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PREFACE

The question, which distributions are infinitely divisible, is
answered completely - in a certain sense - by the Lévy-Khintchine repre-
sentation theorem for infinitely divisible characteristic functions. This
theorem does not, in general, provide an answer to the question whether
a given distribution function, o:r probability density, is infinitely
" divisible. One of the purposes of this tract is to give some simple
conditions for the infinite divisibility of probability densities.
Special attention is given to infinitely divisible mixtures.

Chapter 1 is introductory. Chapter 2 is devoted to mixtures of Gamma
distributions. There, among other things, it is proved that mixtures of
Gamma distributions of degrees not exceeding one are infinitely divisible,
or, equivalently, that completely monotone densities are infinitely
divisible. In chapter 3 a more general class of infinitely divisible
mixtures is considered. The final chapter treats some related subjects:
waiting-time and renewal distributions, log-convex densities, zeros of
infinitely divisible densities, and moment inequalities.

I am indebted to Dr. J. FABIUS and Professor J.Th. RUNNENBURG for
advice and encouragement. My thanks are due to Mrs. S. HILLEBRAND, for
typing and illustrations, and to Mr. D. ZWARST and Mr. J. SUIKER for
printing and binding.
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Chapter 1

INTRODUCTION

1.1 Introduction and summary.

Infinite divisibility is a theoretical concept: one can hardly imagine
a practical situation where it would be of interest to know whether a given
random variable is infinitely divisible or not. The concept of infinite
divisibility has its roots in the theory of stochastic processes with inde-
pendent increments, its most important applications are in the theory of
limit distributions of sums. of independent random variables (cf. LEVY [18]
and LOEVE [20]). Recently much attention has been focused on factorization
problems and the study of stable distributions. For extensive bibliographies
on infinitely divisible distributions we refer to LINNIK [19] and FISZ [6].

In this thesis infinite divisibility is studied for its own sake,
regardless of the applications it may have in theory or practice.

Though the‘infinitely divisible distributions have been characterized
by Lévy, Khintchine and others (see e.g. LUKACS [22]), in general it is very
difficult to determine, whether a given distribution is infinitely divi-
sible or not. This thesis is intended to provide some new methods of con-
structing infinitely divisible distributions, and to give some necessary
and (or) sufficient conditions for infinite divisibility. As a relatively no-
vel feature, a number of these conditions are in terms of properties of
probability density functions.

In chapters 2 and 3 we investigate classes of infinitely divisible
distributions, mixtures of which are also infinitely divisible. The starting
point here is the study of mixtures of exponential distributions, initiated
by GOLDIE [8]. In chapter 4 we consider a number of more or less related
subjects: renewal distributions and monotone densities (both continuous
and discrete), waiting times, zeros of infinitely divisible densities,
log-convex densities and moment inequalities.

‘ A large part of the investigations was inspired by results in waiting-
time theory, where infinite divisibility seems to be the rule rather than

the exception. An exception to this rule is noted in chapter L.
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1.2 Notations and conventions.

Throughout this thesis we shall use the following notation, often with-
out further specification.

Random variables will be denoted by underlined lower case letters:
X, ¥ ++.3 their distribution functions by capitals: F, G, ...; their
density functions (in case of absolute continuity) by the corresponding
lower case letters: f, g, ...; their characteristic functions by the cor-

responding Greek letters: ¢, Y, ..., where ¢ is defined by
¢(t) = J eltx dF(x)1) (- <t < =)

their Laplace transforms (in case of non-negative random variables) are
denoted by ¥, G, ..., F being defined by

F(1) = J e"™ arF(x) (Re 1 > 0).
0

In case of distributions on the non-negative integers, which will be called
lattice distributions, the probabilities are denoted by Py @ +v.; their

generating functions by P, Q, ..., where by definition

n =

n

P(u) = (fa] <1

e~ 8
e
c

In many cases it is possible, and desirable, to extend the domains
of the functions ¢, F and P beyond the values indicated above by analytic

continuation.

We use the following abbreviations:

inf div infinitely divisible (infinite divisibility)
d.f. distribution function

p.d.f. probability density function

c.f. characteristic function

L.T. Laplace transform (of a d.f.)

p.g.f. probability generating function

c.m. completely monotone (complete monotonicity).

1) All integrals are to be interpreted as Lebesgue-Stieltjes integrals.



When dealing with non-negative random variables, we shall sometimes
prefer the use of c.f.'s, sometimes the use of L.T.'s. This preference may
either be arbitrary or a matter of convenience; it seldom is essential.

The functions ©, 6, K and k occurring in the various forms of the
canonical representation (cf. (1.3.1) and (1.3.4)), will sometimes be used
(with or without suffix) without explicit reference to these representations.

If F and F  are functions of finite total variation on (-,»), then
we say that Fn tends weakly to F and we write

w
F > F,
n

if lim Fn(x) = F(x) for all continuity points of F. If in addition

n->o

lim F_(=») = F(-=) and lim F_(+~) = F(+=) we say that F_ tends to completely
n n n
n->e e

and we write R
Fn—’F.

F will be called the weak limit or the complete limit of the sequence {Fn}
respectively. For theorems on weak convergence we refer to [20] and [22].

If a function is obviously zero for negative values of the argu-
ment it is often defined explicitly for non-negative values only.

The term infinitely divisible is applied, not only to random variables,
but also to their d4.f.'s, p.d.f.'s, c.f.'s, L.T.'s and p.g.f.'s, and some-

times, somewhat loosely, to their "distributions".

1.3 Definition and basic properties of inf div distributions

DEFINITION 1.3.1

A random variable x is called infinitely divisible if and only if for
every positive integer n there exist independent and identically distribu-
ted random variables X ., ..., X _, such that x and x + ...+ X

“n,1 “n,n = “n,1 “n,n
have the same distribution.

Equivalently we have



DEFINITION 1.3.2

A characteristic function ¢ is called inf div if and only if for every
positive integer n there exists a characteristic function o0 with the
property that ¢ = (¢n)n.

As we shall need logarithms and non-integral powers of c.f.'s, we
formally state (see e.g. TUCKER [35]).

DEFINITION 1.3.3

If ¢ is a c.f. and if ¢(t) # 0 for |[t| < T, then by log ¢ we denote the
function ¥(t), uniquely defined for |t| < T by the conditions

exp Y(t) = ¢(t) (Jt] <)
p(0) =

y(t) is continuous for [t| < T.

As every c.f. ¢ is continuous with ¢(0) = 1, it follows that for every

c.f. ¢ there is an interval [-T,T] where log ¢ is uniquely defined. If

¢(t) # 0 for all t, then log ¢ is defined for all t. The function ¢°
defined for real p by ¢ = exp (p log ¢) for all values of t for which log¢

is defined.

DEFINITION 1.3.h4

If F is a d4.f. with c.f. ¢ and if ¢p is a c¢.f., then the d.f. corresponding
to ¢* is denoted by F'P (F*1 = F). The corresponding densities are denoted
by f*p.

We now list a series of, mostly well-known, theorems about inf div
distributions that we need in the following chapters. Their proofs may be
found in the references indicated. For general theorems concerning c.f.'s
and L.T.'s we refer to LUKACS [22] and FELLER [5] respectively.

THEOREM 1.3.1 [22]

If X, and x, are independent and inf div, then x, + %, is inf div. According-

1y ¢1¢ s f:% or PP, are inf div.



THEOREM 1.3.2 [22]

An inf div c.f. has no real zeros

THEOREM 1.3.3 [22]

An inf div c.f. which is analytic has no zeros in the interior of its strip

of regularity.

COROLLARY 1.3.1 [22]

An inf div e¢.f. which is an entire function, has no zeros.

COROLLARY 1.3.2

The c.f. of a non-negative inf div random variable has no zeros in the upper

half-plane (Im t 2 0).

COROLLARY 1.3.3

The p.g.f. of an inf div distribution on the non-negative integers with

Py > 0, has no zeros in the closed unit disk.

THEOREM 1.3.4 [22]

If x is non-degenerate and bounded, then x is not inf div.

THEOREM 1.3.5 (closure theorem) [22]

A c.f. which is the limit of a sequence of inf div c¢.f.'s is inf div.

REMARK: All theorems concerning c.f.'s imply obvious analogues for L.T.'s

and p.g.f.'s. Not all of these will be stated, even if they are used.

THEOREM 1.3.6 [22]

A non-vanishing c.f. ¢ is inf div if and only if ¢p is a ¢.f. for all p > O

(or for all p = ﬁ; withn=1, 2, ...).

THEOREM 1.3.7 (Lévy-Khintchine canonical representation) [ 22]

A c.f. ¢ is inf div if and only if log ¢ can be written as

o . . 2
(1.3.1) log ¢ (t) = ait + J (X _ 1 -ﬁx—z) ‘*; 40 (x) (= <t < =),
=00 1+x X



where a is a real constant and 0(x) is a bounded non-decreasing function
with 0(—=) = 0., For x = 0 the integrand in (1.3.1) is defined by continuity.

The representation is unique.

COROLLARY 1.3.L4 [7]

If a c.f. ¢ has a representation of the form (1.3.1), where 9(x) is of bounded

variation but not non-decreasing, then ¢ is not inf div.

If 0(x) is absolutely continuous, we define 6(x) (almost everywhere) by

(1.3.2) 8(x)dx = (1 + x2)x" | ao(x).

In most applications one tries to write log ¢ in the form (1.3.1) and then

to prove that © is non-decreasing, or that 6 is non-negative.

THEOREM 1.3.8 [22] )
@ 1 X 2
(1.3.3) a = 1lim n J —X—E dF*1/n(y); o(x) = lim n J —z~§ dF*1/n(y).
- po =) {4y

THEOREM 1.3.9 [22]

If ¢, ¢1, ¢2, .+. are inf div c.f.'s then ¢n + ¢ if and only if & -+ a and

c
0+ 0.
n
Sometimes simpler representations are possible, for instance

THEOREM 1.3.10 [5]

A L.T. Fis inf div if and only if log F has the representation

(1.3.1) log F (1) = OJ (™™ - 1) xak(x) (Re T > 0),

(o]

where K(x) is non-decreasing. It follows that x-1dK(x) is finite. The

representation is unique, if K(x) is defined to be zero for negative x.

Equivalently we have

COROLLARY 1.3.5 [5]

F is inf div if and only if

1) In all continuity points of 0.



o

(1.3.5) - FyF = J " aK(x) (Re T > 0),
0

where K satisfies the conditions of theorem 1.3.10.

COROLLARY 1.3.6 [5]

v P
F is inf div if and only if - F'/ﬁ is completely monotone, i.e. if and only if
(1.3.6) (- 497 - () /F(1)1 2 0 (0 =0,1,2,.005 1 > 0).

For properties of c.m. functions we refer to FELLER [5].

If XK is absolutely continuous, then we define k(x) (almost everywhere) by
(1.3.7) k(x)dx = dK(x).

COROLLARY 1.3.7

v -1 .
If F is an inf -div L.T. with p = -f'(o) < o, then -y 1F'('r) is the L.T. of

a d.f. having F as an inf div factor.
v -q) < .
PROOF: ¥ = e” Y. Hence F' = —y'F, where y' is c.m. and ¢'(0) = .

THEOREM 1.3.11 [L4]

A p.g.f. P with P(0) > 0 is inf div if and only if log P can be written as
(1.3.8) log P(u) = A{Q(u) - 11,

where Q(u) is the p.g.f. of a distribution on the non-negative integers and

~ X > 0. The representation is unique.

COROLLARY 1.3.8 [k4]

A p.g.f. P is inf div if and only if P'/P is absolutely monotoﬂe, i.e. if
and only if '

(1.3.9) (%;)n [P'(u)/P(u)] > 0 (n = 0,1, ...; 0 <uc<1),

or, equivalently, if and only if P'/P is representable in the form



ru (Ju] < 1),

(1.3.10) P'(u)/P(u) = N

o8

o

. -1
where r > 0 and ,necessarlly,z n rn < o,
1

REMARK 1: Theorems 1.3.9 and 1.3.11 and their corollaries have corollaries

analogous to and following from corollary 1.3.4. These will be used.

REMARK 2: The condition 1N 0 is not an essential restriction. It ensures

that the distribution with c.f. [P(elt)]”n is again a distribution on the

non-negative integers. Of course, if P(elt) is an inf div c.f., then the
iktP(eit)

same is true for e for every real k.

1.4, Mixtures of distributions.

If G is a d.f. with support A and F\» A e A, is a family of 4.f.'s,
such that Fx(x) is Borel-measurable as a function of A for all x, then the

function F defined by

(1.4.1) F =-meFAdG(A)

is again a 4.f., with c.f.
¢ =_Jm¢x‘m(”’

and (if FA is concentrated on [0,~) for all A € A) with L.T.
i o JmfAdG(A).

In (1.4.1) we call F a mixture of the &.f.'s F,, G is called the mixing
(distribution) function. For F in (1.4.1) to be a d.f., the function G,
apart from being of bounded variation, must satisfy the condition
G(®) - G(-=) = 1; G is ‘not necessarily a d.f. Sometimes we consider these
more general mixing functions; however, unless otherwise stated G will be
a d.f.

From (1.3.1) it is clear that the set of inf div c.f.'s cannot be

expected to be convex, i.e. that one cannot expect arbitrary mixtures of



inf div c.f.'s to be again inf div. Even mixtures of distributions which
are notoriously inf div, like the normal and Poisson distributions, are in

general not inf div. For example, the c.f.

2

2
(e—t + e-2t )

1

2
is zero for t2 = mi and therefore by corollary 1.3.1 not inf div. On the
other hand there are, as we shall see in chapters 2 and 3, surprisingly
large classes of distributions which preserve inf div when being mixed.
Whereas a mixture of two inf div distributions need not be inf div, a
mixture of two distributions, neither of which is inf div, may be inf div.
Formally, every c.f. is a mixtu?e of inf div c.f.'s (in fact of degenerate
ones) as it is of the form JmeltAdG(A).

- 00

1.5 Rational L.T.'s and c.f.'s

In chapter 2 we shall study mixtures of I'-distributions. As a start
we consider here rational L.T.'s and c.f.'s.
If x is exponentially distributed with mean X—1, then its L.T. is

given by
(1.5.1) F(r) = — (1 # -1).

¥ is inf div and the function k (or 6,see (1.3.7) and (1.3.2)) can be taken

0 (x < 0)
(1.5.2) k(x) = 6(x) = {

-A
e (x20),
as follows from the equality

log XA_ = J fe* e_(X+T)x} x lax  (Re T > -A).
T,

We now consider L.T.'s of d.f's of the form
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=

(1.5.3) (1) =

[t —=1=]

n
Oy / (Xk + 1)}/ g {uj / (uj + 1)}

(t # -Ak, k = 1,2,...,50),

where m < n and the \'s (and u's) are positive, or occur in complex conjugate
pairs with positive real parts. From the correspondence between (1.5.1) and
(1.5.2) it follows that F in (1.5.3) has a representation of the form (1.3.k)
with

(1.5.4) k(x) = e (x > 0).

ot
]
>
>
S8
&
»

Complex conjugate numbers A and A give rise to a term of the form
(1.5.5) 2 exp (- xRe A) cos(xIm A).
As an example we take

(1.5.6) 2 ¥(0)

- - 3
1+ (1+0) 3= (1+10)73 T (uy + 1),

(1 + iv3). It follows that

n
=

where u1 = 2 and u2,3

-X -2x

k(x) -e -2e" ix'cos %'x/—,

n
w
(1]

which is negative for large values of x satisfying cos % x/3 = 1. Therefore
the L.T. % {1+ (1 + r)-3} is not inf div.

From (1.5.4) one can easily obtain sufficient conditions for Fin
(1.5.3) to be inf div. A very simple condition is that Ak S for
k = 1,2,...,m. We shall meet this and more sophisticated conditions in
chapter 2.

If in (1.5.3) we put T = -it and allow some of the A's and u's to be
negative, we obtain c.f.'s of a more general class of distributions, having

representations of the form (1.3.1), with 6 of the form



(1.5.7) 8(x) = 9 .

A special case of this type is considered in chapter 2.

In (1.5.6) the function 2H(u + )7 is not the L.T. of & d.f.;
therefore f is not the quotient of two L.T.'s in an obvious way. However,
even the quotient of two inf div rational c.f.'s need not be inf div, if
it is a c.f. (see e.g. [22] p.94 and p.187). Some conditions for rational
functions to be c.f.'s are given in LUKACS and SZAZ [24].

