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CHAPTER O

Introduction

In this paper we derive and test some formulas to solve numerically
sets of ordinary differential equations of first and second order
with a one-point boundary condition. Several methods are available
for the numerical solution of ordinary differential equations. We
mention finite-difference methods, eg. Adams method (see Hildebrand
@J), Taylor series method (see Hartree Eﬂ) and its variants like
the Nordsieck method [3], and Runge-Kutta methods. All methods use
a finite step in the independent variable. Change of this step is
difficult with finite-difference methods, but easy with the other
ones. The Taylor series method breaks down as soon as the functions
occurring in the differential equations are complicated and cannot
easily be differentiated a number of times. In the Nordsieck and
Runge~Kutta methods the computation of the sum of a series, agreeing
with the Taylor expansion of the solution of the differential
equation in a given number of terms, is done numerically, thereby
avoiding the differentiation of the functions occurring in the
differential equation.

In the sequel we shall construct a set of Runge-Kutta formulas that
are suitable for integration with varying step-size. The use of a
varying step-~size is important in reducing the amount of computa-
tional work to be done; this work is proportional to the number

of steps performed. Depending on the character of the differential
equation, for a given accuracy, the acceptable step-size may vary
considerably over the interval of integration. With regard to a
criterion for the accuracy we make the following remarks. Using
finite~difference methods one takes into account as many differences
as have an influence on the results to the accuracy specified.
Using the Taylor series method, one can follow at least two stra-

tegies: use with a given steplength as many terms of the (convergent)
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series to get a result to the éccuracy specified; or (this is in
most cases the effective way) keep the number of terms fixed and
compute the step length according to the accuracy prescribed. Using
a Runge-Kutta formula neither of the two strategies is applicable.
The use of a varying number of terms is impractical and adjustment
of the step-size according to the last term taken into account is
impossible as the Runge-Kutta formula gives the sum of the series
instead of separate terms. In actual computational processes this
difficulty is overcome in the following way.

Suppose we are given the equation
y'=f(x,y), yX)=Y

and we want to find y(X+h). We use a Runge-Kutta formula that

gives a computed value ;?X+h) such that the Taylor expansions of
y(X+h) and y7X+h) agree in n terms. We denote the value obtained
by doing two steps of length h by y;(X+2h) and the value obtained
by doing one step of length 2h by y:h(X+2h). Now it follows that

y (X+2h) -y (X+2h) = 20" e ),
y (X+2h) -y g (x420) = (20) e

if we assume that c(x}) varies slowly with x and that terms of order

hn+2may be neglected. We then have

y(x+2n) = (2yy -y ) /(2"-1)

and

2hn+1c(X):(y§ ) (2"-1) .

¥

Yon
. . . n+l . . .

Although this quantity is of the order h , it is in general not

1—-term in the expansion of y(X+2h). In spite of

equal to the hn+
this, in practice the value of this quantity is used to determine
whether the step is accepted or not. Eﬂ, Eﬂ.

In the following chapters we shall construct a set of Runge-Kutta
formulas that give, in addition to the increment of the dependent

variable(s), the value(s} of the last term(s) taken into account



in the Taylor series, thus contiolling the accuracy without per-

forming the integration twice.
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CHAPTER 1

Runge~Kutta method

Since the basis of the Runge-Kutta method is described in several
books on numerical analysis [1], we shall here give only an out-
line of the idea.

Suppose we are given the first-order differential equation
y'=1(x,y); yX)=Y,

and we want to find y(X+h), then the Runge-Kutta idea is the

following:

Compute the quantities kizhf(xi,yi) in succession in the points

(xo,yo), (xl,yl), ...... s (Xm-l’ym-l)’ where xi=X+Mih; MO=O and
h
where i1
=Y+ L k..
Lk

Here Mj and Lil are constants of the process, independent of the
differential equation under consideration. Form a weighted mean
m-1
dy= 2 aiki’
i=0

being an approximation to the increment of y corresponding to the
increment h in x. There are a number of parameters: m, the number
of points used; Mi; Lil;
be determined from the following conditions. Let y(X+h) be ex-

and the weights ai. These parameters must

panded in a Taylor series about X and let Y+dy be expanded in a
power series in h. We now want to find the minimal number of

points (Xi’yi)’ the constants Mi and Li and the weights a; such

that the two series agree to a given nu;ber of terms. This re-
sults in a set of nonlinear equations. In practice the problem

is reversed in that the number of points is given and the order

of approximation (i.e. the exponent of h in the last term agreeing)

is made as high as possible. There exist several Runge-Kutta type
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formulas given by Runge Eﬂ, Hehn[?], Kutta[s], Nystr&nE{L
Gi11[10], mu¥a[11][12], Zurmuni[13] [14]. For second, third and
fourth order approximation respectively two, three and four
points are necessary. Fifth order approximation however seems
impossible with five points, Lemaitre|}5], but six point formulas
do exist [b]. Since in several cases there are more unknowns than
equations, variants exist for the same order and with the same
number of points. Nystrom [9] and Zurmihl [13] E14] give Runge-Kutta
type formulas for differential equations of orders two, three and
four. There are also formulas for the solution of systems of
differential equations.

For a system of first-order differential equations

dyj/dx= fj(x’yl"°"yn); yj(X)=Yj; j=1()n,
the Runge-~Kutta scheme is
i-1 i=-1
= h oo H

k= BE G,V Lk Yo | Lk D

1=0 1=0
m-1
)=y + ) ak
Y 3Ty

where the unknowns m, Mi’ Lil and ai must be determined in such a
way that the expansions of y;(X+h) with respect to h agree with
the expansions of yj(X+h) to a given number of terms. Our object
is to compute not only the increment of yj, corresponding to an
increment h of x but also the last term of the Taylor expansions
that has been taken into account. If we suppose the above m~point
formula to be of the order r and if we denote the term with n"

in yj(X+h) by thrdyj, we want to compute
r m-1
th dy .= b .k, B -
Yj 'EO idij

As we shall see later it turns out that it is possible to find
a, as well as bi at the cost of increasing m by one or two.

For a system of second-order equations
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2 2
= ; =Y _; X) /dx=Y';
dyj/dx fj(x,yl, ,yn,dyl/dx, ,dyn/dx), yj(X) Yj’ dyj( ) /dx 5
j=1(1)n,

the computing scheme is

i-1 i-1
= ' e "h- k
k= hE (XM B, Y, M Y heh LK ke, Y LY el TRk
1=0 1=0
i-1 i-1
Yi+ )N, ko,...,Y'+ ) Nk );
1 120 i1711 o5 il 1n
. m-1
v, (X+h) =Y +h(Y!+ ) b k_);
3 J 3L i)
i=0
s m-1
v Re)=Yi+ ) ek,
3 Jiso i

where again the unknowns must be determined by equating the power
seiies for yj(X+h) and y?(X+h), and also those for yj(X+h) and

yj (X+h) . Here we have some freedom since we can choose the order
of approximation in the two series differently. Nystrbm[d] gives
one formula where the order of approximation for y' is four and
that for y is five. We think however, that, if unequal orders are
to be used, it would perhaps be better to use a higher order for

' than for y on the ground that, an error in y' has, in the long

y
run, a greater influence on y than an error in y itself. We shall
see, however, that given an certain amount of computational effort,
measured by the number of evaluations of f(x,y) per step of inte-
gration, the order obtained in y is automatically equal to the
highest one obtainable in y'. To obtain a higher order of ap-
proximation in y requires again more evaluations. In the sequel,
therefore, we shall deal only with equal orders. Again, letting
the above m=-point formula be of order r and the rthmorder term

in yj(X+h) be thrdyj, and the rthmorder term in yj(X+h) be thrdyj,

we then want to compute:
. m-1
th'dy = h ) B

R
1=0 J
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thrdy3= .k

If the functions fj do not depend on dyj/dx, the problem is some-
what simpler in that the unknowns Ni1 do not occur.
In the next three chapters we shall derive and solve, for various

orders of approximation the equations for the cases
dyj/dx= fj(x,yl,---,yn);

2 2 ‘
d yj/dx = fj(x,yl,...,yn,dyl/dx,...,dyn/dx);

2 2
d yj/dx = fj(x,yl,...,yn).



CHAPTER 2

First-order equations

Suppose we have the set of differential equations
dy./dx= f (x,y.,...,¥ ); y.(X)=Y_.; j=1(1)n (1)
yJ 3 yl yn yJ .J’ J

For the sake of simplicity we prefer the system

. = . y e ey ; . =Y .; Jj= , 2
dyJ/dx fJ(yO,y1 yn) yJ(X) YJ j=0(1)n (2)
which is equivalent to (1) if we put X=Y > whence
fo(yo,yl,...,yn)=1 and YO=X

The Runge-~Kutta scheme of order r with m points is

i-1 i-1
= L ‘e a : j= : = ) -1
k4= B (Yo Y 11800 Yt y L; k)5 3=0()n; 1=0()m-1; (3)
1=0 1=0
» m-1
y.(X+h)= Y + ) a k__; (4)
J J 24 1 1]
i=0
. m=1
th¥dy = L bk . (5)
SR O b
¥ r :
We now must develop yj(X+h) and th dyj in power series in h.
To this end we introduce some notations:
i} we do not write the arguments of fj and of its derivatives,
if they are (YO’Yl"'°’Yn);
ii) fjkl.. shall mean fj(yo,yl,...,yn), differentiated with
respect to Yo Yy etc. in (YO,Yl,...,Yn);
i=1
iii) M. = . L., ,M_=0; (6)
i il’ ’
1420 o]

iv) Lil is defined for 1=0(1)i-1, otherwise zero;

v) the range of the following summation variables, if not re-
defined explicitly, is understood to be

I=1(1)i~-1: p=1(1)1-1: g=1(1)p-1: s=0(L)n: t=0(1)n: u=0(1)n;
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vi) we introduce the differential operator

- 2
D= z fs 3y (7)
s s

We retain terms of order five and find for i2 4

2 3,1 22
k; ;= hf +h"M,DE +h (5 MIDE L+ ( é L M) ] DE £, )+

1,83,
(G M += ( Z L, ) J %t S 2 L.

) 2 Df Df_
. js

1 1

4.4
+( % L. % Ly M) E % Df £ £ Jt)+h * 7 D ¢

o)

S 2 2
( % L., l) z pis of5at5 My ¢ % L M) 2 D7E DE +

Do

2 2 1 2
M ( % Ly M) E DE D7t 5 ( % L M) é a DE DI L+

(

Do}

2 2
L ) L M) I Ip £ T Poomln M)

s t 1 p

)
1
) Yopepf, £ M (YL YL M) Df f Df_ +
st s ts jt i 1 il g 1p p z % s ts jt

) Ly g Lo g quMq) é % % Dfsftsfutfju). | (8)

For 1 <4 the expression for kij reduces to:

k. .= hf. ; (9
0j J
k= bt +h2M Dt h3 2p2s 4MS 3¢ L niutpts (10)
1j 1 J Jj 24 1 J
2.2
- = f
Ky hfj+h2M2ij+h (2 MoD™f +L, My 2 Df_f )+
© 41 .33 1.
M L 0?2
N R Z £E, L, N , LDEDE )+
51 .44 1 3 3 1
h” (G M,D £+ Ly My é DUE f o ML My g p’f DI+
12 2. 1.2 .2
: 11
5 ML, M z DE D7E 5 Lo My z % DE DI F. )5 (11)
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kBj—

4.1 1
B (G MD 5 ( % Ly M 1) § p?t oF 5 Z L

= B +h M DE +h™ (G M D™F 4 ) L

6 3

2 31 22
M) ) bt RIRE

373 2 3 1 s

M) )} bt DI
S S

5,1 4.4 1 3 3

M. (=— M_D M D°f f,
+L32L21 1 é % Dfsftsfjt)+h 24 3 fj+€ ( % L31 l) 2 s Jjs
R ROR ) Z p?s DI Mz( Y L,.M) Z Df D £, +

273" 5 3™y js 34 31y js
1,7 2 1
50 L LMy Ll Df DE Ti0¢™3 Laalar™y Sl 0o sftsfgt
1 s t s t

L MLy My Z 2 DEDE, £, 4M Lo L W g % Dfsftstjt). (12)

Furthermore we have the Taylor series:

1
y.(X+h) = Y_+hf.+l hZDf_+l h3(D2f,+ Z Df £, )+ — h (D £+
J J Jj 2 Jj 6 I g s Jjs 24 i
2
Z D7t £, 43 g DE_Df + g z Df_f, f Jt)+Iéo n’ (* £+

3 2 2
1D £f, +4 ] D71 DI, 46 | Df D, +3 ) % DEf DF £+

st
S S S S

v Y p?s Df f.+3) ) DEDE f£.o+4] ] DfE DE 4
- J s t s ts jt s t s ts jt

z % E DE L E T (13)

Equating coefficients of powers of h in y (X+h) and in y (x+h)~

mil

Y .+ a. k

J i=0

h : g ai
2

h: % a.M

h3: a M

el

ij° we find

=1 (14a)
1
5 =3 (15a)
2 1 .
i =3 (16a)



g %5 % L™y = %
e e 1
E * g LilMi = %5
E 23M; g Lyt = %
zal % ) Loty = %Z
n° E ang = %
z 44 % LilMi = %5
§ My % LilMi = %3
E ale % LMy = %TT
Ea (XlLllml)z = 2=
% 4 % Liq % LlpMi = %6
% 23 % LMy é Lighp = %5
% 25My % Ly é Ll = %6

. 1

La y Lo YL L M o=

3 i 1 il b 1p q Pq q 120
For bi’ the weights in the expression for thrdyj, we find a
similar set of equations, the lefthand side being the same wi
bi replacing ai, and the righthand side being zero in the

t

equations resulting from terms of h , t <r and being identica

to the above righthand side if t=r. The equations of this set

19

(17a)

(18a)

(19a)

(202)

(21a)

(22a)

(23a)

(24a)

(25a)

(26a)

(27a)

(28a)

(29a)

(30a)

th

1
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we denote by (14b)-(30b).
Next we solve the equations for various values of r.

r=1

kojzhfj(YO,...,Yn);

k.

AX+h) =Y +k_
yJ Jj 03
1

th dy .=k _ ..
yJ 0J

This is Eulers method.
r=2

The equations are

1 1
a0+a1—1, b0+b1_0, alMlqa, blMl—z,
giving
a =b ==—; a =l-a_; b =-b

T L
With M1=1 we find
koj:hfj(YO, .. .,Yn) ;

1 hf (Y +k00,',.,Y +k0n)'
y.(x+h)=Y.+(k k) /25

J J 03 1j

2

th dy =(~ k .)/2.
J 1j

r=3

The three point equations having no solution, we use four points:

= +
a0+al+a +a3 1; b0+b1 b2+b3 =0;
+a_M_+a M L b, M, +b M +b_M,_=0;
2y ragMytagiy=ss 112 e g
2 2 2 1 2 21
ay 1+a2M2+a3M3_3, b1M1+b2M2+b3M3 3,

b L_.M_ +b (L__ M, +L__M_}==

2ol My ¥y (g My L M) =5 6’ 272171 "3 311 a2 e 6

27211 1 32 2
We now try to find a solution with aS:O, i.e. an integration
formula with three points and a last term formula with at most

four points. We find
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MZ 1 1 Ml
a1=(§—~— E)/MZ/(MZ_Ml); a2=(§ - E’J/Mz/(M2~M1);
N po— - 2 — —
L21—M2(M2—M1)/M1/(2-3M1), LZO-MZ( 3M1+3M1 MZ)/Ml/(Z 3M1).

If we choose

1 2
Ml—Llo—B’ M2_3’
we find
3 1 2
2,705 ay=75 ap=gs bog=0s Loy =3

this being Heun's formula. For bi we have the equations

+b_=0; b =0;
b0+b1+b2 b3 05 b1+2b2+3M3 3 0;
2 3
=3; + =,
b1+4b2+9M3b3 3; 2b2 b3(3L31+6L32) )
We choose .
Lgg=8gi Lgq™8y5 bgp=ays Mg=l.
We then find the formula
kOj: hfj(YO,..,,Yn);
klj: hfj(YO+kOO/3,...,Yn+k0n/3);
kzj: hfj(Y0+2k10/3,...,Yn+2k1n/3);
e
(X+h)= Y _ +(k_ .+3k_.)/4;
yJ J 03 23
* %
ij“ hfj(yO(X+h),...,yn(X+h)),

3
th dy .= (k_ . -3k_.+2k_.)/2.
yJ 0j 2] 33

As extra point for the computation of thsdyj we use
y:(X+h),...,yi(X+h), this being the starting point of the next
integration step, and which has to be computed anyway. In case
of acceptance one has to do only thréee evaluations of fj per
step. A formula of this type is ideal because (since, with a
good strategy for extrapolation of the step length, rejections
are rare) one has not do any extra work for determining the last
term taken into account.

For r=4 and r=5 we did not find formulas using the starting



22

point of the next integration step as ''extra' point.
r=4

The equations are

z a. =1 3 Z b1:0 3
i . i
L aM=3 ; Y b.M,=0 ;

1 1 i
) aiMi=% ; ) b.M=0 ;
i i

1
2 ag L Ly ; L by ) LyMy=0 ’
i i 1
31 _ 31 )
L a;Mi=7 ’ é b M.=Z ’
21 21
) &5 ) L= 13 ’ L by ) L %13 ’
i 1 i 1
1 1

E. a;M 2 L 1M1:8 : 2 b1MlZ LllMl:S_ ’
i i 1
. 1 1
% ai 2 Ly M =50 E b, % L, % Ly M =57

To obtain the four point Runge-Kutta integration formula with

five point formula for th4dyj we put

1 1 1
89785375 3172755 84705 M M=o Mo=13
1
Loo™l307 31700 Tyo7lg1™50 Lgo™t-

The equations for bi are

(b1+b2)/2+b3-_fb4M4=0; (b +b )/4+b3 rbé}:M4 0;

31
8 e
(b +b )/ +b +b4M4 7 b0+b1+b2+b3+b4 0;

b4(L41+L42) /2+b4L43:-—b2/4-—b3/2;

1
b4(L4 +L )/4+b L43_—b /8-Db /4+~—,

b4(L4 )/8+b4L43M4— ~b_/8~b /2+—
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1
P Lyg/ %P Ly g==P /2455

We have 8 equations with 9 unknowns. Choosing M4:% we find

2 16
bg="35 Py=hy=bs=2; by=-5=

5 7 13 1
L0733 Y41733% L4320 Mus™ 33

The fourth order formula is

k0j= hfj(YO,...,Yn);
k1j= hf (Y0+k00/2 .,Yn+k0n/2);
25" hf (Y0+k10/2 .,Yn+k1n/2);
k3j= hf (Y0+k20,..,,Yn+k2n);
k4j= hfj(Y0+(5k00+7k10+13k20 30)/32 .,Yn+(5k0n+7k1n+13k2n
)/32);
(x+h)_ Y +(k +2(k J+k,_ ) /6;
y J 23 33
th dy.= ~(—k +3(k, +k_ +k_ )-8k ).
i 3 703 13 23 33 4j
r=5

The equations to be solved are (14a)-(30a)and the set (14b)-(30b)
that is obtained in the following way: replace al by b in

(14a}) -(30a) and to obtaln (14b) -(21b) replace the rlghthand
side by zero. To solve these 34 equations we try to use seven
points, or 35 unknowns. We begin by adding to the set the

following 12 equations

a= 0; (31a) blz 0; (31b)
_ w2 0. 2_ .3 ..

g Ly M = M>/2; (32) g L, M= M /3; (37)
- 2_ y3/3-

E LM = MZ/2; (33) % Ly o= M/3; (38)
_ w2 s, 2_ .3 ..

E L M= My/2;  (39) g L, Mo= /35 (39)
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2 2_ 3 ..
Lo mo=nz/2;  (35) DL M= M/3; (40
1 1

2 2 3
g Lo M= Mg/2; (36) § LMy = My/3. (41)

Substitution of .these additional equations into the original
ones shows that a number of them reduce to identities.

Using (32)~(36) and (16a), the lefthand side of (17a) is

2 1
g a, g L, M= g a M/2=%.

