i) and 5.2.5 (i) hold, so (r*,p*) is v-
conserving and v-equalizing.

Suppose (m*,p*) is v-conserving and v-equalizing. Then by 5.2.4 (ii)

and 5.2.5 (ii), the strategy m* is v-conserving and v-equalizing in the
(0)

D/G/G/1 process that arises from fixing p*. Hence for all m ¢ I and t € T
vt(Ht,n,p*) < vt(Ht,Tr*,p*) P, (n%,p%) T a-S:

And analogously for all p € H(l)
v (H ,m%,0%) < v (H ,m%,p) n’v,(n*,p*) - a.s.

These two formulae together establish the v-optimality of (m*,p*). O

Now we come to an alternative type of conservingness.

5.2.7. DEFINITION. A strategy (m*,p*) ¢ I is called v-saddle conserving
iff for all t € T and (m,p) e I

F F
t < t

E < <
v, (T,p%) wt+1(Ht+1) wt(Ht) Ev,(w*,p) wt+1(

)

- a.s.

Heg P v, (T*,p%)

The next theorem is an analogue of lemma 7.1 in Davis and Varaiya (1973).

5.2.8. THEOREM. If (7*,p*) € I is v-optimal, then (7*,p*) is v-saddle con-

serving, provided that assumption 5.2, 2 is satisfied.

PROOF. TLemma 5.2.1 gives

H = * o%) = * -
wt( t) vt(Ht,n 0%) wt(Ht,n ) P a.s.

v, (1*,p%)
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, we have

Since ¢t(Ht,n*) is a submartingale with respect to any n,v,(n*,p)
Ft t
*) < r - a.s.
we ) SEv,(ﬁ",p) Orpy Hepyr™) Ey, (%,0) wt+1(Ht+1) v, (m¥px) ~ &S
Analogously we have
F F,
*) 2 i H m >
W) ZE S o) Vean WeggrPT) 2B S0 lzf SUP Virg (B yqrmop)
Fo ' F,
2 = H r - a.s.
Ev,(n,p*) sup inf vt+1(Ht+1.n.p) Ev,(n;p*) wt+1( t+1) v, (m,p*) " @:S

m

a

However, v-saddle conservingness together with v-equalizingness is not

sufficient for v-optimality (see also Groenewegen and Wessels (1977)).

5.2.9. THEOREM.COUNTEREXAMPLE. Even if all strategies are v-equalizing,
then the v-saddle conservingness of (n*,p*) e Il does not imply its v-

optimality.

PROOF. We introduce the following D/F/F/2 process (see theorem 5.2 in
Groenewegen (1976)).

1 1 1 1 2
0 0 0 0 1
1 + 1 + 1 + 1 + |+
To To T RS
Ty r, -10 Iy
2
I‘O
r
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Here the block notation should be read as follows.

: AV ;
e(i,a(o),a(l))
(0) .
I p(i,a(O),a(l),j) r,
o Leex o I
H . v
1 ri :

In state i of a countable state space X a 'game' Fi is played, i.e.

if in state i player O chooses action a(o) and player 1 chooses action a(l),

(0),a(1)) is earned by player 0, and the

system moves with probability p(i,a(O),a(l),j) to state j.

(0) (1)
’ at

then an immediate reward 6 (i,a

B(x, _,a )y

-
The utility function is defined =
y ion is defined as r(h) t£0 N
so r is the usual additive utility. The Markov strategies we study, will be

given only for the states 2 and 3 in this order, e.g.

(m*,p%*) := <1 2 2 ... P S
11 1 ... , 1 1 ...)

Here the top row prescribes the actions to be chosen in state 2, and the
bottom row prescribes the actions in state 3. Hence (7m*,p*) prescribes
that at each time in state 3 action 1 is chosen both by player 0 and
player 1, and that in state 2 both players choose action 1 at time 0, butat
all the other times player 0 chooses action 2 and player 1 chooses action 1.
It can be verified very easily that (n*,p*) is v-saddle conserving (with v

= a.sS.

such that P (X0 = 3) = 1), since wt(Ht) =0 P

V:('ﬂ'*:p*) V, ("*lp*)

For all (m,p) € II the equality wt(ht) = vt(ht,n,p) holds for t 2 2, since

for t 2 2 the system is either in state 1 or in state O with probability 1.
Hence all strategies are v-equalizing.

Define

p' := <1 1 ...>
2 2 ...
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Then it is easy to see that

v0(3,n*,p') =-9 < vy (3,7%,p%) =0,

* %
hence (m ,p ) is not v-optimal. 0

However, the following theorem states, that v-optimality itself is not
sufficient for a type of conservingness, that is somewhat stronger that

v-saddle conservingness.

5.2.10., THEOREM. COUNTEREXAMPLE. If a strategy (7n¥,p*) e II is v-optimal,

then it is not necessarily true that for all t € T and (m,p) € I

F
w (H) <E t w (H ) b2 - a.s.
t ot v, (T%,p) "t+l" t+l v, (1%,p)
Ft
> -
and wt(Ht) 2 Ev'(“’p*) wt+1(Ht+1) E)v,(n,p*) a.s.

PROOF. We introduce the following D/F/F/2 process, which is a variant of

the counterexample 5.2.9.

1 1 1 1 2
0 0 0 0 2
1] o+ 1|+ 1] + 1] + +
T, T, r, r,| &0 AT,
-3 r
r r 3
0 o,
To
Ty
p (0 _(1)
Again r(h) = ] 6(x_a. sa. ),

t=0

]pv'(“'p)(x0 3) 1 for all (w,p) € I,

(m%,p%) :=<1 22 ...,11 >
11 ...,11...
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(The strategies are only given for states 2 and 3 in this order). Then

it is not difficult to see that (7m*,p*) is indeed v-optimal, but

F
1
w, (H) # Ev,(ﬂ*,p') w, (Hy) E’v'(“*’p,) - a.s.,
1
i = = = -
since for h1 (3,1,2,2) we have E)v,(ﬂ*,p')(Hl hl) >
and wl(hl) =24 Ehll(ﬂ*,p') w2(H2) =2-3=-L o

On the other hand, the conserving property as formulated in the last

theorem, together with equalizingness is not sufficient for optimality.

5.2.11. THEOREM. COUNTEREXAMPLE. If a strategy {n*,p*) ¢ II is v-equalizing
and if for all t € T and (w,p) € I

Fe
< -
Ve Be) S By Nk, o) Yeet B Py, (mx,p) T 208"
Fe
> P - a.s.
and W () 2 E ooy Wy Heg) v, (m,p*) ~ &S

then (7%,p*) is not necessarily v-optimal.

PROOF. We introduce the following D/F/F/2 process (see also theorem 3.2

in Groenewegen (1976)).

1 1 2
0 1 1
1] + 1 + +
I‘0 r0 I'0
1 0
I10
2
I'0 1
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(0) _(1)

r(h) = z 6(x_,a_ ",a, ),
£=0 tt t

n>v,(n,p) (x0 =1) =1 for all (m,p) € I.
The strategies are only given for state 1. It can be seen immediately

that

(m*,p%) = (22 ..., 11 ...)

is . v-equalizing. In addition (m*,p*) has the property as formulated in

theorem 5.2.11. But (7*,p*) is not v-optimal, since

vo(l,ﬂ*,p*) =1> vo(l,n*,Z 2 ...) = 0. 0

Now the following conclusions are obvious. Firstly, conservingness
formulated in terms of the saddle function W, seems not very useful in a
characterization of optimality. Secondly, counterexample 5.2.10 shows
that optimality of a strategy (m*,p%*) does not imply for instance that w*
exploits the mistakes of player 1.

It so happens that optimality concepts can be defined in which the
strategies of each player do exploit the mistakes of the counterplayer
more or less, and which can be characterized in terms of the saddle function.
One of these concepts is given now, two other concepts will be given later
on, one at the end of this section and the other in the next section. For
a good understanding of the definitions of these concepts, it is important
to note, with respect to what pairs of strategies (m,p) we require an

(in) equality to hold P - a.s.

v, (m,p)

5.2.12. DEFINITION. A strategy (m*,p*) ¢ Il is called v-subgame perfect iff
for all t € T and (m,p) € I
*(t; < < *(t; - a.s.
v E T, pe*(tH)) < w (H) < v H , TT(EH) ) Py, () ~ 28
Corresponding to this new type of optimality, we define new conserving

and equalizing properties. It will be proved that together they characterize

subgame perfectness. We first give the new conservingness.
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5.2.13. DEFINITION. A strategy (m*,p*) e I is called v-overall saddling
iff for all t € T and (m,p) € I

F F

w (H ) £ wt(Ht) <

E t
v,(n.tpp*(t;ﬂt)) t+1

E (4. w )
v.(tﬂv (t,Ht),p) t

+1 B

r - a.s.
v, (T,p)

We now give the new equalizingness.

5.2.14. DEFINITION. A strategy (m*,p*) e I is called v-overall asymptotically
definite iff for all t ¢ T and (m,p) € II

E
t -
lim E w. (" - *(t; =
T v,(n,tpp*(t;Ht))[ t+T( t+T) vt+T(Ht+'r'"'tpp (t Ht)):I 0
E
and lim E t Lw_,(H )-v (H ¥ (t;H,) ,0) ] T-o
e U TTEE D) o) Ve et thT ATt el P - o

The names we have chosen, may seem a bit strange. The reason is that the
names v-saddling and v-asymptotically definite have been reserved for concepts

that will be defined later in this chapter.

5.2.15. THEOREM. A necessary and sufficient condition for v-subgame per-
fectness of a strategy (n*,p*) € II is, that (w*,p*) is both v-overall
saddling and v-overall asymptotically definite.

PROOF. Suppose (m*,p*) is v-subgame perfect. First we prove the v-overall
saddlingness.
)) =

< * (4. * .
wt(Ht) = Vt(Htr T (tIH )I lpp (t+1lHt+

t t T t+ 1
F
- E t( *(tiH,) *(ertH, 1)) Vert By T (BB et (EFLH, )
Ve S TTEARIE T v 4 PP i
Ft

E P - a.s.
v, (T (£iE,) ,0) Ve Hegg) v, (m,p) ~ %F

)) =
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(In the first and the last step we used the subgame perfectness.)

Analogously

Fe

Vo (1, pe*(t5H)) Wi

)

H =2 E H - «S.
v (#y) e+1) Ty, (mp T 28

In order to show that (m*,p*) is v-overall asymptotically definite, we

note that for all T 2 0

_ . * (. < - a.s.
wt+t(Ht+r) vt+r(Ht+'r’tmr (t'Ht)'p) <0 1E>\),(twn*(t;Ht),p) a-.s
Ft +
. - * +H = .
Hence lim B " ' wie.n),p) Mear Bear) ™ Vg Bpapr ™ E1HD 2D 10 = 0
B t t
And analogously
Ft _
, - * (g, =
Lim E Wi B = Vi B TrgPP™ (BH )] = 0.

* .
ow Ve (Tr po*(L;H )

Now assume (7*,p*) is v-overall saddling and v-overal asymptotically definite.

Using that (m*,p*) is v-overall saddling we get that

Ft F
w,, (H ) < 1lim E w (H,_, ).
V,(tﬂﬂ*(t;Ht),p) t+T T o v,(tnw*(t;Ht),p) T OE+T

w <

Using that (m*,p*) is v-overall asymptotically definite, we may conclude

that
Ft
< * (e = * (4.
Wt(Ht) s EV, (t'"'"*(tth):O) vt+T(Ht+T't‘"“ (tIHt):p) vt(Ht'tnn (tIHt) P)
n>v'(",p) - a.s.,
and analogously
> H *(t; - a.s.
Wt(Ht) Vt( t’n’tpp (t Ht)) ]P\),(TT,O) a.s ]
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In addition to this rather strong type of optimality we define and
characterize two others types of optimality. For v-tail optimality this
will be done now. For v-persistent optimality this is to be done in the

next section.

