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PREFACE 

We here present a set of _......_ L 60 procedures for solving systems of 
linear equations, for inverting matrices and for solving linear ieaatr
sq1lares problems. The procedures use single-length sca.1 ar =product 
procedures and no iterations are applied for improving the solutions. 
In the future, we pla.n to present a corresponding set using double
l.ength scaJ.aJ:"1-product procedures and appJ.ying iterations f'or improving 
the solutions, and a set for calcu]ating eigenvalues and eigenvectors 
of ma.trices. 

The procedures have been tested on an Electrologica X8 computer by 
means of the 11MC_ALGOL 60 system for the X8'1 of the Mathematical. 
Centre, Amsterda1n., -written by F. E. J. Kruseman Aretz. 
Only the procedures mca 2000 to 2005 of section 200 are available as 
EL x8 machine code procedures. 
The texts of the procedures have been edited by an ALGOL editing 
program -written by H. L. Oudshoorn, H. N. Glorie and G. C. Noga.rede 
(to be published). 
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NOTATIONS 

References are given between the square brackets 11 
[ '' and 11

] s•. 

'' : '' denotes the integer di vision symbol '' -t 11 
[ 1., 3. 3. 4.2. ] • 

''goto'' denotes the sa.me symbol as •1go to'', [ 1,4. 3.]. 
110 11 denotes a null vector; the number" of elements will be clear f'rom 
the context. · 
11 min '' ( '' max '1 ) denotes the function whose value is the minimtlto 
(maximum) value of' its t\alO operands. 
The prime symbol 11 1 1

' denotes transposition of' a matrix. 
'' M 11 denotes the matrix considered and 11 n '' denotes its order, 
unless stated otherwise. 

DEFINITIONS 

• 

Tp.e ''dimension'' of an array is the number of its subscripts (see also 
(1,5.2.3.2. ]). Thus we s:peak. about ''one-dimensional'' and 1'tv10 
dimensional." arrays. The first subscript of a two· djmensional array is 
called the ''row index'' and the second the ''col1.1n1n index''. 
The 1 .. th ''row11 

( 
11 co1unm'') of a two-dimensional array is the set of its 

elements for which the row (column) index equa1s 1. 
The ''upper triangle'' of a matrix or of a two· d.:fmensional array is the 
set of its e1ements for which the.first subscript does not exceed the 

. ' 

second. 
A ''unit triangular'' matrix is a triangul.a,r ma.triJc whose diagonal 
elements are equal to 1 • 
We use the· f'ollowing vector no:c·ms (2, p.8o] [3, p. 55) : the 1'onf'!'e
norro11, 1. e. the s1,1m of the absolute values of the elements of the 
vector; the s'Euclidean norru11

, 1.e. the sq1.19.re root of the sum of their 
squares; and the 1'infinity-nor1:01

', i.e. their rnaxinaim absolute va1ue. 
We use the following ma.trix nonn.s : the ''infinity-norm'', i.e. the 
ma.x:frm1m one norm of' its rows; the 11ma.xirrrt1m norm'', i.e. the maxinu10 
absolute value of its elements. The ma.x:f1m1m no:r:■n1 of a positive -
semidefinite symnetric matrix obviously equals the maxi1m1m of its 
diagonal elements. 

The ''machine precision••· is the J argest n11mber, p., for which 1 + p • 1 
on the computer (about »--12 for the X8). 
A ''relative tolerance'' is a toleraJ1ce relative to aoxne vector or 
ma.trix norm. Relative tolerances must be chosen sma.ller than one, and 
should be chosen not airRller than the machine precision. . 

• 
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INTRODUCTION 

Chapter 20 contains a set of procedures for vector operations. Most of 
these are used in the subsequent chapters; some procedures of section 
201 and 203 will be used in proced1..1res for calculating eigenvalues and 
eigenvectors (to be published). A vector is given either in a one,
dimensional array or in a row or col1..1·om of a two dimensional array. 
In the fox'Dler case, we often use the same name f'or the vector as for 
the array if the whole array is used for the vector. · 
Capter 21 contains a set. of proced1Jres for solving linea.r systems and 
for inverting matrices. The matrix is given in a two dimensional 
a:tTay, the colurnns and rows of which correspond with the columns and 
rows of the matrix. A band matrix, however, is given in a on~e
d1mensional array. For details, see sections 212 and {for the 
positive definite syrr®etric case) 222. 
Chapter 22 deals -with the special. case of positive-definite s:y111metric 
ma.trices and, moreover, contains a section for solving linear least-
squares problems. Of synmetric matrices and upper-triangular matrices 
only the upper triangle will be given or delivered, either in the 
upper triangle of a two, ,dj_mensional a.rray (in which case the 
remaining part. of the a,rray is not used) or in a one, djmensional 
array [8]. In the latter case, the (i, j)-th element of the matrix is, 
for 1 < j, the a-cray element whose subscript equals 
(j - 1T X j : 2 + i. Thus, the memory space occupied by the rr,a.trix :is 
cut neaxly in hali. A drawback is that the elements in a row of the 
upper triangle are not linear functions of' the running subscript, so 
that special procedures for the vector operations are needed. 

In each chapter, we give a survey of its contents and some numericai 
considerations and comparisons. The chapters a.re subdivided into 
sections in each of which we give a more detailed survey of its 
contents and explain the numerical methods used. Each section contains 
one or more proced1.1,res. For each procedure, we give a description in 
which the required data, the delivered results and the (directly or 
indirectly) used nonlocal procedures a.re mentioned. The data of the 
procea;ures are given by actual. pa.rameters whose correspondjng for1·na.l. 
para,meters are either speci:f'ied real or integer and called by value, 
or specified ar:9ay or integer ~:t:az and called by name. The results of 
the procedures are delivered either as the value assigned to the 
procedt1re identi:f'ier ( of type real or inte~er), or in arrays 
corresponding to :f'or:rre.l. parameters specified ar:ray or integer ~.ay. 
Some arrays are used as well for data as for results. 
For each formal parameter specified array or integer :3rra;,:, we give 
the ''minimal declaration'', i.e. a dec]aration with he appropriate 
n1Jm"ber of bound pairs., where each pair indicates the range which is 
actua..-.I used by the procedure. Of course, the declaration of the 
corresponding actual parameter may contain smaller iower bounds and 
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greater upper bounds. (The descriptions of the procedures of sections 
202 and 203 contain two minimal dee] a-rations of the ::1a1ne :parameter 
with the meaning that the declaration of the corresponding actua1 
pa.ram~ter has to include both of them. ) Sometimes not all el.ements of 
the array indicated by the minimal decJa.ration are used. In the 
descriptions, we always mention which part is used for the data and 
which part for the results., so that it is always clea.r which elements 
a.re not used at all and which elements are left unchanged. Only in 
some cases shall ve explicitly state that some elements are left 
intact, if it is important for the applications. 

• 

' 



CliAPTER 20 

VECTOR OPERATIONS 

7 

This chapter contains procedures for calculating scalar products, for 
adding a multiple of a vector to another vector, for interchanging two 
vectors and for rotating two vectors. 
Each of the vectors 1s given by means of a pair of aubcript bounds and 
either a two-dimensional array identifier with a row or column number 
or a one• djmensional array identifier. The proced11res which use onl.y 
one-dimensional arrays, have some extra facilities. Some of these 
procedures handle rows of up:per-triangula.r or syrurnetric matrices 
given in a one· dimensional array, which are represented in a special 
way, viz. with linearly increasing spacing of the successive elements. 
Compared with the technique of' defining the vectors by means of 
subscripted variables explicitly dependj_ng on a bound variable, as is 
com:non for scalar product procedures [ 1, 4. 7 .2. and 5. 4.2. ] [ 5] [ 6] 
[10], our technique is less flexible, but more efricient (at least in 
the MC AI..GOL 60 system for the X8); moreover, our procedt1res may well 
be written as machine code proced1.1-r:-es in which the elements of the 
vectors a.re selected more e:fficiently on account of their equidistant 
(or linearly increasing) spacing in the memory. As to the lesser 
flexibility, instead of one procedure we need a set of procedures for 
the most important applications. As to the machine- code procedures, 
if explicit bound variables were used, the more efficient element 
selection would be possible only if the subscripts were linear (or, 
in the case of linea.rly increasing spacing, quadratic) functions of 
the bound variable, but this requirement is easily violated and 
difficult to check. 
01.1r procedt1res avoid this difficulty. 

• 

' 

• 
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comment mca 2000; 
real p;roc~d1Jre, vecvec( l., u, shift, 
integer 1, u, shift; a.rr!:Y a, b; 
b~~~ integer k; real. s; 

a, b); value 1, u, shift; 

fork:= l ste~ 1 until u dos:= a(k] x b[ahirt + k] + s; 
vecvec:= s 

end vecvec; 

conunent mca 2001; • 

real pr,'?a~~~1.J!.e matvec(i., 
arr!:l a b; 

u., 1, a, b); value 1, u, i; inte5er 1, u., 1; 
II ¾ 

• 1 -·~ , 

~~gin integer k; real a; 
S ·- o· . - , 
for k:= l s-:t!-F 1 until u do s:=- a[i.,k] x b[k] + s; xnatvec:=== s 

end matvec; 

conanent mca 2002; 
real proced111;~ ta.mvec(l., u., 1, a., b); val.ue 1, u., 1; inte,se,r 1, u, 1; 
arr!!-Y a, b; 

I 

?ei,ip. integer k; reals; 
s:= O; 
fork:= l ste~ 1 until u dos:= a[k,i] X b[k] + a; c:= s 

end tamvec; 

con,rr1ent mca 2003; 
real pro,ce011re matlnat(l, u, 1, j., a., b); val.ue 1., u., 1, j; 
integer 1., u, 1, j; ~~~ya, b; 
!J~f$1n ~1?,~,~e:: k; real s; 

S ·- o· . - , 
for k:= l ste 1 until u do s:== a[i,k] X b[k.,j] + s; matmat:== s 

end matmat; 

co1nment mca 2004; 
real -procedt1r,~ ta.n.JToat(l, u, 1, j., a, b); value 1., u., i., j; 
integer 1, u., 1, j; ~5¥: a, b; 

I 

b~gin; ~nteger k; reals; 
s::::z O; 
for k:= l ate...,. 1 until u do s:= a[k,i] X b[k.,j] + s; taxror;a.t:=- s 

end ta.:rmna t; 

co1r,1nent mca 2005; 
real ;gro.c,edure rnatta.m( 1, u., 1, j, a, b); value l., u., i, j; 
f-1?-1::e~,~.r 1., u., i., j; ~-rr~ a., b; 
begin ~n~~ger k; reals; 

s: == O; 
f'or k:= l ste;e 1 until 11 do s:= a(i,k] X b[j 1 k] + a; 1oa.ttaro:=- s 

end mattam; 
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The proced11res of' this section calculate the seal a.r product of two 
vectors, each of which is given either as (a part of) a on~e
djrnensional. array or as rov or coluc.r1n of a tvo ,,<Jimensiona1 a.--,•1-a.y. If 
the lower bound of the running subscript is greater than the upper 
bound, then O is delivered as see.Jar product. 
The lower and upper bound of the running subscript are given by tvo 
parameters;· 
vecvec and seqvec feature the additional. possibility of shifting the 
range o:f the running subscript of the second vecto_r; in scaprd1, 
moreover, the spacings of the vectors are arbitra.r-y constants; in 
seqvec the spacing of the successive elements of the first vector · 
increases l.inearl.y. (The. l.atter procedure is used for s~mmetric or 
upper-tria.ngu.Ja.r matrices given in one d1cnensionaJ arrays.) 
In the MC ALGOL 60 system for the X8 the procedllres mca 2000 to 2005 
are available as ma.chine code proced11res (which a.r~ about 7 t1mes 
faster than the corresponding equival.ent ALGOL procedures, see 
Appendix). 