Thus (17a) is satisfied.
Similarly, using (37)-(41) and (18a), the lefthand side of (19a)

is

. 2 3.1
% a5 % L; M= % aM;/3=75-

Thus (19a) is satisfied.
Again, using (32)-(36) and (18a) we have
3 1
Z aMy ) L= 2 a;M/2=g-
i 1 i
Thus (20a) is satisfied.
Using (37)~(41) and (22a) we have

L

2 4
% aMy g LyMy= % a;M;/3=75>

showing that (24a) is satisfied.
And

2 4, 1
g a M % LM, = % a M, /2=75.

Thus (25a) is satisfied.

Again,

2 4, 1
) 2, ¢ L LMy = Z a;M, /=55
i 1 i

showing that (26a) is satisfied.



Using (32)-(36) and (232) we have
3 1
Lag Loggiy Dogn= Ty ) 0y 2=
i 1 P i 1

Thus (28a) is satisfied.
Using (32)-(36), "(37)-(41) and (18a) we have

25

i-1 i-1
2 2 2
g &y ; Liy % Ly oM™ ; ailzzLilMl/zz g &y ) Ly My /2 2 a;L; My /2=

1=1 i

1

3 2 2
g a M /6-M] /2 g a L = -M /2 z L, -

Thus (18a) may be replaced by 2 aiLil=O.
i

Again using (32)-(36), (37)-(41) and (22a) we have
Z 2 i-1 9 i-1 2
aM, ) L. )L M=)aM )L . M/2=)aM |} L .M/ /2-
5 ii 1 il o lp p g i 11=2 il’l 3 i 11=1 il'1

2 4 2 1 2
/ = - et L
z a ML M/2 z a M /6-M /2 g a ML === -M /2 % aM.L

Thus (2%a) may be replaced by 2 aiMiLilzo.
i

Finally, using (37)~(41), (23a) we have
i-1 i-1

1

2 . 3 3 3
g &y g Li1 g Ly op™ g 44 lzzLilMl/S: ; ailzlLilMl/B_ ; a, Ly My/3

L
~60’

showing that (27a) is satisfied.

All results obtained above remain unchanged if we replace ai by bi'

The set of equations now is (31)~-(41) and

g a=1; (422) g b, =0;

2 aiMi-z, (43a) g biMi=0;
2.1, 2_

g a M=z (442) % b M-=0

(42b)

(43b)

(44b)



Ve Mt (452) § b M>=0; (45b)
i'i4 “ 1 i
1 1
=0; =0; 46b
2 a L. =0; (46a) z b.L ,=0; (46b)
1 1
41 41
) a M =%; : (472) Z b M =55 (47b)
1 1
3.1 31 .
Loy [L W55 (483) ) by ) Ly M55 (48p)
i 1 i 1
I aML, =0; (492) ] bM. L, =0; - (49D)
3 1
Ja, Io Vo Jo m=t— (502) Jb JL_ JL JoL Mo
c i il 1p pq g 120° ! il ip pq q 120
ool P 4 ot P (50b)

being 30 equations with 35 unknowns. To simplify this set we

introduce
g aL = a,(1-M); (51) ; BT, = ~b,(1-M,) /4; (54)
Z a L = a (1-M); (52) E b L = -b (1-M)/4; (55)
E aL = a,1-M); (53) é b.L. = -b,(1-M,)/4; (56)
M5= 1; (57)
M6= 1; (58)
L65=0. (59)
(59) means that the computation of k6 is independent of k5.
For the lefthand side of (48a) we find
6 i-1 ’ 5 6 4 6
3 3 3
.2 a; 1 LigW=1 M ] al-= ) My L ali =
i=2 "1=1 1=1 "i=1+1 1=2 Ti=1+1

3 1
g Mya, QM) =55
Thus (48a) is satisfied. The same holds for (48Db).
For the lefthand side of (50a) we find
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[}

= |
&l\ﬂmllhﬂmllbﬂm

@

1 2
2 1

=

L1, 12, (M) =

1
(1-M.) M a, (1-M_)~-=
1’78 2 125

3a
1

[l
-

1

-

12
"§'M11§2L11a1(1 W) =55

oy
A
o

Thus (50a) and (50b) are satisfied.

We shall see that four more equations are dependent. Writing

2
Z = b
LSiMi pM

2
5i  LhggMy=aMg,

6
we determine P and q. We have
-1 6
Z a, 2 LM 2 M) e L= §Ma (M) L = e
i=2 1 1 1=1 1 1+1 =1

On the other hand,

Z a, 2 L § a. M2+pa +qa. L +{(p~ )a +(q—lﬁa .
11 1 2 6 6 5 2° 76
i=2 1 1 =2

Furthermore,
f 121 2 121 4 5
b, ) L. M. =0 and b L _—-2 b M%4pb_+qb =
122 11 =1 il’1 iz2 11_1 11 1 i:z i i 5 6

1 1
(p~§) b5+(q—-§) b6°

Thus, ng and q=% and equations (35) and (36) are satisfied.
In the same way we find that (40) and (41) may be omitted.

8o finally we have 31 equations with 35 unknowns:

Loa=1; (572) ] b =0; (57b)

Y oaM. = ; (582) ) b,M.=0; (58D)
ill ill

pof=



Vami 1 (59a) b.M%= 0; (59b)
ii 3 ~ ii
1 1
ams= i (60a) J bu= 0; (60Db)
ii 4 “ Tii
1 i
4 1 4 1;
}: a M= = , (61a) 2 bM = 2 (61Db)
1 1
Z a,L; = 0; (62) 2 b.L .= 0; (66)
1 1
g a,L = a,(1-M); (63) g b.L. = =b,(1-M,)/4; (67
g aL; = a (1-M); (64) E b.L = ~b (1-M)/4;  (68)
Z aL = a,(1-M); (65) 2 b,L = -b,(1-M)/4;  (69)
1 1
Z a L M= 0; (70) 2 b,L M = 0; (71)
1 1
2 2 3
L Ly M= M>/2; (72) L L, M= /35 (75)
1 1
2 2 .3
L LM = M3/2; (73) J L M= Mo/3; (76)
1 1
2 2 3
) L, M= M,/ 2; (74) N L, Mi= M,/3; I&&d)
1 1
a1= 0; (78a) b1= 0; (78b)
= . = M e
M5 1; (79) M6 1; (80)
= 0. 8
L65 0 (81)
To solve these we try a5=b6=0. If we succeed, then, with L65=0’

we have found a six point integration formula and a six point
formula for thsdyj, with the advantage that in order to find
whether the step is acceptable, one has to compute six points,
and only if the step is accepted, need one compute another point.
From (72) and (75) we have

3 3

My=g Mgs Loy=g My
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From (73) and (76) we find

3 2 2
L31 1 M3(3M -2M )/M 32——M3(M2—M3)/M2,

and from (74) and (77)

=(—M (3M 2M4) 5 MS(M MB)L43)/M

2
—( M4(M2 M4)+3M3(M1 M3)L43) M2

Substituting the expressions found for M and

1’ L21’ L31’ L32’ L41
L42 into (70) and (71), and using (62) and (66) we find

M (1- M2)a2+M3(3M ~2M )(1 -M )a +(M (3M - 2M ) 6L43M3(M2 ~-M ))(1~M )a =0

and a similar equation with ai replaced by bi' This equation,
together with (58a), (59a), (60a) and (6la) forms five linear

27 as, a4 and a5,

L43= —(M -M )(M ~-M )(2 -5M )M /(M -M )/(101\/12M3 5(M +M )+3)/M /2.

equations for a thus giving the condition

From the corresponding b-qquations it follows that

L43= —M4(M2—M4)(MS—M4)/M3/(M2—M3)/3,

or M2=2M3(1+4M3).

We still have two free parameters. Our aim has been to use them
to make at least the ai positive (This is the reason why we did
not use, as integration formula, the one given by Kutta, as
corrected by Nystrém[i}; this formula hgs negative weights) .
This condition can be satisfied and even leaves some freedom

of choice. That is why, using the Electrologica X1 computer, we
varied the two free parameters to find a formula which, in
addition, has only positive Lil' In this we did not succeed. The
most acceptable choice was

1 4
Ma= 5 M= 5

resulting in

179’ T2
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a 3 ; a 162, a_=0; a 125, a 14 . a _=0;
0 336" "1’ “27336° "3 7 "4 336 "5 336" "6
21 o 162, 224 125, . 42

3714’ b4‘ 14’ b5“0’ b6“14’
1 3 1 3 53 135 126
:——; — :—-; ={: =—; :———-’ = —-; L :——-—;
20712 Y21713° Y3078 L31 0; Lsz 8 407125’ Ya1™ 1250 M42T1os
56 __ 63, 189 Lo 36, __ 112 50 133,
4371257 7507 287 T51 28 ' Ts52° 28’ 7537 28 ’ 54 28° T80 168’
378 276

_ 878, L 112, 25
61~ 168’ 62 168’

L

L

L L

= L = M =0 .
637168° “647168° “6570

Our fifth order formula is

kojzhfj(YO,...,Yn);

2 2 ]
klj—hfj(Yo+§ koo,...,Yn+§ kOn),
k2j=hfj(YO+(kOO+3k10)/12,...,Yn+(kon+3k1n)/12);

ksjzhfj(YO+(k00+3k20)/8,...,Yn+(k0n+3k2n)/8);

k4j=hfj(YO+(53k00—135k10+126k20+56k30)/125,..,

Yn+(53k0n—135k1n+126k2n+56k3n)/125);

k _=hfj(Y0+(—63k00+189k1

- - 8, ...
55 36k20 112k30+50k40)/2 , s

0

Yn+(-63k0n+189k1n-36k2n—112k3n+50k4n)/28);

kg =0 (Y + (133K =378k, (+276k,+112k, +25k ) /168, .. .,

Y +(133k_ ~378k, +276k_ +112k_ +25k ) /168);
n n n 3n 4n

On 1 2

¥
v . (X+h) =Y +(35k, .+162k_ +125k _+14k_.)/336;
J J 23 43 53

0J

thsdy.=(21k ~162k_ . +224k_ %125k
J 2] 3]

03 +42k6j)/14.

43
In order to determine whether an integration step is acceptable, one

has to compute thsdyj which necessitates the computation of kO, kl’
kz, k3, k4 and k6 but not that of k5, Only in case of acceptance
has kS to be calculated.

The weights a a and a_ in the integration formula are all

0 %20 F3 My 5
positive. The influence of rounding errors on dyj is therefore
minimized. Only some of the Lil are negative. This does not matter

very much since rounding errors influence the result only in terms



which are multiplied by h beforé entering in the rest of the

computation.
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CHAPTER 3

Second order equations with first derivatives

Suppose we have the set of differential equations

2 2
d yj/dx :fj(x,yl,...,yn,dyl/dx,...,dyn/dx); yj(X):Yj;
dyj(X)/dX=Yj; J=1(1)n. (1)
For the sake of simplicity we prefer
2 2 .
d yj/dx :fj(yo,yl,...,yn,dyo/dx,dyl/dx,...,dyn/dx); yj(X):Yj’
dyj (X)/dx:Y‘;; j=0(1)n, (2)

which is equivalent to (1) if we put X=Y ) whence

fO(yO,,..,yl,dyO/dx,...,dyn/dx):O, YO:X and Yé:l.
The Runge-Kutta scheme of order r with m points is
i-1 i-1
kij:hfj(Y0+h(MiY6+ ¥ K, Kyg)y oo, ¥ +hQL Y+ ) L
1=0 1=0
i-1 i-1
Yo+ Y LI SRR A ¥ N k)5 3=0(Dn; i=0(D)m-1; (3)
1=0 1=0
" m=1
y.(X+h)=Y +hY'+h ) A k.. (4)
J S N
s m-1
T RV .
v} (X+h)—Yj+ianikij, (5)
" m=1
th'dy =h ) B.k. ; (6)
SN &
m-1
th¥dy'= ) b.k_ .. (7
3o b1

B3 Ea3
We now must develop yj(X+h), yé (X+h}, thrdyj and thrdyj in
power series in h.

To this end, we introduce some notations:
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i) we do not write the arguments of fj and of its derivatives,

if they are

(YO Y YO,...,Yn);

ii) fjklm'... w;ll mean fj(yo,...,yn,dyo/dx,...,dyn/dx), dif-

ferentiated with respect to yk,yl,dym/dx, etc, in

(Y0 Y Y(')""’Yr'l);

iii) Kil and Nil are defined for 1=0(1)i-1, and are otherwise zero;

iv) the range of the following summation variables, if not re-

defined explicitly, is understood to be
1=1(1)i~-1; p=1(1)1-1; g=1(1)p-1; s=0(1)n; t=0(1)n; u=0(1)n;
v) we introduce the differential operators

- O O - 9
D= E (yS Sy +f ayé) and E= g t ayS. (7N

To simplify the results a great deal, we introduce the equations:

1 2
g K173 My (®
) N, =M, : (9)

1

We retain terms of order five and find, for i24

k. =hf_ +h2M Df +n° (—M 0%E) £ +(E N, M) ] Df £+
ij J J 1 l s js
S
nt(l k. M)nyf +—-(2N M)Z(D+E)ff,+
il JS Js
1 s
' 13,3
( 21 N, % Ny M) Xs Zt DE £ 8, +gM; (D" +3DE) £ 4, ( 21 N, M)

51
2 D Df ) +h (E(Zl K, 1) ES o%E) ¢ R 21 K, % Ny M)

z ¥ DE £, E o+ ¥ N112 KlpMp) ) 2 DE £, ot
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€]y
1

ol

1
O SN 2 o? PR P
2 1 il o 1p P < jt

£ +

O +3DE) £ £ +( Z N, M Y N ) 7 ) b B ST O

S P s t

¢l Nig L Yip ) Npae) z %

ts

K
L D1 I L PR LK M)
u 1
2

é Df Df 5 2 L % N11M1) Z (0B £ DI+, ( % N ) Ny M)

! pf £ Dt +1—M 0*+60%E+3E%) £ _+2n0 ?( Y ON..M)
t s ts jt' 24 J i il'1

w o~

2 1
E DE (DB £ 5 % N, M ) é % DEDE L, ) (10)

For i <4, the expression for kij reduces to

k..= hf ; (11)

0j J

2 1.3 2 1.4 3 1.5 4
= hf h

klj hfj+h Mlij+§ M (D7+E) £, +5h Ml(D +3DE) T | +§Zh My

[

(D4+6D2E+3E2)fj; (12)

k, .= hf,+h2M Df.+h3(EM2(D2+E)f_+N

D
23 3 2705 2" 5NarMy Z £ fye)™

2 Df £ 4N M E ? YL E é g(D3+3DE)fj+

4
b (K21 1 s Jjs 2 21 1

v 1 3 3
MN, M é Df Df )+h (2K21M1 E 0%E £ o5 N1y é (D" +3DE)

1 .2
f £ +M +—=M D +
sFj5 Moo My E Df DI, MNo My é (D7+E) £ DE,

400 on% a5 s L2 2 12 2
o (D 6D E+3E) £ 42N, My E DE (DHEY L, g, My

[N
o~

t js't’

mn T~

Y of DEE D (13)
t

2 3,12, 2
= hf +h D h (M_(D+E) £ N_.M f £
HRTMDE +n” (ML (DTHE) £ 4 ( é 31M) L DE jert

k.
33 <

2 2 ° FEYE £
js

311

1
nt (¢ Z K. M) E Di _f 50 % N Mo
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13,3
N M T g DE_F, 2, +gly (D7+3DE) £ 4 )N

N3oNoy jt ] M)

311

g D2 DI )+ n® ( ( % K31M1) 2 0? E)E L KN M é é

2 2
Df £, M z Z I 32N21M1 2 % (D“+E)

1
8 ST SO % N31M1) é o> +3DE)£_F, AN M M 2 )

3272211 +

1 2
D
DEDE £ % Ky M) 2 D DE M ( % NSlMl) E (D“+E)

1 2
£ D0, N N My z E Df_f, Df . +§ZM3(D +6D“E+3E )f +

31 1

1.2 1 2
S, ¢ z N_.M.) Z Df (D EOEIRE g Ng M) Z % DE DL E )

(14)
Furthermore, we have the Taylor series
y,(x+h):Y.+hYt+5h2f,+1h3Df,+1—h4((D2+E)f.+ 2 Df £ )+
J j 3j2 "je J 24 i g 8 13s

1
1zoh (o® +3DE) £+ I o? +E)E £, 43 | DE_ DI+ | DE £ s
S S S
I lpeg 2. 0; (15)
s t s ts' jt

, , 12 1.3,, 2
y!(X+h)= Y'+hf +=h Df +=h"((D“+E)£ + ) Df £ _ )+
J J J 2 Jj 6 i s js

Latco®mmy e + | @2 HBYE £ 43 ) ptpf. .+ ) DE £+
24 J s Js s Js
) ] S
1) bt £ ) == ((*+6D%E+3E7) £ _+
s t s ts' Jt‘ 120 3

T oaomye £ 44 ) 0%myf e, + ) O%EYE £, +
s S Js s s Js s s js

E Df £t é % DEE ot

2
E % (D +E)fsfts'f' + é s

Jjt!

ts'fut

w
wn &~
o 1

=)

5

e}

h

ot

T
Ca

ot

+
w ~1
ot 1
o~

o

[

1]
oy

£, ,+4 ) Df Df__+
Jju . s " js
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S
w o~

S

2

6 g Df_D fjs,).

Equating coefficients of powers of h in

m-1
y . (X+h) and y,(X+h)= Y _+hy!+h | A k,
J J A A
and
m=-1
v (X+h) and y! (X+h)= Yi+ ) a. k
J J P B %
i=0
we find
2 1
e 2 A= 53
1
3 1
v ] oAM= =
1
4 2 1
nh: o Laws T2
1
1
) Ay ) Ny 24’
i 1
5 1
b E Ai 5 K11M1” 120’
i 1
2 1
z Ay ) Ni M= 60’
i 1
3 1
L A= 50°
1
‘ 1
) AMy ) il 40’
i 1
1
E A z N, X N = 3
; 1 1 il b ip p 120
h Z ai= 1;
i

=3
]
pots 1
o
=
i
Do =

% DI £ DI, +6 y Dt EE,

i ?

J

+3 ) ) Df Df f,
s % s t js

l.tV+

(16)

(17a)

(18a)

(19a)

(202)

(21a)

(22a)

(23a)

(24a)

(252)

(26a)

(27a)
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(28a)

M

(29a)

- |©

L

ag ] NjM=

(30a)

|

(31a)

v i

(32a)

~ o0

zaiMi LONgMy=

(33a)

(34a)

(35a)

-0

(36a)

(37a)

e

(38a)

(39a)

(40a)

(41a)

(42a)

~ o~
« @
32} <
<t <
~ ot
o IS
N wO
i {0
i
ey
=
ey
N
=
L~ T
=N
4
= il
L~ 0 O
=
et i
ot d
= B
L~ L
ot ord
o] [
|2 ] 3 e
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1
; a M, ; K, M= 300 (452)
1
g a, ; L % NlpMpz T30 (46a)
1

For Bi and bi’ the weights in the expressions for thrdyj and
thrdyj, we find a similar set of equations, the lefthand side
being the same with Bi replacing ai, and the riihthand side being
zero in the equations resulting from terms of h , t< r and being
identical to the above righthand side if t=r. The equations of
this set we denote by (17b)-(47Db) .

Next we solve the equations for variocus values of r.

r=1

ko5 hfj(YO,...,Yn,Yé,...,YA);

e
y.(X+h)= Y _ +hY';
J J J
B
y'! (X+h)= Y'+k
J J

1
th dy .= hY';
yJ i’

0j°

1
th™dy'= k_ ..
yJ 0j

r=2

The eqguations are

agta, =

M

[
=2
+
T
1

&1

s

0

_ . 1,
im2 112’
: 1
AO+A1— 5

with M1=1 we find

PR 0™

Ko 5= hfj(YO,...,Yn,Y',...,YA);

_ 1 1 \i
klj hfj(Y0+hY ,...,Yn+hYn,Y0+k00,.

P
AX+h)= Y.+h(Y'+k_ ./2);
V5 J J OJ/ )

..,Y£+k )

On
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B
TT(X+h) = Y4k, +k, ) /2;
vy ) 575 1J)/ ;
2
th dyj_ h koj/z,

thzdyJ'; (-k )/2.

