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Abstract. Algebraic type systems provide a general framework for the
study of the interaction between typed \-calculi and typed rewriting sys-
tems. A major problem in the development of a general theory for al-
gebraic type systems is to prove that typing is preserved under reduction
(Subject Reduction lemma). In this paper, we propose a general technique
to prove Subject Reduction for a large class of algebraic type systems. The
idea is to consider for every (functional) algebraic type system a labelled
syntaz for which Subject Reduction is easy to prove and then prove the
equivalence between the labelled and standard syntazes whenever the la-
belled system is strongly normalising. The equivalence can then be used
to recover confluence, strong normalisation and subject reduction for the
standard syntaz.

1 Introduction

A-calculus and term-rewriting are two fundamental computational paradigms.
When combined, they give rise to the class of algebraic-functional languages
[5, 13, 14, 20]. Recently, H. Geuvers and the first author have proposed a gen-
eral framework for the classification and study of algebraic-functional languages:
algebraic type systems [11).

Subject Reduction, also known as Type Safeness, states that types are closed
under reduction. It is an important property of a type system: for instance it im-
plies that correctness is preserved under evaluation and is needed in most strong
normalisation proofs. Unfortunately, it is unknown whether Subject Reduction
holds for an arbitrary algebraic type system. Indeed, the reduction relation of
algebraic type systems may not be confluent on pseudo-terms [13, 22] and as a
result standard techniques to prove Subject Reduction [6, 19] cannot be used.

The problem. Let AS be an algebraic type system. If '+ M : A and M —8R
N,then ' N : A.

In this paper, we propose a general technique for proving Subject Reduction for
a large class of algebraic type systems —and so provide a partial but useful answer
to the problem. The central idea is to consider a labelled syntax for which Subject
Reduction is easy to establish and then prove that, under suitable conditions,
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both syntaxes are equivalent. Our work, complemented with a generic proof of
strong normalisation [8, 11, 25]3, provides a clear and widely applicable meta-
theory of algebraic type systems. A particular application of our work is a proof
of strong normalisation of the algebraic A-cube, see [8] for more detail. Another,
perhaps more important, application is to contribute to a better understanding
of the various presentations of type systems. Several presentations are used in
the literature, each of which serves a specific purpose. For example, the labelled
syntax we consider is best suited to give a semantics of type systems[2, 25, 27]
while the standard syntax is best suited for programming and proof-checking.
Our work establishes the equivalence between the two presentations for a large
class of systems.

Contents of the paper In Section 2, we introduce the standard and labelled syn-
taxes of algebraic type systems. The Subject Reduction property for the labelled
syntax is proved in Section 3 and the equivalence between the labelled and stan-~
dard syntaxes is proved in Section 4. In Section 5, we consider an application of
our results. Finally, we conclude in Section 6.

Preliminaries The paper assumes some basic familiarity with pure type systems
-see for example [6, 19]- and term-rewriting —see for example [17, 23]. In order
to fix notation and terminology, we briefly recall some fundamental notions.
Throughout this subsection, we let X denote an arbitrary set and R, S denote
binary relations over X. Elements of X are called objects.

R.S denotes the composition of R and S. Moreover, we use the following
notation (below R stands for reflexive, S for symmetric and T for transitive, C
for closure):

Notion RC SC TC RTC RSTC |Inverse RY.(R%P)
Notation| R R~ R7T RY =x R°P =

Some of the relations will written as —;, in which case we use an ARS (abstract
rewriting system) notation:

Usual notation — =, [
ARS notation — =; li

Definition 1 A relation R is

- locally confluent if R? - R Clx.

- confluent if the relations | g and =g are equal.

- Church-Rosser on an object a if for every b, ¢ such that b (R“)? a R¥ c there
exists d such that bR d (R¥)P c.

- strongly normalising on an object a if there is no infinite sequence

aoRal’Rag’R e

3 The last two proofs are concerned with a different syntax but may be adapted to
that of this paper.
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- canonical on an object a if it is Church-Rosser and strongly normalising on
a.

Throughout the paper, we will make use of Newman’s Lemma.

Lemma 2 (Newman’s Lemma) If R is locally confluent and strongly nor-
malising on a, then R is Church-Rosser on a.

2 Algebraic type systems

2.1 Motivation and background

Algebraic-functional languages combine typed A-calculi and typed term-rewriting
systems into an unified framework. These languages enhance traditional typed
A-calculi with a mechanism to define algebraic functions via rewrite rules. One of
the simplest example of algebraic type system is obtained by extending the sim-
ply typed A-calculus with a type of natural numbers nat, the constants 0 : nat,
s : nat — nat, + : nat — nat — nat and the rewrite rules

O+z—oz
z+0—z
sz+y—s(z+y)
z+ sy — s(z +y)

Algebraic-functional languages were originally designed as programming lan-
guages and built upon non-dependent calculi such as simply typed A-calculus,
second-order A-calculus or higher-order M-calculus [4, 3, 13, 14, 15, 20]. Recently,
variants of algebraic-functional languages built upon systems of dependent types
~typically the Extended Calculus of Constructions [24]- have been used for ef-
ficient proof-checking [9, 12, 10, 16]. In this approach, the typed term-rewriting
system R is used in conjunction with a naming (or reflection) principle to decide
efficiently whether two inhabitants of a given type A (typically a model of R)
are related by the equality =4 of A. Algebraic type systems with dependent
types were first introduced —independently of the above mentioned application—

in %5, 18] for the systems of the algebraic A-cube and later in their general form
in [11].

Remark In the above summary and throughout the paper, only first-order rewrit-
ing is discussed. However, some more complex form of term-rewriting can be
considered. In fact, Jouannaud and Okada’s original proposal for algebraic type
systems [20], later followed in [4, 3, 5, 11, 18], is based on higher-order rewrit-
ing. Such a format allows for the definition of higher-order functions such as

maplist : (nat — nat) — list — list —where list is the type of lists of natural
numbers:

maplist(f, nil) — nil
maplist(f, cons(a, 1)) — cons(f a, maplist(f, 1))
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The results of this paper apply to algebraic type systems with higher-order

rewriting, the restriction to first-order rewriting being solely motivated by read-
ability.