Description ~ca 2000 . 
vecvec:= scalar product of the vectors given in !3.l~ay a[l:u] and 
array b[shift + 1 : shift + u]. 

Description mca 2001 
ma.tvec:=, scalar product of the row vector given in ar~~y a[i:i, l:u] 
and the vector given in array b [ 1: u] • 

4 

Descri;12tion mca, ,,2,9_02 
tamvec : = seal ar product of the collut1r1. vector given in 
S;Trai a[l:u, i:i] and the vector given in ~~ray b[l.:u] • 

• 

_pescript~~n m7~ 2003 
roatrna:t:= scalar product of the row vector given in arr~ a[i:i, 1:u] 
and the column vector given in array b[l:u, j:j]. 

I 

Descri;12tion ~ca ~004 
tanu:na t: = sea.] ar product of the coltlmn vectors given 1n 
~ral a[l:u, i:i] and arr~i b[1:u, j:j]. 

9 

pescriEtion mca 2~05 
rna,ttam: = seal ar product of the row vectors given 1n ar::!:r a[ 1: i, l.:u] 
and arral b [ j: j, l.:u). 
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comment mca 2006; 
reaJ. 12roced11re seqvec( l, u, 11, shift., a., b); value 1., u, 11., shi:ft; . 
. in~~~er 'i, u,' il, shift; ar!al a, b; 
be~in reals; 
I . 

s: == o; 
for 1: = 1 ste- 1 until u do 
be~i? s:~ ail] X

1 

b[l +shift]+ s; il:= il +lend; 
seqvec:= s 

end seqvec; 

• 

coni,nent mca 2008; 
real Froc.e,d11re scaprdl (la, sa, lb., ab, n, a, b); 
value la, sa., l.b, sb., n; in~e§.e:I" la., sa, lb, ab, n; ~rr.ay a, b; 
begin integer k; 

reals; 
s:= o; 
fork:~ 1 ste 1 until n do 
begin s:= a la] X b[lb] + s; la:= la + sa; lb:== lb + sb end; 
scaprd1:- s 

end scaprd 1 ; 

• 

" 



1 1 

p~scri~t~o~ mca 2~0~ 
seqvec:= scalar product of the vectors given in 

• arr~ a[il. : 11 + (u + l - 1) X (u - 1) : 2] and 
a7~ b[shift + l : shif't + u], where the elements of the 
are a[ il + ( j + l - 1) X ( j - 1) : 2] for j = 1., ••. , u. 

:first vector 

Descri~tion mca 2008 
scaprdl:= sea~ product of the vectors given in 
a.rray a[min{la, la+ (n - 1) X sa) : ma.x(l.a, la+ (n - 1) X 
~r~8il b[min(lb, lb+ (n - 1) X sb) : nax.(lb, lb+ (n 1) X 
where the elements of . the vectors are 

sa)] and 
sb) ], 

a[la + (j - 1) X sa] and b[lb + (j - 1) X sb] :for j == 1, •.. , u • 

• 

• 



12 

con11oent mca 201 O; 
:procedure el1r1vec(l, u, shift, a., b, x); value 1., u., shift, x; 

C 4 I 

integer 1, u, shift; real x; arr_ a, b; 
for 1: == l. s~e:E 1 until u do a 1 : =- a[ l] + b [ l + shift] x x; 

cormnent mca 2011; 
procedure elmveccol(l., u., 1, a, b, x); value 1., u, 1., x; 

■ I J 

integer 1.., u, i; real x; arr ~Ta, b; 
for l:= 1 ste~ 1 until u do al]:= a[l] + b[l.,i] xx; 

• 

comment mca 2012; 
Rroc~~~re elmcolvec(l, u, i., a, b., x); value l, u, 1., x; 

C C 5 

integer 1, u, 1; real x; arr.a a., b; 
for l:= l. ,~te~ 1 until u do a 1.,1]:= a[l.,i] + b[l] Xx; 

a 

comment mca 2013; 
procedure el.mcol(l, u, i., j., a, b, x); va~le l, u, 11 j, x; 

ea a:c_rs 

integer 1., u, i, j; real x; arra,r a, b; 
for l:= 1 ste}2_ 1 until u do a l,i]:= a[l.,i] + b[l.,j] Xx; 

connnent mca 2014; 
l?~oce4~e eJ nrcov(l., u., i., j., a, b, x); value 1., u, 1, j, x; 
integer l., u., 1, j; real x; .::::;.::."""'-== a, b; 
for l:= 1. ste:e 1 until u do a 1,1] := a[i,l] + b[j,l] x x; 

2 

corronent mca 2019; 
~tege,r '2!~c.edu.re :maxeJmrow(l,,_u., 1., j, a., b, x); value l., u, 1., j., x; 
integer i, u, 1, j; real x; ar~ayr a, b; 
begin integer k; 

rea1 r, s; 
S ·- o· .- , 

• 

for k: = 1 ate~ 1 until u do 
begin r:= a i,k]:~ a[i,k) + b[j,k] Xx; if abs(r) > s then 

b
2
ep;i~ s: == abs(r); l: = k end 

end; 
ma¥eJ ·mrow: = l 

end ma.¥eJrnrow; 



Section 201 Elimination 

The procedures of thi.s section perfurrn a Gaussian elimination on a 
vector. More precisely, a multiple of one vector is added to another 
vector. Each vector is given either as a one dimensional array or as 
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row or col.11r.rrr1 of a two dimensional. .....r- • The iower and upper bound of 
the running subscript are given by two parameters; elmvec f'eat11res 
the additional possibility of shifting the range of the running 
subscript of one vector. 

pescri~tion mca 2010 · 
eJxn:v-ec adds x times the vector given in a~i:ay b[shift + l : shift + u] 
to the vector given in a~ray a[l:u]. 

D~,scri;ption :nca 2.011 
eJroveccol adds x times the col11mn. vector given in arr.al b[l:u, i:i] to 
the vector given in ar!ay a[l:u]. 

Description mca 2012 
elrncol.vec adds x times the vector given in a~.ray b[l:u] to the coll1mn 
vector given in array a[l.:u, i:i]. 

I I 

Description mca 2q1~ 
elmcol adds x times the 
the colu:r® vector given 

coltirnn vector given in 
in array a[l:u, i:i]. 

C 

ar~ay b[l:u, j:j] to 

Description mca 2014 
e] JI11•ow -adds X times the row vector given in r,,:r•1·ay b [ j : j, 1: u] to the 
row vector given in ~r,ax a[i:i, l.:u] • 

• 

Description mca 2019 
rcJB.Xe

2

l tnrow adds x 'times the row vector given in ar"'C'a;v b [ j : j, 1: u] to 
the row vector given in ax~az a[i:1, l.:u]. ' 
Moreover., maxeJna:ow:= the val.ue of the second subscript of an elexoent 
of the new row vector in array a which is of niax1rc,um absolute value. 
If, however, 1 > u, then ma.xeJmrow:== 1. 



comment mca 2020; 
E~o~e~ure, ichvec(l, u, shif't, a); value 1, u., shift; 
integer 1., u, shift; array a; 
begin real r; 

:for 1: == 1 ste"'"' 1 until u do 
begin r:= a 1 ; a'[1] := a[l + shift]; a[l + shift]:= r end 

end ichvec; 

co1ri1nent mca 2021; 
proce~ure ichcol(l., u, 1, j, a); val.ue l, u, i., j; integer 1, u, i, j; 

' a.rray a; 
begin real r; 

:for l:= late 1 until u do 
begin r:= a l.,i]; a.[1';1]:=- a[l,j]; a[l.,j]:= rend 

end ichcol; 

con1ment mca 2022; 

• 

pr?ce~urA ichrow(l, u, 1, j, a); value 1, u., i., j; in~eger 1, u, 1, j; . 
!'X'ral a; 
})e~in real r; 

:for l:= 1 ate.,.., 1 until u do 
begin r:== a 1,1],; a[i,

0

1]:= a[j,l]; a[j.,l]:== rend 
end ichrow; 

cox,·iroent mca 2023; 
;eroced~r,e ichrowcol(l., u., i., j., a); value I., u., 1., j; 

I 

,in~eg;er 1., u., i, j; ~ra1 a; 
begin real r; 

:for 1: ::a l ate.,.., 1 until u do 
begin r:= a 1,1]; a.['1;1]:= a[l.,j]; a[l,j]:= rend 

end ichrowcol; 

cor,irn'=nt mca 2024; 
E~oced~re ichseqvec(l., u., 11, shift., a); value l, u., 11., shift; 
~nteger. 1, u, il., shift; .~i:-~ a; 
begin real r; 

:for l:= 1 ste.,.... 1 until u do 
begin r::::. a il]; a.[ 0il] : == a.Tl + shift].; a[ l + shift] : == r; 
· il:= il + 1 
end 

end ichseqvec; 

co1c1ment mca 2025; 
proce,,d:tJ.re ichseq( 1, u, 11., shif't, a) ; value 1., u., 11, shift; 
integer 1, u, il, shift; ~:--ra.z a; 
be in real r; 

or I:= l ste.,.... 1 until u do 
begin r: = a il]; a[11J :=- a[11 + shift]; a[il + shift]:== r; 

il:= il + 1 
end 

end ichseq; 
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Section 202 Interchanging 

The procedures of this section interchange the elements of two 
vectors. Each vector is given either as (a part of) a one, djmensional 
ar1·ay or as row or column of a two d:tmensional array. The lower and 
upper bound of the running subscript are given by two pa.rameters; 
ichvec and ichseqvec feature the additional :possibility of shifting 
the range of the running subscript of the second vector; in ichseqvec 
and ichseq the spacing of the successive elements of one or both of 
the vectors increases linearly. (The latter procedures are used for 
syr·nmetric matrices given in one d::Tmensional. ar1.'ays.) 

D~~c~i~tion,mca 2020 
ichvec interchanges the elements of the vector given in arra1 a[l:u] 
and ~r~ryl a[shift + 1: shift+ u]. 

pescriRtion mca 2021 
ichcol interchanges the elements of the col.ilmn vectors given in 
~r,!'!1:l a(l:u, i: i] and ~-1·ray a[ l:u, j: j]. 

~escription mca 2022 
ichrow interchanges the el.ements of the row vectors given in 
~ry.y a[i:i, l:u] and array a[j:j, l:u]. 

pescri;etion mca 202,3 
icbrowcol interchanges the elements of the row vector given in 
~:r!!il a[i:i, l:u] and the col1lxr1r1 vector given in a.rrai a[l.:u, j :j]. 

Description mca ~024 
ichseqvec interchanges the elements of the vectors given in 
~r~y a[il: il + {u + l - 1) X (u - 1) :-2] and 
arrai a[ehift + 1: shift+ u], where the elements of the first 
vector are a[il + (j + 1- 1) X (j - 1) : 2] for j = 1, ... , u. 