KL
J 13

0

r=3

We try four points. The equations are

AO+A1+A2+A3= %; B0+B1+B2+B3= 0;

AqMy ANy HA M o= %; B, M, +B M +B M= %;

agta ta ta = 1; b0+b1+b2+b3= 0;
a1M1+a2M2+a3M3= %4 blM1+b2M2+b3M3= 0;
alMi+azMZ+a3M§= %; ble+b2M§+b3mi= %;

a Ny M, +a (N M N M )= —é—; DN, My +b (N M 4N, M) = %.

If we put Ai: ai(l—Mi) then the equations for Ai automatically are
fulfilled if we use the values obtained by solving the equations
for a, - The same holds for the B-equations if we put Bi=—bi(1~Mi)/2.
As solution for ai and bi we use the solution given in chapter 2
(r=3) .

Thus we have

ko 4= th(YO,...,Yn,YO,...,Yn);

ky = hfj(Y0+h(6Y0+kOO)/18,...,Yn+h(6Yn+kOn)/18,Y0+k00/3,...,

Yn+k0n/3);

}/9, ..., Y _+h(6Y 42k, )/9,Y +2k /3, ...,

0

k,.= hfj(Y0+h(6Y0+2k00

2]
Y'+2k. /3);
n in
¥
(X+h)= Y o+ (Y i+(k, +k_.)})/4);
5 ) J J ¢ 0J 2J)/
>
U (X+h)= Y +(k . +3k_.)/4;
Y3 j o3 T2t
. % had 3 el .
ksjv hfj(yO(X+h),...,yn(X+h),y (x+h),...,yn (X+h));
3
th dy .= h(~-k_ .+k__.)/4;
yJ 0J 23)/
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3
h ‘= - k
t dyj (k 3k +2 3‘))/2,

where, in case of acceptance, only three evaluations of fj are
necessary, and no extra work is needed to compute thsdyj and
3
th dy!.
yJ
r=4

We use five points. Writing this time
A =a (1-M.) and B,= -b_ (1-M,)/3,
i i i i i i

we again need not consider the equations for Ai and Bi' Of the
remaining set (26a,b)~-(34a,b) all equations but (34a,b) are
solved by the solution of the first order equations, r=4.

(chapter 2). Insertion of this solution in (34a,b) gives

4K21+2(K31+K32): 1;

24(K21+K31+K32)—64K41—128K42—96K43: 1.

A solution is

Ko178307 31784278 a5™ 05 Ky0™ %; Ko™ %; Ko™ %; K40™ %Z; i %%'
The formula is
k5= hfj(YO, Y LY0 Y
klj: hf (v +h(4YO+kOO)/ ..,Yn+h(4YA+k ) /8, Y0+k00/2 ‘,Yﬁ+k0n/2);
ij: (Y +h(4YO+kOO)/ Y +h(4Y +k )/8 Y0+k10/2 .,Yﬁ+k1n/2);
kBJ: hfj(YO+h(2Y6+k20)/2’"”Yn+h(2Yﬁ+k )/2, Y0+k20,...,YA+k2n);
k= hfj(Y0+h(48Y6+7k00+11k10)/64,...,Yn+h(48Y5+7k0n+11k1n)/64,

¥+ 5k o+ 7k ¥13k, mko ) /32, ..., Y (5K 47k 413k, <k, ) /32);

R
(X+hy= YV . +h(Y'+(k,. +k. _+k_.)/6);
Y5 J j 0j 13 2] 78}
e
(X+h)= Y'+(k_ . +2(k. +k_)+k_.)/6;
J ¢ 0J 1j 23 3J)/
4
th dy . h(2k ~3(k +k,_ ) +4k_ ) /9;
V5 15"Kgy) kg )/

4
th'dy'= =(-k_ +3(k, +k_.+k_ )-8k, ).
3 3( 0J ¢ 15 23 3J) 43)
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r=5

The set of equations to be solved is (71a,b)~(47a,b). If we put
A.= a (1-M,) and B.= -b,(1-M,) /4,
i i i i i i

we need not consider the equations for Ai and Bi' )

We use the seven point solution for first order equations with
r=5. The remaining equations are (34,a,b), (44a,b)-(47a,b) . After
substitution of the values for ai, bi’ Mi’ Nil they reduce to ten
linear equations in the fifteen unknowns Kil; i=2(1)6; 1=1(1)i-1.

We tried to make use of the free parameters to find K,  that are

positive. We nearly succeeded. The best solution we fiind was
1705 Kgy=0; Ksz:%§3 K41705 49705 Xy3™705 igs K570 g™ gg
K53705 Kgy=- %%’ Ke1705 Koo 226’ Kg3=0; K643§§§; Kg5=0

We chose K65=0 in order that, with N65=0, the computation of k6j

is independent of k5j' The fifth order formula is

kOj= hfj(YO’ Y Yé,...,Yé);

k) = BE (Y rh (18T +2k) ) /8L, ... ,Yn+h(18Yr'l+2kon)/81,Y6+§k00, .
Yﬁ+§k0n); ’

k2j: hf 164 +h(6Y0+k00)/18 "Yn+h(6Yﬁ+k0n)/18’Y6+(k00+3k10)/12’
Yﬁ+(k0n+3k1n)/12);

k3j= hf Y +h(8Y0+k00+k20)/16 "Yn+h(8Y£+k0n+k2n)/16’Y6+
(k00+3k20)/8,...,Yﬁ+(k0n+3k2n)/8);

k4j= hfj(Y0+h(100Yé+12k00+28k30)/125,...,Yn+h(1OOYA+12kOn+28k3n)/125,
Yé{(53k00—135k10+126k20+56k30)/125,
Yﬁ+(53k0nm135k1n+126k2n+56k3n)/125);

= hi ! +36k -~
k5j hfj(Y0+h(56YO+7k00 20 15k40)/56,

Yn+h(56Yn+7k0n+36k2n-15k4n)/56,

YO+(-63k00+189k10~36k20-112k30+50k40)/28,
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Yn+(—63kon+189k1

- 1
k6j— hfj(Y0+h(336YO+21k00+92k20+55k40)/336,...,

h(336Yn+21k n+92k2n+55k4n)/336,

0

YO+(133k00~378k10+276k20+112k

~378k
n

30

Y'+(133k +276k_ +112k
n n 2n

0 1 3
Mo

y.(X+h)= Y +h(Y'+(35k. +108k__ +25k_ .)/336;
J J J 0J 2 43

e
' (X+h)= Y'+(35k_ . +162k__ +125k _.+14k_.)/336;
Y3 J 0J 23 43 53
5
th"dy .= h(-21k_  +108k__-112k,_ +25k .)/56;
yJ 0j 23 3J 43

5
th dy'= (21k,..-162k_ +224k_ -125k  .+42k_.)/14.
yJ 0J 2] 33 43 6J 4

n—36k2n—112k3n+50k4n)/28);

+25k, ) /168, .. .,

+25k ) /168);
n 4n



For the set of equations

dzyj/dx2= fj(yo,---,yn); yj(X)=Yj; dyj(X)/dx=Y5; j=0(1)n,
we have, for the m-point formula of order r
i-1 i-1
kij hfj(YO+h(MiY0+ ) K, ko) ee e, Y +h(M Y+ ) K,k
1=0 1=0
o m-1
y . (X+h)= Y _ +h(Y'+ 2 Ak );
J J J i=0 i1
e m-1
yj (X+h) = Yj+izoaikij,
5 m-1
th'dy,= h | B k. _;
J i=0 i1
m=-1

5. .
thdy /= ) bk,

The set of equations is the

with Ni
hz: z
i
h3: z
i
h4: E
i
h5: z
i
)
i
h:

Second order equations without first derivatives

i=0

170

A =
i

1

J

CHAPTER 4

B

[

o

in

)

(1

(2)

(3

(4

(5)

(6)

same as that in the previous chapter,

(7a)

(8a)

(9a)

(10a)

(11a)

(12a)
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n? % a M = %,
w3, % a M = %;
* Z aiMiz %’
i
é % % KM= %Z;
n° % aiMj: %;
E a % Kilmi= %6’
E ;M % KM= %5’

(13a)

(14a)

(16a)

(17a)

(18a)

(19a)

(20a)

For Bi and bi a similar set of equations exists; the lefthand side

is obtained from the above lefthand side, by replacing Ai by Bi

and ai by bi; the righthand side is zero for equations resulting

from terms of ht, t <r and identical to the above if t=r. The
equations of this set we shall denote by (7b)-(20b).
Next we solve the equations for various values of r.

r=1

kOj: hfj(YO,...,Yn);
¥
y.(X+h)= Y _+hY';

J J J

y'%(X+h): Y !'+k
J J

03’
thldy = hY';
J 3’
1
th dy'= k_ ..
yJ 03
r=2
koj= hfj(YO,...,Yn);
— ' 1 -
klj_ hfj(Y0+hY0,...,Yn+hYn),

>
(X+h)= Y +h(¥Y!+k_ . /2);
Y3 J j o3 7



)/2;

3¢
T(X+h)= Y4k 4k
yJ J 03 1j

2
thdy ;= hic, /2

)/2.

2
th dy'!= (k.. .+k_ .
Y3 03 13

r=3

The equations are

; b _+b_+b_=

[oey

3

1

1

2

1

3

with A= a_ (1-M,) and B .= ~b_ (1-M,)/2; i=0(1)2.
1 1 1 1 1 1

We try to find a two point integration formula;

45

th =0.
us, a,

Furthermore we want to use as third point the starting point of

thus M_= 1 and K

the next integration step,

2 20

We find

%0~ %; a4 %; ay= 05 My= g;

Ao= %; A= %5 Ag= 05 My= 15

b0= %; b1=— %; b2= 1

BO= %; B1=— %; B2= 0;

k0™ g; Ko0™ %; Ko1™ %’
using % Kil= %M?.
Thus the formula is
k0j= hfj(YO,...,Yn);
kljz hfj(Y0+h(6Y6+2koo)/9,...,Yn+h(6YA+2kon)/9);

e
(X)) = Y +h(Y!+(k, .+k, .)/4);
Y3 J J 03 13)/ )
e
U (X+h)= Y!+(k_.+3k_ .)/4;
Y3 J 03 TT1j /43

e *
ky 5= DI (g (), ooy ()5

23

)/2;

3
th dy .= h(k_ .-k
yJ 03 1J

= A

0 and K21= Al.
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3
thdy'= (k.. -3k, .+2k_.)/2.
yJ 0j 1j 23

Therefore, in case the steps are accepted, the computation of two
function values gives third order accuracy; i.e. the work to be
done is the same as for r=2.

r=4

The solution for r=4 is easily obtained from the corresponding one
derived for second order equations with first derivative occuring,

by observing that the expressions, obtained for klj and kzj’ only

differ in the actual parameters substituted for the formal para-

meters dyi/dx in the functions fj(yo,...,yn,dyo/dx,...,dyn/dx).
Hence,

k0j= hfj(YO,...,Yn);

klj: hfj(YO+h(4Y6+kOO)/8,...,Yn+h(4Yé+k0n)/8);

kzj: hfj(YO+h(2Y6+klo)/2,...,Yn+h(2Yﬁ+k1n)/2);

ksjs hfj(Y0+h(48Y6+7k00+11k10)/64,...,Yn+h(48Yé+7k0n+1lk1n)/64);

>
y.E+h)= Y _+h (¥ +(k,  +2k ) /6);
J 3 J 03 13

e
' (X+h)= Y'+(k,_ +4k_  .+k_.)/6;
j J 03 23

13

4
th dy .= h(2k_. -6k _+4k 9;
yj ( 03 1 3J.)/ 5

5 2
th'dy'= S(-k . +6k, .+3k_ ~-8k_ ).
3 3( 0J 13 2] 33)

r=5
To find a formula for this case we firstly construct a four point
integration formula with positive coefficients and weights.

The equations are

VK. =M2/2; A= a, (1-M); i= 1(1)3; A = a_;
1 il i i i i 4] Q0
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2 1 2 1
Z a M= 3 Z a; L KM= 5
i i 1

3 1. 1
g a M= 7 % a,M, g k17 300

These are 15 equations in 17 unknowns. We solve them, choosing M3=1.

We find

M1 = (3—5M2)/(5—10M2); ag= (10M1M2-1)/M1/M2;
a, = (—5+10M2)/60/M1/(1—M1)/(Mz—Ml);

a, = (5+10M2)/60/M2/(1—M2)/(M2—M1);

ag = (15-20(M1+M2)+30M1M2)/60/(1—M2)/(1—M1);

1
K21— Iaa/Ml/(l—Mz)/az, K32= (2~5M1)/12O/M2/(M2—M1)/33,

K31= ((4-5M2)(Mz—Ml)—(z—le)(1-M2))/120/M1/(1—M2)/(Mz—Ml)/aS.

Letting MI; M then we have the conditions:

2’

I)—‘

[

0
an > orMMz

v

[T ST

1

a, > 0 or
=

=
™
BV

0 or

o
v
=
LR

[ary

a, > 0 or (6~sqrt(6))/10< MZ; (6+sqrt(6)) /10;

N

0 or Mlé E;

7
K31; 0 or ﬁ;MZ;(5+sqrt(5))/10,
3

Ky 257"

Kao2

02 0 or (5+sqrt(5))/lO;M
Thus M,= (5+sqrt(5))/10.
The integrati.on formula is
p= sqrt(5);

kOj= hfj (YO, .. "Yn) H

k1j= hfj (Y0+h( (10—2p)Y6+(3—p) koo) /20, ... ,Yn+h((10-2p) Yr'1+(3~p)

k0n) /20) ;
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k

2J

33

= hfj(Y0+h((10+2p)Y0+(3+p)k10)/20,...,Yn+h((10+2p)Yn+(3+p)
khg/zm;
= hfj(Y0+h(4Y0+(—1+p)k00+(3—p)k20)/4,...,Yn+h(4Yn+(—1+p)kOn+

(3*p)k2n)/4);

%
(X+h)= Y +h(Y'+(2k. +(5+p)k, .+(5~p)k_.)/24);
yJ J J 03 P) 13 P 23 /

£
' (X+h)= Yi+(k, 4+5(k, .+k_ ) +k_ ) /12,
3 ) J 0J ¢ 13 725 33)/

To

!

e D1 i D1 a1

We

find the expressions for thsdyj and thsdyj, we must solve:

b .M. = 0;
ii

b‘M?: 0;
ii

b,M?: 0;
ii

4 1
% bM, = 5’
% b, % K M= 0;

et £1
=2

o B3
=
=
3]
i
1H

e D1
T
=

=

s D1

"
it
=

|
w'w
(@]

tried in vain, using one extra point, to solve this system.

So, we had to use two extra points in this case. As second point

we use the starting point of the next integration stép. The

formulas for thsdyj and thsdyj are

k

k

th’dy = h(-2k

th5

= '+18 - 84, ...
45 hfj(Y0+h(192Y +1 k00+p(3p+7)k10+p(3p 7)k20)/3 4, ,

0

"+18 +p(3p- 84) ;
Yn+h(192Yn+1 k0n+p(3p+7)k1n p(3p 7)k2n)/3 4) ;

dy'!= 2k
yJ

03

= hf (y.(X+h) “(x4h)) ;
5_]'—— J yO -+ ,...,yn + 3

A+(5+p) k. +(5-p)k_.-8k .)/4;
J P 1 P 2]

43

~10k,_ .-2k_ . +16k . +4k
J 2] 33 43 53



CHAPTER 5

Summary of formulas

We now give a summary of the formulas obtained in the preceding
chapters. In the derivations, we assumed that, in the righthand
side of the differential equations, the independent variable did
not occur. Here, however, we give the formulas with the indepen-

dent variable in the righthand side.

dy ./dx= f P ; =Y.; Jj= .
YJ/ X J(X,y1 'y yj(X) Yj, j=1(1)n
r=2
k0j= hfj(X,Yl,...,Yn);
k1j= hfj(x+h,Y1+k01,...,Yn+k0n);
e
(X+h)= Y.+ (k. .+k, ) /2;
yJ( ) p ( 05513 /
2
thdy .= (~k . .+k_ .)/2.
yJ ( 03 13
r=3
k0j= hfj(X,Yl,...,Yn);
k1j= hij(X+h/3,Y1+k01/3,...,Yn+k0n/3);
k_.= hf (X+Eh Y. +2k Y +2k )
2i 7 37713017 "'n 300’
" .
. (X+h)= Y _ +(k, . +3k,.)/4;
yJ( ) J 03 23
nf (X+h,y, (X+h) *(x+h));
Kay™ DUy, (R, vy ’
3
th dy .= (k. .-3k_.+2k_.)/2.
yJ 0J 2J 33
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r=4
= X oY )
kOj hfj( ’Yl’ , n)
kljz hfj(X+h/2,Y1+k01/2,...,Yn+k0n/2);
= . - 2);
ij hfj(X+h/2,Y1+k11/2, ,Yn+k1n/ )
ij: hfj(X+h,Yl+k21,...,Yn+k2n);

R
(X4h)= Y . +(k  +2(k, +k_.)+k_.)/6;
Y3 j 03 13 237 3377

k4j= hfj(X+§h,Y0+(5k01+7k11+13k21—k31)/32,...,
Y +(5k, +7k, +13k, -k, )/32);
th4dyj: %(—koj+3(k1j+kzj+ksj)—8k4j) .
r=35
ko 5= hfj(X,Yl,...,Yn);
k. = hf (X+2h,Y. 42k ..., ¥ +2k );
1j j 97771 901’ ’“n 9 0n"’
k2j= hfj(X+h/3,Y1+(k01+3k11)/12,...,Yn+(k0n+3k1n)/12);
kSJ: hfj(X+h/2,Y1+(k01+3k21)/8,..,,Yn+(k0n+3k2n)/8);
ky = hfj(x+§h,Y1+(53k01-135k11+126k21+56k31)/125,...,,
v +(53k) ~135k +126k, +56k, )/125);
kg o= hfj(X+h,Y1+(—63k01+189k11—36k21—112k31+50k41)/28,...,
¥ +(-63k, +189k -36k, -112k, +50k, )/28);
y?(X+h)= Yj+(35k0j+162k2j+125k4j+14k5j)/336;
kgi= hfj(X+h,Y1+(133k01—378k11+276k21+112k31+25k41)/168,...,

Yn+(133k0n—378k1n+276k2n+112k3n+25k4n)/168);

th5dy,: (21k_ ~162k_ .+224k_ . ~-125k
J 23 33

03 ‘+42k6j)/14'

43



2 2 . _ .
d yj/dx = fj(x,yl,...,yn,dyl/dx,...,dyn/dx), yj(X)— Yj’

dyj(X)/dx= YjE Jj= 1(1)n.

r=2

koj: hfj(x,yl,..L,yn,Yv’__.,YA);

k, .= hfj(X+h,Y +h¥]

1 1 1 -
13 1 1,...,Yn+hYn,Y1+k ..,Yn+k0n),

01"
Y (X+h)= Y +h(Y'+k__./2);
J J J 03

¥
U (X+h)= Yi+(k, +k. ) /2;
Y3 ¢ 5 0 T s M

2
th“dy .= hk_./2;
Y5 0J

2
thdy'= (~k..+k.  .)/2.
YJ 03 1j /

r=3

= h: y e, Y LY 000, Y )
kOj fj(X’Yl Yn Yl Yn),

- e . ' 8
k| hfj(X+h/3,Y1+h(6Y14k01)/18, ,Y_+h(6Y +k  )/18,

Y1+k01/3,...,Yn+kOn/3);

2 '
k, .= hfj(X+§h,Y1+h(6Y1+2k

. )/9,...,Y +h(6Y'+2k
23 n n

)/9,
n

o1 0

2 2
' ' .
Y1+§k11,,Yn4§k1n),

X+h)= Y +h(Y'+(k_ . +k_.)/4);
yj( +h) 5 ( J.+( 05" zJ)/ )

E.3
U (X+h)= Yi+(k, .+3k_.)/4;
YJ J 03 2]

3J

T B .
th dyj_ h( k0j+k23)/4,
3 .
th"dy'= (k. . ~3k_ .+2k_.)/2.
Y5 0J 23 33 4

k_ .= hf_ (X+h,y" (X+h) *(X+h) , v (X+h) T (X)) ;
= j + ,y1 + ,...,yn X+ ),y1 + ,...,yn + ;

51
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h ! +28 - 5
(100Yn+12k +2 k )/120 Y. +(53k0 135k11+126k21+56k31)

/125,...,Yn+(53k0n—135k1n+126k +56k )/1?5),

r=4

koj: hfj(X,Yl,.. Y Yi,... YA);

klj: hf (X+h/2,Y +h(4Y]+k 1) /8, oY #h(4Y 4k ) /8,
Yi+k01/2,...,Yﬁ+k0n/2);

kzj: hf (X+h/2,Y, +h(4Y +k ) /8, o, Y +h(4Y vk ) /8,
Y1'+k11/2, Ce. ,Yr'l+k1n/2) 5

ksj: hfj(X+h,Y1+h(2Yi+k21)/2,...,Yn+h(2Yﬁ+k2n)/2,Yi+k21,.,V,Yé+k2n);

yf(x+h)= Yj+h(Y{+(k0J+k1j+ij)/6);

*(X+h) = Y +(k +2(k J j)+k3j)/6;
k4j: hfj(X+§h,Yi+h(48Yi+7kOl+11kll)/64,...,YA+h(48Y£+7k0n+11k1n)/64,
Y.+ (5ky, +7k | +13k,, - )/32,...,Yg+(5k0n+7kln+13k2n~k3n)
/32);
th4dy_ h(2k, —3(k J+dk_ ) /9;
J 2] 3J

th4dy3: —g(—koj+3(klj+k2j+k3j) —-8k4j) .