One may consider the following partial ordering of inf div c.f.'s. If
¢1 and ¢2 are inf div, then ¢1 prec?des ¢2 if ¢2/¢1 is inf div. This is
easily seen to be an order relation. In this way the I'-distributions with

c.f.'s of the form

= (Ao .
Yot = (3p) (A > 05 a > 0)
can be ordered: y recedes Y if a, > a,, and y precedes y
Ao, p Aoy 2 1 Aps Ayt

if A2 < X1. Clearly the YA cannot be completely ordered. There is, for
instance, no order relation between i and Yo, 2. : the function 6(x)
corresponding to Yy, 1/Y2 , equals 8(x) = - 2e °", and is not of constant

sign.

1.6 Some known classes of inf div distributions

Except for the Normal, Poisson and Gamma distributions only relatively
few inf div distributions are known. In this section we list some classes
of distributions that are known to be inf div.

We shall often use the following theorem

THEOREM 1.6.1 [22]

If vy is a c.f. and if A > O, then 2N defined by

1) If ¢, and ¢, are considered equal if |¢1¢51| =
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A

(1.6.1) ¢)‘(t) =m

is an inf div c.f.

/n

PROOF: Using theorem 1.3.6 we only need to prove that ¢; is a c.f. for

every positive integer n. We have

¢>‘1/n=(i);_1)1/n(1'3‘l_1”_1/n=
= (2, § L (n) k-
A+1 k£1 Kk Y
where

/n

A more general class (compare remark on p.55) is the class of compound

is positive. Therefore ¢; is a mixture of c.f.'s and hence a c.f. 0000 1)

Poisson distributions, with c.f.'s of the form

(1.6.3) exp {A(y(t)-1)},
The corresponding random variables can be represented as

X, +

+ ... F
-

EE s
where the x  are independent and identically distributed with c.f. y and n has
a Poisson distribution with parameter A. In the same way, the random variable

corresponding to (1.6.1) is of the form Xyt X, X, where m has a

geometric distribution.
In LUKACS [ 22] the following class of inf div c.f.'s is mentioned.

t fu
¢(t) =exp { - f J y(v)dv du},
00

where Y is any c.f. Taking y(v) = e'V we obtain o(t) = exp{elt -1 - 1it},

1) 000 indicates the end of a proof.
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a translated Poisson distribution.
DWASS [ 3] considers the following transformation: if P(u) is a p.g.f.
with P(0) > 0 and P'(1) < 1, then the function u defined by

(1.6.4) u(z) = 2/P(z) (lz] < 1)

has a unique inverse z(u), which is the p.g.f. of an inf div distribution
on the non-negative integers. His proof is based on one of his theorems on
random walks. The result can be obtained directly by use of Lagrange's
theorem (theorem 1.8.1). From (1.6.4) it follows that

L n
log(z/u) = logP(z) = log p. + ) 2 (L) ()P N (x)1._ =
0 n=1 n! x=0
= *n -1 n
= log p, * Yy p%n u,
n=1 n

where p;n is the coefficient of zk in Pn(z). Hence

-1a0)

(1.6.5) 2(u) = pju exp ([ o™ n
1

as obtained by Dwass. From (1.6.5) the inf div of z(u) follows by theorem
1.3.11 (compare remark 2 on p. 8). One can also express z(u) directly as

a function of u by Lagrange's theorem:

(1.6.6) 2(u) = T . o NP
1

n-1

. *n -1
As an example we take P(z) = 1 - p + pz, and from (1.6.6) we obtain P_4n =

(1-p) pn-1, i.e. the geometric distribution.

1.7 Waiting times

As a large part of the work in the following chapters was prompted
by results in waiting-time theory, in this section we give a brief de-

scription of the classical one-counter waiting-time situation. For details

we refer to KENDALL [14].



1h

Customers numbered 1, 2, ... arrive at a counter at times
0, ¥ X, + ¥, s ... the time needed to serve the n-th customer is denoted
by 83 all y's have d.f. A(y), all s's have d.f. B(s); all y's and s's are
independent. The time elapsing between the arrival of the n-th customer and
the moment he starts being served is called his waiting time, and denoted
by ¥ with d.f. Cn. This general situation is labeled GI/G/1, expressing
the fact that both A and B are general (unspecified) d.f.'s and that there
is only one counter; the I stands for "Independent". If A or B are exponential
d.f.'s then GI or G is replaced by M (Markov). The description is completed
by the condition that the server is never idle in the presence of customers
and by specifying the "queue discipline". Three of the best-known queue
disciplines are "first-come-first-served", "random service", where each of
the waiting customers has the same probability of being served first, and
"last-come-first-served". We shall only be concerned with situations where

C = lim Cn exists. This limiting d.f. will be examined for inf div.
N+

In the M/G/1 first-come-first-served case the L.T. of C is given by
the Pollaczek-Khintchine formula:

1-p )T
- A+ A%(T) ’

(1.7.1) (1)

n

where A_1 = and p = AE§n with 0 < p < 1(see e.g.[16], p.312). Writing
R=(1-38)(Es )~! and o = p—1 - 1 we have
=n
(1.7.2) ¢ = =
a+ 1 - R

where R is the L.T. of a d.f. (cf. section 4.1.1). It follows from theorem
1.6.1 that C is inf div.

In the case GI/G/1 with first-come-first-served queue discipline the
L.T. of the waiting-wime is also of the form (1.7.2), where R is of a more
complicated structure (see KINGMAN [171]).

In the case M/G/1 and last-come-first-served queue discipline ¢ is
given by (cf WISHART [38])
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. - &
(1.7.3) c=1-p+x;—ﬁ

where ¢ is the L.T. of the busy period, i.e. the period during which the
server is uninterruptedly busy (c.f. [5]). In section 4.1.4 it is shown
that in this case C need not be inf div.

The limiting case (p 4+ 1) of the case M/G/1 with random service gave
rise to the investigation of mixtures of exponential distributions by
GOLDIE [8]. This case will be discussed in section 2.1.

1.8 Two theorems of analysis

Here we state (without proof) two not too well-known theorems that will

be used repeatedly.

THEOREM 1.8.1 (Lagrange's theorem) [36]

If ¢ is a function of the complex variable z, which is regular and # O
on and inside & closed contour C around z = O, and if u is such that

|ug(z)| < |z| on C, then the equation
ug(z) = z
has exactly one solution z = z(u) with z inside C. Furthermore every function

f, which is regular on and inside C can be expanded in a power series in

u as follows

£(z) = 200) + § B &)™ e () 6P(x)
27 = nZ1 n! L dx £1lx)e {x ]x=0'

THEOREM 1.8.2 (Karamata's inequality) [2]

If f is a real and comvex function on (-»,») and if Xys eees X and

Yys +ees ¥, 8T real numbers, satisfying
Xy 2 Xy 2 eee 2 X5 V29,2 eee 2V

m
Ix >)y, (@=1,2, ..., n-1)
1
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n n

z xk = z yk’

1 1
then

n n

(1.8.1) L £(x) 2] £y,).
1 1

REMARK: If f is non-decreasing (non-increasing) then the inequality (1.8.1)

remains true if the condition

n n n n n n
; %, = % Yy is replaced by ; X, 3_% Yy (% X i.% yk)-
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Chapter 2

MIXTURES OF TI'-DISTRIBUTIONS

2.1 Products of random variables

In the queueing model M/G/1 with random service (see section 1.7) the
distribution of (1-p)w for p * 1 tends to the distribution of x y, where
x and y are independent and exponentially distributed (cf. [17]).
Runnenburg (cf. [17]) raised the question whether this distribution is
inf div. GOLDIE [8] proved that the product of two independent non-negative
random variables is inf div if at least one of the two is exponentially
distributed. This result is the starting point of this chapter.

Goldie's proof uses a certain type of renewal sequences and is not
very well suited for generalization. In section 2.2 we give an altogether
different proof of his result, which (as we shall see in this chapter and
the next) can be generalized in more than one direction.

In this chapter we consider products of independent non-negative random
variables, at least one of which has a I'-distribution.

N

2.2 Mixtures of exponential distributions

If x and y are independent, if x is non-negative with d.f. G1 and y

exponentially distributed with mean u-1,then the c¢.f. ¢ of x y is given by

(2.2.1) s(t) = OJ i e ().

Putting x = uA-1 we obtain

00

(2.2.2) o(t) = I A_gt aG(x) + p = J xiit ac(r),
0

(0,1

where G(1) = 1-G1(u(k+o)—1). It follows that G(0) = O, and that

(2.2.3) pP= G1(0) =1 - 1im G(a),
A
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i.e. G may have an atom at infinity. Though'(2.2;1) is in some respects
more natural than (2.2.2), we shall often prefer (2.2.2) for reasons that
will become clear in the sequel.

Clearly, the distribution of x y is a mixture of exponential distri-
butions. In order to prove that such mixtures are inf div we first consider
finite mixtures, i.e. p.d.f.'s of the form

n .

(2.2.4) £(x) =) Py Ay e M*= rxe_')“x ag(1) (x > 0),
1 o'

n .
where pk # 0, Z Py = 1 and without loss of generality
1 .

(2.2.5) 0 < )\1 < ?\2 < 4ee < )\n.

We do not require all p, to be positive. As f(x) in (2.2.4) is a p.d.f. the
p, are (here and in the sequel) supposed to be such that f(x) > 0 for all
x > 0. Some conditions to this effect are given in BARTHOLOMEW [11].
Sufficient conditions can be obtained by putting dA = AdG (cf.(2.2.4)) and
obsefving that

(2.2.6) r e aa(r) = r xe ¥ a(n)an,
0

0
as can be proved by integration by parts. The right-hand side of (2.2.6)
is a mixture of T'(2) - densities, whichis a p.d.f. if A(X) > 0 for all
A > 0. In the same way, integrating by parts repeatedly, less restrictive

conditions can be obtained, e.g.

A
fA(u)du >0 (x» > 0).
0

By taking x + « and x -+ O respectively in (2.2.4) it is seen that

we must have
(2.2.7) P, >0 3 ]lp A\ 20.

The L.T. corresponding to the p.d.f. (2.2.4) is equal to
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v n )‘k
(2.2.8) F(t) = z pk "
1 k

In (2.2.8) we will sometimes allow Xn to be infinite. The n-th term in
(2.2.8) is then to be reed as P, In this case P cannot be negative, as
this would cause F(x) to have an atom p, < 0atx=0.

We prove the following theorem.

THEOREM 2.2.1

If 0 < A1 < A2 < .. < An < « and in the sequence Pys Pps coes Py there 1is

not more than one change of sign, then the L.T. (2.2.8) is inf div.

PROOF: As a start we take all Py > 0. Clearly F can be put in the form

n
(2.2.9) F(r) = p(r) / 1 (1),
1

where P(1) is a polynomial of degree at most n - 1. From (2.2.8) it follows

that F>0if 1 + “Ay,q end F<oif t ¢ -Ay - As ¥ is continuous on

v
(—Ak+1,-xk) (k = 1, 2,0004n=~1), F has n-1 zeros “Uis Tl eees “Ho g
satisfying
(2.2.10) 0 < A1 <M< A2 Uy < eel < kn—1 <M< An.

It follows that f is of the form

v n n-1 e
(2.2.11) F(t) =1 b 1 —- ,
A *T M.+t
1k 1 J

with the ¥ satisfying (2.2.10). Consequently F satisfies (1.3.4) with
(compare (1.5.1) and (1.5.2))

n
(2.2.12) k(x) = J e - ] " (x> 0) ,
1 1
which is positive by (2.2.10). Hence ¥ is inf div in this case.

Turning to the general case we assume the Py to have the following

signs:
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(2.2.13) P, > 0, p, > 0, ..o,y Ppq > 0s Py <05 4 < 05 «ees P <0,

¥

for some m with 1 < m < n.

Now the preceding argument, leading to a zero —u with Ak < M < Ak+1’
can be repeated for all k # m-1. If Zpk Ak = 0, then P in (2.2.9) is of
degree n-2, and all zeros of P are accounted for, and the inf div of F
follows as above. If Zpk Ak > Ov(see (2.2.7)) then F(1) is negative for
large negative values of 1. As F > « for 1 ¢ -An (which in this case is
finite) the n-1 st. zero, -un—1 satisfies L > ln and it follows that

4
in this case too F is inf div. 000

COROLLARY 2.2.1

Let G be a function of bounded variation satisfying the conditions

G(0) = 03 J ac(r) = 13 J re ™ ac(r) >0 (x> 0),
(0] 0
and having no negative mass at infinity. If, furthermore, there is a AO
with 0 < AO < » such that G is non-decreasing for A < A_ and non-increasing

for A > A then the L.T.

0
0!
_ A
(2.2.1k4) F(t) = [ Tt ac(x)
(0,1
is inf div.
PROOF: G is the weak limit of a sequence of functions of the form
1

n-—
Gn(x) = § Py I(A-)\k),

where 1(x) is defined by

0 (x < 0)
w(x) = {
1 (x >0),

and the p, and A satisfy the conditions of theorem 2.2.1, with (cf. (2.2.13))
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Mg <A <AL Applying Helly's second theorem (cf. [22]) on the intervals

. v . ..
(O,AOJ and (Ao,w) it follows that F is the 1limit of a sequence of L.T.'s
of the form

Xae )= ] i
p_ + J — 4G (r) = P .
n 0 A+t n k=0 k Ak+r

. ' v . .
with A_ = «. Hence, by theorems 2.2.1 and 1.3.5 the L.T. F in (2.2.14) is
inf div. 00O

COROLLARY 2.2.2

A1l mixtures of two exponential distributions are ind div.

COROLLARY 2.2.3

If x and y are independent, x > O and y exponentially distributed, then

x y is inf div.

Corollary 2.2.3 was obtained by GOLDIE [8] as a corollary to a theorem
that is more general in some respects and less general in others. His
theorem does not allow for negative P, in (2.2.8). ’

In LORENTZ [21] (p.12) it is proved that every continuous function
a(y) on [0,1] is the uniform limit of a sequence of polynomials bn(y),
in such a way that bn(y) is non-increasing on [0,1] if a(y) is non-increasing
on [0,1]. It follows that every bounded continuous function A(x) on [0,«]
is the uniform limit of a sequence Bn(e—x), where B is a polynomial, and
Bn(e—x) is non-decreasing, if A(x) is non~decreasing. Hence, every d.f.
is the weak limit of a sequence of d.f.'s with p.d.f.'s of the form (2.2.h4).
(see also KINGMAN [16], p. 317). As not all L.T.'s are inf div, it follows
that not all exponential mixtures are inf div (compare theorem 1.3.5).
According to theorem 2.2.1 the simplest counter examples should be looked
for in the class of three-component mixtures with p, > 0, p, < 0 and Py > 0.
An example of this kind is provided by the p.d.f.

f1(x) =2 % - 6e-3x + Se_sx (x > 0),

with c.f.

8,(8) = (15 = 8) (1 - 1)(3 - it)(5 - i)},
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As ¢(t) has real zeros #/15 this c.f. is not inf div by theorem 1.3.2.

An inf div example of the same class is

£,(x) = % (e7* = e™2% 4 ge73X) (x > 0).
It's L.T. is
F () = % (21 +3)(31 + 5){(1 + 1)(2 + 1)(3 + 1)},
with (ef. 1.5.4)
3 5
-5 X% -5%X
k(x) = e ¥ + e_2x + e-3x -e 2" _ e 3 .

which is non-negative by Karamata's inequality (theorem 1.8.2).

In the same way Karamata's inequality yields more generally

THEOREM 2.2.2

A L.T. of the form

n m .+t
k
(2.2.15) T35 - n = (m :_n)
1 %k 1Y

with real \'s and u's, is inf div if

(2.2.16) § Ay 5_§ Hye (e=1,2, «ov, m).