~escription mca ~.025 
ichseq interchanges the el.ements of the vectors given in 
arrat a[il.: 11 + (u + l - 1) X (u - 1) : 2] and 
array a[shift + i1: shift+ 11 + (u + 1 - 1) X (u - 1) : 2], 
where the elements of the vectors are 
a[il + (j + 1 - 1) X (j - 1) : 2] and 
a[shift + il+ (j + 1-1) X "[j -1): 2] for j = l, ••• , u. 



connnent mca 2031 ; 
~rocedure rotcol(l, 
int~ger -, u, 1, j; 
pe~in, reaJ. x., y; 

u, 1, j., a., c, s); value 
real c., s; array a; 

a 

1., u~ 1, j, c, a; 

for l.: =- l ate 1 until u do 
begin x: :a a 1., i J ; y: 2 a [ l, j ] ; 

a[l,j]:= y X C - XX a 
end 

a[l.,i]:= XX C + y X a; 

end rotcoJ.; 

• 

coxrorient mca 2032; · 
P.ruoc~.<l:u.re rotrow( 1, u, .1, j, a, c, a); value 1, u, 1., j, c., Sj 

integer 1, u, 1, j; real c, s; ~::al a; 
be~in real x, y; 

a ~ 

for 1: = 1 ste.,..,. 1 until u do 
begin x:~ a 1,1]; y:= a[j.,l]; a[i,l]:: xx c + y X s; 

a[j,l] := y X c - X X s 
end 

end rotrow; 

• 
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Section 203 Rotation 

The procedures 0£ this section perform a rotation on two vectors., x 
and y (say) ; i.e. the two vectors are replaced by ex + sy a.nd oy - sx., 
where c~and s are two_given real values. Each vector is given as row 
or col1J1rm of a tvo• dimensional a::r·ray. The lower and upper bound of the 
running subscript are given by two parameters. (These procedures a.re 
to be used in procedures for calculating eigenvalues and eigenvectors 
(to be published).) 

Description ~c~ 2031 
rotcol repJ.aces the co111n1rL vector x given 1n array a[l:u., i:i] and the 
col1.1rrtn vector y given in array a[1:u., j:j] by the vectors ex+ sy and 
cy - sx. 

DescriEtion mca 2032 
rotrov replaces 'the row vector x given in array a[i:11 l:u] and the 
row vector y given in array a[j:j, l:u] by the vectors ex+ sy and 
cy - sx. 

• 
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u SYSTE:MS AND MATRIX SION 

This chapter contains procedures :for solving systems of linear. 
equations and for matrix inversion. Moreover, section 211 contains a 
proced11re for calcuJ a ting the - ""'"""' of a rna.trix and a procedure for 
solving a homogeneous linear system. 
In section 210 trian.· 3.I" decomposition 'With partia1 pivoting is used 
and in section 211 Gaussian elimination 'With complete pivoting. The' 
procedures of section 212 solve linear systems whose :matrices are in 
band :form, by means of Gaussian elimination with partial pivoting. , 

In exceptional cases, partial pivoting may yield useless results., even 
for well-conditioned ma.trices; this ma.y occur o-., for 1 arge ma.trices 
whose order (or in the case of band matrices., band width) is not much 
srre.ller than the n11mber of binary digits in the n11niber representation 
[2, p.97] [3, p.212]. Complete pivoting, however, always yields good 
results for well-conditioned ma.trices; a ''condition n11mber'' (i. e. a 
norm of the matrix times a norin of its inverse) is a meas11re of the 
relative acc11racy of the solution [2, p.91]. Moreover, complete 
pivoting is indispensable for calc11Jating the rank of a matrix and for 
solving homogeneous syst.ems. 

For 1,arge order n the computation time for solving l.inear systems and 
for ma.trix inversion is proportional to n cubed. 
Complete :pivoting requires some ~tra time :for the pivot selection, 
which, for J.arge n, is a nea.rly constant ( small) fraction of the total 
computation tjme. In the MC ALGOL 60 system for the X8., the partial 
pi voting proced11res of section 210 are much faster than the complete 
pi voting procedures of section 211, because the procedures mca 2000 to 
2005 a.re available in machine -code. 
The procednres of section 212, for solving linear systems whose 
matrices are in band fo1•1n, save a considerable a.mount of computation 
time and :memory space., if the band width is much s:rna.ller than n. For 
large ma.trices, the computation time is proportional to n x band width 
X the· n11mber of diagonal s on or to the left of the ma.in diagonal. . 



Section 210 Tri 

This section contains procedt1res for solving linear systems and :for 
inverting matrices: 
detsol solves a system of linear equations and ca1cutates the 
dett:rm1nant of the system; 
detinv calculates the inverse and the dete:rininant of a matrix; 
det calculates the deter1n1nant of' a ma.trix; 
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sol solves a system of linear equations and inv inverts a matrix, 
provided the ma .. tri.x is given in the triangu)arl.y decomposed :fon11 
produced by det. One call of' det :followed by several calls of sol may 
be used to solve several linear systems having the same ma.trix but 
different right band sides • 

• 

The method used in det is triangular decomposition with stabilizing 
row interchanges., also called ''partial pivoting'' [2, p. 115] [3., p.201] 
[4] [5] [6]. 
The method yields a lower-triangular matrix Land a unit upper
triangu.Jar matrix U such that the product ill equals the given matrix M 
w1 th pt:z•1.m1ted rows. 
The process is performed inn steps. The k~th step., k = 1, •.. , n, 
produces the ~-th colurrm of L; subsequently., the 11pivot'' is selected 
in this col11rro1; the pivotal row and the k:-th row of M (and thus also 
of L) are interchanged; f'ina ....::;-., the k--th row of U is produced. That 
el.ement of the k,,·th column of L is chosen as pivot, whose absolute 
va.J.ue divided by the Euclidean norm of' the correspond:tng row o-:f M is 
ma.x1mal. Thus., matrix M is ''equilibrated'' in this pivoting strategy 
such that the rows effectively obtain unit Euclidean norxn. No test for 
singu.larity of M is performed. 
_•11he determj_nant equals the product of the diagonal elements of' L or 
1njnus this value., if' the number of proper interchanges is odd. 

After the tria.11.gL1Jar decomposition, sol obtains the solution x of the 
linear system Mx == b by f'irst pt:rmuting the elements of b in the same 
way as the rows of M, then calculating y such that Ly equa.ls b w1 th 
pern,uted elements ( :forward substitution), and finally calct1J a ting x 
such that Ux s y (back substitution). 

The method used in inv is as follows. The -inverse., X., of the product 
ID is calculated from the conditions that XL be a unit upper-

• triangul,ar matrix and UX a lower-tria.n ~ matrix (4, p .. 34-38). 
Subsequently, in correspondence with the interchanges applied on the 
rows of M., the same interchanges a.re carried out in reverse order on 
the colucnns of X, in order to obtain the inverse of M. 
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connnent mca 2100; 
real 1:,.ro,ced1;JXe det(a, n, :p); value n; inteezer n; ~!Al a; 
pi~e~er ax·r9.1 p; 
pe,~in integer 1, k, k 1, pk; 

real d, r, s; 
arrizr v[ 1 :n]; 
tori:== 1 stel? 1 until n do v[i]:= 1 / sqrt(mattam(l., n., 1., 1., 
a, a)); d:= 1; 
fork:= 1 steF 1 until n do 
bee;in r : = . 1 ; k 1 : = k - 1 ; 

"tor 1 : = k ste..... 1 until. n do 
begin a[i.,k : = a['i,k] - matrnat( 1., kl., 1, k., a, a); 
., s: = abs ( a [ 1, k] ) x v[ 1) ; if s > r then 

}:>e~,~ r:= s; pk:~ i end 
end lower; 
pk]:= :pk; v(:pk]:= v[k]; s:= a[:pk..,k]; d:= s X d; 
if pk+ k then 
begin d:== - d; ichrow(l., n., k, pk., a) end; 
for 1:= k + 1 ate ..... 1 until n do a[k.,1] := (a[k,1] - rnatma.t(1, 
k1, k., 1., a, a 

end lu; 
det:= d 

end det; 

cox,11nent mca 2101; 

s 

;e.:9c;ed:ure sol{a., n., p., b); w.J ue n; inteezer n; a-rr~-1 a., b; 
in'te·ei-: a::raz p; 
peffiin .~~~e~er k, pk; 

real r; 
fork:= 1 ste 1 until n do 
beiin r: = b k ; pk:= p[k]; 

- b[k] := {b[:pk] - ma.tvec( 1., k - 1., k, a., b)) / a[k.,k]; 
if pk k then b[pk) := r 

end; 
for k:== n ate - 1 until 1 do b(k]: = b[k] - rnatvec(k + 1, n., k., 
a, b) 

end sol; 

• 

co1·mnent mca 2102; 
real. l?rocedur~ detsol.(a, n., b); vs.Jue n; integer n; ~!:~ a., b; 
b~,gin i~teger a.rra p [ 1 : n] ; 

detsol:= det a., n., p); sol(a., n., p, b) 
end detsol; 
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I>escriptior1 mca. 2100 
det: = detenrt:i nant "o'i the n-th order matrix M given 1n 
~!T~ a;[ 1 :n, 1 :n), and the tri .· ·. · J.ar decompositior1 of M is performed. 
The resulting lower-triangular ltE.tr1x and unit upper-triangular rratrix 
with its unit diagonal omitted a.re ovex·written on a.. 
The pivotal indices are delivered in inteaer a.r:=.... p[ 1 :n] .. 
det uses nE.ttam, me.tmat and ichrow ( chapter 20 • 

pe~~ri;ption ~C?, ~,10~ 
sol shou1d be called after det and solves the lineer system Mx • b, 
where M is the n t,h order 1oa trix whose tria.n · .· . ly decomposed fox·m 
and pivotal indices., as produced by det, are given in . 
~?78-l a[ 1 :n, 1 :n) and in,~§er !!«;!:~ p( 1 :n]., and where b is the vector 
given as .a!::ay b[l:n]. The solution vector xis over'written on b. 
sol I.eaves a and p intact, so tha.t, a.t'ter one call of det, several 
calls of sol may follow for solving several systems having the sa~ 
matrix but different right ba.nd sides. 
sol uses 1ua.tvec (mca. 2001 ) • 

De~cri~,~~o:1,, ~c~ ,2102 
detsol:= determjnant of then-th order matrix M given in 
a,rray a[ 1 :n, 1 :n], and the tri Jar dee · .. · · sition of M is perfor·roed. 
Moreover the linear system Mx. = b is solved, where vector b is given 
as ~!~ b[ 1 :n]. The solution vector x is overwritten on b, and the 
tria.nguJa,rly decomposed :fox,n of M is ovex·written on a. 
detsol. uses det, sol and., indirectly, also mattwn., ma.tmat, 1oatvec and 
iclr {chapter 20). 
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con11oent mca 2103; • 

12r~_cedure inv(a., n., p); va.J11e n; integer n; a1·ray a; integer ~r!:9-l p; 
begin integer j, k, k1; 

real. r; 
a-rray v[ 1 :n]; 
:for k: ~ n st~:£ 1 until 1 do 
"?e~in k 1 : ::: k' + 1 ; 

for j : = n ate- 1 until k 1 do 
begin a[j,kl := v[j]; 'v[j]:== - rnatmat(kl., n, k, j., a, a) end; 
r: == a[k.,k]; 
for j:= n ate - 1 until k1 do 
pegin a[k, j : = v[j] ;' v(j]: == - matroat(k1, n, 

a 

end; 
v k]::a (1 

end; 
- ma.tmat(k1; n, k, k, a, a)) / r 

:for j:a n ~tep - 1 until 1 do a[j,1]:= v[j]; 
:for k: = n - 1 ste...... - 1 until 1 do 

j, k., a, a) / r 

be~in kl:= p[k ; if' kl k then ichcol(l., n, k, kl., a) end 
t ~ 1 

end 1nv; 

corm.nent mca 2104; 
real Rro~edure detinv(a, n); value n; integer n; array a; 
b,e&in integer ~=-- p(l :n]; 

detinv:= det a, n, p); inv(a, n., p) 
end d.etinv; 

• 



DescriEtion mca 2103 
atr a : a a: 1 a 

inv should be called after det and cal.cul.ates the inverse of the 
matrix whose trianguJa.rly decomposed for,n and pivotal indices, as 
produced by det, are given in 87--rr& a[ 1 :n, 1 :n] and 
integer array p[ 1 :n] • The calculated inverse is ove1·wi·i tten on a. 
inv uses matmat and ichcol. (cba.:pter 20). 