2.2 Algebraic type systems

In this subsection, we define algebraic type systems. The approach we follow is
inspired from [5, 18] and is equivalent to that of [11].

Definition 8 A pre-specification is a 6-tuple AS = (U, S, F, H, P, D) where

- U 1s a set of universes, S is a set of sorts and F is a set of function symbols;
-H C(UUS) x U is a set of axioms s.t. V7 € S.3s € U. (1,8) € H.
-PCUXU xU is a set of rules;

-D:F — S xS is a declaration function.

For the sake of hygiene, we assume that U, S, F are pairwise disjoint. Throughout
the rest of this paper, we let V be a fixed set of variables and let o, 7,... (zesp.
f1g,...) range over sorts (resp. function symbols). Moreover we define the arity
ar(f) of a function symbol f € F to be the length of the first component of
D(f). K is then defined as the set of function symbols of arity 0. To complete
the specification of an ATS, we introduce algebraic reduction.

Definition 4 Let AS = (U, S, F, H, P, D) be a pre-specification.
- The set L of algebraic terms is given by the abstract syntaz:
L=VI|f(L,..., L)

where in the last case the number of arguments applied to f is ar(f).
- The set of variables of a term t is denoted by var(t) and is defined as usual.
- Let§:V — S. The relation :¢C L x S is defined by the rules

) =1 tigrs (1<i<n) (. Ta),
T T fitl,...,tn):fa 7 D(f) = ((n »o)

- A rewrite rule is a pair (I,7) of algebraic terms s.t. I ¢ V and var(l) C var(r)
and l,r:¢ 7 for some{:V - Sand T € S.

- A rewrite system R is a set of rewrite rules.

- Every rewrite system R may be seen as an unsoried rewrite system and thus
induces a relation —rr) on L.

- Define the relation —rr(r) by @ —LL(r) b ifa —p(R) b and a,b:¢ T for some
E:V—oSandT€eS.

We can now define the notion of specification.

Definition 5 - An ATS specification is a pair consisting of a pre-specification
AS = (U, S, F, H, P, D) and a rewrite system R. By abuse of notation, we
write AS = (U, S, F, H, P, D, R).
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. Let PROPERTY be a property of relations (e.g. confluent or terminating). A
specification AS = (U, S, F, A, P, D, R) is A-PROPERTY if =LL(R) 1S PROP-
ERTY.

- A specification \S = (U, S, F, H, P, D, R) is functional if A and P are partial
maps.

For the remaining of the paper, we assume:

Assumption 6 \S = (U, S, F, H, P, D, R) is an ATS specification.

2.8 Standard syntax
The set T' of pseudo-terms is defined by the abstract syntax:
T = V|U|S|TT|OV : T.TMV : T.T|f(T,...,T)

where in the last case, the number of arguments applied to f is ar(f). In other
words, we only consider fully applied algebraic terms.

In order to provide a uniform framework to specify and compare the systems
used in the literature, the rules for derivation, in Table 1, are parametrised by a
binary relation R on pseudo-terms. For lack of space, only one deductive system
I is considered here. The definition below makes use of contexts, substitutions
and F-reduction. These are defined as usual.

Axiom Faets if (c,s) € H
Function ”R?;:lf(t;;:..,l;x:":aﬂ £ Df=((01...00),7)
Start —frgﬁ% fzglceV
Weakening F"’I‘,’tz’fBl_::’:‘AB” fzglandte SUUUVUK
Product il }4.,:'_‘: H:’:’x; '—: B:s if (81,82,83) € P
Application  LF®? 1,151_; ’t‘t? B[ul;g" u:d
Abstraction Lie:Abrt:B TI'tg(Iz:A.B):s
I'trlx:At:IIz: A.B
Conversion Itz uF: fn 'uI: ;R B:s if ARB

Table 1. R-DEDUCTIVE SYSTEM FOR THE STANDARD SYNTAX

Definition 7 - M —p N if there ezists a contezt C[.], a rule (I,r) and a
substitution 6 s.t. M = C[6l] and N = C[6r].
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- —miz = 8 U —pg.

-k = Rl

One of the main obstacles in developing the meta-theory of algebraic type sys-
tems is the non-confluence of — ;.

Fact 8 ([22, 18]) —miz may not be confluent on pseudo-terms.

Proof The following example is taken from [13]. Consider the term-rewriting

system with one constant 0, one unary function s, a binary function minus and
the rules:

minus(sz,z) — g s0
minus(z,z) —g 0
Let P be the fixed point of 3, i.e. P = (Az : c.s(zz))(Az : c.s(zz)). We have
P —p sP. Therefore
M—-z0
M —g minus(sP, P) —p 1
Hence —;; does not have unique normal forms; a fortiori it is not confluent. M

As observed in [26], the failure of confluence is due to the non left-linearity of
the rules.

2.4 Labelled syntax

The labelled syntax differs from the standard one by having labelled abstractions
and labelled applications. The set 7, of labelled pseudo-terms is defined by the
abstract syntax

T, = V|U|S|app? VT (T, TH| IV : T.. T NV T T<V. T, | f(Te, - .., Tt)

where in the last case, the number of arguments applied to f is ar(f).

As for the standard syntax, we consider a class of deductive systems indexed
by a binary relation R on (labelled) pseudo-terms. The rules for derivation are
given in Table 2.

Definition 9 A labelled pseudo-term M is legal w.r.t. % if there is a context
I' and a pseudo-term A such that I' F5, M : A. A labelled pseudo-contest I' is
legal w.r.t. % if there two pseudo-terms M and A such that I' % M : A.

In this paper two main deductive systems will be considered.