5.2.16. DEFINITION. A strategy (m*,p*) e II is called v-tail optimal iff
for all t € T and (m,p) € I

i * . * . < < * -
(i) vt(Ht, ™ ﬂ(t,Ht),tpp (t,Ht)) < wt(Ht) < vt(Ht,n ) P a.s.

t v, (1*,p)

i 4 * < * . * . - .S.
(1;) vt(Ht.ﬂ,p ) = wt(Ht) < vt(Ht, T (t,Ht),tp p(t,Ht)) P a.s

t v, (T,p%)

It can be verified very easily that v-subgame perfectness implies v-tail

optimality, and that v-tail optimality implies v-optimality.

5.2.17. DEFINITION. A strategy (m*,p*) € I is called

(a) v-tail saddling iff for all t € T and (m,p) € I

(i) EFt * <
v, Cm*m(tE ), pe* (t:H,)) Veet BraprefP (BHD) S w (H) <
t 't “t
EFt W H,_,.,) P
T TV, (1%, 0) T4l e+l v, (n*,p) ~ 2S-
Ft
(ii) Ev,(n,p*) wt+1(Ht+1) = wt(Ht) <
Ft
< E . _ -
V'(t“"*(t;Ht)'tp*p(t7Ht))¢t+l(Ht+1't""*(t'Ht)) ]Pv,(ﬂ,p*) a.s.
(b) v-asymptotically definite iff for all t ¢ T and (m,p) € I
Fe .
{) lim E _ * - _
() Tﬂ \),(TT*,D)[ wt+r(Ht+-r) Vt+r(Ht+r’1r 0) 1 0 ]P\),(‘ﬂ'*,p) a-.s.
Ft
ii) lim E - 1 = -
(ii) 'r-::: \),(“’p*)[ wt+r(Ht+r) Vt+r(Ht+T'"'° )] 0 IP\),(‘IT,p*) a.s.



72

5.2.18. THEOREM. Suppose assumption 5.2.2. holds. A necessary and sufficient
condition for v-tail optimality of a strategy (m*,p*) e I is, that (m¥*,p%*)
is v-tail saddling and v-asymptotically definite.

PROOF. Assume (7*,p*) is v-tail optimal. To show the v-tail saddlingness,

we first note that analogously to the proof of theorem 5.2.15 we'have
- ) _
wt(Ht) < Vt(HtI“*It+1pp (t+1’Ht+1))

F

t
=E * * ] v, L ,m*,  pp*(t+l;H_ L)) =
v, (T " e41PP (t+1,Ht+1)) t+1 T+l t+1 t+1
= EFt wo . (H. ) = EFt W, (H_..)

= * * . - *
v, (T " 41PP (t+1’Ht+1)) t+1 " t+1 v, (1*,p) "t+1 7 t+l

r - a.s.
v, (m*,p)

Next we note that v-tail optimality implies, that

= * * (4. = * (. -
w, (H) vt(Ht,n 1 PP (t,Ht)) wt(Ht,tpp (t,Ht)) IPV,UT*,D) a.s.

Hence, using theorem 5.2.3, which applies by assumption 5.2.2, we may

conclude

= * .
wt(Ht) =y _(H_, pp (t,Ht)) >

t t't
Ft
> E . * (¢, -
v, (LT*T(E5H. ), pp* (t3H.)) ﬁt+1(Ht+1’tpp (t;H)) PV,(H*,D) a.s.
t t 't t
Analogously we have
Ft
< <
By, (%) Veer Beag) SV ED <
F£
* (. : -
(Ht+1rt““ (tIHt)) ]P\),('ﬂ',p*) a.S.

< E
v, (T (LR, p%0 (£5H,)) Pre1

This establishes the v-tail saddlingness.
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Since for all T 2 0 we have, that

- * < - a.s.
wt+T(Ht+T) V1:+t(Ht+r'1T ) =0 ]Pv,(n*,p) 8-S-v
it follows that
F . .
; - * = - a.s.
lim Ev, (m*,p) Depr By = Vg Weper™ )] 0Ty, (n%,p) S

T

This establishes the v-asymptotic definiteness, since the other part of
definition 5.2.17 (b) can be proved in the same way.
Now suppose (7*,p*) to be v-tail saddling and v-asymptotically definite.

We are to show, that (n*,p*) is v-tail optimal. Firstly we have

F Fe

H ) < < 1i H <

Wy (H) By, n%,0) Vet By :_ﬂ By, (n%,0) Vigr By
Ft

< . E * = * - «S.

i_’;:l v, (n*,p) Vt+r(Ht+r’Tr +°) Vt(Ht'Tr ) ]Pv,(ﬂ*,p) a-s

Secondly it follows, that
F

w (H) 2E°© . b, (H . pp*(tiH)) 2

tt v,(tvr*vr(t;H Yo, pp™(t5H)) Tt4+1 41t t

t' 't t

F
>g © * * v, L H_ L, mT(EHE ), pp¥(t5H)) =

v, ((m*T(t;H ), pp*(t;H,) t+l T t+l't t' 't -

t t' 't t

= H *. . * ; - LR N

vt( e n(t,Ht),tpp (t Ht)) ]P\),(Tr*,p) a.s

Analogously it holds, that

H ,m,p% < H) < H *(t; *o (t; - a.s.

vt( £rmeP ) wt( t) vt( ere™ (t Ht),tp p(t,Ht)) IPV'(W'D*) a.s

which completes the proof. 0
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5.3. THE D/G/G/2 PROCESS WITH A RECURSIVE ZERO-SUM UTILITY

In this section the results of the previous section will be specialized

to the recursive case.

Recursiveness in this section is just the same as it is in chapter 3, i.e.

the D/G/G/2 process is t-separable for every t € T, and there exist functions

BEt], xEt] and r[t] with t,T € T, such that r[o:I = r and rEt](h) =65t](hT) +
[t] (7], 1=t _ ' - 3
+ Xg (hT)r (z (h)) for all h-(xt.at,...)—(hT,aT,xT+1,...) ekét(x x A).

(For details see definitions 3.2.1, 3.1.1 and 3.1.2. Note that now (quasi)

integrability is required with respect to each P instead of E’v .)

v, (m,p) fa
From now on in this section r is supposed to be recursive. This has as an

immediate consequence that lemma 3.2.2 applies, i.e. we have

5.3.1. LEMMA. If r is a recursive utility, then for all t € T and h e H

t
BEO](h ) = i [kﬁl [l_ij(x a(o) a(l) x,)] SEk_lj( a(o) a(l) X )
R Xy, a-172p-1"%-1"% 4 "k *k-1"%%-1"%%-1"%%"
k=1 g2=1
o] Y x-1] 0 _(1)
Xg “(Bg) = k21 Xg CRRTL WYL ML NE

Moreover, lemma 3.1.4 applies directly if wt or 9. is substituted for the

value function wt in chapter 2 and 3. Its proof can even be repeated for

[t]

the saddle LA of this chapter. As in chapter 3 we denote by wT (etc.)

the function wr (etc) for the t-delayed process.
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5.3.2. LEMMA. If r is a recursive utility, then for all t e T, ht € Ht
and (m,p) € I

_ .[o3 [0 [t] ,
wt(ht'n) = 9t (ht) + X¢ (ht) ¢t (xt,ﬂ(t,ht)),
_ (0] [0 [t] ,
¢t(ht:D) = et (ht) + Xt (ht) ¢t (xtlp(t,ht))l
_ 4L0] roJ [t]
welhy) =8, 77 (h) + xp T (h) we T (x)
[0] [o] [t]

vt(ht,w,p) =90 (ht) + X (ht) ve (xt,W(t;ht),o(t;ht)).

t

So we are in a position to prove the following analogue of theorem 3.2.3.

5.3.3. THEOREM. If r is a recursive utility, then

. x S * . .
(i) wt(ht,p ) Eht,(ﬂ*,p*) wt+1(Ht+1'p ) is equivalent to

[t] * (s, = [t]
wt (xt,p (t,ht)) > Eht,(ﬂ*'p*) [et+1(xt'At'Xt+1) +
[t] [t+1] o
F Xep BerBerXeg) Ve T X eT (EFLE DD,

- *y = * . .
(ii) Qt(ht,w ) < Eht'("*'p*) ¢t+1(Ht+1'" ) is equivalent to

ﬁf%xgﬂﬂtﬂkn IE [thX,A X )+

[et+1 7t T+l

htr(n*lp*)

[t] [t+1]
(X, /A _,X_,) Pirr

* Xerr K BerXen M1

* ,
(xt+1,n (t+1,Ht+1

VIIA

(iii) wt(ht) (H ) is equivalent to

Eht,(n*,p*) Yer1 Peel

[t] [t]
t+1(xt’A X

w[tJ(x
t' e+l

t t

VIlA

(x_,a_,x_ wl ]

) * Xt+1 LR A L A 2 2 ]

Eht,(W*,p*) e (xt+1)]'
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PROOF. The proof is completely the same as the proof of theorem 3.2.3,
except that lemma 5.3.1 and 5.3.2 are used instead of lemma 3.2.2 and 3.1.4.

o

The property v-tail vanishingness is essentially the same as in chapter 3,

i.e. r is recursive and for all (m,p) € II

[OJ(H ) [t]

5.3.4.1. 1lim Ev,(n,p) Xt e Ve

(X I"(t;H ):p(t7H )) =0,
o t t t

Now the analogue of theorem 3.2.5 follows immediately.

5.3.5. THEOREM. If r is a v-tail vanishing utility, then

(i) tiﬁ Ev,(n,p) [wt(Ht,p) - vt(Ht,n,p)] S 0 is equivalent to
: [o] [t] A =
ti: E\)' (m,0) Xt (Ht) wt (xtlp(tlHt)) > o,
(ii) ii: Ev,(n,p) [Qt(Ht,n) - vt(Ht,ﬂ,p)] < 0 is equivalent to
[o] [t] i =
lim Ev,(ﬂ,p) Xg (H) of (Xt,w(t,Ht)) <0
o
h
(iidi) tiz Ev,(n,p) [wt(Ht) - vt(Ht,n,p)] S 0 is equivalent to
. [o] [t] 2
lim E = 0.
m By, (me) Xe W) Ve T &Y S0
PROOF. Use the proof of theorem 3.2.5. O

Both theorems together lead in a straightforward way to the following result.
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5.3.6. COROLLARY. Let r be a v-tail vanishing utility. A necessary and
sufficient condition for v-optimality of (m*,p*) ¢ II is the validity of

the following four assertions for all t e T

5.3.6.1. wit](xt,p*(t;ﬂt)) = E:f(ﬂ*’p*) [egff(xt,At,xt+1) +

+ xgﬂ (X B X ) wif{l](xt+1,p*(t+1;at+1))] B, (n%,p%) T 2:Ses
5.3.6.2. ¢£t] (X, T (£7H)) = E:f(n*’p*) ol x ,a ,x,, ) +

* Xitg(xt’At’xt+1) ¢EEIIJ(Xt+1'"*(t+1‘ﬁt+1))] By, (x,o%) ~ 2:S:
5.3.6.3. g: By (n%,o%) XE:O](Ht) wEtJ(xt,p*(t;Ht)) =0,
5.3.6.4. Lim B, (. xEO](Ht) wgtj(xt,n*(t;Ht)) = 0.

£t

To be. able to characterize v-subgame perfectness in a similar way as

v-optimality, we need the following concept.