J?,escr
1
i~tion mca 21 ~4 

detinv:= detertn1nant of the n-th order matrix given in 
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arral a[1:n, 1:n]. Moreover, the inverse o~ this matrix is cal.culated 
and overwritten on a. 
detinv uses det, inv and., indirectly., also ma.ttam., matmat., ichrow and 
ichcol (chapter 20). 

• 
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Se:?tion 211 ~.limi nation wi t:q complete pi ':.o~ing 
I S &. ii 

This section contains procedures for calculating the rank of' a matrix, 
for solving linear systems and for inverting matrices: 
rnksolelm solves a system of linear eq1.w.tions and calculates the 
dete21nj na.nt of the system; 
invelm calculates the inverse and the deterndnant of a matrix; 
rnkelm calculates the rank of a rectangular matrix; 
solelm solves a system of linear equations and sol.ham calculates a 
solution of a homogeneous system, provided the matrix is given in the 
Gaussian eliminated for1n produced by rnkelm. 
One call of rnkelm followed by several calls of solelm may be used to 
solve several linea.r systems ba~r........ the same n1atrix but different . 
right-hand sides. By means of successive calls of solhom one can 
obtain a complete lin~arly independent set of solutions of a 

, . 

homogeneous system. 

The method used., in rnk.elm., is Gaussian elimi.nation with complete 
pivoting [2, p.97] [3, p.212] which yields a lower-trian~ ar matrix L 
and a unit upper-triangular matrix U such that the product LU equals 
the given matrix M with pex·nruted rows and columr.1.s. Let M have n rovs 
and m calms. The elimination is perfonued in at most roin(n., m) 
steps. In the k-th step, k = 1, •.. , min(n, m), a '':pivot'' is selected 
from the rema.ining subma.trix having n - k + 1 rows and m - k + 1 
col1.1ni:ris; then the pivotal row is interchanged with the k-th· row and -
the :pivotal column with the k-th coluxn11; subsequently J the k-th 
''unknow.n.11 is elirninated in the last n - k rows. The pivot is selected 
in such a way that its absolute value divided by the one norm of the 
corresponding row of M is maximal. Thus, matrix M is 11equilibrated'' in 
this pivoting strategy such that the rows e:ffectively obtain unit on~e
nor1n. If' all elements of the remaining submatrix are smaller in 
absolute value than a given relative tolerance times the one noi·m of 
the corresponding row of M., then the elimjnation is discontinued and 
the _previous step n1_1mber is delivered as the rank of M. 

After the Gaussian eJ1mjnation, solelm obtains the solution x of the 
linear system Mx = b by calling sol (mca 2101) and then interchanging 
the elements of the solution vector produced by sol in ''reverse 
correspondence'' with the interchanges of the colt1rr1ns of M; i.e. the 
same interc ~. es are ca-rried out in reverse order • 

• 



In sol.bom., a solution x of the homogeneous system Mx == £, where M is 
an n x m ma:trix of rank r., is obtained as follows. Let V b,e the 
r-th order upper-triangulBr ne.trix consisting of the :first r col111nns 
of the matrix U produced by rnkel.m. and W the r x (m - r) matrix 
consistin.g of the remaining of the first r rows of U ( the other 
rows of U are negl.igeable}. First, the system Vy• minus the ~--th 
col11r:ru1 of w, where k is a given positive integer < m - r, is solved 
(back subtitution). Then the vector y and the ~-th unit (m - r) 
vector are combined to form a s:lrygle m =v-ector; its elements are then 
interchanged in reverse correspondence with the interchanges of the 
colmcn1s of M., in order to obtain a solution vector x. The solution 
vectors thus obtained :for k = 1, ••. , m - r forin a canplete set of 
linearly independent solution vectors o'f the haoogeneous system. 

The method us.ed 1n invelrn is Gauss- Jord.a;n el:lmination with complete 
pivoting. This method introduces the zeros not only belov but 
above the ma.in diagonal. At each stage., the elemen.t of greatest 
absolute vaJ11e of the remainil:ig subrratrix is chos1en as pivot. (Here, 
the matrix is not equilibrated, because this would not leave the 
inverse invariant.) After completing the eljm1na.tion, the rows and 
colunms are intercba.n.ged in reverse correspondence with the 
interchanges of the col.urtins a.nd rows of M • 

• 
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cor&nent mca 2110; 
integer procedure rnk.elm(a, n., m., aux, ri., ci); value n, m; 
integer n, m; a-r!al aux; .:Inte~er ~·r~!l-1 ri, ci; 
begin inte~er i, j, p, q, r, rl, jcrit; 

a 

rea1 crit., rnonu, ma.x, aid, det, eps, minpiv., pivot; 
arr:~l, no:c·1n [ 1 : n] ; 
crit:== o; 
for p:= 1 step 1 until n do 
be~in rnorrn:= max:= abs(afi)., 1 ]) ; jcrit:::; 1; 

for q: = 2 steJ2_ 1 until m do 
begin aid:= abs(a[p,'q]); rnox·rn: == X'ilOl"ln + aid; 

if aid> max then 
begin max:= aid; jcrit:= q end 

end; 
nor1n[p] :== rno?w:== 1 / rno1111; i:f max X rnorm > crit then 
begin crit:= max X rnor1r1; i:= p; j:= jcrit end 

end;· 
e~s:= aux[O]; det:= 1; minpiv:= crit; 
for r:- 1 ~t~~ 1 rntil n do 
begin i:f crit < eps then ~oto rank; rl:= r + l; 

..a a 

if crit <minpiv then minpiv:= crit; if i r then 
be§in det: = - det; icbrow( 1., m., r., i, a end; 
1·:r j" + r then 
be in det:= - det; ichcol(l., n~ r, J, a) end; 
ri r : = i; ci[r]: = j; pivot:== a[r,r]; det: = det x pivot; 
crit:== o; if rl <m then 
begin :for q:= rl ate- 1 until m do a[r,q]:= a[r,q] / pivot; 

L 

end 

:for :p:= rl !3teJ? 1 until n do 
begin jcrit: = maxeJ,mrow(r1., m, p, r, a., a, - a[p.,r]); 

aid:=- abs(a[p.,jcrit]) X norm[:p]; if aid> crit then 
pegin crit:= aid; 1:=·p; j:= jcrit end 

end 

end eJ :f mjnation; 
r:=- n + 1; 

rank: rnkelm:= r - 1; au.x[l]:= 1 / m:lnpiv; aux[2]:= crit; 
aux[3] := det 

end rnkelm; 

' 
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:pescript~~? me.a, ~1.~0 
rnkelm.:= rank, r, of then X m matrix M given in arr~ a[l:n, 1:m]. 
In arr~l aux[0:3] one must give a relative tolerance, aux[O]. 
The Gaussian eliminated f'o11n of M is ovcz•written on a, and the pivotal 
row and col11nm indices are delivered in inte.e;~r ~!1:3-l ri, ci[ 1 :r]. 
Moreover, 
aux[ 1]::: reciprocal of the m1n1ITILUD absolute value of ''pivot / one-nonn 
of the corresponding row of M''; 
aux.[2] := maxillllun absolute value of 11 e]ement o:f the rema1ning 
(n - r) X (m - r) submatrix / one norm of the corresponding row of M'' 
if r < min(n, m), and otherwise O; 
aux.[3] :=- detern11nant of the principal submatrix of order r. 
rnkelm. uses maxeJmrow, ichrow and ichcol (chapter 20). 
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comment mca 2111; 
l?rC?,,ce.dli!~ solelm(a, n, ri, ci, b); val.11e n; integer n; arrai a, b; 
integer arrai ri, ci; 
begin integer r, cir; 

real w; 
s~i(, n, ri., b); 

1 

:for r: = n steJ? - 1 until 1 do 
begin cir:= ci[r]; if cir r then 

begin w:== b[r]; b[r]:= b[cir]; b[cir] :==wend 
end 

end aolelm; 

corro:oent mca 2112; 
integer ~rocedure rnk.solelm(a, n, aux, b); value n; integer n; 

u a a I a 

a;r~a~ a., aux, b; 
begin integer rank; 

integer ~~ra~ ri, c1[1:n]; 
:= rnksolelm:= IiJkelm(a, n, n, aux, ri, ci); 

if rank= n then solelm(a, n, ri, ci, b) 
end rnksolelln; 

con1ment mca 2113; 
procedure solhom(a, rank, m, k, ci, x); value rank, m, k; 

a 

integer cw.. , m, k; array a, x; integer ~r.ar ci; 
begin int~ge~ r, rk; 

rea1 w; 
rk:= ::l.4J. + k; 
f'or r:= -(..I;, ate,...., - 1 until 1 do x[r]:= - (ma .. tvec(r + 1, 

, r, a, x) + a[r,rk]); 
for r:= rank+ 1 ~te~ 1 until m do x[r]:= o; x[rk]:: 1; 
:for r: =- rank ste - 1 until 1 do 
begin k:= ci[r ; if k r then 

begin w:= x[rT; x[r]:= x[k]; x[k]:= wend 
end 

end solhom; 

' 
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Description ~c~ ~.11,1 
solelm should be called after rnk~lm (but o if t.be delivered 
equal.s n), and solves the linear system Mx = b, where M is the n :th 
order matrix whose Gaussian- eliminated foz"Dl and pivotal row and coJ1uon 
indices., as produced by rnkelm., are given in !?'("£B:,Y a[ 1 :n., 1 :n] and 
integer · ri., ci[ 1 :n), and where b is the vector given as 
~!~ b[l :n • 
The solution vector x is ove1·w1·itten on b, and sol leaves the other 
data invariant, so that, a.:f't.er one call of r:r·1kelm, several calla of 
sol.el.m may fol.low for so1v ......... ~ seve1"al sys · , having the same rre.trix 
but different righ ,-u d sides. 
sol.elm uses sol (mca 2101) and, indirectly., also matvec (mca. 2001). 

Descr1]2tion mca 2112 · 
- a r I a ii I a l SI 

rnksolelm:= - , r, of the n--th order rna.tri.x. M given in 
~7:ray a( 1 :n, 1 :n]. 
In arr~ aux[0:3] one must give a tolerance, aux[O]. 