Definition 10 - Algebraic reduction —g is defined in the same way as for the
standard syniaz;
- Tight B-reduction —p, is defined as the compatible closure of

aPPITa;:A‘B ()\H::A'Bm,M, N) — M[N/o:]
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Axiom T_—c——c—.T if(C,S)EH
R .
. Pl‘%_tl:ol cee I“l";ztn:(fn HDFf= 01...0n ,T)
Function TFS fli,.tn) 7 f=((os )
'kx A: .
Start ﬁ;{:—z leQT,IEV
Weakening FP%,t:AB‘_f:%AB:s ifeglandte SUUUV UK
VT St
Product FrpA:s Tz:Abz B:s if (s1,82,83) € P

I't% Iz : AB:s3
. Prpt:Oz:AB TI'Fru:A
Application T'+% app™™4-B(t,u) : Blu/z]
Nz:Arat:B Ity (z:AB):s

Abstraction TF, =AF, 4 Iz : A.B
ru:d & B : .
Conversion Ite *u.r s uf' BR 2 if ARB

Table 2. R-DEDUCTIVE SYSTEM FOR THE LABELLED SYNTAX

- Loose B-reduction —p, is defined as the compatidble closure of

appHc:A"Bl()\HmA'Ba:.M, N) — M([N/z]

- —mizt = —rU—g, and —pig = —rU—pg.
e —_— e [ —_— e
-F = Flwe ond Ffo= K] .

The notions of tight reduction and loose reductions are due to T. Altenkirch [2].
Tight [-reduction requires the abstraction and application labels to match. In
contrast, loose S-reduction does not impose any condition on labels.

Lemma 11 1. —g, is locally confluent.
2. If XS is A-confluent, then — iz is locally confluent.

Proof By induction on the structure of the terms. o

It is unclear whether tight S-reduction, which is not left-linear, is confluent.

2.5 Subject Reduction for the standard syntax

Before embarking on technicalities, let us analyze where the standard proof
of subject reduction breaks down. The problem arises when trying to prove
subject reduction for B-reduction: as noticed in [5, 18], one cannot prove subject
reduction by induction on the length of the derivations. Indeed, the induction
step

I'FXz:A'b:IIz:AB TI'ta:4
I't(Az: A"b) a: Bla/z]
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fails if one wants to prove I' - bla/z] : Bla/z]. If we follow the proof of subject
reduction for pure type systems [6, 19], the induction step should be completed
in four steps:

1. deduce from the generation lemma that Iz : A’ F b : B’ for some B’ such
that Iz : A.B |mizt C1 lmizt - - - lmizt Cn lmizt Iz : A'.B' (where the C;’s
are legal);

2. use confluence to derive A |iz¢ A’ and B | et B';

3. apply the conversion rule and substitution to get I' - b[a/z] : B'[a/z];

4. apply the conversion rule once more to get I' - bla/z] : Bla/z].

However the induction step cannot be completed —at step 2— because of Fact
8. To circumvent this problem, we follow a different strategy to develop the
meta-theory of - for functional, A-confluent ATSs. We proceed in three steps:

1. prove subject reduction of —,iz: for a class of deductive systems F5%;
2. prove strong normalisation of the labelled syntax using subject reduction;
3. deduce from functionality and strong normalisation
(a) the equivalence between labelled and unlabelled syntaxes
(b) confluence, strong normalisation and subject reduction for the standard
syntax.

The strategy was originally proposed by T. Altenkirch for the Calculus of Con-
structions [2] and was later applied to Pure Type Systems in [25]. In this paper,
we treat Steps 1 and 3 for Algebraic Type Systems thoroughly. Step 2 is treated
in [25] for Pure Type Systems and in [8] for Algebraic Type Systems.

3 The subject reduction property for the labelled syntax

Definition 12 S has the Subject Reduction Property w.r.t @ (Q-SR) if
Frst:AandtQu=>Ttzu: 4

In this section, we prove the Subject Reduction property w.r.t. — iz for a large
class of R-deductive systems.

The standard proof of subject reduction [6, 19] uses a frontier property: at
each derivation step,

ity A -+ Tebtg: Ag
Atu:B

A and u can be constructed from the I;’s and the t;’s. Labelled systems do
not fulfill this property because of the Application rule (where B appears in
AT=z:4-Bg t). To recover this frontier property, we consider a variant Ik of the
labelled syntax, where the Application rule is replaced by:

I'ktrt:Oz:AB Tlgru:A TI'ltg Oz:AB:s
T' b app™=4-B(¢,u) : Blu/z]

Application+
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Proposition 17 will show that this modification has in general no consequence on
the set of derivable judgements. For now, we prove Subject Reduction for IF=.
Some preliminary closure results are needed.

Lemma 18 (Generation lemma) (G.) if I'lkr c: E and c € UUS, there
ezists s € S such that (c,s) € H and s R E;

(Gf) f T'lrg f(t1,...,ta) : E with D(f) = ((91,.--,0s),T), then I'lFx t; : 0}
fori=1,...,nand T R* E;

(G;) if ' kg z : E, then there ezists B such that (z : B) € I' and B.R“"E;

(Gapp) any derivation of I' Ibx app™™*4-B(M, N) : E contains a derivation of
IF'itx M : Oz : ABand I'rg N : A and I' kg IIz : A.B : 38 for some
universe s. Moreover B[N/z]R“E.

(Gm) any derivation of the judgement I' kg (IIz : A.B) : E contains deriva-
tions of I' g A : 81 and I''z : A lkg B : s; for some universes si, 32.
Moreover there ezists s3 € U such that (s1, 32, 83) € P and s3R“E.

(G») any derivation of I' kg AT=A-Bg b : E contains a derivation of I,z :
Alrgr b: B and I' kg Iz : A.B : s for some universe s. Moreover (IIz :
A.B)RYE. _

(Gr) any derivation of Iz : Alrgr M : B contains a derivation of I' b A : s
for some universe s.

Lemma 14 (Substitution lemma) Let I,z : A, I'; be a context, let a,b, B
be pseudo-terms. If R is closed under substitution then

I’;l,z::A,I"g,»lf-qq_b:B}___>

Iybpa:A I, I'[a/z] k& bla/z] : Bla/z]

Lemma 15 (Correctness of Types) (C) Suppose that R is closed under sub-
stitution. If ' bgr a : A and A ¢ U, then I' kg A : s for some universe s.