5.3.7. DEFINITION. A recursive utility is called v—overall tail vanishing
iff for all t € T and (m,p) € I
E
ol [t]

. t =
5.3.7.1. iiz Ev'(“’p) Xq (HT) v, (XT.H(T,HT),D(T,HT)) =0

P - a.s.

v, (m,p)

It should be noted that in general the v-overall tail vanishing property
does not imply the v-tail vanishing property, since in formula 5.3.7.1

we have almost sure convergence, and in formula 5.3.4.1 we have convergence
which is only slightly weaker than L1 convergence. There exists a standard
example of nonnegative functions fn converging a.s. to a function £, but not
in L1 sense. By the nonnegativity of the fn's this example shows at the same
time, that a.s. convergence in general does not imply the "L1 convergence in
the above weaker sense". After corollary 5.3.9 we will discuss a sufficient

condition for this implication to be true.
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5.3.8. THEOREM. If r is a v-overall tail vanishing utility, then

F

, t b .
iig Ev,(n,p) [wT(HT) - vT(HT,ﬂ,p)] S 0 is equivalent to

F
t [OJ(H ) w

v, (m,p) XT T

[t]
T

viia

lim E
T

(XT)

PROOF. Analogous to the proof of theorem 3.2.5. ]
Applying theorem 5.3.3 and 5.3.8 we obtain the following result.
5.3.9. COROLLARY. Let r be a v-overall tail vanishing utility. A necessary

and sufficient condition for v-subgame perfectness of (n*,p*) ¢ Il is the

validity of the following three assertions for all t € T and (m,p) € I

F
t [t] [t] [t+1]
5.3.9.1. E\),(Tr,tpp*(t;Ht)) [et+1(xt’At'Xt+1) * Xt+1(xt'At'Xt+1) Vet (Xt+1)] =
N EFt el x ,a,x )+
=W e v, (T (ErE ) ) el e e e
[t+1] [t+1]
X1 KPR W R )] By, (m,) ~ 23S
5.3.9.2 limEFt . O la )y W%y 20 P - a.s
T v,(n,tpp (t;Ht)) T T T T v, (T,p)
Fe [0l [t]
5.3.9.3. 112 Ev'(t""*(t7Ht)'p) xT (HT) wo (XT) <0 E’v’(“'p) - a.s.

It is well known (see e.g. Meyer (1966) section II.2) that uniform
integrability is a necessary and sufficient condition for L1 convergence
of a sequence of random variables that converge almost surely. Suppose
that r is v-overall tail vanishing. Fix t € T and (w,p) € II. Then we have

P = a.s. convergence to zero of
v, (m,p) g ¢ )
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F
P [0l
At'T(H) := Ev,(ﬂ,p) XT (HT) v

[t]

e (Xem(TE ) 0 (TGH )
1
for T+ © . In order to have also L convergence (with respect to the

measure P ) of the functions A , T2 0, it is necessary and
v, (m,p0) t,T

sufficient that these functions are uniformly integrable, i.e.

lim sup / ll

()| ® (dh) =0 .
v, (m,p)
taeo 120 {I)\t T|>c}

t, T

This gives rise to the following theorem.
5.3.10. THEOREM. A strategy (n*,p*) € II is v-tail vanishing if it is v-tail

overall vanishing, provided that for every (m,p) e II there exist real

numbers M,N, such that

[o] oL2-11]

Ey (mp) TE =E, o[ Loxo T, ) e X uAy 4 uX) + N ]
=1 =1
(-
[o] [2-1] _
and E o) 221 Xz-1(Hl‘1) | 0y Ty _hmy hX)) | =M<
PROOF. Fix (m,p) € II. For all 1 2 O
. @] = ]EFt O3 ) oI (x ,m(esm ) 00w )|
0,1 v, (m,p) Xz T 't T’ R S 1 =
Ft E [OJ(H ) |6[£-1](x A X )| P - a.s
vo(mp) L Xaem1te-t’ e g-1"%0-1""g v, (m,p) T30St
This means that Ev,(ﬂ,p) IAOIT(H)I <M< o,

Hence fs:p IAO,T(h)I ]P\),(Tr,p)(dh) < o,
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v

s 0 = lim s A bz
° c_l)g ‘_?p = | O,T(h)l v, (m,p) (@0)

{S:p|1011|>c}

> lim su u A h P
Lin sup sup g, 0 [ B ) an)
{IAO,TI>C}
> lim su A, ()| P dh) = 0.
oS TP f I 0,1 | \)r(‘ﬂ:D)( )
{IAO’T|>c}

This implies that the sequence of functions A , T 2 0 is uniformly

o,t
integrable.

Hence the L1 limit of AO T(H) exists, and is equal to zero since the
14

P - a.s. limit is zero. So
v, (T,0)
0= 1lim E A H -0 | = lim E A (H)
oo Ve (Tep) | O.T( | o Ve (mep) 70,1 !
which is precisely the v-tail vanishing property. 0

It seems worthwile to note that, if for a discrete state space the condition
for theorem 5.3.10 is satisfied for all degenerate starting distributions

v, and if moreover N = 0 for all (w,p) € II, then the utility has a so-called
charge structure as introduced in Hordijk (1974) for the convergent

dynamic programming situation.

For the v-tail optimality a characterization can be given, similar to the

characterization in theorem 5.3.9.

5.3.11. COROLLARY. Let r be a v-overall tail vanishing utility, and let
assumption 5.2.3 hold. A necessary and sufficient condition for v-tail
optimality of (n*,p*) e I is the validity of the following inequalities
for all t ¢ T and (m,p) € I
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F
t [e[t]

5.3.11.1. E *
v,(tn*n(t,Ht),tpp (t,Ht)) t+1

(X /A ) +

t’xt+1

[t] [t+1] * .
+ Xt+1(xt'At'Xt+1) l"1—.+1 (Xt+1'° (tH’HtH)):| s
F
t [t]
S wo(X) S ESTk, oy DOpyn RerBerXe )+
[t] [t+1] _
* Xegy KprBerXe ) Wegy T y) ] B, (mx,0) ~ 2:Ser
F
t [t] [t] [t+1]
5.3.11.2. B " e DOl RerBirXe ) + Xe g RerBerXy ) Wy (X 0] 8
< w[t](x ) < EFt [e[t](x A ,X, ..) +
I t v,(tnn*(t;Ht),tp*p(t;Ht)) t+1 72 e el
[t] [t+1] * . _
+Xu4mfAﬂxuﬁ Pt muﬂ"(UJJtH”] vampﬂ a-8er
5.3.11.3. lim EFt L@ ) Wt @y <o P - a.s.
TUrRe v, (1%,p) *1 v Tt o 7 v, (1*,p) '
T-r°
F
. t [o] [t]
5.3.11.4. lim EV,(ﬂ,p*) Xz (HT) v (XT) 20 n,v,(n,p*) a.s.

T

PROOF. The reason that for this corollary we need an extra proof, whereas
the statements of corollary 5.3.9 and 5.3.6 are immediate, is that here we
need a result, that is a variation of theorem 5.3.3. The result is the
following. If r is a recursive utility, then

wt(ht) 2 E

ht’("'p) wt+1(Ht+1’p) is equivalent to

w[tt](xt) >E el x ,a.,x Le] (XA X, ) wEﬁI”

heo(mp) Tl e e e+r) t Xean £ e P (EHLH ) D

and analogously
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wt(ht) 2 E (Ht+1,n) is equivalent to

htl (m,p) Qt“"l

Lel (X, /A_,X ) +

[tl .
we TR 2 Eht,(vr,p) [Opy1 RerBerXiyy

[t+1]

[t]
+ X (X, ,A_,X .,) Pipy

el R BerXe gy m(t+liH

(X nil.

t+1’ t+1

Its proof is precisely the proof of theorem 5.3.3. Now corollary 5.3.11
follows immediately from theorem 5.3.8 and 5.3.3, and the above result. []

In chapter 3 we have given two more proofs of the characterization of
v-optimality, one by the martingale approach, and another making use of
the optimality principle. It is possible to repeat these proofs for the
situation described here, but we shall confine ourselves to the proof,
that for a recursive utility the analogue of the optimality principle
holds.

5.3.12. THEOREM. If r is a recursive utility and (n*,p*) € I is v-optimal,
then for all t ¢ T (ﬂ*(t;ht),p*(t;ht)) is p-optimal for PP

(2t+1)
v, (1%,p0%)

% - a.a.
v, (‘ﬂ'*:D )

ht € Ht' with p = P the marginal probability on the (2t+1) - th
coordinate of H, that is the state space at time t.

PROOF. From definition 5.1.1. (or also from lemma 5.2.1) we know that

* k) = * -
vt(Ht’" p*) wt(Ht,w ) n>v'("*'p*) a.s.
Hence by lemma 5.3.2
[ol fo] [t] ol

. * (4. -
et (Ht) +Xt (Ht)vt (xt"ﬂ'*(t:Ht) P (tIHt)) ) (Ht) +

t

Lol t]
+Xe HYoL (Xt,ﬂ*(tiﬂt)) P, (n%,p%) " a-S:

In other words for all p € ntt)
[t] X (4. * e, = [t] * (4. [t] * (£,
Ve (XmF(EE ) 0¥ (LiH)) = O (X (t,Ht)) Sve TXm (t.Ht).p)

P - a.s. O

v, (1*,p%)
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5.3.13. DEFINITION. If the v-optimality of (w*,p*) € Il implies that
[h1]

(ﬁ*(t;ht),p*(t;ht)) is p-optimal in the process I Y forp

(2t+1)

v, (1*,p%)

- a.a.
v, (m*,p*)

ht € Ht' and with p =P

optimality principle holds for the two-person zero-sum game I.

as defined above, then we say that the

It can be seen from the first inequality of formula 5.3.11.1 and -from the
last of 5.3.11.2 that v-tail optimality of a strategy is a stronger form
of the optimality principle.'
Finally we want to introduce another concept of optimality, called
v-persistent optimality. This new concept seems to make sense, only if
the D/G/G/2 process is separable and moreover stationary, and if the
utility is recursive in a stationary way."Stationarity" of the process
means, that the admissibility of an action does not depend on time t,
and that the transition functions P do not depend on t either. With
"recursiveness in a stationary way" we mean, that for all t ¢ T the
[t] [l _ Col [t _ o001 _

function r = r, which implies ¥ =X =: X and 6t+1 1

t+1 1 . 8.

[t]
Both stationarity conditions together imply, that th = nd

v a
-t
Lt

T

=Wyt since the set of tails of strategies from time t on is equal

to the set of strategies itself. These remarks should be kept in mind
while reading the following definitions, especially when we allow a
strategy m* or p* to prescribe actions from time t on instead of time O.
In the remainder of this section it is supposed, that these stationarity

conditions are satisfied for the process as well as for the utility.
5.3.14. DEFINITION. A strategy (m*,p*) € II is called

(a) v-persistently optimal iff for all t ¢ T and (m,p). e 1

~a.S.,

. * * (£ .
Vo(xtlﬂ(t.ﬁt),p ) < WO(Xt) < VO(Xt,ﬂ (t’Ht)'p(t'Ht)) in'(ﬂ*,p)

. * . < * . -
vo(xt,ﬂ(t.Ht),o (t,Ht)) <w (Xt) < vO(Xt,ﬂ ,p(t.Ht)) P *) a.s.

0 v, (T,p

(b) v-saddling iff for all t € T and (m,p) € I

F

t
E 0 +
v,(tﬂ*N(t;Ht),tpp*) [ (XA Xy

* .
FXXALK ) V(X P (1,(xt,At,xt+1)))] <
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F

< w (X)) t

0¥ = By (n*,0) Mo Keyy)d

I:e(xt’At’x t'xt+1 0 “t+1

t+1) M X(Xt’A

P ' - a.s.
Vl(ﬂ*lp) !

Fe

v, (1,p%)

[/

) + X(X_,A X Jw (X . .)] < w (X))

[e(xt'At'Xt+1 t' 7 Te+1” 0 e+ 0t

Fe

<E
v,(tﬂﬂ*,tp*p(t;Ht))

[e(xt'At’Xt+1) +

W1 i

* 1. -
+ X(xt.At,X ) ¢O(x i (1.(Xt,At.X a.s.

t+1 t+1’ t+1 v, (1,0%)

5.3.15. THEOREM. Let assumption 5.2.3 hold, let r be a v-overall tail
vanishing utility, and let the stationarity conditions be satisfied both
for the process and for the utility. A necessary and sufficient condition
for v-persistent optimality of a strategy (n*,p*) e II is, that (m*,p¥)

is v-saddling and that formulae 5.3.11.3 and 5.3.11.4 hold.