I I 

If r = n, the linea,r system .Mx == b is solved, where b is the vector 
given as at""l.""'8.l b[ 1 :n], and the solution vector x is ove:x·w1·itten on b. 
The Gaussian eliminated form of M is ovex·written on a. 
Moreover, 
aux[ 1]: = reciprocal of the m1ninrurn absolute vs.Jue of ''pivot / one norx11 
of the correspond1.ng rov of M''; 
aux[2] := o; 
aux[3] := deter1r11nant of' M. 
If', however, r < n., then no solution is calc11Ja.ted and the effect of 
rnkso1elm is the sa,Itte as that of rnkelm. 
rnksolel.m uses rnkelm, solelm and, indirectly., a.l.so sol (mca 2101)., 
ma.tvec, maxe · "'ff. , ic "'Yt.1 and ichcol ( chapter 20) • 

Desc;r1:pt1:_op. me~ 2,113 
solbom should be ca] Jed after rti.kelm a.nd calc\J.1.ates the k-:th solution 
vector of the homogeneous system Mx == o, where M is the nJatrix vhoae 
Gauasial'.1- el im1nated fo1·10 ( or rather its first l"811k rows} and pivota.l 
colun:rn indices, as produced by rnkelm., a,re given in 
~·1:~ a ( 1 : rank, 1 : m] and iD;te~: !3,r;-~ ci [ 1 : rank], rank b,eing the 
rai1k of M delivered by rnkelm. The given 1.nteger k 111L1at satisfy 
1 < k < m - rank. 
The solution vector is delivered as !?:!~ x[ 1 :m]. 
CaJJ.ing solhom consecutively with k = 1~ • • , m - rank, one obtains a 
complete set of J inearly independent s,olution vectors of the 
homogeneous system. 
solhom uses matvec (mca 2001). 



• 
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~~·=n~t mca 2114; 
rool "" cm·· .edure invelm(a, n, aux); va.J.ue n; 1n~,e5e;=- n; a1·,~a1 a., aux; 
be5in in -~er p., q, r., 1, j; 
MI ~. 

11 

"' 

111 

l det 1 t tol · · real t, w, ·. · , p vo , co, · · , ma.x; 
inteji~ !3-!?"9 ri., ci[ 1 :n]; 
1·:~ j:• 1; pivot:= aba{a[1,1]); 
for p:• 1 .s~;p 1 until n do 
tor q:• 1 step 1 until n do if aba(a[p,q]) > :pivot then 
P,~i~ 1: = p;" j: == q; pivot:= abs(a[p.,q]) end; 
max:• pivot; d.et: • 1; co:= o; tol: =- au.x[o x max; 
for r: == 1 a1?ep 1 :m.til n do 
be.·.... if pivot < ·tol then 

,§in det:=- OJ aux[';]:=- - r + 1; goto exit end; 
if 1 fr then . 
begin det: == - det; ich:row( 1, n, r, i, a) end; 
ffjtrthen 

. in det: = - det; ichcol( 1, n, r, j, a) end; 
ri r :• 1; ci[r]:= j,; w:== a[r.,r]; det:= det X w; 
a[r,rl:• 1 / w; 
for q:= n ate ....... - 1 until r + 1, r - 1 ate 
a r,q]:= a. r.,qJ / v; pivot:= O; 

1 until 1 do 

for p:• 1 ate- 1 until r - 1 do 
b~in t:= - a p,r"]; a['p,r]:=z O; eJ1rxrow(1., n, p, r., a., a., t) 
end; 
for p:= r + 1 ate- 1 until n do 

• 

~n t:• - a[p,r; a(p.,r]:= O; elmrow(l, r., p, r 1 a, a, t); 
q:= rma.xeJ1,arow(r + 1, n., p, r, a, a, t); 
if' abs(a[p,q]) > pivot then 
?~~ 1:= p; j:= q; pivot:= abs(a[p.,q]) end 

end . 
end e11m:t.nat1on; • 

for p:• n ste - 1 until 1 do 
l?ei!:!1 for q:= 1 a~~~p l rmtil n do if abs{a[p,q]) > co then co::: 

'· abs a p,q]); r:= ci[p]';' if' r + p then ichrow( 1, n, p., r, a) 
.,...·d· • ~.a;:· .. , 

for q:= n ate·.· · 1 until 1 ao 
bei · r: =- ri q); if r q then ichcol.( 1, n., q, r, a) end; 
&.UXi'• 1] :• :me.x x co; 

exit: inTelm:= det • 

end invelm.; 

• 



Description mca 2114 
invel.m: = detet·minant o:f the n-th order ma.tri:x M given in 
array a[l:n, 1 :n]. In arrar aux.[0:1] one must give a relative 
tolerance., aux(O]. ea 
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The inverse of' M is ......... calculated and ovt::I'written on a, and aux[ 1] := the 
:product of the ma.ximum nor-m of M and that of its calculated inverse, 
this being a condition number of M. 
If, however, Mis singular {more precisely, if, at some stage, the 
absolute value of the pivot is smaller than aux[O] X the 1naxinrum norm 
of M), then the calculation is discontinued, invel.m:= O, and aux[l]:= 
minus the of M. 
invelm uses elmrow, maxeJmrow, ichrow and ichcol (chapter 20) • 

• 



Section 212 Band ma.trices 

The procedures of this section solve a system of linear equations 
whose matrix is in band form and/ or calculate the dete:r:1njnant of' a 
band matrix: 
detsolbnd solves a system of' linear equations and calculates the 
determinant of the system; 
detbnd calculates the determinant; 
solbnd solves a system of linear equations whose matrix is given in 
the Gaussian eliminated foni1 :produced by detbnd. 
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One call of' detbnd followed by several calls of solbnd xnay be used to 
solve several linea.r systems having the same matrix, but different 
right-hand sides. · 

The method used is Gaussian eli_Inination with stabilizing row 
interchanges (partlal pivoting) [2, p.94] [3, p.204] [7]. Complete 
pivoting is superfluous if' the band width is small (certainly if it 
is much smaller than the number of bi ~ - digits in the nt1mber 
representation). 
If' the given matrix M has lw nonzero codiagonals to the left and rw 
to the right of the main diagonal, then the Gaussian elimination 
yields a unit lower-triangular band matriX L of' Gaussian multipliers 
having lw nonzero codiagonals, and an upper-triangt1]ar band matrix U 
of the resulting equivalent system having lw + rw nonzero codiagonals. 
The Gaussian eJjmjnation is performed inn steps. In the k-th step, 
k = 1, ••• , n, a ''pivot 11 is selected in the k-:th col11n,n of the 
remaining submatrix of order n - k + 1 (which col1.m1n contains at most 
lw + 1 nonzero el.exrients); then the pivotal. row is interchanged with 
the k-th row; subsequently, the k:-:th ''t1nkPo'Wil" is eliminated in the 
last n - k rows {at most the f'irst lw rows of which are_involved). 
The pivot is selected in such a wa:y that its absolute value divided by 
the Euclidean norm of' the corresponding row o:r M, is ma:x.1mal. Thus, 
matrix M is ''equilibrated'' in this pivoting strategy such that the 
rows effectively obtain unit Euclidean norxn. 
If M is singula.r (i.e .. if, in some step, the absolute vaJue of the 
:pivot is smaller than a given relative tolerance times the Euclidean 
norm of the corresponding row of M), then the eJ1m1nation is 
discontinued and O is delivered as the detennina.nt value. 

The solution x of' the linear system Mx = b is obtained by carcying out 
the co1:·respondin,g elimjnations on b, thereby yielding a vector y 
(say), and then solving the system lJx = y (back subtitution) .. 
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corranent mca 2120; 
reeJ Eroced11re detbnd(a, n, lw, rw~ aux, m, p); value n, lw, rw; 
integernn, lw, rw; integer ar-ra;t: p; ~::rc:l a, m, aux; 
}>e~i:11 integer i., j., k, kk, kk.1, pk., mk, ik, lwl, f, q., w, wl., 'W2, iw, 

nrvr; 
real r, s, nonn, eps., min., det; 
!'X!~ v[ 1 :n]; 
f:= lw; det:= 1; w1:= lw + rw; w:= wl + 1; -w2:== w - 2; iw: 3 O; 
nrw: = n - rw; lvl: = lw + 1 ; q: = lw - 1; 
for 1:= 2 s~e~ 1 until lw do 
pefai!!_ q: ~ q - l; iw: = iw + wl; 

:for j:= iw - q ~tep 1 until. iv do a(j] := 0 
end; 

1; j:= rw - 1 ; norm:= o; iw:== - w2; q:= nrw + w -
for i:= 1 s~eF 1 until n do 
begin iw: = iw + w; if i < lw1 then iw: == iw - 1; 

r:== v[i}:= sqrt"(vecvec(iw, iw + (if i < lw then j + 1 else 
if 1 > nrw then q - i else vl), O, a, a)); 
if r > not-in then norni: ::;;;; r 

end;· 
eps:== aux[OJ; min:= 1; kk: == - w1; mk: 2 - lw; 
if f > nrw then w2:= w2 + nrw - f; 
for k: == 1 ~~e;p 1 unti1 n do 
begin if f < n then f:= f + 1; ik:== kk.:== kk. + w; mk:== mk. + lw; 

end: 

- s:= abs(a[kk)) / v[k]; pk:= k; kkl ::a: kk + 1; 
for i: == k + 1 ste·..,.... 1 until f do 
beg1.n ik:= ik + -wl; m[mk + i - k] := r:= a[ik]; a[ik] :== O; 

r:== abs(r) / v[i]j if r > s then 
begins:= r; pk:= i end 

end; · 
if s < min then min:= s; if s < e:ps then 
begin detbnd:= O; aux[l]:== 1 -k; aux[2]:= s; oto end end; 
if f > nrw then 'W2: = w2 - 1; p[k] :== pk; if' pk k then 
qeg;!_!! pk:= pk - k; ichvec(kkl, kkl + "W2, pk X wl, a);' , 

det: = - det; r: = m[mk + pk]; m[mk. + :pk]:= a[kk]; 
a[kk]: == r 

end 
else r:= a[kk.]; det:= r x det; iw:= kk1; lwl: == f' - k + mk; 
for i:= mk + 1 ste 1 until lw1 do 
}?_~gin m(i]:= s::.: mi] 7 r; iv:== iw + wl; 

eJmvee(iw, iv+ 1'2, kkl - iw, a., a, 
end 

end; 
aux[ 1 ) : == 1 / min; detbnd: • det; aux[2] : == min; 

s) 

end detbnd; 
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Des~r~p~io~. ~c~ 2120 
detbnd::a deterrnjnant of the n-th order band matrix M having lw 
codiagonals to the left and rw- to the right of' the ma tn d:Lagonal., and 
which is given in a.rrai a[1: (lw + rw) X (n - 1) + n] in such a way 
that the (i,j)-th eJ~ment of Mis a[(lw + rw) X (1 - 1) + j) for 
i ~ ,, ••. , n and j = max(1, i - lv), .•. ., min(n., 1 + rw). The values of 
the :remaining elements of a are irrelevant. In a.1·ray au.x[0:2], one 
must give a relative tolerance, aux[O]. 
The uppe:r-t,ria.ngt,Jar band matrix U resulting from the Gaussian 
eJ1rn1nat:t.on 1s delivered in a such that the (1., j) ..... th elerr1ent of' U is 
a[(lw + rw) X (i - 1) + j] for 1 = 1, ••• , n and 
j - 1, ••• , m1n(n, i + lw + rw); the matrix L., of Gaussian 
1c1:t1l tipliers., is del.ivered in a.r"t"ay m[ 1 : lv X {n - 2) + 1] such that 
the i-:th 1rruJ.,tiplier of the j-th step is m[ lw X ( j - 1 ) + i - j ] 
for j = 1, •.. , n - land 1 a j + 1, •.• , min(n, j + lv); 
the pivotal indices are delivered in integer a.rray p[ 1 :n]. 