E.:.é

koj: hfj(X,Yl,.4.,Yn,Yi,...,Yﬁ);

klj: hfj(X+§h,Yl+h(18Yi+2k01)/81,...,Yn+h(18YA+2k )/81,Y! +Ek01,.,.,
v, %kOn)'

kzj: hfj(X+h/3,Y1+h(6Yi+k01)/18,...,Yn+h(6YA+kOn)/18,Yi+
(k01f3k11)/12,...,YA+(kOn+3kln)/12);

k3j: hfj(X+h)2,Y1+h(8Yi+k01+k21)/16,...,Yn+h(8Y£+kOn+k2n)/16,
Yi+(k01+3k21)/8,...,Y£+(k0n+3k2n)/8);

k4j: hfj(X+§h,Yl+h(100Yi+12k01+28k31)/125,‘..,Yn+
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136k, ~15k, ) /56, ..., ¥

n+36k2n—15k4n)/56,

k.= '
(53 hfj (X+h,Y1+h(56Yl+7k

+h(56Y '+7k
n [¢]

1 e — —
¥ +(-63k +189k A -36k, -112k, +50k, ) /28, ...,

1

Yn+(-63k +189k1n~36k2n—112k3n+50k4n)/28);

On
v (x+h)= Y .+h(Y'+(35k, +108k_.+25k .)/336);
J J J 0J 23 43
P (X+h)= Y'+(35k_ . +162k,__+125k _+14k_.)/336;
Y3 j 0j 23 43755 ;
- 3 1
RSJ_ hfj(X+h,Y1+h(336Y1+21k01+92k21+55k41),...,Yn+
h(336Y'+21k  +92k k ! -378k 7 12
(33 n+2 on 2n+55 4n),Y1+(133k01 3 11+2 6k21+1 k31+
8, ...,Y" - : 168) ;
25k, ) /168, ...,Y +(133k  -378k +276k, +112k +25k, )/168);

5
h = h(~ 108 -1 ;
t dyj (~21k_ _+10 kzj 12k3j+25k4j)/56’

0j

5
th'dy'= (21k_ . -162k_ . +224k__.~125k .+42k_)/14.
yJ 03 23 33 43 63
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2 2
d yj/dx = fj(x,yl,..-,yn); yj(X): Yj; dyj(X)/dx: Yj; j= 1(n;
r=2
k0j= hfj(X,Yl,...,Yn);
—_ . T 1 .
klj_ hfj(X+h,Y1+hY1,...,Yn+hYn),

H
(X+h)= Y. .+h(Y'+k_./2);
3 J J 0j

¥
U(X+h)= Vi+(k, k. ) /2;
Y5 J 03 1]

2
th"dy .= hk_./2;
Vs 03/ %

2
thdy'= (~k. .+k, .)/2.
5 03 13

03

2 . , )
klj— hfj(X+§h,Y1+h(6Y1+2k01)/9,...,Yn+h(6Yn+2k0n)/9),

k.= hfj(X,Yl,...,Yn);

B2
(Z4h)= Y _+h(Vi+(k_ _+k_ ) /4);
yJ 5 j 03 1J)/ )
e
T(X+h)= Yi+(k . 43k, ) /4;
i Jj 03 13 !

E3 L
k= hfj(X+h,y1(X+h),,..,yn(X+h)),

D /2;

3
th"dy .= h(k. -k
yJ 03 13

3
th dy'= (k_ -3k . +2k_.)/2.
V3T Mog 7 1 2
r=4
koj: hfj(X,Yl,...,Yn);
k. = hf h h(4y! 8, ... ! 8;
1 J,(X+ /2,Y1+ ( Y1+k01)/ , ,Yn+h(4Yn+k0n)/ ;
k_.= hf h h ! - ' :
23 J.(X+ ,Y1+ (2Y1+k11)/2, ,Yn+h(2Yn+k1n)/2),

He .
(X4h)= Y 4n{Y I +(k_ .+2k, .)/6);
YJ 3 j 03 lJ)/ ¥

Ak, .)/6;

PXah) = YV4(k. +4k
Y3 RS R R R R



3
= 8 ! v e s
ksj hfj(X+Zh,Yl+h(4 Y1+7k01+11k11)/64, ,

Yn+h(48Yn+7kOn+11k1n)/64);
4
th dy.= h(2k_ -6k ,+4k_.)/9;
yJ 0J 13 33 /

4 2
th'dy's =(~k_ _+6k, +3k_ -8k_.).
yJ 37 03 1y 23

1 33

r=5

= sqrt(5);

k =h X -
03 fj( Yy,

k) j= hE, (X+(5-p)h/10,Y, +h((10-2p) ¥} +(3-P) k1) /20, . -,

.,Yn);

Yn+h((10—2p)Yﬁ+(3—p)k0n)/20);

kzj= hfj(X+(5+p)h/10,Y1+h((10+2p)Y1+(3+p)k11)/20,,..,

Yn+h((10+2p)Y$+(3-p)kOn)/20);

k3j: hfj(X+h,Y1+h(4Y1+(p—1)k01+(3—p)k21)/4,...,

Yn+h(4Yn+(p_1)k0n+(3mp)k2n)/4);
Rad
AX4hy= V., +h (Y + 2k, +{5+p)k, .+(5-p)k_.}/24};
Yy 4 § 03 Pk, Pk, / ;
£
U(X+h) = ik, 450k, 4k D) +k ) /12;
5 i 0 13 7237 33

k, .= hfj(X+h/2,Y1+h(192Yi+18k

43 01

Yn+h(192Yn+18k0n+p(3p+7)k1n+p(3p~7)k2n)/384);

kg = hfj(x+h,yT(x+h),...,y:(x+h));

5
th™dy .= h(-2k_ +(5+p}k, . +(5-p)k_.~8k, ) /4;
yJ 03 P 13 P 2] 43

5
th dy'= 2k, -10k, .-10k_.~2k__+16k, +4k_ ..
5 03 713 23 33 43 583

+p(3p+7)k11+p(3p~7)k21)/384,...

58



CHAPTER 6

Choice of interval and integration variable

In the preceding chapters we derived a set of integration formulas
with explicit expressions for the last term taken into account.
The value of this last term we want to use to determine whether

a step is acceptable with regard to the tolerances specifiea and
to extrapolate a new step length. As criterion for acceptance of

a step we shall use this: a step is acceptable if the absolute
value of the last term taken into account is smaller than tol,

the absolute value of the product of the step length h and some
positive tolerance, which latter is independent of h. If we

write

discr = abs(th'dy), : (&)

where r is the order of the formula used, then we would like to

use as a step length the solution h of
discr = tol, (2)

where discr is approximately proportional to hr and tol is pro-
portional to h. A process we can use is the following: compute,

for a given step h discr and tol. If discr >tol, then the step

1’
h1 is rejected. However, rejection or not, we compute a new step

h2 using the relation

1/(xr-1) (3)

h2= hl(tol/dlscr)

that holds approximately. In case of rejection h2 is used instead
of h

in case of acceptance we use h_ to continue the integration.

1 2
There are some objections against the method just outlined. In

the first place it is very dangerous to use h2 without introducing
a safety margin; otherwise, the number of rejections will be larger

than necessary. It is better to use



57

1/(r-1)

h_= .95hl(tol/discr) (4

2
thus giving a safety margin of 20% in discr.
This is still insufficient, however, to guarantee efficient
integration. In case of acceptance we have abs(hz) ;.95abs(hl).
Suppose that the differential equation is such that the acceptable
step length decreases more than 5% at each step. In this case,
every step accepted is followed by a step rejected. To overcome
this difficulty, we propose to use a two-point extrapolation
formula for the step length. Let the maximal acceptable step length
for integrating a certain differential equation, as a function of

the independent variable x, be

2
H= H0+H1(x—x)+H2(x~X) +o.. . (5)

'Assume we did a step hO,starting at X, followed by a step hl'
Writing

p{x)= discr(x)/tol(x) (6)
we have, neglecting quadratic and higher terms in (5), approximately
(x,)= p(X+h )= c(h_/H )" (7
pixy = PRETRGI= €M Ey ’

-1
p(x)= p(X+h +h )= c(hl/(H0+H1h0))r , (8)

0
We now want to find a next step hz such that for

= h
X X+h0+h1+ 2 we have

r-1 .

p(x)= c(hz/(HO+Hl(h0+h1))) 1. (9)

Writing s= -1/(r-1) we find
. s s

h2/h1= (1+h1/h0)p (xz)—p (xl). (10)

Introducing a safety margin, we have
s =] )
h_/h_ = .95((1+h1/h0)p (xz)wp (xl)). (11)

The extrapolation of h is now as follows: in starting we use a

trial h1 and use (4)until we accept two steps; in case of acceptance

we use (11), otherwise (4). Although this is a useful scheme it has



58

a drawback if we integrate functions that become infinite. Consider
dy/dx= 1/sqrt(1-x), (12)

and suppose that we want to integrate, from x=0 to x=1. First, we
try h1=1; this is‘rejected since discr, being a linear combination
of values of the righthand side including that for x=1, is infinite.
Using (4) we find h2=0. If now, in the integration procedure, there
is a minimal step length hmin, below which we do not reduce the
interval and which, if rejected, is skipped without integration

at all, then hz will be made equal to hmin. If hmin is not too
large, this step is accepted and a next step is computed, using

(4) . This h2 may well be greater than (1-hmin), and therefore we

next try h_=1-hmin, which is, of course, rejected. We again put

) h2:hmin anj so on. In this way we proceed with steps hmin, rejecting
every other step until we are so close to x=1 that further steps
have to be skipped. Integrals of this type can still be computed,

if we limit ps(x), by means of an approximation to it. If, e.g., we

have r=5, we use

p°(0)= (discr(x)/tol () 1= tol(x) /(tol(x) +discr(x))+.5,
(13}
which yields exact function value and derivative if tol(x)=
discr(x), but varies between 0.5 and 1.5 instead of between O
and «. If we replace 0.5 by 0.45 we have our safety margin.
The extrapolation scheme for the step length that we actually

use is as follows:
defining mu, = tol(xi)/(tol(xi)+discr(xi))+.45; (14)
then, in starting or after a rejection we use

h_ = mu, * h (15)

2 1 1’

otherwise,

hy

I

hl((hl/ho + Dmuy - muo). (16)

In the case of a set of differential equations, we compute, for
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each equation, a value of hz. The smallest of them all is used as

next step.

Another problem which presents itself is that of the choice of the
independent variable. If we want to solve dy/dx= f(x,y), where
f(x,y) becomes infinite, it is, if one can not skip intervals

as described above, impossible to use x as independent variable

in that neighbourhood. We employ two schemes to overcome this
difficulty.

One of these is the interchange of x and y. Whenever abs{(f(x,y))> 1
we use y as independent variable. In the case of a set of differen~
tial equations, we choose from amongst x and yj a variable such
that the derivatives of the other variables with respect to the

one chosen are in absolute value <1.

The second scheme is to introduce the arc length s as independent

variable. In this case, we write the system as follows:

dxj/dx0= fj(xo,...,xn)/fo(xo,...,xn); j= 1(Un, (a7
where fo and fj remain finite. The system we solve is
n
dx_/ds= £ /sqrt( ) £2); j= 0()n. . (18)
J J i=0

In order to reach a certain end point of integration, % .= b, we

0
must, of course, use some kind of a zero finding procedure because,

if % ., rather than XO is the independent variable in the neigh-

bourhood of xo= b, then we want to find a zero of xo—b, where XO

is a function of Xj' This circumstance gives us, on the other hand
the possibility of specifying as the end of the integration not

simply a zero of x_.~b but a zero of an arbitrary function b of

o

3 X IR

Kyr Xy oo X
In the next chapters we present a set of ALGOL 60 procedures to
be used for the integration of differential equations. All of them

use fifth order integration formulas and the extrapolation of the

step length as described above.
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RK1, RKIn, RK2, RK2n, RKZ, RK3n are procedures that use, as
integration variable, the variable specified; that is to say,

they do not interchange variables. They compute a minimal step
hmin, and steps of length [hw < hmin are skipped; i.e., only the
independent variable is increased by sign (h) * hmin; the dependent
variables are left unchanged. Thus, the integration will at least
proceed until the end point. The numerical consequences of this

we explain with the following example. Suppose we want to integrate
dy/dx= f(x,y)= 1/sqrt(i-x), (18)

from somewhere to x= 1.

Using our fifth order formula, we find, with

x= l-eps, (19)
approximately
. 7.5 -4.5.
discr(x)= Iagh eps (20)
For the tolerance per step h we use
tol(x)= h x re x f(x,y)= h x re x eps~'5, (21)
where re is a relative tolerance.
From
discr(x)= tol(x), (22)
we find
8 ~1
eps= h(l%~re) 4 (23)
If, furthermore, we put hmin= re, (24)
we find that the integration stops at
x= l-eps= 1-(—~7-~-)4lreZ (25)
- 128 ’
giving an error in y of
. 3.8
J 1/sqrt(i-x)dx= (l4re”) . (26)

l-eps

We could, in this case, reduce this error by a factor 2 if,
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instead of skipping, we had kept f comstant. In view of the
fact that this gives difficulties in starting in a singularity

we did not do so.

RK4 and RK4n are procedures that interchange dependent and in-
dependent variables. Here, instead of skipping, we integrate
keeping f constant; this may be done since the interchanging

prevents f from becoming infinite.

RESn is a procedure using the arc length as integration variable.

In this procedure no hmin is used.



CHAPTER 7

ALGOL 60 procedures with fixed integration variable

We now give six ALGOL 60 procedures for the integration of first
and second order differential equations. The independent variable
is used as integration variable.

The texts of the procedures given in this and the next two chapters
have been printed from the same tapes that have been used for

testing and for the examples given in chapter 10.
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procedure RK1(x,a,b,y.ya,fxy,e,d,fi); value b,fi; real x,a,b,y.,ya,fxy;

Boolean fi; array e,d;

begin real el,e2,xl,yl,h,int,hmin,abshk0,k1 k2 k3 k4,k5,discr,tol,mu,mul,fh,
hl; Boolean last,first,reject;
if fi then begin d[3l:= a; d[4]:= ya end; d[1]:= 0; xl:= d[3]; yl:= d[4]; if
fi then d[2]:= b - d[3]; absh:= h:= abs(d[2]); if b ~ xI < 0 then h:= ~ h;
int:= abs(b - x1); hmin:= int x e[l] + e[2]: el:= e[1]/int; e2:= e[2]/int;
first:= true; if fi then begin last:= frue; goto step end;

test: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else — hmin; absh:= hmin end; if h > b - x1 = h > 0 then begin d[2]:=
h; last:= true; hi= b ~ x1; absh:= abs(h) end else last:= false;

step: x:= xl; y:= yl; kO:= fxy x h; x:= x1 + h x 2/9; y:= yl + k0O x 2/9;
kl:= fxy x h; x:= x1 + h/3; y:= yl + (k0 + k1 x 3)/12; k2:= fxy x h; x:=
xl + h x .55 y:= yl + (k0 + k2 x 3)/8; k3:= fxy x h; x:= x1 + h x .8
y:= yl + (k0 X 53 ~ kI X 135 + k2 x 126 + k3 x 56)/125; k4:= fxy X h;
x:= if last then b else x1 + h; y:= yl + (k0 x 133 ~ k1 x 378 + k2 x 276
+ k3 x 112 + k4 x 25)/168; k5:= fxy x h; discr:= abs(k0 x 21 - k2 X
162 + k3 x 224 -~ k4 x 125 + k5 X 42)/1i4; tol:= abs(k0) x el + absh X
e2; reject:= discr > tol; mu:= tol/(tol + discr) + .45; if reject then
begin if absh < hmin then begin d[il:== d[1] + 15 y:= yl; first:= true;
goto next ends h:= mu x h; goto test end; if first then begin first:=
false; hl:= h; h:= mu x h; goto acc end; fh:= mu x h/hl + mu - mul;
hl:= hj h:= fh X h;

acc: mul:= mu; y:= yl + (- k0 X 63 + k1 x 189 ~ k2 x 36 - k3 x 112 +
k4 x 50)/28; k5:= fxy X hl; y:= yl + (k0 x 35 + k2 x 162 + k4 x 125 +
k5 X 14)/336;

next: if b # x then begin xl:= x; yli= y; goto test end; if 7 last then d[2]
= h; d[3]:= x; d[4]:= y end RK1;
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RK1 can be used to integrate the equation dy/dx= f(x,y).

First we explain the actual parameters corresponding to the formal

parameters:

X1

VER

fxy:

fi:

the independent variable; upon completion of a call of RK1,
it is equal to b;

the starting value of x;

a value parameter, giving the end value of x;

the dependent variable;

the value of y at x=a;

an expression, depending on x and y, giving the value of
dy/dx;

an array of positive tolerances, consisting of e[i] and e[ﬂ H
e[i] is used as a relative tolerance, e[é] as an absolute one;
the tolerance in a quantity z is defined, here and in the
sequel, as

tolerance(z)= abs(z)*~e[1]+e[2]; (&)

an array with elements d[l],...,d[4]; upon completion of

a call of RK1:

entier (d[1]+.5) is the number of steps skipped;

d[Z] is the step length; ‘

d[3] is equal to b;

d[4] is equal to y(b);

a Boolean; if fi then the integration starts at a, with trial
step b-a; if vfi then the integration is continued with
x=d[3], y=d[4], n=a[2] % sign (b-d[3]) as initial conditions;

a and ya are ignored.

RK1 integrates dy/dx= fxy to x=b, with if fi then x=a, y(a)=ya;
if-7fi then x=d[3], y(a[3])= da[4].
Upon completion of a call of RK1 we have X:d[3]=b, y:d[4]:y(b).

