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PREFACE

In recent years a large number of papers dealing with the singular
perturbation method has been published. However, only some of these publi-
cations refer to the foundation of this method.

In this tract a class of well-known one-dimensional singular pertur-
bation problems is treated in relation with a paper of Eckhaus [5] on the

foundations of the method of matched asymptotic expansions.

It is further demonstrated that certain principles underlying the one-
dimensional singular perturbation method can be extended in such a way that
they serve as a basis for the two-dimensional case. The main reason for
studying the basic principles of the two-dimensional method is to give an
analytical description of the so-called "birth of a boundary layer", a

!terminology introduced by Eckhaus [6]. It is a well-known fact that in cer-
tain boundary layer problems the usual asymptotic solution is singular at
the extremities of the boundary layer, one may say that boundary layers
originate in such points. This idea is reflected in the title of this
tract.

In the investigation of this type of problems several topics of mathe-
matics are involved suct as non-uniform convergence, singular perturbations
and the maximum principle. In order to obtain an adequate description of
the structure of boundary layers much attention has to be given to the re-
lationship between these topies. As a result of this approach a complete

insight into certain types of boundary layer problems is achieved.

I am grateful to the Board of Directors of the "Stichting Mathematisch
Centrum" for giving me the opportunity to carry out the investigations
presented in this monograph and for publishing this study in the series
"Mathematical Centre Tracts".

Valusble suggestions were given during the preparation of this mono-
graph by Professor W. Eckhaus, to whom I would like to express my grati-
tude.






CHAPTER I  INTRODUCTION

Solutions of singular perturbation problems are often obtained by
means of heuristic methods, such as coordinate stretching and matching. In
order to gain understanding in the fundamental aspects of these methods it
is instructive to study the asymptotic behaviour of explicitly given singu-
lar functions ¢(x,y;e) which converge non-uniformly in a closed domain G of
the x,y-plane when ¢ tends to zero.

Eckhaus [5] demonstrated the usefulness of such an approach for functions
of one variable and a small parameter. It is to be expected that a great
deal of the results obtained by Eckhaus also hold for functions of twe
variables and a small parameter. However, it appears that some new aspects
arise which are specific for two-dimensional theory. A part of this mono-
graph is dedicated to these matters.

The references [14] and [4] can be considered as introductory studies
in the field of matched asymptotic expansions in two variables. The first

paper, which was written by the author, deals with the asymptotic behaviour
of the exact solution of an elliptic problem. It exhibits the phenomenon of
the birth of a parabolic boundary layer. In the second paper Eckhaus stud-
ies an elliptic problem which is related to ordinary boundary layers. This
paper contains a number of suggestions for the further inyestigation of

the birth of an ordinary boundary layer.

We shall utilise these informations for the study of implicitly de-
fined singular functions (singular perturbation problems). Hereby we re-
strict our investigation to those functions ¢, which satisfy, linear, ordi-

nary or elliptic, second order differential equations of the type

(1.1) Lo =-€L,0 + Lo = h,

1

where L, is a second order and L1 a first order differential operator.

2
Furthermore, h is a given function and € a small positive parameter. The

case where L, and L, are ordinary differential operators provides the star-

ting point of our investigations.



In two-dimensional singular perturbation problems, which are known
from literature, the exact solution converges non-uniformly in the neigh-
bourhood of a curve which may either be contained in the definition domain
G or be a part of the boundary. These situations are related to free and
ordinary boundary layers, respectively. For such problems a coordinate sys-
tem (p,0) is introduced in which p is normal to the curve and 6 varies -
along the curve.

In the present analysis a formal approximation of the solution of .
these problems will be constructed in five distinct steps, as follows:

1. The coordinate p is stretched by introducing a transformation of the

type

(102) p = Eeaa a > 0,
(p,6) = (0,8) at the curve. By transforming equation (1.1) into an
equation depending on &, 6 and €, and by letting € tend to zero we

(o)
0

obtain the degenerated operators L for different values of o:

lim eYLe = Léa),
>0

(@)

where y is chosen such that the coefficients of Lo are 0(1) in e,

2. The general solutions of

(0= _ . ¥
L0 ¢a = 1lim € h.

>0

are constructed. The functions E; are said to be formal limit func-
tions.

3. The matching principle yields relations, which must exist between the
integration constants of different formal limit functions.

4,  The boundary conditions are satisfied. The formal limit functions are
then uniquely determined.

5. A formal uniformly valid approximation is composed of the formal limit
functions.



Finally, it must be established that this formal approximation does
indeed approximate the exact solution with a certain degree of accuracy. In
our approach such a proof is based on the maximum principle for differen=-
tial equations (see Protter and Weinberger [301).

When an approximation, obtained in this manner, exhibits a singularity
at an isolated point of the curve, it is obvious that stretching must be
applied to both coordinates p and 6. Thus

(1.3) p = g, ] neB, a,8 > 0,

(p,8) = (0,0) at the singular point. In order to achieve a formal uniformly

valid approximation the same five steps must be passed through.

Our main objective is to solve the elliptic singular perturbation
problem of the function #(x,y;e) satisfying (1.1) in a bounded strictly
convex domain G with given boundary values.

This problem has been the subject of a large number of papers. In

'chronological order we mention Wasow [35], Levinson [21], Visik and
Lyusternik [34], Eckhaus and De Jager [7], Mauss [24] and [28], Roberts
[31], Frankena [11] and De Groen [171.

In the present monograph two aspects can be distinguished: the study
of non-uniform convergence of explicitly given functions, and, in addition,
the method of constructing formal approximations of implicitly defined
functions. These two aspects are, to a certain degree, complementa&y. e
Therefore, the former can never be used to prove the validity of the lat-
ter. However, the study of non-uniformly converging functions reveals some
essential features of singular perturbation problems, which enables us to
understand the boundary layer mechanism.

Some definitions and properties of asymptotic approximations are reviewed
in chapter 2. In this manner we indicate which concepts of perturbation
theory are used in the sequel.

In chapter 3, a summary is given of the paper of Eckhaus [5] which deals
with the foundation of matched asymptotic expansions in one variable. Only

those subjects are treated which are important in the present study. In



section 3.7, the author considers a two-dimensional boundary layer struc-
ture, which can be interpreted in terms of Eckhaus' analysis.

Chapter L4 is devoted to a class of solution methods of well-known singular
perturbation problems. Some seemingly arbitrary procedures in these methods
are interpreted as natural results from theory discussed in chapter 3.
Moreover, the validity of the approximating solutions is proved by means of
the maximum prineciple.

In chapter 5, new results are obtained concerning non-uniform convergence
of functions of two variables and a small parameter. The use of the method
is demonstrated for so-called parabolic boundary layers.

In chapter 6, an analysis of the elliptic problem, mentioned above, is .
made. Besides a complete explanation and description of the singular behav-
iour of the solution, which results in a clear picture of the birth of an
ordinary boundary layer, we also give the proof of validity of a uniform
- approximation. Moreover, a physical application of the elliptic problem is

discussed.



CHAPTER ITI DEFINITIONS AND PROPERTIES OF ASYMPTOTIC APPROXIMATIONS

In the following chapters we will express the order of magnitude of a
function ¢(s;e) (s=x or s=(x,y), 0<e<<1) by means of functions which depend
only on €. For this purpose we introduce so-called order functions.

Let &8(e) be a real, positive, continuous function of the real varisble € on

an interval 0 < € < €., and let lim &8(e) exist, then every function having

e*0
these properties is said to be an order function. When a comparison between

O’

two order funetions is made, the following notations are used:

(2.1a) 8, 5g 8o if 61/62 is bounded for € -+ 0,
(2.1p) 8, = 855 if 8, < 8, and §, S 8,s

(2.1¢) 61 3 855 if 1lim 61/62 = 0.
>0

" The signs P ;s’ ;; indicate the asymptotic ordering between two samples
of the set of order functions. The relationship between two order functions
given by such a sign does not imply a same relation with the usual equality
and inequality signs. It is emphasized that the set of order functions is
only partially ordered in this manner,

If 61 b 62, the functions 61 and 62 are called asymptotically equal.
From the set of order functions infinite denumerable subsets can be chosen
forming a function sequence Sn with the property

8 n=0, 1,2, 0. .

n+1 as 6ﬂ’
For any such sequence the following lemma holds.

Lemma 2.1 Let 5n(e) be a sequence of order functions with the property

6n+1 as Gn’

then order functions 6*(2) exist such that



*
§ << §
as n

for all n.

. * . . .
Any order function 8 (e) having this property will be called asympto-
tically equivalent to zero with respect to the sequence Gn(e). Lemma 2.1 is
closely related to the DuBois-Reymond theorem [5].

Definition 2.1 ¢(s;e) is 0(8(e)) in D, if there exist constants N and K
such that M(e) def Max|¢(s3e)| < K8(e) for 0 < e < ¢
1lim M(e)/8(e) # 0, if this limit exists.

e>0

0? and

Remark This definition differs from the one Landau used: if ¢ = 0(6e(e))
Ge(e) s 8(e), then according to Landau's definition we may say that
¢ = 0(8(e)). However, from definition 2.1 it follows that in this case

¢ = 0(s(e)).

Definition 2.2 Two functions ¢(s;e) and $6(s;e) are asymptotically equiva-
lent in D, if ¢(s3e) = O(So(e)), 56(3;5) = 0(60(6)), ¢(s3e) - 36(556) =
= 0(51(6)) and 61(5))';§ 60(6).

In such a case we write ¢ ~ ¢

0

With the aid of these definitions we are able to describe the way to
obtain an asymptotic expansion of a function ¢(s;e). When ¢(s;e) = 0(60(5)),

we construct an approximation of type
¢(sse) = ¢,(s3¢) éo(s).

(At this stage we do not study the manner in which such an approximation
is obtained.) Let

¢(sse) - ¢4(s3¢e) 8,(e) = 0(8,(e)),

then the construction of a higher order approximation is achieved, if we

find a function ¢1(s;e) that satisfies



(2.2) ¢(s3e) - ¢, (s3e) 8 (e) ~¢,(s3¢e) 8,(e).

If this construction of higher order approximations is continued indefi-

nitely, we obtain the asymptotic series
[=<]
¢(s3e) =) 6m(e) ¢m(s;s) + R(s3e),
m=0

where R(s;e) = §"(e) for all s € D and §°(¢) is asymptotically equivalent

to zero with respect to the sequence § (e) (see Lemma 2.1).

The following lemma of [5] establishes the asymptotic equivalence of

¢(s;e) and the approximation ¢0(s;e).

Lemms 2.2 Let ¢(sj3e) and ¢O(s;e) be continuous functions in D for -

0 < e <e, and let both functions be of order 0(1). Then ¢(s;e) and

09
'¢o(s;e) are asymptotically equivalent if, and only if, the limit

lim |¢(s3e) = ¢o(s3e)| = 0
e>0

holds uniformly in D.

When the limit lim ¢(s3e) = wo(s) converges uniformly in D, it is
>0 ’
easily deduced from lemma 2.2 that an order function 51(6) exists such that

|o(s3e) - wo(s)l = 61(9) << 1 for all s € D,
or

d(s3e) = wo(s) + 0(61).

Functions ¢(s;¢) which have the property that the limit lim ¢(s;e) exists
>0
and converges uniformly in D are called regular. If the limit converges

non-uniformly in D the functions ¢(s;e) are called singular. For the higher
order terms (see (2.2)) we have to reconsider this problem, because

1lim (¢-¢060)/61 may converge uniformly or hon-uniformly independently of
e>0
the course of- the foregoing term.



In the sequel, we only study the case where ¢(s;e) is a singular function
for which the non-uniformity occurs near isolated points in a closed inter-
val of the x-axis, if s = x. For s = (x,y) we may have non-uniform conver-
gence near both curves and isolated points in a closed domain of the x,y-

plane.



CHAPTER IITI NON-UNIFORM CONVERGENCE OF FUNCTIONS OF ONE VARIABLE
3.1 SOME ASPECTS OF NON-UNIFORM CONVERGENCE

It is assumed that ¢(x3e) is a continuous function of x and the para-
.. : * . .
meter € in the domain G_ = {x,e: 0<x<R, O<e<e } and that w(x) is a contin-

uous function in G = {x: 0<x<R}. Moreover, the limit

(3.1) 1im [¢(x3e) - w(x)1 =0
>0
converges non-uniformly in G, and uniformly in G - GA’ where
GA = {x: 0<x<A} and A is an arbitrary positive constant. Thus, for any num-
ber q > 0, a number so(q) exists such that |¢(x;e) - w(x)| < g, if

O<eiso(q)a.ndA_<_xiR.

As a consequence of the non-uniform convergence the upper bound of €

also depends on the choice of A. This dependence is such that
lim eo(q,A) = 0.
A0

Of all possible functions eo(q,x) we chose those (defined for 0 < x < R and
0<aqx qo) which satisfy the following conditions:

a. |¢(x5e) - w(x)| <qg, if 0 < e < eo(q,x) and 0 < x <R,
b. eo(q,x) is continuous in q and x,

c. eo(q,x) is monotonic increasing in q and x,

d. 1lim eo(q,x) =0, 1lim eo(q,x) =0,

@0 x>0

e. For any A > O values X within 0 < x, < A exist such that

k
[¢(xkgs) - w(xk)l > q for € = so(q,x ») + 0, where o > 0 is arbitrarily

small.
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The functions eo(q,x) satisfying these conditions are particularly
adapted to describe the behaviour of the non-uniformly converging limit

(3.1), as we shall verify in the following three points.

min e.(q,x).
. A<x<R
Thus the convergence is indeed uniform for 0 < A < x < R.

1. |¢(xs€) = w(x)| < q, if 0 < € < p(q,A), where p(q,A)

2. We show that the limit is non-uniform for 0 < x < R by assuming the
opposite. In that case for any q (0<qiq_0) a number u(q) would exist
such that for 0 < € < u(q) and 0 < x < R relation |¢(x3e) - w(x)| < q
would hold. However, for x sufficiently small we would have

u(q) > so(q_,x), which contradicts condition e.

3. The existence of functions eo(q,x) is easily established by assuming
the opposite. This would lead to uniform convergence for 0 < x < R.
Moreover, we can prove that any two functions of this set eo(q,x) tend

to zero in the same way:

el (q,0) e (q,x)

lim-T—)—to and 1im—(-—)——=o
) 2

g0 602 (a,x 0 €4 (q,x)

Finally, a lemma is proved that will be of great value in the follow-

ing section.

Lemma 3.1 Let eo(q,x) be a function with the properties a, ..., e, then
- EO(X)
there exist functions € _(x) with lim ——— = 0 for all q.
0 x>0 eo(q,x)

Proof Let r(x) be a monotonic increasing function with lim r(x) = 0. For
x>0
0<gq, < 9 2 9 two possibilities are distinguished:

e,(aysx)
. 0'*2 . -
1. lim W 2 0, then €O(x)

x>0

r(x) eylagsx),

e (a,,%)
. Ep'l%eX) -
2. llmm = 0, then eo(x)

x>0

eo(r(x) ,X).
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3.2 EXTENSION THEOREMS

It appears that the domain of uniform convergence of the limit (3.1)
can be extended in such a way that the origin also is included. Using the
properties of non-uniform convergence, as given in the preceding section,
we will investigate the bounds of the extended domain of convergence. The
term "uniform convergence" is considered here from another point of view
than the classical definition. A formulation is obtained which turns out to

be appropriate to our case. The following definition will be used:

Definition 3.1 Let PE be a domain of the s,e-space (e>0), containing an

interval S of the s-space for € = 0. Then we say that the limit

1im [4(s3e) - w(s)I =0
>0

is uniform inﬁPE,if for all values s = S, contained in S

lim [¢(s3e) - w(s)I =0
>0
5@,

independently of the choice of the path in Pe'

With the aid of lemma 2.1 the extension theorems 3.1 and 3.2 are

proved (see [51).

Theorem 3.1 Let ¢(x3e) be a continuous function in

G, = {x,e: 0<x<R, 0<e§§3}, and let the limit

lim [¢(x3e) - w(x)l =0

>0
hold uniformly on the interval O < A < x < R for any value of A and R being
fixed. Then there exist functions € = Eb(x), positive, continuous and mono-
tonic increasing with lim Eo(x) = 0, such that the limit

e>0

1lim [¢(x3e) - w(x)I =0
>0 .
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is uniformly valid in P_ = {x,e: 0<x<R, Ofpj?b(x)}.

Theorem 3.2 Let ¢(x;e) be a continuous function in

G, = {x,e: O<x<R, O<e<e’}, and let the limit

lim [¢(x3e) - w(x)I =0

e>0
hold uniformly on the interval 0 < A < x < B < R for any A, B and R being
fixed. Then there exist Eynctions e = Eb(x), as defined in theorem 3.1, and
moreover, functions e = eo(x), positive, continuous and monotonic decreas-
ing with ;l:;];l eo(x) = 0, such that the limit

1im [¢(x3e) - w(x)I =0
e*0

. . . . . *
is uniformly valid in P_ = {x,e: 0<x<R, O<e<minl[e »€ 1}. (R may tend to

O’Eb
infinity.)

3.3 LIMIT FUNCTIONS

The non-uniformly converging function ¢(x;e), defined in section 3.1,
will be studied more precisely. Using theorem 3.1 we obtain an extended do-
main of uniform convergence P_ = {x,e: 0<x<R, ijjgb(x)}. An inverse func-
tion of € = Eo(x) exists, because € = Eo(x) is continuous and monotonic in-
creasing. Clearly, this inverse function, say Go(e), is an order function

with lim 's'o(e) = 0.
e*0

It is also possible to introduce an inverse function of e = eo(q,x). Let

x = GéQ)(e) be this inverse. We easily verify that Géq)(e) has the proper-

ties
1. GéQ)(e) is an order function,
2. lim sé‘”(e) =0, 0<aqzxay

>0
(a4) (q,)
3. S0 5% o 0<ay;<qy =9,
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Because of the relationship existing between the functions Eo(q,x) and

Eb(x), the following asymptotic inequality is valid:

CVRR
o 5 Ts
This relation implieés that the set of functions Eb(e) is bounded by the set
of functions Géq)(e).

When a given function belongs to a set of asymptotically equal order
functions 6(e), other samples of this set are easily constructed by multi-
plying this function by a constant. Therefore, within the domain of uniform

convergence we may consider a family of paths given by
(3.2) x = £8(¢e),
so that the limit

- (3.3) 1im [¢(x3e) = w(x)I =0
>0 -

holds along any such path, if 5éQ) i s 1. Taking the limit (3.3) along
a path (3.2) is equivalent to the following manipulations of substituting
(3.2) into (3.3) and letting € -+ 0, while £ is kept fixed. We shall use for

such an operation the notation

(3.4) lim [¢(x3e) - w(x)] = 0.
14
The path (3.2) was chosen in the extended domain of convergence of the
limit (3.4). On the other hand when the procedure (3.4) is applied to a
path

(3.5) x = Evdv(e)

(a)
0
the singular function ¢(x3;e) is obtained

without a restriction of type § ;g Gv, a generalization of the limit of



1l

(3.6)  lim [L’—ix'E) -y (& )] = 0.
£ 8 (¢) Vo
\Y \Y
Definition 3.2 We say that for a transformation (3.5) the limit of the
singular function ¢(x;e) exists, if there exists a non-trivial function
¢v(gv) and an order function 5:(8) such that (3.6) is satisfied on some

interval of Ev'

Example 3.1 We consider the singular function
¢o(x3e) = (x2+2x+2e) + (x+x2) exp(-x/e) and construct its generalized limits

according to (3.6). We notice that w(x) = x2+2x and that for the paths

the limit functions are

wv = 2£v s Gv =€, 0<v<i,
- -\) *— =
b, = (2€v+2)+6ve R §,= € v=1,
*
¢v =2 . 6u =€, v > 1.

3.4 LOCAL ASYMPTOTIC APPROXIMATIONS

A limit function wv(gv) can in a certain way be considered as a local
asymptotic approximation of the singular function ¢(x;e).
Assuming that the limit

(3.7)  1m [2=E) )] =0, = €6 (e),
eim[ﬁi(e) )] AT

holds uniformly on the interval 0 < Av f_gv j_Bv < o with Av and Bv arbi-

trarily chosen, we obtain by application of lemma 2.2

¢(X;E) -y ( X )

r)
< (e) << 1.
6v(e) v Gv(e) €

=6
as v as
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Hence
olxse) = 4, ey) - 810 o(s{F)-s¥)

for A8 < x < B . When theorem 3.2 (R+~) is applied to (3.7), an exten-
ded domain of convergence is obtained. Let x = Euéu(s) = Eu5v(€)g;(€) (also
allowed is du = Gv/gv) be a path in this domain, then an order function

(r) .
<<
Gv’u(e) <s 1 exists such that

blxse) = v, )8 + o(8L7)s)
\)

for AGU <x §_B6u, 0 <A<B< o,
3.5 THE MATCHING PRINCIPLE

With respect to the set of order functions G(q)(e) of section 3.3 two
cases will be distinguished. The set may con51st of asymptotically equal

order functions or it may consist of order functions with the property

(a
(3.8) 5% 5% 0 <a<ay 29

Two examples are given: Séq)(e) = ge is a set of asymptotiéally equal order

9 is a set of order functions satisfying (3.8).

functions, and Géq)(e) =¢
In the present analysis we study the case where the bounding sets GOq (e)

consist of asymptotically equal order functions.