I 

Moreover, 
aux[2): = min11t1um absol.ute value of 1'pivot / Euclidean nor•,11 of the 
corresponding row of M''; 
aux[l]:= 1 / aux[2J. 
I:f'., however, M is singular, then the Gaussia.n elirr1jnation is 
discontinued., detbnd:= O., aux[l]:= roj.nus the previous step nlirriber, 
and aux[2]:= absolute value o:r the last (rejected) pivot / Euclidean 
norm of' the corresponding row of' M. 
detbnd uses vecvec, e)mvec and ichvec (chapter 20). 

• 

• 

• 
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cortm1Cnt mca 2121 ; 
P~,c.edu;r:e solbnd(a., n., lw, rw, m., p, b); value n., lw, rw; 
~P~&~r n., lw, rw; integer ai:-raz p; arrai a., b, m; 
~~61? integer f, i, k, kk., w., w1, w2, shif't; 

reals; 
f:: lw; shift:= - lw; w1:::: lw -
fork:= 1 ate 1 until n do 

1; 

be5in if f < n then f: = f + 1; shift:= shift + wl; i: == p[k]; 
' s: = b [ i] ; if i · k then 

begin b[i]:== b[k]; b'[k]:= send; 
eJmvec(k + ·1, f., shift., b., m., - s) 

end· __ , 
w1:::: lw + rw; w: = wl + 1; k.k: == (n + 1) x w - wl; w2: == -
shift :::a n x wl; 
for k: = n ste;E_ - 1 1.U1til 1 do 

t ii I 

begin kk:: = kk " .. w; shift:= shift - wl; 

1; 

' 

1:f w2 < w1 then 142: == w2 + 1; 
bfk) := (b[k'] ' ·vecvec(k + 1, k + -w2, shift, b, a)) / a[kk] 

end 
end solbnd; 

• 

.. 



Descril?~i?n,, mca 2121 
solbnd should be called after detbnd (but only if' the dete:r1ni nant is 
not zero), and solves the linear system Mx = b, where M is the n-th 
order band matrix having lw codiagona..ls to the left and rw to the 
right of the main diagonal., and whose Gaussian eliminated form and 
pivotal row indices, as produced by detbnd., a.re given in 
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a1·ra1 a [ 1 : ( lw + rw) X ( n - 1 ) + n] , m[ 1 : l.w X ( n - 2) + 1 ] and 
1nt'eger ~l'"~,i p[1:n]., and where bis the vector given as array b[l:n]. 
The solution vector xis ovtrwrltten on b. 
solbnd leaves a., m and p invariant., so tba.t., after one call of detbnd., 
several eal J e of solbnd may follow for solvfng several. syst.erns having 
the same band 1oa.trix but different right-band sides. 
solbnd uses vecvec and eJmvec (chapter 20). • 

• 

• 

• 



connnent mca 2122; 
rea.I ;pi;o,c~.~~~ detsolbnd(a., n, lw, rw, aux, b); va.]_11e n, l.w, rw; 
integer n, lw, rw; ar:r-ay a., b, aux; 
begin integer i, j, k, kk, kk:1, pk, ik, lwl, f, q, w, w1, -w2, iw, 

nrw, shift; 
realr, a, nortn, eps, min, det; a.rrai m[O:lw], v[1:n]; 
f:= lw; det:= 1; wl:= lw + rw; w:~ wl + 1; w2:= w - 2; iw:= O; 
nrw:= n - rw; lw1:= lw + 1; q:= l.w - 1; 
f'or i: = 2 !3t,ep 1 until l.w do 
begin q:= q - 1; iw:= iw + wl; 

for j:= iw - q stel? 1 until iw do a[j]:= 0 
end; · 
nOI'lll:= o; iw:= - 'w2; q:= nrw + -w - 1; j:= rw -
f'or i: = 1 .s~.~I> 1 until. n do 
begin iw:= iw + w; if i < lwl then iw:= iw - 1; 

1; • 

end; 

r:= v[i]:= sqrttvecvec(iw, iw + (if i < lw then j + 1 else 
if i > nrw then q - i else wl), o, a, a)); 
if r > norm then norm:= r 

eps: == aux[O]; min:= 1; kk: = - w1; 
if f > nrw then -w2:= 'W2 + nrw - f; 
fork:= 1 stel? 1 until n do 
be~in if f < n then f:= f + 1; ik:= kk:= kk + w; 

' 's: = abs(a[kk]'J · / v(k]; pk:= k; kkl: = kk + 1; 

end: 

for i:= k + 1 ate~ 1 rmt~l f do 
begin ik:== ik +· wl; m(i' - k]:= r:=- a[ik]; a[ik] :=- O; 

r:a abs(r) / v[i]; if r > s then 
befiin s:== r; pk:== i end 

end; 
ifs< min then min:= s; ifs< eps then 
begin detsolbnd:== o; aux[TT:== 1 - k; aux[2] := s; goto end 
end; 
if f > nrw then 'W2 : == -w2 - 1 ; if pk + k then 
begin pk:= pk - k; ichvec(kk.1, kk.1 + 'W2., pk X wl, a); 

end; 

end 

det: == - det; r: == b[k.]; b [k]: == b [pk + k]; b[pk + k]: =- r_; 
r:• m[pk]; m[:pk]:= a[kk]; a[kk.]:= r 

else r: :a a[kk); det: = r X det; iw: == kkl; lwl: = f" - k; 
for 1:= 1 step 1 until lw1 do · 
~~§in m[i]:= s:= m[i]' / r; iw:= iw + w1; 

elmvec(iw, iw + -w2., kk.1 - iw, a, a., - s); 
b[k + 1]:= b[k + i] -b[k] X s 

end 

aux[ 1] :• 1 min; detsolbnd: = det; aux[2] :=- s; 
kk: = (n + 1 X v - wl ; w2: == - 1; shift:= n X wl; 
:fork:= n step - 1 until 1 do 
begin kk: = kk. - w; shi:ft : = shift - wl ; 

if w2 < wl then w2 : = w2 + 1 ; 
bfk]:= (b[k] - vecvec(k + 1, k + w2, shift, b., a))/ a[kk] 

end; 

end detsolbnd; 
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Description mca 2122 
detsolbnd: = determinant of the n-th order band ma.triX M having 1.w 
codiagonals to the left and rw to the right of the main diagonal., and 
which is given in array a[1 : (lv + rw) X (n - 1) + n] in such a way 
that the (1, j)~th element of Mis a[(lw + rw) X (i - 1) + j] for 
i = 1, ••• , n and j = ma.x(l, 1 - lw), •.. , m1n(n, 1 + rw). The values of 
the remaining elements of a are irrelevant. In arraz aux[0:2], one 
must give a relative tolerance, aux[O]. 
The solution vector x o:f the linea.r system Mx = b, where b is the 
vector given as a.rrai b [ 1 :n], is cal.cu] ated and ove1·w1•i tten on b. 

I 

The upper-trianguJar band matrix U resulting from the Gaussian 
elimination is ovt:rwritten on a (in the same way as 1n detbnd). 
Moreover, 
aux[2] : = mini m11m absolute value of '':pi vat / Euclidean norrr1 of the 
corresponding row o:f M11

; 

aux[l]:= 1 / aux[2]. 

• 

If, however, M 1s singular, then the Gaussian elimination is 
discontinued, detbnd: == 0, aux [ 1 ] : = minus the previous step n11mber, 
au.x[2] : - absolute value o'f the l.ast (rejected) pivot / Euclidean no:r:·10 
of the corresponding row of M, alld no solution vector is calcliJ ated. 
detsolbnd uses vecvec, ~Jmvec and ichvec (chapter 20) • 

• 

• 
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CHAPTE:.R 22 

POSITIVE DEFINITE 

• 

~TRIC UNEAR SYSTF!MS AND MATRIX INVERSION. 

This chapter contains :procedures f"or solving systems of" linear 
equations and for matriX inversion, :provided the matrix is positive 
definite s~mmetric. Moreover section 221 contains procedures for 
caJ.cu.lating the · and solving a homogeneous system whose matrix is 
:positive definite s:y11unetric., and section 224 contains proced1.1res :for 
solving linear least squares problems. 
In sections 220 and 222 (the latter section deals with band matrices) 
the ordiYl -- Choleslcy' method is used and in section 221 Cholesky with 
pivoting a.long the ma.in diagonal.. The latter method is indispensable 
f"or dett:no1 ning the - .,..i. of singi..1J .. ar positive sem1.defin1 te syn1rnetric 
1natrices and for solving homogeneous systems. 
Section 224 uses Householder transfo:r1rations with :pivoting [10]. 

For large order n., the computation time for solving linear systems and 
:for matrix inversion is :proportional to n cubed, and about one ha.J.f' 
of the t1rne required for the general case (sec chapter 21). 
Pivoting along the main diagonal requires extra computation time which 
is :proportional to n sq1.1a:red, and., thus, small. with respect to the 
total t:i roe :for (very) large n. 
The procedures exist in two versions; one version uses the upper 
triangle of" a two· d:imensional a:rray f'or the matrix and the other a 
one d1:rnensional ar-re.y, so that,. in the latter case., the memory space 
occupied by the matrix is cut nearly in half' (8]. In the one
dimensionaJ array, the elements of' the upper triangle of the matrix 
a.--,-e equidistant in the col11rnns but not in the rows, so that special 
procedures for handling these rows are needed. 
In_the MC ALGOL 60 system for the X8, a large :positive definite 
syxnmetric matrix given in a t n-- ·mensional array is inverted faster 
than one given in a one djme~sional array, because the procedures 
mca 2000 to 2005 are available in machine ~ode, but mca 2006 is not. 
A similar statement holds for solving many (at least n/2, say) linear 
syst.eros having the Rame :positive definite SY1t1Inetric matrix, but 
different right-hand sides. 
The procedt1res of section 222, for solving linear systems with 
positive definite sy1l)Tl']etric band matrices., save a considerable amount 
of' computation time and memory space, if the band v.ldth is much 
smaller than n. 
For large matrices., the computation time is proportional to n x the 
square of the band width. 



'.11his section contains procedures for solving linear systems and 
inverting ma.trices., provided the matrices are :positive definite 

for 

solve a system of linear equations and 
of the system; 
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syJlT«letric: 
detsols ~· 
calculate 
detinvs 

and detaolsym.1 
the deter.ro:Jnant 

and detinvsyml calculate the dete:rminant and inverse of a 
matrix; 
dets and detsyml calculate the determjnant of a matrix. 
The other procedures of this section are to be used in combjnation 
with dets J"WI' or detsym1 for solving a 11nea.r system (or severa.J 
systems having the sa;me ma.trix but different right-hand sides) or for 
inverting a matrix • 

• 

The method used is Cholesky' s square ~oat method without pivoting· 
[2, p.117] [3, p.229] ·[4] [5] [8]. If the given syrmnetric matrix M is 
positive definite, then the method yiel.fu3 an upper-triangular matrix 
u, the ••cholesky ma.trix11 of M, such that u•u eq11a,],a M; moreoverJ the 
deterni:i.nant of M is delivered, cal.c11Jated as the product of the 
squares of the diagonal elements of U (and., thus, al'W'8-ys positive). 
The process is completed in n stages, each stage producing a row of U. 
However, the process is discontinued if at some stage, k, the k-th 
diagonal element of' M minus the s11m of the squared elements of the 
k-th col11ron of U (the sqrt of this quantity being the ~-th diagonal 
e]vement of U) is not positive, meaning that M, perhaps modif'ied by 
rounding errors, is not positive definite. In that case, instead of 
the deter:rujna.nt, minus the last stage n1.1mber k is delivered. 