PROOF. Fraom the stationarity of the process and the utility, from lemma
5.3.2 and from theorem 5.3.3 together with its extension needed in the
proof of theorem 5.3.11, we may reformulate the assertion of theorem
5.3.15 as follows. Suppose assumption 5.2.2 holds. The validity of the

inequalities

*m(t; *) < < * - a.s.
5.3.15.1. v (H, mm(t;H), ep™) < w (H) < v (H ,1%0) By, (mx,0) ~ @S
*) < < * *, . -
5.3.15.2. vt(Ht,ﬂ,p ) < wt(Ht) < vt(Ht,tﬂn ,tp p(t,Ht)) n’v,(n,p*) a.s.
is a necessary and sufficient condition for the validity of the folléwing
assertion and inequalities
5.3.15.3. (w*,p*) is v-asymptotically definite,
5.3.15.4 EFt v oo™ < wt @) <
sTenTe R v, (LT*T(t;H,), pp¥) T+l T+t P I t T
t t 't
F
t [0]( ) - a.s.

< E P
v, (1%,0) "e+1 Fean v, (1%,p)
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F
t ol o]
. < <
5.3.15.5 Ev,(n,p*)wt+1(Ht+1) wt (Ht)
F
t fo]
< * -
Ev:( mr*, p*p (t;H,)) (pt+1(l-lt+1'tmr ) n’v,(n,p*) a.s.
t t t
The proof of this statement is completely analogous to the proof of
theorem 5.2.18. : 0

REMARK. From the proof of this theorem it follows that formulae 5.3.15.1
and 5.3.15.2 may also serve as a definition of v-persistent optimality,
and that formulae 5.3.15.4 and 5.3.15.5 may serve as definition of

v-saddlingness.

We want to make one more remark about the v-persistent optimality. Assuming
r to be a v-overall tail vanishing utility we may use the characterization
of theorem 5.3.15. It is easy to see, that the first inequality in formula
5.3.15.1 expresses the optimality (for player 1) of p* in K’v,(“*'p)

almost all Xt, and that the last inequality in formula 5.3.15.2 expresses

the optimalit £ 1 X * 3 - .
P y (for player 0) of w* in n>v,(w,p*) almost all Xt
Recall, that the sets of admissible actions Léz) and the transition probabi-

lities pél) do not depend on t. Then, if (n*,p*) is not only v-persistently

optimal, but also p-optimal for every starting distribution u, the first
inequality of 5.3.15.1 and the last of 5.3.15.2 are automatically satisfied.
And this last condition holds e.g. if the state space is discrete and v

is a staéting distribution that gives positive probability to every state.
So in this particular situation v-tail optimality implies v-persistent

optimality.

5.4. THE C/G/G/2 PROCESS WITH A ZERO-SUM UTILITY.

In this section we will extend the results of both previous sections to
the continuous-time case. We will start with a description of the general
C/G/G/n process. Then we will derive, as in chapter 4, characterizations
of the various optimality concepts for the case n = 2 and a zero-sum
utility. The case n = 2 and a nonzero-sum utility will be treated in
chapterv6. We will try to avoid duplications of descriptions and proofs

as much as possible by referring to earlier proofs.
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The general C/G/G/n process, with n a cardinal number, is defined as a
tuple

A(!L) ’A(R,)

L= (T, (%, e ew) , W eem),

() c g r(!L)

(P

)e ( [2 € N ).

iy | x, e X, u
xo,(u(O),...,u(n 1)) 0

(A(JL) A(JL)

As before, T is the time spéce, (X,X) the measurable state space, )

the measurable action space for player £, U('Q') the set of controls for

player &, P (0) (n-1), @ probability measure on the sample space
Xy (ul¥,...,u )

Ho) = (XX x AQ « .. xa® D)y g (xx A9 o ... 0 AP )}

teT teT
and r(R') the utility function for player %£. We define by (A,A) =
= (A‘O) X ... X A(n_l), A(o) ® ... ® A(n-l)) , the set of simultaneous actions,

and Ft is the o-field generated by sets of type X (XT x AT) with
Te

X_l_ € X’A'r € A, X‘r x A't unequal to X x A for finitely many T < t and

X =Xif'r>tandAT=Aif12t.ThisimpliesFtc F, c...cH

T o &
for each sequence tO < t1 < ... in T.
Define H =[ X (X x A)] x X, and let h € H. The symbol h, denotes the
t t
teT, 1<t
truncation of h contained in H,. The set of simultaneous controls is
defined as U = U(o) X ... X U(n-l). Each u(l) € U(Z) is a function

2N (2)

TxHx A(z) + [0,1] such that u
A(l)'A(E))

(t,*,*) is a transition probability
from (Ht,Ht) into ( . Hence u is nonanticipative, i.e.

u(t,h',s) = u(t,h",*) for all t ¢ T and h', h" € H with h; = h;.

each set U(“ is assumed to be closed under exchange of tails (cf. section 4.1).

Let Vv be an arbitrary starting distribution on (X,X). We assume that P
4

is measurable in x, and we define ]Pv u = /]Px a v (dx) . Furthermore we
1 ’
X

assume the existence of a probability measure ]Ph u " H for each
t'

ht € Ht and u € U, such that ]Ph is an Ft-measurable function of ht’ and

t'
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moreover that P u(ht x A x X (X x A = u(t,ht,A') for all t e T,
t’ ™t
teT
uelU, Ale A. We also suppose that depends nonanticipatively on u, and
t'

thatiPh u satisfies the conditions (i) and (ii) in section 4.1.
tl

The utility functions r(z):H + IR with 2 € Iin are supposed to be measurable

and quasi integrable w.r.t. I’v
The symbols Ev,u’ E

u for all u ¢ U and for v fixed.
’

H,H ,X and A, are used in the same manner as
nout e e ¢ 3re use an

before. Corresponding to the C/G/G/n process I, there exists for each t ¢ T
[h1]
and ht € Ht a C/G/G/n process I , that is called the t-delayed process.

[h]
The description of I is completely analogous to the description of the
t-delayed process in section 4.1.

The value of control u for player %, given ht is a function véﬁ): Ht x U-> R

with
(2) _ (%)
vt (ht,u) = Eht,u r

(H) .

(2)) for a control that is obtained from u* ¢ U

e @) oy

Using the notation (u*;%:u

by replacing the component by u , we define the value for

player & given ht and given u* for the other players as wék): Ht x U=+ R
with

sup r(z)(H) if this integral

E
h ,(u*;l:u(ﬁ))
u(“eU(“ t

g * exists,
2 ) =
- ® otherwise

5.4.1. DEFINITION. A control u* € U is called v-optimal (or a v—equilibrium
control) iff for all & e N and all t € T

L 2
e =vPagem B - as.

In the remainder of this section we will restrict ourselves to the two-

person zero-sum case: n = 2, r(o) + r(l) = 0. As in section 5.2 and 5.3

we define r = r(O), v, = véo)¢ and the saddle (function) W, Ht + R

t
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with wt(ht) = sup inf vt(ht,u).
u(0) u(1)

As before we suppose, that the expressions occurring in the definitions

are well defined.

5.4.2. DEFINITION. A control u* € U is called v-conserving iff for all
t,t, el with t, 2 t

1" 72 2 1
Fe

. (0) * g 1 0) x * P _

(1) wtl (Htl,u ) v, u* ¢t2 ( tzlu ) N LY
Fe

() S T ¢ ) * _

(ii) ‘ptl (Htllu ) E\,'u‘\- wtz (Ht2lu ) ]Pv,u* a.s.

5.4.3. DEFINITION. A control u* € U is called v-equalizing iff

(0)

(1) lim E * Ly (H,_,u*) - v _(H_,u*)] =0,
v,u t t t Tt

(ii) 1lim E [w(l)(n u*) - v, (H ,u*)] =0
v,u* "'t t’ totf :

>0

5.4.4. THEOREM. A necessary and sufficient condition for v-optimality of

a control u* € U is that u* is v-conserving and v-equalizing.

PROOF. Combining the proof of theorem 5.2.6 with the characteriéation for
the C/G/G/1 case (theorem 4.2.3) gives the result. O

(2)
t

(£)

As before we use the symbol u (ht) to denote the tail of control u

(2)

from time t on, given the history before time t. The symbol tu denotes

(2)

the head of control u before time t.

Again we suppose, that the expressions occurring in the definition are

well defined.

5.4.5. DEFINITION. A control u* ¢ U is called

(i) v-subgame perfect iff for all u e Uand t e T
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(0) (1) (1) (0) 4« (0) (1)
Vt(Ht,u 1B ug (Ht)) S wt(Ht) < vt(Ht'tu uy (Ht),u )
r - a.s.
v,u

(ii) v- overall saddling iff for all u € U and t,,t, ¢ T with t_ 2 t

1" 72 2
Ft
E o) (s (1) we B ) sw @) s
v, (u g U Tuy (Ht )) T2 T2 1 1
1 1 1
Ft
1
<E ) P - a.s.,
\)'( U(O)u*(o) (H )’u(l)) wt (Ht v,u
£ £ty 2 &

(iii) v-overall asymptotically definite iff for allu e Uand t e T

F

imE © Y (0 (1) 4(1) -
lim E (0) (1) *(1) [wt+r (Ht+r) Vitr (Ht+'t'u et Y (Ht))] =0
™o v, (u r®u (Ht))
]P\) u = Q.S
and !
Fe £0)_*(0) (1)
UnE = Cw,, (B d=v__ (@ __, ul®u* 0 g 13t
T+0 v, ( u(O)u*(O) (H ),u(l)) thT T T e e t e
t t t
]PV a = A.S.

5.4.6. THEOREM. A necessary and sufficient condition for v-subgame perfectness
of a control u* € U is that u* is v-overall saddling and v-overall asympto-

tically definite.

PROOF. Campletely analogous to the proof of theorem 5.2.15. 0

For a control u* ¢ U we can define v-persistent optimaiity, v-tail optimality,
v-saddlingness,.v-tail saddlingness and v-asymptotical definiteness in the
same way. But, since we did not formulate the continuous-time analogue of
theorem 2.2.1, we cannot give proofs of the corresponding characterizations
similar to the proofs of theorems 5.2.18 and 5.3.15. In chapter 6, however,

we shall derive a slightly different characterization for a more general
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situation.

From now on we suppose r to be recursive, i.e. for all t,7 ¢ T with T > t

and h € H

LLo3

(h) = r(h)
[t] _ ALt] [t] [t]
r (h) = GT (hr) + Xz (h) x (CT_t(h))

(for details see definition 4.3.1). This leads to the following statement.
(As before we use the superscript [t] instead of [ht] to refer to the t-

delayed process) .

5.4.7. LEMMA. If r is a recursive utility, then for each t ¢ T, ue U
and starting distribution v

(2) _ L0] [o] [t1®@) -
¢t (ht,u) = et (ht) + X (ht) wt (xt'ut(ht)) for . =0 or 1,
_ 4L0] [ol [t]
wt(ht) = et (ht) + X (ht) W (xt),
[o] [0] [t]

vt(ht,u) = et (ht) + X (ht) Ve (xt’ut(ht))'

PROOF. Combine the proofs of lemma 4.3.2 and 5.3.2. O

Now v-conserving, v-saddling, v-tail saddling and v-overall saddling can
be characterized (for a recursive utility) in the same manner as is done
in theorem 4.3.4.