The matching principle is contained in the following theorem (for
proof and details see [5]). It is used to determine unknown constants in
local approximations of a function ¢(x;e) in cases where such a function is

implicitly defined by differential equations (see example 3.2).

Theorem 3.3 Let

(3.9)  1lim P%‘s—) - v, (& )] =0,
3 s (€) 1 1
V1V
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and
(3.10)  1lim [iéZiEl - v, (& {} = 0,
Vs OV,
Ev 6v (e) 2 2
2 2
where x = £ 8 (e).=& & (e).
AP vy Vv,
Then an order function 351’2)(5) s 1 exists such that for
§
~(1,2) Vo . .
§ << << 1 the following relation holds:
as as
Y1
* *
6v1 § sz J
(3.11) élm e wv1(3§— £)| = élm e wve(gﬁf )
Hu u 1 u u 2

= [ << <
x =& u(g)’ sz as 6u as 6v

. Both limits must exists and be non—trivial;

Example 3.2 The function ¢(x;e) has the following properties:

1. lim [¢(x3e) - w(x)] = 0, w(x) = §i£—§§ for x > 0,
>0 1+x
2. lim [ﬁ; - wv(gv)] =0, x=gg’, 0<v<I,
& v
where wv(gv) =CygE, and & =¢,
3- lim [% - ¢1(€1)] = 0, X = E1€’
§
E'l 1
T/E1 *
(g,) =C.te +C_ and 6§, = e.
where y,(&, 181 0 1

Applying theorem 3.3 to two limit functions b, and wv s
1 2
0 < vy < Vy < 1, we obtain Cv =C =2, so for all 0 < v < 1 we have

1 Ve
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C.. = C. Matching w(x) and b, » where v is chosen such that the condition

v 0 0

3(1’2) << § << 1 of theorem 3.3 is satisfied, yields C = 2. Finally,
as v, as
matching ¢1 and wv of the set 0 < v1 < 1, where v1 is chosen such that
1
6(1’2) << 6./8 << 1 is satisfied, leads to the result
as 1 v, as

3.6 UNIFORMLY VALID ASYMPTOTIC APPROXIMATIONS

We will apply the results just obtained for the construction of an
asymptotic approximation of a singular function which holds uniformly in
the definition domain of this function. It is assumed that the function
¢(x3e), defined in G, = {x;e: 0<x<R, Ofﬁjﬁ*}, is continuous in x and €.

To begin with we determine the function w(x) satisfying

: . = = ' (a)
(3.12) élm [o(x3e) - w(x)] =0, x = gvﬁv, 60 << 8, $s 1.
v

According to definition 3.2 a limit function wv(av) can be introduced that

satisfies

(3.13)  lim [ﬂ%e—)-wv(iv)]’=0,x=aﬁ,6 < 1.

£, GV(E)

Obviously, the limit functions wv(Ev) corresponding to the paths x = Evév
(Géq)ggév;s1) can also be obtained from the function w(x), because (3.12)
converges uniformly along these paths, so

o ow(g8) (a)
(3.1k4) lim ———= wv(Ev), <S0 as 6V as 1.
g, - o ‘

Continuing with (3.13) a limit function ¢1(51) is defined by

1 L'_ = = = (q-)
11m[* ¢1(g1) 0, =x=1¢g.8,, & = 87
£ §

1

Furthermore, we apply theorem 3.3 so that for an appropriately chosen order

function ¢ (e) we find the relation
1
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*

* §
61 EH v, Gu
(3.15) élm = ll)1(61 Eu) = él_m —-—% wv1(——6v Eu) 2 81 558 S 5\)1 s
u u u 1
If GV is sufficiently close to 61
1
take the path x = guéu(s), 6u(e) = 6v (e), and (3.15) then transforms into
i 1

in order of magnitude it is allowed to

_5* 8 -
(3.16)  lim |- v (=t )| = v (g ).
£, st 1 1"
1 1
Combination of (3.14) and (3.

-

6) yields the relation

(3.1 LI W R T
3.17 lim |— ¢, (— & =9y (£ = lim
£, 6: T8y vy ViV g &*

1 1 Y1 Vi

Applying theorem 3.3 to the limit function w1(£1), we obtain

. o = - ) (a)
élm [;* I1’1(51):] 0, x=¢&98, 8% 529,35 8¢
v

Once more a limit function is introduced,

lim {%; - ¢2(€2?] =0, x=E08, 8= s{a)

52 ; 2 as 1
Similar to (3.17) we have the relation
; § 6: Sv
(3.18)  lim | = wg(—gi g“e) = wva(svg) = éim - w1(—g% Evg) >
Vo | Vs vy | Vv

<< §_.

62 ;; 6v2 as 1
Continuation of the procedure leads to a denumerable sequence of limit
functions ¢n(5n). This sequence ends with the construction of a limit func-

tion ¢m(£m) of which the corresponding limit.

*

m m

(3.19)  lim E:- ble)| = 0
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. * . . .
holds uniformly for €, 2 0and 0 <e <e . Finally, the function ¢0(x;e) is

introduced, which is a composition of the foregoing limit functions:

(E-)8]
n+1 6vn_” Vn+1

X * m X % m-1
(3.20) ¢y(xse) = w(x) - "’\,1(5_)% + Z v, (58, - _Z_ by
v1 1 n=1 n n=1

In [5] it is shown that ¢0(x;a) approximates the function ¢(x;e) uni-
formly on the interval O < x < R. It means that for 0 < x4 <R the limit

(3.21) 1im [¢(x3e) = ¢0(x;e)] =0
>0
X,
is valid along all paths contained in the domain
P_= {x,e: 0<x<R, O:pi?o(x)} and ending at (x,e) = (x1,0).
From lemma 2.2 we deduce that because of the uniform convergence of (3.21),

-there exists an order function 5$r)(€) such that
. o = (T '
[$(x;e) - ¢0(x,e)| = 8 () <t

We introduce a function ¢ér)(x;a),

¢(x3e) = ¢0(x;e) + Ssr)(e)¢ér)(x;e),

and proceed in the same way as for ¢(x;e) in order to construct an approxi-
mation for ¢ér)(x;e). Let ¢1(x;e) be an approximation of ¢ér)(x;e) which is

uniformly valid for O < x < R, then we obtain the expression

o(x3e) = ¢, (x3e) + Ggr)(e)¢1§k;$) + Gér)¢$r)(X;6).

This procedure can be continued indefinitely.
Remark When in (3.19) m = 1, the results of this section provide a justi=.
fication of the matching procedure frequently applied in boundary layer

problems. For m = 2, 3, ... this study represents a justification of the

so-talled multiple boundary layer theory.
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Example 3.3 We analyse the behaviour of the function ¢(x;e), defined in
. *
G, = {xse: 0<x, O<e<e },

2
¢(x3e) = (x2+x€—1) + (2+x/e:)e'x/E + e'ex/E + e—(X+1)/E.

The reader will observe that every substitution of the form x = Ev5v(€)
yields ¢(x;€) = 6:(5) = 6*(8) = 1.

Generally, limit functions satisfying (3.13) will be called equiva-
lent, if there exists an order function 6*(9) such that 63 = §* for all
transformations of type x = EVGV(E). In such a case the representation of
the matching principle and the construction of a composite expansion can be
simplified, as we will see in the present example.

We observe that

1lim [o(x3e) - w(x)] = 0, w(x) = x2-1 for x > 0,
>0

and that the limit

1lim [¢(x3e) - wv(Ev)] =0, x=§& Ev,
€

v

has as corresponding limit functions

by(5) = -1 (0<ve1),
_51
u’-l(g-‘) = -1 + (2+E1)e (\)=1)’
¢v(€v) =1 (1<v<2),
—252 .
vy(E5) = 1+ e (v=2),
‘ ¢v(Ev) =2 (v>2).

Formulae (3.18) and (3.21) transform into

(3.22)  lim y () = lif0 bo_q (8, q)s

Enam En-1
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m m-1
(3.23)  #g(xse) = wlx) - w(0) + ] ¥ () - ] v (0.
n=1 n n=1

For this example (3.23) becomes

- -2E
¢0(X;6) =x% -1+ (2+g,)e Tie .

3.7 A SPECIAL CASE OF NON-UNIFORM CONVERGENCE OF FUNCTIONS OF TWO VARIA-
BLES

We assume that the function ¢(x,y;e), defined in
*
G, = {x,y,e: 0<x<R, -R<y<R, O<e<e }, is continuous in x, y and €, and that
w(x,y), defined in G = {x,y: 0<x<R, -R<y<R} is continuous in x and y. More-

over, it is assumed that

(3.24) lim [¢(x,y;e) - w(x,y)l =0
>0

converges non-uniformly in G and uniformly in G - GA’ where
Gy = {x,y: 0<x<A, -R<y<R} and A is an arbitrary positive number.
Let s be a vector with components x and y, s = (x,y), then (3.24) changes

into

lim [¢(s3e) - w(s)] = o.
>0
In a similar manner as in section 3.1 we define functions eo(q,s)

satisfying the conditions

a. |¢(s3e) - w(s)| < q for 0 < ¢ ieo(q,s) and 0 < x <R, -R <y <R,

b. eo(q,s) is continuous in q, x, and y,
c. eo(q,s) is monotonic increasing in q and x,
d. 1lim e.(q,s) = 0 and 1lim e.(a,s) = 0, -R <y, <R,
0 0 —J1 =
a0 s>(0,¥,)

e. let x = x(A), y = y(A) be an arbitrary path along which a point
(x(0),y(0)) = (0,y1) is approached, and let x be monotonic non-de-
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creasing for 0 < A j_l*. Then for an arbitrary small AO > 0 values A
exist with 0 < A < Ay such that |¢(s(A),e) - w(s(2))]| > q for

e =g (q,s(kk)) + 0, where o is a positive arbitrarily small number.

k

Lemma 3.2 Let eo(q,s) be a function with properties a, ..., e, then there
exist functions Eo(x) such that
E'O(s)
lim = 0, 0<q<aqg., -R <y, <R,
e ( ) - i
s+(0,y1) 0 38 0

independently of the path chosen in the domain 0 < x <R, -R <y <R.

Proof For 0 < % < q, j_qo we may have that

Eo(ngs)
lim T (.8 20, y,€eT
s+(0,y1) o0 q1,s) L 1
" or
e (q,,s)
. 0 %2
lim =0, y,€T,, r. +r_=L[-R,R].
S'*(,O,yz) EOZquj 2 2 1 2

It appears that the function EO(S) = r1(s)eo(r2(s),s) satisfies the condi-
tion of the lemma. The functions r1(s) and rg(s) are positive and continu-

ous, r2(s) < qq for all s,

lim r.(s) =0 fory, €T
1 1 1
S*(OsY1)
and
lim r2(s) =0 for y, € T,.
s+(°’Y2)

Theorem 3.4 Let ¢(s;e) be a continuous function, defined in

G, = {s,e: O<x<R, -R<y<R, O<e<e’} and let the limit

1lim [¢(s3e) - w(s)l =0
>0

hold uniformly in G - GA’ where GA = {x,y: 0<x<A, -R<y<R} and A is an arbi-
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trary positive number. Then there exist functions € = Eb(s), positive, con-
tinuous in x and y, monotonic increasing in x with 1lim Eb(s) = 0, such
that the limit s>(0,y4)

(3.25) lim [¢(s3e) - w(s)l =0
e>0 N

is uniformly valid in P = {s,e: 0<x<R, -R<y<R, ijj;o(s)}.

Proof The main lines of the proof of theorem 3.1 are followed. The func-
ions EO(S) are determined with the aid of lemma 3.2. We consider an arbi-
trary path in the domain P_, which ends in a point (s,€) = (81,0), where

8y = (x1,y1), 0 j_x1 <R, -R vy < R. On such a path a sequence of points

Qm(em,s1+0m) is defined which has a limit of type lim € = 0 and
>
1im o = (0,0). Moreover, there exists a sequence Q with 1lim ¢ = 0. For
m
iixad ) n>e
‘any n a domain @ = {x,y: 0<x<g (y), -R<y<R} exists in which

Eb(s) :_eo(qn,s). “

fig. 3.1
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Let T = {x,y: x=gn(y)} be the boundary of Q , then we define the numbers

€on = ?1n so(s), €on = ?1n so(qn,s), (50n§;0n).
n n

* p—
The number m is chosen such that € < e

*
for m > m_. For these values of
m On - 'n

m we may have the following

€ f_eo(s1+0m) j_eo(qn,s1fcm), if s, +0 €,

or

A

e < g
m — On

< 3 + .
< ®nm __eo(qn’s1+om), if sy +o £0Q)

. * . . .
In both cases is e j_eo(qn,s1+om) for m > m , vhich agrees with definition

3.1 of uniform convergence.

We assume that x = Géq)(y,e) is the inverse function of € = eo(q,x,y)
and that x = Eo(y,e) is the inverse function of € = Eb(x,y). These inverse

functions belong to sets of order functions having the following proper-

ties:

. <(q) - . T -
a. lim 60 (y,€) = 0, lim GO(y,e) = 0,

>0 >0

(q,) (a,)
b. 8o (3:8) 55 85 7 (se) for 0 < ap < a4y < 9
c 6(q)(y e) << & (y,e) for all 0 < g < q..

: 0 °>*’ as 0'? =30

Thus we may say ‘that (3.25) holds uniformly for égb(y,e) <x <R,

(q)(y,E) << 8 (y,e) <1

Raw < . s
R <y <R, where £ is some positive constant and 60 5s 9 Ss

for all 0 < g 5-q0'
Let the function wv(g,y) satisfy the limit

(3.26) lim Et(—i’—e—) - wv(gv,y)] =0, x= gvév(y,e), 8, 5 1+

g\) 6\)(6)
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Definition 3.3 The limit of the singular function ¢(x,y;e) as given in
this section exists, if there exists a non-trivial function wv(Ev,y) and an

order function 6:(5), such that (3.26) holds for some £,

Using the method of constructing a uniformly valid approximation of

¢(s3e), as applied in the preceding sections, we obtain
p(s3) = go(sse) + 8.7 (e)ol T (s5e),

where ¢0(s;e) has a same composition of terms as in (3.20), except that we
x x
now have terms of the type w(x,y), wn(E;r§:ET,Y) and wnv(E;—T§:27’y)'
v

In most applied mathematical problems the order functions Gn(y,s) and

Gn (y,€) are independent of y. An exception in this respect is contained in
v

Mahony [22], who introduced a transformation of the type
'xk(y) =6+ 0(x), which is an indication for the direction of the

greatest rate of change in the boundary layer portion of the approximation.

Example 3.4t We observe that for the function

¢(x,y3¢e) = (1+y2+X/€) exp( " 'z )+ 1+ 22
(y +y“+e)e
the limit
(3.27)  lim [é(x,y3¢) - w(x,y)] = 0, w(x,y) = 1 + %2,
>0

holds uniformly in the greater part of the domain 0 < x <R, -R <y <R.
However, for x = 0 we have ¢(0,y;e) = 2 + y2, so the function ¢(x,y;e) will
change suddenly near x = 0 for small values of € ((3.27) converges non-uni-
formly near x = 0). ‘

Applying the extension theorem we obtain a uniform convergence of (3.27)
for x = Evdv’ 0 < |y| <R, where SéQ) % 8, <1, GEQ) = (y2+e)e. Further,
the limit function ¢1(£1,y) is introduced by

(3.28) Lin [o(x,y3) - ¥,(£,3)] = 0, x = £,6,(y,6), &,(y6) =, 65V (3,0),
£
1 |
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-£
sothat ¥,(&,5y) = {1+y2(1+£1)} exp(‘—21—) + 1.
yH
The limit (3.28) holds uniformly for £, 2 0. Finally, the uniformly valid

approximation appears to have the form

. -£
boxoyse) = (14x8) + {19y (14))} exp(51), &, = —5— .
’ v+ (y“+e)e
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CHAPTER IV  APPROXIMATIONS OF IMPLICITLY DEFINED FUNCTIONS
4.1 INTRODUCTORY REMARKS

In chapter 3 we have analyzed the behaviour of a singular function and
have obtained results concerning the foundations of the matching principle
and the construction of composite approximations. These results have been
derived for explicitly given functions. However, the purpose of the match-
ing principle is to use it for implicitly defined functions in order to
determine unknown constants and to construct uniformly valid expansions.
Nevertheless, from the preceding chapters we have obtained a complete in-
sight into the structure of singular functions.

Our aim is to apply this knowledge in singular perturbation theory,
we shall consider both ordinary and elliptic differential equations with a

. small parameter contained in the highest derivatives. Here a new aspect
arises, namely that we have to prove the uniform validity of the composite
approximation of an implicitly defined function. This leads to the necessi-
ty of providing an estimate of the accuracy of the approximation. By means
of the maximum principle some theorems concerning this type of estimates
are proved. Erdelyi [9] and 0'Malley [23] also give such theorems for the
case of ordinary differential equations. Their proofs are based on the
method of successive approximations. It will appear that by our approach
the accuracy of more complicated linear problems can also be determined
(see chapter 6).

In this chapter we compare the formal singular perturbation procedure
with the results obtained for the exact solution which we are supposed to
be explicitly given (chapter 3). We will show that for certain classes of
differential equations the solution of the limit equation equals the limit

of the exact solution as € + O (theorems 4.4, 4.7 amd 4.10).

4.2 THE INITIAL VALUE PROBLEM FOR AN ORDINARY SECOND ORDER DIFFERENTIAL
EQUATION

We consider the function ¢(xj;e), defined on the interval 0 < x < 1,

satisfying the differential equation
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(k1) Lo =eb¢+1,9= h(x), - 0 <ex<<1,

where L2 and L1 denote the linear differential operators

2
a a
L, = —=+ a,(x) =+ a_(x)
P ’
2 =2 ax 2o
L, =b.(x) & + 1 (x)
1 1 ax ~ Po\*/e

The coefficients 8ys 84s bo, b1 and h are three times continuously differ-
entiable. Furthermore, we assume that ea,(x) + b,(x) < 0 and b1(x) > 0 on

the complete interval. The function ¢(x,e) has the initial values

(k.2a)  ¢(03e) = p(e) = pgs Py * 0,

(b.20)  ¢'(03¢) = ale) = q_je .

This problem can be solved with the usual singular perturbation method
as we shall see later. However, an asymptotic solution obtained that way
only holds formally. In order to prove the consistency of this asymptotic
solution (with the exact solution) we have to use other concepts. It
appears that the maximum principle provides a starting-point for such a
proof.

We formulate the maximum principle for the above mentioned problem as
follows: |
If L V(x;e) > 0 for a < x < b and V(x;e) takes a maximum value M (>0) at
x = x (a<x1<b), then V(x;e) = M. When e§o(x) + bo(x) £ 0, M is zero.

For several applications of the maximum principle the reader is referred to
[30]. In the following lemma the functions ¥(x;e), so-called barrier-func-

tions, are introduced.

Lemma 4.1 Let the twice to x continuously differentiable functions &(x;e)
and § (x3¢) satisfy within 0 < x < 1 the relation |L€<1>! < L.y with L_ as in
(4.1), and let |e(03e)| < y(03e), Iéx(o;s)l g_wx(o;e), then

le (x3e)| < ¢(x;e) within 0 < x < 1.
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Proof Considering the function V(xie) = ¥(x;e) - ®(x;e) we notice that
v(0;e) > 0, v, (03e) > 0, and LV > 0 for 0 < x < 1.
First we will prove that

(4.3) V(xze) = p(x3e) - &(x3e) > 0, 0<x <.

Taking an arbitrary point X (O<x0<1) we observe that accordingto the maxi-
mm principle the function V(xje) cannot have a positive maximum on the
open interval 0 < x < Xq So the maximum must occur at either x = 0 or at
X = Xq. Since VX(O;E) > 0 we conclude that the maximum can only occur at

X = X Thus V(xo;s) > V(03e) > 0 for any 0 < x, < 1. Similarly it is pro-

0
ved that for the function W(xj3e) = Y(x3;e) + ®(x;e) the following relation

holds
S(hh) W(xse) = P(x3e) + o(x;3e) > 0, 0<x<1.

Inequalities (4.3) and (L4.4) complete the proof of lemma L.1.

The barrier-function Y(xj;e) gives a bound for the absolute values of
#(x3e) on the interval 0 < x < 1.