The solution of the 1inear system U'Ux = b is obtained by solving 
U1 y = b (forward substitution) and Ux =- y (back substitution). 

The inverse, X, of U'U is obtaiped from the condition that UX be a 
lover-tria.n---\,.L,, ar matrix whose main diagonal. elements are the 
reciprocals of the diagonal elements of U [4, p. 34-38]. 

The procedures mca 2200 - 2204 use the upper triangle of a two
d1mensional a,:rr!3-l a[ 1 :n, 1 :n] in which the upper triangle of' M or U 
must be given and the upper triangle of U or X is delivered. Thus, 
a[i., j) is the (i, j)-th element of the ma.trix only for i < j. The 
elements a[i., j] for i > j a.re neither used nor changed. 
The proceduxes mca 2205 - 2209 use a one djmensionaJ 
axrai a[1 : (n + 1) X n: 2] in which the upper triangle of Mor U 
must be given and the upper triangle of U or X is delivered in such a 
way that the (1, j)-th element o:f the matrix is a[(j - 1) x j : 2 + i) 
:for 1 < i < j < n. 
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co1tunent mca 2200; 
real Frocedl1re dets rm ( a., n); value n; ,integer n; !3

0
rrai a; 

b~~ip. ~nte~~~ k, j; real r, d; 
d:= 1; 
:for k:= 1 ate~ 1 until n do 
?~Pi.in r: =- a ,k] - taJrurat 1, k - 1, k, k, a., a); 1:f r < 0 then 

begin dets := - k; ~oto end end; 
d:= r x d; a[k,k]:= r:= sqrt(r; 
for j: = k + 1 ste·-n 1 until n do a[k., j] : = ( a[k., j] - ta,tt1t11at( 11 

k - 1, j, k., a, a)/ r 

end: 

end; 
deta, ...... 

end dets .. p 

·= d• . , 

• , 

co1r,r.r1ent mca 2201; • 

12:r,'?c,edur,e sols ( a., n., b) ; valaue n; in:t,~~er n; ~r~l a, b; 
be6in integer 1; 

until n do b[i]:= (b[i] - tamvec( 1, 1 -:for 1:~ 1 ste 1 
a, b)) / a i.,1]; 
for 1:• n ate·~ -
a, b)) / a i,i] 

1 unt11 1 do b[i]:a (b[i] - matvec(i + 1., n., 1., 

end sols""" ; 

con:anen t me.a 2202; 
real pro_csea<l:U!e detsols :TWI' ( a., n, b); val.ue n; 
b.e~in real det; 

detsols := det:= dets (a., n); 

integer n; arra;t: a., b; 
! I 

if det > 0 then sol. {a., n., b) 
end detsols 

• 

co,mnent mca 2203; 
l?F.09e,d~e invs"'r ( a, n); va.J.ue n; inte er n; !3X!:_B~ a; 
b,egiD;, real r; ~p.~es,er 11 j, i 1; arr!:l: u 1 :n]; 

for i:= n ste - 1 until 1 do 
}>e§~ r:== 1 a.[1,11';"

1

i'1:= i + 1; 
for j:a 11 ste 1 until n do u[j]:= a[i,j]; 
for j:~ n ste·~ - 1 rmtil 11 do a[i,j]:= - (tarovec(il, J, j# 
a., u) + matvec{j + 1, n., j, a, u)) X r; 

· a[i,i]:= (r-matvec(il., n., i, a, u)) X r 
end 

• , 

co1r11rrent mca 2204; 
real. Froce

0
dt1r,~ detinvs n-n• (a., n); value n.; inte5er n; ~rey a; 

?e§,iJ?: real det; 
detinvs := det:= dets ~(a, n); if det > 0 then invs~r (a., n) 

end detinvs rn'l~ ; 
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Descri tion mca 2200 
dets :~ determinant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in array a[ 1 :n., 1 :n]. 
Moreover, the Cho1esky matrix of M is calculated and overw·ritten on 
the upper triangle o:f a. 
If, however, Mis not positive definite, the Cholesky decomposition is 
discontinued and dets : = minus the last stage n111nber. 
deta uses +.ananat (mca 2004). 

Descri tion mca 2201 
sols ...... solves the n-th order linea.r system U 'Ux == b., where U is the 
upper-triangtl)ar matrix, given in the upper triangle of 
~!':r~l a[ 1 :n, 1 :n]., and b is the vector given as a:x·ry b[ 1 :n]. 
The solution vector X is OVE::l"written on b. . a' 

If U is the Cholesky matrix of a positive definite synm,etric matrix M, 
as produced by dets $ then the calc11J.ated solution vector x is the 
solution of the linear system Mx = b. 
sols leaves the elements of a invariant., so that af t:,er one call o:f 
dets severa1 ca1ls of solsr7\'t may follow for solving several 
linear systems having the same matrix but di:ff'erent right,.-ha.nd sides. 
sols uses matvec and tamvec (section 200). 

Deacri~tion mca 2202 
5 I d O II 1 C C 5 ll I C C C 

detsols := det~x"Il1:Inant of the n-th order positive def'inite sy1ronetric 
matrix M whose upper triangle is given in ar:r~ a[l:n, 1:n]. 
Moreover, detsols solves the J.:1near system Mx = b, where the vector 
b is given as ~rray b [ 1 : n] • The solution vector x is overwritten on b 
and the Cholesky matrix of Mis overwritten on the upper triangle 
o:f a. If, however, M is not positive definite., then the Chole 
decomposition ia discontinued., no solution is cal.c11Ja.ted., and 
detso1a ~~ : = minus the last stage n11mber • 

• 

detsols uses dets 7TYI sols,nrl and, indirectly-, also matvec, tnrnvec 
and taxornat (section 200 • 

DescriEtion mca 2203 
'::tnvs • ¼, cal.'c1iJ.ate's the inverse, X, of the matrix U'U, where U is the 
upper-tria.n ....... ar matrix given 1n the upper triangle-of 
ar::':l a[ 1 :n., 1 :n]. 1l 1he upper triangJ e of X is overwritten on a. 
invs 1r· uses rnatvec and tamvec ( section 200) • 

• 

Descri~tion mca 2204 
detinvs : = dett:naJ nant o:f the n-th order ]?OBi ti ve def'ini te 
symmetric ma.tric M whose upper triangl.e is given in a.rr ..... a[ 1 :n, 1 :n]. 
Moreover., the upper triangle of the inverse of M is ca..a..c ...... ated and 
ovet·written on a. 
If, however., Mis not positive definite, the Cholesky decomposition is 
discontinued and detinvs PT'r\c::. : =z minus the last a e n11rnber. 
detinvs uses dets , invs and, indirectly, also matvec, tamvec 
and ta.rmnat (section 200). 



44 

comment mca 2205; 
real :pr~ced11r~ detsyml ( a., n); val.11e n; integer n; arra1 a; 
begin integer 1, j, k, kk, kj, low., up; 

rw a , 

real d, r; 
d:=- 1; kk:= O; 
:for k: =- 1 s:t,.ep 1 until n do 
begin kk:::a: kk + k; low:= kk · k + 1; up:== kk - 1; 

r:= a(kk.] - vecvec(low., up, o, a, a); if r < 0 then 
begin detsyml: = - k; goto end end; 
d:= d X r; a[kk.]:= r:~ 'sqrt(r); kj:= kk + k; 
for J:= k + 1 ate 1 until n do 
]:>egin a[kj] :== a kj] - vecvec l.ow., up, kj - kk., a, a)) / r; 

kj := kj + j 
end 

end; 
detsym 1 : = d; 

end: 
end detaym 1 ; 

co1trment mca 2206; 

• 

proc~_dw,::e solsyml(a., n, b); va.Jue n; integer n; ar~ay a, b; 
begin integer i, ii; 

11 := o; 
:for i:= 1 ateE 1 until n do 
- U I I 

begin ii:= ii+ i; 
b[i]:= (b[i] - vecvec(1, 1 - 1, ii - i, b, a))/ a[ii] 

end; 
for i:== n ste-Y'I - 1 rmtil 1 do 
?eg~ b[i] := b[i] - seqvec"(T + 

ii:= ii - i 
end 

end so1sym1 ; 

cozrirnen t mca 2207; 

• 

1, n, ii+ i, o, a, b)) / a[ii]; 

real procedure detsolsyml (a, n., b); valu.e n; integer n; ax·r~l a., b; 
1>.e~~n real dei'; 

d.etsolsym1: = det: = detsyml (a., n); 
if det > 0 then solsyml(a, n., b) 

end detsolsyml; 



Descri~tion mca 2205 
a ½ta a so 

detsym 1 : =- determj nant of the n-th order positive definite s Ti.u.i. tri c 
matrix M whose upper tri:::u. e is given in 
array a[1 : (n + 1) X n_: 2]. 
Moreover, the Cholesk:y matrix of M is caJ.cuJ.ated and oveI·written on a. 
If, however, Mis not positive definite, the Cholesky decom:position is 
discontinued and detsym1:::z minus the last stage number. 
detsym1 uses vecvec {mca 2000). 

Descri~tion mca 2206 
I i -. J 

solsym1 solves the n-th order ]jnear systern U'Ux == b 
upper-t.rian ,...... matrix, given in !!:!!& a[ 1 : (n + 1 
is given as ~r~az b[1:n]. 
The solution vector xis overwritten on b. 

where U is an 
X n : 2] and b 

If' U is the Cholesky ma.tru of a positive definite syn11r1etric matrix M, 
as produced by detsym.1., then the cal.cula.ted solution vector x is the 
solution of the linear syste1n Mx ::a b. 
solsyml leaves the elements of a invariant, so that a.t'ter one call of 
detsym.1 several calls of solsym1 may follow for solving several linear 
systeins having the same ma.trix but different right-hand sides. 
solsym.1 uses vecvec and seqvec {section 200). 

p~sc~~Ftio~ ~c~ 2207 
detsol.syml:= deter.111jnant of then-th order positive definite s:y1n1oetric 
matrix M whose upper triangle is given in 
a

1

:rra1 a[1 : (n + 1) x n: 2]. 
Moreover, detsolsym1 solves the linea.r system Mx =- b, where the vector 
bis given as a:rray b[l:n]. 
The solution vector x is ove:c·wri tten on b and the Cholesk.y matrix of M 
is ove:c·w.t: 1 t ten on a. 
If, however, Mis not positive de:finjte, tben the Cholesky 
decomposition is discontinued, no solution is calculated, and 
detsolsyml: == minus the last stage number. 
detsolsyml uses detsym.1, solsyml and, indirectly., also vecvec and 
seqvec (section 200). 
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conunen t mca 2208; 
J?!OC

1
e,a~_re invayml (a, n); va.J,.ie n; _i,nt~_e;er n; arraz a; 

begin inteser 1, ii, 11, j, iJ, jj; 
real r; a 

array u[ 1 :n]; 
ii:; (n + 1) X n: 2; 
:for 1:=- n ate:- 1 until 1 do 
begin r:~ 1 a[ii]; il:= i + 1; ij:~ ii+ i; 

for J:~ 11 ate 1 until n do 
be~in u[j]:~ a ij]; ij:= ij + j end; 
for j : :::: n ste"'"' - 1 until i 1 do 
begin jj:~ ij - 1; ij:= ij - j; 

a[ij]:= - (vecvec(il, j., jj 
n, jj + j, o, a, u)) X r 

end; 

- j, u, a)+ aeqvec(j + 1, 

a ii]:• (r - seqvec(i1., n, 
end 

11 + 1., o, a., u)) X r; ii:= ii· i 

end invsym 1 ; 

co1tonent mca 2209; 
real ;e-o,':~~~e detinvsyml (a, n); value n; i?~.e~e;r n; a,rrai a; 
besin real det; 

"detinvaym1: == det: = detsym1 (a., n); if' det > 0 then i.nvsyml (a, n) 
end detinvsym 1 ; 

• 

• 



Descri~tion mca 2208 
•Y 5 ; & I I a I 

invsyml calculates the inverse, X, o~ the matrix U'U 
u:pper-triangula.r matrix, given __ 1n a,rr!:1:1 a[ l : (n + 1 
The upper triangle of Xis overwritten on a. 
invsym1 uses vecvec and seqvec (section 200). 