RK1 uses as its minimal absolute step length

hmin= e[l} % int+e [2] s

where int= abs(b-(if fi then a else d[3])).
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If a step of length abs(h) £ hmin is rejected, a step sign(h) % hmin

is skipped; a step is rejected if

thsdy >(abs(fxy) » e[_l] +e [2])» abs(h) /int.
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procedure RKin(x,a,b,y,ya.fxyi,j.e,d.fi,n}; value b,fi,ng integer j,n;
real x,a,b,fxyj; Boolean fiy array y,ya.e,ds

begin integer jj; real xl,h,hmin,int,hl,absh,fhm,discr tol,mu,mul,fh;
Boolean last,first,reject; array yl,k0,k1,k2,k3 k4,k5[1:n],ee[1:2xnl;
if fi then begin d[3]:= a; for jj== 1 step 1 until n do d[jj+3]:= yal[ij]
end; d[1]:= 03 xli= d[3]; for jj:= 1 step 1 until n do yifjjl:= d[jj+3];
if fi then d[2]:= b ~ d[3]; absh:= h:= abs(d[2]); if b - xI < 0 then_
= = hs int:= abs(b - x1); hmin:= int x e[1] + e[2]; for jj:= 2 step 1
until n do begin hi:= int x e[2xjj-1] + e[2xjjl; if hl < hmin then
hmin:= hl end; for jj:= 1 step 1 until 2xn do ee[jjl:= eljjl/int; first:=

true; y;_ fi then begin last:= true; goto step end;

test: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else ~ hmin; absh:= hmin end; if h > b - x1 = h > 0 then begin d[2]
= hj last:= true; h:= b - xlI; absh:= abs(h) end else last:= false;

step:  xi= xlj for jj:= 1 step 1 until n do y[jjl:= yl[ijl; for j:== 1 step 1
until n do kO[jl:= fxyj x h; x:= x1 + h x 2/9; for jj:= 1 step 1 until
n do yljjl:= yl[3il + kO[jj] x 2/93 for j:= 1 step 1 until n do ki[jl:=
fxyj x hy x= x1 + h/3; for jj:= 1 step 1 until n do y[jjl= yi[ij] +
(k0[jj1 + k1[jj] x 3)/12; for j:= 1 step 1 until n do k2[jl:= fxyj x h;
x:= x1 + h x .55 for jj= 1 step 1 until n do y[jil= yl[i]l + O[]l +
k2[jj] x 3)/8; for ji= 1 step 1 until n do k3[jl:i= fxyj x h; xi= xI +
h x .8; for jj= 1 step 1 until n do y[ijl= yl[ij] + (k0[jj] x 53 - k1[jj]
x 185 + k2[ji] x 126 + k3[jj] x 56)/125; for j:= 1 step 1 until n do_
k4[jl:= fxyj x hg x= if last then b else x1 + h; for jj= 1 step 1 until
n do ylijl= yllij] + (kO[3j] x 133 - Kki[jj] x 378 + k2[ij] x 276 + k3[jj]
x 112 + k4[ji] x 25)/168; for j:= 1 step 1 until n do k5[jl:= fxyj x h;
reject:= falsey fhm:= 0; for jj:= 1 step 1 until n do begin discri=
abs(k0[ii] x 21 — k2[§j] x 162 + k3[§i] x 224 - k4[ij] x 125 + k5[§i] x
42)/14; tol:= abs(k0[ij]} x ee[2xjj~1] + absh x ee[2xjjl; reject:= discr
> tol V reject; fhi= discr/tol; if fh > fhm then fhm:= fh end; mu:=

1/(1 + fhm) + .45; if reject then begin if absh < hmin then begin d[1]

= d[1] + 1; for jj:= 1 step 1 until n do ylijl= ylljjl; first:= true;

goto next end; hi= mu x h; goto test end rej; if first then begin first
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:= false; hl:= h; h:= mu X h; goto acc end; fh:= mu x h/hl + mu -
mul; hi:= hi h:= fh x h;

acc: mul:= mu; for jj== 1 step 1 until n do y[jil= yiljj] + (-~ kO[jj] x
63 + k1[jj] x 189 - k2[jj] x 36 ~ k3[jj] x 112 + k4[jj] x 50)/28; for j
= 1 step 1 until n do k5[jl:= fxyj x hl; for jj:== 1 step 1 until n do_
yliil= y103i] + ®O0[3j] x 35 + k2[jj] x 162 + k4[ji] x 125 + k5[jj] x 14)/
3363

next: if b % x then begin xl:= x; for jj:= 1 step 1 until n do yl[jjl:=
ylijls goto test end; if 7 last then d[2]:= h; d[3]:= x; for jj:= 1 step 1
until n do d[jj+3]:= yljj] end RKin;

RKin is used to integrate a set of equations dyj/dx: fj(x,yl,...yn).
. The actual parameters corresponding to the formal parameters are:

x,a,b: the same as for RK1;

y: an array with elements y[l] PR ,y[n] , the dependent
variables;

yva: an array with elements ya[l] s e e, ya [n] , the starting values
ot y[il;

fxyi: an expression, depending on x,y[j:], j, giving _the value of
dyj/dx;

J: a variable of type integer used, in the actual parameter

corresponding to fxyj, to denote the number of the equation
required;

e: an array with elements e[l],...,e[Zean; e[246j~{] is a
relative and e[}aﬁj] is an absolute tolerance associated
with y[j], c£(1);

d: an array with elements d[ﬁ],..‘,d[b+3]; upon completion of
a call of RKln we have:
entier (d[ﬁ]+.5) is the number of steps skipped;

d[Z] is the step length;
d[B] is equal to b;
d[4],...,d[n+3] are equal to y[l],...,y[n] for x=b;
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fi: a Boolean; if fi then the integration starts at a, with a
trial step b-a; if ¥fi then the integration is continued
with, as initial conditions, x=d[3], y[i]=d[i+3],
h=d [2]* sign(b~d [3]); a and ya are ignored;

n: the number of equations.

RKin integrates dy Ej]/dx:fxyj to x=b, with if fi then x=a,

y [j]:ya [j]else x=d [3] ) y[j]:d [:j+3] .

Upon completion of a call of RKln we have x=d [3]:13, y[j]:d [j+3:];
i.e. the value of the jth dependent variable for x=b.

RKIn uses as its minimal absolute step length

hmin= min  (e[2%j-1] sint+e[2 % j]);
15jz2n

where int=abs(b-(if fi then a else d[S])).
If a step of length abs(h)< hmin is rejected, a step sign(h)» hmin

is skipped; a step is rejected if

’c:hsdyJ >(abs(fxyj)* e [2* _j-1_]+e [2* j])-x- abs(h)/int,

for any value of j, 1 <j<n.
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procedure RK2(x,a.b,y,ya,z,za,fxyz.e,d,fi); value b,fi; real x,ab,y.ya,z,za,

fxyz; Boolean fi; array e,d;

begin real el,e2,e3,e4,xl,yl,zl,h,int,hmin,hl,absh,k0.k1 k2 k3 k4 kb5 discry,
discrztoly,tolz, mu,mul,fhy,fhz; Boolean last first,reject;
if fi then begin d[3]:= a; d[4]:= ya; d[5]:= za end; d[1]= 0; xl:= a3l
yli= d[4]; zl:= d[5]; if fi then d[2]:= b - d[3]; absh:= hi= abs(d[2]);
if b ~ x1 <0 then h:= - h; int:= abs(b - x1); hmin:= int x e[1] + e[2];
hl:= int x e[3] + e[4]; if hl < hmin then hmin:= hl; el:= ef1l/int: e2:=
e[2)/int; e3:= e[3]/int; ed:= e[4]/int; first:= true; if fi then begin last
= true; goto step end;

test: absh:= abs(h); if absh < hmin mlgggil;wh:z if h > 0 then hmin
else ~ hmin; absh:= hmin end; if h > b - xI = h > 0 then begin d[2]:=
h; last:= true; hi= b ~ xl; absh:= abs(h) end else last:= false;
. step: =xi= xly yi= yls zi= zlp kKOi= fxyz X h; x:= x1 + h x 2/9; yi= yl +
(z1 x 18 + kO x 2)/81 x hg z:= zl + kO x 2/9; kl:= fxyz X h; x:= %1 +
h/3; yi= yl + (z1 x 6 + k0)/18 x h; z:= z1 + (k0 + k1 x 3)/12; k2:=
fxyz x hy x:= xL + h X .55 yo= yl + (21 x 8 + k0 + k2}/16 X h; z:= zl
+ (k0 + k2 x 3)/8; k3:= fxyz X hy x= x1 + h X .8; y:= yl + (z1 x 100
+ kO X 12 + k3 x 28)/125 x h; z:= zl + (k0 x 53 - k1l x 135 + k2 x
126 + k3 x 56)/125; k4:= fxyz X hj x:= if last then b else xl + h; y:=
yl + (21 X 336 + kO x 21 + k2 x 92 + k4 x 55)/336 X h; z:= zl + (k0 X
133 - ki x 378 + k2 x 276 + k3 x 112 + k4 x 25)/168; k5:= fxyz X hj
discry:= abs{{~ k0 x 21 + k2 x 108 - k3 x 112 + k4 x 25)/56 X h};
discrz:= abs{k0 x 21 -~ k2 x 162 + k3 X 224 ~ k4 x 125 + k5 x 42)/14;
toly:= absh x (abs(zl) x el + e2); tolz:= abs(k0) X e3 + absh X e4;
reject:= discry > toly V discrz > tolz; fhy:= discry/toly; fhz:= discrz/
tolzs if thz > fhy then fhy:= fhz; mu:= 1/(1 + fhy) + .45; if reject then
begin if absh < hmin then begin d[i]:= d[1] + 13 y:= yl; z:= zl; firsti=
true; goto next end; h:= mu x h; goto test end; if first MM&ﬁrst

= false; hl:= hy hi= mu X h; goto acc end; fthy:= mu x h/hl + mu -
mul; hl:= hs h= fhy x h;

acc: mul:= muj y:= vyl + (21 x 56 + k0 % 7 + k2 x 36 - k4 x 15)/56 x hi;
zew ozl + (kO x 63 + k1 x 189 — k2 « 36 -~ k3 x 112 + k4 x 50)/28;
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k5:= fxyz x hls y:= yl + (21 x 336 + kO x 35 + k2 x 108 + k4 x 25)/336
X hly z:= z1 + (k0 X 35 + k2 x 162 + k4 X 125 + k5 x 14)/336;

next: if bix then begin xl:= x; yl:= y; zl:= z; goto test end; if 7 last
then d[2]:= h; d[3]:= x5 d[4]:= y; d[5]:= = end RK2;

2
RK2 can be used to integrate d y/dxzzf(x,y,dy/dx),
The actual parameters, corresponding to the formal parameters are:

x,a,b,y,ya: the same as in RK1;

Z: the derivative dy/dx;

za: the value of dy/dx for x=a;

fxyz: an expression, depending on x,y,z, giving the value of
dzy/dx2;

. e: an array of tolerances consisting of the elements
e[l], ...,e[:4]; el:].:[ and e[:3:| are used as relative, e]:2:] and
e[4:[ as absolute tolerances for y and dy/dx respectively,
cf.(1);

d: an array with elements d[l:] , ..,d[5]; upon completion of a

call of RK2
entier (d[l:]+.5) is the number of steps skipped;
d[zj is the step length;
d[S] is equal to b;
al4] is equal to y(b);
d[5] is equal to dy/dx for x=b;
fi: a Boolean: if fi then the integration starts at a with a
trial step b-a, if 7 fi then the integration is continued
with, as initial conditions, x=d ]:3], y=d[4], z=d [5], n=d [2]

sign(b-d [2]); a, ya, Za are ignored.

RK2 integrates d2y/dx2:fxyz to x=b, with if fi then x=a, y=ya,
dy/dx=za else x=d [:3], y=d [4] , z=d [5]

Upon completion of a call of RK2 we have x=d [3]:b, y=d [4]:y [b],
z=d [:5], i.e. the value of dy/dx for x=b.
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RK2 uses as its minimal absolute step length

hmin= min (e[2%j-1] s int+e[2%5]),
j=1,2

where int=abs(b~(if fi then a else d[S])).
If a step of length abs(h)< hmin is rejected, a step sign(h)x hmin
is skipped; a step is rejected if

thsdy >(abs(dy/dx)* e[1]+e[2])% abs(h) /int V

th5dy' >(abs(fxyz)* e[3]+e[4])% abs(h) /int.
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procedure RK2n(x,a,b,y,va,z,za,fxyzj,j,.e,d,fi,n); value b,fi,ng integer j,n;
real x,ab,fxyzj; Boolean fi; array y,yva,z,za.e,d;

begin integer jj; real xl,h,int,hmin,hl,absh,fhm,discry,discrz,toly,tolz,mu,

mul fhy,fhz; Boolean last,first,reject; array yl,z1,k0,k1,k2,k3k4,k5[1:mn],
ee[l:4xnl;

if fi then begin d[3]:= a3 for jj:= 1 step 1 until n do begin d[jj+3]:=

yalijls dln+jj+3]:= zaljjl end end; d{1]l:= 0; xl:= d[3]; for jj= 1 step 1
until n do begin yl[jjl:= dljj+3]; zl[jjl:= d[n+jj+3] end; if fi then d[2]:=
b ~ d[3]; absh:= h:= abs(d[2]); if b ~ x1 < 0 then h:= - h; int:= abs(b
~ x%1}; hmin:= int x e[1] + e[2]; for jj:= 2 step 1 until 2xn do begin

hiz= int x e[2xjj-1] + e[2xjjl; if hl < hmin then hmin:= hl end; for jj:=
1 step 1 until 4xn do_eeljjl:= e[jjl/int; first:= true; if fi then begin

last:= true; goto step end;

test: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else - hmin; absh:= abs(h) end; if h > b — xI = h > 0 then begin d[2]
= hy last:= true; h:= b ~ xl3 absh:= abs(h) end else last:= false:

step:  x:= x13 for jj:= 1 step 1 until n do begin y[jjl= yl(jil; z[ijl= z1[ji]

end; for j:= 1 step 1 until n do kO[jl:= fxyzj x h; x:= x1 + h x 2/9;
for jj= 1 step 1 until n do begin y[jjl:= yilij] + (z1[3j] x 18 + kO[jj] x

2)/81 x h; z[jjl= z1[ji] + kO[jj] x 2/9 end; for j:= 1 step 1 until n do_
ki{jl= fxyzj x h; x:= x1 + h/3; for jj:= 1 step 1 until n do begin y[jjl
= ylii] + (210331 x 6 + kO0[jiN/18 x hy z[jil:= z1[ij] + ®O[jj] + k1[jj] x
3)/12 end; for j:= 1 step 1 until n do k2[jl:= fxyzj X h; x:= x1 + h x

.53 for jj:= 1 step 1 until n do begin y[jil:= yl[jl + (z1[jj] x 8 + kO[jj]
+ k2[jjl/16 x hs zlijl= z1[jj] + (kO[jj] + k2[§j] x 3)/8 end; for j:= 1
step 1 until n do k3[jl:= fxyzj x h; x:= x1 + h x .8; for jj:= 1 step 1
until n do begin y[jjl:= yl[ij] + (21[ij] x 100 + kO[jj] x 12 + k3[jj] x 28)
/125 x hy z[jil= zl[§j] + kO[3i] x 53 ~ k1[ij] x 135 + k2[ij] x 126 +
k3[jj] x 56)/125 end; for j:= 1 step 1 until n do k4[jl:= fxyzj x h; x:=

if last then b else x1 + h; for jj:= 1 step 1 until n do begin y[jjl=
yi[iil + (z1{33] x 336 + kO[ij] x 21 + k2[(ji] x 92 + k4[ij] x 55)/336 x h;
zljil= =z1[ii] + (&O[§j] x 133 - ki[jjl x 378 + k2[ij] x 276 + k3{jj] x 112
+ k4[jj] x 25)/168 end; for ji= 1 step 1 until n do k5[jl:= fxyzj x h;
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reject:= falses thm:= 0; for jj:= 1 step 1 until n do begin discry:=
abs((- k0[jj] x 21 + k2[jj] x 108 - k3[jj] x 112 + k4[jj] x 25)/56 x h);
discrz:= abs(kO[jj] x 21 - k2[jj] x 162 + k3[jj] x 224 ~ k4[jj] x 125 +
k5[§i] x 42)/14; toly:= absh x (abs(zl{jjl} x ee[2xjj~1] + ee[2xij]); tolz:=
abs(k0[ij]) x ee[2x(jj+n)-1] + absh x ee[2x(jj+n)]; reject:= discry > toly

V discrz > tolz V reject; fhy:= discry/toly; fhz:= discrz/tolz; if fhz >
fhy then fhy:= fhz; if fhy > fhm then fhm:= fhy end; mu:= 1/(1 + fhm)
+ .45; if reject then begin if absh < hmin then begin d[1]l:= d[1] + 13
for jji= 1 step 1 until n do begin y[jil:= yllijls z[ijl:= 21[jj] end; first

= true; goto next end; hi= mu x h; goto test end; if first then begin

first:= false; hl:= h; h:= mu x h; goto acc end; fhm:= mu x h/hl + mu
- mul hl:= hy h:= fhim X h;

acc: mul:= mu; for jj:= 1 step 1 until n do begin y[jjl:= y1[jj] + (z1[ij] x
56 + kO[jjl.x 7 + k2[ji] x 36 - k4[ij] x 15)/56 x hl; z[jjl:= =z1[§j] +
(- kO[§j] x 63 + k1[§j] x 189 — k2[§j] x 36 — k3[§j] x 112 + k4[ji] x 50)
/28 end; for j:= 1 step 1 until n do k5[jl:= fxyzj x hl; for jji= 1 step
1 until n do begin y[jil= yl[il + (21[ji] x 336 + k0[jj] x 35 + k2[jj] x
108 + k4[jil x 25)/336 x hl; z[ijl= z1[§j] + &O[ji] x 35 + k2[jj] x 162
+ k4[fj] x 125 + k5[jj] x 14)/336 end;

next: if bix then begin xl:= x; for jj:= 1 step 1 until n do begin yli[jjl:=
yliils z10jl= z[3i] end; goto test end; if 7 last then d[2]:= h; d[3]:= x;
for jj:= 1 step 1 until n do begin d[jj+3]:= y[jil; dln+jj+3]:= z[jj] end
end RK2n;

RK2n is used to integrate the equations dzyj/dx2=fj(x,y1, . “’yn’

dyl/dx,...,dyﬁ/dx).

The actual parameters, corresponding to the formal parameters are:

%,a,b: the same as for RKIL;

y,ya: the same as for RKln;

2z an array with elements z[l] ) . ..,z[n] , the derivatives of the
dependent wvariables;

za: an array with elements za[l] 5 ..,za[n], the values of z[j]

at x=a;
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fxyzj: an expression depending on x, y[j], z[j], j, giving the
values of dzyj/dxz;

Jj: a variable of type integer used, in the actual parameter
corresponding to fxyzj, to denote the number of the
equation required;

e: an array with elements e[l],...e[tia«rn]; 6[2%3'—1] is a
relative and e[Z*j] is an absolute tolerance associated
with y [3], e[2%(n+j)—1] is a relative and e[Z%(n»rj)] is an
absolute tolerance associated with z[j] , cf.(1);

d: an array with elements d[l] y e .,d[2-x—n+3]; upon completion
of a call of RK2n we have
entier(d[l] +.5) is the number of steps skipped;

d[2] is the step length;
d[S:J is equal to b;

d[4j y oo ,d[n+3:] are equal to y[l_] e .,y[n:] for x=b;
d[:n+4] S e ,d[z -x-n+3] are equal to the derivatives z[l:], e ,z[n]
for x=b;

fi: Boolean; if fi then the integration starts at a, with a trial

step b-a; if-»fi then the integration is continued with, as
initial conditions x:d[S] , y[j] =d[j+3] s Z[j]:d-[n+j+3],
h:dfz:] *# sign(b—d[S]); a, ya, za are ignored;

n: the number of equations.

RK2 integrates dzyj/dxzsfxyzj to x=b, with, if fi then x=a,

v [i]=ya [5], z[3]=za [§]; it~ i then x=d[3], y[3]=d[j+3],

Z Lj]:d [n+j 4-3] .