The procedure of estimating the remainder term of an approximation of
¢(x3e) satisfying (4.1) and (4.2) consists of the construction of an appro-

priate barrier-function, which is achieved in the following theorem.

Theorem 4.1 Let Z(x;e), defined on the interval 0 < x < 1, satisfy the

differential equation
LSZ(x;e) = h(x;e)

with L, as in (4.1), and have the initial values Z(0;e) and ZX(O;e).

u - u
1f |2(03¢)| < me !, [Zx(O;e)I j.meu2 and |h(x;e)| < me 3 for 0 <x <1,
then a real number K independent of x and e exists such that

|2(x3e) | < Kme®, o = min(uyslipsng), 0 2 x < 1.

Proof Let s be a number that satisfies the inequalities s > 1,

ea1(x) + b1(x) > 1/s and eao(x) + bo(x) > -s, then y(x;e) = me® exp(2s°x)
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is a barrier-function for Z(x;e). It turns out that ¥(03e) = me® z_meu1,

H2 and.

wx(O;e) = 2ms2sa > me
Le¢(x;s) 3_(hshe+2/352-s)mea exp(252x) > me

tion of lemma 4.1 leads to the estimate [Z(x;e)| < Kme®.

@ z_meu3 z_]Lez(x;e)l. Applica-

This theorem can be interpreted in the following way:
if Z(03e) = O(eu1), Zx(O;e) = O(euz) and Lez(x;e) = O(su3) on the interval
0 < x <1, then Z(x;e) = O(Emin(u1,u2,u3)) on this interval,
Let ¢app(x;€) represent an approximation of a function ¢(x;e). Then substi-
tution of ¢(x3e) = ¢a (x3e) + Z(x3e) in (4.1) leads to the inhomogeneous
equation LSZ(x;e) = _Le¢app + h(x). Further, estimation of the right-hand
side of this equation and the initial values of Z(x3;e) yields the neces-

sary information to apply theorem k.1.

Now we pay attention to the construction of an approximation of ¢(x;e)
‘'satisfying (4.1) and (4.2). As we have mentioned before, the singular per-
turbation method is usually applied to solve such problems. We will give an
outline of the method and a proof of the validity of the approximation

which is obtained in this way. Let
(4.5) ¢(x3e) = Uo(x) + Zu(x;s)
where Uo(x) satisfies the reduced equation of (k4.1)

LU, = h(?c),

Uo(x) =Cy*+

x x b (%) n(x)-C.b.(x) _
J exp{- I— 5y & o — dx.
0 x 1 b1(x)

We observe that'UO(x) generally does not satisfy both initial conditionms,
so approximation (4.5) cannot be valid near x = 0. The local coordinate &

is introduced
(4.6) X = Ee.

Substitution of (L4.6) in L_ leads to the operator expansion
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= o
(L.7) eL, = My * eM, + € M2 .
2
_d d
My = =5 +1,(0) FF

ag

=
n

d
1 —
1 = (8400)+ ©3(0)) F + by(0).
ﬁé is a first order differential operator containing the truncated terms of
the operator expansion. We suppose that for O < x < Ke with K an arbitrari--

ly large positive number independenf of € another approximation will hold
(5.8)  8(xze) = Vo(E) + eV (6) + 2 (x38),  x = Ee,

where Vo(ﬁ) and V1(€) satisfy the equations

(4.9) MV. =0, MV, =M

0o 01 Vo *+ n(0),

1

and have the initial values

VO(O) = Po, V1(O) = 0’
wy o
N Y & |,

For VO(E) we have

-q_, -b,(0) a_y
(k.10) V() = T;TBT e + (py + 3:?57)’
a similar expression holds for V1(€).

Through the matching condition

1lim V (g) = 1lim U (x)
0 0
£ x>0
the value of Co is determined: Cy=1py * q_1/b1(0). For the following theo-~
rem it is assumed that SO(E) and S1(E) represent the non-exponential terms
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of VO(E) and V1(E). In this theorem the validity of a (formal) composite

solution is demonstrated.

Theorem 4.3 Let the function ¢(x;e), defined on the interval 0 < x < 1,
satisfy the differential equation L€¢(x;e) = h(x) and have the initial

values

¢(03¢) = p(e) = py, Py * O

¢,(03€) = a(e) = q_&7"..

It is then possible to approximate the function ¢(x;&) by
o(x3e) = U (x) + LV (g) - 8,(E)} + 2 (x3e), x = Ee,

where Zo(x;e) = 0(e) for 0 < x < 1.

Proof

(3.11)  olxze) = Uglx) + {V (&) = Sy(&)} + {V (&) - 8,(8)}e + Zy(x5e),

0
Eb(x;e) is a uniformly bounded function, because of the boundedness of ¢,

Ups V=S, and V,-8,. Substitution of (4.11) in (L4.1) yields

(k.12) LZO(x;e) = -eKO(x;e),

Ko(x;e) = LU, + M1(V1-S1) + M2(VO—SO) + eMQ(VT-S1).
From the boundedness of Ko(x;e) it follows that L;Zb =0(e) for 0 < x < 1.
The initial values of Eb are Eb(o;e) = 0(52) and 26x(0;e) = 0(e). Applying
theorem 4.1 we conclude that Eb(x;e) = 0(e) on the interval 0 < x < 1.

~Finally, it follows from the boundedness of V. -S, that

171
#(x3e) = UO(X) + VO(X/e) - So(x/e) + Zo(x;e), where Zo(x;e) = 0(e).

The foregoing analysis leads to the solution of the singular perturba-

tion of the initial value problem, as established in the literature. This
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method contains some more or less &arbitrarily chosen steps such as the way
of introducing the boundary layer coordinate £ = x/e and the matching pro-
cedure.

Our task is to show the deeper meaning of these seemingly arbitrary
steps. Inspired by the results, which we obtained for explicitly given
functions, we came to the following procedure of constructing a formal ap-

proximation.

a. All degenerations of the differential operator LE are taken into con-
sideration. Substitution of x = Evdv(e) into L8¢(x;e) = h(x) changes

the equation into

2
= g2 4¢ -1 4
(4.13) L = es] >+ €8 a1(£v6v) &t ea0(£v6v)¢ +
dEV v
-1 aé _
+ 8,0, (8 8) 35 + y(E,8,)¢ = h(E S ).

v dEv

Both sides of (L4.13) are multiplied by an order function 3" (e) such

v
that lim E:Le = Lév), where Lév) denotes a differential operator of

>0
the first or second order with coefficients of order 0(1).

b. A formal 1limit function is defined as follows.

Definition 4.1 We say that for transformation x = gvév(e) a formal limit

function $§(5v) exists, if there exists a non-trivial solution of

Gob) LN e) = E (8, B (E) = Lim Si(en(E )
>0 ’

on some interval of Ev.

In this way the formal limit function is determined with the exception

of the integration constants.

c. For two paths sufficiently close to each other the corresponding for-
mal 1limit functions have to match. Let x = Evdv and x = €V+A6V+A

(s << &_). Then the order function 8§ << 1 exists such that the
v+A as Vv Vv as
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following relation holds

6:— 6].1 :+A— Gu
(k.15)  lim [ ¥ (55 € )| = lim |—— ¥, ,¢( €|
£ ¥ Ve, M € gk VHAS L, TH
H H u H
x= Euéu(e)’ 8oea as 6u as Sy
ir &, < av+A/6v 5s x  x %
At this stage the order functions Gv’ 6v+A and Gu are unknown, Condi-

tion (L4.15) yields relations that must exist between the integration

constants of the formal limit functions and between the order func-
. * *

tions 6v and 6v+A‘

a. One of the formal limit functions satisfies the initial conditionms,

i

B YRR

a, a1

£,=0

By these conditions the formal limit functions E;(Ev) and the order func-

(4.16)  §(0) = By,

. * ' . .
tions 6v are determined uniquely.

Let x = gvav(e) be a path in the domain 0 < x < 1. For 8, =, 1 we have
the formel 1limit function w(x) satisfying L1E(x) = n(x),

x b (%) h(F)=C b (X) _
Jx exp{.— J’x Ox X OOX dx

(%.17)  w(x) =cC. + ax} . -
0 b, (x)

0

For dv ;g 1 the reader is referred to table I where we summarize the re-

sults of a, b, ¢ and 4@ for the initial value problem.

e. Finally a formal uniformly valid asymptotic approximation is composed
of the formal limit functions:
m m=-1 *

—-— — * — [ —
(4.18)  oplxse) = L W (x/6)8 - ] ¥, (x/8 )& (Y=w).
n=0 n=0 ‘n+1 n+1 n+1
This composition of terms is suggested by the results we obtained for
explicitly given functions (see formula (3.20)).

'{Eﬁ;n=0,m} denotes the smallest subset of limit functions from which
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D1+E1=p0¢0.

a b c d
s T L (v) v matching integration
v V. 0 v relations constants
803 1| b, ()5 (x) V=0 (x) Co7E,
Oas 1 dx O 0 6* 6* ¢ =C
0 Vg 0 \)1
a —_— * % =
e<<§ <<1 S b,(0)— Y =C § =§ C. =C C\) _E‘l
V4 V4 1 dE\) vy, vy c v1 1
1 8 =67 C. =E
& a | - _ b0k, Ve ! Vi
®1as® | T O | vy ‘e D1=-a_4/%,(0)
& ! §%=6* | D 4E =F E,=p+q_,/b,(0)
178 | Di*EE, 1P 1/P1
: 2 2
-1.2 d * Uk * =
8 <<6 e '8 =G +F 8§ =8| F_=F, F, =D,*E,
v,as 1 v, dE\e) 5 Vo Vy Vp Vs F Vs 2
2 ¢ =0 G, =0
\)2 2
*) s . * * ..
Another possibility is Gv =G, F =0, 6\) = GG § . However, this is excluded, because
2 2 2

43
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all the other limit functions can be derived (by substitution of the
proper local coordinates and by letting € tend to zero).

The order function 6n(e) determines the corresponding paths

X = Endn(e). The set {wv , n=0,m-1} denotes the set of matching

+
terms. o+

For the initial value problem is m = 1.
Comparing the method of solution we followed and the usual singular

perturbation solution we observe that both methods are formal and that the
methods differ as far as it concerns the description of the types of formal
limit functions that can arise. By application of theorem 4.1 we showed
that in the case of the usual method the formal composite solution indeed

approximates the exact solution (theorem L4.3).

In the following theorem it is demonstrated that the adjective "formal"
"could be omitted in an earlier stage: every formal limit function arising in

step b. appears to be identical to a limit function of the exact solution.

Theorem 4.4 For the function ¢(x;e) satisfying the initial value problem
(4.1), (4.2ab), the formal limit functions ?p'v(gv), defined in b, c and d,
are identical to the limit functions wv(gv) defined by

¢(E 6 3e)
lim —;’*"— - v, (g)] = o.
E\o‘ v

Proof From theorem 4.3 it follows that
(k.19) d(x3e) = EOGx;e) + Z4(x3¢),

where Zo(x;e) is 0(e) uniformly for 0 < x < 1 and Eb is given in (L4.18).
Applying the definition of limit functions we obtain

limv[EO(x) -ﬂk (x) + $1(x/s) + Zo(x;e) - wv(Ev)] =0, x=£56.

VoV
gy 1

It turns out that y (£ ) = Tp'v(gv) for all 6 < 1.
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As a direct consequence of this theorem we may conclude that the
matching conditions for the formal limit functions are well-posed (step ¢),
because these relations also hold for the limit functions of the exact so-
lution, as proved in theorem 3.3. A same argument applies to the construc-
tion of the formal composite function (4.17).

In applied mathematical problems we frequently meet the supposition
that the solution of the limit equation equals the limit of the exact solu-
tion. In this section we have proved by means of rigorous analysis that

this supposition is correct for the initial value problem (4.1), (k4.2).

4.3 THE BOUNDARY VALUE PROBLEM FOR AN ORDINARY SECOND ORDER DIFFERENTIAL
EQUATION

An analysis of the mathematical foundations of the singular perturba-
'tion method for the boundary value problem will show a great resemblance to
the initial value problem of section 4.2. Again we study the function
¢(x3€), defined on the interval 0 < x 5_1,'satisfying the differential
equation

(4.20) Lo = elyp + Li¢ = h(x), 0<eg<<1,

under the same consitions as in (4.1). However, b1(x) may now be either
positive or negative on the interval. For b1(x) > 0 we expect a boundary
layer near x = 0 and for b1(x) < 0 one near x = 1 (see lemma 4.3). For the

function ¢(x;e) we have the following boundary values

(k.212)  ¢(03e) = p(e) = py, Py *# 05

(k.210)  ¢(13€) = ale) = q.

First, the maximum principle is applied for the boundary value prob-
lem. Besides the possibility of proving the validity of the asymptotic
solution, we are also able to determine the location of the boundary layer

with this principle (lemma 4.3).
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Lemma 4.2 Let the twice continuously differentiable functions &(x;e) and
V(x;e) satisfy

|| < -L ¥
with L_ being given in (k4.1), and

|e(0se) |

IA

P(03e), |e(13e)| < w(13e).

Then

|e(x;5¢e) |

IA

v(xse)
within 0 < x < 1.

Proof The function V(x3e) = -y(x;e) + ®(x;e) satisfies the differential
inequality LV >0, so in accordance with the maximum principle V(x;e) does
not have a positive maximum on the interval O < x < 1, For this reason and
because V(03;e) < 0, V(13;e) < 0 we conclude that V(x;e) < O on the interval
0 < x < 1. Similarly we show that the function W(x;e) = -P(x;e) - @(x;e) is
non-positive on 0 < x < 1. On the interval 0 < x < 1 both

-¥(x;e) + &(x3e) < 0 and -P(x3e) - ®(x3e) < 0 hold, so that

le(xse) | < w(x;e).

Lemms 4.3 For the function ¢(x;e) satisfying (4.20), (4.21ab) a number M

independent of e exist such that

le(xse) - pyl < Mx, if b,(x) <0,
and

[o(xse) = 4l < M(1-x), if b (x) > o.

Proof We only deal with the case where b1(x) > 0. Let us consider

p(x) = M(1-x) as a barrier-function of ¢ (x3e) = ¢(x;e) - g5
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L ¢, = h(x) + q,(ea (x)-b,(x))
-L ¥ 1M(b1(x)-b0(x)).
If we choose M, such that
M.min(b, (x)-by(x)) > max(h(x)+q,(ea,(x)-by(x))),
then
L ot] < -L v
ee!l — T
All conditions of lemma 4.2 are satisfied, so that
*
[¢€(x;e)| < M(1-x).
This lemma carries the consequence that the derivative to x of ¢(x;e)
has to be bounded with respect to € near x = 0 for b1(x) < 0 and near x = 1

for b1(x) > 0. Therefore, the boundary layer is to be expected at the oppo-

site boundary. In the sequel it is assumed that b1(x) > 0.

Theorem 4.5 Let Z(x;e), defined on the interval 0 < x < T, satisfy the

differential equation
LZ = h(x;e)

with L as in (4.1), and have given boundary values Z(0;e), Z(13e). If
H u .
|z(0;5e) | _<_meu1, |Z(13€)| < me 2 and |h(x3e)| < me 3 on the interval

0 < x <1, then a real number K independent of m and e exists such that
lZ(x;s)l iKmsa, a = min(u1,u2,u3), 0<x<1.

Proof Let s be a number that satisfies the inequalities

ea.1(x) + b1(x) > 1/s, eao(x) + bo(x) > -2s and s > 1, then y(x3e) = me%e®*

is a barrier-function for Z(x;e), ¥(03e) = me® _>_msu1,
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sx z_(-s2e-1+23)mea.1

u
¢1(1;€) = me%e® > me 2 ana -L€¢ z_-(s2e+1/s.s—2s)maae
me” 3_|LE¢| for 0 < ¢ f_2(s-1)/s2. Application of lemma 4.2 completes the

proof of theorem L4.5.

The singular perturbation solution of the boundary value problem
(4.20), (4.21) is as follows.

We suppose that for ¢(xj;e) an approximation exists of type
(k.22)  o(x;e) = Uy(x) + Zy(xse),
where Uo(x) satisfies the differential equation

L1UO = h(x).

The function Uo(x) can only satisfy one boundary condition, we expect that

it is at x = 1, because of the boundedness of the derivative of ¢ (see lem-
ma 4.3). Thus Uo(x) takes the form

1 (xb (%) n(x)-qqb.(x) _
X

=7 dX .
x b1(x) b1(;)

UO(X) =

Further, we introduce the local transformation x = £e and assume that in
the domain 0 < x < Ke with K an arbitrarily large positive number indepen-

dent of e, there exists an approximation of the type
(4.23) ¢(x3e) = V(&) + eV, (g) + Zy(xse), x = Ee,
where V0 and V1 satisfy the equations (see section 4.2)
(k.2k) MV, = 0, MgV, = -M,V, + b(0)
and have the boundary values

(k.25)  Vy(0) =y, v,(0) = o.

Moreover, the following matching condition holds
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(4.26) UO(O) = lim V,(£).

>

It is easily established that

| )
Vo(e) = 1By - Up(0)}e T (o)

satisfies all conditions.

The proofs of the following two theorems are similar to the proofs of,

respectively, theorems 4.3 and 4.4 and will, therefore, be omitted.

Theorems 4.6 Let the function ¢(x;e), defined on the interval 0 < x < 1,

satisfy the differential equation
L ¢(x3¢) = h(x)

and have the boundary values

¢(O;€) P03 po # O'

¢(13€) = q,.

Then it is possible to approximate the function ¢(x;e) by

¢(x3e) = Uy(x) + V (8) - U (0) + 2 (x3e), x = e,

0

where Zo(x;e) = 0(e) uniformly for 0 < x < 1.

The construction of a formal asymptotic approximation consists of the
same five steps as the method we used for the initial value problem. Only

for d. another condition arises

d'. The formal limit function w(x) of (L4.17) has to satisfy

—(;(1) = qoa
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and a formal limit function i%(gb) exists with
¥, (0) = p,.

In table I column 4 changes into

1 11 (%) - _ 16, (x) _
c0={qo-joexp(-J_b?()mz> n(x) ax}/{wexp(-j O &

~
—
-

x 1 b, (x) 0 b, (%)
c =¢C.,
v1 0
Dy =Py - Cos By =Cps
F P.s G =0
v2 0 Vs,

It appears that also for this class of problems the solution of the
_ limit equation equals the limit of the exact solution as we will see in the

following theorem.

Theorem 4.7 For the function ¢(x;e) satisfying the boundary value problem
(4.20), (4.21ab), the formal limit function E;(Ev), defined in b, c and 4a',
are identical to the limit functions ¢v(£v) defined by

o[ 8 se)
(k.27)  lm |———— -y (E))] = O.
£ §
v v
Remarks
1. When Pg = 0, there arise non-equivalent limit functions. See example

3.3 and remark at table I.

2. When the cgefficient b1(x) of L_ vanishes at x = 0 it appears that the
thickness of the boundary layer depends on the behaviour of b1(x) at
x = 0. For example, if b1(x) = x, the boundary layer will have a
thickness of 0(/e).

3. An example of a differential equation corresponding to a multiple

boundary layer (m>1 in (4.18)) is given in [6].
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4.4 THE ELLIPTIC PROBLEM

In this section we summarize the results of Eckhaus and De Jager [7]
on this subject. The method of solution is closely related to the one that
solves the boundary value problem for ordinary differential equations. Our
contribution consists of a theorem which shows that in this case the for-
mal limit functions are also equivalent to the limit functions of the exact
solution.

We study the differential equation
(4.28) L = ely¢ + L= h(x,y), 0 < e << 1

and L, denote the differen-

valid in a strictly convex bounded domain G. L1 5

tial operators

52 % % 3 3
L, = a(x,y)—5 + 2b(x,y)—axay + e(x,y) =5 + dlx,y)g; + e(x,y)—ay + £(x,¥),
9x oy
3
L1 - glx,y).

At the boundary T of G the function ¢ has the values
(1.29)  ¢(x,y3€)| = py(x,y3e).
T

We assume that the coefficients a(x,y), b(x,¥), ..., h(x,y) are continuous-
ly differentiable up to the third order. Moreover, we suppose that

a(x,y) > 0 and g(x,y) - ef(x,y) > 0 in G and that the differential operator
L, is elliptic in G.

The characteristics of the operator L, are the lines y=constant. In a

1
neighbourhood of a point where such a characteristic is tangent to the
boundary an approximation of the usual singular perturbation type is not
valid. Therefore, the following theorem will appear to be very appropriate

in the applications. The proof is given in [T].
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fig. b.1

Theorem 4.8 Let the function Z(x,y;e), defined in the domain G, satisfy

the differential equation
L2 = h(x,y3e),

have prescribed values at the boundary ', at which there are two unique
points A(x1,y1) and B(xe,yg) where the ordinates take on maximal and mini-
mal values, respectively. Further, it is assumed that Z(x,y;e) is uniformly
bounded in G for sufficiently small values of €.