Proof By induction on the structure of the derivation of I' IF¢ a : A. B

The next result gives three general conditions for Subject Reduction to hold. H,
is needed to apply the above closure lemmas while H, and Hj are needed to
apply the induction hypothesis via a back-and-forth reasoning.

Theorem 16 (Subject Reduction Theorem) Let R be a relation such that

H; R is closed under substitution,
H; if Q1 —mist Q2 then Q1 R Q2

Hs if Q1 —mist Q2 then P[Q2/z] R P[Q1/z] where P is any labelled pseudo-
term.

Assume I'lrr M : A and M —ppipe M'. Then I' kg M': A.
Proof See Appendix. |

Proposition 17 If R is closed under substitution then for every judgement
(I, M, A):
' M:A & TlhgrM:A
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Proof Both implications are proved by induction on the structure of derivations.
The implication (=) is proved using Correctness of Types. ]

Corollary 18 If R wverifies the hypotheses Hi, Hy and Hg, then it has the
—rmizt-SR property. In particular, - and &§ have the — x-SR property.

4 Equivalence results

In this section, we establish under certain conditions an equivalence between

1. (a) labelled deductive systems;
2. (b) F¢ and k.

Only the most important equivalence results are stated here. There are further,
more general, results which we omit for the lack of space.
4.1 A general equivalence result for labelled deductive systems

Throughout this subsection, @, R and S denote binary relations on labelled
pseudo-terms.

Definition 19 - R C S if for all judgements (I', M, A),
't M:A=>TFz M: A

-R~Si#fRCSCR.
- R < 8 if for all judgements (I', M, A),

(rvg M:A and I'gB:s and ARB) = TI't;M:B
-RSSifR<S<R.

Remark that < is not transitive. Working at an abstract level, we show that all
the labelled deductive systems satisfying certain properties are equivalent.

Proposition 20 R<S=>RLSand RS SR =S.
Proof See Appendix. [ |

Proposition 21 Assume that S has the Q-SR property and is closed under
substitutions.

Q<SandR<SES=>Q - R<S
R<Sand QP <S=>R-Q¥P<S
QU <E>S~ QY-8 (%)

Proof See Appendix. |
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Corollary 22 (Equivalence Lemma) Assume that S has the Q-SR property
and is closed under substitutions.

" <8 => |gCS
Q- <S<leg = le=S§

Proof See Appendix. |

Theorem 23 (Equivalence theorem) Let R verify the hypotheses Hy, H;
and Hi. Then |miztC R. Moreover R <|mizt = lmint™>R.

Proof See Appendix. [

4.2 More labelled equivalences

In this subsection, we prove two further equivalence results for the labelled syn-
tax. Both results will be used to prove the equivalence between the labelled and
unlabelled syntaxes.

The first result is concerned with showing that under suitable conditions,
}_i‘z is equivalent to another, easier to use, deductive system.

Definition 24 Let R be a binary relation. The relation T(R) is defined by
tT(R)u <= (tRu andt and u are legal w.r.t. 1§ )

We have:

Lemma 25 IfR is closed under substitution and I-jn has R-SR then lelT(’R)‘

Proof See Appendix. |

We write =T (mizt) for T(— mixt)-

Corollary 26 lT(mizt):lmizt'

An interesting point about =T (miat) is that it is confluent when — ;5 is canon-

ical on legal terms of .

The second result is concerned with an equivalence between F{ and Fj. We start
with a preliminary result:

Lemma 27 Assume =T (mist) s confluent. For every judgement I' F{ M : A
and labelled pseudo-term M',

M mizl M = M —-»t M

mizt

Proof See Appendix. ®
Proposition 28 Assume =T (mizt) 18 confluent. Then |mizt™|mizi-

Proof The direct inclusion |miztC|mizi follows from the inclusion |mizt € |mizi.
The reverse inclusion |mizi=|mizt follows from Equivalence Lemma: Remark
that we need Lemma 27 to show that ; has the —,;z;-SR property and that
(lmizl)H <lm1'a;t- B
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4.3 Equivalence between labelled and unlabelled syntaxes

In this section, we establish the main equivalence result between labelled and
unlabelled syntaxes. For the lack of space, we only consider the equivalence
between F and F§.

There is an obvious translation from 7, to T which erases labels:

Definition 29 (The translation) The map || - || : T. — T is defined induc-
tively as follows:

- llzll==
- ”8”:31
—lrll=r,
— ||[dz: A.B|| = Iz : ||A]l.||B]],

= £ .o ta)ll = F(I[Eal] s [[Eal]),
- IIA”’I’T“"_Bx-MII = Az : [|A]|.][M]],
= llapp™=4-B (M, N)|| = || M|| [|NV]].

Erasure preserves typing.
Lemma 80 I'f M: A = ||T||F||M]]:||4]|

Proof By an easy structural induction on the derivation of I' F§ M : A. [ |

The fundamental fact about labels is that, under suitable conditions, every
derivable judgement can be labelled without losing derivability. Throughout this
subsection, we assume:

Assumption 31 AS is a functional algebraic type system. Moreover — iz 18
canonical on legal terms of 5.

We start with some preliminary results.

Proposition 32 (Unicity of types) Assume I' M M : Aand ' F{ M : B.
Then A :T(mizt) B.

Proof By induction on the structure of the derivation of I' - M : A. ]

Corollary 338 Assume that I'-{ M : A and AV{ N : B. If I =T(mizt) A and
M :T(mimt) N, then A =T(mizt) B.

Proof By confluence of —7(mizt), there exists £ and P such that Iy A -1 (mixt)
E and M, N —-7(mizt) P. By Subject Reduction, & +{ P: Aand £+ P: B.
By Unicity of Types, A =T (miat) B. B

Next we define for each legal term its canonical form.