REMARK: Though theorem 2.2.2 is 1n a sense more general than theorem 2.2.1,
it is less interesting for the following reason. There seems to be no other
natural way to generate L.T.'s of the form (2.2.15) than by mixing exponen-
tial distributions. However, the Py (cf. (2.2.8)) resulting from partial
fraction expansion of (2.2.15) are not very clearly characterized by the
conditions (2.2.16) (compare lemma 2.12.1). That is, it is not clear what
class of exponential mixtures corresponds to the conditions (2.2.16). This
is demonstrated by the two examples above. If m = n-1 in (2.2.15), then

the inequalities (2.2.10) hold if and only if in (2.2.8) all p, are positive

(see lemma 2.12.1).
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2.3 Generalizations

The results of the preceding section can be generalized in several
ways. In terms of c.f.'s we have proved that mixtures (with positive weights)

of functions of the form

(2.3.1) g

are inf div c.f.'s. More generally, instead of mixtures of c.f.'s (2.3.1)

one may consider mixtures of

(2.3.2) v, ) = ) (o> 0),
with p.d.f.
(2.3.3) g, ®) =55y A% e (x5 0).

Distributions with p.d.f.'s of the form (2.3.3) will be referred to as
I'(a) - distributions.

On the other hand (2.3.1) can be generalized to

(2.3.1) T.%(T)

with a suitable class of functions h, and then again to
A o
(2.3.5) 2y’ -

In the remaining sections of this chapter we shall consider mixtures of
c.f.'s of the form (2.3.2), where mixing can take place with respect to
A or a or both. In chapter 3 the cases (2.3.4) and to some extent (2.3.5)
will be treated.

We conclude this section by considering an other type of generalization
of theorem 2.2.1. Let f be the p.d.f. defined by
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n '
I pya) & (x < 0)
J=1

(2.3.6) £(x) = {
o -\ X
Z pk }‘ke k (X>0)s
=1

where

>0(k=1,2, ..., n)
] -
(2.3.7) ) p} + ) P =1
0 <Al < ie €AY 3 0< A, < 0w <R,
n

1 1 n

The c.f. of f is given by

n' Al n Ak
= - 3 <+
(2.3.8) o(t) % P; A5+it + % Py M-t

We prove

THEOREM 2.3.1

The c.f. (2.3.8) with pé, Aé, P and A, satisfying the conditions (2.3.7)

k
is inf div.

PROOF: By analytic continuation we have for z # 15 (3 =1,2, ... n")
and z # Ay (k=1,2, vevy n)

n' Al n A
C oy o N
$(iz) § R * ; Petz

Here ¢ is of the form P/Q, where P and Q are polynomials. P is of degree

n' +n - 2if Epj Aé - Ip, A, = 0 and of degree n' + n - 1 otherwise. As

k
in the proof of theorem 2.2.1 it is easily shown that ¢(iz) has n' + n - 2

Zeros u; seees u;,_1 and “Hy seees THo_y satisfying

[] ] ' ' .
(2.3.9) 11 < M < see < g < An' H A1 < My < eee < Mno1 <A
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If ij Aj - Zpk Ak = 0, then this accounts for all zeros. Otherwise by the
argument used in the proof of theorem 2.2.1 there is one more zero

' . s _ . 5 . .
un, with un, n' °F un with un An’ depending on the sign of

ij A3 - Ip, A, - It follows that ¢(t) has a representation of the form
(1.3.1) with 8(x) given by

n' ! m
ALK .
L ey-1 & (x<0)
=1 p=1
8(x) = {
n m
»Y -
Z e K* - Z e ukx (x>0),
k=1 k=1

where m' equals n' or n'-1 and m equals n-1 or n depending on the sign
of Zpé ké - Zpk Ak . The inequalities (2.3.9) and the inequality for the

remaining zero ensure that 8(x) > O for all x. Hence ¢ is inf div. 000

2.4 The case 0 < o 5 1

For the time being we restrict ourselves to mixtures with positive

weights. From theorem 2.2.1 we deduce

THEOREM 2.k.1

A11 mixtures of T'(a) - distributions with O < a < 1 are inf div.

PROOF: We have (cf. [36] p. 261) for all o < B

Aya _ __T(8) ¥ Au B -B B-a~1
(2.)4.1) ()\4"’[’) -m)r(s_a) : (Au-l"l') u (u—1) du.

The equality (2.4.1) expresses the fact that every I'(a) - distribution
can be regarded as a mixture of T'(B) - distributions with B > o, In
particular every I(a) - distribution with 0 < o < 1 is a mixture of expo-

nential (T(1)) distributions. Now any finite mixture

A
(2.4.2) F(r) = B, (—A;lf;)ak

with 0 < @ <1, by (2.4.1) is a mixture of exponential distributions and

therefore is inf div by theorem 2.2.1. The inf div of general mixtures is
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obtained by regarding these as limits of mixtures of type (2.4.2) and using
the closure property (theorem 1.3.5).0 00

As an example we take a mixture of F(%) - distributions:

2

1
= j (1+Tx)_1/2 ax
1+(1+471)

1/2 0
is an inf div L.T.

REMARK: As a generalization of theorem 2.2.1, one would expect the L.T.
I, A; (Ak+T)_a to be inf div if 0 < « < 1 and the p, do not change sign
more than once. In general, however, it is not possible to represent these
L.T.'s in the form (2.2.14) with G satisfying the conditions of corollary
2.2.1.

2.5 The case a > 2

As we saw in section 1.5, the L.T.
1 -3
3 {1+ (1+1)77}

is not inf div. As all mixtures of I'(a) - distributions can be regarded as
mixtures of T'(B) - distributions with B > o (ef. (2.4.1)),it follows that
mixtures of I'(a) ~ distributions with o > 3 are in general not inf div.

It also follows (from the closure theorem) that not all mixtures of

r(a) - distributions with o < 3 are inf div. It turns out that mixtures
of I'(a) - distributions are in general not inf div for any o > 2. To prove
this we consider the graphs in the complex plane of (1-it)™®, for real t
and for o =1, 1 <a<2and 2<a<3 respectively. These graphs are
sketched in Fig. 2.5.1. Clearly these graphs are symmetric with respect
to the real axis, the upper halfs representing the values for t > 0, the
lower halfs those for t < 0.
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a =1 1<a<?2 2<ac<3

Fig. 2.5.1

Every two different points P1 and P2 on the solid part of each of these

graphs can be regarded as the images of two functions (1 - ith)-a and

(1- ix2t)'°‘ , with x, » 20, 8t the same value t = t, > 0. The

images of mixtures of these functions at t = to form the dotted line segment

> 0 and x

P1P2. If this line segment passes through the origin 0, then there is a

mixture of the two functions with a zero at t = t_, and therefore one that

O’
is not inf div. As follows from Fig. 2.5.1,this is possible only in the
case o > 2. To obtain concrete examples of such mixtures we consider the

c.f.

(2.5.1) 1-p+p(1-it)™" (0 <p<1),
i.e. X, = 0 and X, = 1. In this case a zero can occur for t = to, satisfying
ty > 0 (without restriction) and

Im(1 - ito)'“ =0 ; Re(1 - ito)'“ < 0,
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arg(1 - ito)—a ==,
and hence

= s
tO = tg o "

It is easily verified that these requirements can be met if (and only if)

a > 2., If we now choose p such that

1-p+pRe(1-it )" =0,

0
then the c.f. (2.5.1) is not inf div.

REMARK: It follows in the same way (see Fig. 2.5.1, 1 < a < 2) that mixtures
of the form

p(1 - ix1t)_a + (1 -p)(1 + ixet)_a
are in general not inf div for a > 1 (compare theorem 2.3.1).

2.6 A conjecture

The results in the foregoing sections are summarized in

THEQREM 2.6.1

The set
{a>0 | J (1 - itx)"%aG(x) is inf div for all d.f.'s G on [0,»)}
0

has a maximum % satisfying 1 < a < 2.

PROOF: The existence of a maximum and the inequalities for a, follow from

theorem 1.3.5, corollary 2.2.1 and the considerations in section 2.5.0 00
In view of the results in section 2.2 and 2.5 it seems reasonsble to

conjecture that e, = 2. Unfortunately we have not been able to prove or

disprove this. In the next three sections, however, we shall supply some

evidence for the conjecture o. = 2. How convincing this evidence is seems

0
to be a matter of faith.
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2.7 Finite mixtures of TI(2)-distributions

In this section we consider L.T.'s of the form

v n Ak 2
(2.7.1) F() =] p (557 (t#-A;5k=1,2, ..., n),
1 k
n
with p_ > 0, Zl:pk=1and0<>\1 Ay < <AL

v . .
F(t) in (2.7.1) van be rewritten as

n
(2.7.2) (1) = P(t) T (A
1

gt s

where P(1) is a polynomial of degree 2n - 2. The zeros Tj of P occur in

complex conjugate pairs:

(2.7.3) T, = =y, * ivj (3 =1,2, «.uy n=1),

where the 13 are supposed to be ordered:

< oo

(2.7.4) My iuz < . iun_‘]'
It is easily seen (cf. (1.5.4) and (1.5.5)) that ¥ has a canonical repre-
sentation (1.3.4) with

n-1

n
(2.7.5) k(x) =2 J Rt ) e-ujx cos v.X (x > 0).
k=1 =1 J

Therefore a sufficient condition for inf div of ﬁ is

(2.7.6) I e > ] " (x > 0).

As a first attempt to prove (2.7.6) one may try to prove that
Aj i.uj () =1,25 «.vy n=1), as in the case o = 1. As it turns out, these
inequalities hold generally only in the case n = 2. A counterexample with
n = 3 will be given in section 2.10. As a second attempt ene may try to

use Karamata's inequelity (see also remark following theorem 1.8.2),by which
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the inequalities

m m
(2.7.7) %Akiguk (m=1, 2, evvy n=1)

imply (2.7.6).

v
To obtain .information about the zeros of F, we write

y n o 1 n A.
(2.7.8) s(1) = F(x) (L p 2)7 =] —1= ,
1 1 (Aj+r)
with
n
2 2y-1
2.7. A. =p. AL A
(2.7.9) 5 =Py A (% o M) s
and hence
n
YA, =1,
1 J
Putting 1 = -p + iy it follows that
(0) n ()\--u)a—ve
Re S(T1) = A. —_—
2
id {(Aj‘u)z‘*\) }2
(2.7.10) (x) 7 Ny
2.7.10 Im S(1) = =2y A, N
i {(xj-u)2+v2}2

As S has no real zeros, S = 0 implies that v # O. From (2.7.10) it then
follows that S cannot be zero for values of p for which )\j - u 1s of constant

sign. Hence we have

LT.11 A, < U, <A .
(2.7.11) 1 u,] n (j=1,2, «e.y n=1).

For n = 2 the inequality (2.7.11) implies (2.7.6) and the inf div of (2.7.1).
Taking n = 3 we can write

3
2 (Aj+r)_2 s(t) = A1(x2+1)2(x3+r)2 + A2(A1+r)2(x3+r)2 + A3(A1+T)2(A2+T)2 = N(1),
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where on the one hand N(T) is of the form

_ 4
N=1 +2 {A1(x2+x3) + A (x1+x3) + A

3
- (A1+A2)}r +

3
(2.7.12)

2
+ c2T‘ + c1T + co,

and on the other hand

(2.7.13) N = (T2+2u T+a1)(T2+2u2T+a

1 5) >

where the u's are defined in (2.7.3) and the a's are constants. Equating
the coefficients of 15 in (2.7.12) and (2.7.13) we obtain

Hy + M, = A1(A2+A3) + A2(A1+l3) + A3(x1+A2) =

O A1(A3-A1) + AE(A3-x2) > Ayt A,
As by (2.7.11) we also have Hy > Ags Karamata's inequality yields (2.7.6)
and hence,by (2.7.5), the inf div of (2.7.1) for n = 3.

By the same method we have for all n

n-1 n-1
(2.7.14) My > A1 5 ; W > g A

To be able to apply Karamata's inequality in the case n = L, we only
need the additional inequality My + o 3_%1 + 12. This will be proved by
a geometric method suggested by Runnenburg. We shall discuss this method in
slightly more detail than we need it to prove the special case n = L.
First, it is noted that the sum of n complex numbers, all situated
at one side of a straight line through the origin, cannot be zero (see e.g.

POLYA and SZEGO [271, p. 89). From this it follows that the zeros of

n A.
s(t) = Z —_—
1

(Aj+r)2

with positive imaginary parts are confined to the un-hatched area in Fig.

2.7.1. This area is bounded on one side by the half-circle with diemeter
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A - A1 passing through -An and —A1, on the other side by the half-circles

i i - i - - =1 cos -1).
with diameters Ak+1 Ak and passing through Ak+1 and Ak (x s 25 , n=1)

2 i T A A4

Fig. 2.7.1

Using the fact that S(T)'(see (2;7;8)) has a partial fraction expan-

sion of the form

n Ak n B
s(t) = ] )=,
1 (rﬂk)2 1 T
with
B. =0 (k =1, 2, vovy n),

Runnenburg obtained the relations

n-1 1 1

(2.7.15) I —=1 7 (3=1,2, ...y m),
k=1 "j,k  k#j "j 'k
where
( (A.-uk)2 + vi
2.7.16) aj,k = AJ-uk .

The quantities Il. kl can be interpreted geometrically as the diameters of
9

=y +i .
K _uk 1vk and with centres on

the real axis. We shall only use (2.7.15) with j = n, and we write

the circles through the points -Aj and T

L =4
k n,k °
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For n = 2,(2.7.15) says that the zero -uy + iv1 is situated on the half-

circle through -A1 and —Xz.

For n = 3 we have the situation as sketched in Fig. 2.T.2.

Fig. 2.7.2
It follows that 2, > Ay = A, and ¢, > Ay = Ape Using (2.7.15) we therefore
have the relations (not knowing whether L, > &, or &, 5_22)
1 >-1-— 1 >1_
A=A 2 4 A=A 2
3 2 1 3 2 2
1 1 1,1
Ny S W Wl S S

31 3 2 1 2

, or otherwise), we

From this, by Karamata's inequality (with f(x) = -:E

obtain (ef. (2.7.16))

A=A _+A_ =X > + 2 >Ar_ - + A -
e T I T T T A Sl PR S

and hence

>
u, o+ u2 __A1 + A

1 2

as we proved earlier.

In the case n = 4 we only have to prove the missing inequality

1

where 11 > Ah - l2 and 22 > Ah - A2' In the other cases we trivially have
> A A s dif L, < A, - A > A
U1 + U2 Z A + > if 1 L X then u1 2 and hence u

L <A, = A > A A
5 " o» then ¥, o and (as always)

W o+ u2 3_X1 + A2' The only case of interest is sketched in Fig. 2.T7.3,

- > Aa; if
17 Hqe
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PN
-
4

v

1
b
n

6————-13————4
Fig. 2.7.3

We therefore have the inequalities

1 >_~l 1 5 1
kh-kz —-21 Ah-ka —-22
1 1 1 1
+ > +—
Xh-k1 Ah-ke -2 22

where the last inequality follows from (2.7.15) and the fact that
23> N, = Age Karamata's inequality (see remark following theorem 1.8.2)
yields the inequality My + My 2 A+ A, as in the case n = 3. This in-
equality, the inequalities (2.7.14) and another appeal to Karamata's in-
equality establishes (2.7.6) and the inf div of (2.7.1) for n = k.

In order to prove the inf div of (2.7.1) for larger n by this method,
one would evidently need more than only one of the equalities (2.7.15).
However, I did not succeed in extending this method to values of n larger
than k4.

We summarize the foregoing results in

THEOREM 2.7.1

The L.T.
n A

Io G5
1 KT

vwhere p, > 0, A > 0 (k =1,2, ..., n) and ) p
n=1, 2, 3, bk !

= 1, is inf div for
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2.8 Other mixtures of I'(2)-distributions

As discrete mixtures of I'(2)-distributions are rather hard to handle,
one is led to consider continuous mixtures. Some of these are trivially
inf div, because they are mixtures (with positive weights) of exponential

distributions. For example,

1 1 1

Jb
A —_ 4x = ——
b 0 (1+Tx)2 1+bt

Slightly more general we have

(2.8.1) L Jb 1 gy = —1
tU b-a a (1+Tx)2 (1+aT)(1+bT) i

which is inf div as it is the product of two L.T.'s of exponential dis-

tributions. On the other hand, writing p = a(b—a)_1, we have

1 _ 1 1
(1+4a1)(14b1) (1+p) 1+bt ~ P T+atr °

i.e. the L.T. of a mixture of exponential distributions with one negative
weight. Generalizing this idea we prove the following theorem about
unimodal 4.f.'s.

A Aa.f. G is called unimodal if there exists an x. such that G(x) is

0

convex for x < xo and concave for x > xo.