H4q Hp = . 3
at T and |h(x,y;e)| < me © in G with exception of ar-

If |Z(x,y3¢e)| < me
bitrarily small neighbourhoods V(A) and V(B) of A and B, where h(x,y;e) is
singular, and if min(u1,u2) < 1, then there exists a real number K indepen-

dent of m and €, such that
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|Z(x,y3¢€) | < Ke®, ' . o = min(u;,u,),

in G - v(a4) - v(B).

An approximation of ¢(x,y;e) is constructed with the singular pertur-
bation method in the following manner.
Let Fl be the part of the boundary at the left-hand side of A and B, and Fr

the part at the right-hand side. T'. is represented by the function

1
x = Yl(Y) and I by x = Yr(y). We suppose that outside a neighbourhood of

Fr an approximation exists of the type
0(x,y3€) = Uy(x,y) + Z(x,53¢),

where

. X X
(530 Uylxy) = 2l @) - | et [ eFaIdD)
121 2R J

{h(p,y) + &(p>¥)py(v,(y),¥)}dp.
Further, we introduce the coordinate system (p,8), p varies along the inner
normal of a point of T (p=0 on Fr) and 6 varies along PrA(e(A)=0).

Substitution of these variables in the operator L€ yields the differential

operator

, 52 52 52 3 3
5, = e{a(p,e)ggg +2B(p,9)3;33 +Y(p,6);;§ +C(p,9)3; +n(p,0)55 +£(p,0)} +

: 3 9

‘{“(p’e)ap.+“(°’e)ae +g(p,0)1}.
The thickness of the boundary layer near r. is determined in the same way
as in the preceding sections. It appears that a boundary layer contribution

arises in the local coordinates &£,8, where

(4.31) £ = p/e.
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Substitution of (4.31) in Se leads to the operator expansion

+ %N

eSe =M, + €M s

0 1

32 9
M, = aO(O’e);EE -uO(O,e)ggs

M, = a,(0,0) -3—2—+2 (0 e)——az— +y,(0 e)—3—2-+ {2,(0,8)E-u,(0,0) 1= +
1 %0400, 5352 Bol0>5g35 "ot0-0) 75 * 18410,008-1,10,008 Vg

—{no(o,e)-v1(0,e)£}%§ + {£,(8)-g,(8)€}.

The operator ﬁé

suppose that the following approximation is valid for 0 < p 2P

.0 < 8 < 8(B) with P sufficiently small (but independent of €)

contains the truncated terms of the operator expansion. We

¢(x,y3¢) = Vo(p/e,0) + Zy(x,y3€),
where Vo(p/e,e) satisfies

1.  the differential equation M VO = 0,

0

2.  the boundary condition VO(O,e) = po(x,y)'
T

3. the matching condition lim V_(£,6) = U (x,y)| .
0 0
Ereo r.

A solution that fulfils these three conditions has the form

N |ompte)
Vo(£,8) = {py(x,y) - Uo(x,y)}Fr exp|& 35737 + Uy(xy)| s
FI‘
uo(e) < 0.

We multiply this boundary layer term with a smobthing factor K(p/po) which

is zero outside the interval 0 < 6 < eB and has the following values inside
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the interval

1. K(p/ogy) = 1 for 0 <o < /30

2. K(p/po) is sufficiently many times differentiable and monotonic
decreasing for 1/3pO <p :_2/300,

3. K(p/po) =0 for p > p.

In this manner one has obtained a function
V,(£,0) = K(p/oy)Vy(E,0), P = e,

which holds in the complete domain G.

In the following theorem it is demonstrated that an approximation of

~the solution can be made which is composed of the terms Uo and 76.

Theorem 4.9 Let the function ¢(x,y;e), defined in the strictly convex

domain G, satisfy the differential equation
Lo = h(x,y)
and have the boundary values
¢(x,73¢) = p(x,y3¢) = py(x,y)
at T'. Then it is possible to approximate the function ¢(x,y3e) by

¢(x,yl;s) = Uy(x,y) + Vo(p/e,e) - Uy(x,¥) . + Zo(x,y3€),

r

so that Zo(x,y;e) = 0(e) in G - V(a) - V(B).

Proof See [T].
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Further, a study will be made of the various types of formal limit

functions arising in the elliptic problem.

In five steps we come to the construction of a formal asymptotic ap-

proximation, which is uniformly valid in G - V(A) - V(B):

a. All degenerations of Ss are taken into consideration. We substitute

p = gvév(s) in Se¢ = h(p,8). Further, both sides of this equation are

Vv L I (v)
multiplied by an order function Gv(s) such that lim GVSE = SO
>0

the coefficients of the limit operator are of order 0(1).

, Where

. We introduce the formal limit function E§(gv,e).

Definition 4.2 We say that for transformation x = Eva(a) a formal limit
function E;(Ev,G) exists, if there exists a non-trivial solution of

B (£,,0), B (£ ,8) = lim Eth(gva

v Ty v 0)
>0

(V)7 -
Sy ¥, (E,,0) = .

on some interval of g, for 0 <1 <6 < 6(B)-A, where A is an arbitrarily

small positive number.

c. The matching condition can be described as follows:

There exists an order functionigv ;; 1 such that

*

5 _ 8, & r— 8
lim il ( g :e) = lim |—— 'JJ ( [ 99) s
E 5* v dv u £ 6* v+A 6v+A u
H H u u
p= Euéu’ 8v+A as 6u as Gv’

T, 55 S /8 5

d. The formal limit function w(p,8) satisfying L,
to have the values w(x,y) = po(x,y) for y = yl(x). A formal limit
function $£(gb,e) exists with the values

; = h(p,0) is required
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E£(p,e) = py(x,¥)

for y = yr(x).
e. The formal uniformly valid asymptotic approximation has the form

!f—- * m§1_ )*

¢,(p,05¢) = v (p/8 _,0)8 - V. (p/8_,8)8 .

0 n=0 ° - % p=0 Vn+1 n Yn+1

This composition of terms is suggested by the results we derived for
explicitly given functions depending on one variable (see also 4.2e).
For the elliptic problem we have m = 1. We remark that this formal ap-
proximation holds uniformly with the exception of neighbourhoods of A
and B.

Theorem 4.10 For the function ¢(x,y;e) satisfying the boundary value prob-
"lem (4.28), (4.29) the formal limit functions determined by b, c¢ and d, are
identical to the limit functions wv(gv,e) defined by

lim E‘i"—ﬁ’ﬂ - w\,(s\,,e)] = 0, b =E6 .

*
E\) 6\)

Proof Similar to the proof of theorem L4.T.

In this chapter we have shown that for three classes of problems the
different steps in the construction of a formal approximation are correct.
We have obtained this result by imposing those conditions upon the formal
limit functions which were proved to be valid for the limit functions of
the exact solution (see chapter 3). Theorems 4.4, 4.7 and 4.10 prove that
these two types of limit functions are identical. From this identity it
follows that the matching conditions of step ¢ and the method of composing

a solution as in step e are indeed correct.

Remark If in the elliptic problem a part of the boundary T coincides with
a characteristic of L, (a line y=constant), then along this part of the
boundary a so-called parabolic boundary layer of thickness 0(/;) arises.
This problem is dealt with in sections 5.6 and 5.7T.
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CHAPTER V  NON-UNIFORM CONVERGENCE OF FUNCTIONS OF TWO VARIABLES
5.1 INTRODUCTORY REMARKS

In the preceding chapter examples were given of singular perturbation
problems having as éssential feature "the stretching of one coordinate".
Theorems 4.4, 4.7 and 4.10 of this chapter form a linkage between at one
side the foundations of matched asymptotic expansions (chapter 3) and at

the other side the examples just mentioned.

However, the theory of chapter 3 is not complete, because not all as-
pects of linear singular perturbations are covered by this theory. In sec-
tion 4.4 an approximation of the solution of a linear elliptic singular
perturbation problem was given, which is valid in the domain of definition
of the function with the exception of the neighbourhoods of two points A
'and B. In these points the characteristics of L1 (the lines y=constant) are

tangent to the boundary of the domain. In chapter 6, a method will be de-
’ veloped which produces an approximation that also is valid near these sin-
gular points.

As an introduction we investigate in the first part of this chapter
the behaviour of explicitly given functions converging non-uniformly near
an isolated point of the x,y-plane. The material of this chapter preceding
theorem 5.3 resembles the theory of chapter 2 very much. In the remaining
part some problems arise which are specific for the two-dimensional case.
We solve them by introducing the supplementary matching theorem 5.4, which
enables us to treat two-dimensional singular perturbation problems.

In section 5.5 a uniformly valid asymptotic approximation of a func-
tion ¢(x,y;e) is composed of the limit functions. The function ¢ may con-
verge non-uniformly near a curve as well as near an isolated point of the
domain G of the x,y-plane. Here our efforts are concentrated at a uniform
description of the various configurations of limit functions, which depend

on the type of functions ¢(x,y;e).
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5.2 EXTENSION THEOREMS

Let ¢(x,ys;e), defined in Ge = {x,y,e: 0<x<R, O<y<R, 0<e§p*}, and
w(x,y), defined in G = {x,y: 0<x<R, O<y<R, (x,y)#(0,0)}, be continuous
functions, and let the limit

(5.1) lim [¢(x,y;e) - w(xsy)] =0
€*0

converge non-uniformly in G and uniformly in G - GA’ where

GA = {x,y: Oigjﬁx, §y<Ay} for any 0 < A_, Ay < R. Then it can be demon-
strated that there exist functions eo(q,s) with s = (x,y) having the fol-

lowing properties:

a. |¢(sse) = w(s)] <aq for 0 < € j_Eo(q,s) and s € G.
‘b. Eo(q,s) is continuous in q, x and y.

c. eo(q,s) is monotonic increasing in q,.x and y.

d. 1lim Eo(q,s) = 0, lim Eo(q,s) = 0.
q>0 s*(0,0)

e. Let x = x(1A), y = y(X) be an arbitrary path along which the origin is
approached, (x(0),y(0)) = (0,0), and let x,y be monotonic, non-de-
*
creasing for 0 < A < A, Then for an arbitrarily small AO > 0 values
Ak exist with 0 < Ak < XO such that l¢(s(lk),€) —'N(S(Ak))l > q for

€ = eo(q,s(kk)) + o, where o is positive and arbitrarily small.

The functions eo(q,s) give a complete description of the non-uniform be-

haviour of ¢(sje).

Further, we can show that there exist positive, continuous functions

Eo(s), monotonic increasing in x and y, having the property

‘e (s)
. 0
lim =0 for 0 < q < q,.
5+(0,0) E0(»5) 0

The proofs of the following theorems are omitted, because they are similar

to the proof of theorem 3.k.
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Theorem 5.1 Let ¢(s3;e) be a continuous function, defined in the domain G,
and let the limit

1im [¢(s3e) - w(s)]l =0
>0

hold uniformly in the domain G - GA for 0 < e < e, (A ,Ay), where

0 “'x
G, = {x,y: 0x<A, 0§y<Ay} and (Ax’Ay) is chosen arbitrarily. Then there
exist functions e = Eb(s), positive, continuous and monotonic increasing in
x and y, with lim Eo(s) = 0, such that the limit

s+(0,0)

1]
o

1lim [¢(s3e) - w(s)]
>0

(s).

is uniformly valid in G for O <€ E-EO

Theorem 5.2 Let 9(s;e) be a continuous function, defined in the domain Ge’
and let the limit

1im [o(s3e) - w(s)l =0

€0
hold uniformly in the domain G - G, - Gy, where G, = {x,y: 0<x<A_, 0§y<Ay}
and G, = {x,y: B, <x<R, By<y§3} (A and B arbitrarily chosen). Then there

exist functions € = Eb(s), as defined in theorem 5.1, and, moreover, func-

tions €

:B(s), continuous and monotonic decreasing in x and y with
lim Eo(s) = 0, such that the limit
s>(R,R)

1im [4(s3e) - w(s)]l =0
>0

—_ —_ = *
is uniformly valid in G for 0 < € j_min[eo,eo,e 1.
(R may tend to infinity.) :

5.3 LIMIT FUNCTIONS

In order to study the non-uniform behaviour of the functions ¢(s,y;e)
defined in the forgoing section all paths, along which the origin can be

approached in Es’ are considered. For that purpose the order functions



Gx v(a), Gy v(e) are introduced so that an arbitrary path always has the
k] 2

form

(5.2) x = EvGX’v(E), vy = nvsy’v(e).

Let wv(gv’nv) be a function satisfying the limit

(5.3) lim ﬂ%ﬁbe—) - wv(sv,nvﬂ =0, (£,n, fixed and €>0),
Ev’nv Gv(e)

where (5.2) is substituted in ¢(x,y;€).

Definition 5.1 The limit of the singular function ¢(x,y;e) exists for a
transformatlon (5.2), if a non-trivial function ¢ (& v,n ) and an order
function § (s) exist, such that (5.3) holds for some values of g, and n,
¥ is called a limit function.
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v
Let ¢ = (p) and € —5 (q) be the inverse function of p = Gx v(e)
, ]
and q = (e), then (5.2) leads to the relation
(5.0) 87 (x/€) = & (y/n)
X,V v ARY v

Using this relation we construct the pair of order functions {6
such that

X = EvG}({?())(E), vy = nvﬁl(rq())(E)

satisfy € = eo(q,s) of the foregoing sections.

From extension theorem 5.1 it follows that the limit

1lim [é(x,y3e) - w(x,y)] =0
e>0

(@)

holds uniformly along a path (5.2), if sx,O 55 Gx,v $q

s(D s
y,0 as “y,v as

CHNCEIN
o’ y,O
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Example 5.1 We consider the function

o(x,y3€) = "§li§§— s
x +y+2e

and observe that the limit

lim |o(x,y5¢) - 23] = o
>0 x2+y

converges non-uniformly near (x,y) = (0,0). Introduction of the so-called

local coordinates £ and n by the transformation
x=t&e, y =ne’, a,B >0
leads to different limit functions Y(&,n) satisfying the limit

lim [%ifixiil - w(E,ni] = 0.
e*0 8 (e)

Table IT

¥(£,n) §*(e) as8

1/€° e 0<2a<B<1

1/n e | o<pe2oz]

1/(£24n) | 2@ 0<20=R<1

1/(g24+n+2)| &7 2a=p=1
1/(%+2) | & 2a=1<8
1/(n+2) e B=1<20,

1/2 € 1<a, B
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5.4 THE MATCHING PRINCIPLE

In this section the matching principle for limit functions of two lo-
cal variables will be formulated. It will appear that in the two-dimension-
al case the attention must be focused at matching of special ("signifi-

cant") limit functions in order to give the matching principle a practical

purpose.

When limit (5.3) holds uniformly in E(v) - Giv) - Gév), where
. (v) o .
%) {E\,,nv. 02E , Oi“v}’ Gy = {Ev,nv. OiE\fo,v’ Oinv<Ay’\)} and
,GB = {Ev,nv: Bx,v<Ev<“, By,v<nv<”} (A and B arbitrarily chosen), it fol-
lows from lemma 2.2 that

av)

LIS SLONEYEE S S
v'$ > §

2 ey << 1,
6\)(8) X,V ¥,V

o
AY as

as

SO

' x * *
(5.50)  o(xyse) = v, (E— F)en(e) + o(s{F)e¥)
X,V ¥sV
in that domain. Application of theorem 5.2 (R+>») to limit (5.3) extends the
domain of validity of (5.5a). Let x = £ § sy =n26 be a path in this
] U X,H BYsHy
extended domain of convergence, then an order function svru ;é 1 exist such

9
that

(5.5b) d(x,y3¢) = p_(

s F0 + el

X,V YV

in E(H) - G(u) - G(U), where E(U) = {g SN ¢ 0<E , 0<n_},
= H < <n <

Ga {au,nu 0<&, Ax’u, 0sn, Ay’u} and

G:éU)

{Eu,nu: Bx’u<£u<w, By’u<nu<w} (A and B arbitrarily chosen).
Before formulating the two-dimensional matching principle we mention
some important consequences of the preceding theory. Let for an arbitrary

path

N §
vV X,V vV ¥V
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the limit

$(x,y3€)
(5.6) itﬁ [ K (E ¢v(Ev,nv{

hold uniformly in the domain E(v) - Giv), where G = {Ev,nv: 0<E » Ojnv} and
v )
Gi ) - {Ev,nv: o:§v<Ax,v’ Ofnv<Ay,v}' Moreover, let the path

(5.7) x= gv+A6x,v+A’ y= nv+A6y,v+A’
be situated in the extended domain of uniform convergence of (5.6), and

have the corresponding limit

) [ ¢ -
(5.8) £ llﬁ * lpv+A(F’\)+A’n\)+A) = 0.
v+A? v+A S v+A
.Then according to the extension theorem the following limit is valid

%

§ [ §
. vt ¢ _ Yav+A Yav+h -
(5.9) lim i V(B n 5 Nyyn 5| = O
Ev+A’nv+A Loy TuA X,V 1
Notice that lim ¢/6 exists and is non-zero, see (5.8).
€>0

Examination of the relation (5.9) reveals the following two interesting

points:

1. the asymptotic behaviour of the limit fucntion ¢ (g X,nv) is governed
by the ratio 6 / 6 for € »+ 0. Only for 6 = 6v+A wv tends to a
bounded non-zero value,

2. substitution of (5.8) in (5.9) yields the relation

6* Gx v+A 6I,v+A
1 —_— . =
; lim s U] (E\H'A S ’ nv+A S ) w\)""A(E\)'*'A’n\)"'A)’
va? Toes Bysa X5V ysV

which implies that for any order function 3: 5 1 an order function

3 << 1 exists such that 3 << 6 /68 < 1ordf<< 8 /8 < 1,

o as v+A as v as vt+A v as
<< < << < . . £
if 6 as x v+ / 6x v 58 1 and 6 < Gy via ! Gy,v < 1+ This resul

expresses the continuous dependence of the set of order functions 6

upon the sets of order functions {Gx,v’ Gy,v}'
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Assumption 5.1 All sets of bounding order functions {6iq3, 6(q3} consist
X 1

of asymptotically equal order functions,

(@) ()  (a) (g A

= = < < < .
X,V as 6x,v ? Gy,v as Gy,v ? 0 94 < Yy 4

Theorem 5.3 Let

(5.10) 0,

'_J
H
B
<
[~
< *|%
]
—
I
<
<
-
—
oy
<
-
"
e
<
-
L =1
1]

EV UM
and
(5.11) lim Iiﬁ-’hﬁ—e—)—-wv (& ,nv)jl
2

*
Ev sN,, Gv (e) 2 V2
2 2 2

0,

where in (5.10) x = & § s Y =1 and in (5.11) x =& § .

6 H]

NS vy TsY, v, X5V,
=n & s =8 3 ) =8 s ).

¥ v, ¥sY, ( X5V, X5V, x,v° Y5V, YsV, VsV

For approximately chosen order functions 3 << 1, &

<<
X,V as ¥,V as

-

(1 (5. (e)) =75 (3

2,0 0%,y 7oV y’\)(e))), a set of paths

= S = [
* Eu x,u(g)’ yEn, y,u(e)

exists for which the relation

— X
. 6\)1 6x U Vol T
lim |5 ¥ (6 2 Eu, 3 2 nu) =
Eu,nH ‘fu T 7%y, Ysv, i
(5.12)
* -1
. Vo Xa | Yol
lim ==y ( E s n,)
El-l’n\-l L_‘Su 2 X’Ve y’\)e

if 3 < < 1 << <
holds, 1f Gx,v as Gx,v as ’ y,v as 6y,\) as
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Proof Application of theorem 5.1 yields the uniformly converging limit

(5.13) un |-y (g, )| =0,

= - 1 1 1

€ N v

v1 vy 1
along the path x = Ev Gx,v Gx,v » ¥ =, Gy’v Gy,v , Where

1 1 1 1 1 1

G(q) << 3§ < 1, 6(Q) << § < 1. Moreover, it follows from theorem
X,V as X,V as y,v, as y,v, as

5.2 that the limit

(5.14) un |y (5, 0 )| =0
= - 8
Ev ., v, 2 2 2
2 2
. =T & -
'converges uniformly along the path x Ev x,v2 x,vz’
y= ;v § o 7/ s ,_» where 5(qi << 8 v Sos 1 s(qi <3 b S
o ¥sVs YsVy X;V, 88 X,V, as ¥sV, as ¥,V, as

The pair of order functions {3x’v(s), Sy’v(s)} is required to satisfy two
conditions.

The first condition is that gx,v and 3 v must be of an order of magnitude
sufficiently close to 0(1) so that (5.13) and (5.14) can have a common path
for their limits. The second condition will be established‘later.