Upon completion of a call of RK2n we have x=d ES]:b, y[j]:d [:j+3]
the value of the dependent variables for x=b, zEj]: d[n+j+3],. the
value bf the derivatives of y[]] at x=b. ’

RK2n uses as its minimal absolute step length

hmin= min (e [2 -N«j—l] % int+e [:2 e(-j:] Y,
1<j<eon

where int=abs(b-(if fi then a else d[3])).
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If a step of length abs(h) <hmin is rejected, a step sign(h) » hmin
is skipped; a step is rejected if

thsdyj >(abs(z [5])* e[2 *j=1]+e 2+ j])» abs(h) /int V

thsdyj > (abs(fxy;j) 2% e[2 » (j+n) —1] +e [2 * (j+n)])% abs(h) /int,

for any value of j, 1 <j<n.
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procedure RK3(x,a,b,y.ya,z,za,fxy.e,d,fi); value b,fi; real x,a,b,y,ya,z,za,

fxys Boolean fi; array e,d;
begin real el,e2,ed,e4,xl,yl,zl,h,int,hmin,hl,abshk0,k1 k2 k3,k4,k5,discry,

discrz,toly,tolz,mu,mul ,fhy,fhz; Boolean last, first,reject;

if fi then begin d[3]:= a; d[4]:= ya; d[5]:= za end; d[1]l:= 0; xl:= d[3];
yli= d[4]; zl:= d[S]; if fi then d[2]:= b - d[3]; absh:= h:= abs(d[2]);
if b -~ x1 < 0 then h:= - h; int:= abs(b - x1); hmin:= int X eli] + e[2];
hl:= int x e[3] + e[4]; if hl < hmin then hmin:= hl; el:= ef1l/int; e2:=
e[2]/int; e3:= e[3]/int; ed:= e[4]/int; first:= reject:= true; if fi then

begin last:= true; goto step end;

test: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else ~ hmin; absh:= hmin end; if h > b - x1 = h > 0 then begin d2]:=

h; last:= true; h:= b - xl; absh:= abs(h) end else last:= false;

step: if reject then begin x:= xl3 y:= yl; kO:= fxy x h end else k0:= k5
X h/hly x:= x1 + ,27639 32022 50021 x h; y:= yl + (zl x .27639 32022
50021 + k0 x .03819 66011 25011) x h; ki:= fxy X h; x:= x1 + .72360
67977 49979 x h; y= yl + (zl x .72360 67977 49979 + k1 x .26180
33988 74989) x h; k2:= fxy x h; x:= x1 + h x .5; yi= yl + (zl X .5 +
k0 x .04687 5 + ki x .07982 41558 39840 ~ k2 x .00169 91558 39840)
X hy kd:= fxy x h; x:= if last then b else x1 + hy y:= yl + (z1 + kO X
.30901 69943 74947 + k2 x .19098 30056 25053) x h; k3:= fxy X hj
yi= yl + (21 + k0 x 08333 33333 33333 + k1 x .30150 28323 95825 +
k2 x ,11516 38342 70842) x h; k5:= fxy x h; discry:= abs((- k0 x
.5+ ki x 1.80901 69943 74947 + k2 x .69098 30056 25053 — k4 x 2)
x h): discrz:= abs((k0 ~ k3) x 2 — (k1 + k2) X 10 + k4 x 16 + k5 x 4);
toly:= absh x (abs(zl) x el + e2); tolz:= abs(k0) x e3 + absh x e4;
reject:= discry > toly V discrz > tolz; fhy:= discry/toly; fhz:= discrz/
tolz; if fhz > fhy then fhy:= fhz; mu:= 1/(1 + fhy) + .45; if reject
then begin if absh < hmin Mmd[”:: df1] + 1; yi= yls z:= zl;

first:= true; goto next end; h:= mu X hj goto test end; ii;_ﬁrst then

begin first:= false; hl:= h; h:= mu X h; goto acc end; fhy:= mu x h/hl
+ mu - muly hl:= hy h:= fhy x hj
acc: mul:= mu; z:= zl + (K0 + k3) x .08333 33333 33333 + (kI + k2) x
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.41666 66666 666673

next: if b 4 x then begin xl:= x; yl:= y; zl:= z; goto test end; if 71 last
then d[2]:= hs d[3]:= x; d[4]:= y; d[6]:= z end RK3;

RK3 is used to integrate the equation dzy/dxzzf(x,y).
The description of the parameters and of the effect of a call of
RK3 on them is the same as for RK2 except for the fact that fxy,

unlike fxyz, does not depend on z.
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procedure RK3n(x,a,b,y,ya,z,za,fxyi,j,e,d,fi,n); value b,fi,n; integer j,n;

real x,a,b,fxyj; Boolean fi; array y,ya,z,za.e,d;

begin integer jj; real x1,h,hmin,int,hl,absh,fhm.discry,discrz,toly,tolz ,mu,

mul,fhy,fhz; Boolean last,first,reject; array yl,z1,k0,k1,k2,k3,k4,k5[1:mn],
eel[l:4xnl;

if fi then begin \d[3]:= a3 for jj:= 1 step 1 until n do begin d[jj+3]:=

yalijls dln+jj+31:= zaljj] end end; d[1]:= 0; xl:= d[3]; for jj:= 1 step 1
until n do begin yl[jjl:= d[jj+31; zl[jjl:= d[n+jj+3] end; if fi then d[2]:=
b - d[3]; absh:= h:= abs(d[2]); if b - x1 < 0 then h:= - h; int:= abs(b -
x1); hmin:= int x e[1] + e[2]; for jj:= 2 step 1 until 2xn do begin hl:=

int x e[2xjj~1] + e[2xjjl; if hl < hmin then hmin:= hl end; for jj:= 1
step 1 until 4xn do_ee[jjl:= e[jjl/int; first:= reject:= true; if fi then
begin last:= true; goto step end;

. test: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else — hmin; absh:= hmin end; if h > b - xI = h > 0 then begin d[2]:=

h; last:= true; h:= b - xl; absh:= abs(h) end else last:= false;

step: if reject then begin x:= x13 for jj:= 1 step 1 until n do y[iil:= yllijl;
for j:= 1 step 1 until n do kO[jl:= fxyj x h end else begin fhy:= h/hl;
for jj:= 1 step 1 until n do kO[jjl:= k5[jj] x fhy end; x:= xl + .27639
32022 50021 x h; for jj:= 1 step 1 until n do y[jjl:= yl[jj] + (210 x
27639 32022 50021 + kO[jj] x .03819 66011 25011) x h; for j:= 1 step 1
until n do k1[jl:= fxyj x hy x:= xl + .72360 67977 49979 x h; for jj= 1
step 1 until n do y[jjl:= yllij] + (z1[j] x .72360 67977 49979 + k1[jj] x
.26180 33988 74989) x h; for j:= 1 step 1 until n do k2[jl:i= fxyj x h;
xi= x1 + h x .5; for jj:== 1 step 1 until n do y(jjl= yllijl + (21(jj] x .5
+ kO[§j] x .04687 5 + Kk1[jj] x .07982 41558 39840 — k2[jj] x .00169
91558 39840) x h; for j:= 1 step 1 until n do k4[jl:= fxyj x hs x:= if
last then b else xl + h; for jj:= 1 step 1 until n do y[jjl= yl[ij] +
(z1[35] + kO[ji] x .30901 69943 74947 + k2[jj] x .19098 30056 25053) x
h; for j:= 1 step 1 until n g_g__k3[j]:= fxyj x hs for jj:= 1 step 1 until n
do yljil== y1[jil + (z1[§j] + kO[jj] x .08333 33333 33333 + k1[jj] x .30150
28323 95825 + k2[jj] x .11516 38342 70842) x h; for j:= 1 step 1 until

n do k5[jl:= fxyj x h; reject:= false; fhm:= 03 for jj= 1 step 1 until n
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do begin discry:= abs((~ kO[jj] x .5 + k1[jj] x 1.80901 69943 74947 +
k2[jj] x .69098 30056 25053 — k4[jj] x 2) x h); discrz:= abs((k0[jj] -
k305D x 2 - (k1[3i] + k205D x 10 + k4[jj] x 16 + k5[jj] x 4); toly:=

absh x (abs(zl[ji]) x ee[2xjj-1] + ee[2xji]; tolz:= abs(k0[jil) x ee[2x(jj+n)
~1] + absh x ee[2x(jj+n)]; reject:= discry > toly V discrz > tolz V reject;
thy:= discry/toly; fhz:= discrz/tolz; if fhz > fhy then fhy:= fhz; if fhy >
fhm then fhm:= fhy end; mu:= 1/(1 + fhm) + .45; if reject then begin
if absh < hmin then begin d[1]:= d[1] + 1; for jj:= 1 step 1 until n do_
begin y[ijl:= yllijls z[jjl:== z1[ij] end; first:= true; goto next end; h:= mu
X h; goto test end rej; if first then begin first:= false; hl:= h; hi= mu

x h; goto acc end; fhy:= mu x h/hl + mu - mul; hi:= h; h:= fhy x h;
acc: mul:= mu; for jj:= 1 step 1 until n do z[jjl:= z1[j] + (O[j] + k3[jj])
x .08333 33333 33333 + (k1[jjl + k2[ji]) x .41666 66666 66667;
next: if b $ x then begin xl:= x; for jj:= 1 step 1 until n do begin yl[jil=
yliils z1[il= z[jj] end; goto test end; if 7 last then d[2l:= h; d[3]:= x;
for jj:== 1 step 1 until n do begin d[jj+31:= y[jjl; dln+jj+3]:= z[jj] end
gg_q_RKSn;

RK3n is used to integrate the system dzyj/dxzzf(x,yl,...,yn).
The description of the parameters and of the effect of a call of
RK3n on them is the same as for RK2n except for the fact that

fxyj, unlike fxyzj does not depend on z.



CHAPTER 8

ALGOL 60 procedures with discretely changing integration variable

In this chapter we give two ALGOL 60 procedures for the integration
of first order differential equations, where the integration
variable to be used, is determined by the procedure.

RK4, to be used for the integration of dy/dx=f(x,y), uses x as
integration variable if abs(f(x,y)) <1, otherwise y.

RK4n, to be used for the integration of dyj/dx:fj(x,yl,...,yn),
chooses from amongst x and y ., as integration variable, a variable
such that the absolute valueJof the derivatives of the other

variables, with respect to the one chosen, are< 1.
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procedure RK4(x,xa,b,y,ya.fxy.e,d,fi,xdir,pos); value fi,xdir,pos; Boolean
fi,xdir,pos; real x.xa,b,y,ya,fxy; array e,d;
begin integer i; Boolean iv first,fir,rej; real kO0,k1,k2 k3 k4,k5,fhm,absh,

discr,s,xl,cond0,s1,condl,yl,hmin,h,z1,tol,hl,mu,mul; array el[i:2];

procedure RKstep(x,xl,h,y,yl,zl,fxy,d); value xl,yl,zl,h; real x.x1,h,y,yl,

zl,fxy; integer d;

begin if d = 2 then goto integrate; if d = 3 then begin x:= x1; y:= yl;
k0:=fxyxh§£1§__§_lﬂs_g__i£_d=1Mk0:=zlxh§l§§“k0:=k0xmu;
x:= x1 4+ h/4.5; yi= yl + k0/4.5; kl:= fxy x h; x:= x1 + h/3; y:= yl
+ (k0 + k1 X 3)/12; k2:= fxy X hy x:= x1 + h X .53 yi= yl + (k0 + k2
X 3)/8; k3:= h X fxy; x:= x1 + h X .8; y:= yl + (kO x 53 - ki x 135
+ k2 x 126 + k3 x 56)/125; kd:= fxy x h; if d < 1 then begin x:= xl
+ hy yi= y1 + (k0 x 133 ~ k1 x 378 + k2 X 276 + k3 x 112 + k4 x 25)
/168; k5:= fxy X h; discr:= abs(k0 x 21 - k2 x 162 + k3 x 224 ~ k4
x 125 + k5 x 42)/14; goto end end;

integrate: x:= xl + hj y:= yl + (-~ k0 x 63 + k1 x 189 ~ k2 x 36 ~ k3
X 112 + k4 x 50)/28; kb:= fxy x h; y:= yl + (k0 x 35 + k2 x 162 +
k4 x 125 + k5 x 14)/336;

end: end RKstep;

real procedure fzeros

begin if iv then begin if s = x1 then fzero:= cond0 else if s = sl then
fzero:= condl else begin RKstep(x,xl,s~x1,y,y1,21,ixy,3); fzero:= b end
end else begin if s = yl then fzero:= cond0 else if s = sl then fzero
= condl else begin RKstep(y,yl,s-yl,x,xl,2z1,1/fxy,3); fzero:= b end
end end fzero;

if fi then begin d[3]:= xa; d[4]:= ya; d[0]:= 1 end; dl1]:= 0; x:= xle= d[3];

yi= yli= d{4]§ ivi= d[0] > 0; first:= fir:= true; hmin:= e[0] + ellly h=

el2] + e[3]; if h < hmin then hmin:= h;

change: zl:= fxy; if abs(zl) < 1 then begin if 7 iv mgggy_diz]r—" he=

h/zl; d{0]:= 13 iv:= first:= true end; if fir then goto Aj; ir= 13 goto

again end else begin if iv then begin if 7 fir then d[2]:= h:= h x zl;

d[0]:= — 1; iv:= false; first:= true ends if fir then begin h:= el0] + el1l;

A: if (if fi then (if iv = xdir then h else h x z1) < 0 = pos else h X
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d[2] < 0) then h:= -~ h end; i:= 1 end;
again: absh:= abs(h); if absh < hmin then begin h:= sign(h) x hmin; absh
= hmin end; if iv then begin RKstep(x,x1,h,y,yl,z1,fxy,i); tol:= e[2] x

abs(k0) + e[3] x absh end else begin RKstep(y,yl,h,x,x1,1/2z1,1/fxy,i);
tol:= e[0] x abs(k0) + e[1] x absh end; rej:= discr > tol; mu:= tol/(tol
+ discer) + .45; g_rej then begjn E_absh < hmin then begin i_f_iv then

begin x:= xl1 + h; y:= yl + k0 end else begin x:= x1 + kO; y:= yl + h
end; d[1]:= d[1] + 1; first:= true; goto next end; h:= h x mu; i:= 0;

goto again end rej; j‘{_ﬁrst then begin first:= fir; hl:= h; h:= mu X h;
goto accept end; fhm:= mu x h/hl + mu - mul; hl:= h; h:= fhm x h;
accept: if iv then RKstep(x,xl,hl,y,yl,z1,fxy,2) else RKstep(y,yl,hl,x,xl,z1,

1/fxy,2); mul:= mu;

next: if fir then begin fir:= false; cond0:= b; if 7 (fi V rej) then h:= d[2]

end else beg}'n d[2]:= h; condl:= b; ji_condo x condl < 0 then goto

zero; condO:= condl end; d[3]:= xl:= x; d[4]:= yl:= y; goto change;

zero; el[i]= e[4]; el[2]:= e[5]; sl:= if iv then x else y; s:= ZERO(s,if
iv then x1 else yl,sl fzero,el); if iv then RKstep(x,xl,s-x1,y,yl,zl,fxy,3)
else RKstep(y,yl,s-yl,x,xl,21,1/fxy,3); d[8]l:= x; d[4]:= y end RK4;

The actual parameters corresponding to the formal parameters are:

X

Xa:

the independent variable; upon completion of a call of RK4
its value is the last value of x reached by the integration;
the starting value of x;

an expression depending on x and y; the equation b=0,
fulfilled within certain tolerances, specifies the end of the
integration; b is evaluated and is tested for change of sign
at the end of each step;

the dependent variable;

the value of y at x=xa;

: an expression depending on x and y, giving the value of dy/dx;

an array with elements e[d],...,e[ﬁj; e[@] and e[i} are relative

tolerances, e[ﬂ] and e[d] are absolute tolerances associated
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with x and y respectively; é[{] and eDﬂ are tolerances
used in the determination of the zero of b.
d: an array with elements d[d],...,d[{];
after completion of each step of integration we have
if d[0] >0 then x is the integration variable; if d[0]< O then
y is the integration variable;
d[l] is the number of steps skipped;
d[Z} is the step length;
d[s] is equal to the last value of x;
d[{] is equal to the last value of y;
fi: a Boolean; if fi then the integration is started with initial
conditions x=xa,y=ya; if-7fi then the integration is started
with x=a[3], y=a[4];
"xdir, pos: two Booleans; if fi then the integration starts in
such a way that if xdir then x else y if pos then
increases else decreases;

if-7fi then xdir and pos are ignored;

RK4 is used to integrate dy/dx=£fxy.

The effect of a call of RK4 is the following. First the integration
variable is selected and if fi then in accordance with xdir and
pos, a step h is done, the absolute value of which is, if x is
chosen as integration variable, e[d]+e[ﬂ . If y is chosen as
integration variable then the absolute value of the first step is
e[ﬂ+e&ﬁ.

If-7fi then the first step done has the same absolute value as above,
its sign being in accordance with d[i].

The test, whether b changed sign during this first step is sup-
pressed. This enables us to start at a zero of b.

At each step RK4 determines whether to use x or y as integration
variable. After completion of each further step, change of sign

of b is tested; if a change of sign is found, then the zero of b

is determined using a non-local procedure ZERO(x,a,b,fx,e}, the
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value of which is the value of a zero of the expression fx,
provided that for x=a and x=b, fx has different sign. The array

e, with elements e[l] and e[Z] is the array of tolerances. Using
these tolerances ZERO defines as zero of fx a value of x, alxZb,
such that there exist an Xy and Xy xw(e[i]*-x+e[21); X%y S
x+(e[1]%~x+e[2]), such that the product of the signs of fx for
X=X, and X=X, differs from 1.

ZERO as called by RK4 uses e[4] and e[5] for its e[l] and e[zj.

RK4 uses as its minimal absolute step

hmin= min (e [2 % j]+e [2 % j+1]) .
3=0,1

If a step of length abs(h) < hmin is rejected the integration will
be replaced by, if x is the integration variable then
dx=sign(h)* hmin;

dy=sign(h)* hmin % fxy.

If, however, y is then integration wvariable then

dx= sign(h) * hmin/fxy;

dy=sign(h) »* hmin,

where the arguments of fxy are the values of x and y at the
beginning of the step.