THEOREM 2.8.1
If G is a unimodal d.f. on [0,»), then the L.T.
(2.8.2) F(1) = j —— ac(x)
0/ (1+1x)
is an inf div mixture of L.T.'s of exponential distributions.

PROOF: First we assume that G has continuous first and second derivatives,

g and g', where g satisfies lim x g(x) = lim x g(x) = 0. Integrating by

parts we then have X0 e
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. - ” —-— X T ” X ] -
F“)-J (141x) g(x)dx'HTxg(X)}_Jwrxg(")d"”
(2.8.3) =OJ v (- xg'(x))ax.

As G is unimodal, g' changes sign only once, and it easily follows from
corollary 2.2.1 that the L.T. (2.8.3) is inf div. Now every unimodal 4d.f.
on [0,») can be obtained as the limit of a sequence unimodal d.f.'s
satisfying the assumptions above. Application of Helly's second theorem

and the closure theorem concludes the proof. [ O O

REMARK 1: A slightly more direct proof of theorem 2.8.1 may be given if one
uses Khintchine's integral representation for unimodal distribution
functions (see GNEDENKO and KOLMOGOROV [7] p. 157 ff.).

REMARK 2: The case where G is concave for all x > O can be regarded as a
limiting case of unimodality. Then g'(x) < 0 and (2.8.3) is a mixture with

positive weights.

A special case of theorem 2.8.1 is of interest in view of the starting
point of this chapter, the inf div of products of exponentially distributed

random variasbles. We return to this in the next section.

COROLLARY 2.8.1

If

(X > 0)’

then

is an inf div L.T.

As a discrete analogue of theorem 2.8.1 we consider

(2.8.4)  F(q) =

8

1
Py (tk) (#rket)
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where we take (1-M‘k)-1(1+'rk-+-1')—1 instead of (1+'rk)-2 to make summation by

parts possible. We have

v\t k+1 kK . _ % 1 _
F(r) = % » e - ke = % k(py_170y) Top (g = 0)s

which is inf div by theorem 2.2.1 if Pp_q = Py does not change sign more
than once. However, (2.8.4) can also be considered a special case of (2.8.2)

as we have

v © k+1 1 © 1
o = oy [y e [ —s a0k,
Ty (141x) 0/ (1+1x)

where G(x) is unimodal if P,_q - P, changes sign only once.

k

2.9 Products of I'-variates

The starting point of this chapter was the inf div of the producc of
two independent, exponentially distributed random variables. Denoting by

x, the random variable with p.d.f.

o-1 -x
X e

~—?TET—— (x > 0y a > 0),

we prove much more generally

THEOREM 2.9.1

If x, and x, are independent, then x X is inf div if

B B

0 < min (a,B) < 2.

PROQF: The case a = 2 is covered by corollary 2.8.1, and because of symmetry
we only have to prove the theorem for 0 < ¢ < 2 and g8 > O.

For the L.T. of x x_  we have

o —B

(2.9.1) E exp(-rx x.) - J (1+1y)_a ye_1 e_y dy.
0

=08 r(g)

Using (2.4%.1) with g = 2 and A = y-1 we obtain a double integral. Inverting

the order of integration, substituting ux for y, and inverting the order
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of integration again, we get

® -2
E exp(-rgu EB) = Cof (1+1x) fa,B(x) dx,
where C is a constant and
(2.9.2) £, 5(x) = £-1 J (u=1) 702 X 4y (x> 0).
? 1

We shall prove that fa Bis unimodal (or decreasing) on (0,») for all
]
o and B with 0 < o < 2 and B > O.

First, note that f& B(x) = 0 if and only if
b
(2.9.3) (B-1) J (u—1)1_a P2 ™™ gy = x J (u-1)1-a uB_1 e ™ au.
1 1

Substituting v = x(u-1) we see that £l B(x) = 0 if and only if

(2.9.4) L .(x) =R B(x)’

o,B a,

where

L, B(x) = (B-1) J v1_m(v+>c)8-2 eV av,
(2.9.5) 0

n

00
R . (x) J v1-m(v+x)3-1 eV av.
a,B 0
As the cases a < 1 or B < 1 are covered by theorem 2.4.1, for the time
being we assume 1 < o < 2 and B > 1. Then we have

(2.9.6) (0) > R, 4(0),

Ly.g

and, for x > B-1

La B(x) < Ra,B(x)'

9

It follows that La 8 = Ra 8 for at least one value of x. We shall prove
H] 9

that there is exactly one.
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If 1< B < 2, then L 8 is non-increasing and R 8
4 ’

2 < B < 3, then L is concave and R 8 is convex. Hence, by (2.9.6), in
’

these cases there is exactly one solutlon of L, B( x) = R, B(x).
’ 9

Suppose now that for some integer k > 3 there is only one solution
of La B(x) = R B(x) if k=1 < B < k. We prove that this implies that there

b ’
is also only one solution for k < B < k+1,

a,B+1(x) = Ra,8+1 0

Xy < Xy it follows that there are two solutions, xé and x; of

' = R . i ' . ; 1
La B+1(x) Ru,B+1(x)’ with 0 < x5 < X, and Xy < X} < xg: The solution ]

follows directly from Rolle's theorem, the solution x! is a consequence

0
1
of the fact that La,6+1(o) > Ra,B+1(o) and also La B+1(o) > Ra,B+1(O)' The

latter inequality follows from (2.9.6) and the equalltles

is increasing. If

Assuming that L (x) has two solutions, x. and Xy with

L (x) = (B=1) L ,(x)

o,B+1 o,B

(2.9.7)

R! opq(%)

(B=1) R _(x).

1
a,B+1 a,B

But, from the equalities (2.9.7) it now follows that there are two

solutions, x' (x). As this contradicts our

0
assumption, we have proved that f'

' =
end x}, for L, 6(x) Ra,B

B(x) = 0 has exactly one solution if
3

1< a< 2and 8> 1. In the same way it can be proved that fé B(x) =0
bl
has no solution if a < 1or B < 1 (the latter case follows trivially

from (2.9.5)). It follows that f 8 is unimodal (or decreasing) for all o

and B with 0 < a < 2 and B8 > O. D oo

As a similar application of theorem 2.8.1 one may consider quotients
of TI'-variates. It is easily verified that the p.d.f. of 5;1 is unimodal,

which implies that x / X, is inf div if ¢ < 1 or ¢ = 2. A special case
of this is provided by the F-statistic:

m m+n

Em,n = ; / m§1 uk, where Bys vevs Wogn are independent random variables
. . 2 . .

having normal distributions with mean zero and variance ¢ . It is easily

seen that F is distributed as x / x , and hence that F is inf div
,n m " “n “m,n

2

ro|
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ifm=1,m=2orm= 4. We made no attempt to prove the inf div of zh/;s
for all awith 0 < a < 2.

2.10 Numerical results

Unable to prove the infinite divisibility of

n A

k (2

(2.10.1) ] p, (=)
3 k A k+1’

for n > 5,we looked for counterexamples to the various sufficient conditions,

1)

An example contradicting the inequalities (ef. (2.7.3))

by computing the zeros of (2.10.1) numerically.

Aj < M < Aj+1 (3 =152, «evy n=1)

is obtained by taking

n=3 ;‘A =1, k2 =2, A3 =33 Py PPyt Py =2:0.9: 8.1.

One finds (with accuracy as indicated)

M, =1.800 ,u

1 = 1.909.

2

We examined some 80 cases with 5< n < 10, and A, and Py such as seemed

k
to be most promising. The camputing time needed per case made a systematic

investigation unfeasible. We found no counterexamples to the inequalities

H. m=1,2, «.., n=1),

m
AL
A

g

and even the stronger inequalities (cf. (2.7.16))

(An~2.)

m
AL <
% j= j (m=1,2, ..., n=1)

N

were satisfied in all cases. A difficulty showing up here is the fact that

1) My thanks are due to drs. J.A. van Hulzen for advice and extensive
programming.



41
an increasing order in the uj need not result in a decreasing order in the
lj. This, however, would not seriously impair the possibility of giving a

proof along the lines of section 2.T.

2.11 Completely monotone densities

If G is any d4.f. on (0,») then by corollary 2.2.1 the L.T.
N
I — ac(r)
+
0 A+t
is inf div. Equivalently, all p.d.f.'s of the form
® -AX
(2.11.1) J A e ac(a)
0
are inf div. Clearly (see FELLER [5], p. 416) (2.11.1) is completely monotone
on (0,»). On the other hand every c.m. p.d.f. f(x) on (0,®) can be repre-
sented as
® -Ax
(2.11.2) f(x) = J e dv(i),
0
where v is a measure on [0,»). Using the fact that
00
J f(x) dax = 1,
0

by Fubini's theorem we have

C[Te™ au))ax = " (1) = 1.
[ iffo e

It follows that f(x) in (2.11.2) is of the form (2.11.1) with

A
G(r) = J o av(u),
0

i.e. G(A) is a d.f. on (0,»)., As mixtures (with positive weights) of c.m.

functions are again c.m. we have proved
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THEOREM 2.11.1

All (mixtures of) completely monotone densities are inf div.

REMARK: We may restrict ourselves to distributions on (0,») as the c.m.
implies that the support of the distribution is of the form (a,*) with

a >- o, and a shift does not affect the inf div.

COROLLARY 2.11.1

If x and y are non-negative and independent, and if x has a c.m. p.d.f., then
x y is inf div.
PROOF: The p.d.f. of x y is a mixture of c.m. p.d.f.'s. 00O

The c.m. condition 1is useful, because it is usually easier to verify
this condition directly by verifying that a p.d.f. has alternating deriva-
tives, then to represent it explicitly as a mixture of the form (2.11.1).
Examples of p.d.f.'s which are inf div by this criterion are provided by

the following functions (p.d.f's up to a multiplicative constant):

(1+x)7P (p>13 x>0)
(hence Pareto's distributions are inf div),

xa-1exp(-x6) (0<a<130<B<1;3x>0),

exp {-(x-e *)} (x > 0)
(compare the criteria for c.m. given in [5], p. 417).

In view of corollary 1.3.6 theorem 2.11.1 can be reformulated as follows:

THEOREM 2.11.2

If f(x) is c.m. on (0,®), then

-4 log J e ™ £(x)ax
dt 0

is c.m. on (0,»).
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In chapter 4 we shall give discrete analogues of theorem 2.11.1 and
2.11.2. In that chapter we shall also prove a theorem somewhat stronger

than theorem 2.11.1.

Analogous to the equivalence of c.m. p.d.f.'s and mixtures of expo-

nential distributions, our conjecture that all L.T.'s of the form

OJ (m aGg(a)

are inf div, is equivalent to the conjecture that all p.d.f.'s of the
form xf(x), with f(x) c.m., are inf div. From the counterexamples indicated
in section 2.5 it follows that densities of the form xa_1f(x), with f£(x)

c.m., are in general not inf div if o > 2.

2.12 A representation theorem

In this section we prove a representation theorem for the L.T.'s of

mixtures of exponential distributions.

From (1.3.4), (1.3.7) and (2.2.12) it follows'that,'if f(t) is of

the form

n A
2.12. v k
(2.12.1) ¥(1) = P, Tar

k=1 k

then F(t1) can be written as

4 _ 1-e ™ % aax -4, X
(2.12.2) F(t) =exp {- | —— J (k" - e k") ax}.
x .-
0 k=1
ere - 9 oseg = are e Zeros o o . an Oor notational con-
H ; - 12.1 a (£ tational

venience) W= We may rewrite (2.12.2) as follows:

v ® n
F(r) = exp {- J (1-e7)(

uk -AX
e Td\) ax} =
0 =1

M

(2.12.2") = exp {- J (1-7"%) J e M am(x )ax} ,
0 0

where m()) is defined by m(0) = 0 and
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1 (Ak <A< "k) (k=1,2, ..., n)
(2.12.3) m'(x) = {

0 otherwise

Changing the order of integration we obtain

F(t) = exp {-OJ XTX%?T am(:)}.

We prove the following theorem:

THEOREM 2.12.1

A L.T. f(r) is of the form

F(1) = J I%? ac(x),
(O:m]

with G(x) a d.f. on (0,»], if and only if ¥(1) can ve represented as
v 00
12,4 = - —_T
(2.12.4) | F(1) = exp { oJ Oy ()l
1

where m is a measure bounded by Lebesgue measure (i.e. if % denotes
Lebesgue measure then m(A) < 2(A) for all g-measurable sets A). Both G and

m are uniquely determined by F.

First we prove three lemmas.

LEMMA 2.12.1

If A1, cees A and Hys oo My _q 8TE given, satisfying

(2.12.5) 0 <Ay €Uy Ay < Uy < eee Sy g < Ape

then there exist unique D, > Oy eaes b, > 0 such that

n Ak

% pk Ak+1

n
has zeros =u s .+es U, _gs and ) P = 1.
1
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PROOF: Expanding

n
. S
1

+ .
Ak T 1 uJ

in partial fractions we obtain

n Ak ‘n-1 u.+t n Xk
(2.12.6) I I = P
+ . >
AT My xR
where
A n-1 p.=-A
(2.12.7) b, = xk1 s fx g -k
ek 2k j=1 M3

The inequalities (2.12.5) imply that p, > 0, and putting v = 0 in (2.12.6)

n
yields z Py = 1. The uniqueness of the Py is a consequence of the nriqueness
1

of both the factorization of polynomials and the partial fraction expansion.

LEMMA 2.12 2

v . .
If F satisfies (2.12.4) then

T, .
J A dm(x) < - 2 log F(1) < =.

vy

A(A+1)

1

e dm(r) = - 2 log §(1),

PROOF': Of A" Tam(2) ieoj dm(x) < 2Or

which is finite, as F(r) >0 for 1 < .00 0

The third lemma is put in to enable us to use Helly's second theorem
as given in LUKACS [22] (compare [35], p. 85).
LEMMA 2.12.3
If mn(x) is a sequence of bounded non-decreasing functions on [0,»), con-

verging weakly to a bounded function m()), and such that

m (1) > m (=)

as N » », uniformly in n, then



,lj:l m (=) = m().

PROOF: |m(=) - m (=)] < [m(=) - a(®)] + [m(d) - m M)] + |m (A) - mn(w)l =

=T1+T2+T3,

where by definition T, < e for A > 1_\1 and 'I‘3 < e for A > 1\-2 and for all n.

If we now take A > ma.x(A1 ,A2) and such that AO

'thenT2<e if n > n(AO).DDD

is a contuinity point of m,

We are now in a position to prove theorem 2.12.1.

PROOF: First, let F(1) ve given by (cf. (2.2.2))

#(z) = J )\}‘TTdG(A).
(0,=1

It is easily verified that ¥ can be obtained as

v .V . g k,n .
F(t) = 1im Fn(r) = lim ) 1N v
nie e k=1 ’ k,n

. ® 1
lim exp {- OJ TOFy d.mn(l)},

n>o

with m defined in the same way as m (cf. 2.12.3). We split up the integral

in two parts:

o 1 ©
A
sy e = [ gm0 2, 00,
where
-
n L) =OJ o an (w) (0 < <1)
and
Ao
m ,(0) =J w2 an_(w) (1<2<w.

By lemma 2.12.2 we have m 1(1) < -2 1log f"n(1), and hence, as
b

fn(1) > f(1), the measures m 1(>\) are uniformly bounded. The sequence
9 -
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m therefore contains a subsequence m converging weakly to a bounded

n,1 - 1

b
measure m,. By Helly's second theorem we then have

1 1
. T _ T .
(2.12.8) }lcian:oj—dm 1()\) -OJ v™s dm1(k).

As mn(k) is bounded by Lebesgue measure, the sequence m

nk’2 1s uniformly

bounded and contains a subsequence m , converging weskly to a bounded
B> o
L]

measure EQ’ and satisfying the conditions of lemma 2.12.3. By Helly's

second theorem it follows that

; T N A S
(2.12.9) 11;:1 J py- dmn},{’z(k) = J e B().

If we now take

A
Judﬁ(u) (0 <A< 1)
0

(2.12.10) ~ m(x) =9

(u) (1A <),

1 2

1 )\2
Judﬁ(u)+Judﬁ
’ 1

o

then the subsequence m, of m converges weakly to m(}A), and we have by
k
(2.12.8) and (2.12.9)

o OJ A(n+t dmn{;(x) ) oJ ZOwr) m(d).