Let x = Euax, s ¥ = nudy

" " be such a common path. This means that

s =38 5 = 8 /3 , 8 =g s =8 /s , and
Xy x:\’1 XsVy XsVy XsVy" YsH YsVy Ya\)-l YsVo FaVy

that (5.13) and (5.14) can be transformed into

t]

: % s s =
(5.15) lim ralC N (Euéx,v . nUGy,v ) 0,
Eu,nu' _6\) 1 1 1

(5.16) lim |-y (€ /5. ,n/5 )| =o.
Eu,ﬂu _6: \)2 H x!\)2 H y,\)z

Thus ¢(x,y;e) is locally approximated by two limit functions (see the be-

ginning of this section)
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*

§
— — * \)1 (r) *
(5.17) d(x,y3€) = ¢v1(€u6x,v s nuéy,v ek o8, N )s
1 1 6“ 1 1
5
= - 2 (r) . *
. A = § s § —_— § § .
(5.18) o(x,¥3€) wvz(iu/ x,v, n, R + 0( Vo “2)

When the pair of order functions {Sx R 3 } is chosen such that

sV MY
S ;
1lim G(r) 5 =0, lim G(r) —;g = 0,
0 VMg e>0 V2oM s
u u
(5.17) and (5.18) turn out to be equivalent to
5,
$ __1 3 3. -
Tim * x Yy (gu x,v,> "y,v 0
g€ on |6 § 1 1 1
uu u 1)

and

v
. ) 2 = =
lim -—=9y_ (& /S s M /8 )| =0
* s Vo TRV, T Ty, v, ’

£ §F &
why By M

(see lemma 2.2). Relation (5.12) follows straight away from these limits.

Finally, we remark that matching of wv and ¢v is also possible, if
1 2

8 << § and § << § . In such a case we have to study non-uni-
X,v, 85 X,V, YoV, 85 ¥,V
form convergence near (R,0) and {(0,R). Evidently, the fact that a similar

result can be obtained is quite trivial.

The reader will have observed that so far the theory of this chapter
exposed a great resemblance with the theory of non-uniform convergence in
one variable. One would expect no difficulties in continuing the analogy.
However, in this section we will encounter some new aspects. By giving
three examples of functions with a different asymptotic behaviour we show

one of the problems we deal with. It concerns the eventual freedom to se-
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lect a path inside the common domain of convergence of two limits. It ap-
pears that for matching purposes only a restricted set of paths has to be

considered.

Definition 5.2 A limit function wv is contained in a limit function wn’ if

‘ . 5., s;(s)
Lm g (5 525 ng 320) = ¥ (£ ,n ).
Ev’nv X,n y,n 8 (€)

Definition 5.3 A limit function wa(Ea,na) is called significant, if wa is

contained in no other limit function.

Example 5.2
2
T4y +
o(x,y58) = —L- .
x+y +e

Taking the limit ¢ -+ 0 along a path

X = Esxs y = nGy, 6x96y gs 1,

yields the limit functions

Table IIT
¥(E,n) 8, =4 Gy =
a | (14n+£2)/(£+n°) 1 1
2 2
b 1/(&g+n°) Gy /E§§6y§§1
c 1/(£+n°+1) € Ve
d 1/¢ e<<8 <<1 § <<vV§
as Xas yas X
e 1/n2 8 <<62 Ve<<8 <<1
xas y as yas
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-1né
Sy y !
!
|
|
€ d :
|
|
I
|
1
|
I
el C hmmmmmmm oo
b e
a -1n$
1 + *
- ' ' 8,
1 Ve €

fig. 5.1

"It is interesting to verify the validity of matching theorem 5.3 for the
limit functions a and c. The paths corresponding with b, d and e lie in the
domain of convergence of both the limit of a and the limit of c. Notice
that it is sufficient to verify the matching condition for the paths of b,
because the limit functions of d end e are contained in the limit function

of b. The values of the order functions are brought in a diagram, see fig-
ure 5.1.

Example 5.3 Just to show that a function with a different behaviour is

treated in a same manner we mention the function

¢(x,y3€) = y In(x+e) + x + ¢
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Table IV
5 = (S =
‘b(E,n) X as Y as
a nlng+g 1 1
b -n+g essdysst -<SX/1n<sX
c | -nt+E+1 € -e/1ne
d g €558, 551 5y§§'6x/ln6x
e -n —éx/lnéxggsy —e/lne;géy;§1
§ -=1né
y y :
]
]
a |
-g/1ne =T .
b e
Vel |
a -1né
14 + x
— — Sy
1 Ve €




Example 5.4 1In this example no special set of limit functions exists in

the common domain of convergence.

_{xy)
o(x,y3e) = (x42) + e 2F
Table V
Y(E,m) 8, =4 8 5
a E+2 1 1
b 2 e<<8§ <<1 or e<<§ <<1
as xas as yas
¢ | 2+exp{-(g+n)} € >
§ -1né
¥y y |
1
i
I
€4 cL ___________
Ve ] b
a
1 1 1 —ln&
_ } X
- . : )
1 Ve € x
fig. 5.3
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The first two examples have an analogous configuration of limit func-

tions. We distinguish

1. two significant limit functions wa’ wc of which the corresponding

limits have a common domain of uniform convergence.
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2. a set of identical limit functionms wv , which are contained in both

b
wa and ¢c. The set of paths x = Ev Gx,v AN Gy,v is continuous
b b b b
in v. and 1lim § =6 s lim § =34 for s = x,y.
b v, >a ’Vb S, v, >e s,vb s,b
b b
3. two sets of identical limit functions wv , wv , which are contained in
d e
¢v .
b

The configuration of limit functions of the last example can be con-
sidered as a special case of the above configuration. In the sequel we will
interprete such a special configuration, as being composed of the three
types of limit functions mentioned above.

The existence of such a configuration is ascribed to the following
property of limit functions. Let the asymptotic behaviour of a limit func-
‘tion wh(gh,nh) be

vy (&omy) =~ R(E5my)

for 0 < g, << 1 and nh/f(Eh) = 0(1) with respect to £ s Where the function
(&) is required to have the properties of an order function, If the path

= § .8
x gv Xs,h x,V

=n6 8 lies in the domain of convergence of the
> ¥ vV y,h y,V €

limit of ¥, and if _y RO f(?s'x ,(€)), then
wv(iv,nv) = R(Ev,nv),

or in terms of definition 5.2: wv is contained in wh.

A same type of argument holds for & >> 1.

Returning to our examples we consider the set of limit functions wv ’

b

of which the paths x = £ § sy =n ¢ are chosen such that
X,V V. VsV
b b b
8 e) = £(¢8
y’\)b( ) = £( X,

where f follows from
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Gy’c(e) = f(sx,c

(e)).

From the foregoing we deduce that generally the limit functions wv satisfy
b

by (B ony ) = Wy (8, on,, )

as far as the corresponding paths lie in the domain of convergence of the
limit of V., and that

9 (£ am) ™ ¥ (E,n)

for 0 < &, << 1 and na/f(ga) = 0(1) with respect to £,

Likewise we have that
b (8 on ) = v (E 5 )

for £, >> 1 and nc/f(Ec) = 0(1) with respecf to £ .
Thus, Y, is contained in both wa and ¢c.
Notice that all limit functions of the common domain of convergence are

contained in wb.

In theorem 5.4 these properties will be proved for the general case.

We then consider the significant limit functions wa(ga,na) and wb(ﬁb,nb)
satisfying
(5.23)  1lim Eéiz:z;sl - ¢a<5a’"ai] =0,
ga’na Sa(e)
and
(5.24)  1lim [ﬁ‘ﬂzy—’e—) - wc(zc,nc):l =0,
Ec:nc GC(E)
where in (5.23) x = gasx,a’ y = nasy,a’ and in (5.24) x = Ecsx,c’
y= ncay,c’ Gx,c = sx,aax,b’ 6y,c = 6y,asy,b (Gx,b s Gy,b as n.
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Theorem 5.4 Let for a pair of order functions {GX . dy N } the corres-

s V.

E ]
ponding limit function v, satisfy b b
b
§ 6*
X4V, VsV
. b b a
lim  y_(g s N ) — =19 (g ,n )=
g, o0, o b ‘xea Vb 8,8 6: Yoo b Vb
P b b
(5.25)
Gx v, 8 v, 8"
s NE)
lim ¢ (& b, n b) =,
c' v § v, & *
&, 0N, b x,c b y,c Gv
b b b
where Gx,b ;; 6x,\)b éé T 6y,b gé Gy,vb ;é 1 and
and 2L (s.  (e)) =8 (5 ().
AR A ¥sb' Vs
Then for any path x = Evdx,v’ y = nva’V in the common domain of conver-
gence of (5.23) and (5.24)
6x 6 6; 6x v 6 v Q:
lim ¢ (g X2, n 0¥ 2= 1in ¢ (g F2¥, n 2% =2
£ a'’v § a YV § a 6* £ c'’v § R o 6*
\),n\) Xy Yo v \)’n\) X, NE) v

Remark The theorem is also valid, when § =65 6 s 6 =5 8 N
— Xy8 X,C X,b ¥sc ¥y,a y,b

and when Gx,b ;S 1 or Gy,b Zs 1

Proof The proof of this theorem is considered to be completed, when it is
demonstrated that all limit functions in the common domain of convergence

are contained in y_ .
Vb
= 1) = 1 1
Let x Evd X’Vd’ y Evde’vd be an arbitrary path (not belonging to the
set of paths § . , § ) in the common domain of convergence of (5.23)
X" Vv

and (5.25). Moreover, let the following limit exist

(5.26) lim x,yse) v (g ,n_ )| =o0.
£, oM, §* (e) V4 Vd’ Va
Ya Ya  Ya

Since ¢a(ga,na) ~ wvd(ga,na) for na/f(ga) = 0(1), 0 < E, << 1s in which
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n_ = f(&a) is derived from

a
§ (e) § (e)

Yq Vg
(E) )’

M) X
(5.27) 3 (e) = f(sx

28

it is easily deduced, that other paths satisfying (5.27) generate a same

limit function v, N, ) = wd(iv on, ), as far as these paths lie in the
d d d

domain of convergence of (5.23).

(&

Starting with the limit function ¢c a same argument can be applied. This
method results in an equality of all limit functions, of which the order

functions are situated at one side of the set of order functions

{s , 6 }, as it is shown in figure 5.4. For the other side we have
RN AN
b, (B, ony ) = ¥ (E ,n ).
e ‘e e e e
-1n§
y

-1né
b4

fig., 5.L
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Application of theorem 5.3 for two limit functions ¢v and wv yields rela-

tions (1) and (2): b d
X, Gy u 5:
b L]
lim ¥ (& d, n dy b -
v, u. 8 v. § *
Eu sNy b "4 X,V d YoV Gu (1)
a d d
T S
L] H
o o, (5, 57— 0 7 52 =
Eu UM da "a X,Vy d YaVyg s (2)
4 d ]Jd

] (E sN ) =y (E Al )-
Ma o Ma Mg (3) Va M4 Ma

From relations (2) and (3) it follows that the paths x = & § .

, Ud x’ud

n § and x = §_ 6 ,y=mn_ 86 may coicide, while (1) still
]—ld .V,ud Vd XQVd Vd y’vd,

remains valid. This leads to the limit

y‘:

s
Y.V
(5.28) lim 'y, (& d, n dy b

v. §
gv 2Ny, b4 x,v

*
v

v, § *
b d y,vb 6v
a 'd d

Likewise it is shown that b, is contained in v,
e b
Theorems. 5.3 and 5.4 are of great value in singular perturbation com-
putations. By these theorems the verification of the validity of the match-
ing principle is simplified. It is no longer necessary to take limit (5.12)
for all paths in the common domain of convergence. It will be sufficient to
take one path (5.25). Another consequence is that for implicitly defined
functions unknown constants are completely determined by relations of the

type (5.25), as we will see in chapter 6.
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5.5 LOCAL AND UNIFORM ASYMPTOTIC APPROXIMATIONS
We now come to the construction of an approximation. Non-uniform con-

vergence in both one and two variables will be studied. We distinguish

three types of domains in which a limit may converge non-uniformly:

(]
1

1= {x,y: 0<x<R, O<y<R}
G2 = {x,y: 0<x<R, 0<y<R}

Gg = {x,y: 0<x<R, O<y<R, (x,y) # (0,0)}.

Moreover, the following sequence of open doma.ins'{Gi A } is introduced:
2

n
G. > G. > ... O G, = I
1,A1 1,A2 1,An ?
G. =G, - G, + S. lim S. = §.
1,An i 1,An’ oo 1,An
The limit

(5.29) lim [¢(x,y3¢e) - w(x,y)1 =0
>0

converges non-uniformly in G; and uniformly inlai - Gi A for any n. Using
b

definition 5.1 we obtain a limit function wv that satisfies

(5.30)  1lim [ﬂ%&e—l - wv(sv,nv)] = o,
g,on, = 8 (e)

(5.31) x=£8 , y=né__,

§ < 1,
vV X,V VY,V X,V as

S <
¥,V as

Application of theorem 5.1 yields bounds for the paths (5.31) along which

(5.29) converges uniformly:



T0

’5(9.) << §

<
y,0,v, as y,v as

(q) <«
(5.32) ax‘j 8 1

<
0,\)1 as X,V as

T, 1,

(C.l) (E:), y = 6(‘1)

where x = §
x,O,v1 y,O,v1

) -1 -1
(e) satisfy Gx,v(x) = Gy’v(y) and

€ = €

(q)
0 ( A
paths, the corresponding limit functions can also be derived from w(x,y)

(5.33) 1w (sl oy e ).

3 8 () v

X,y) of theorem 5.1. Since (5.29) converges uniformly along these

v’nv

(@ 4@

} contains a
x,O,v1 y,o,v1

It is assumed that the set of order functions {§

finite number of order functions

(5.34)  (s{0) o eld) oy K=1,2, .ur, k

x909\)1k y309v1k 1°

for which the limit functions w1k(g1k’n1k)’ satisfying
(5.35) lim i(—ff’*‘ﬁe—)—wm(tzm,n]k):]=0,
| 8., (€)
1k° 1k 1k
- - - «(a) _ o(a)
(5.36) x= E1k6x,1k’ y= n1k6y,1k’ 6x,1k as sx,O,v1k’ 6y,1k - 6y,O,v1k’
are significant limit functions.
Let the set of order functions {§ § satis
X,0,v,,.° ¥50,v } ty
1k 1k
.3 § g) =T 8 . €
(5.3 6y 0,0 (€)= fp 1l8y 0, (1),
where the function fo1 1 is determined by the relation
]
8y, (€)= Toq {8y qi(€))-
The corresponding paths of {§ s 6 } have to lie in the extended

x,O,v1k y,o,v1k
domain of uniform convergence of both (5.30) and (5.35). The corresponding

limit functions are one and the same function wo v Application of theo-
*1k
rems 5.3 and 5.4 yields



T

w(go,v1k6x,0,v1k’n0,v1k6y,0,v1k)
(5-38) lim * =
g 5N §
O3V OsVyg 05V 4y
] (£ ... ,n ) =
05V "0sVqy Osvgy
8 0 8"
Lin o (E %505V . Vo0V, Ok
b}
: o e f0,v,y T8 Moy T
0,v1k O,v1k 0,v

1k

From practical point of view it would be convenient to choose an or-
dered numbering of the significant limit functions. Considering
y =1, 1k(x) as an order function we decide that for 0 < x << 1

b

fo1’1k(x) << f01,1l(x)’ if and only if k > 1.

As we made the assumption (in the foregoing section) that every set of
bounding order functions {6iQ), Géq)} has to consist of asymptotically
equal order functions for all q, the extended domains of convergence of

(5.35) will overlap for k = k" and k = k'+1 (1<k’<k,-1). The matching con-

dition in the form of theorems 5.3 and 5.4 leads to the relation

8 Fy *
( X:1auk y;1,uk 61k
lim V.. (& - 0 —_) /| =
E. o LT
1,1 1,1 1,1
oM Tely » My
1 C M)
S *
lim v (E X:1auk Y,1,uk 61k+
+ > * H]
1w My W omy Oy qer o Toby Sy qpt 8
H k b k 2
+



T2

where the path

(5.39)

X = ET’UkG

s y = ﬂ1

§
x’1’uk ’Uk y,1suk’

lies in the common domain of convergence. The order functions satisfy

s 1
s ’uk

(e)

(e)

$
x’1’“k

PO am Ol

¥, 1k €

where the function

8y 1c+(e)
§ Zs)

¥,k

It can be shown that

“bounding order functions ¢

€1k

x,1k

follows from the relation

8 k+(€)

1
g1k(3§h'“"'i_)'

x,1k(E

(a) s(a)
x,O,v1’ y,O,\)1

the order functions of (5.39) belong to the set of
of (5.32). Application of the

extension theorems to (5.35) yields the set. of bounding order functions

{G(q)

x,1,vk

6(q3
NE ;Vk

.

Let there be k. order functions’{S(q) . 6(q) }

2
(=8 s

x,1m* "y, 1m

w21(621’n21)9 l =

For two limit functions ¥

x’1’vkl’ y:1=Vkl

Ty ceey k2, are significant.

1k’ w21

their limits have a common domain of convergence:

1lim
g -sN
1’vkl

1lim
E.] sN

Vi1

1’Vkl

1’Vkl

—

sx T,V
v (£ 2kl
1k 1’vkl [\

s N
x, 1k 1Y

k1l

—-
6x,1,v

Vop (451

’ ﬂ1,V
x,21 kl

L.

},m=1,...,k1) of which the limit functions, say

a matching relation can be derived, if

) x|
y’1"’1:1) Sk
§ *
¥,k 51 v
*Vk1
8 * |
Yolavin o 8oy
s *
¥,21 61
’vkl;




T3

NG

),
’Vkl 1

1,V sV

Al
k1

5y,1,vkl 18 e = Treo1 B1,u /0,1

k1

where T is determined by the relation

1k,21

(8 /8

Sy 21 / Syt T Fix,2n (801 y,1k)'

In this way some superfluous relations may be introduced.
When of two sets of limit function ¢ » ¥ the paths of two
1,v 1,v
k1 kblb
a a

samples coincide, one set is deleted, see example 5.6.

The construction of significant limit functions is proceeded until for

‘n= n, the order functions‘{G(Q) s G(q) }s k=1, 2, ..., k do not
X059, 7 Y,n,v n

correspond to a new significant limit function .
The index n of wnk denotes a sort of boundary layer level. The func-
tion w is a limit function at level zero and could alse be written as ¢01.

For any path

(5.40) x=£,8 ’ y = nvsx’v: 6x’v ;S 1, VsV 25'1

a significant limit function wnk exists such that the limit function wv
corresponding with (5.40) is contained in Ve When the path (5.40) lies in
the domain of convergence of more than one limit defining a significant
limit function, it is arranged that wnk at the lowest level n is assigned
to that path. If there remains more than one significant limit function,
the one with the order function 6X

or §
y

tending to zero in the slow-
,nk

,hk
est manner is chosen.

Let wn K be such a significant limit function. According to (5.5ab) this
a a

limit function can be considered as a local approximation of ¢

(r)

6 v ?M v *
Xa Py
) 8 + o(av 8k
a a

¥n x (€ >Ny 8
aa ¥ dx,naka v y,naka naka

(5.4%1) ¢(x,¥3¢) =

).



h

Having in mind the construction of an approximation, uniformly valid

in Gi’ we distinguish four types of limit functions

& Yo (k=1,2,...,kn, n=0,1,...,nt), on level n there are k significant
limit functions.

b. wn’vkl (n=0,1,...,nt-1), between level n and n+1 a set of equal limit

functions exisf which are contained in both wnk and ¢n+l' The other

limit functions defined in the common domain of convergence are con-

tained in wn v "
2"kl
c. wn,uk (n=0,1,...,nt,

tions are contained in both wnk and wnk*’ they have the same proper-

k=1,2,...,kn—1) these sets of equal limit func-

ties as the limit functions of b.
(n=1,2,...,nt—1) the sets of paths of these limit func-

12 s ¥
DOy’ by
tions are bounded by the paths of a, b and c. The differences between

(1] and ¥ are shown in figure 5.5.
Ra%y D58y
-1né
¥y
VYoo '
/*5_—_”“—_—j:;7 21
7/ 1,0 e /
// _ gL’ //
Vol .
1%—\ \,) /
[N 1,511 /
! AN //
N /
(AR AN V;
A TN /
I[ \\\ //
/ _________ ol ¢11 -1né
———— X

fig. 5.5



Example 5.5

(5.42)

¢(x,y3¢) =

X+x

2

ryPac?

We introduce the transformation

(5.43) X

[¢]

ge 'y

b
2,2
y+x +e

ee,

a,B > 0,

5

and determine the limit functions belonging to the sets mentioned above.
The diagram with the values of the order functions is simplified for this

special case (5.42) (see figure 5.6).