Definition 84 (canonical forms) Let M be legal. We define M“@" as:

— gcan
can
can

T
- 8 8

-7
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- (Oz: A.B)®®" = Tz : A°®".B®"

 (Flt1,0e )N = F(EGN,., 1520

— (AT=A-Bg prycan — ,\Hz:ACG".B"fz_Mcan

_ (appﬂz:A.B (M, N))ean = appﬂz:Anf.an (Mcan’ Nean)
where A"f denotes the normal form of A w.r.t —mizt.

We remark that ||M]|| = ||M@"||. One important property of .®" is that it
identifies terms which have equal erasures.

Lemma 385 (Unicity of the canonical translation)

1. for every legal contezis I' and A, ||A|| = ||| = A" = 4",
2. for every derivations I' +§ M : C and A+{ N: D,

(Il =lal A (iMl = [IN]) = M = N0
Proof See Appendix. |

In order to be able to prove the equivalence between I and I, it is necessary
to show that standard reductions may be lifted to labelled ones. The following
result is also useful to deduce subject reduction and strong normalisation from
labelled subject reduction and strong normalisation.

Lemma 86 Assume I' -{ M : A.

1. If ||M|| —miz N then there ezists N’ such that M —»7
2. If||M|| »},. N then there ezists N’ such that M — . .
3. —mig 18 confluent and strongly normalising on || M]|.

4. If T'F¢ N : B with ||M]| lmiz ||N]|, then M |mize N.
Proof See Appendix. o

Collecting the previous results, we get:

N’ and ||N'||
N' and || N'||

izl

=N.
=N

Proposition 37 If I' F M : A is derivable then there ezists a derivable judge-
ment Iy F§ M, : As such that I'y, M, and A, are canonical and

[|Te|| = I and ||M,|| = M and ||4]| = A
Proof See Appendix. m

4.4 Aside: deductive systems with one-step conversion rule

Algebraic type systems are often defined with a deductive system using one-
step conversion [5, 11, 18]. Unfortunately, it seems unclear how to prove Subject
Reduction or an equivalence result for those systems*. Yet there is a slightly
bigger deductive system for which Subject Reduction holds.

* For example, Subject Reduction for algebraic reduction cannot be proved by induc-
tion on the structure of derivations. The proof breaks down in the application case
when the reduction takes place in the second argument of the application.
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Definition 38 —,,;;; is the smallest reduction relation on labelled pseudo-terms
such that for every M,N,N' € T, and ¢ € FV(M), N —piz N’ =
M([N/z] —miz1 M[N'/z]. The relation 1step is defined as the symmetric clo-
sure of mizl.

We have
Corollary 39 1step has the —pizt-SR property and lstep ~ |miz:.

Proof The first part follows from Theorem 16; the second part from the first
and Theorem 23. |

5 Application

5.1 The main result

Under suitable conditions, subject reduction for F can be deduced from subject
reduction of I§.

Proposition 40 Let AS be a functional ATS. Assume — iz i3 canonical on
legal terms of 5. Then b has the Subject Reduction property w.r.t. —miz. More-
0ver — iy 18 canonical on legal terms of I-.

Proof Assume I' - M : A. By Proposition 37, there exists a derivation Iy F§
M, : A, with the expected translation property. By Lemma 36, there exists N,
such that M, —miz: No with ||N,|| = N. By Subject Reduction, I', ¢ N, : 4,
and by translation I' F N : A. The second part of the proposition follows from
Lemma 36. |

5.2 The algebraic A-cube

As a corollary of Proposition 40, we get strong normalisation of the algebraic
A-cube.

Corollary 41 A-canonical systems of the algebraic A-cube are strongly normal-
ising.

Proof By Proposition 40, it is enough to prove strong normalisation of — izt
on legal terms of I-§. See 8] for such a proof. [ |

5.3 Aside: labelled strong normalisation from standard strong
normalisation

It is important to know that the introduction of labels does not complicate the
strong normalisation proofs. This can be made precise by considering an exten-
sion of algebraic type systems with the K-combinator [7]. We briefly describe
the extension. At the level of pseudo-terms, a new clause is introduced in the
abstract syntax to define the pseudo-term K £, t; for every pseudo-terms ¢; and
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t,. Moreover, a new reduction relation —y is introduced; —k is defined as the
compatible closure of K z y — « (hence the name K-combinator). _At the level
of the deductive system, one can define a K-deductive system bk with the same
rules as - and the extra rule

I'tka:A TI'Fgb:B
'tk Kab: A

and extending the conversion rule into

I'txu:A T'tgB:s

TFu:B if A Lmizk B

where — ik =—miz U —%.

Proposition 42 IfF; is strongly normalising w.r.t. —mizk, then ki is strongly
normalising w.r.t. —=mizt.

Proof By defining a reduction-preserving and derivation-preserving translation
[.] from labelled pseudo-terms to pseudo-terms with the K-combinator. The
idea is that [.] should be defined by

[app™®4-B(M, N)] =K ([M] [N]) [0z : A.B]
[A\T=:4-Bg b] = Az : [4].K[b] [B]

The other cases are defined in the obvious way. It is easy to check that this
translation preserves reductions and derivations. B

6 Conclusion

Proving the equivalence between the various formulations of algebraic or pure
type systems is a vital exercise. It contributes to a better understanding of
type systems and allows to derive results from one formalism to another. The
main technical contribution of this paper is a proof of subject reduction for
functional, A-confluent algebraic type systems which are strongly normalising for
the labelled syntax. Although we have been unable to prove Subject Reduction
for an arbitrary algebraic type system, our result is interesting because it is
based on a simple technique and applies to an important class of algebraic type
systems. Moreover, the technique in itself is interesting as it is very general and
may be used in other type-theoretic frameworks where the reduction relation is
not confluent on pseudo-terms. These include:

- pure and algebraic type systems with 7-reduction [19],
- pure type systems with congruence types [10];
- abstract data type systems [21].