As
1 sl
OI er) dm(r) = - T log F (1),
it follows from the uniqueness theorem for Stieltjes transforms

(WIDDER [37], p. 336) that every convergent subsequence of m converges

weakly to m. Hence m converges weakly to m, and we have

(2.12.4) F(r) = exp (- w-——T-—d.m(A)},
' oJ A(a+r) _
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. <
with m bounded by Lebesgue measure, and uniquely determined by F.

On the other hand, suppose that the Laplace transform F(1) is given
by (2.12.4) and that m is bounded by Lebesgue measure. By lemma 2.12.2

m satisfies
! -1
(2.12.11) J A dm(A) < .
0
We assume that m also satisfies
(2.12.12) 0 <m(b) -m(a) <b - a

for all a and b with a < b. This is not an essential restriction, as every
F of the form (2.12.4) can be obtained as the limit of a sequence of functions
of this form and with m satisfying (2.12.12). '

We can now approximate m as follows. Define Mg .n by
H]

Ak’n = kn/Nn (k =0, 1, eeuy Nn),

where n/Nn + 0 if n > =, and mn(x) by mh(O) = 0 and (ef. (2.12.3))

-~

1 (A k=1,2, eoey Nn -1

kyn <N S ¥ 3

k=0, 1, .., N - 1)

' = o
mn(k) J 0 (uk,n <A< Ak+1,n ’

1 (x > n) .

Here Vo.n = 0, and uk’n is defined by
H]

Men = Men TR ()‘k+1,n) - m(kk,n) (k=1,2, ..., No-1),
where by (2.12.12)
Ak,n < “k,n < Ak+1,n for k =1, 2, ..., Nn - 1.

The function mn(x) is non-decreasing and satisfies
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"

m ()\ ’n) = m()‘k,n) - m(>‘ ) (k 1, 25 ceuy Nn)a

1,n

and

Imn(x) - m(A)|A< n/N_ + m(x1’n) (0 <A <n).
1,n

—_T T
As furthermore n/Nn, m(l1’n), OI ) dm(A),nJ ™) dm()) and

J XTX%?T d» tend to zero as n > «, using Helly's second theorem we have
n
(cf.(1.12.2) and (2.12.2'))

F(1) = iif exp {- OJ XTXE;S'dmn(A)} =

N .
P _TTX n .Y X -u

= 1lim exp {- J 1“9;—— z (e"k,n"-e " k,n")ax} =

o 0 k=1

N

. )\ 00

= lim Zn B g4 A e (1).
Pe,n X+t T
oo k=1 k,n m O

Here My .p = °» and the p  are uniquely determined by lemma 2.12.1. As
9 bl
everyseauence of d.f.'s contains a convergent subsequence, there is a

subsequence Gn of Gn converging weakly to a function G. If
k

lim G(A) = 1 -py < Ts

A0

then F( ) = Py» and F has mass Py in zero. Defining G(») = 1, we can apply
Helly's theorem on [0,»], because A(A+r) is continuous at A = . We

obtain

v 2

= — = + —_—

F(r) I T+ 460 = p, OJ T+ 46(r)-
(0,]

The uniqueness of G follows in the same way as above, from the uniqueness

of P, = f(m) and the uniqueness theorem for Stieltjes transforms. 000

Except for the case where G is a stepfunction, there seem to be few
examples where the triple (%,G,m) as occurring in theorem 2.12.1 can be

obtained explicitly. We give the following examples:
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0 {rx<1)
a. F(1) = (1+r)'1/2; G'(A) = x'1/2(x-1)'1/2 (A > 1)m'(2) = .
1/2 (x > 1)
0 (< 1) o (A< 1)
b. %‘(T) = 1/2 + 1/2 (1+'r)'1; GA) =< 1/2 (1A <=)mA) =42=1(1< X < 2},
1 (A =) 1 (x> 2)

REMARK: One could avoid distributions G with mass at infinity by putting
A= u_1. However, this would spoil the direct correspondence with Stieltjes
transforms; also, exponential p.d.f.'s are usually written in the form

A exp(-Ax) rather than in the form a_1 exp(—xa-1).
As a direct consequence of theorem 2.12.1 we have

COROLLARY 2.12.1:

If 0 < a < 1, then

® A o ® A
{o[ T dec(A)} = oJ ey dGa(A),

where Ga(k) is a uniquely determined 4.f. on (0,].

As a second corollary we prove

COROLLARY 2.12.2:

If n is a positive integer, then

. bt A 1/1'1 _ * A Y
{oJ G&=) ac(r) )" _OJ 7 46, (2),

where an(k) is a uniquely determined 4.f. on (0,=].

PROOF: In view of the closure theorem we only have to prove the theorem

for the case that G is a stepfunction. We consider

A +T

N A
B o= (] p (7507,
=1 K
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which can be rewritten in the form

where C

k.y ..., k are positive constants and
1 n
Ak
v j 1 .
B = ()t (3=1,2, .0, n).
. T
J k.
J
It follows from theorem 2.12.1 that fk e ﬁk is the L.T. of a mixture
1 n

of exponential distributions. Hence ¥ also is the L.T. of a mixture of

exponential distributions. 00 0O

Theorem 2.12.1 provides two curious analogues to theorem 1.3.10. We

write (using a different notation to stress the analogy)

() # (o) = Ore'rx aF, (x)
(v) EAOE OJ - ar(x)

* % _ ® X 2
(e) Fy ()= OJ (x+1) dF3(x),

where F, is inf div, F, arbitrary on (0,»], and F_ on (0O,»] such that

2

3
1 - F3(x L 0) is unimodal. Then we have

(a') §1(T) = exp {- Jm(1 - e—Tx)x-1dK1(x)}
0
(p") F;(T) = exp {- OI (1 - ;f;)x—1dK2(x)}
(") = e - [0 - G207 xPagan,

where K1 satisfies the conditions for K in theorem 1.3.10, K2 satisfies

the conditions for m in theorem 2.12.1, and Ké/2 satisfies the conditions

for m in theorem 2.12.1. Relation (b') follows immediately from theorem
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2.12.1, whereas (c') is obtained by writing (c¢) in the form (b) with F,

satisfying the conditions for G in corollary 2.2.1. Then (b) is put in the
form (b') where K2/2 now satisfies the conditions for m in theorem 2.12.1
(compare (2.12.2)). Finally (c') is obtained from (b') by integration by
parts.

As (c) can be written in the form (b') with K2/2 bounded by Lebesgue
* %

3
Counter examples show that general mixtures of r(2)-distributions cannot

measure, it follows that F_. is the product of two L.T.'s of type (b).

be obtained as convolutions of exponential mixtures.

Considering mixtures of I'(2)-distributions, with L.T.'s of the form

(2.12.13) F**(1) = oJ (;%;)2 ar(r),
where
(2.12.1k) Jw A dF() = o < =,

0

using corollary 1.3.7 and theorem 2.12.1, we obtain

(2.12.15) F* =" F1**.
Here
* _ =1 )
F (1) =0 J Fve A ar (A),
0
and

Y o=a Jm(—'}:")2 "2 am(1),
0

with m(A) corresponding to F*(t) as in (2.12.4). That is, F¥ not only has
F* as an inf div factor, but the remaining factor is again of the form
(2.12.13). As condition (2.12.14) will generally not hold for F:*, the
procedure cannot be repeated. This e.g. is the case if F in (2.12.13) is
a finite stepfunction. As we have seen in section 2.7, this does not
prevent F'" from being inf div. The decomposition (2.12.15) seems to

*% . . .
support the conjecture that F is inf div.
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Chapter 3

A MORE GENERAL CLASS OF INF DIV MIXTURES

3.1. Introduction

In chapter 2 we studied mixtures of c.f.'s of the form

(3.1.1) (Aiit)Ot (A >0 3 a>0).

In this chapter we consider mixtures of c.f.'s of the more general form
—2 o .
(3.1-2) ()\—h(t)) ()\ >0 s o > O):

for a suitable class of functions h. The distributions corresponding to c.f.'s
of the form (3.1.2), unlike those corresponding to (3.1.1) and its mixtures,
are not restricted to [0,»). We shall mainly be concerned with mixtures of
(3.1.2) in the case o = 1.

The inf div of these mixtures is proved by obtaining the canonical
representation (1.3.1) explicitly, and showing that © is non-decreasing.
Some of our results can be proved more easily by use of a theorem of Feller
(our theorem 3.5.1). However, we shall give the proofs as presented in [33],

as by doing so we obtain some additional results.

For the time being we characterize the class H of functions h, admissible

in (3.1.2) by
(3.1.3) H = {n| ;&i is a c.f. for every )\ > 0}.

Another characterization of H will be given in section 3.L4.

3.2 The case h =y - 1

It follows from theorem 1.6.1 that y - 1 ¢ H for every c.f. y. Putting

A

(3.2.1) 9, = Hioy
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and using theorem 1.3.8,for the function 0, (cf£.(1.3.1)) we have

x 2
(3.2.2) o, = lin nJ _y_2 ar (y),
n-»co 1+y n

-0
where (see the proof of theorem 1.6.1)

P )= (2R ) s T e
k=1

X ~ (=) g%y) =

(3.2.3)
= (21 )+ ¥ ().

A+1 n

Here 1(y) denotes the unit-step function, and

n, oo
(3.2.4) Fy)= ) o™ ¢y,
. k=1
with
1/n k-1
(n) _ A -k N
o{®) s A (o) 1 (54 D).
J=0
From (3.2.2) and (3.2.3) we obtain
(x) * F(y)
0.(x) = limn J ar (y).
A N0 w0 1+y2 n

As for k > 1
lim n cin) = k_1 (1+A)_k,
n->o

by the uniform convergence (in n and y, for fixed A) of the sum in (3.2.k),

for N&(y), defined by

M)\(y) = I];-i;: n Fn(y),
we have
(3.2.5) w )= [ K a0 ),
. k=1
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with MA(-w) = 0 and

[+

(3.2.6) Mk(m) =7 K (1+X)—k = log M i F ().
. 1 A N> n

By Helly's second theorem, for all continuity points x of MA’ ex(x) is given
by

x 2 oo x 2
(3.2.7) o, (x) = J S auM(y) = | K1) f = a ¢ (y).
—o! 14y k=1 -0 1+y

If A < p, then by (3.2.7) for any two continuity points x, and x, of M,

and Mu, with x, < x,,we haveAGA(x1) - Ou(x1) 5-el(x2) -»eu(x2), and hence

1 2°
LEMMA 3.2.1
If A < p, then OA - Ou.is non-decreasing, and therefore ¢>\/¢u is inf div.

REMARK: Taking Fourier-Stieltjes transforms in (3.2.5), by absolute con-

vergence it follows that

® it +1 A+1
J et dMX(y) = - log (1 - X%T) = log li1—y = log 5 + log ¢A'

=00

Therefore {cf.(3.2.6)), N has the following canonical representation:

(3.2.8) log ¢x(t) = Jw(eity - 1)d Mx(y),

w00

where by (3.2.5) and (3.2.6) Mx(y) is non-decreasing and bounded. From this
it follows that ¢, is of the form ¢, = exp {e(y=1)} (ef. (1.6.3)). Formula
(3.2.8) can also be obtained directly from (3.2.1). The infinite divisibility

»of ¢k/¢u for A < u can now also be obtained from (3.2.8) and the fact that

N - Mu is non-decreasing.

3.3 Mixtures of A/(A+1-y)

We now prove

THEOREM 3.3.1

If vy is a c.f. and if A is a d4.f. on (0,»], then
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(3.3.1) 6(t) = jﬂ{—;—u—)um
(0,3

is an inf div c.f.

PROOF: Restricting ourselves to finite mixtures, we have (ef. (2.2.8) and
(2.2.11))

n A n A n-1 M.
¢=zpk>~+l1{ =IIJ\+]!1{- e e
k=1 kY Y T M
< < .. <A < < . B 2. f. 2.1
where A, < W, < A, ot S Mpoq <A, BY lemma 3.2.1 (ef. (3.2.1))

it now follows that ¢ is infinitely divisible. The inf div of general

mixtures again follows from the closure theorem. 0 O [

REMARK: Though A(A-it)"1 is not of the form (3.2.1) it is possible to
derive theorem 2.2.1 (with positive pk) from theorem 3.3.1. Writing

A - U o
A-it | p-it o+ 1-p/(p-it) °

(3.3.2)

where u > X and

= A
(3.3.3) o=
we have for u > max Ak
n A n
k %
(3.3.4) z o) — = y(t) z P = .
k=1 K& Nt K1 K o F1=y(t)

Here y(t) = p/(p-it) and o is defined as o in (3.3.3). As y(t) is an inf
div c.f., by theorem 3.3.1 the right-hand side of (3.3.4) is the product

of two inf div c¢.f.'s, and hence an inf div c.f.

3.4 Mixtures of A/(A-h)

First we derive another characterization of the class H defined by

(3.1.3). We shall need
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LEMMA 3.L4.1

If ¢A’ defined by
A
(3.4.1) ¢A =33

is a c.f. for all A > 0, then ¢A is inf div for all A > O.

PROOF: Repeated use of (3.3.2), with u = 2\, i.e. o = 1, and t replaced
by ~-ih, yields '

1 N
(3.4.2) b, = ¢, == ... = ¢ 1 .
R oMy 1279 x
2\
where 1/(2-¢ , ) is inf div as it is of the form (3.2.1). As ¢ > 1 if
k N
272 A
N > o, for all t,we have
N 1
¢, = 1lim ¢, /¢ = 1im I .
Aoe AN e 1 2 ¢2kA

Hence, ¢, is the limit of a sequence of inf div c.f.'s and therefore inf

A
div by theorem 1.3.5. 0 00O

It also follows from (3.3.2), that we have (for h not necessarily
in H)

COROLLARY 3.4,1

If A/(A-h) is a c.f. for A = AO > 0, then it is a c.f. for all A with
0< 2 5_A0. If it is inf div for A = Ao, then it is inf div for all A with

0 <2 <A

As an interesting special case we have

COROLLARY 3.4.2

If 94 is an arbitrary c.f., then

A

(3.4.3) = e
RS
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is a c.f. for all A with 0 < A < 1. If ¢, is inf div, then 2\ is inf div for
all A with 0 < A < 1.

Corallary 3.L4.2 can also be obtained by rewriting ¢ in (3.4.3) as

~ A - u
(3.h.4) E I G0 G B R A S
. where p = A/(1-2).

The set H is characterized in the following lemma.

LEMMA 3.4.2

A/(A=h) is a c.f. for all X > 0 if and only if h is continuous, h(0) = 0
and exp h(t) is an inf div c.f.

PROOF: First let A/(A-h) be a c.f. for all A > 0. Then by lemma 3.4.1
A/(x-h) is inf div, and therefore # 0. It follows that h is continuous, and
h(0) = 0. Now for all n > 0, then function wn, defined by

)

= (2.
lpn - (n—h

is an inf div c.f. By the continuity theorem

exp h(t) = lim wn(t)

n->o

is a c¢.f., which is inf div by the closure property.

Conversely, if h is continuous, h(0) = O and exp h is an inf div c.f.,

then h is uniquely determined by exp h (cf. definition 1.3.3), and

J ehs/>‘e'-s ds.

00
K%H = J exp {- A§£ s}ds =
0 0
That is, A/(A-h) is a mixture of c.f.'s (of the form (exp h)¥, with p > 0),
and therefore a c.f. for all A > 0. 000

From lemms 3.4.2 and the definition of H (cf. (3.1.3)) we obtain

(compare definition 1.3.3)
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(3.4.5) H =1{h | h = log ¢, where ¢ is an inf div c.f.}.

Corollary 2.2.1 can now be generalized as follows.

THEOREM 3.L.1

If (for h not necessarily in H ) 9y defined by

X A-h’

is an inf div c.f. for all A with O < ) 5_10 < =, then

(3.14.6) J 2= ar(y)
(o,AOJ

is in inf div c.f. for every d.f. F on (O,AOJ.

PROOF: It suffices to prove the theorem for finite mixtures with A ©

and A < A

0 <
o As in (3.3.4) we write
n n

%%
(30""’-7) Z P ¢ = ¢ z P _1_— 9
e T Y

with max A < u <2

) P o / (ak+1-¢u) by theorem 3.3.1. Hence § P, ¢ is inf div. QOO

*

. In (3.4.7) ¢u is inf div by hypothesis, and

3.5 A theorem of Feller

In [5] (p. 538), as an example, the following theorem is given, in

a slightly different form.