Table VI
0,B U} a,B v
2 2 .
a a=p=0 Vo1 = £t 5+ n+n2 g 20=p=2 b3 1+ )
£+n n+g n+g +1
__2Z8 3
b | 0<a=28<2 = +1 h =2,1<B<2 = —=— 4 1
R Yo e w7
. n
¢ | O<a= B<2 =2 1 1<a<2,B=2 =1+ —
wO,\)12 o8 w‘l,uz n+1
a|o0<2a=g<2 | y, =1+ 1 j |0<a<2,a<2B<2u |y =2
13 f+E 11
e| om2p=2 |y, = ——-g—— +1 | k |B<2a<2g,0<8<1 |y, =2
E+n +1 712
=R= = _L I
£l e==2 | ¥y, t+1 t o




76

fig. 5.6

Example 5.6
¢(x,y3€) = (x+y+1) {exp(-xy/e) + exp(—xy/eg) + 1}

Here we may have two configurations (o and B are chosen as in (5.43)):

fig. 5.7



Theorem 5.5 The explicitly given function ¢(x,y;e) is approximated uni-

formly in Ei by

(5.4L4) ¢o(x,y;e) =

n  k
t n
= nZO 21 wnk(X/§x,nk, y/Gy’nk)Gnk(E) +
nt£1 ;n Kt v
- v (x/8 s ¥ )8 (e) +
n=0 k=1 1=1 Vg1 BTV VolaVyy eV
nt kn-1 .
- x/8 [ 8 g) +
nz_1 21 wn,uk( / xanauk’ y/ ysn,uk) n:l-‘k( )

+ 111 ¥ (x/8 » ¥/8 )8 +
n=1 k=1 1=1 oGy Xolalyyq Yoltalyq  Malyy

n, -1 kn-1 kn+1

tZV ;17
+ ¥ (x/8
n=1 k=1 1=1 LS

*
9

8 8
xm,fy " 7 y’n’skl) By

\Y as far as the subscripted limit functions exist.

Proof According to definition 3.1 we need to prove that

(5.45) lim Lolx,y3e) - ¢(x,y3€)]1 = O,
(x,738)>(x,5y,,0)
0<% <R, 0<y, <R,

Xz

independently of the path chosen in the domain

— . *
G€ = {x,y,e: 0<x<R, O<y<R, O<e<e }.
Firstly, the asymptotic behaviour of the significant limit functions is

analyzed. Three cases are considered.

7



78

1. In wnk the coordinates of a transformation corresponding with a sig-
nificant limit function on a higher boundary layer level are substi-
tuted. Let this limit function of a higher level be connected to the

limit functions ¢ ‘ by ¥ s +++ « We may have
0k n,v

k1
k 1
n+1 n+1
. e * v * v *
a. ifrk=x% y .86 = § "y 8 - 7 8 ,
nk nk =1 PV ™V 1= M0y M
(v exists)
n,v
. e * * e
# = ) = Ke >
b. 1f k k ¢nk6nk ¢n’u n,u.° 1 k-1 for k k
1 1
(¢n ,, does not exist) 1=k for k < k°.
k1
2. In wnk the coordinates of a transformation corresponding with a sig-

nificant limit function ¢nm on a same boundary layer level are aubsti-
tuted, then ¥ . Dbehaves as in (5.45), 1 = k-1 for m < k and 1 = k for

m > k.

3. In wnk the coordinates of a transformation corresponding with a sig~

nificant function on a lower boundary layer level are substituted

k k -1
n-1 n-1
* v * v *
R D S - 1 NP
nk nk 1=1 D3V ByVqy 1=1 n,Blk n’Blk
Secondly, the asymptotic behaviour of the limit function wn " is analyzed.
H]
k
1. When the coordinates of a transformation at a higher boundary layer

level are substituted

(5.47a) ¥ &F =y *
’ n,u nLu 0,8, DsByy ’

2. For a transformation at a lower boundary layer level it becomes

* *
(5.47p) wn,uk n,u - wn~1,alk6n-1,alk ?
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n-1 k-1 ‘n-1k-1k
P T '
(5.494) v s = ) 8 s
n=0 k=1 DoV BeBp oo k=1 1=1 D5Byq BBy
if k=k° and if k=k® and
(k+1)=(x+1)¢ (+1)=(k+1) ¢
;t k -1 . nt§1 ;n 1n§1-1 ; .
(5.49¢) ") 8 = v s .
nen_+1 k=1 oMy Moly  p=p k=1 121 Da0yy Malyy
Thus (5.43) turns out to be true, if
X,V 3€E) <Sx Gy
1lim . -V x (6 g, s n)| = o.
E,n Gnaka(s) a a x,naka y,naka

‘This limit is valid, because the path (5.48) lies in the extended domain of

uniform convergence of it.

Example 5.7
2 X sin ylne -y+xlne
o(x,y3e) = -1 + yxin(y+etxye) + L4y)" , y#3e € ve ).

1+xe 1+xe

The asymptotic behaviour of such a function is completely revealed, when
those limit functions y satisfying

liﬁ -Q_(—x-%if):-)- - U—'(E,n) = 0, X = Eax’ y = n‘sy
gsn § (e
<sx as 1s Gy as 1

are determined,-which belong to the four types mentioned before (fig. 5.8).

The uniformly valid approximation has the form

=xlne

9o(xsy3e) = w0,1(x,y)+w11( sy )+eb, o (~xlne,y/e)+ey,  (-xIne/e,y/e) +

(-xlne’y)_ew

-9
oMy € Tavyy

(—xlne,y/e)+¢0 . (x,¥).

(x,5)-v (x,5)-¥
O,v12 1 1

O,v11
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This example only serves to explain the method developed in the preceding

sections. The function ¢o(x,y;e) could be derived from ¢(x,y;e) in an

easier way.

Table VIT
¥(g,n) s (e) 5y(€)
a |y =n2+2n+n£lnn .= 1 s =1
01 xas yas
b wo,v11=n2+2n -¢/lneg<s << 5y§s
¢ “’o,v12=2"+5” -1/1negss << 5 = exp(-1/6)
a 1P1 1 =n2+2n+nexp(—Esinn) Gx—gs_e/lne 6y231
e | ¥, =2n*En+(n+3)exp(-En) 8 =,-1/1lne 8,25°
£ w1,u1 =2n+nexp(-£&n) —e/lné;;&xgé-ﬂlne Sy:S—E/(le.ne)
g w1,v11=3n+3 -€/Inesgs <<-1/1ne 5y§sg
ho| ¥y, =2n+(n+3){1+exp(-E-n)} 8 5 ~¢/1ne 826°
i wo’ o, 1»'—'2n -e/6ylns;§6xé§-1/ln6y e;§6y§§1
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-1né
s y
y
€ e g h
hig
Ve | c
i
] d
+ =t -1né
a b X
1] /e el 6x
-1 —€
1ne 1ne

5.6 APPLICATION TO AN EXPLICITLY GIVEN FUNCTION

In order to show the advantages of the theory developed in the preced-
ing sections an application is given. The examples previously given were
more or less prefabricated. This application, however, forms a more signif-
icant contribution to the theory of singular perturbations. The computa-
tions arising in this application have been given in [14].

We consider the problem of approximating asymptotically the function
U(x,y;e) satisfying the differential equation
(5.50) LU=e|l~35+5-%5-=0, X>0,y>0, 0<e<<1,

and the boundary conditions

(5.51a) U(x,0) = kx
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(5.510)  U(0,y) = o(y), ' o(0) =

Our purpose is to expand the exact solution of (5.50), (5.51) in order
to understand the mechanism of its boundary layers.
In section 5.7 an approach from singular perturbation point of view will be
given. Here we study the exact solution, as obtained by means of Green's

theorem

U(x,y3¢e) = %J o(plexp (L2 ee)ax o £ +(p'y) )-K ('x % p*'y) ) | ap+kx,
0

where Ko(z) denotes a modified Bessel function.

Introduction of a transformation of type

o

(5.52) X = Ee, y nsB, o8 >0

yields for
a. o=8=0,
(5.532) v, (&) =k

b. 0<ac<1/2, B=0,

(5.53b) ¢o,v11(5’”) = kg,
c. 0O<a=8<1
(5.53¢) wo’v12(£,n) = k&g,

d. o = 1/2, B = O,

v__ o A2 2
(5.53a) ¥, (E,m) = |2 f e? a(n-—)at,
11 /Vrh 2t2

e. 1/2 <a <1, B=2a1,



8L

2

1
o . -t 2
S VE 2 _E
(5.53e) ¢1’u1(5,n) = ¢'(0) = JE/ 5 e (n 2t2)dt,

f. a=1, B =1,

' @ 2 2 2
2000 7 e 9—%0(——3"—*/‘5 e )?) _ el ﬂ ® + ke,

0 %

g. B <o < 1/2(B+1), 0 <o <1

(5.53g) ¢0 o (g,n) = k&.
71

B
1 f

c e

g
0 a d

o
0 b 1/2 1
fig. 5.9

The approximation, which holds uniformly for x > 0, y > 0, is

(5.54) oo(xs¥38) = Yo (xy) + w11(x//5,y) + ¥ (x/e,y/e)e +

= Yo,y (XY - "’o,v12(x’y) - w1’u1(X//5,y) +

11
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+ wo’a11(x9Y);

5.7 THE BIRTH OF THE PARABOLIC BOUNDARY-LAYER

In the singular perturbation solution of (5.50), (5.51) the degenera-
tions of the differential operator Le are considered for transformations of
type '

(5.55)  x =g, y = ne, a,8 > 0.
In figure 5.10 all degenerations of Le are shown:

1im §° B(e)Le = L(O)

E:_)O a’ a:B'
)2
fl=—3
8 on . 52 . 52
3° 3 5e%  an?
¢l 2"
an N 5 P
1 5 3 9
el - B Sy
35 an n
[ |22 2| |22
an ag2 an ag2
0
0 1/2 1 o

fig. 5.10‘
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Further, formal limit functions, satisfying

(5.56) Lgoé v, glEam) = 0,
are introduced.

In chapter 4 the usual singular perturbation method was demonstrated,
before the term "formal limit function" was used. However, for the present
problem such a solution is not available in literature.

In a first approach the general solutions of the local equations are

determined.

)
]

(!,B —P(! .8 (E), Oiaa< 1/2(83._1)’ Oi6a< 1,
a’ a a’ a

-(£-p)°
a8 = F“b’sb(P’Q) exp Ll(ﬁﬁ} /Vﬂﬁ(n-q),

a, = 1/2(8,-1), 0 <8, <1,

o’
<
I

c. E“c" = Qac,1(5)en + Rac,1(£)n + Pac,1(£), 0<a, <1,

4. V1,1 = F1’1(p,q) expE?%é] Ko( (- )2: = )2),

SV = Fa g (B0 1n(—-iL—9—""2:‘“‘)2), 1< ag =B,

£. Eaf’sf = Bo g, 800 * Py g (8 0<ay<Bau 1584,
g v, 8 = Sag,sg(”)a + Tag,-eg(”)’ 1/2(8,=1) < agy 0 < By < 1

and < 1< .
Bg aga B
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The functions Va are Green's functions, which are used to determine solu-

B
H]
tions that satisfy the boundary conditionms.

Because of the matching conditions the following relations hold

Q . =rR .(g) =R (¢) =0
uc’1 . ’1091 df,Bf ’
By g (8) =By 4(8) =B o (£) =P (e).
a f
Moreover E is contained inlﬁ and ¥ in E .
? ae,Be 1,1 ug,Bg 1,1

Taking account of the boundary conditions we obtain expressions for the
formal limit functions which are identical to (5.53).

Finally it is proved that
(5.5T)  o(x,yse) = ¢y(x,73€) + Z(x,¥3¢),

.where Z(x,y;e) = 0(g) for x > 0, y > 0 and @O(x,y;e) is given in (5.54).
Substitution of (5.57) in (5.50) yields
2

- 2
_ ? 3 3
(5.58) L2 = -¢ —-—axe Voq(xs¥) + ———-ayz w11(x//g,y) - ¢1’u1(x//5,y):l.

oy

The singular terms in the right-hand side of (5.56) cancel'out, so
(5.59) LeZ = 0(¢e)

for x > 0, y > 0.

Moreover, from (5.51) and (5.54) it follows that
(5.60)  z(x,0) = z(0,y) = O.
In a theorem Eckhaus and De Jager [7] pose that under conditions (5.59),

(5.60) Z(x,y) = 0(e) uniformly for x > 0, y > O.
Since in formula (5.54)
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ey (x/e,y/e) - v, (x/Ve,y) = 0(e)
12 1,u,
uniformly, the approximation can be simplified:

o(x,y38) = vy, (xy) + v, (x/e,y) - by (x,y) + 0(¢)
‘ Y11

uniformly for x > 0, y > O.

Remark For an approximation with a higher degree of accuracy the reader is

referred to [14].
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CHAPTER VI THE BIRTH OF A BOUNDARY LAYER IN A LINEAR ELLIPTIC SINGULAR
PERTURBATION PROBLEM

6.1 PRELIMINARY REMARKS

In this chapter the elliptic problem formulated in section 4.4 will be
submitted to a more detailed analysis. By means of the two-dimensional co-
ordinate stretching technique the boundary layer structure near the singu-
lar points A and B (see figure 4.1) is revealed. Moreover, higher order ap-
proximations of the solution are constructed. Until so far we only employed
limit functions as local approximations of the solution. We now introduce
asymptotic series as local approximations.

(m,)

Definition 6.1 The function @t t (Et,nt;e) is an approximation up to
Gémt)(e) of &(x,y,e), if for

(6.1) X = Etdx’t(e), y=ns (e),

¥,t 6x,t as 1s 6y,t as

(m,)
(6.1a) o, " (g ony3e) =

(m,)

T (g,n )6 0 (e) + 1 (g amg)sl i) + L T, (gony )6, © (6),

where the term To(Et,nt) satisfies

(6.2a) lim [Dﬂh‘ﬁs—) - TO(Et,nt):| =0

Eyany ééo)(E)

and the terms Tn(Et’nt) satisfy

o(x.ysc) n§1 (x)

sY3E)= Tk(Et,nt)cst (e)

(6.2b) lim k=0 -7 (£.,n)| =0,
EpoNy 6£n)(6) nen

n=1, 2, «euy m, .
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If éx s S5 1 or Gy $ 51 this approximation is called a "local" approxima-
E] 9
tion.,
(m,)

Definition 6.2 A local approximation & (£.,n _3e) is contained in
e u uu

(m )
v (EV’nV;G)’ if

v
. (mv) ax u Gy
E111‘1]1 <Pv (gu Gx v: T'Iu ) 5(0)( ) = Uo(Eu,nu),
L s st €
11m‘{q>(m" (g “t n EM) - Z U, (£,om D )(e)}—y—-
) v Gx,v y.v k=1 wan (n (e)
u’
Un(Eusnu)s n=1, 2, vueey mu.

‘ (m_)
Definition 6.3 An approximation ¢ V' is called significant, if

VO (E 3Ny ) is not contained in any other local approximation.

We consider the function &(x,y;e) satisfying a differential equation

of the elliptic type, i.e.

(6.3) Lo = elyd+ Lo= h{x,y)

in G, where L1 and L2 denote the differential operators

32 52 52 5 3
L, = alx,y)—5 + 2b(x,y)a 5+ elxy)—F + dlx.y)ys + e(x,y)-;;— + £(x,¥),

and
_ 9 .
Ly = - 55 - elxy).

We assume that the operator L, is elliptic, a(x,y) > 0 and

g(x,y) - ef(x,y) > 0 in G, and that the coefficients a(x,y)s ..., h(x,y)
are continuously differentiable up to order 2m + 3 (m=0,1,2,...) in G.
Moreover, it is assumed that G is a bounded strictly convex domain with a

smooth boundary I' which has the property that its parametric representation
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with the arc length as parameter is continuously differentiable up to ! .

2m + 6, At the boundary &(x,y;e) satisfies the condition

(6.1) o) = ¥(x,y),

T
where ¥(x,y) is continuously differentiable up to order 2m + 3 for all
points at T, Without loss of generality it may be assumed that the position
of the domain G with regard to the x,y-coordinate system is as follows: Let
A and B be the points of the boundary T', where the characteristics of L1
(the lines y=constant) are tangent to I'. We assume that A is on the posi-’
tive y-axis see figure 6.1. In this chapter we deal with the case of first
order tangency in both A and B. In section 6.4 the case of higher order
tangency is studied.
The part of the boundary T at the left-hand side of A and B is called T
.and the part at the right-hand side r.

1

¥

In order to apply the method developed in the preceding chapter we

introduce the p,06-coordinate system

(6.5) x = (r(8)-p)sin o, vy = (r(8)=p)cos o,
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where 0 < p < r(6) and 0 < 6 < 6.
Substitution of (6.5) in (6.3) yields the differential equation

(6.6) LE‘P = GSQ<I> + S1<D = h(p,e),

2 ‘ 2
o E___Q__i_+'{2r'(9)1> __a } il
2 (x(0)=p)% 26°  \(x(0)-p)2  r(8)-p) 203p

+ { r'(8)p _ r'(6)qg . t}_gi_ + { -q , 3 cosb-e sine}_g_

(r(8)-p)®  x(8)-p 3p° (r(8)-p)? r(0)-p 9
. {rn(e)p—r'(e)q _ pt+r(6)(d cosé-e sind) (d sino+e cose)}-é—
(r(6)-p)2 r(8)-p %

' - cosf 3 r'(6)cosd . 3
S1 z - [;(9)—p 20 +{ (8)p " 51n6} %0 +.é]:

p=a c0526 - 2b sinb cos6 + ¢ sinze,

(a~c)sin26 + 2b cos26,

Q
]

t=a sin29 + 2b s5inb cosh + ¢ cosze.

Here the coefficients a, ..., h are functions of p and 6.

Substitution of

(6.7) p = Eev, 0 neu, v >0, u>0,
into the operator Le leads to the operator expansion
(6.8) eYLE =N_+ ¢e'N, + ngNg ol emyﬁﬁ.

0 1

the terms of the formal local approximation

+

+ f,
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(6.9) T (g,nze) =
To(E,m) + €T (£,n) + YT (E,m) + ...+ €T (£,0)

are determined by an iteration process, which follows from an equalization

of coefficients of terms with equal powers in e in the equation

2y. myy Yp 42y MYy ) = Y
+e” N+, . ote Nm) (T0+s T, +e” T .. 4e Tm) e'h.

y
(N0+e N 1

1
Moreover, the terms of a formal local approximation are required to

satisfy a matching condition. Contrary to the limit functions no matching

theorem exists for the local approximations. This problem is still un-

solved.

For the formal local approximation we propose the following type of match-

.ing condition.

Assuming that there exist two significant formal local approximations

—(m
o(x,y3e) = o v (g on3€) + Zmu(Eu,nu;e),
—(m )
<I>u =--UOGM,O * U16u,1 * U26u,2 oo ¥ Um 6u,m >
u . u
and
—(m )
¢(XaY;€) = QV (EV:HVQE:) + ZmV(EV,nv;E),
_(m)
?v = V06v,0 * V16v,1 * V26v,2 e vadv,mv’

of which the corresponding limits have a common domain of convergence, we
take a path x = Ewsx,w’

&y = Est,w / 6x,u’ My = rlwéy,w / Gy,u and £, = Evéy,v / Gy,v’

/ Gy v into the series and development of its coefficients
2

y=E£2¢8 in this domain. Substitution of
W Y oW

ny = nvsy,v

yields
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(0)5(0) , 4(D,(1)

=Ty 60 * Uy Sy0 ¥+ o7
“ e s e s e s s s e o+, . .+
S50 L (s

m_u,m
u u,m u u
u
Z(O)G(O) + Z(1)6(1) ..,
m z,m mou,m
u u u u
and
_ (0)(0) (1):(1)

¢=Vy 80 *V S0 tor e
e s e o o 4 s o s s o+ . F
H0s(0) (g,
m, Vem m, Vem,

J00) L ()
m_ z,m m_ v,m
v v v v

Equalization of the coefficients of equal order functions of both series
leads to the matching condition. When such a coefficient contains a term

of Zm or Zm » of course, no matching information is produced by such an
u v .
equalization. In section 6.2 we will see how this matching condition works

out for this very problem. Besides the boundary conditions of section L4.hd
other boundary conditions arise, which we will also meet in section 6.2.
The reader will certainly have observed the links with the preceding theo-
ry. The first term of a local approximation represents the limit function,
and the first term of a formal local approximation is identical to the

formal limit functionms.