A step is rejected if x is the integration variable and if

th5dy > (el2] » abs(fxy)+e[3]) » abs(h),

or if y is the integration variable if

th dx >(e [0]/abs (£xy)+e [1]) % abs(h) .
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procedure RK4n(x,xa,b,fxi,j,e,d,fi,n,l,pos); value fi,n,l,pos; integer j,n,l;
Boolean fi,pos; real b,fxjs array x,xa,e,d;

begin integer i,iv,iv0; Boolean fir first,rej; real h,cond0,condi,fhm,absh,
tol,fh,max,x0,x1,s,hmin,hl,mu,mul; array xl,discr,y[0:n]k[0:5,0:n]el[1:2];
procedure RKstep(h,d); value h,d; integer d; real h;
begin integer i; ‘
procedure F(t); value t; integer t;

begin integer i; real p; for j:= 1 step 1 until n do y[jl:= fxj; p=

h/yliv]; for i:= 0 step 1 until n do begin if i # iv then k[t,il=
ylil x p end end F;
if d = 2 then goto integrate; if d = 3 then begin for i:= 0 step 1
until n do x[il:= x1[il; F(0) end else if d = 1 then

begin real p; p:= h/ylivl; for i:= 0 step 1 until n do begin if i ¥ iv

then k[0,il:= p x y[i] end end

else for i:= 0 step 1 until n do begin if i 4 iv then k[0,i]:= k[0,i] x

mu end; for i:= 0 step 1 until n do x[ili= x1[i] + (if i = iv then h
else k[0,i])/4.5; F(1); for i:= 0 step 1 until n do x[il= x1[i] + (if_
i=1iv then h x 4 else (k[0,i] + k[1,i] x 3))/12; F(2); for i:= 0 step
1 until n do x[il:= x1[i] + (if i = iv then h x .5 else (k[0,i] + k[2,i]

x 8)/8); F(3); for i:= 0 step 1 until n do x[il= x1[i] + (if i = iv
El;lg}_x_h X .8 %(k[(),i] X 53 — Kk{1,i] x 135 + k[2,i] x 126 + k[3,i]
X 56)/125); F(4); if d < 1 then begin for i:= 0 step 1 until n do_
x[il:= x1[i] + (f i = iv then h else (k[0,i] x 133 — k[1,i] x 378 +
k[2,i] x 276 + k[3,i] x 112 + k[4,i] x 25)/168); F(5); for i= 0 step
1 until n do begin if i F iv then discr[il:= abs(k[0,i] x 21 - k[2,i] x
162 + k[3,i] x 224 — k[4,i] x 125 + k[5,i] x 42}/14 end; goto end end;
integrate: for i:= 0 step 1 until n g_g__x[i]:= x1[i] + (if i = iv then h
glégw(— k[0,i] x 63 + k[1,] x 189 — Kk[2,i] x 36 — k[3,i] x 112 + k[4,i]
x 50)/28); F(5); for i:= 0 step 1 until n do begin if i ¥ iv then x[i]
= x1[i] + &[0,4] x 35 + k[2,i] x 162 + k[4,] x 125 + k[5,i] x 14)/336

end:

end: end RKstep;
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real procedure fzero;

begin if s = x0 then fzero:= cond0 else if s = x1 then fzero:= condl
else begin RKstep(s-x1[iv],3); fzero:= b end end fzero;

if fi then begin for i:= 0 step 1 until n do d[i+3]:= xalil; d[0]:= d[2]:=
0 end; d[1}:= 0; for i:= 0 step 1 until n do x[i]= x1[i]:= dli+3]; ivi=
d[0]; h:= d[2]; first:= fir:= true; y[0]:= 1; goto changes

again: absh:= abs(h); if absh < hmin then begin h:= if h > 0 then hmin
else - hmin; absh:= abs(h) end; RKstep(h,i); rej:= false; fhm:= 0;
for i:= 0 step 1 until n do begin if ifiv then begin tol:= e[2xi] x
abs(k[0,i]) + e[2xi+1] x absh; rej:= tol < discr[i] V rej; fh:= discr[il/
tol; if fh > fhm then fhm:= fh end end; mu:= 1/(1 + thm) + .45; if rej
then begin if absh < hmin then begin for i:= 0 step 1 until n do begin
if ifiv then x[il:= x1[i] + k[0,i] else x[il:= xI[i] + h end; d[1]:= d[1] + 1;
first:= true; goto next end; h:i= h X muj i:= 03 goto again end; if first

MMﬁrst:: fir; hl:= hy h:= mu x hj goto accept ends fhi= mu X
h/hl + mu - mul; hl:= hy h:= fh x h;

accept: RKstep(hl,2); mul:= mu;

next: if fir then begin fir:= false; condO:= b; if 7 (fi V rej) then h:= di2]

%m%d[ﬂ:: h; condl:= bj if cond0 x condl < 0 then goto_

zero; cond0:= condl end; for i:= 0 step 1 until n do d[i+3]:= xl[i]l:= x[il;
change: iv0:= ivj for j:= 1 step 1 until n do y(jl= fxj; max:= abs(y[iv];

for i:= 0 step 1 until n Q&Miﬁmabs(y[i]) > max then begin max:=

abs(y[il); iv:= i end end; if ivO4iv then begin first:= true; d[0]:= iv;

d[2]:= hi= y[iv]/y[iv0] x h end; x0:= x1[iv]; if fir then begin hmin:=

el0] + e[l]; for i:= 1 step 1 until n do begin h:= e[2xi] + e[2xi+1]; if

h < hmin then hmin:= h end; h:= e[2xiv] + e[2xiv+1]; if (fi A (y[1l/yliv]
><h<0ipo's))V('lfi/\d[Z]xh<0)Mh:=—h%i:21;m
againg

zero: el[ll= e[2xn+2]: el[2]:= el2xn+3]; xl:= x[iv]; x0:= ZERO(s,x0,x1,
fzero,el); RKstep(x0-x1[iv],3); for i:= 0 step 1 until n do d[i+3]:= x][i]
end RK4n;
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The actual parameters corresponding to the formal parameters are:

X:

xa:

fxj:

fi:

pos:

an array with elements x[b],...,x[ﬁ]; x[b] is the independent
variable, x[j], 1 2j<n, are the dependent variables;

an array with elements xa[O],...,xa[n], the starting values
ot x[];

an expression depending on x[O],...,x[d]; the equation b=0,

fulfilled within certain tolerances specifies the end of the
integration; b is evaluated and tested for change of sign at
the end of each step;

an expression depending on x[d],...,x[@],j, giving the wvalue
of dxj/dxo;

a variable of type integer used, in the actual parameter
corresponding to fxj, to denote the number of the equation
required;

an array with elements e[0],...,e[2%n+3]; e[2% j] and
e[2%3+1], 0%jfn, are the tolerances associated with x[j:];
9[24%n+2] and e[2e4n+3] are tolerances used in the deter-
mination of the zero of b;

an array with elements d[b],...,d[n+3]; after completion of
each step we have:

entier (d[0]+.5) denotes the index of the variable used as
integration variable;

entier (d[£]+‘5) is the number of steps skipped;

d[ﬁ] is the step length;

d[3+3] is equal to the last value of x[j];

a Boolean; if fi then the integration is started with initial
conditions x[j]:xa[j]; if-yfi then the integration is started
with x [§ J=d[j+3];

the number of equations;

an integer variable;

a Boolean; if fi then the integration starts in such a way

that x[i] is if pos then increasing else decreasing.
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RK4n is used to integrate dxj/dx():ij, 12j<n.

The effect of a call of RK4n is the following. First the integration
variable is selected and if fi then in accordance with 1 and pos,

a step h is done, the absolute value of which is e[z% i] +e[2* i—l]
where i is the index of the variable chosen as integration variable.
If-7fi then the first step done has the same absolute value as
above, the sign being in accordance with dl:z] .

The test, whether b changed sign during this first step is sup-
pressed. This enables us to start at a zero of b.

At each step RK4n determines which X[J] to use as integration
variable. After each further step, change of sign of b is tested;

if a change of sign is found, then the zero of b is determined
using a non-local procedure ZERO(x,a,b,fx,e), cf. RK4. ZERO as
called by RK4n uses e[2%n+2] and e[2%n+3] for its e[1] and e[2].
RK4n uses as its minimal absolute step

hmin= min (e[Z «x»j:] +e[2 *j+1]) .
0%jzn

If a step of length abs(h)< hmin is rejected the integration is
replaced by if i is the index of the integration variable

dx [j]=sign(n) » hmins dx [§]/dx[i]; 0 <i< n, |

where the arguments occurring in the derivatives are the values
of x[j] at the beginning of the step.

A step is rejected if, 1 being the index of the integration

variable
5 . .
th dxj > (e [2 * J] 2 abs(dxj/dxi) +e [2* J+1] ) % abs(h),

for any j, j#i.



CHAPTER 9

ALGOL 60 procedure with the arc length as integration variable.

In the procedure RK5n, used to integrate the system of equations
dxj/dXOij(xO’""Xn)/fO(XO""’xn); 1<j<n,
where fj and fo remain finite, the arc length s is introduced as
integration variable. The system solved is

& 2
dxj/ds:fj(xo,...,xn)/sqrt(izo(fi(xo,...,xn)) ).
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procedure RK5n(x,xa,b,fxj,j,e,d,fi,n,l,pos); value fi,n,l,pos; integer jon,lz

Boolean fi,pos; real bfxj; array x.,xa,e,d;

begin integer i; Boolean first,fir,rej; real fhm,s,s0,cond0,s1,condi h,absh,
tol,fh,hl,mu,mul; array y.xl,discr[0:n]k[0:5,0:n],e1({1:2];

procedure RKstep(h,d); value h,d: integer d; real h;

k_)_eg:i_rLinteger i ‘
procedure F(t); value t; integer t;
begin integer i; real p; for j:= 0 step 1 until n do y[jl= fxj; p:=

h/sqrt(SUM(i,0,n,y[iJf2)); for i:= 0 step 1 until n do klt,il:= y[il x p
end F;
if d = 2 then goto integrate; if d = 1 then begin for i:= 0 step 1
until n do k[0,il= k[0,i] x mu; goto A end; for i:= 0 step 1 until n
do x[il= x1[i]; F(0);

A: for i:= 0 step 1 until n do x[il= xI[i] + k[0,i]/4.5; F(1); for i= 0
step 1 until n do x[il= x1[i] + (k[0,i] + k[1,i] x 3)/12; F(2); for i:= 0
step 1 until n do x[il:= x1[i] + (k[0,i] + k[2,i] x 3)/8; F(3); for i:= 0
step 1 until n do x[il:= x1[i] + (k[0,i] x 53 — k[1,i] x 135 + k[2,i] x
126 + k[3,i] x 56)/125; F(4); if d < 1 then begin for i:= 0 step 1
until n do x[il:= x1[i] + (k[0,i] x 133 - k[1,i] x 378 + k[2,i] x 276 +
k[3,i] x 112 + k[4,i] x 25)/168; F(5); for i:= 0 step 1 until n do_
discr[il:= abs(k[0,i] x 21 - k[2,i] x 162 + k[3,i] x 224 ~ k[4,i] x 125
+ k[5,i] x 42)/14; goto end end;

integrate: for i:= 0 step 1 until n do x[i]s= x1[i] + {~ k[0,i] x 63 +
k[1,i] x 189 ~ k[2,i] x 36 — k[3,i] x 112 + k[4,i] x 50)/28; F(5); for_
i:= 0 step 1 until n gg_x[i]:= x1[i] + (&[0,i] x 35 + k[2,i] x 162 + k[4,i]
X 125 + k[5,i] x 14)/336;

end: end RKstep;

real procedure fzero;

begin if s = s0 then fzerow= cond0 else if s = sl then fzero:= condl
else begin RKstep(s-s0,3); fzero:= b end end fzero;

if fi then begin for i:= 0 step 1 until n g__(_)__d[i+3]:= xalily d[il:= d[2]= 0

end; for i:= 0 step 1 until n do x[il:= xl[ili= d[i+3]; s:= di1l; first:= fir

= true; hi= e[0] + e[ll; for i:= 1 step 1 until n do begin absh:= e[2xi]
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+ e[2xi+1]; if h > absh then h:= absh end; if fi then begin j:= 13 if fxj
><h<0§_pos_t_}£<_e_n_h:=—h§_r_12_§_l_s_§_i£_d[2]xh<0_t_£13_r_1_h:=-—h;i:=0;

again: RKstep(h,i); rej:= false; fhm:= 05 absh:= abs(h); for i:= 0 step 1
until n do begin tol:= e[2xi] x abs(k[0,i]) + e[2xi+1] x absh; rej:= tol <
discrlil V rej; th:= discr[i]/tol; if fh > fhm then fhm:= fh end; mu:= 1/
(1 + fhm) + .45; if rej then begin h:= h x mu; i:= 1; goto again end;
if first then begin first:= fir; hl:= h; hi= mu X h end else begin fh:=
mu X h/hl + mu - mul; hl:= h; h:= fh x h end;

accept: RKstep(hl,2); mul:= mu; s:= s + hl; if fir then begin condO:= b;
fire= false; if 7 fi then h:= d[2] end else begin d[2]:= h; condl:= b; if
cond0 X condl < 0 then goto zero; cond0:= condl end; for i:= 0 step 1
until n do d[i+3]:= xI[il:= x[i]; d[1]:= s0:= s3 i:= 0; goto again;

zero: el[ll:= e[2xn+2]; el[2]:= e[2xn+3]; sl:= s3 s:= ZERO(s,s0,sl,fzero,
el); RKstep(s-s0,3); for i:= 0 step 1 until n do d[i+3]:= x[il; d[1]:= s
end RK5n;

The actual parameters corresponding to the formal parameters are:

x,xa,b: the same as for RK4n;

fxj: an expression depending on x[d],...,x[ﬁ],j; the ratio of
two values of fxj, with the same arguments x[Q],...,xDﬂ,
but with j=i and j=0 respectively, gives the derivative of
of x[i] with respect to x[O];

J: a variable of type integer used, in the actual parameter
corresponding to fxj, to denote the number of the function
required;
the same as for RK4n;
an array with elements d[}],...,d[p+3]; after completion of
each step we have:
abs(dEﬂ) is the arc length;
dDﬂ is the step length;
d[i+i] is equal to the last value of x[i];

fi: a Boolean; if fi then the integration is started with initial
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conditions x[i]:xa[i]; if 7 fi then the integration is

started with x[i]=d[i+3];

n: the number of equations;
1: an integer variable;
pos: a Boolean; if fi then the integration starts in such a

way that x[l] is if pos then increasing else decreasing.

The real procedure SUM used is a standard procdure in the
Electrologica X1 ALGOL 60 system. The declaration would be

real procedure SUM (i,a,b,c); value b; integer i,a,b; real c;

begin real s; s:=0; for i:=a step 1 until b do s:=s+c; SUM:=s end

RK5n is used to integrate dxj/dx =fj (xo, e .,xn) /fO(xO, e ’Xn) .

0
The effect of a call of RK5n is the following. First the arc length
is made equal to zero. Then a first step of absolute value

min (e[2 -><-j]+e [2 ->4j+1]) is done where the sign is chosen to be in
O0sdgm

accordance with if fi then 1 and pos else d[Z]. The test

change of sign of b is suppressed after this first step. After
each further step, change of sign of b is tested; if_a change of
sign is found, then the zero of b is determined using a non-
local procedure ZERO(x,a,b,fx,e),cf.RK4. ZERO as called by RK5n
uses e[2~><—n+2] and e[:2-><-n+3] for its e[l] and e[2].

A step is rejected if
5 . .
th dxj > (e[2 ‘N‘J:I ¥ abs(dxj/ds) +e[2 ->(-J+1] )+ abs(h),

for any j, 02j<n.

RK5n uses no minimal step hmin and does not skip steps.



CHAPTER 10

Examples

In this chapter we give five examples of the use of the procedures

described above.

I

II

ITI

v

The first program, JAZ162, is given to illustrate the fact
that it is possible, given any strategy, to construct an
example where this strategy (although virtually foolproof in
practice) breaks down completely. In JAZ162 we solve dy/dx=-y.
JAZ161, when executed, solves the van der Pol equation [}6]
dzy/dxzmmu(l—yz)dy/dx+y=0.

Solving this equation presents great numerical difficulties
for large values of mu, although the solution has no singulari-
ties; this can be guessed from the graph, drawn for mu=10.
JAZ163 is used to integrate the van der Pol equation in the
phase plane, i.e. written in the form
dy'/dy—(mu(l—y2)y'~y)/y'=O

where y'=dy/dx. As this equation has a limit cycle, it is
necessary to switch integration variables. We integrated the
equation using the arc length s as integration variable.
JAZ164 is given, not because there are numerical difficulties,
but rather because it is a big system of coupled equations.

It is a system of 15 non-linear second order equations,
describing the motion of the five outer planets, the masses of
the four inner planets being added to that of the sun.

In the last example, JAZ165, we integrate a singular function
dy/dx=1/sqrt(1-x)

to show that the integration is possible with the procedures
~we gave, although the error is greater than in non~singular

cases.

In the examples, some procedures available in the Electrologica X1

ALGOL 60 system, are used:
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y'"'~10 (1-—y2) v '+y=0




read:

FIXP(m,n,E):

ABSFIXP(m,n,E):
FLOP (m,n,E) :

RUNOUT:
PUNLCR:

PUTEXT 1(s):

SUM(i,a,b,c):

95

a function desighator, that takes the value of the
next number on the input tape;

when called this procedure punches on paper tape
the value of E in the following way: sign, m
decimal digits (leading zeroes being replaced by
spaces), decimal point, n decimal digits, one space;
as FIXP, the sign being replaced by one space;

when called this procedure punches the value of E
in floating point notation: sign, decimal point, m

decimal digits, sign, n decimal digits (leading

,
zeroes being repigced by spaces), one space;

gives a length of blank tape;

a procedure that punches the control symbol
NewLineCarriageReturn;

a procedure that punches the string s, without the
(outermost) quotes.

a function designator the declaration of which

could be:

real procedure SUM(i,a,b,c); value b; integer i,a,

b; real c; begin real s; s:=0; for i:=a step 1

until b gg s:=s+c; SUM:= s end.
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begin comment JAZ162, R743;
real x,y; integer a,j; Boolean fi,first; array e[1:2],d[1:4];

procedure RK1(x,a,b,y,ya,fxy,e,d,fi); value b,fi; real x,ab,y,ya fxy;

Boolean fi; array e,d;

begin < body of RK1 > end RK1j

e[1l:= e[2]:= read; RUNOUT; PUNLCR; PUTEXTL({JAZ162, R743});
PUNLCR; PUNLCR; PUTEXT1({eps = }); FLOP(2,2,e[1]); PUNLCR;
PUNLCR; PUTEXTL({ x y); fiz= true; aw= 1;

A: PUNLCR; ABSFIXP(2,0,0); ABSFIXP(1,10,1); first:= true; for j:= a step
a until 10 do begin RK1(x,0,j,y,1,~y,e,d.first); PUNLCR; ABSFIXP(2,0,x);
ABSFIXP(1,10,y); first:= false end; if fi then begin PUNLCR; a:= 2; fi=
false; goto A end end

'JA2162, R743 JAZ162, R743 JAZ162, R743

eps = +,10,~ 3 eps = 4,104~ 5 eps = +,10~ 7

b y X y X v X e x

¢ 1.0000000000 0 1.0000000000 0 1.00000000600 0 1.0000000000
1 .3678768464 1 .3678794323 1 3678794411 1 .3678794412
2 .1353321356 2 .1353352723 2 .1353352832 2 .1353352832
3 .0497841248 3 . 0497870555 3 .0497870683 3 .0497870684
4 .0183137400 4 .0183156233 4 .0183156388 4 .0183156389
5 .0067363359 5 .0067379295 5 0067379469 5 .0067379470
6 .0024766389 6 .0024787351 6 0024787521 6 .0024787522
7 .0009098208 7 .0009118607 7 .0009118819 7 .0009118820
8 .0003342328 8 .0003354391 8 .0003354625 8 .0003354626
9 .0001227841 9 .0001233931 9 .0001234096 9 .0001234098
10 .0000451061 10 ,0000453831 10 .0000453997 10 .0000453999
0 1.0000000000 0 1.0000000000 0 1.0000000000

2 .1111111111 2 L111311111 2 131111333811

4 ,0123456790 4 .0123456790 4 .0123456790

6 .0013717422 6 0013717421 6 .0013717421

8 .0001524158 8 0001524158 8 .0001524158

10 .0000169351 10 .0000169351 10 .0000169351
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JAZ162, using RK1l, integrates, for different values of the to-
lerances, the equation

dy/dx= -y; y(0)= 1,

in two ways: from x=0 until x=1, then continuing until x=2 and so
on until x=10; and from x=0 until x=2, then continuing until

x=4 and so on until x=10.

We see that the first case behaves as was to be expected; the
error becomes smaller with eps. In the second case, however, a
disaster occurred. Instead of y(x):e_X we find y(x)=3—X

The reason for this is the following. For thsdy we find,
thsdy=abs(h5(2—h)y/240),

where y is the value of y(x) at the beginning of a step of length h.
When called, RK1 tries to do the integration in one step; thus,
when called to integrate form x=0 until x=2, it tries h=2 and with
great success as th5dy=0 for h=2. Thus the step is accepted and

so on. Furthermore we have

* 1.2 1.31 .4 1 51 6
y (X+h)—y(X) (1“1’1451’1 - Eh 4“2‘2}1 - ‘i'éﬁh T&Z—O—h

),
whence, with h=2 we find
L3
y (X+h)=y(X) /9. ‘
Of course, in the first case, h, although depending upon y and eps,
is much smaller than 1, so that the required accuracy is actually

attained.
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begin comment JAZ161, R743, v.d.Pol;

A

integer jk; real x0; Boolean first; array e[0:7],xa,x[0:2],d[0:5];
real procedure ZERO(x,ab,fx,e); value ab; real x,ab,fx; array e;
begin real c,fa.fb,fc,m,itol,re,ae; re:= e[il; ae= e[2]; x:= a; fa= fx; xi=

b; fb:= fx3 goto entry;

goon: if abs(i~b) < tol then i:= b + sign(c-b) x tol; x:= if sign(i-m) = sign
(b~i) then i else mj a:= b; fa:= fbs b:= x5 fbi= fx; if sign(fc) = sign(fb)
then

entry: begin c:= a; fc:= fa end; if abs(fb) > abs(fc) then begin a:= b; fa:=
fb; bi= c3 fbi= fe; ci= a3 foi= fa end; mi= (b+c)/2; i:= if fb ~ fa 40
then (a x fb — b x fa)/(fb ~ fa) else mj; tol:= abs(b x re) + ae; if
abs(m ~ b) > tol then goto goon; ZERO:= x:= b end ZERO;

procedure RK4n(x,xa,b,fxj,.j,e.d,fi,nl,pos)s xil_gg_ fi,n,l,pos; integer j,n,l;

Boolean fi,pos; real b,fxj; array x,xa.e,d;

begin < body of RK4n > end RK4n;

procedure PUNCH(x); array x;

begin PUNLCR; FIXP(2,8,x[0]); FIXP(2,8,x[1]); FIXP(2,8,x[2]); if j40 then
FIXP(2,8,x[{0]-x0) end PUNCH;

el0]:= e[il= e[2]:= e[3]:= e[4]:= e[5]:= read; e[6]:= e[7]:= ,~10; RUNOUT;

PUNLCR; PUTEXT1({JAZ161, R743, v.d.Pol}); PUNLCR; PUNLCR;

PUTEXT1(deps = }); FLOP(2,2,e[0]); PUNLCR; PUNLCR;

PUTEXT1( x[0] x[1] x[2] pb); xal0]:=

xa[2]:= 05 xa[l]:= 23 j:= 05 PUNCH(xa); x0:= xa[0]; first:= true;

¢ RK4n(x,xa,x[2]if k=1 then x[2] else 10x(1-x[1 W2)xx[2}-x[1 ] k,e,d,first,2,

0,true); j:= j + 13 PUNCH(x); x0:= x[0]; first:= false; if j < 4 then goto
A end

JAZ161, R743, v.d.Pol

eps = +,10,~ 3

x[0] x[1] x[2] p
+ .00000000 + 2.00000000 + 00000000
+ 9.32386578 - 2.01428557 + .00000000 + 9.32386578
+18. 86305405 + 2.01428553 + .00000000 + 9.53918828
+28.40224162 — 2.01428553 + .00000000 + 9,.53918756
+37.94142918 + 2.01428553 + 00000000 + 9.53918756
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JAZ161, R743, v.d.Pol

eps = +.10,~ 5

x[0] x[1] x[2] p
+ .00000000 + 2.00000000 + .00000000
+ 9.32386574 -~ 2.01428536 + 00000000 + 9.32386574
+18.86305053 + 2.01428536 + .00000000 + 9.53918479
+28.40223531 ~ 2,01428536 + .00000000 + 9.53918479
+37.94142010 + 2.01428536 + .00000000 + 9.53918479

RK4n is used in JAZ161 to integrate the van der Pol equation for
mu=10, written in the notation of the ALGOL 60 program as
dxl/dxozxz; )
dxz/dxozlo(l—xl)xz-xl.