If moreover r is v-tail-vanishing (see definition 4.3.5, which must be
read as if u € U is a simultaneous control), then the analogue of theorem

4.3.6 for the functions wéO)

and Wél) instead of W follows immediately.
In the continuous-time case we define the v-overall tail vanishing property

of the utility r as: for all t € T and u ¢ U

F

1mE & %% )l % @) =0 P - a.s.
v,u 1 vt Lt it

T

The following result holds.
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5.4.8. THEOREM. If r is a V-overall tail vanishing utility, then a necessa-
ry and sufficient condition for u* ¢ U to be v-overall asymptotically

definite, is that

F

. t [t] [t] (0) % (1) -
lim E [w_ " (X)-v_ “(X_,u_ ' (H]),u (#H))] =0
oo v,(u(O), u(l)u*(l)(H )) T T 't T T
t t t
r = a.s.
v,u
and lim EFt [wEt%X )—v[T](X u*(o)(H ) u(l)(H ))]+ =0
oo v’(tu(o)u*(o)(H ),u(l)) T Tt T 't 't T
t t
P - a.s.
v,u
for all t € T and u € U.
PROOF. Use the proof of theorem 3.2.5. a

Now the continuous-time analogues of corollaries 5.3.6 and 5.3.9 are

selfevident.
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CHAPTER 6
THE D/G/G/n PROCESS AND THE C/G/G/n PROCESS

In this chapter we generalize the results of the previous chapter to the
more general situation with n players (n may be any cardinal number) and

a general (not necessarily zero-sum) utility. However, we still restrict our-
selves to a noncooperative situation, and we only characterize Nash
equilibria and extensions théreof. For the discrete as well as for the
continuous-time case we have already discussed this model in section 5.1
and 5.4 respectively. Since for both cases our way of proving the results
is very much alike, this chapter contains only one section, in which

the results for both cases are derived simultaneously. Moreover, as
already noted in chapter 4, the continuous-time case can be treated in such
a way that the discrete-time case is covered by it. One new optimality

concept is introduced in this chapter: semi subgame perfectness.

6.1. CHARACTERIZATIONS OF OPTIMALITY IN THE C (AND D)/G/G/n PROCESS

In this section we will denote the D/G/G/n process by the D-case, and the
C/G/G/n process by the C-case. In order to avoid proving the same thing
twice, for the D-case and for the C-case, we extend the notations and
terminology of the C-case to the D-case. This means that from now on a
strategy m € I is also called a control u ¢ U. Now we may say in the D
and C-case, see definition 5.1.1 and 5.4.1, that a control u* ¢ U is
‘v-optimal iff for all % € nan and all t € T (rxecall thatI]Nn is the set of
players)
6.1.0.1. ¢

(£)

%)
t Ve

(Ht,u*) = (Ht,u*) P % — a.s.

6.1.1.DEFINITION. A control u* € U is called

(1) v-comserving iff for all & € N and t,,t, ¢ Twith t, =2t

1772 2

F
tl (L)

* = * - *Se
, (Htl,u ) Ev,u* wtz (th,u ) n)v,u* a.s.,

(2)

6.1.1.1. wt
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(ii) v-equalizing iff for all % € N

6.1.1.2. lim E *w(z)

(2)
oo VrUF L Ve

(H,_,u*) (H,,u¥)] = 0.
(As before, the expressions in the definition are supposed to be well

defined.)

6.1.2. THEOREM. A necessary and sufficient condition for v-optimality of a
control u* € U is that u* is v-conserving and v-equalizing.

PROOF. Fixing & and u*(k)

for k # &, k € nin, we are in the situation of
a D(or C)/G/G/1 process with wél) as value function.

Hence for this fixed % formula 6.1.0.1 is equivalent to 6.1.1.1 and 6.1.1.2
together (theorem 5.2.6 and 5.4.4). So the theorem is proved. 0O

6.1.3. DEFINITION. A control u* ¢ U is called
(i) v-subgame perfect iff for all % € N ,te Tand u e U

(%) (%)

v (Ht,tuu:(Ht)) =V, (Ht,tuut(Ht)) JPv’u - a.s.,
(ii) v-overall comserving iff for all % € lqn, u e U and tl't2 e T with
t2 2 t1
F
v @, wr @) =E ‘1 * v @, wr @)
t, Tyt 1 5 v,(tluutl(Htl)) t, et e Y

(iii) v-overall equalizing iff for all & € No,te Tand uel

F
. t (%) (2)

lim E [y (H, w*@H)) - v (H , uw*@H))]=0

oo v,tuut(Ht) T 'ttt T 'ttt
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It is not difficult to see that for the two-person zero-sum case the
v-subgame perfectness of definition 6.1.3 is the same as that of definition
5.2.12 (resp. 5.4.5). Something similar can be shown for the other two

concepts. We come back to this directly after the next theorem.

6.1.4. THEOREM. A necessary and sufficient condition for v-subgame perfectness
of a control u* ¢ U is that u* is v-overall conserving and v-overall

equalizing.

PROOF. The proof is essentially the same as the proof of theorem 2.2.4.

Suppose u* is v-subgame perfect. Then for all & ¢ Iin, u e U and t1,t2 e T

with t2 2 t1
(2) * (2) *
U] H , u* H )) =v (H, ,, w” (H,)) =
fon T Y oYy Y
F
t
1 (2) *
= * v (H, ,, w¥ (H_)) =
v,t uug (Ht ) t2 t2 t1 t1 t1
1 171
Ft1 ()
=E * v w, . w¥ oE, ) P - a.s.
v,tluutl(Htl) t2 t2 t1 t1 t1 v,u

This establishes the v-overall conservingness. And since for all t,T e T

with T 2 t

(2) _ L, (R) * = -
v (HT,tuu:(Ht)) v, (HT'tuut(Ht)) 0 E’v'u a.s.

the v-overall equalizingness follows immediately.

Now suppose u* is v-overall conserving and v-overall equalizing. Then for

all & € N osue Uand t,T € Twith 1t 2 t

F
(2) t L) *
] (H , uu*(H )) = lim E ) (H_, uwl(H)) =
t t't t ot T v,tuuz(Ht) T 'ttt
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F
. (L) * (%) *
= lim E % v (H , w*H)) =v (H , w?(H)) P - a.s.
T v,tuut(Ht) T 'ttt t t'tTtt v,u
This proves the theorem. O

It may be noted that for the two-person zero-sum case the above characteri-
zation seems different from the characterization given in theorem 5.2.15
(resp. 5.4.6). Nevertheless they are actually the same, since for the
two-person zero-sum case the v-subgame perfectness implies that for all

teT, ue Uand 2 ¢ {0,1}

wéz)(Ht,tuu;(Ht)) = wt(Ht) P - a.s.

Now we come to another type of optimality: semi subgame perfectness. It

can also be found in Couwenbergh (1977) where it is called semi persistency.
We prefer this new name, since this concept has to do not so much with
persistency, as with a kind of optimality for all subgames of one player,

as is shown in the proof of theorem 6.1.6.

6.1.5. DEFINITION. A control u* ¢ U is called

(1)  v-semi subgame perfect iff for all % € N o, te Tand u e U

(2) %y = o) . (R) L (R)
6.1.5.1. wt (Ht'u ) Vt (Ht,(u ,l.tu ut (Ht)))
IP\)' (u*;z:u(z))— A.Sey
(ii) v-strongly conserving iff for all & € N o,uce U and A T
with t2 2 t1
F
I3 1 ()
6.1.5.2. wé (H, ,u*) =E ) (1) be " (H ,u*)
1 1 v, (u*;2: u TTu, *TICE )Y T2 2
t t t
1 1
= A.S.

P ,(u¥; 8 u(f))
v
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(iii) v-strongly equalizing iff for all % € N, te Tand u e U

F
. t (2) *
6.1.5.3. lim E Ly (H_,u™) +
> v, (u ;z:tu(z)u:(k)(ﬂt)) T T
_ () x.0. 1, (&) x(2) _ -
Ve (HT,(u ,Z.tu ug (Ht)))] =0 P 2) a.s.

v, (u*;lzu )

6.1.6. THEOREM. A necessary and sufficient condition for v-semi subgame
perfectness of a control u* ¢ U is that u* is v-strongly conserving and

v-strongly equalizing.

PROOF. Fixing £ and u*(k) for k # L, k € Iin, we are in the situation of
(2)
.
This means that formula 6.1.5.1 actually expresses the v-subgame perfectness
% (2)

a D (or C)/G/G/1 process. The value function of this process equals y

in this D (or C)/G/G/1 process, formula 6.1.5.2 expresses the

*(2), and formula 6.1.5.3 expresses the
(2)

of u
v-overall conserving property of u
v-overall equalizing property of u* . Hence, by theorem 6.1.4 it follows
that for our fixed % formula 6.1.5.1 is equivalent to 6.1.5.2 and 6.1.5.3

together. This proves the theorem. O

It can be seen immediately that v-subgame perfectness implies v-semi subgame
perfectness, that v-semi subgame perfectness implies v-optimality, and that
neither of the reverse implications holds.

For the two-person zero-sum case v-tail optimality implies v-semi subgame

perfectness, since for instance formula 5.2.16. (ii) implies

(0)

0
Vé )(Htlﬂ,p*) < ve (Ht, éO) - a.s.

'lTTI'*(t;ngD*) =9 (Htlnlp*) r

t Vv, (Tflp*)

That the converse is not true, follows from the following counterexample.

6.1.7. THEOREM.COUNTEREXAMPLE. Vv-Semi subgame perfectness is not sufficient
for v-tail optimality.

PROOF. Consider the following D/F/F/2 process.



97

1 1 12 1 2
0 0 0 |s 0 10
1]+ 1]+ 1 |+ [+ |1 |+ +
To To To [ To To 1
- -10
Ty 5 r, 100
2 + 2 +
0 T2 1 %o
I T3
% 0 _(1) e
r(h) = tZO O(x ,a,  sa. ) v, (n,p) Kg=3)=1 for all (mp) e I

The strategies for player 0 are only given for state 1 and 3 in this order,

and for player 1 only for state 2 and 3 in this order.

Define o (1 22 ... . (1 22 ...
11 ... P\ ...

Then it is easy to verify that (m*,p*) is v-semi subgame perfect but not

v-tail optimal. ]

Only under rather stringent conditions we can prove that v-semi subgame
perfectness implies v-persistent optimality as defined for the case n=2,

see definition 5.3.14. These conditions are: the process is separable and
stationary, r is recursive in a stationary way, the (v-semi subgame perfect)
strategy (m*,p*) is u-optimal for all degenerate starting distributions u
(so far these conditions without the stationarity assumptions are precisely
the conditions under which v-tail optimality implies v-persistent optimality

for the casen=2), and moreover for all t ¢ T, u ¢ U and & ¢ {0,1}

(2)

v e = w (M e P - a.s.

4
vttt v,(u*;lzu(g))

(This wég) plays exactly the same role as the function v in the proof of
theorem 2.4.1 in Couwenbergh (1977).) Under these conditions, the assump-

tion that (n*,p*) is v-semi subgame perfect, gives for £=0
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(0) (0) (1) (0) * _ .. (0) * -
Vo (Xt'(u ,u: (Ht)) < Yo (Xt,ut(Ht)) = wo (Xt,ut(Ht)) =
_ 4, (0) _ (0 * (0) (0) (1) _
= IPO (thu*) = Vo (Xtru ) < V0 (th (u* At )) ]Pv'(u(o) 'u*(l)) a.s.

This together with the analogous result for %=1 yields the v-persistent
optimality of (w*,p*).
That the converse is not true can be seen from the following counterexample

given in Couwenbergh (1977).

6.1.8. THEOREM.COUNTEREXAMPLE. v-Persistent optimality does not imply

v-semi subgame perfectness.

PROOF. Consider the following D/F/F/1 process.

1 1 1
0 1 3
1] + 1] + 1 +
I'0 I'O I‘O
FO 2 0
2 2
r0 1
I‘1 I|2

rm) = Y e, ,a?,a

e (X0=2) = 1 for all (w,p) € 1.

t ), v, (m,p)

The strategies are only given for state 1 and 2 in this order,

Defining . 0%y = (1 1 ...,11... )
, =
211 ...,11 .../,

it is easy to verify that (m*,p*) is v-persistently optimal but not v-semi

subgame perfect. O

Now we will formulate our results for a recursive utility, but only verbally.
(Note that in the two previous counterexamples the utility is recursive and
v-(overall) tail vanishing).

Recursiveness and the v-(overall) tail vanishing property are defined as
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before. This gives immediately that theorem 5.3.3, 5.3.5 and their C-case

analogues also hold for wéz) instead of Y, , and that theorem 5.3.8 and its
(2)
t

of corollary 5.3.6, 5.3.9 and their C-case counterparts are selfevident,

C-case anaiogue also hold for ¥ instead of LAD But then the analogues
even for the v-semi subgame perfectness.