Our objective is to construct the significant formal approximations
of ®(x,y;e) (see section 6.2). In figure 6.2 we show some degenerations of
L_ for a transformation of type (6.7) as far as is important for the pres-

ent problem,
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3 \\N
'—"‘(9)
ax "8V cosf r'(9)

z// . (sine- ___;TET———)

o |2 ’

0 2/3

L 21 b
052 ~ x(0) Bm
r,(0) 1 3
= 707" 3% - (0 Bn
2 . 20

r'(0)p,(0) r'(8)q,(6)
r(9)

r(é)2

3
—_
+to(e) 5 (sine6-

ot

cosf r'(9)

r(9)

9
) 3¢

fig:'6.2
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In terms of limit functions we expect a structure as shown in figure 6.3.

o
11 Yo
v
Tovpy
1/3 Y12
wosv Tou
lJ’O [+ !
2
" Y14
+ Vv
¢01 wo’v11 2/3 1
fig. 6.3

The significant formal approximations are:
a. v =0, B =0, the outer expansion,

b, v=1, m=0, the ordinary boundary layer expansion,

0
.

v =2/3, u=1/3, the intermediate boundary layer expansion,
d. v=1, n=1, the interior boundary layer expansion.

In section 6.3 these expansions are composed to a formal uniformly valid
appraoximation, With the maximum principle it is proved that such a formal
approximation is uniformly valid with a certain degree of accuracy.

6.2 LOCALLY VALID EXPANSIONS

Quter expansion

It iz supposed that there exists an expansion
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~(m) _ ¥ n
(6.10) o = nZO Un(x,y)e s

of which the coefficients Un satisfy the differential equations

Ty 245 eesy M.

LU, = h(x,y), LU, = L2Un-1’ n

Along Fl the boundary conditions are

U = p(x,y) and U = 0, n

0
I'l Fl

1, 25, 3, oo, M.

This iterative system is solved in an elementary way. It is easily verified
that the functions

X

X
wEk;;(y)] - J expl- J g(p,y)dpl

-1
k1x(k1y(y)) D

’(6.11a) Uo(x,y)

A{h(p,y) + glp,y) wtkq;(y)l}dp,

X X
(6.115) U (xy3) = expt-J e(5,7)d5] (LU (p.y)}dp,
n (61 () D 2ot

n=1,2, .., m,

satisfy both the equations and the boundary conditions. In (6.11) the fol-

lowing functions were introduced:

x = r(8) sind = k1x(e), v =r(6) cose = k, (98)

1y

for 6, < 6 < 2m,

B
and

ylel = ¢(k1x(6),k1y(e)).
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b. Ordinary boundary layer expansion

Substitution of (6.7) with v = 1, u = 0 in the coefficients a, ..., h
yields the expansions

+ +1
m 1Em

(6.12a)  a(ek,d) (),

ao(e) + e£a1(6) + ... + € a i1

m+1 m+1h (E).

(6.12h) h(e&,0) ho(e) + e€h1(6) + ... +€ &

Using these expansions we obtain for the operator LE

- 2 m+ 1=
eLE = M0 + eM1 + € M2 + ... + € Mm+1’

r'(e)po(e) r'(e)qo(e) 52 ) cos® r'(6) |

An ordinary boundary layer expansion

(m)

m
~(m) _ n
(6.13) e = )) v (g,0)e,

n=0

is introduced such that vn(g,e) satisfy the equations

n
(6.1L) MV_ =0, MV =-) D=1, 2, eoo, m

0’0 0'n MV i»
i=1

Moreover, the functions Vn satisfy at r. the boundary conditions

(6.15) v (0,6) = ylel, vV (0,0) =0, n=1,2,...,m,
vhere ylel = ¢(k2x(e),k2y(e)),
x = r(6) sind = kex(e), y = r(6) cosh = k2y(e)’ 0<6 265

The solution can be written as
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-&gk(0) .

(6.16) v (g,8) = A (g,0)e +B(£,0), n=0,1,2, ..,m

' e !
k(e) = {sine - e)} { T + to(e)},

r(o) r(9) - r(e)

where An(g,e) and Bﬁ(&,e) denote polynomials in £. Conditions (6.15) change

into

Ao(o,e) + Bo(o,e) = ylol, An(o,e) + Bn(o,e) =0,

When in the outer expansion (6.10) the local coordinates corresponding to

v =1, p = 0 are substituted and the expansion is reordered, it transforms

into
3™ = v (g,0) + vV (g,0) + 2P (g0 + ..,
" where
U
U(O)=Uo N U(1)—U1 E'a_o Py s s e
T r el
r r r

The matching condition tekes the form

(n)

lim [vn(g,e) - U (£,0)1 = 0, n=20,1, 2, «o., m
g-»o

Thus, it turns out that
A(€58) = ylol - Ug(ky, (8),k, (6)),

B,(£,0) = Uy(ky, (0),k, (8)).

2y

c. Intermediate boundary layer expansion

We consider the case v = 2/3, u = 1/3. Again the coefficients

a, ..., h are expanded in Taylor series.
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(6.17a)  a(e?/3g,e"30) = o re!Bas ()ae?Ba (e 4™ Pa L (B0,

o . . . . . . . . . . . . . . . . s e . . . . . °

(6.170)  n(e?3g,e"3n) = nre!Bn (4P (e re™ Ba L @)

Lé is expanded as follows

1/3. = 1/3 2/3 m+1/3
Le = TO + € T1 + € T2 + ... + € T3m+1’
2 r (0)
. 2 ARNE IS
To = %o 2e2 +O-oy % - F oy e

Supposing the existence of an intermediate boundary layer expansion

—(m) _ 3!11 n/3
(6.18) & = nzo Y (E,n)e ",

. we obtain the equations

(6.19) TY =0,T

oY vo=- ) 7Y

LN it hn_1(E,n), n=1, 2, .e0, 3m.

0
In addition the functions Yn(g,n) have to satisfy conditions such that

they are uniquely determined. On the one hand the intermediate boundary

layer expansion has to match the outer and the ordinary boundary layer ex-

pansion, on the other hand it has to satisfy the boundary condition

w(e1/3n) for £ = 0 and n % 0.

In the outer expansion (6.10) the local coordinates corresponding to

v =2/3, u = 1/3 are substituted and the expansion is reordered. This
yields

(6.20) o™ = ul®(g,n) + MR (g 0y 23D gy L

The outer expansion matches the intermediate boundary layer expansion,
provided that for £/n° = 0(1) and [n] >> 1,

(6.21) ¥ (g,n) = u(8/3) (g,n).
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For this case the limit & = an, n > ® corresponds to the direction of the
line, which connects a and c, see figures 6.2, 6.3 and 6.4, The terms

U(n/3)(E,n) consist of contributions of all terms Uy, U;, ..., U of (6.10)

0> "1?°

U(n/3)(‘€,n) = Uén/3)(5,ﬂ) + Ugn/3)(g’n) oo+ Uzin/3)(5’“)°
According to the matching principle for Yn(g,n) a same expansion must hold
v (&) = 1% + X Vg + (e + v v e,

(£/n°=0(1), |n|>>1)

where

(6.22) Yr(lk)(a,n) = U}({n/?’)(i,n) = o(nn'3k), k=0, 1, 2, vv., m,

n 0, 1, 25 veey 3m.

A same procedure is applied to obtain a matching formula for the ordi-

nary boundary layer expansion (6.13) and the intermediate boundary layer

expansion. The local coordinates corresponding to v = 2/3, u = 1/3 are sub-

stituted in expansion (6.13). Reordering of this expansion yields

3 = vl (g, + 3B g0y HNE By L,
v/ g0y = v g n) ¢ v 0D g+ V3 )

Let the series

-~ -~

v (em) = Y + X Ve + ¥ + v 1™ (g

express the asymptotic behaviour of Yn(g,n) for &n = 0(1), n >> 1. Then the

matching condition becomes
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(6.23)

Expansion (6.18) is required to have the values yle

ary with an accuracy 0(e™).

Yik)(i,n) =V

is made, the boundary condition takes the form

¥ (0,n) = v!®r01 vy

(8/3)(g n) = o(n™3%), x

0, 1, 2, vv., m,

=0, 1, 2, «v0s 3m.

1/3n] at the bound-

When a Taylor expansion of this given function

For n = 0,1 explicite solutions are available.

(6.24)
,and
(6.25)

where

Y,(&,n) = ylo]
Y,(g,n) = R(g,n){y'l0] + r(0)e} - nr(0)2, @ = by + gylo],
= 3 : 2 2

R(g,n) = -exp(-1/2a&n-1/128n") . {wR1+w Re—w R3-th}/Y.
” Ynxw2

R (£,n) = [0 L0 4 (romag)e ™ ax,
” YNXW

Ra(E,n) JO Al(x) A3 (x-mw E)e dax,

R3(£,n) j ———LQE— Ai (wx-mog) e Pax,
0

Rh(E,n) = J éiliﬂ_zl Al(w X-1mw E)eYnx

0 Al(w x)

Ai(z) represents the Airy function with argument z and Ai'(z) derivative,
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w = exp(2/3ri), a = (r(O)-rQ(O)) / (Cor(o))s
W2 = exp(-2/3mi), 8 = r(0)d°,
m = a/(2c0r(0)), y = cor(O)mz.

R(g,n) satisfies the homogeneous equation of (2.15) and has the boundary
values R(0,n) = n (see appendix A).
The reader will notice that the matching conditions are indeed satis-

fies, we verify the first two terms

UéO)(E,n) = Véo)(E,n) = YéO)(E,n) = ylol,

0 (g0 = ¥O(g,n) = - VnPseg(r(0)-r (007" .
{y'[ol + r(0)Q} - nr(0)e,
w73 (e,n) = 11 g,m) = ¥ (0,n) + 2nty'lol + (00} |

r(0)-r,(0)

exp -En Cor(oj 3

(see appendix B).

n
1
£2/n=0(1), |n]~0

£/n2=0(1)

1/3f
||+ En=0(1), 1o

0 v

0 2/3 1

fig. 6.4
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d. Interior boundary layer expansion

In this case the values v = 1, u = 1 are substituted in (6.7). The

coefficients a, ..., h are expanded as follows.

(6.23a) aleg,en) = a  + ea1(E,n) + o

0

. . . . . . . . . . . . LY

.

(6.23n) h(eg,en) hy + Eh1(£,n) + e

m+1 - =
+ € amH(E,n),

. . . . 9

(&),

+ €

The differential operator L€ becomes in expanded form

+ K.+ +

eL8 = KO + eK1 5 e

a 2 2b 2
K = 0 3 0 9

z T TS - —
0 r(0)2 3n2 rZoi 9&an 0

m+ 1=
Ko

2 s
852 r(0) an’

It is supposed that an expansion exists of the type

(m) _ T n

(6.24) o = L W (E,m)e,

L n

n=0
so that Wn(E,n) satisfy the equations
(6.25) KM§, =0, KW =- ] KW .
and the boundary conditions

_ ,(n) n/_,

Wn(O,n) =y [0l n/n!,

For n = 0,1 we obtain the solutions

ylLol,

WO(Ean)

W, (e,m) = W2 (g,n) - nr(0)a,

(n=ho+go¢[o])
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+o0
W (g, = ke [ Kmp) ¢ 2oy

“u2+(V;P)2: k = 1/2c0 / (a.c -b2),

r = 00 0
u = 1/2 i(rA-1,)E,
v=1/2 (A#r,)E + r(0)n,

Ay, = (Fpg¥ilagey=bg) /g

K1(z) denotes a modified Bessel function with argument z. The function
f1(z) has to be bounded and continuous with f1(0) = 0 and

f;(o) = (Q+y'[0])r(0). A function that satisfies these conditions is
£,(z) = £5(0)ze”".

Finally, we study the matching conditions for the interior boundary-
‘layer expansion and the intermediate boundary-layer expansion. In (6.24)
the local coordinates corresponding to v = 2/3, u = 1/3 are introduced, so
that

@ém) = W(()o) + e1/3{w$1/3) + wé1/3) .4 Wi1/3?} +

OO O IR O N

Let
r (e = xem + x{Viem + ¥Pem +

constitute an asymptotic expansion of Yn(E,n) for n/E2 =0(1), 0 < £ << 1.

It appears that the matching condition is satisfied, if

(n/3) ny*3k

(k) -
(n+n+3k)/3

n (E:n) =W
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n, = 1 if n=2,5,8, ...,
n, =2 if n=1, 4 7, ...,
n, =3 if n=3,6,9, «c..

We remark that indeed

1 ¢e,n = w3 (e,n) =

* 57 (0)e ) (p'[0]+Qr(0)) - nar(0),
0

see appendix C.
6.3 UNIFORMLY VALID EXPANSIONS

In this section an expansion for the solution is constructed, which
"holds uniformly in G.

First, a formal uniform is composed of the significant formal approxi-
mations. For that purpose, the results of the matching method are utilized
to reorder the local expansions in such a way that expansions with regular
coefficients can be obtained.

Next, it is proved that the first three terms of the formal composite

expansion approximate the solution @(x,yje) with an accuracy 0(e).

Until so far we only studied formal local approximations which hold in
a neighbourhood of A. We also have to investigate the formal local approxi-
mations holding in a neighbourhood of B, since we have the intention to
construct a formal uniformly valid approximation. With a similar analysis
it can be shown, that the same types of local expansions arise near B. In

the sequel, the expression

.y 3m
3(m) _ Ty /3
¥ n=0 n

represents an intermediate boundary-layer expansion near A and B: i.e.

v =y, )
n n n
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where YéA)(E,n) has the form of (6.18). The function Y(B) has a same form

n
YiB)(E};), where'g, N follows from

x = (r(8)-p) sin 6 + x5,
y = (r(@);g) cos 6,
T -3 = 351/3, 5 = 252/3.

Similar assumptions have been made for the interior boundary layer expan-—
sion and for the matching terms.

The ordinary boundary layer functions Vn(p/a,e) are exponentially in-
creasing in the left part of the domain G. In order to express these bound-
ary layer terms as functions defined in the whole domain G we multiply them
by an infinitely differentiable smoothing factor K(p/po), which is defined
in G as follows.

‘Outside a neighbourhood of I'_ it equals zero, inside a neighbourhood of Fr

we distinguish three cases for 61/3 <8< GB - 81/3

a. 0<p 5_1/3po, where K(p/po) =1,

b. 1/300 <p 5_2/300, where K(p/po) is monotonic decreasing
from one to zero,

c. 2/3py <P S Pps where K(p/pj) = 0.

Thus in the sequel the following expression for the ordinary boundary layer

function is used
V (p/e,0) = K(o/o,) V,(o/c,80).

Before continuing our analysis we summarize the results of the prece-

ding section.

a. We have obtained an approximation of the solution, which holds outside

neighbourhoods of the points A and B:
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m
(6.26) o(x,y3€) = ) {Un(x,y) +'Vn(p/€,6)}en + Zm(x,y;e).
n=0
In [7] it is proved that Zm(x,y;E) = O(€m+1) wniformly in G apart from
small neighbourhoods of A and B.

b. Near the points A and B we obtained formal local approximations, which

we called intermediate and interior boundary layer expansions.

c. By means of matching methods conditions were derived for the terms of

the expansions mentioned in a and b.

In figure 6.5a we show in a suggestive picture the domains correspon-
ding with the various expansions. The lines separating these domains are
determined by the thickness (in order of magnitude of €) of the boundary
layers (see figure 6.5b). The values of v,u of figure 6.5b correspond with
the values from formula (6.7).

IIT

fig. 6.5a ‘ fig. 6.5b
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Step by step a formal asymptotic uniform approximation is composed.

(n/3) (n/3)
k

tained with the matching method are put forwards in the series

Expansion (6.26) is reordered and the terms Uy which were ob-

(6.27) @ =U,+7V, + 51/3(U$1/3)551/3)+Ué1/3)+721/3)+...) +

2/3(U(2/3) (2/3) (2/3) (2/3)

ved) #

7, V(1/3) (2/3) (3/3) (3/3)

e(U1—U$1/3) (2/3) 5 ced) F o

Using (6.22) and (6.23) we deduce that Y has the following asymptotic be-

haviour

R R OO CD IR IR (N

n 0 0 1 1

Considering these relations we introduce an expansion, which is identical
to (6.27) in domain I and to (6.18) in domain II.

(6.28) o=y + T, + eV3x VAT L 23y (2/3) 5203))
‘ 0

(v, U(1/3) (2/3)47 V(1/3)

v,-o ~0{3/3) 5(3/3)_(3/3) 5(3/3),

Finally, we are able to construct an expansion, which is identical to

(6.28) in I and II and to the interior boundary layer expansion (6.24) in
ITT.

(6.29) o=U_+ V. + e1/3(Y1-Ué1/3)-Vé1/3)) + 2/3

(2/3) - (2/3))
0 0

(Y,-U,

o(w,-0{1/3)_y(2/3) 5 §1/3) 7(2/3),

+V V

T U(3/3) (3/3) (3/3)4v(3/3)+w1_w§1/3)-w$2/3)) oL
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Expansion (6.29) has all properties desired for the function &(x,y;e) such
as exponential decay near the boundary T. and an "Airy function" behaviour
near A and B, which forms a linkage between the interior solution expressed
in modified Bessel functions and the solution outside neighbourhoods of A
and B.

However, until so far we did not prove that a finite number of terms
of (6.29) approximates the function ®(x,y;e) with some accuracy in €. We

will prove that

(6.30) o=y + vV, + 61/3(Y1_U(()1/3)_Vé1/3)) . E2/3(3{2_[](()2/3)_7(().2/3)) .

5(71_72”3)_722/3) (3/3) —(3/3)_—23/3)) .o,

+Y - -
Y3 UO VO v

where Z(x,y;e) = 0(e) uniformly in G.
‘For this purpose a theorem of Eckhaus and De Jager [T] is reproduced, which

forms an application of the maximum principle.
Theorem 6.1 Let ®(x,y;e) be the solution of the boundary value problem
L = b (x,73¢)
valid in a bounded domain G with
| = We(x,y;e)
T

along the boundary T of G. If

he(x,y;e) = 0(e*) in G, o > 0,

and

¢€(X’Y5€) O(EB) along T, g >0,

then at most

o(x,y3e) = O(Emin(a,s)) in G.
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Substitution of (6.30) in (6.3) yields

(6.31) LZ= -[e(L2U0+ LV, Y, 3Y1+T Y +T Y ) +

2 Y3y (1/3) (1/3) (1/3)) +

h

o*h8+1/2h 00

+hpp-L€{e

52/3 (3/3) (3/3) (3/3))

(U

(213) 3 (213) 3 213)) o o

moreover it follows from (6.30) that
Z| = 0(e).
T

The right-hand side of (6.31) contains singular terms, but it will be
proved that all these singularities cancel out.
The following properties of the local expansion terms will be used in

order to prove that
LE(Z) = 0(e)

uniformly in G.

a. The expressions
K, = Tytr,0$ V3 173 5173
K, = Té(YZ—U82/3);782/3);V§2/3)),
K, = Ty (1, U(3/3) (3/3) —(3/3>)

are bounded in G, so that a number M independent of ¢ exists such that
max{|K1[, |K2|,4|K3|} <M

b. In appendix D we prove that
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2
+ +
h h 6 1/2heee

+ T+
0 1 hpO

(8—1/3Toﬂ1+€1/3T2)€1/3(U(()1/3)7(()1/3)+V$1/3)) +
(8_1/3T0+T1)82/3(Uée/3)¥Vé2/3)¥V§2/3)) +

Slng{Ler} + Slng{MQVO} + Slng{M1V1} + 2z,
where

1/3 1/3

N
L}

<9 <B,-c¢€

N
0o(e”) for 1/300 <p < 2/390, € B

(N arbitrary large)

]
[}

0 elsewhere in G.

Sing{S(x,y;e)} denotes the singular terms of a development of S(x,y;e)
near A (and B).

The contribution to the right-hand side of (6.31) comes from the regu-

lar parts of L2U0, MZVO’ M1V1 and from K1, K2 and K,. Thus we find that

3
L.z = 0(e) in G.
Applying the theorem mentioned above we may conclude that Z(x,y;e) = 0(e)
uniformly in G. We remark that a same accuracy is obtained when the term of
0(e) is omited in (6.30).
It is emphasized that an estimate of the remainder term of a truncated for-
mal uniform expansion can only be made with the maximum principle, if the
last term of the truncated expansion is of order 0(em), m=1,2, «0. « In
this last term the contribution from the interior boundary-lasyer expansion
can be omitted.
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6.4 HIGHER ORDER TANGENCY

It appears that the order of tangency in the points A and B determines
the composition of the uniformly valid approximation. Therefore, we study

this tangency in detail

In a neighbourhood of A the coordinates of the boundary
x = r(6)sin o, y = r(8)cos 6

are expanded for small ©

(0)
x = r(0)o + (E%T__ - 5%91)93 + e,
(0) (0)
r(0) r.(0) '
i v LR

In the preceding sections we considered the case r(0) > r2(0) which

agrees with the relation

2

r(0 -r,(0

Vr(0)-y + 0((r(0)-y))

between the coordinates of the boundary near A (see also ViZik and
Lyusternik [341]).
From now on we also consider the case where the tangency of the char-

acteristic of L1 to the boundary in A is of higher order. Let

. (n),2 .(n)3 (o) % . (n). 5
y = r(0) - ky 0% - k3 0” - k) 6 - ks 87 - ...,
and kén) = kgn) = ... = ké§z1 =0, kéz) > 0, then the tangency is of the

order 2n - 1. This leads to the following relation between the coordinates

of the boundary near A



11k

2n

x =10 V &) (x(0))®

An analogous argument holds for the tangency in B.