‘The starting values are x_.=0, x_ =2, x2=0 and the integration

proceeds until the next zgro oflxz; then it continues until the
next zero and so on until the fourth zero is encountered. Because
of the nature of the equation and of the end condition we chose
RK4n, which interchanges integration variables. The output, given
for the tolerances 10_4 and 10-6, consists of x_, Xl’ x2 and p,

0
where p is the difference of consecutive values of x_. . -As mu is

large, the solution reaches its periodical limiting 2olution very
soon. The values of xl, and p are the amplitude and the half
period respectively.

Due to the nearly singular behaviour of the solution, the auto-
matic step adjustment shows itself to full advantage. Actually,
the step length varies by a factor of several hundreds during a
cycle, the small step only being used in a short interval. Without

the adjustment, therefore, the integration would take several

hundred times longer.
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~ begin comment JAZ163, R743, v.d.Pol;
real mu; integer jk; Boolean first; array e[0:5],xa,x[0:1],d[1:4];

real procedure ZERO(x,a,b,fx.e); value a,b; real x,ab,fx; array e;
begin < body of ZERO > end ZERO;
procedure RK5n(x,xa,.b,fxj,.j.e,d,fi,n,l,pos); value fi,n,l,pos; integer j,n,l;

Boolean fi,pos; %b,ij; array x,xa,e,d;

begin < body of RK5n > end RK5n;

procedure PUNCH(x); array x;

begin PUNLCR; FIXP(2,8,x[0]); FIXP(2,8,x[1]); if j40 then FIXP(3,6,abs

(d[1])) end PUNCH;

e[0l:= e[1l:= e[2]:= e[3]:= read; e[4]:= e[5]:= ,~10; mu:= read; RUNOUT;

PUNLCR; PUTEXTL({JAZ163, R743, v.d.Pol}); PUNLCR; PUNLCR;

PUTEXT1({eps = }); FLOP(2,2,e[0]); PUTEXT1({, mu = 3}); ABSFIXP(2,
© 0,mu); PUNLCR; PUNLCR;

PUTEXT1( x[0]

j= 0; PUNCH(xa); first:= true;
A: RKS5n(x.xax[11,if k=0 then x[1] else mux(1-x[0J2)xx[1]}-x[0]k,e,d first,

1,1false); j:= j + 13 PUNCH(x); first:= false; if j < 4 then goto A end

x[1] sh; xal0]:= 2; xa[il= 0;

JAZ163, R743, v.d.Pol

eps = +,10y~ 3 , mu= 0

x[0] x[1] s
+ 2.00000000 + .00000000
~ 2.00001099 - ,00000000 + 6.283195
+ 2.00002259 + .00000000 + 12.566427
- 2.00003417 + .00000000 + 18.849694
+ 2.00004576 ~ ,00000000 + 25.132998

JAZ163, R743, v.d.Pol

eps = +. 10y~ 5, mu= 0

x[0] x{1] s
+ 2.00000000 + 00000000
-~ 2.00000004 + .00000000 + 6.283185
+ 2.00000007 + ,00000000 + 12.566371
- 2.0000001L + .00000000 + 18.849556
+ 2.00000014 ~ .00000000 + 25.132742

JAZ163, R743, v.d.Pol

eps = +,10y~ 3 , mu = 10

x[0] x[1] s
+ 2,00000000 + 00000000
— 2,01428606 + .00000000 + 29.387384
+ 2,01428627 + .00000000 + 58.788435
-~ 2.01428632 + .00000000 + 88.189486

+ 2.01428626 .00000000 +117.590537

JAZ163, R743, v.d.Pol

eps = +. 10~ 5 , mu = 10

%x[0] x[1] s
+ 2.00000000 + .00000000
- 2,01428537 - .00000000 + 29.387383
+ 2,01428537 + 00000000 + 58,788433
~ 2,01428537 - .00000000 + 88,189483
+ 2.01428537 + .00000000 +117.590533
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In JAZ163 we used RK5n to integrate the van der Pol equation in
the phase plane; in the notation of the program:

2
dxl/dxo—(mu(l—xo)xl—xo)/xl—O.

Starting values are x.=2, x_.=0. The integration proceeds until the

0 1
next zero of xl;»then it continues until the next zero and so on

until the fourth zero is encountered. Because of the nature of the
solution, in the limit a closed curve, we had to use either RK4

or RK5n. We chose RK5n using the arc length s as integration

-4 -6
variable. The output given, for the tolerances 10 and 10 -,
with mu=0 and mu=10, consists of x

X S.

o’ "1’

For mu=0 we have

dxl/dxoz-xo/xl; X =2; x1:0,

0
the solution of which is
2 2
x0+x1_4.

In this case, there is no limit cycle, any concentric circle with
(0,0) as origin being a solution. The numerical solution, therefore,
departs from the starting circle with an error that continually
increases. In this case, s is a multiple of 27

For mu=10 we have a stable limit cycle and the numerical solution

approaches it very quickly. Again, x_ is the amplitude. The half

0
period could have been found by computing the integral
dx
o [0
= T
*1

integrating e.g., from one zero of x1 to the next one.

The remarks at the end of the former example, JAZ161, concerning

the step length apply here also.
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begin comment JAZ164, R743, Outer Planets;
integer k,t; real a,k2,x; Boolean fi; array y,ya,z,za[l1:15],m[0:5],e[1:60],
d[1:33];
real procedure f(k); integer k;

begin integer 1,j,i3,j3; real ps; own real array d[1:5,1:5Lr[1:5];

gﬁ_k%:l then g_()_t_i_)_ As for i= 1 step 1 until 4 do begin i3:= 3xi; for ji=
i+l step 1 until 5 do begin j3:= 3xj; p:= (y[i3-2] - y[i3-2DA2 + (y[i3
~1] - yli3-1DA2 + (y[i3] - y[j3DA2; dli,jl:= dlj,il:= 1/p/sqrt(p) end end;
for i:= 1 step 1 until 5 do begin i3:= 3xi; d[i,il= 05 p:= yli3-212 +
yli3-12 + yli3W2; rlil:= 1/p/sqrt(p) end;

A: i= (k- 1) : 3 + 13 fi= k2 x (- m[0] x y[k] x r[i] + SUM(j,1,5,m[j]
X((y[3x(3=i)+k -y [k Dxd[i,j -y [3x(~i)+k xr[i]))) end f;

procedure RK3n(x,a,b,y,ya,z,za,fxyj.j,e,d.fi,n); value b,fi,n; integer j,n;

real x,a,b,fxyj; Boolean fi; array y.,ya,z,za,e,d;

begin < body of RK3n > end RK3n;

procedure PUNCH(x); array x;

begin integer k; PUNLCR; PUTEXT1MT = 3}); ABSFIXP(7,1,t+a);
PUNLCR; PUNLCR; for k= 1 step 1 until 5 do begin if k=1 then
PUTEXTL({J }) else if k=2 then PUTEXT1({S ) else if k=3 then
PUTEXTL(U ) else if k=4 then PUTEXT1{N ) else
PUTEXT1{P }); FIXP(2,9,x[3xk-2]); FIXP(2,9,x[3xk~1]); FIXP(2,9,
x[3xk]); PUNLCR end end PUNCH;

a:= read; for k:= 1 step 1 until 15 do begin yvalk]:= read; zal[kl:= read

end; for k:= 0 step 1 until 5 do m[k]:= read; k2:= read; e[l]:= read;
g_g_r.'_ k:= 2 step 1 g_l}_Ei_LSO g_o_ elkl:= e[l]; RUNOUT; PUNLCR; PUTEXTI1
(4JAZ164, R743, Outer Planets}); PUNLCR; PUNLCR; for k:= 1 step 1
until 15 do begin FLOP(12,2,yalk]); FLOP(12,2,zalk]); PUNLCR end;
for k:= 0 step 1 until 5 do begin PUNLCR; FLOP(12,2,m[k]) end;
PUNLCR; PUNLCR; FLOP(12,2,k2); PUNLCR; PUNLCR; PUTEXT1
(deps = }); FLOP(2,2,e[1]); PUNLCR; t:= 0; PUNCH(ya); fi:= true; for
t:= 500,1000 do begin RK3n(x,0.t,y.ya,z,za.f(k).k.e,d,fi,15); fi:= false;
PUNCH(y) end end



JAZ164, R743, Outer Planets

+.342947415189,+
+.335386959711,,+
+.135494901715,,+
+.664145542550,+
+.597156957878,+
+.218231499728 -+
+.112630437207,+
+.146952576794,+
+.627960525067 -+
~. 301552268759+
+.165699966404,,+
+.143785752721 -+
~.211238353380,+
+.284465098142,+
+.153882659679,+

+.100000597682,,+
+.954786104043,,~
' +.285583733151,~
+.437273164546 ,~
+.517759138449,~
+, 27777777777 8,0~

+.295912208286,,~

@
k=)
o]

H2Cns =5 gEcns = gRZans e

H

1
1
1
1
1
1
2
2
1
2
1
1
2
2
2

[ e R

©w
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2430000.5

+ 3.429474152
+ 6.641455425
+11.263043721
-30.155226876
-21.123835338

2430500.5

.049534455
+ 4.277614611
+ 9,582290073
-30.,235783049
-21.994901444

2431000.5

- 3.5356429691
+ 1.496149963
+ 7.805112554
~30.235569469
~22.837219187

~.557160570446,,—
+.505696783289,—
+.230578543901,—
-, 415570776342~
+.365682722812,~
+.169143213293,—
~.325325669158 -
+.189706021964,,~
+.877265322780,—
-, 240476254170~
~. 287659532608 ,~
~.117219543175 —
~.176860753121,—
. 216393453025~
~.148647893090,,~

+ 3.353869597
+ 5,971569579
+14.695257679
+ 1.656999664
+28.446509814

+ 4.714982495
+ 7.483210480
+15.567813885
+ 2215924799
+27.345130515

+ 3.610053139
+ 8.261862331
+16.281370896
-~ 1.228279723
+26.205087209

+ 1.354949017
+ 2.182314997
+ 6.279605251
+ 1.437857527
5.

+15,388265968

+ 2.023963513
+ 2.909418313
+ 6,685732380
+ 849602274
+15. 303485551

1.635176964
3.351487277
7.023579152

. 257987477
+15.197406000

o+
4
+
+
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eps

,g MmN = gEadt = g caney o
0 i

HZchs - WZddnS 5 gZalBs -

= +.105~ 5
2430000. 5

+ 3.429474152
+ 6.641455425
+11.263043721

-30.155226876.

-21.123835338

2430500.5

.049532751
+ 4.277614624
+ 9.582290074
-30.235783047
~21.994991442

2431000.5

- 3.535427150
+ 1.496149997
+ 7.805112556
~30,235569466
-22.837219185

= 4,10~ 7
2430000.5

+ 3.429474152
+ 6.641455425
+11.263043721
-30.155226876
-21.123835338

2430500.5

.049532744
+ 4.277614624
+ 9.582290074
-30.235783047
-21.994991442

2431000.5

- 3.535427138
+ 1.496149998
+ 7.805112556
~30.235569466
~22.837219185

+ 3.353869597
+ 5.971569579
+14.695257679
+ 1.656999664
+28.446509814

+ 4.714984315
+ 7.483210494
+15.567813886
+ .215924801
+27.345130517

+ 3.610059334
+ 8.261862381
+16.281370902
- 1.228279717
+26.205087215

+ 3.353869597
+ 5.971569579
+14.695257679
+ 1.656999664
+28.446509814

+ 4,714984323
+ 7.483210494
+1.5.567813886
+  .215924801
+27.345130517

+ 3.610059361
+ 8.261862381
+16.281370902
~ 1.228279717
+26,205087215

. 354949017
.182314997
.279605251
+ 1.4378575627
+15.388265968

+ 1
+ 2
+ 6

. 023964252
.909418318
.685732381
. 849602274
+15.303485552

+ 2
+ 2
+ 6
+

+ 1.635179559
+ 3.351487296
+ 7.023579155
+ 257987479
+15.197406002

1.354949017
2,182314997
6.279605251
1.437857527
+15.388265968

-+
4
+
|

2.023964255
2.909418318
6.685732381

. 849602274
+15.303485552

e
+
4
4

+ 1.635179571
+ 3.351487296
+ 7.023579155
+ 257987479
+15.197406002
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We used in JAZ164 the procedure RK3n to integrate the 15 differen-
tial equations describing the motion of the five outer planets as
given in Astronomical Papers, vol XII [li]. The inner planets are
not considered, their mass being added to that of the sun. The
equations are
15
+mi)xi/r§+k£1ml((x -xi)/dil—xk/ri);
k#i
i=1(1)15; j=entier((i+2.5)/3); l=entier((k+2.5)/3).

2
dxi/dtzz-kz((1+m

0 k

m0 is the sum of the masses of the sun and the four inner planets;

rj is the distance of the j-th planet from the sun and djl the
mutual distance of the j_th and lgth planets.

For Julian day 2430000.5 the coordinates x; were taken from [lﬂ .
The velocities dx,/dt were obtained by numerical differentiation
of a high accuracy table [1i} (p322-326) .

The output of JAZ164 consists first of the input: xi, dxi/dt, mj
and the gravitational constant k2.

Output of the integration is given for T=2430500.5 and T=2431000.5.
It can be seen , since the values obtained with eps=10m8 are
correct according to the table, that for larger eps the coordinates
except those for Jupiter are correct already. This meéns that the
step length used in the integration was controlled by the equations
for Jupiter and that the other equations were integrated with a step
that was far too small. This is an unfortunate circumstance which
often arises in the integration of coupled differential equations.
For comparison, we put the mass of Pluto equal to zero, thereby
eliminating its influence on the other planets. The equation re-
maining for Pluto and the coordinates resulting from it are
nonsense. The influence of Pluto, even after a short period of

1000 days is clearly seen from the results.
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JAZ164, R743, Outer Planets

+.342947415189,+
+.335386959711,+
+.135494901715,+
+.664145542550,+
+.597156957878,+
+.218231499728,,+
+.112630437207 5+
+.146952576794,+
+.627960525067 .+
~.301552268759,,+
+.165699966404,,+
+.143785752721 +
-.211238353380,,+
+.284465098142, +
+.153882659679,,+

+.100000597682,,+
+.9564786104043,~
+,285583733151 ~
+.437273164546 -
+,517759138449,,~
+ 0

+.295912208286,~ 3

eps = +,10,4~ 7
2430000.5

+ 3.429474152
+ 6.641455425
+11.263043721
~30.155226876
~-21.123835338

i

2430500.5

. 049532732
+ 4.277614641
+ 9.582290108
-30.235783114
~21.994991481

2431000.5

- 3.535427088
+ 1.496150074
+ 7.805112697
~-30.235569734
~22.837219343

HZzdns = g2cia = gEcuny

1
1
1
1
1
1
2
2
1
2
1
1
2
2
2

B 0 QO

~.557160570446 ,~
+.505696783289,~
+.230578543901 )~
~.415570776342,~
+.365682722812,~
+.169143213293,~
~.325325669158,~
+.189706021964 ~
+. 877265322780~
~.240476254170,~
~.287659532608 ,~
~.117219543175,,~
~.176860753121 )~
~. 216393453025~
~.148647893090,,~

+ 3.353869597
+ 5.971569579
+14.695257679
+ 1.656999664
+28.446509814

+ 4.714984323
+ 7.483210502
+15.567813908

+ 1.
+ 2.
+ 6,

WNNNMNNDWWNNNDNNDNDNDDNDND

364949017
182314997
279605251

+ 1.437857527
+15, 388265968

2.023964254
2.909418320
6.685732388

+ .215924764
+27.345130567

+ 3.610059340
+ 8.,261862405
+16.281370989
- 1.228279864
+26.205087416

B
+
-+
+ .849602256
+15,303485580

+ 1.635179555
+ 3.351487298
+ 7.023579184
+ .257987407
+15,197406114



107

begin comment JAZ165, R743;
real x,y; array e[1:2],d[1:4];

procedure RK1(x,ab,y,ya,fxy,e,d,fi); value b,fi; real X,2,0,7.y2,fxy;

Boolean fi; array e,d;

begin < body of RK1 > end RK1;

RUNOUT; PUNLCR; PUTEXT1({JAZ165, R743}); PUNLCR; e[2]:= 03 for
ell]:= y~4,,-6 do begin PUNLCR; PUTEXT1({eps = }); FLOP(2,2,e[1]);
RK1(x,0,1,y,0,1/sqrt(1~x),e,d,true); FIXP(2,8,y); ABSFIXP(1,3,(2~y)/(14x
e[1A3)A.125); ABSFIXP(2,0,d[1]) end end

JAZ165, RT43

eps
eps

+.10y~ 3 + 1.95358909 1.055 6
+.10p- 5 + 1.99187085 1,039 17

HIH

As last example we integrated the integral discussed in chapter 6,
dy/dx=1/sqrt(1l-x); y(0)=0,

with eps:lO—4 and 10_6, up to x=1.

The output gives the result of the integration together with the
ratio of the error made and that given in chapter 6 (26). The

agreement is good. In addition the number of steps skipped is given.

To check the behaviour of the integration procedures, we did some
examples which counted the steps and gave additional output. The
results we found are:

JAZ163: with mu=10, starting at x0=2, x.=0, integrating until the

1
first zero of xl we have:

funection function
steps values steps values
eps accepted used rejected not used discr/tol
107 145 1015 26 130 .68
~6

10 400 2800 22 110 .79
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JAZ161:

starting at x0=0, x1=2, x2=0, integrating until the first
zero of x2 we have:
function function
steps values steps values
eps accepted used rejected not used discr/tol
1074 139 973 20 100 .69
1078 418 2926 22 110 .79

Here discr/tol is the mean ratio of the last term taken into account

to the tolerance. The choice of a safety margin of 5% in the step

-6
length is aimed at discr/tol=.80. This means that, for eps=10 ,

the ideal step length would have been 5% larger than the one

. actually used. Another 4% of computing time is lost due to rejec-

tions. The conclusion is that, if the permissible step length had

been known in advance, we could have soived the problem in only

10% less time.
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