THEOREM 3.5.1

If G is an inf div d.f. on [0,»), and if he€ H , then
(3.5.1) G(-n(t)) = J exp {xh(t)} daG(x)
0

is an inf div c.f.
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J 3
PROOF: If F is a L.T., then

#(-n) = rehx aF (x)
0

is a mixture of c¢.f.'s and hence a c.f. Taking

for any p > 0, it follows that {é(-h)}p is a c.f. for every p > 0, and
therefore that G(-h) is inf div (cf. theorem 1.3.6). 00 O

If in (3.5.1) we take &(1) = A(A+1—e"")"

the c.f. (1.6.1). In the same way taking G(T) = exp {xe™"-1)} yields

v
(1.6.3). The representation ¢ = F(-log Y) is not unique; in fact, for

and h = log Y we obtain

every inf div c.f. we have ¢ = exp {-(- 1log ¢)}.

If we restrict ourselves to h € H, and if for G we take a mixture
of exponential d.f.'s, then,by theorem 2.2.1,theorem 3.4,1 can be obtained
as an appliéation of theorem 3.5.1. In fact, I conjectured theorem 3.5.1
as a generalization of theorem 3.4.1, and proved it in a way analogous
to the proof of theorem 1.3.7 as given in [22], before I found it in [51.
It follows from lemma 3.4.2 and the definition of H that theorem 3.5.1

can be reversed in the following sense.

COROLLARY 3.5.1

1 &(-n(t)) is an inf div c.f. for every d.f. G on [0,%), then h ¢ H .

From theorem 3.5.1, using the results of chapter 2, we obtain

THEOREM 3.5.2
Ifhe€ H, and G is a d.f. on [0,»), then

Of (1-xh(t))™" ag(x)

is an inf div c.f. if one of the following conditions holds.
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(i) a <1

(ii) a =2 and G is unimodal
(iii) @ = 2 and G has at most four points of increase.
3.6 Examples

As examples of inf div c.f.'s are comparatively scarce it may be useful

to list some explicitly.
I Mixtures of the following c.f.'s are inf div:

A

& 35T with p.d.f. Ae (x > 0)
2

b. ; » with p.d.f. -% Ml

AT+t

—_ ; = =
¢ TFicexp Tt with P, = (1+A)n+1 (n=0, 1, ...)
2.~

A+sint
e. A (cf. definition 1.3.3)

A+log(1-it)

f. A s

A-it+/(1-it)%-1

where V(1-it)2—1 is defined such that it is positive for t = it with ¢ > O.

Denoting the function in f. by ¢, we shall prove that ¢ = A/(A-h) with

he H. For 2 = 1 we have
¢, = 1-it-/(1-it)2-1 s

which is a c.f. (compare [5] p. 414). It follows that we have ¢,-1 ¢ H,
5 1
and therefore h = ¢1-1+2it = it - /(1-it)°~1 ¢ H, and such that ¢y = A/(A=n).
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The density function corresponding to ¢A for 0 < A < 2 is given by
(3.6.1) £,(x) = a7 e T n(1-0™ 1 (x) (x > 0),
1

where In(x) denotes the modified Bessel function of the first kind of order

n. For A < 1 we have

A/(1=2
(3.6.2) 6,(t) = 9, mﬂ—);z—_;; ’

and for A > 1

—1¢}__.__..1_.___
17 o2(a=1)it/A°

(3.6.3) ¢, () (G=12"" + 2

.

In both expressions the inf div of ¢A follows from the special form
of ¢1, the latter expression being a product of a two-component mixture

and the c.f. of an exponential distribution. For A = 2 we obtain from

(3.6.3)

¢,(t)

]
—
[ o] Y
+

with

-2X x u -1
f2(x) e {1+ e u I1(u) du} (x > 0).
0

II Examples of inf div mixtures are the following c.f.'s:

1
1 _ -1
a. OJ T X = -h log(1-h) (he H )
b &7 1671 2% 6 (11,1,
2 b 22T 2k e 2T At B
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(compare example I b. and [34] p. 113).
The corresponding p.d.f. equals

—g—log (1 - e—|x|),
72

as obtained by term-by-term inversion.

1 2 1 _ it . it
o J o) R e R =

where the logarithm tends to zero for [t| + o The corresponding p.d.f.

equals

x'-2 (2 - 27* - 2xe™* - 2 e™X)

(this example is an application of theorem 2.8.1).

III Examples of type )\/(l—1+¢—1) are:

a ¢, = A
: A A—-1+exp(-it)
with
-1
=2 (1-20)"
p, =A(1-2)

For ) > 1 the function ¢)\ is not a c.f. as then |¢K' > 1.

(x >0)

(0<x < 1),

(n=1,2, «..).

b, I ¢(t) = (1-it)™ with (0< a < 1), then 1 - ¢ ' € H, as (1+1)®

has a completely monotone derevative (compare (1.3.6) and €3.4.5)).
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Hence

N S
A=1+(1-it)%

is an inf div c.f. for all A > 0., For O < X < 2 the corresponding p.d.f.
equals

o=-1 =x v n xgn
Axo e ) (1-n) (x > 0).
5 T (on+a)
c. The example I f. can be rewritten as A/(A-1+¢1_1).

3.7 Continued fractions and birth-death processes

In this section we briefly discuss a connection between a class of
inf div distributions (especially mixtures of exponential distributions),
continued fractions, Stieltjes transforms and birth-death processes. The
last-mentioned connection is due to Vervaat, and is also contained implicitly
in KARLIN and McGREGOR [11], where the relation between birth-death processes
and the Stieltjes moment problem is discussed in detail.

I was led to consider continued fractions as follows. When Y4 is a c.f.,
then for By 0 the function

i
Mty
is an inf div c.f. (compare theorem 1.6.1). Therefore, for My > 0, 0 <oy <1

and mw'mf.ye

Hq

(1-a1)u2

u -y, - -
1 11 u2+1 y2

is an inf div c.f. Continuing in this way, for c.f.'s Yys eces Yy and

constants ¥y > 0, oeey M > 0 and 0 < o, < 1y seey 0 < L < 1,the n-term

continued fraction
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M, uy(1-a,) w(1-a )
— — .. B
Hptl-ogyy- wptl-osy; M 1=y
is an'inf div c.f. Putting c,j(yj-n = hj, 1-gj = Aj (3 =1, 25 vees n=1)
and y_ -1 = h_ we obtain
n n
M1 A u2 An-1¥n
(3.7.1) 0 e | aeba
R e I A = wpThy

It is not difficult to show that (3.7.1) is an inf div c.f. if Aj > 0,
Uj > 0 and hj € H (not necessarily of the form aj(yj—1)) for j = 1, 2, e0eey Do
This can be done by repeated reduction of (3.7.1) to a continued fraction
having one term less. In this way it is seen that (3.7.1) is of the form
w,/(u,-hY) with b € H, i.e. (3.7.1) is en inf @iv c.f.

If hj =n (j=1,2, ..., n), then by theorem 3.5.1 the inf div of
(3.7.1) is equivalent to the inf div of the L.T.

M Ao Aaoin

- T
LR R PP n

(3.7.2) .
If for n+ o (3.7.1) (or (3.7.2)) converges to a continuous fuhction,

then by the continuity theorem this function is an inf div. c.f. (L.T.). If

A,> 0 and w, > 0 (n=1,2, ...) then for T 2 0 the L.T.'s (3.7.2) form

a bounded, non-increasing, and therefore convergent sequence. However,

this sequence does not necessarily convergence to a L.T. (compare the

interpretation given below).

From PERRON [26] we take the following theorem about continued fractions
of a similar type.
THEOREM 3.7T.1
If A, >0and y >0 (n=1,2, ...), then
My AHo AR

u1+k1+1— u2+A2+T— u3+13+T*

(3.7.3) Flr) =

is convergent for all values of T with Re 1 > 0. If in addition

v v . 3 .
F(O+) = 1,then F is an inf div L.T.
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PROOQF: ﬁ can be shown to be of the form

f,(_[_) _ &1 8.28.3 ahas
: = a2+r_ a_+8 +T- & +a_+1- "°° ?

3L 56

with a >0 (n=1,2, ...). Therefore (ef [26]1, p. 193) the convergents

of I are the even convergents of the continued fraction

2y =4 1 _1 1
) - oo 9
1+ b1r+ b2+ b3r+ bh+

The
2L

bt
T+
with

-1 _ ) -
by =&, 3 by = a2ah...azn/(a1a3...a2n+1), by 8,850 .. 2n_1/(a2ah...a2n).
It now follows from [26], Satz 4.9 (I and III),that for all complex T,

for which Re T > 0, the continued fraction in (3.7.3) is convergent, and
that we have

Gry ko= [Thaw,
where ¢ is non-decreasing and ¥(0-) = 0. In (3.7.3) ﬁ(f) is bounded and,

similar to (3.7.2), convergent.for t > 0. It follows that ¥(0+) = 0.
‘Ir F(0+)=1, then F is of the form

(3.7.5) F(r) = u— ac(u),

v
where G is a d.f. on (0,»). Therefore F is an inf div L.T. by corollary
2.2.1. 000

As an interesting alternative approach we mention two lemmas, one of
which is due to Vervaat. These lemmas establish a direct connection between
finite mixtures of exponential distributions, birth-death processes and
terminating continued fractions. We state both lemmas without proof. For

a description of birth-death processes we refer to [11].
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LEMMA 3.7.1 (Vervaat):

A > = =
If A, 2 0, A, pot > 0s A = 0endnug=0,u,

un > 0 are the parameters of a birth-death process on 0, 1, ..., n, then

> 0y veey

> 0, u2 > 0y ceey

the L.T. f10 of the first-passage time from 1 to 0 is of the form

Cx

D s
k ck+r

v n

(3.7.6) F, (1) =]
10 1

with Py > 0, z P, = 1 and C > 0. On the other hand, for every L.T. of the
form (3.7.6) there is a uniquely determined birth~death process such that
f'10

Using the same notation it is easily verified that we have

has the interpretation given above.

LEMMA 3.7.2:
"1 ¥ *n-1"n

u1+x1+t- u2+12+r- - un+r

v

(3.7.7) Flo(0)

REMARK: The notation is rather awkward because the A's and u's in the birth-
death process have an interpretation that is different from the interpre-
tation of the A's and u's in e.g. theorem 2.2.1. However, the notation used
for birth-death processes is so well established that we choose not to

change it here.

Lemma 3.T7.1 provides an interesting way of generating mixtures of exponen-
tial distributions, whereas together the lemmas 3.7.1 and 3.T7.2 give an
interpretation of the relation between (3.7.3) and (3.7.5). It is probably
possible to prove theorem 3.7.1, using both lemmas and some results in [11],
which also contains lemma 3.T7.1 as a special case. Also, the inf div of
(3.7.2) now follows from (3.7.7) end (3.7.6) by theorem 2.2.1. On the other
hand, (3.7.6) cen be obtained from (3.7.7) as a special case of theorem
3.7.1. Finally, theorem 2.2.1 (with all p's positive) is a consequence of
lemms 3.T7.1 and a theorem of MILLER [25], where the inf div of a larger

class of first-passage times is proved.

We conclude this chapter with three examples of the correspondence
between (3.7.3) and (3.7.4) (or (3.7.5)).
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00 o -u
a. J -1_ ure du = 2 o+ e __M vens N
ol ust (o) a+1+T- o+3+T- - a+on+1+1-

for o > 1 (see [26] p. 219).

2
b. 1+ 1 = A141)°%1 =1 J--]---u1/2(2—u)1/2 du =

T | u+T
0

_1/2 /4 1/h

T 4+T- 14T- 14+T-

This is known to be the L.T. of the first-passage time from O to 1 in a
birth-death process with A = u = 1/2 (ef. [5] p. 41k, see also (3.7.7)
and example I f. in section 3.6).

A _ A 2 1 1

¢ /?r+a)2-h T att- atT- att- atr- O °

where a > 2. and A = /az-h. This is the L.T. of a d.f. with p.d.f.

A e”8 I,(2x) (x > 0).

On the other. hand we have (ef. [36] p. 261, 28.)

a+2
-1/2
_L_ {’4 - (a_u)Z} du.

u+t

|-

((+a)? - 437172 2
’ a-2

If we denote by é the L.T. in example b., then we have
(rea)? - 1}V/2 2 a4 o - 2GR

This shows that the c.f. A{(a-it)2 - h}‘1/2 is of the form A/(A-h) with
h e H,

REMARK: In all three examples the function ¢ (see (3.7.4)) is such that

J E oy < w (k=0,1,2, ...).
0 .
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Though in Setz 4.9 ([261, p. 216) the moments of ¥ are not mentioned, in
converse statements (e.g. Satz U4.10) the existence of all moments of ¢ is
required. From T.J. Stieltjes, Recherches sur les fractions continues,
Oeuvres Complétes II, it appears that ¥ has finite moments of all non-
negative orders. It follows that the exponential mixtures generated by
continued fractions of the form (3.7.3) all have mixing functions possessing

all moments. This also seems to be consistent with the results in [11]
(see also [30]).
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Chapter k4
RELATED INFINITELY DIVISIBLE DISTRIBUTIONS

4.1 Renewal distributions and monotone densities

In this section criteria are derived for the inf div of renewal dis-

tributions, i.e. distributions on (0,*) with p.d.f.'s of the form

(%.1.1) g(x) = 1'5 x) ,

"

where F is a d4.f. on (0,») with finite mean p. The distribution with p.d.f.

g will be called the renewal distribution corresponding to the distribution
with distribution function F. We may restrict ourselves to d.f.'s F on (0,»),
as F and p+(1-p)F (0 < p < 1) have the saime renewal distribution. For
non-lattice d.f.'s F, the renewal distribution has the following interpre-
tation. Renewals occur at random time intervals, which are independent

and all have d4.f. F, the first interval having left end point at t = O.

One observes the renewal process from time t onward and notes the random
time interval elapsing until the next renewal. For t - « the d.f. of this
interval tends to a d.f. with p.d.f. g as given by (L4.1.1). For additional

information we refer to SMITH [31].

Clearly, all bounded non-jncreasing p.d.f.'s on (0,») can be written
in the form (4.1.1). Criteria for the inf div of such p.d.f.'s are given
in section 4.1.2. In section 4.1.3 we consider the discrete analogues of
renewal distributions and monotone densities. An example of a waiting-time

distribution that is not inf div is given in section 4.1.k.

4.1.1 Renewal distributions

It is well known that many waiting-time distributions are inf div.
As waiting-time distributions are related to renewal distributions, one
might expect that many renewal distributions, are inf div. It turns out,
however, that the renewal distributions corresponding to a given distribution

does not tend to be "more inf div" than the original one. It may happen
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that in (4.1.1) F is inf div and g is not, but also the other way around.
It is possible, however, to obtain explicit criteria,in terms of F,for g

to be inf div.

The Laplace transform of g is given by

v

(4.1.2) §(r) = 1=E(D)

uT

Examples of d.f.'s F for which G is inf div are provided by the mixtures

of exponential d.f.'s., If F is a d.f. with finite mean p, having L.T.
P(e) = [ 2 au(r)
A+t ?
0
then u = J A~ au(d) < =, and & satisfies
0

v ° A 1
G(t) = OJ Y+ au(r),

ie. Gis again the L.T. of a mixture of exponential distributions and

hence inf div.

k the k-th convolution of F with itself we define

*
Denoting by F
ps - *
(4.1.3) Lx) =} ¥ F¥x),
k=1
which is finite for finite x and such that

(4.1.4) L(x) ~ log x (x » )

(c.f. SMITH [32]). We now prove

THEOREM L.1.1

The L.T. (4.1.2) is inf div if and only if for all x > O

(4.1.5) log x - L(x) is non-decreasing.
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v d
PROOF: By corollary 1.3.6 G is inf div if and only if - 7 log &(1) is

completely monotone. Using Helly's second theorem we have for all t > 0

A . xiy__ 1 4 4 N S - -1
- & Lo& &(1) = TFEy & Flr) + 17" = k£1 R 4 #(r) + 7 =
=- ] %- J X xdF*k(x) + J e~ *lax =

k=150 0

=0f e”™* xa(log x - L(x)):

By the uniqueness theorem for Laplace-Stieltjes transforms and the represen-
tation theorem for c.m. functions (see [5] p. 416) it follows that

- 37 log &(t) is c.m. if and only if (%.1.5) holds. 00O O

REMARK: An alternative proof can be given by writing

4
(4.1.6) 8oy = 1) gy A ) g g/ (o,
Av0 ATTH AH0 >
where both ?1 , and fg , are inf div L.T.'s. Theorem 4.1.1 can now be ob-
3 9

tained from (4.1.6) by theorem 1.3.10 (see also theorem 1.6.1).