In comparing the local expansions for different orders of tangency we
see one important change, i.e. the intermediate boundary layer.
Firstly, the intermediate boundary layer arises for other values of v and u
(see formula (6.T)), and secondly, the local equation (and therefore also
the local expansion) is different. Thus, the intermediate boundary layer is

determined by the order of tangency.

Let (vn,un) be the point in the v,u-plane that corresponds to the in-
termediate boundary layer equation in case of (2n-1)th order of tangency.

Then the differential operator eunLe is expanded as follows
u 2u
e 'L = Tén) + € nTgn) + € nTén) + Ly

1=2v_+u 2 M =V
T(n) = c.€ nna + €
0 0 2

13

(n)

We take 1 - 2v, + M, = 0, so that the first and third term of TO are of

the same order of magnitude in €. X(n)

0 is the first term of the expanded

operator

H H

n n u
r' .
_ (ne “)cos ne - sin(ne By

3
u v LI
r(ne ®) - e

n

For the (2n-1)th order of tangency the following expression for X(n) is

0
computed
x() - (n) 2n-1 (2n=T)u a
o ~Ffon M € 3 *
Y20 (n)
The term € X is of the order 0(1), if Wy =Vt (2n-1)un = 0. Since

the condition 1 - 2vn +u, =0 also exists, we obtain for Vs M, the values
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A diagram as figure 6.2 can be made. When these diagrams are brought in one

figure (fig. 6.6), we observe that

a. lim (Vn:un) = (1/2’0)3
n>o

b. in order to match the intermediate boundary layer and the outer expan-

sion we need to introduce limits of the type E/n2n = 0(1), In] > o,
c. in order to match the intermediate boundary layer and the ordinary
boundary layer expansion we have to introduce limits of the type
2n-1
gn = 0(1), n > o,
1+
By
e |
37 f
H/IJ; } 4
1/2 APV 1
fig. 6.6

In the point (v,u) = (1/2,0) the intermediate boundary layer equation
degenerates to a parabolic equation

5 13 _
02~ 7(0) 3n - &’ Y17 By

It is easily deduced that this parabolic equation forms a local representa-

tion of a parabolic boundary layer equation, which is obtained from (6.3)

. . 1/2 .
by stretching the y-coordinate, y = r(0) - Eps / , and letting e tend to
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zero (see figure 6.7).

2

L

(c(x,2(0)) 5 = 4= = g(x,7(0))) ¥ = h(x,x(0)).

9 8

Lol V]

y

Returning to finite n we suppose that an intermediate boundary layer

expansion exists of the type

(@) _ o(n) . Pn.(n) . n (n) (n)
@ym = Yon + € nY1n + € nY2n + ... + emYm?un.

Remark Exactly, as in the case of first order tangency a particular solu-
tion of the homogeneous intermediate boundary layer equation is available.

For example for n = 2 we have

Ai(x—m5+82(n)) . expl-1/20&n + ynx + tg(n)],

s,(n) = 1/2ké1)n2 - 1/hmk£2)nh,
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t2(n) = (1/hké1)a+1/123)ﬁ3 - 1/8ak£2)n5.

(n)

With the aid of this particular solution we can determine Y, such that

it satisfies all conditions.

Let the order -of tangency in A be 2nA - 1and in B 2nB - 1. Following

section 6.3 the remainder term Z(x,y;e) of

_ wy, (n,) (w,) _(u,) uy (ng)  (uy) _(ug)
0 * 7, e B 1A-UOA—VOA}+EB{Y1B—UO B-VOB}+

N _o_) O ) _(1-wg)

e “{... + e{V1—V1 ...-V1 -V, eV +

(n,) (u,/uy) _(u,/u) (ny) (uo/ny) _(wo/u)  (uo/u)
A a'Hal SNHalHp B /g’ —\Vp/Hg’/ _\Hg/Hy
Y1/UA'UO -V, +Y1/”B-UO -V, -V, } + Z.

can be estimated. .
‘The proof that Z = 0(e) uniformly in G is similar to the proof given in

section 6.3.

The following statement is a direct consequence of the foregoing.

If the order of tangency in A is (2nA-1) and in B (2nB-1), then

min (——, ——
hn -1° hnB~1

A

®=1U_ + V. + 0(e )

0 0

uniformly in G. Frankena [11] estimated the remainder term

. 1 1
min (g =)
o(e A By,

6.5 A MAGNETOHYDRODYNAMICAL PROBLEM

The mathematical problem we dealt with in this chapter is concerned
with parallel flow of conducting fluid along an insulating pipe of circular
cross-section perpendular to which a uniform magnetic field B0 is applied.

The system satisfies the modified Navier-Stokes equation and the induction
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equation (see Gold [13]). This problem is reduced to that of solving the
equations

——32"+—32" M= 4
- = =
3k ay° 3x
5% . 3%b v _
———2—+—2--M-5-;—0,
9x oy
with the boundary values
v=b=0 on r=1.

The variables v and b denote the velocity of flow and the induced magnetic
field, both in a direction normal to the x,y-plane. The constant M repre-

. sents the Hartmann number
M= Bo(o/pv)1/2,

where p and v are the density and the viscosity of the fluid and 0 is its
electrical conductivity.

fig. 6.8
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Because of the symmetry with respect to the x-axis, it is sufficient
to solve the problem

99

(6.322) £2 - M =

= -1

(6.32b) @ =0 on r=1,

v(x,¥) v(-x,y) = 1/2[e{x,y) + o(-x,y)],

b(x,y) = -b(-x,y) = 1/2[o(x,y) - &(-x,y)1].

An exact solution of this problem is available

v ox 1 (%)
(6.33) (r,8) = rsin® + exp(Mrsing) 2 D gy B 27 %
M 2 n=0 M 1
My T n'2
In('z—) cos n('2— -9)
X = r sinf, y = r cosé,
k =1 if n=o, k =2 if n %o,

For large values of M expression (6.33) is computationally useless,
since the series converges slowly. A first attempt to describe the asymp-
totic behaviour of (6.33) was made by Shercliff [32]. Roberts [31] gave an
approximation for large M, which agrees in great lines with our analysis
(see sections 6.1 - 6.2).

The differences are noted in the following three points

1. In [31] it is not evident that the approximation of (6.32) is still
singular in (0,1) and (0,-1). It turns out that another boundary layer
exists (the interior boundary layer). We must admit, however, that
this does not change the value of the net flux of fluid down the pipe
for the required accuracy of O(M_7/3). The contribution of the interior
boundary layer to the net flux is of order O(Mh).

2. The matching conditions, that we derived, differ from the ones used by
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Roberts. It is worth mentioning that our approach has reduced the num-
ber of necessary computations. Conditions (41) and (L42) of [31] are
replaced by one condition (B.1).

3. By estimating the remainder term, we have shown that the first terms

of the formal asymptotic solution indeed approximate &(r,6).
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APPENDIX
APPENDIX A

The problem, studied in this appendix, is formulated as follows.

A function R(&,n) satisfies the differential equation

2 r, (0)
9 R 2
'a?é"" (1 - I'(O)) n

R _1_ 38R _

(a.-1) %€ T r(0) an O

o
and has the boundary values

R(0,n) = n.

Moreover, the matching conditions have an effect on the problem. The fol-

.lowing asymptotic behaviour is a comsequence of it,

R(Ean)

- Vn2+2s(r(o)-r2(o))  for &/n° = 0(1), |n| >> 1,

and
r(O)-rz(O)
cor(o)

R(E,n) } for &n

-n + 2n exp{-&n o(1), n > 1.

The solution of this problem has been given by Roberts [31]. In great
lines it is as follows.

Introduction of a new dependent variable &(&,n),

(a.2) o(£,n) = exp(+1/2a€n+1/128n°) R(E,n),

a = (2(0)-1,(0)) / (egr(0)), B = r(0)d?,

leads to the equation

2
370 3, 1
(4.3) o ’e2 e = T10)

2, w3 = o/(2er(0)),

and the boundary condition
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(A.4) (0,n) = n exp(1/128n3).

We note that

n

(a.58) P, (g,n3p) = e ai(p-mE),

(a.50)  P,(&,n3p) = ' Ai(wp-muE),

(A.5¢)  Po(g,n;p) "™ pi (wPp-mE),

w = exp(2/3ri), W = exp(-2/3mi), vy = cor(O)m?

are solutions of (A.3), where Ai(z) denotes the Airy function and p an ar-
bitrary constant.

‘Two of the three solutions (A.5) can be chosen independently. By consider-
ing these three solution together some special properties of Airy functions
can be used. .

Roberts [31] introduces the solution

(A.6) R(&,n) 2 exp(—1/2a£n—1/126n3){wR1+m2R -m2R3-th} !/ Y

2
R, (Eyn) = Jw Al Ai( ) Y“x“’zdx
preen) = 0 Al(x {x-mg e ’
Ra(gsn) = Jo Ailéi) A (x-mw E)eYnxwdi,
R3(£,n) = J Al(wx-mms)e *ax,
. 0 .
Rh(E,n) = J —-—jﬂLiﬁ— Al(w X—1m0 E)eYnx

0 Ai(w x)

From the theory of Airy functions it is known that for all x

(A.7)  Ai(x) + wAiux) + wai(w®x) = 0
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and consequently

(A.8)  Ai'(x) + wPAi'(wx) + wAi'(w’x) = 0,
Thus
2 3 [C 2 5
(A.9) R(0,n) = -m ~ exp(-1/128n") J A1 (x) (&Y™ 4 %e YY) 4y,
0

In [31] it is shown that indeed

R(0,n) = n.

Moreover, the conditions for the asymptotic behaviour are satisfied, as we

will see in appendix B.

APPENDIX B

We prove. that

2 2
(B.1)  R(E,n) = - VnPs2e(x(0)-r,(0)) for £/n2 = 0(1), |n] > 1.
After a changing of integration variables R(£,n) takes the form

(B.2)  R(g,n) = -w° exp(-1/128n°) [R +R +R 4R ]

o0 2
R = J Al gmm£+x2 Ai(x)e Ynw de,

Al (mwE+x)

o

® ]
R, = w2 J Ai mm +x) Ai(x nwxdx’
0 Al(mm E+x)
_ 2 Al (mwE+wx) Ynx
R, = -w fo AT (ot +ux) Ai(wx)e' Max,
___L__jz;___ :
Ry = -w L S X Al(mgx)eYnxdx.

Jo A (mw g+ x)
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For n > 0 the greatest contribution comes from RC and RD. Taking these

terms together and making use of the asymptotic property

Ai'(p) -1
ﬁy~—6+0(p ) for |p| >> 1,

we obtain

R, + Ry ™ - J VmE+x {wAi(wx) + w Al(w x)}eYnx
0

With (A.T) this form is reduced to

(B.3) R, + Ry~ I VmE+x  Ai(x)e’¥ax.
0

Application of the saddle-point method leads to asymptotic formula (B.1).
For n < 0O RA and Ry dominate and behave like (B.3).
For the proof that
r(O)-re(O)
R(g,n) = -n + 2n exp{- En—cITOT— En=0(1), n> 1,

the reader is referred to [31].
APPENDIX C

In this appendix it is shown, that

2
- 2 _
-R(E’“)'"+75'5_2r0c0 for n/&° = 0(1) and 0 < £ << 1.

The integrands of (A.6) are expanded to £

R(E,n) = 2 exp{- 1/20€n-1/128n3} {o,+o o o},

B

N =n 2
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2 (% .., 2. Ai'( 1 2 2 Ai"(x) ynxa
o= W Jo ALt (x){1-mw"g Xi z) + 5 mwE Sy + ...}e ax,
_ 2 . Ai'(wx) . 1 222 Ai"(wx) + Ynx
@C——m Io A1'(mx){1-mgm+2mw 13 AL (wx ... le dx,
2. o Ai'(wPx) 1 2 .2 Ai"(uPx) ynx
o = -w Ai' (0 x){1-mw°E = +3zm wgT T + .o el ax,
0 Ai(wx) Ai(wx)

Let these developments to & be represented by

_ (1)
o T 0

+ @ie) + ¢£3) + o,

@D = ®é1) + ¢é2) + @£3) + .

“oy

then for small £

( (2)

r(e,n) = R (g,n) + 8@ (g, + 33 (en) + ...,

R(n)(g,n) = 2 exp{-1/2a&n-1/128n3} {¢£n)+¢én)+¢én)+@£n)}.
Using (A.8) and (A.9) we obtain

R (g,n) = n + o(£3).

® a2 2
¢i2) + ®é2) = me J {Ai'(x)} {_w2eynxw AL

0 Ai(x)
_ P N ST
<I>((:2) + @1()2) = me J {AlAiégg} . lai (w2x)} R
0 Ai(w x)
< {ai'(s)}?

The function P(x) = - - ds is introduced, so that
0 Ai(s



126

2 ©

P(z) = -JZ {%} pi(s)ds = _Jz shi(s)ds = -jz Ai"(s)ds = Ai'(z)

for an integration path s = R(o) el¢(o) with R(o) >> 1 and 0 §_|¢(0)I < 7.

2
(2) (2) _ 2 ynxw YNXW o
9, + (I)B~ = mg[{-uwe - we }P(X)]O +

o 2
- my&n f P(x){-we' ™" wzeYnxw}dx,
0

¢é2) + @ée) meLe ™ (0P (ux) + wP(wex)}]: +

- my&n f {P(wx)w2 + P(wex)m}e
0

Ynxdx_

It is easily verified that

a(2) 3).

(E,n) = O(E

0 2
¢£3) . <I>](33) = m2£2 I xAi'(x)'{eYnxw + eynxw}dx’

[\S] SN

2.2

@é3) + @é3) = — m°Eg J X{-wQAi'(mx) - wAi'(ng)}eynxdx.
0

1
2
(3) 1.2 3 N YTX YT Yan2
R 7(g,n) = - 5 & exp(-1/2agn-1/126n") xAi'(x){e" T+e! T ve Yax.
) 0
Partial integration yields
(3) 1.2 3 i YRX, YNXw Ynxm2 3
R'Z(g,n) = 5 €7 exp(-1/128n7) | - Ai(x){e" " +e' " te } ax + o(g”).
.0
Applying the same manipulation as to (A.9) yields
2

3 (e,n) = a=one; * e,

Finally we mention that
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R(n)(g;ﬂ) = 0(53) forn=1L4, 5, 6, ... .
APPENDIX D

In this appendix we prove that

2
hO + h16 + 1/2heee + hpp +
-1/3 1/3 1/3,.,(1/3) ,=(1/3) =(1/3)
(e T0+T1+s ‘I‘2) € (U0 +VO +v1 ) +

(€-1/3T0+T1) e2/3(U(()2/3)ﬁ(()2/3)+-\7g2/3)) +

(8_1/3T0) e(Ué3/3)4Vé3/3)¥Vg3/3))

Slng{LgUo} + Slng{MZVO} + Slng{M1_V1} + 7,

1/3 1/3

<6<6B—e

large. Sing{S(x,y;e)} denotes the singular terms of a development of

where Z = O(EN) for 1/3po <p < 2/3p0, € and N arbitrary

S(x,y;e) near A (and B), see section 6.3.

Before we prove this relation, some differential operators are intro-
duced. Let p = ce® (C20) and 6 = 0(31/3),
(6.6) are expanded as follows

then the operators S1 and 32 of

S1 % Byg * By * Ryp ¥ Ryg+veny

= + + + o
8y = Ryp * Byy + Byp + Ryg ’

where

. 12 r,(0) 5 5500 5
B0 ® - [;(05'53 oo Eﬁﬂ » Ryp 5 - [gr(o) o w Y gé]’
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T r2(0) 5 o 5
Rig = - [%2r(0) U+r—my ¢ *— 2t *
r(0)
- r(0)  r,(0) cry(0) 4 5 x,(0) 3 ]
*lgey e ey T (0)2 po} 35 + &48)s
"2 2b_ .2 r, (0) 2
_ 2 _ 0.3 2 P
B0 = o 22 Bo1® 700) 3098 * 20001 - o)) @ 202
2
a 2 ar.(0) a-c 2 ar (0)
Ryp = ° > 2—5 +2(-L2 5 - 0(o()) 6 aaae + (22 5 -
22 1(0)° 28 r(0) r P r(0)
2r, (0)(a.-c )+r_(0)b 2
2 0~%0’ 3%/ 09 2 3
- I'(O) + (ao—co)) 6 + cpp} ap2 +
. (aorz(o) ) ao+r(0)do . 3 .
r(0)2 r(0) 0’ 3p

Let £ = 0/6 (C#0 snd p=Ec) and 6 = o(e'’3),

layer operators Mi i=20,1, ... are expanded as follows

then the ordinary boundary

1]

P + P + P +

My = Poo * Pop P2 * e

My 2Pig v Py ¥ Pptees

=
"

b F P Ey PPyt s

where
2 r.(0) r,(0) 2 r.(0)
. O _ 2 8 - A A | 23
Poo = <o ’g2 Ty -1 @ 9g Por 201 - ) o 2e2  20(0) ® 3¢
2
- aorg(o) i 2r2(0)(a0—c0)+r3(0)b0 . (awa)) 92 EE_ ) rh(O) .
02 r(0)2 r(0) 0 0 352 6r(0)
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r2(0) r2(0) 1. 33 ) 13
O LA R R O L
2b 2 ar (0) a.-c 2 2
_ ) _ 502 0% d 3
Pyy = - T00) 5230 ~ &0° Po® 2t r(0)2 r(O)} ® 3coe * cgb 352 *
ar.(0) a-+r(0)d r.(0)
£ 5 - : =(0) % - eo! %E * 2r20> (1+ i(o)) o® %E -
r(0)
r2(0) ao EE_ : 5

o
.
|

3
- ES———gG P =P = = - v
(0) ) 1°°
2r(0 g 20 21 22 r(0)2 362 r(0)2 26
It is readily established that between these operators expansions and

the intermediate boundary layer operators Ti the following relations exist:

- _1/3 - =2/3 2
(D.1a) T, = € (R1O+ER20) = (POO+EP1O+E P20),

_ 2/3 . -1/3 o2
(D.1b) T1 = (R11+eR21) =€ (P01+€P11+€ P21),

- _ 2
(D.1e) T, =€ (R12+5R22) = (P01+eP12+e P22).

Since S1UO = h(p,0), we have for p and 6 sufficiently small the rela-

tion

(R1O+R11+R12+...) (w0+Ué1/3)+Ué2/3)+...) =

2
+
h0 h1e + 1/2heee + hpp + ...

Equalization of terms of a same order of magnitude yields
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Rig¥p = 0
R11¢0+R1o€1/3ué1/3) = By
R1?¢0+R11E1/3Ué1/3)+R1o€2/3Uéa/3) =00
RyghotRype ! 0g#8y e B0 am, en(¥3) - 1/2hq8° 4,0
'
(p-2) (R1o+R11+R12+R13)wo+(R1O+R11+R12)€1/3Ué1/3)+
(R1O+R11)52/3Ué2/3)+R1eré3/3) = h0+h1e+1/2h6662+hpp.

Similarly, because M.V. = 0 and M.V, + M.V, = 0, we have the relations

00 01 11
(D.3a) (P00+Po1+Poz)€1/3Vé1/3) * (Poo+Po1)€2/3VéQ/3)
(D.3b) (Poo+Po1+P02)€—2/3V$1/3) * (1300‘”1301)5—1/3"22/3
(P10+P11+P12)€1/3Vé1/3) * (P10+P11)52/3Vé2/3)

(3/3)

+ POOsV0 =0
) (3/3)
* Poo¥ *
(3/3) _
+ PV, = 0.

Formulae (D.1), (D.2) and (D.3) are utilized in order to show that

2
+
(D.4) h, h,6 + 1/2heee + hpp +

(7 /3g o1 0" Pn,) 300 137 1/3) 5 1/3))

(5-1/§T0+T1) 92/3(Uéz/3)4652/3)4722/3))
(V) ERECEE CEE B
(Ryg#Ry #Rap)e " 3013 v (myomy )2/ 202/
(P20+P21+P22)€h/3§g1/3) * (P20+P21)95/3§ée/3)

+

+

+ Rgoe

* Pyoe

o

3/3)

0

2;53/3) +



(P, +P, +P

10511712 + P

1/3=(1/3)
Je 17V, 10

e (r, o, )P/

where

1/3 1/3

<0 <6, -¢€ N

N
z=0(e) for /30,20 22/3045 € a

Z =0 elsewhere in G.

The right-hand side of (D.l4) cancels the singular terms of L

M1V1.

2Ups MYy

e_\-f-g 3/3) +
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