In this chapter we have not yet discussed the extensions of the persistent
optimality and the tail optimality. It turns out that also these concepts
can be generalized and characterized. First we will do this for the y-persis-
tent optimality . The following definition can be read, as though we had
presupposed that the process is separable and stationary, and that the
utility is recursive in a stationary way(cf. definition 5.3.14 and its
foregoing remarks). Yet we prefer a general definition here, corresponding
to formulae 5.3.15.1 and 5.3.15.2, since it is more suitable for the deri-
vation of the characterization theorem. Moreover, from the remark directly
after the proof of theorem 5.3.15 we know, that formulae 5.3.15.1 and 5.3.15.2

may serve indeed as definition of v-persistent optimality for the case n=2.

6.1.9. DEFINITION. A control u* € U is called

(1)  v-persistently optimal iff for all k,% e N ,uce U and tt, € T
with t2 = t1
2
vt( )(Ht, (u*;k:tu(k)u*(k))) = wt(“ =, , (u*;k:tu(k)u* )y
2 2 1 2 2 1
r - a.S.,
v,(u*;k:u(k))
(ii) v-persistently conserving iff for all k,% € N o,uce U and tit, € T
with t2 > t1
wég)(ﬂt ,(u*;k:t u(k)u*<k)))
1 1 1
F£
=E 1 x) . (k) wéz)(Ht ,(u*;k:t u(k)u*(k)))
v, (u*;k:. u u* ) 2 2 1
!
r - a.s.

(k)

v, (u*;k:u

)

(iii) v-persistently equalizing iff for all k,L e N o, te Tand ue U
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F

t (2)
lim E . [y
oV, (u*;k:tu(k)u*(k)) t

&, (u*;k:tu(k)u*(k))) +

(%) (k) (k)

- *.k * =0 r - a.S.
A (HT(u ik AR )) 1]

v, (@ iku ™)

6.1.10. THEOREM. A necessary and sufficient condition for v-persistent
optimality of a control u* € U is, that u* is v-persistently conserving

and v-persistently equalizing.

PROOF. We can repeat the proof of theorem 6.1.4 for this situation. a]

We will conclude this chapter by introducing and characterizing v-tail

optimality.

6.1.11. DEFINITION. A control u* € U is called

v
o+

(1)  v-tail optimal iff for all k,2 ¢ N _, u e U and t;,t, < Twith t,

(HtéAu*;k: u(k)u*(k)(H )

v(z)(
t1 t1 t-l

*x.. .. (K) x(k)
A Ht,du ,k.tu ug

(2)
2 2 1 1 t

(H )=y
t 2

]%,(u*;k:u(k)) T a.s.

(ii) v-tail conserving iff for all k,% € N ,ue Uand t,,t, ¢ T with

1'%
t2 2 t1
(%) * (k). *(k) -
Y)UM(H, ,(usk:, u (H, ))) =
50y e} % £
Fti ) (X)) (k)
= E ] (H, ,(u*;k:, u  ‘u* (H_)))
v, ks, oy K gy Tty T t 21 &
& Y Y
r = d.S.

v,(u*;k:u(k))
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(iii) v-tail equalizing iff for all k,% € N, te Tand uel

F
N (2) * (k) 4 (k)
lim E [y (H_, (u¥;k: u"u* (2.))) +
) v,(u*;k:tu(k)u:(k)(ﬂt)) t ' t ¢ £
IO I T _ - - aus.
v, (B . (u ,k.tu uf (Ht)))] 0 v,(u*;k;u(k))' a.s

6.1.12. THEOREM. A necessary and sufficient condition for v-tail optimality

of a control u* ¢ U is, that u* is v-tail conserving and v-tail equalizing.

PROOF. We can repeat the proof of theorem 6.1.4 for this situation. u}

It follows directly from the definitions, that v-tail optimality is implied
by the concept of v-subgame perfectness and implies v-semi subgame perfect-
ness. The remarks, made in section 5.3 (after the proof of corollary 5.3.11
and 5.3.12) about the relation between v-tail optimality and v-persistent
optimality, also apply here. We omit the special form of the characterization
of v-tail optimality and v-persistent optimality for a recursive utility,

since it can be derived in a straightforward way.



102

A %)

A, A)

A
t

E E E E E
hﬂu' ht,w’ x,u’ x,w'Ev,u' v, T

[
hthT

NOTATIONS

(simultaneous) action, typical elem. of A
action for player %, typical elem. ofA(z)
action at time t, typical elem. of A
space of (simultaneous)actions

action space for player 2

o-field on A, A(z) resp.

action at time t (randam var.)

expectation operator w.r.t. P ,IPh T
4

ht,u £

r r P resp.
xu’” x,m' T ov,u'T v, P

conditional expectation w.r.t. Ft correspond—

ing to E E . r .
g v,u'ty,n TSP

o-field on H, generated by Ht

history, typical elem. of H
history up to time t, typical elem. of Ht

concatenation of ht and h%, such that X has
disappeared
space of histories or sample space

space of histories up to time t

space of histories in the t-delayed process

[h, ]
T Yozt

,H[t]

o-field on H,Ht resp.

history (random var.)

history up to time t (random var.)
space of histories before time t+1
o-field on Kt

subset of Kt' determining the admissible

actions

set that determines the admissible actions

for player %
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LEht] set that determines the admissible actions
[ht]
in the t-delayed process I
Lt b, h -section of Lt
N {0,1,2,...}
Iin set of players with cardinal number n
P, transition probability from Kt to the "next"
state space
]it,u probability measure on H, given history ht
and control u
I,ht,ﬂ probability measure on H, given history h,
and strategy T
E’x'u prcbability measure onH,given starting state x
and control u
E’x'“ probability measureon H, given starting state x
and strategy
E’V'u probability measure on H for a starting
distribution v and control u
E>v,n probability measure on H for a starting
distribution v and strategy 7
[ht] ' o th. ] '
E)hT,u probability measure on H , given ht and u
r utility (function) ; r: H > IR
r(z) utility for player %; r(z): H-> R
[ht] ‘ [ht]
r utility in the t-delayed process I
r[t] part of the decomposition of a recursive
utility r
t time instant, typi¢al elem. of T
T time space
T[ht],T[t:I time space in the t-delayed process Z[ht]
u (simultaneous) control, typical elem. of U
e control for player %, typical elem. of u®
tu head of a control u before time t
ut(ht) tail of a control u from time t on given

history ht
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(Z))

(u*;%;u

*
H
tuut( t)

u
@
U[ht]

simultaneous control, obtained from u* ¢ U
by replacing u*(z) by u(k)

(simultaneous) control, before time t equal
to u and from time t on equal to u*.

set of (simultaneous) controls

set of controls for player 2

set of (simultaneous) controls in the t-

[ht]
delayed process I

value of a strategy (or control); vt:H x I -

or v, : HtXU+JR

value of a strategy (or control) in the t-
delayed process Z[t]

value of a simultaneous strategy (or control)
for player 2

value (function), if there is 1 player;
saddle (function), if there are 2 players;

: H > R
Wit e

t
value (saddle) function in the t-delayed
[t]
process L

state, typical elem. of X

state at time t, typical elem. of X

state space
o-field on X.

state at time t (random var.)
game in state i

shift (discrete time: one step to the right)
shift (discrete time: t steps to the right)
shift (continuous time: a length t to the
right)

part of the decomposition of a recursive
utility r

starting distribution

1 player: strategy; 2 players O-sum: strategy
for player 0; otherwise: simultaneous

strategy
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transition probability from Ht to At

strategy for player %
head of a strategy m before time t

tail of a strategy m from time t on, given

history ht

strategy, before time t equal to w, from
time t on equal to m*

simultaneous strategy for the 2-person O-sum
case

simultaneous strategy obtained from m* by

replacing o (W) nH

by
set of (simultaneous) strategies

set of strategies for player £

set of strategies in the t-delayed process
Z[ht]

strategy for player 1 in the 2-player 0O-sum

case

decision process

t-delayed process, given ht' corresponding
to X
t-delayed process, corresponding to I

(not dependent on ht)

time instant, typical elem. of T

value for player 1 given a strategy for

player O in the 2-person O-sum case;

(0) (0)
Ht x U

9 HtXH * R or ¢:

-+ IR
part of the decomposition of a recursive
utility r

value for player O given a strategy for
player 1 in the 2-person O-sum case;

) (1)
wt. Ht x I

+ R or\pt: HtXU(l)-*]R
value for player & given a strategy for the
other players;

lpél): HtXH+JI{ or!bt(lz): HtXU+1R
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INDEX
action space 5,40,57,86 v-saddling 83
admissible action 5,57 sample space 5,40
anne, the property anne 29 section 6
v-asymptotically definite 71 v-semi subgame perfect 95
C/G/G/n process 3 separable 48
charge structure 27 t-separable 20
v-conserving 14,47,62,92 starting distribution 7
control 40,86 state space 5,40
t-delayed process 19,42 stationary, process 83
D/G/G/n process 3 strategy 35
EN (essential negative recursive utility 83
case) 36 strategy 6,57
v-equalizing 15,47,62,93 v-strongly conserving 95
head of a strategy or v-strongly equalizing 96
control 10,45 v-subgame perfect 68,88,93
history 5,6,40 tail of a strategy or
Ionescu Tulcea theorem 7 control 10,43
nonanticipative 41 v-tail conserving 100
v-optimal 12,46,59,87 v-tail equalizing 101
optimality principle 2,23,83 v-tail optimal 71,100
v-overall asymptotically v-tail saddling 71
definite 69,89 v-tail vanishing 27,51
v-overall conserving 93 time space 5,40
v-overall equalizing 93 transition function 5,57
v-overall saddling 69,89 transition probability 6
v-overall tail vanishing 77 two-person zero-sum
v-persistently conserving 99 game 59
v-persistently equalizing 99 utility (function) 5,40
v-persistently optimal 83,99 value (function) 11,45
recursive 24,48 for player 2 58,87
t-recursive 20 of a strategy or
saddle (function) 60 control 11,45,58,87

v-saddle conserving 63 zero-sum utility 59



107
REFERENCES

AUMANN, R.J., Mixed and behaviour strategies in infinite extensive games,
Advances in game theory; ed. by M. Dresher, L.S. Shapley and
A.W. Tucker. Princeton: Princeton University Press, 1964,

627-650. (Ann. Math. Studies; 52).

BATHER, J. & H. CHERNOFF, Sequential decisions in the control of a.space-
ship (finite fuel), J. Appl. Probability 4, (1967), 584-604.

BELIMAN, R., Dynamic programhing, Princeton: Princeton University Press, 1957.

v
BENES, V., Existence of optimal stochastic control laws, SIAM J. Control 9
(1971), 446-475.

BERKOVITZ, L.D., Optimal control theory, New York etc.: Springer, 1974
(Appl. Math, Sci.; 12).

BLACKWELL, D., Discounted dynamic programming, Ann. Math. Statist. 36,
(1965), 226-235,

BLACKWELL, D., On stationary policies, J. Roy. Statist. Soc., Ser. A. 133
(1970), 33-38.

BLACKWELL, D., D. FREEDMAN and M. ORKIN, The optimal reward operator in
dynamic programming, Ann. Probability 2 (1974), 926-941.

BOEL, R. & P. VARAIYA, Optimal control of jump processes, SIAM J. Control
Optimization 15 (1977), 92-119.

BOEL, R., P. VARAIYA and E. WONG, Martingales on jump processes II: Applica-
tions, SIAM J. Control 13 (1975), 1021-1061.

COUWENBERGH, H.A.M., Characterization of strong (Nash) equilibrium points in
Markov games, Eindhoven: Eindhoven University of Technology,

Dept. of Math., 1977 (Memorandum COSOR; 77-09).

DAVIS, M.H.A. & P. VARAIYA, Dynamic programming conditions for partially
observable stochastic systems, SIAM J. Control 11 (1973),
226-261.

DOSHI, B.T., Continuous time gontrol of Markov processes on an arbitrary
state space: discounted rewards, Ann. Statist. 4 (1976),

1219-1235.