If ¥ is the L.T. of & lattice distribution, then (cf. [22], p. 25)
F(it,) = 1 for some real t, # 0. It follows that G(it,) = 0, and hence,
by theorem 1.3.2, G is not inf div. As log x - L(x) jumps downward where
F(x) is discontinuous, theorem 1.4.1 implies that F(x) is continuous if G
is inf div (compare theorem 1.3.10). But theorem 4.1.1 even implies the

absolute continuity of F. We have

COROLLARY 4.1,1:

{1-F(1)}/(ut) is inf div if and only if F(x) is absolutely continuous and
if the inequality

(5.1.7) 7ok e (x) < i
k=1 -

holds for almost all x > O.
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PROOF: If (1-?)/(ur) is inf div, i.e. if log x - L(x) is non-decreasing,
then certainly log x - F(x) is non-decreasing. As F(x) itself is non-de-
creasing, it follows that F(x) is absolutely continuous with respect to the
measure x_1dx. As furthermore F(x) is supposed to be continuous at x = 0,

it is absolutely continuous with respect to Lebesgue measure on [0,»). In
the same way we obtain the absolute continuity of L(x). The inequality
(4.1.7) now follows from (4.1.3) and (L4.1.5). Conversely, if F is absolutely
continuous and (4.1.7) holds almost everywhere, then {1—1‘"(‘r)}(1:1.x)_1

inf div by theorem 4.1.1. 00O

As examples we consider the renewal distributions corresponding to

the TF'-densities with mean 1,

n
__n n-1 -nx

(4.1.8) fn(x) = a7 X e (x> 0).
Defining

S (x) = x 2 K] *k( )s

n

k=1

we have

-1
sn(x) = p & 0¥ z L%Ely. X Z exp nzkx) - n},

where z = exp (2kwi/n). By (4.1.7) for inf div we must have Sn(x) < 1 for

all x > O. We obtain

S1(x) = 1-e”*

S,(x) = (1-e72%)%,

and one easily verifies that S, < 1 and Sh < 1. However, for n > 5 we have

3
Sn(x) > 1 for suitebly chosen large values of x, as Re z, > 0 for n > 5.

From (4.1.8) one obtains the asymptotic relation

(D)~ ()2 (n > =),
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contradicting the necessary condition fn(x) < 1. It can also be seen without
any computation that the renewal distributions corresponding to the den-
sities (4.1.8) cannot be all inf div. For n > © the distribution with density
fn tends to the degenerate distribution concentrated at x = 1. The corre-
sponding renewal distribution therefore tends to the uniform distribution

on (0,1), which, having bounded support, is not inf div by theorem 1.3.L.

The preceding distributions (for n > 5) provide examples of inf div
distributions with corresponding renewel distributions, that are not inf div.
We now give an example of a distribution that is not inf div, but has an

inf div renewal distribution. The L.T.

2
1 ;
b = S

is not inf div as was shown in section 2.2 on p.22 . The corresponding

renewal distribution has L.T.

R 248r+23
&(1) = 5375 Fen) (3707 (5+0)

which is inf div, as it has a canonical representation of the form (1.3.4)
with (ef. 1.3.7)

X -3x

k(x) = e + e + e %

- 2e—hx cos /7,

which is positive for all x > O.

REMARK: As we have seen, renewal distributions are in general not inf div.
However, SHANTARAM [28] has shown that repeated application of the trans-
formation (4.1.1), modified by suitable normalization leads (in case of

convergence) to d.f.'s H(x) satisfying the relation

1x
(k.1.9) H(x) = b f {1-H(y) }ay (x > 0).
0

00

Here b~ = I {1-H(y)}dy and 1 > 1. It easily follows from (4.1.9) that
0 .
H(x) has derivatives of all orders, and that H'(x) is completely monotone.

Hence, by theorem 2.11.1, H(x) is inf div.
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4.1.2 Monotone densities

If g(x) is a p.d.f. on (0,») with the properties

(a) g(x) is non-increasing on (0,)

(o) g(0+) < =,
then g(x) can be written in the form (4.1.1) with
(4.1.10) u = 1/g(0+); F(x) = 1-g(x)/g(0+).

From corollary 4.1.1 we deduce
THEOREM L4.1.2

If g(x) is a p.d.f. satisfying the conditions (a) and (b), then

(i) g(x) is not inf div if g(x) is not absolutely continuous on (0, )

(ii) if g(x) has a derivative g'(x), then a necessary condition for
inf div is
(4.1.11) ~g'(x) < g(o+)x

for almost all x > O.

Examples of p.d.f.'s, which by this criterion are not inf div are the

functions

g, (x) = c exp (-x") (x> 0),
where c, = n'1/r(n—1), for n > e. We have

- ' = N

xg' (x) = nx g (x),

which reduces condition (L4.1.11) to
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nx" < exp ().

This condition is not satisfied for x- = log n and logn > 1, i.e.

1)

¢ exp (=) is not inf div for n > e.

Generally, condition (L4.1.11) says that g(x) should not decrease too
sharply, and in particular that g'(x) should be bounded in every interval
[8,») with & > 0.

REMARK: if g(x) is convex on (0,»), then (see (4.1.10)) f(x) is non-in-
creasing on (0,«). Taking convolutions, by induction we find
k-1
*K > X k
£7(x) = Feoyr ()Y

This implies that

x E K f*k(x) > exp (xf(x)) - 1,
k=1

and therefore (compare h.1.7» a necessary condition for the inf div of g

is xf(x) < log 2, or in terms of g
-g'(x) ix—1 g(o+) log 2,
which is slightly sharper than (L4.1.11).

4.1.3 Lattice distributions

If Py (k =0, 1, 2, ...) is a distribution on the non-negative integers

with finite, positive mean u, then the distribution

1-P.
= —X
(4.1.12) Q=
k
with P = ) P;» is the analogue of the renewal distribution given by (L4.1.1).
0

1)

By a different method it can be proved that this is not the case for

any n > 1,
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Using the interpretation of (4.,1.1) with t replaced by n, denoting a positive
integer, (L4.1.12) can be obtained as an exercise in Markov chains. As in

the continuous case, it is no restriction to assume that Py = 0.

We shall now prove the analogues to corollary L4.1.1 and theorem L4.1.2.
Denoting by pgk) the k-th convolution of the distribution pj, we have

THEOREM 4.1.3
A distribution on the non-negetive integers of the form (L4.1.12) is inf div
if and only if

(4.1.13) I 1) <

1
hi 3 (=12, ... ).
k=1 9 79

PROOF: Taking generating functions in (4.1.12) we obtain

_1-P
(h.1.10) Q(u) = u(1_3 .

By corollary 1.3.8,Q(u) is inf div if and only if

Bru)

1
1=P(u)  1-u

has a power series expansion with non-negative coefficients. From this, in
a way completely analogous to the proof of theorem 4.1.1, it follows that
Q(u) is inf div if and only if (4.1.13) holds. 0O 0O

Analogous to theorem 4.1.2, we have,retaining only the first term in
the left-hand side of (L4.1.13),

COROLLARY L.1.2

If qj is a non-increasing lattice distribution, then a necessary condition

for the inf div of qj is
qj—1 _qj :~q0/J (j = 1, 2, «u. ).

This again requires a certain smoothness of the qj@
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We conclude this section by considering the discrete analogue of
theorem 2.11.1. We need the following lemma, due to Hausdorff (cf. [5],
p. 223).

LEMMA L.1.1

A distribution P, is completely monotone if and only if there exists a finite

measure y on [0,1], such that
L
(4.1.15) P, = [ p au(p) (n=0,1, «o. ).
0

Clearly u cannot have an atom at p = 1, as this would imply that ZPn
is divergent.

In section 3.6 (Example I c.) we have seen that c.f.'s of the form

(4.1.16) J i:T:Eis—fg aG(x),
(0,“]

where G is a d.f. on (0,], are inf div. Consequently, lattice distributions

P> satisfying
1
(4.1.17) p, = oj (1-p) p" aA(p) (n=0,1, ... ),

where A is a d.f. on [0,1),are inf div. That is, mixtures of geometric

distributions are inf div.

As in (L4.1.15) we have
© 1 -1
To = | Gep ante) = 1,
o ™o

(4.1.15) is of the form (L4.1.17) with dA = (1—p)_1du. Hence we have proved

THEOREM L.1.L4

A1l completely monotone lattice distributions are inf div.

REMARK: The addition "lattice" in theorem 4.1.4 is essential. The inf div

of all c.m. distributions on an arbitrary, ordered, countable set of real
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numbers, would imply the inf div of some distributions with finite support,
contrary to theorem 1.3.h.

Some examples of c.m. lattice distributions are given in section 4.2.1.

4,1.4 Waiting times

In this section we give an example of a waiting-time distribution that
is not inf div. For definitions regarding the waiting-time process we refer
to section 1.7.

In the case M/G/1 with last-come-first-served queue discipline, the

L.T. of the waiting-time d.f. is of the form
(4.1.18) (x) =1 -0 +0 & (1),

with (see (1.7.3))

p S R e 16
Cilr) = u T+A-Aé(r) .
v
Here p is the mean service time, and G is uniquely defined by

(4%.1.19) G(t) = Blr+r=a&(1))

see [5] p. 448). If the renewal d.f. R, corresponding to B, is inf div,
then é1 is inf div: we have

&, (x) = R(ra-2d(x)),

v 9, . 4, .
which is an inf div L.T. by theorem 3.5.1, because C1(—1t) = R(-it+r(1=y(t))) =
,ﬁ(-h), with h € H (ef. (1.6.1) and (3.4.5)). On the other hand, if B is a
lattice d.f., then so is G, and (see p.T2) é(ito) = 1 for some real t, #0

and therefore 61(it0) = 0. It follows from theorem 1.3.2 that 61 is not

v
inf div. For u = 1 eand A + 1 (i.e. p 4+ 1) the L.T. C1, and therefore-é, tends
v
to the C: given by

~

* _ 1—G-$'_§2
1

(4.1.20) C ol
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which is not inf div for the same reason. An explicit example of such a L.T.
. . . ¥ . .

is obtained by taking B = exp (-t). In this case é: is of the form (4.1.20)
with

ey o E k' k(t+1)

(see (L4.1.19) and theorem 1.8.1).

We now return to (4.1.18), the L.T. of the d.f. of the waiting time
proper. As for p + 1, é tends to a L.T. that is not inf div, it follows
from the closure property that ¢ camot be inf div for all ¢ with 0 < p < 1,
This proves the existence of waiting time distributions that are not

inf div.

For comparison we consider the case M/G/1 with queue discipline first-
come-first-served. Now the L.T. of the waiting-time d.f. equals
v

CO(T) =1-p+0p éz(T),

with (see (1.7.1) and 1.7.2))

v -
C2(T) = ﬁ('r) m%?y .

ég is inf aiv if B is inf div by theorem 1.6.1. Again, if B is a lattice

d.f., then ﬁ(ito) = 0 for a real to # 0 and 62(1) is not inf div. However,
this does not lead to a L.T. éo that is not inf div, because in this case
52 does not tend to the L.T. of a d.f. if p 4 1. This, of course, is con-

sistent with the fact that C always is inf div, as we saw in section 1.T.

0

REMARK: It follows from theorem 3.5.1 that & in (4.1.19) (i.e., the L.T.

of the busy period) is inf div whenever B is inf div.

4.2 Representation theorems for inf div distributions on [0,»)

In sections 4.2.1 and 4.2.2 representation theorems are derived for

inf div distributions on [0,»). In the case of lattice distributions the
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representation is in terms of probabilities, in the absolutely continuous
case 1in terms of p.d.f.'s. The representation in the former case is essen-
tially due to KATTI [12].

We shall use two lemmas, which are implicit in GOLDIE [8]. First we
introduce some notation. If I is the L.T. of a d.f. on [0,»), then by
corollary 1.3.6 f is inf div if and only if - f'/f is completely monotone.
It follows that ¥ is inf div if and only if r(t;8), defined by

(4.2.1) r(t30) = - F'(1+0)/F(1+0) (e > 0),

as a function of T, has alternating derivatives for O < T < 6 and all 6 > O,

Now for all t with |t| < 6 we have

o

(h.2.2) B(ree) = ] (-1 b, (0) <,
k=0
where
(4.2.3) - ple) = %T Ofmxke’exdF(x) : (k =0, 1, «..).

From the equations (4.2.1), (4.2.2) and (4.2.3) we obtain, for {t| < e,
v k k
(h.2.4) r(t30) = ) (-1) ak(e) T
k=0
where the &, are determined by

n

(.2.5) 100 = L Pk %k

We have now proved

LEMMA 4.2.1 (Goldie)

F is inf div if and only if the quantities ay defined by (L4.2.5) and (4.2.3)

are non-negative for all 6 > O.

The following lemma also is implicit in [8] (see also KALUZA [10] for

the concluding statement), and may be proved by induction.
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LEMMA L4,2.2

The a,_ determined by (4.2.5) are non-negative if

(i) the quantities £ determined by the relations
n
(k.2.6) b= k;g b f (n=0,1,...),

are non-negative,

or if

(ii) the b satisfy

(h.2.7) b2 b (n=1,2,...).

Condition (ii) implies condition (i).

4.2,1 Lattice distributions

We prove the fotlowing theorem, which is given in [12 ] with a different

proof.

THEOREM L4.2.1 (Katti)

If P, is a distribution on the non-negative integers, with Py> 0, then P,

is inf div if and only if

PO 0 . . . 0 p1
P, po 0 . . 0 2p2

" (4.2.8) Dn(po,.'..,pn) = . 120 (n = 2,3,...).

P

p-1 Pp2 - - Py TRy

PROOF: Taking generating functions, by corollary 1.3.8 we know that P, is
inf div if and only if
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(4.2.9) P'(u)/P(u) = ] r ", with r 20 (n=0, 1, ...),
n=0

for |u|l < 1. Multiplying both sides of (4.2.9) by P(u) (which is # 0 for

|u] < 1 by corollary 1.3.3), expanding both sides in power series and

equating the coefficients, we obtain ‘

n
(4.2.10) (n+1)pn+1 =) | N (n=0, 1, ...).

k=0
We use the first n equations of (4.2.10) to solve for ro_q For n = 1 we have
ry = p1/po, which is trivially non-negative. Cramer's rule for Ty sTps eees

together with the condition that r >0forn=1, 2, ..., yields(k.2,8).000
Theorem 4.2.1 may be read as a representation theorem. We have

COROLLARY L4.2.1

A lsttice distribution P, with Py > 0 is inf div if an only if their exist
r (n=0, 1, ...), such that

0, 15 oua)s

n
~ (k.2.10) (n+1)p_,, = ) Py Top (n
k=0

o

with r > 0 and, necessarily, Z n-1 r,o< e
1

Lemma 4.2.2 allows us to draw some interesting conclusions from
corollary 4.2.1:
THEOREM 4,2,2

If P, is a lattice distribution with Py > 0, then P, is inf div if

(1) there exist q_ > O, such that

(h.2.11) P (n=0,1, ...),

n
nt1 kZO P In-k

or if, especially,

(ii) the P, satisfy
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(4.2.12) > p2 (n=1,2 )
s Pp+1 Pn_1_Pn > €y eee/y
or if, (by Schwarz's inequality) still more specially,

(iii) P is completely monotone.

Taking generating functions, from (4.2.11) we obtain

P9
P(a) = 1-2Q(z) °*

and putting z = e '

P(e™") = 7Ty

€ A+1-G(T) °?

with A = po/(1-p0) and G(t) = e-TQ(e_T)/(1-pO). That is, lattice distributions
satisfying (4.2.11) are special cases of distributions with c.f.'s of type

(1.6.1).