As such, it constitutes the first general technique to prove subject reduction for
-unlabelled- type systems with a non-confluent reduction relation.
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Appendix: proofs

Proof of Theorem 16 the proof proceeds along the same lines as in [6]. The
following two facts are proved by simultaneous induction on the structure of
derivations:

1
2

.U I'tr M:C and M — 50 M', then I'lbg M': C.
HETI'tgr M :C and I' -4z I",then I IFx M : C.

We treat the cases where the last rule is an abstraction, an application or a
function rule:

abstraction rule: assume M = M\1=4-Bg ¢ and C = Iz : A.B. 2 follows from
the induction hypothesis. As for 1, the interesting case is when the reduction

occurs in A or in B, i.e. M’ = \T=:4"By ¢ o1 Mt = \Tz:4.B' 5 4
Subcase 1: M’ = AT=:4"-By ¢ In this case, we use the induction hypothesis
to conclude Iz : A' kg t: B and I lFr Oz : A".B : s. We may then
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apply the abstraction rule to get I' IFg AT =:A'By ¢ . [Iz: A'.B. By Hj,
we may apply the conversion rule to get I' lF¢ \I=A"Bg 4. [Tg: A.B.

Subcase 2: M' = \T=4.B' ¢ ¢ By induction hypothesis, I' lFx Oz : A.B' : s.
By Gr, Itz : Altbg B’ : s for a universe s'. We apply the conversion
rule thanks to H; to deduce Iz : A IFx M : B'. By abstraction,
T kg AT=:A.B'g A (ITz : A.B'). We next apply the conversion rule
thanks to Hj to deduce I' g A7=4-B'z M : (IIz : A.B).

- application rule: assume M = app”*4-B t y and C = Bfu/z]. It is easy to
prove 2. As for 1, we treat four subcases:

Subcase 1: top reduction: M = app”=4-B(AT=:4-Bz b v) and M’ = b[u/z].
By Ga: Itz : A lbg b: B. By the Substitution Lemma, I' IFx blu/z] :
Blu/z].

Subcase 2: inside u: M = app*4-B(t,u) and M' = app”*4-B(t, u') with
U —mizt 4. By induction hypothesis, I' IFg u' : A. By construction,
T'lFg (Iz : A.B) : s. By application+, I IFg app™®4-B(t, u') : B[u'/z].
By Gp: Iz : Allg B :s' for some universe s'. By substitution lemma,
I' kg Blu/z] : s' We apply a conversion rule thanks to H3 to deduce
I'lrg app™®4-B(t,') : Blu/z).

Subcase 3: inside B: just like Subcase 2 of the abstraction rule: if M =
appH‘“A'B(t, u) and M' = appH”‘A'B’(t, u) with B —iz: B' then by
induction hypothesis on the premise I' IFx (IIz : A.B) : s we deduce
I'ltg (Tz : A.B') : 5. By conversion thanks to H; we deduce I' IFg ¢ :
(ITz : A.B'). By application+, I' IFg app™*4-3'(t,u) : B'[u/z]. By G,
I''z: AlFg B : s for some universe s'. By substitution lemma, I" F¢
Blu/z] : s'. By conversion and Hg, I' IFg appT*4-B' (¢, u) : Blu/z].

Subcase j: inside A: simpler than the preceding case because A does not
appear in the type of app™**4-B(t, u).

- function rule: if M = f(t1,...,t,) with D(f) = ((¢1,...,0x),7), then A
7. The only interesting case here is when M is a redex, i.e. when M
f(t1,...,ts) is matched to a rewrite rule I — r (of sort 7) by some substitu-
tion 6. So let M = 6l and M' = 6r.

11

Fact 43 Assume M is an algebraic term of sort 7. Assume FV(M) = {z4,...,2n}
withz; EVy, fori=1,...,n. Then ' =21 :01,...,2n:0nlFr M : 7.

Soweknow A Ikg [: 7 and A IFg 7 : 7 for the canonical context A associated
to I. Moreover, I' IFg 6z; : 7; for every (z; : ;) € A. By substitution,
r ”—’R M :T.

Proof of Proposition 20 the first statement is proved by structural induction
on the derivations of 5. The direct implication of the second statement follows
immediately. As for the reverse implication of the second statement, suppose
that R ~ S; we show R < S. Assume

'rgM:A TI'FzB:s ARB
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implies thanks to S C R that
I'ra M:A I'ty B:s ARB

By R-conversion, ' 4 M : B. By R ~ §: I' b5 M : B. Henceforth R < §
and symmetrically R S S. Remark that R £ § implies R ~ S with the first
statement. So we are done. B

Proof of Proposition 21 We prove the first statement. Suppose that
T'tsM:A I'tgB:s A(Q-R)B

There exists a pseudo-term C such that AQCRB. We use that S is closed by
substitution: I' F§ A : s’ for some universe s’ follows by Correctness of Types.
By QSR: '+ C:s'. By @< S: I'tg M:C.ByR<S: I't5 M : B.

The proof of the second statement is (nearly) dual. Suppose that:

M M:A I'FiB:s A(R-Q%P)B

There is a pseudo-term C such that ARCQ?B. By @-SR: I' 5 C : s. By
R<&TI'tg M:C.By QP <S: I'5 M : B. We are done.

The proof of the third statement: Note that § < S. Hence, we may apply
the first and second statement as many times as wished. By continuity of <:

QY-8-(Q7)<S

We deduce from § C Q- 8§ - (Q%)“ that SC @“-S-(Q%)“. We are done with
the first statement of proposition 20. B

Proof of Corollary 22 the last statement is easy to prove with proposition
20. As for the first statement, we prove the following sequence of inequalities

1g= QY (QP)LC QY-8 (QF)~8~S§

We proceed in reverse order. § ~ § is easy. It follows that S has the @-SR
property and that @ < §. We apply Proposition 21 to get S ~ @“ - S - (@P)“.
The last inequality follows Q¥ - (Q%)¥ C Q¥ -S - (Q%)¥. [ ]
Proof of Theorem 23 we only prove the first part as the second part is easy.
Let Q be —ppize. It follows from H; and Hj that @~ C R therefore @~ < R.
On the other hand Theorem 16 shows that R has the Q-SR property. Hence we
can apply corollary 22 to get |mi:C R. B