108

DUBINS, L.E. & L.J. SAVAGE, How to gamble if you must: inequalities for

stochastic processes, New York: Mc.Graw-Hill, 1965.
DYNKIN, E.B., Markov processes I, Berlin etc.: Springer, 1965.

FURUKAWA, N. & S. IWAMOTO, Markovian decision processes with recursive

reward function, Bull. Math. Statist. 15 (1973), 79-91.

GAVISH, B. & P.J. SCHWEITZER, An optimality principle for Markovian deci-
sion processes, J. Math. Anal. Appl. 54, (1976), 173-184.

GIRSANOV, I.V., On transforming a certain class of stochastic process by
absolutely continuous substitution of measures, Theor. Probabil-

ity Appl. 5 (1960), 285-301.

GROENEWEGEN, L.P.J., Convergence results related to the equalizing property
in a Markov decision process, Eindhoven: Eindhoven University

of Technology, Dept. of Math., 1975 (Memorandum COSOR; 75-18).

GROENEWEGEN, L.P.J., Markov games: properties of and conditions for optimal
strategies, Eindhoven: Eindhoven University of Technology, Dept.

of Math., 1976 (Memorandum COSOR; 76-24).

GROENEWEGEN, L.P.J. & K.M. VAN HEE, Markov decision processes and gquasi-
martingales, Recent developments in statistics; ed. by J.R. Barra

et al. Amsterdam: North-Holland Publ. Comp., 1977. 453-459.

GROENEWEGEN, L.P.J. & J. WESSELS, On the relation between optimality and
saddle-conservation in Markov games, Dynamische Optimierung;
Tagungsband des Sonderforschungsbereiches 72. Bonn: Math. Inst.
Universitdt Bonn, 1977, (Bonner Mathematische Schriften; 98).

19-31.

HEE, K.M. VAN, A. HORDIJK & J. VAN DER WAL, Successive approximations for
convergent dynamic programming, Markov decision theory; ed. by
H.C, Tijms and J. Wessels, Amsterdam: Mathematisch Centrum, 1977
(Math. Centre Tracts; 93), 183-211.

HINDERER, K., Foundations of non-stationary dynamic programming with dis-
crete time parameter, Berlin etc.: Springer, 1970 (Lecture

notes in Operations Res. and Math. Econ.; 33).

HINDERER, K., Instationdre dynamische Optimierung bei schwachen Voraus-
zetzungen iber die Gewinnfunktionen, Abh. Math. Sem. Univ.

Hamburg 36 (1971), 208-223.



109

HORDIJK, A., Dynamic programming and Markov potential theory, Amsterdam:
Mathematisch Centrum, 1974 (Math. Centre Tracts; 51).

KERTZ, R.P. & D.C. NACHMAN, Optimal plans for discrete-time non-stationary
dynamic programming with general total reward function I: the
topology of weak convergence case, Atlanta: Georgia Institute of
Technology, College of industrial management, 1977 (Tech. rep.
MS-77-1).

KREPS, D.M., Decision problems with expected utility criteria, l: upper and
lower convergent utility, Math. Operations Res. 2 (1977), 45-53.

LEVE, G. DE, A. FEDERGRUEN & H.C. TIJMS, A general Markov decision method,
I: model and technigues, Adv. Appl. Prob. 9 (1977), 296-315.

MANDL, P., Estimation and control in Markov chains, Advances in Appl.

Probability 6 (1974), 40-60.
MEYER, P.A., Probabilité et potentiel, Paris: Hermann, 1966.

NEVEU, J., Mathematical foundations of the calculus of probability, San
Francisco: Holden-Day, 1965.

NUNEN, J.A.E.E. VAN, Contracting Markov decision processes, Amsterdam:
Mathematisch Centrum, 1976 (Math. Centre Tracts; 71).

PARTHASARATHY, T. & M. STERN, Markov games - a survey, Chicago: University
of Illinois at Chicago Circle, 1976 (Tech. rep.).

RIEDER, U., On optimal policies and martingales in dynamic programming,

J. Appl. Probability 13 (1976), 507-518.

RISHEL, R., Necessary and sufficient dynamic programming conditions for
continuous time stochastic optimal control, SIAM J. Control 8

(1970), 559-571.

SCHAL, M., On dynamic programming: compactness of the space of policies,

Stochastic Process Appl. 3 (1975), 345-364.

SELTEN, R., Spieltheoretischen Behandlung eines Oligopolmodells mit Nach-
fragetragheit, Z. gesammte Staatswissenschaft 121 (1965),
301-324; 667-684,

SELTEN, R., Reexamination of the perfectness concept for equilibrium points

in extensive games, Internat. J. Game Theory 4 (1975), 25-55.



110

SHAPLEY, L.S., Stochastic games, Proc. Nat. Acad. Sci. U.S.A. 39 (1953),
1095-1100.

SHREVE, S.E., Dynamic programming in complete separable spaces, Urbana:
University of Illinois, 1977 (Tech. resp. R-755; UILU-ENG
77-2202).

STRAUCH, R., Negative dynamic programming, Ann. Math. Statist. 37 (1966),
871-889.

STRIEBEL, C., Optimal control of discrete time stochastic systems, Berlin
etc.: Springer, 1975 (Lecture Notes in Econ. and Math. Systems;
110).

SUDDERTH, W.D., On the Dubins and Savage characterization of optimal strate-
gies, Ann. Math. Statist. 43 (1972), 498-507.

WAGNER, D.H., Survey of measurable selection theorems, SIAM J. Control
Optimization 15 (1977), 859-903.

WAL, J. VAN DER & J. WESSELS, Successive approximation methods for Markov
games, Markov decision theory; ed. by H.C. Tijms and J. Wessels,
Amsterdam: Mathematisch Centrum, 1977 (Math. Centre Tracts; 93)
39-55.



TITLES IN THE SERIES MATHEMATICAL CENTRE TRACTS

(An asterisk before the MCT number indicates that the tract is under prep-
aration).

A leaflet containing an order form and abstracts of all publications men-
tioned below is available at the Mathematisch Centrum, Kruislaan 413,
1098 SJ Amsterdam, The Netherlands. Orders should be sent to the same

address.

MCT 1 T. VAN DER WALT, Fized and almost fixed points, 1963.
ISBN 90 6196 002 9.

MCT 2 A.R. BLOEMENA, Sampling from a graph, 1964. ISBN 90 6196 003 7.

MCT 3 G. DE LEVE, Generalized Markovian decision processes, part I: Model
and method, 1964. ISBN 90 6196 004 5.

MCT 4 G. DE LEVE, Generalized Markovian decision processes, part II:
Probabilistic background, 1964. ISBN 90 6196 005 3.

MCT 5 G. DE LEVE, H.C. TIJMS & P.J. WEEDA, Generalized Markovian decision
processes, Applications, 1970. ISBN 90 6196 051 7.

MCT 6 M.A. MAURICE, Compact ordered spaces, 1964. ISBN 90 6196 006 1.

MCT 7 W.R. VAN ZWET, Convex transformations of random variables, 1964.
ISBN 90 6196 007 X.

MCT 8 J.A. ZONNEVELD, Automatic numerical integration, 1964.
ISBN 90 6196 008 8.

MCT 9 P.C. BAAYEN, Universal morphisms, 1964. ISBN 90 6196 009 6.

MCT 10 E.M. DE JAGER, Applications of distrubutions in mathematical physics,
1964. ISBN 90 6196 010 X.

MCT 11 A.B. PAAIMAN-DE MIRANDA, Topological semigroups, 1964.
ISBN 90 6196 011 8.

MCT 12 J.A.Th.M. VAN BERCKEL, H. BRANDT CORSTIUS, R.J. MOKKEN & A. VAN
WIJNGAARDEN, Formal properties of newspaper Dutch, 1965.
ISBN 90 6196 013 4.

MCT 13 H.A. LAUWERIER, Asymptotic expansions, 1966, out of print; replaced
by MCT 54.

MCT 14 H.A. LAUWERIER, Calculus of variations in mathematical physics,
1966. ISBN 90 6196 020 7.

MCT 15 R. DOORNBOS, Slippage tests, 1966. ISBN 90 6196 021 5.

MCT 16 J.W. DE BARKER, Formal definition of programming languages with an

application to the definition of ALGOL 60, 1967.
ISBN 90 6196 022 3.



MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT

MCT
MCT
MCT

17 R.P. VAN DE RIET, Formula manipulation im ALGOL 60, part 1; 1968.
ISBN 90 6196 025 8.

18 R.P. VAN DE RIET, Formula manipulation imn ALGOL 60, part 2, 1968.
ISBN 90 6196 038 X.

19 J. VAN DER SLOT, Some properties related to compactness, 1968.
ISBN 90 6196 026 6.

20 P.J. VAN DER HOUWEN, Finite difference methods for solving partial
differential equations, 1968. ISBN 90 6196 027 4.

21 E. WATTEL, The compactness operator in set theory and topology, 1968.
ISBN 90 6196 028 2.

22 T.J. DEKKER, ALGOL 60 procedures in numerical algebra, part 1, 1968.
ISBN 90 6196 029 O.

23 T.J. DEKKER & W. HOFFMANN, ALGOL 60 procedures in numerical algebra,
part 2, 1968. ISBN 90 6196 030 4.

24 J.W. DE BAKKER, Recursive procedures, 1971. ISBN 90 6196 060 6.

25 E.R. PAERL, Representations of the Lorentz group and projective
geometry, 1969. ISBN 90 6196 039 8.

26 EUROPEAN MEETING 1968, Selected statistical papers, part I, 1968.
ISBN 90 6196 031 2.

27 EUROPEAN MEETING 1968, Selected statistical papers, part II, 1969.
ISBN 90 6196 040 1.

28 J. OOSTERHOFF, Combination of one-sided statistical tests, 1969.
ISBN 90 6196 041 X.

29 J. VERHOEFF, Error detecting decimal codes, 1969. ISBN 90 6196 042 8.

30 H. BRANDT CORSTIUS, Exercises in computational linguistics, 1970.
ISBN 90 6196 052 5.

31 W. MOLENAAR, Approximations to the Poisson, binomial and hypergeometric
distribution functions, 1970. ISBN 90 6196 053 3.

32 L. DE HAAN, On regular variation and its application to the weak con—
vergence of sample extremes, 1970. ISBN 90 6196 054 1.

33 F.W. STEUTEL, Preservation of infinite divisibility under mixing and
related topics, 1970. ISBN 90 6196 061 4.

34 1. JUHASZ, A. VERBEEK & N.S. KROONENBERG, Cardinal functions in
topology, 1971. ISBN 90 6196 062 2.

35 M.H. VAN EMDEN, An analysis of complexity, 1971. ISBN 90 6196 063 O.

36 J. GRASMAN, On the birth of boundary layers, 1971. ISBN 90 6196 064 9.

37 J.W. DE BAKKER, G.A. BLAAUW, A.J.W. DUIJVESTIJN, E.W. DIJKSTRA,

P.J. VAN DER HOUWEN, G.A.M. KAMSTEEG-KEMPER, F.E.J. KRUSEMAN
ARETZ, W.L. VAN DER POEL, J.P. SCHAAP-KRUSEMAN, M.V. WILKES &
G. ZOUTENDIJK, MC-25 Informatica Symposium 1971.

ISBN 90 6196 065 7.



MCT

MCT
MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT
MCT

MCT
MCT

MCT

MCT

38

39
40

41

42

43

44

45

46

47

48

49
50

51

52
53

54
55

56

57

W.A. VERLOREN VAN THEMAAT, Automatic analysis of Dutch compound
words, 1971. ISBN 90 6196 073 8.

H. BAVINCK, Jacobt series and approximation, 1972. ISBN 90 6196 074 6.

H.C. TIJMS, Analysis of (s,S) inventory models, 1972.
ISBN 90 6196 075 4.