Of the four examples given by Katti as applications of theorem 4.2.1,

at least three have essentially c.m. distributions (c.f. lemma L4.1.1). His

example (i):
en+1 70 n
P, = C n+1=c1ofp gp (0<8<13n=0,1,...).
His example (iii):
n+1 ©
k
p =c¢. -2 =c, J (%0 <p<13n=0,1,...),

1
which is also of the form J pau(p).
0

His example (iv):

. Dn+1 ( -
P = C + = C 1"0 P 'Y
B3 ()™ "

with p, es in example (iii). It follows (see (4.2.10)),and the remark
on p. 88) that p; is inf div.
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In Katti's example (ii) P, = a/(1+a) and
ol
Py = a(1+a)log(1-8)

(a>03;0<6<13n=1,2, ...).

For a > -2/log(1-6) we have p pi forn=1,2, ... . For

n+1 Pn 1 Z
-1/1log(1-6) < a < =-2/log(1-6) P, is inf div by direct application of theorem

h.2.1. If a < -1/1og(1-6) then P, is not inf div.

We conclude this section with a theorem that can also be obtained from
corollary 4.2.1. Its, more interesting, counterpart in the absolutely

continuous case will be given in the next section.

THEOREM 4.2.3

If P, is an inf div lattice distribution with Py > 0, then the following

implications hold

[}
-
-
n
-

=SP4, > O (m ceesn =1, 2, o0.).

p,>0 =p_ >0 (k =2, 3, ...),
and

2, 3y eee).

p1 >0 —> pk >0 (k

PROOF: This theorem may be proved by induction, using (4.2.10). The proof
we give here was suggested by Fabius. By definition 1.3.2 we have

2 _ 2 mn
Py * PyZ * Pz t+ ... = (qO + a2z + g2 + eed)

9
where Q is a lattice distribution with a4 > 0. AsApm > 0, there exist

lj >0(j=0,1, ..., m) with ? jlj = m and such that
1
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(4] m
Pp 3.q0 . .o e qm >0 .
In the same way
k k
0 n
pn 3_qo o s e qn > 0,

n
with kj >0(j=0,1, .., n) and ) jkj = n. As, similarly,
1

- z 10 1m+n

wn - & % 0 Y
m+n

vee, ntm) and ) ji.

1 J

lo 1 k k

m 0 n
min =% c ¢ %y 9y ¢+ -9 > 0. goao

with ij >0 (j m+n, it follows that

L]
(@]
-
-
-

4,2.2 Absolutely continuous distributions

By corollary 1.3.5 a L.T. F is inf div if and only if
(4.2.13) - $1(n) /B () =Oj ™ a(x) (Re t > 0),

v . . -
where F(t) # 0 (cf. corollary(1.3.2)), and K(x) is non-decreasing with

©o

(4.2.1%) I 1 aK(x) < -
1

Multiplying both sides of (4.2.13) with ¥ and inverting we obtain
THEOREM L4,2.L:
If F is a d.f. on [0,»), then F is inf div and only if

X
(4.2.15) J wdF(u) =

X
J F(x-u)dx(u),
0

0

where K is non-decreasing and satisfies (L4.2.1k4).

' u
If F is absolutely continuous, then, writing F(u) = J £(t)dt,
0

we have, as an analogue to corollary 4.2.1.
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COROLLARY L4.2.2

The p.d.f. of a distribution on (0,») is inf div if and only if
X
(4.2.16) x £(x) = J £(x-u) dK(u) (x > 0),
0

where K is non-decreasing and satisfies (4.2.14).

We now prove the analogue of theorem 4.,2,3.

THEOREM 4.2.5

If f(x) is a continuous and inf div p.d.f. on (0,»), then the following

implication holds
f(xo) = 0=3[f(x) = 0 for all x < %y

PROOF: It is no restriction (this can be achieved by a shift) to assume

1 < 6 such that f(x1) > 0. We then
have to prove that f£(x) # O for all x > 0. Now suppose that f(x1) > 0 and
that x. is the smallest number satisfying f(xo) =0 and x; > x,. By (4.2.16)

0
we have

that for every § > O there exists an x

0

*o
0= xof(xo) = OJ f(xo-u)dK(u).

As f(x) » 0 for all x with X, Lx< Xg it follows that

X —x1

0
! dK(u)

0,
0

and hence that

X
f f(x-u)dk(u) = 0

O+
for all x < Xy = Xy Therefore xf(x) = f£(x) K(0) for all x < Xy = X, It
follows from the continuity of f(x), that f£(x) = 0 for all x < X, = X,. As

this contradicts our assumptions, it follows that X, does not exist and
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hence that f(x) # 0 for all x > 0. 00O

REMARK: The conclusion sbove can also be obtained from the fact that
K(0) = 0 if F(x) > O for all x> 0. By (4.2.15) we have

X
xF(x) > J udF(u) > F(x)K(0).
0

Teking x ¥+ 0, it follows that K(0) = O.
As a slightly weeker statement we have

COROLLARY 4.2.3

A continuous and inf div p.d.f. on (0,*), which is positive on (0,8) for

some § > O, has no zeros on the positive half line.

In SHARPE [29] a theorem similar to theorem 4.2.5 is proved for a p.d.f.
on (-=,»), under the condition that all positive powers of its c.f. are

integrable.
Examples of p.d.f.'s, that arenot inf div by corollary 4.2.3, are
o72%) 2K (x> 03 k=1,2, ...).

o

a. f(x) = const. (e - 2

b. fa(x) = %H exp(—x1/h)(1 - o sin x x> 0),

u

for a = 1. It follows that f cannot be inf div for &ll & with 0 < o < 1,

[

For o = 0 we have inf div, as fo is c.m. (ef. theorem 2.11.1).

REMARK: It easily follows from the corollaries 4.2.1 and 4.2.2 (or other-
wise) that if P, is inf div then const. qnpn is inf div, and if f(x) is
infinitely divisible then the p.d.f. const. **s(x) is inf div. Here

) qnpn and T ele(x)dx are supposed to be finite. Compare example (iv) on
p. 8L,

We now turn to the non-lattice counterpart of theorem 4.2.2, The

analogue of condition (i) would be
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X
F(x) - F(0) = AJ F(x-u)dQ(u),
0]

where Q is non-decreasing, or,taking Laplace transforms,

v _ _F(o
Fo) = Ty

where 0 < F(0) < 1, and §(t)/(1 - F(0)) is the L.T. of a d.f. It follows
that the c.f. of F is of the form A/(1 + A - y) (cf. theorem 1.6.1). As

F(0) > 0, in this case there is no analogue for p.d.f.'s.

The obvious analogue of condition (ii) for p.d.f.'s is that log f(x)
is convex. Every d.f. F with a log-convex derivative f can be approximated

by a lattice d.f. satisfying condition (ii) of theorem :.2.2, as follows.

F(x) = lim ) hf(g’—%l h) =1im ] p,
ht0  n>0 ht0 nh<x
hn<x
with Ppe1Pp1 z_pi. As mixtures (with positive weights) of log-convex

functions are again log-convex, we have proved

THEOREM 4.2.6

A1l (mixtures of) log-convex p.d.f.'s on (0,») are inf div.

By Schwarz's inequality this theorem is slightly stronger than theorem
2.11.1, which also follows directly from theorem 4.2.2, by use of condition
(iii).

An example of a p.d.f. which is log-convex, but not completely monotone,

is (compare [13])
£(x) = I (72 4 37H)1/2 (x > 0).

REMARK: It is well known that p.d.f.'s and c.f.'s (being Fourier transforms
of one another) have several properties in common. It appears that inf div
p.d.f.'s and (real) inf div c.f.'s also share some special properties. One
of these is that they seem to have no zeros (this has not been proved

generally for inf div p.d.f.'s; see, however, corollary L4.2.3 and [29]).
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Another property concerns logarithmic convexity. According to theorem 4.2.6,
log-convex p.d.f.'s are inf div. It is easily verified (cf. [5], p. 482 and
[22], p. 70) that reel c.f.'s, that are log-convex on (0,»), also are inf
div. This was first observed by HORN [9]. Log-convex c.f.'s are considered

in some detail in [13].

4.3. Moment inequalities

The function log F is the cumulant generating function, i.e.

- 4 \J v
kg = [( - I )Y log F(T)]T=0 ,

v
as far as the cumulants exist. If F is inf div, then by corollary 1.3.6

the Kj are non-negative, i.e. we have

THEOREM 4.3.1

The cumulants of an inf div distribution on [0,), as far as they exist,
are non-negative. '

The cumulants of a distribution can be expressed, in terms of its
moments, in the form of determinants (cf. KENDALL and STUART [15], p. 90).

Doing so we obtain

COROLLARY 4.3.1

If u,, Hgs «ees W are the first n (finite) moments of an inf div distribution

on [0,») then these moments satisfy the inequalities

1 0 . . 0 u1
Hy 1 0 . 0 u2
(5.3.1) k=, (3, 1 .0 ug |20 (5=2,3,...,0)

Uj_1

J-1 J-1 v

Using elementary operation on rows and columns, the inequalities (4.3.1)

can be rewritten in the form



91

=
-

u.
1 ,...,‘."1)2_0 (3 =2,3, ..., n),

(4.3.2) D, (1, 3

-

where the function Dj is defined by

X, 0 . . . 0 X,
b4 X 0 . . 0 2x
(4.3.3) Dj(xo,x1,...,xj) = L 0 2
xj_1 xj—2 . . . X, ij

(see also (4.2.8)). The inequalities (L4.3.2) also follow from lemma 4.2.1,
by solving the equations (4.2.5) for & and letting 6 + O,

REMARK: It does not seem possible to generalize theorem 4.3.1 to arbitrary
distributions on (-»,®). The inf div c.f.
- . y=1 .y 1 )1
$(t) = (1+a11t) (1+a21t) (1+a31t) s
where one or more of the a's are negative, can have odd cumulants, that
are not all of the same sign. For real c.f.'s, however, inf div implies that
its cumulants are non-negative (ef. LUKACS [231).

Unlike the conditions (4.2.8) for lattice distributions, the conditions
(4.3.1) are not sufficient for inf div, even if all moments are finite. In
view of lemma 4.2.1 this could not be expected. A counter example is
provided by the L.T.

1215
T (147) (3+1)(5+1) °

F(r)

J
which is not inf div (cf. p. 22). The function - %; log F(7) has a convergent
power series expansion for |Tl < 1, with alternating coefficients, i.e.,
all cumulants are positive. However, - %; log F(t) is not completely mono-
tone.

In example b. on p.88 we consider the density fa’ which is inf div for
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a = 0, but not for all a with 0 < a < 1, As £y is known to have the same
(finite) moments for all a (see [5]), this provides another counter example.
Though the conditions (4.3.1) are not sufficient, their necessity can

be used to obtain moment inequalities. For instance, from the fact that

00

(4.3.4) F(t) = J 1 ac(x)
0

1+Tx

is an inf div L.T. for all d.f.'s on [0,»), we derive, denoting the moments

of G by Myy Moy eeey

THEOREM 4.3.2

If Wy Wy, «oey Wy BTe the finite moments of a distribution on [0,®), then

(ef. (4.3.3))
(%.3.5) Dn(1, Mis eens mn) >0 (n=2, 3, «.., N).

PROOF: By differentiation of both sides of (4.3.4), and putting Tt = 0, it
follows that

e = K om,

where My denotes the k-th moment of F. The inequalities (4.3.5) now follow
from (4.3.2). 000

Theorem 4.3.2 also provides an alternative proof of theorem 4.1.k4, i.e.
of the inf div of all c.m. lattice distributions (or mixtures of geometric
distributions): Dn(1, My eees mh) > 0 implies Dn(po, Pys +oes pn) 3,01),if
P, is a c.m. sequence (see (4.1.15)). On the other hand, the inf div of all
mixtures of geometrie distributions (i.e. of B(-1)-distributions: negative
binomial distributions of degree 1), implies the inf div of all mixtures

of exponential distributions. We have for all d.f.'s G on (0,») -

(4.3.6) J __—A_EE ag(a) is inf div,
0’/ A+l-e

and hence for all G

1) See also theorem 4.2.1.
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® .. .
J——a—ﬁ-—; ac(n) is inf div,
0/ Aa+i-e
and,teking a ¥ 0,
(4.3.7) J A*. ac(r) is inf div.
0 -1t

A1l this means that the inf div of exponential mixtures (with positive
weights) follows from theorems 4.3.2 and L4.2.1.

The correspondence between (4.3.6) and (4.3.7) is not one-to-one, that
is (4.3.6) for an individual mixing function G does not imply (L4.3.7) for
the same G. This is illustrated by the following example, where G is not
a d.f. Consider the c.f.

o 2
X - 15-t
Jl-it 60D = T30 50

which is not inf div by theorem 1.3.2. If we replace t by i(1-elt) we obtain
a c.f., which is inf div. Both c.f.'s are mixtures (of T'(1)-distributions

and B(-1)-distributions, respectively) with the same mixing function.

We now consider mixtures of I'(2)-distributions and B(-2)-distributions
(i.e. of negative binomial distributions of degree 2, which are convolutions
of two identical B(-1)-distributions). B(-2)-distributions have prcbabili-

ties of the form
(4.3.8) (n+1)(1—p)2 o (n=0,1,2, ...5 0 <p < 1).

In the same way as theorem 4.3.2 we have (cf. theorem 2.8.1)

’ THEOREM 4.3.3

Ifm,, m., ooey oy are the moments of a unimodal d.f. on [0,»), then

1° 72

(4.3.9) D (1, 2myy «vey (n#1)m ) >0 (n=2,3, ..., N).

1

According to the conjecture in section 2.6 the inequalities (4.3.9)

should hold for all distributions on [0,«). For comparison we list the



. where G has finite moments m

9k

first few inequalities in (4.3.5) and (L.3.9).

2m, - m, >0

> 1> 3m, - 2m, > 0

2 1

3
1

3
3m; - 3mm, +m” >0 6m3 - 9m,m, + hm1 >0

L4

2 2 L 2 2
hmh - hm3m1 - 2m," + hm,am1 -m, > 0!10m - 16m3m1 - 9m + 2hm2m1 -8m 20

A direct proof of (L4.3.5) has been given by Tijdeman. This proof does
not seem to work for (L4.3.9). Neither of the sets of inequalities (L.3.5)
and (4.3.9) seems to follow directly from known moment inequalities.

If (4.3.9) should hold for all distributions on [0,»), then by theorem
L.2.1 this would imply the inf div of all lattice distributions of the form
(n+1)Cn, with C, completely monotone, or equivalently (see (4.3.8)) of all
mixtures of B(-2)-distributions. But, in the same way as in (4.3.6) and
(4.3.7), the inf div of all B(-2)-distributions implies the inf div of all
r(2)-distributions. So, concluding we have the equivalence of two conjectures

(cf. section 2.6).

THEOREM 4.3.4
The validity of the inequalities (4.3.9) for all d.f.'s on [0,®) is equi-
valent to the inf div of all mixtures of I'(2)-distributions.

We conclude this section by considering the generalization of (4.3.5)
and (4.3.9). If a mixture of the form

T+1x

(4.3.10) J (—)k ac(x),
0

12 oo eees My is inf div, then these moments
satisfy the inequalities

k k+n-1
(4.3.11) D (1, (Pmyy ens ( n)%)lo (n=2,3, ..., N).
If (4.3.10) is inf div for all positive k, then (4.3.11) holds for
all positive k. It is easily verified, using elementary operations, that

for k > » the inequalities (4.3.11) reduce to
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B

1 mh
Dn(1, T cees T 20 (n=2,3, ..., N),
that is to (see (4.3.1) and (4.3.2))

kK, 20 (n=2, 3, ..., N).

An example of this situation is provided by c.m. p.d.f.'s. If g is a
c.m. p.d.f., then

L] k 0
(4.3.12) J (-1—17;)1"” g(x)dx = ii-]-)— oJ Tlﬁ & ¢®)x)ax,
0 ]

which is the L.T, of a mixture of exponential distributions. It follows
that in this case (4.3.10) is inf div for all k, and hence that g(x) has
non-negative cumulants. This, in fact, is not surprising, as g(x) is inf div
by theorem 2.11.1 and therefore has non-negative cumulants by theorem %.3.1.

Finally, as every d.f. on [0,») can be approximated arbitrarily closely
by a mixture of I'-distributions, from (4.3.12) we obtain again corollary 2.11.1.
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