Proof of Lemma 25 the direction |p mgln is the consequence of T(R) C R.
The reverse direction is a nice application of lemma 20. To prove that R <lp R)
suppose. thfxt I }*iT(’R) M:Aand I }-ET(’R.) B :s and A |x B. The following
properties induce A lT(‘R) B:

1. the relation |g is closed under substitution, so A is legal w.r.t. F{. by
Correctness of Types, "

2. Bislegal, A g B and I--Lz has R-SR.
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Hence, the Conversion rule can be applied in l—jT in order to get I' I}

(R) (R)
M : B. We conclude that l‘R<lT(R) and so lW—ElT('R)' |
Proof of Lemma 27 by induction on the length of the derivation. Note that we
only have to prove the result for M —g, M’ as —rC—miz:. The only interesting
case is when the last rule is an application rule and the subject of the judgement
is a redex w.r.t. —p,. So assume the last rule is

IR \Ie4By . (ODz: A'\B') T'tHiu:d
T ,_: appnz:A"B'(/\H:“A'Bz.t, u) . B’[u/:c]

with M = app7=4'-B'(\T=:A.-Bg t o) and M' = t[u/z]. To show that M —miz:
M'. We use the fact that lT( i mt)’_‘_'lmgzt. By generation on F{ (which is

(mist)

equivalent to §), Tz : A.B =T (mist) Iz : A’.B'. By confluence Of—’T(mizt)’
there exists A" and B’ such that A, A’ + ;¢ A" and B, B’ —»i5¢ B”. There-

fore
M ~iz: appH”:A"‘B” (AH:::A".B z.t, u) —p, t[u/:c]
and we are done. L |
Proof of Lemma 35 by induction on the derivation of I' Ff M : C. We treat
the case where the last rule is an application, an abstraction or a weakening:
- application: assume the last step is

I'Fit:Oz:AB TI'kFu:A
T'F¢ app® 4B (t, ) : Blu/z]

with M = appT®4-B(t,u). 1 is easy to prove. As for 2, assume N =
app™=4-B (¢! '), ||T'|| = ||A|| and ||M]|| = ||N||. We show Ma" = Ncan,

ie.

appﬂz:A"f.B"f (tan ycan) = appnm:A’“f.B'“f (trean  yrcan)
By Gapp, A F§ t' : Iz : A'".B’ and A F§ ' : A'. Note that ||M]|| =
[IN]] = (]It]| = |It’|| and ||u|| = ||v'|[). We can use the induction hypothesis

on the premises I' F{ ¢ : Iz : A.B and I' §{ u : A and deduce that
[Can = Acan scan — yican gy Can — yican gy, . QR T LB (miat) A

and t lT(mizt) t'. By corollary 33 applied on
I't{t:(Iz: A.B)and A+t : (IIz: A'.B’)

we deduce (IIz : A.B) = (miat) (ITz : A'.B'). By confluence, (Iz :
A.B) lT(m.m) (ITz : A'.B'). Hence A |mizt A' and B |miz: B'. By Cor-
rectness of Types, I' F{ IIz : A.B:sand AF{ IIz: A'.B' : s’ and hence
Oz : A.B and Iz : A'.B’ are strongly normalising. So A" = 4mf and
B" = B'"f and we are done.

- abstraction: assume the last step is
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Iz:AFit:B TI't;Hz:AB:s
T F \IZ&B ¢ Ia: A.B

— :A'.B'
with M = \T=:4.-B 3 ¢ 1 is easy to prove. As for 2, assume N = A= z.t,

IIT|] = ||A]| and ||M]|| = ||N||. To show M" = N@", i.e.

)\H::Acan .an z £6an — AH::A'Can .B’"f:c.t:can

By Gi, 4,z: A'F{ ' : B'. Note that ||M|| = || N|| implies that ||All = IJA’||,
hence ||I,z : A]| = ||A,z : A'||. We can use the induction hypothesis on
Tyz: AFSt: B and deduce t0 =¢/¢aN and A" = 43N,

We are left to show B = B/nf, By corollary 33, B =rp(n;a1) B’. By con-
fluence, B lT(m‘.u) B’. By Correctness of Types, either B is a sort or
I'z : AV B : so. Similarly, either B’ is a sort or A,z : A’ F{ B’ : s1.
In all cases both B and B’ are strongly normalising. Hence B = Bt and
we are done.

- weakening: assume the last step is

I'fM:B TI'b{A:s
Iz:AF; M:B

with M a variable or a sort or an universe. Assume A4,z : A’ is a legal
context with ||I,z : A|| = ||4A,z: A'||. Then ||I'|| = ||4]| and ||4]| = ||4]]-
Necessarily, A i A4’ : s’ so we may apply the induction hypothesis on
I'F: A: s to conclude A" = [N apd AC@N = A/€@N This proves 1. As
for 2, assume ||N|| = ||M||. Then N = M because M a variable or a sort or
an universe. So we are done.

B
Proof of Lemma 36

— first note that it is not true for an arbitrary M because algebraic rewrite
rules might not be left-linear. Indeed, consider the rewrite rule

f(z,z) -z
If A and A’ have no common reduct, then the term
f(app™= 42 (2, y), app™=4 " (2, ))
is in normal form while we have the reduction
[1£(2pp™ 42 (2,9), 2pp™ 4 (2, 9))|| = fe w2 g) > 2 y
The lemma is proved by structural induction on the derivation of I' HM: A

We treat the cases where the last rule of the derivation is (function) or
(application).
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- function: then M = f(t,,...,t,). The only interesting case is when || M||
itself is a redex, i.e. when there exists a rule | — r and a substitution 6
with domain FV(I) such that 61 = f(||t1], .. -, ||ts||) and 67 = N. Take I
linear with FV(I) N FV(lo) = 0 and p a renaming with domain FV(lo) (it
may rename two distinct variables with the same name) such that plp = 1.
There exists a labelled substitution ¢’ with domain FV(ly) such that
6'lo = M. We know that for every z € FV(lo), we have ||6'z|| = 6 o p(z).
Hence for every z,y € FV(l), pz = py = ||¢'z|| = ||¢'y||- By Lemma
35, it follows (6'z)“2" = (¢'y)“@". Define a labelled substitution 6" with
domain FV(lp) by 6"z = ('z)@". There exists a substitution 8, with
domain FV(I) such that 6"(z) = 6, o p(z) for every = € FV(lo). Define
N' = 6or. Then M Pmizl N'.