A. VERBEEK, Superextensions of topological spaces, 1972.
ISBN 90 6196 076 2.

W. VERVAAT, Success epochs in Bernoulli trials (with applications in
number theory), 1972. ISBN 90 6196 077 O.

F.H. RUYMGAART, Asymptotic theory of rank tests for independence,
1973. ISBN 90 6196 081 9.

H. BART, Meromorphic operator valued functions, 1973.
ISBN 90 6196 082 7.

A.A. BALKEMA, Monotone transformations and limit laws 1973.
ISBN 90 6196 083 5.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 1: The language, 1973. ISBN 90 6196 084 3.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 2: The compiler, 1973. ISBN 90 6196 085 1.

F.E.J. KRUSEMAN ARETZ, P.J.W. TEN HAGEN & H.L. OUDSHOORN, An ALGOL
60 compiler in ALGOL 60, Text of the MC-compiler for the
EL-X8, 1973. ISBN 90 6196 086 X.

H. KOK, Comnected orderable spaces, 1974. ISBN 90 6196 088 6.

A. VAN WIJNGAARDEN, B.J. MAILLOUX, J.E.L. PECK, C.H.A. KOSTER,
M. SINTZOFF, C.H. LINDSEY, L.G.L.T. MEERTENS & R.G. FISKER
(eds), Revised report on the algorithmic language ALGOL 68,
1976. ISBN 90 6196 089 4.

A. HORDIJK, Dynamic programming and Markov potential theory, 1974.
ISBN 90 6196 095 9.

P.C. BAAYEN (ed.), Topological structures, 1974. ISBN 90 6196 096 7.

M.J. FABER, Metrizability in generalized ordered spaces, 1974.
ISBN 90 6196 097 5.

H.A. LAUWERIER, Asymptotic analysis, part 1, 1974. ISBN 90 6196 098 3.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 1: Theory of
designs, finite geometry and coding theory, 1974.
ISBN 90 6196 099 1.

M. HALL JR. & J.E. VAN LINT (eds), Combinatorics, part 2: Craph
theory, foundatioms, partitions and combinatorial geometry,
1974. ISBN 90 6196 100 9.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 3: Combina-
torial group theory, 1974. ISBN 90 6196 101 7.



MCT

MCT

MCT
*MCT

*MCT

MCT

MCT
MCT

MCT

*MCT
MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

58

59

60
61

62

63

64
65

66

67
68

69

70

71

72

73

74

75

76

77

W.

J

P.

ALBERS, Asymptotic expansions and the deficiency concept in sta-
tistics, 1975. ISBN 90 6196 102 5.

.L. MIJNHEER, Sample path properties of stable processes, 1975.
ISBN 90 6196 107 6.

. GOBEL, Queueing models involving buffers, 1975. ISBN 90 6196 108 4.

. VAN EMDE BOAS, Abstract resource-bound classes, part 1,
ISBN 90 6196 109 2.

VAN EMDE BOAS, Abstract resource-bound classes, part 2,
ISBN 90 6196 110 6.

.W. DE BAKKER (ed.), Foundations of computer science, 1975.
ISBN 90 6196 111 4,

.J. DE SCHIPPER, Symmetric closed categories, 1975. ISBN 90 6196 112 2.

. DE VRIES, Topological tramsformation groups 1 A categorical approach,
1975. ISBN 90 6196 113 0.

.G.J. PILJLS, Locally convex algebras in spectral theory and eigen—
function expansions, 1976. ISBN 90 6196 114 9.

H.A. LAUWERIER, Asymptotic analysis, part 2, ISBN 90 6196 119 X.

A.

M.

%)

.P.N. DE GROEN, Singularly perturbed differential operators of
second order, 1976. ISBN 90 6196 120 3.

.K. LENSTRA, Sequencing by enumerative methods, 1977.
ISBN 90 6196 125 4.

.P. DE ROEVER JR., Recursive program schemes: femantics and proof
theory, 1976. ISBN 90 6196 127 0.

.A.E.E. VAN NUNEN, Contracting Markov decision processes, 1976.
ISBN 90 6196 129 7.

.K.M. JANSEN, Simple periodic and nonperiodic Lamé functions and
their applications in the theory of conical waveguides, 1977.
ISBN 90 6196 130 O.

.M.R. LEIVANT, Absoluteness of intuitionistic logic, 1979.
ISBN 90 6196 122 X.

.J.J. TE RIELE, A theoretical and computational study of generalized
aliquot sequences, 1976. ISBN 90 6196 131 9.

E. BROUWER, Treelike spaces and related comnected topological
spaces, 1977. ISBN 90 6196 132 7.

REM, Associations and the closure statement, 1976.
ISBN 90 6196 135 1.

.C.M. KALLENBERG, Asymptotic optimality of likelihood ratio tests
in exponential families, 1977. ISBN 90 6196 134 3.

78 E. DE JONGE & A.C.M. VAN RO01J, Introduction to Riesz spaces, 1977.

ISBN 90 6196 133 5.



MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

*MCT

MCT

MCT

*MCT

MCT

MCT

MCT

MCT

MCT

MCT

*MCT

MCT

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

M.C.A. VAN ZUIJLEN, Empirical distributions and rank statistics,
1977. ISBN 90 6196 145 9.

P.W. HEMKER, A numerical study of stiff two-point boundary problems,
1977. ISBN 90 6196 146 7.

K.R. APT & J.W. DE BAKKER: (eds), Foundations of computer science II,
part 1, 1976. ISBN 90 6196 140 8.

K.R. APT & J.W. DE BAKKER (eds), Foundations of computer science II,
part 2, 1976. ISBN 90 6196 141 6.

L.S. BENTHEM JUTTING, Checking Landau's "Grundlagen' in the
AUTOMATH system, 1979. ISBN 90 6196 147 5.

H.L.L. BUSARD, The translation of the elements of Euclid from the
Arabic into Latin by Hermann of Carinthia (?) books vii-xii,
1977. ISBN 90 6196 148 3.

J. VAN MILL, Supercompactness and Wallman spaces, 1977.
ISBN 90 6196 151 3.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix I, A programming.system
for operations on vectors and matrices over arbitrary fields
and of variable size. 1978. ISBN 90 6196 152 1.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix II,
ISBN 90 6196 153 X.

A. SCHRIJVER, Matroids and linking systems, 1977.
ISBN 90 6196 154 8.

J.W. DE ROEVER, Complex Fourier transformation and analytic functionals
with unbounded carriers, 1978. ISBN 90 6196 155 6.

L.P.J. GROENEWEGEN, Characterization of optimal strategies in dynamic
games, . ISBN 90 6196 156 4.

J.M. GEYSEL, Transcendence in fields of positive characteristic,
1979. ISBN 90 6196 157 2.

P.J. WEEDA, Finite generalized Markov programming, 1979.
ISBN 90 6196 158 0.

H.C. TIJMS & J. WESSELS (eds), Markov decision theory, 1977.
ISBN 90 6196 160 2.

A. BIJLSMA, Sitmultaneous approximations in transcendental number
theory, 1978. ISBN 90 6196 162 9.

K.M. VAN HEE, Bayesian control of Markov chains, 1978.
ISBN 90 6196 163 7.

P.M.B. VITANYI, Lindenmayer systems: Structure, languages, and
growth functions, 1980. ISBN 90 6196 164 5.

A. FEDERGRUEN, Markovian control problems; functional equations
and algorithms, . ISBN 90 6196 165 3.

R. GEEL, Singular perturbations of hyperbolic type, 1978.
ISBN 90 6196 166 1.



MCT

MCT

MCT

MCT

MCT

MCT

*MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

aCT

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

J.K. LENSTRA, A.H.G. RINNOOY KAN & P. VAN EMDE BOAS, Interfaces
between computer science and operations research, 1978.
ISBN 90 6196 170 X.

P.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings
bicentennial congress of the Wiekundig Genootschap, part 1, 1979.
ISBN 90 6196 168 8.

P.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings
bicentennial congress of the Wiskundig Genootschap, part 2, 1979.
ISBN 90 6196 169 6.

D. VAN DULST, Reflexive and superreflexive Banach spaces, 1978.
ISBN 90 6196 171 8.

K. VAN HARN, Classifying infinitely divisible distributions by
functional equations, 1978. ISBN 90 6196 172 6.

J.M. VAN WOUWE, Go-spaces and generalizations of metrizability, 1979.
ISBN 90 6196 173 4.

R. HELMERS, Edgeworth expansions for linear combinations of order
statistics, . ISBN 90 6196 174 2.

A. SCHRIJVER (ed.), Packing and covering in combinatorics, 1979.
ISBN 90 6196 180 7.

C. DEN HEIJER, The numerical solution of nonlinear operator
equations by imbedding methods, 1979. ISBN 90 6196 175 0.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer
science III, part 1, 1979. ISBN 90 6196 176 9.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer
science IIT, part 2, 1979. ISBN 90 6196 177 7.

J.C. VAN VLIET, ALGOL 68 transput, part 1: Historical review and
discussion of the implementation model, 1979. ISBN 90 6196 178 5.

J.C. VAN VLIET, ALGOL 68 transput, part II: An implementation model,
1979. ISBN 90 6196 179 3.

H.C.P. BERBEE, Random walks with stationary increments and renewal
theory, 1979. ISBN 90 6196 182 3.

T.A.B. SNIJDERS, Asymptotic optimality theory for testing problems
with restricted alternatives, 1979. ISBN 90 6196 183 1.

A.J.E.M. JANSSEN, Application of the Wigner distribution to harmonic
analysis of generalized stochastic processes, 1979.
ISBN 90 6196 184 X.

P.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 1,
1979. ISBN 90 6196 185 5.

P.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 2,
1979. ISBN 90 6196 186 6.

P.J.M. KALLENBERG, Branching processes with continuous state space,
1979. ISBN 90 6196 188 2.



MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

MCT

118

119

120

121

122

123

124

125

126

127
128

129

130

131

132

133

134

135

136

P. GROENEROOM, Large deviations and asymptotic efficiencies, 1980.
ISBN 90 6196 190 4.

F.J. PETERS, Sparse matrices and substructures, with a novel imple-
mentation of finite element algorithms, 1980. ISBN 90 6196 192 0.

W.P.M. DE RUYTER, On the asymptotic analysis of large-scale ocean
ctreulation, 1980. ISBN 90 6196 192 9.

W.H. HAEMERS, Eigenvalue techniques in design and graph theory, 1980.
ISBN 90 6196 194 7.

J.C.P. BUS, Numerical solution of systems of nonlinear equations,
1980. ISBN 90 6196 195 5.

I. YUHASZ, Cardinal functions in topology - ten years later, 1980.
ISBN 90 6196 196 3.

R.D. GILL, Cemnsoring and stochastic integrals, 1980.
ISBN 90 6196 197 1.

R. EISING, 2-D systems, an algebraic approach, 1980.
ISBN 90 6196 198 X.

G. VAN DER HOEK, Reduction methods in nonlinear programming, 1980.
ISBN 90 6196 199 8.

J.W. KLOP, Combinatory reduction systems, 1980. ISBN 90 6196 200 5.

A.J.J. TALMAN, Variable dimension fixed point algorithms and
triangulations, 1980. ISBN 90 6196 201 3.

G. VAN DER LAAN, Simplicial fixed point algorithms, 1980.
ISBN 90 6196 202 1.

P.J.W. TEN HAGEN et al., ILP Intermediate language for pictures,
1980. ISBN 90 6196 204 8.

R.J.R. BACK, Correctness preserving program refinements:
Proof theory and applications, 1980. ISBN 90 6196 207 2.

H.M. MULDER, The interval function of a graph, 1980.
ISBN 90 6196 208 0.

C.A.J. KLAASSEN, Statistical performance of location estimators, 1981.
ISBN 90 6196 209 9.

J.C. VAN VLIET & H. WUPPER (eds), Proceedings international confer-
ence on ALGOL 68, 1981. ISBN 90 6196 210 2.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M.J.B. STOKHOF (eds), Formal
methods in the study of language, part I, 1981, ISBN 906196 211 0.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M.J.B. STOKHOF (eds), Formal
methods in the study of language, part IT, 1981, ISBN 906196 213 7.