To show ||N'|| = N. Let = € FV(l). There exists y such that py = z. We
have

[16o=I1 = |160(pw)l = 116"yl = 1I(6"v)*" || = 116y]| = 6(py) = 6=

Hence ||6oz|| = 0z for every = € FV(I) and we are done.

- application: let M = app”*:-P(t,v) and ||M|| = ||t||||u]| —=miz N'. We
use the induction hypothesis if the reduction occurs in ||t]] or ||u||- When
|| M|| itself is a B-redex then t = A7=:C"-D'z ' and N = ||t'||[||u||/]- The
loose head reduction of M leads to N’ = t'[u/z]. We are done with the
following equality:

IVl = [IEu/alll = [1E][lull/2] = N

— it is proved by induction on the length of the reduction sequence ||M|| =},
N. Assume ||M|| —miz P. By 1. there exists P’ such that M -} . . P’ and
[|P'|| = P. By Lemma 27, M -}, P'. By Subject Reduction, P’ is legal.
So we can apply the induction hypothesis on P’.

the strong normalisation part is proved by induction on the length of the
longest — msiz¢-reduction sequence starting from M. Assume that ||M|| —miz
N. By 2 there exists N’ such that M —»}. . N’ and ||N'|| = N. By Subject
Reduction, N' is legal so we can apply the induction hypothesis. Hence — i,
is strongly normalising on N = ||N’||. The property is true for any N such
that ||M|| —miz N. Henceforth —,;; is strongly normalising on ||M||. As
for the Church-Rosser property, assume ||M|| = mi; N1 and ||M|| »miz N.
Then there exist Nj and Nj such that M —»pe Ni and M -z N
with ||N{|| = N; and ||Nj|| = N2. By confluence of —pnize, there exists
a labelled pseudo-term P with Ni —»pmiz: P and Nj —pnipe P. We can
translate N/ —iz P into ||N}|| »miz ||P]|- It follows that Ny —»piz ||P||
and Ny iz || P]].

assume ||M|| lmiz ||V ||- Hence there exists @ such that || M|, ||N|| »miz Q-
By 2, there exists Q; and Q; such that M —, . Q1 and M —pize Q2.
Moreover ||Q1]| = ||Q2|| = Q. Hence QF?" = Q5" = Q'. Thus we have
M,N izt Q' ie. M |mizt N.
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Proof of Proposition 37 the proof proceeds by structural induction on the
derivation of I'+ M : A.

- conversion: suppose that I' = M : B is derived from ' M : Aand I'+ B : s
with A |miz B. It follows by induction that I', F{ M, : A, and I, F{ B, : s
with

ILll==|IL] IMl=M |lAJl=4 ||B||=B
By lemma 35, I'y = I',. By Correctness of Types, I, f A, : s’ for a given

universe s'. The last statement of Lemma 36 deduces A |miz: B from Iy = I,
and ||4|| lmiz ||B||- By conversion

T'yF M, : B,
with the required translation (and canonicity) features:
|ITe]| = I and ||M,|| = M and ||Bo||= N

- application: suppose that I' - tu : B[u/z) is derived from I' ¢t : (IIz : A.B)
and I' F u : A with application rule. By induction there exists two derivable
judgements

Iytite:(Iz: A.B)y and I, F§ uo : 4, (1)
with the good translation properties. Define 4,, B, as (IIz : A.B), = Iz :
A,.B,; by G and Correctness of Types, I'y F{ A, : s’ and I, F{ A, : s
for some universes s’, s”". By lemma 35
I'y=1,and 4, = 4,
because A, is canonical. By (1) and an application rule it follows that:
Iy ¢ app™®4e-Be(ty uo) 1 By[u, /]

By the Subject Reduction Property and conversion:
e Hz:Anf.an can
Iy g app™ e e (tey o) ¢ (Ba[uo/2])
We easily check the three equalities
— Hc:Anf.an can
[ITe]] = T and |lapp™ ™+ %< (to, uo)|| = tu and ||(Bo[uo/2])*"|| = Blu/z]

and the canonicity of I}, alppﬂ“““"gf'E"Elf (te, to) and (Bs[ue/z])c@M.
- abstraction: assume the last step is

INz:A+t:B I't+IOz:A.B:s
I'tAz:At:IIz: A.B
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and M = Az : A.t. By induction hypothesis:
IFe,x: Aty :Bse IoFi (IIz:AB)o:s (2)

for some canonical contexts Iy, I,. By Correctness of Types, I,z : 4, F§
B, : &' for some universe s'. Let 4, and B, be defined as (IIz : A.B), =
II'z : A,.B,. By G:

Lok Ag:sy Io,z: Ao i Bo: sy
for some universes s;, 32. By lemma 35
I'y=I, A=A, B,=DB,
By abstraction and (2):
Ly e \Iz4eBeg ¢ - Ta: A,.B,
By the Subject Reduction Property and a conversion rule:
nf

I, be ATeal0BN 4 (Do A, B,)C20

We easily check the three equalities

f
L= [AF=A" B gt = Azt At [[(Tz: Ae.B,)"||= Oz : A.B

and the respective canonicity properties.
- weakening: assume the last step is:

I'tt:A I'+B:s
I'z:BFt: A

fegIandt€e SUUUV UK

By induction there exists I'y F§ ¢, : 4, and I, F{ B, : s. By lemma 35 I', =
I, and henceforth Iy, z: B, F{ ¢, : Ay since z ¢ 'and t e SUTUUV UK.