Descri~tion mca 2209 ---! ll I 

where U is an 
X n : 2]. 
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detinvsym1:= detern1inant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in 
~~rai a[1 : (n + 1) X n: 2]. 
Moreover, the upper tria.ngl.e of' the inverse of' M is calc11J.a.ted and 
overwritten on a. 
If', however, Mis not positive definite, then the Cholesky 
decomposition is d:lscontinued and detinvsym1:== minus the last stage 
nu:ruber. · 
detinvsym1 uses detsyml, invsyml and, indirectly, also vecvec and 
seqvec (section 200). 

• 
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Section 221 Cholesky decomp9siti~n :w~t~,F~~o~~ng 
1 a a a 

This section contains proced11res for calculating the (;,1,,1.,1.,1, of' matrices, 
for solving linear systems and for inverting matrices, provided the 
matrices are positive definite synanetric: 
rnk ,.,,,,. 0 and rnksymlO calculate the -0..1..1.. of a :matrix; 
rnksol rn,~ O and rnksolsymlO moreover so1ve a linea.r system., and 
rnkinvs O and rnkinvsym.10 invert a matrix; 
sols ~ .... "'om solves a system of homogeneous linea.r equations .. 
The other procedures of this section are to be used in combination 
with rnkr:; 'ID O or rnksym10 for so1ving a l..inea..r system (or several 
linear systems having the same matrix but different right-band sides) 
or f'or inverting a rr.a trix., 

The method used is Cholesk.y 1 s square ~oot method ( see section 220) 
with pivoting al.ong the ma.in diagonal .. If the given syrmnetric matrix M 
is :positive semi definite, then the method yields an upper-tria.n ....... ar 
matrix u, the '1:pivotr-Cholesky matrix'' of M, such that the product U 'U 
equals M with permuted rows and. col1.1rana. If the -::1.LJ. , r, of M is 
smaller than the order n, then the last n - r rows of U (nearly) 
vanish. 
The process is perforrued in at most n stages. At the k-th stage, the 
k;-t,h row and column are interchanged with the p[k]-th row and col,11rrrt1, 
(thus preserving the symmetry), the k:-th ''pivotal index'' p[k] being 
chosen in such a -way that the diagonal. elements of U t11rn out to be 
monotonicaJ,Jy nonincreasing, and then the k-th row of U is produced. 
The process is tern1jnated if' at some stage, k, the k:-th pivot (1. e. 
the ma.xinrt1m diagonal element of the rema.ining submatrix of order 
n - k + 1, the sqrt of this quantity being the k-th diagonal element 
of U) is negative or sn:a.ller than some tolerance, viz. a given 
relative tolera.n.ce times the maximLtm diagonal element of M ( the 
maxjm.1Jm diagonal_ element being equal to the maxim11m norm of M, if M is 
positive sem1definite). If no such k exists, then n is delivered as 

' 

the ~. of M. Otherwise., the ma.xim11m absolute value of the elements 
of the remaining submatrix of' order n - k + 1 is cal.cul.ated. If this 
is smaller than twice the tolerance, then k - 1 is delivered as the 
rank of the positive semidefinit.e matrix M; otherwise, M is apparently 
not positive semidefinite, and., instead of the rank., the value - k is 
delivered. 

The solution of the linear system Mx =bis obtained by first 
interchanging the elements of b in the ~a.me way as the rows (and 
coluiar1s) of M., subsequently performing forward and back substitution 
(see section 220) and fina........., c ~ - ng out the same interchanges in 
reverse order ( ''reverse correspondence 11

) on the elements of the 
solution vector. 

The inverse of U'U is obtained by calling invs or invsym1 (section 
220) • Then, the inverse of M is obtained by interchanging the rows and 
col1.1n1r1,s in reverse co1rrespondence with the interchanges of the rows 
and col11m:n.s of M. 
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A homogeneous linear system Mx == o, where M is an n-:th order positive 
semidef'inite symmetric ma.trix o:f ;;w..&.. r, is obtained as :follows. 
Let V be the r-th order upper-triangular matrix consisting of the 
:first r columns of' the pivot-Cholesky ma.trix U of M and W the 
r X (n - r) matrix consisting of' the remaining part of the first r 
rows o:f U (the other rows of U are negligeable). First, the system 
VY = - W is solved (back substitution). Then Y and the (n - r)-th 
order identity matrix a-re combined to form a single r x n matrix; its 
rows are then interchanged in reverse co1=res:pondence with the 
interchanges of' the rows and col111nns of M. The col1.1rnna of the 
resulting matrix f'orm a complete linearly independent set of ao1ution 
vectors of the homogeneous system. 

The proced11res mca 2210 - 2214 and 221a use the upper triangle of a 
two-d.1mensional f',;t·,r!3-z a[ 1 :n, 1 :n] in which the upper triangle of' M or 
U must be given and the upper triangle of U or Xis delivered. · 
Thus a[ 1., j] is the ( i., j) - th element of the matrix only for i < j. 
The elements a[i, j] for i > j are neither used nor changed. (Only 
mca 221a delivers a rectangi.iJar matrix involving some elements in the 
lower triangle of a as well.) 
The proced1.Jres mca 2215 - 2219 use a one djmensional a.rray 
a[1 : (n + 1) X n: 2] in which the upper triangle of Mor U must be 
given and the upper triangle of' U or Xis delivered, in such a way 
that the (1., j)--th element of the matrix is a[(j - 1) X j : 2 + i] for 
1 < 1 < j < n. 

• 

• 
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comment mca 2210; 
~~t~~e! E~cedur~ rnk rm' O(a, n., p, aux); value n; integer n; 
integer, ~r~'l :p; ar~·a;v: a., aux; 
begin ~n~~e,r k, i, j., pk; real w, max, m, t, r., d, nori,,., epanorni; 

d:x 1; norm:== O; 
for i:= 1 ate~ 1 until n 
epsnorm=== aux o] x nonn; 
fork:== 1 ate 1 until n 
begin max:= epsnox-m; 

do if a[i.,i] > norm then 
auxIT]: =- norin; m:=- O; 
do 

no1·1n: =- a[ 1., 1]; 

:for j :== k ate'\'"':, 1 ;until; n do if a[j, j] > max then 
begin max:= a j,j]; pk:= j end; 
if max < epsno11n then 
begin for i:= k ate~ 1 until n do 

be§in t: = abs a 1,1'])';' if t > m then m: z t; 
for j:~ 1 + 1 ate 1 un~.11 n do 
b~fc!:n t: == a[i, j : == a[i., j] - ta11uuat( 1, k - 1., 1., j., 

a, a); t:= abs(t); if t > m then m:~ t 

end; 

end 
end; 
go~o end 

a 

' 

p k) : == pk; d: == d X max; if pk + k then 
besin ichcol(l, k - 1, k, pk, a); 
,·':A ichrowcol(k + 1, pk - 1, k, pk, a); 

ichrow(pk + 1, n, k, pk, a); a[pk,:pk]:= a[k,k] 
end; 
a k,k]:== r:= sqrt(max:); 
for j := k + 1 ate"'"' 1 until n do 
b.ee;i,~ w::s a[k,j := (a'[k,j] - ta,rroi1at(1., k - 1, k., j., a., a))/ 

r; a[j,j):= a[j.,j] - w X w 
end 

end; 
k: == n + 1; 

end: aux:[2]:= m; aux[3]:= d; · 
r11key1n20: = if m < 2 X epsno1'".c11 then k -

end rnks O; 
1 else - k 

co1ronent mca 2211 ; 
:gr~.cedti,r.~ sols"'rn-v O(a, n, p., b); va3ue n; 1:;-,tee;er n; int,eger a,r•ray p; 
BX~¥ a, b; 
begin int~er 1, pi; real r; 

for i: =- 1 ate,,., 1 until n do 
begin r:= bi; pi:= p[i]; 

end; 

b[i] :== (b[pi] - ta.mvec( 1, 1 -
if pi+ i then b[pi]:= r 

1, 11 a, b)) / a[i.,i]; 

for i : = n ste,'1"\ -
a, b)) / a 1,i]; 

1 until 1 do b[i]:= (b[i] - matvec(i + 1, n, 11 

for i:= n ste~ - 1 until 
begin pi:= pi]; if pi 

b~~in r:~ b[iJ;'b[i 
end 

end aolsym20; 

1 do 
i then 

:= b(p1]; b[pi]:== rend 

• 
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DescriJ;:>tio? ~ca 221 O_ 
rnk

0

s
0 

O:::a rank, r, of the n-th order positive semj-definite syrmnetric 
matrix M whose upper triangle is given in arral a[l:n, 1:n]. 
In array aux[0:3], one must given a relative" tolet-a.nce, aux[O]. 
The pivot-Cholesky matrix of Mis overwritten on the upper triangle 
of a, and the pivotal indices a.re delivered in ~:1,teger a~ray p [ 1 : r] . 
Moreover., 
aux[ 1]: =- the ma.xixmJm diagonal element of M,; 
aux[2] := the maximi1m absolute va1ue of the elements of 
subma.trix of order n - r if r < n., and otherwise O; 

the remaining 

aux ( 3] : = detenni,nant of the principal submatrix of order r. 
However, if Mis not positive semidefinite, then rnksJ'?YI~ O:= minus 
last stage number. 
mks O uses tam111at, ichcol, ichrow and ichrowcol (chapter 20). 

' 

• 

the 

Description mca 2211 . 
so'ls M'V\~ 0 'should be called ai'ter mks O (but only if the rank equals 
n), and solves the n-th order linear system Mx = b, where M is the 
positive definite syrrnnetric matrix whose pivot-cholesky matrix and 
pivotal indices, as produced by rnks"!n o, are given in the upper 
triang1e of ari:-az a[ 1 :n., 1 :n] and in _i:q.:t,e,f;ie~ ~ray p[ 1 :n], and where b 
is the vector given as arral b[ 1 :n]. 

• a a 

The solution vector x is ove1:··w1•itten on b. 
sols MY O leaves a and p invariant, so that a:f'ter one call of mks 0 
several calls of sola11n O may follow for solving several linear 
systems having the same matrix but different right-band sides. 
sols,,....,· 0 uses xnatvec and tarovec (section 200) • 

• 
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cor,,rnen t mca 2212; 
intee;ei: proce.d~e rnksols ........ O(a, n., b, aux); value n; intee;,er n; 
a1~r¥ a, b, aux; 
begin inte~er rank; 
I ,i!,1-teg'er, a,1·ra.y p [ 1 : n] ; 

rnk.sols fTYI O:= ....... :== rnka O(a, n, p, 
if ~ = n then sols·-."""' o(a, n, p, b) 

end rnksols o; 

co1c1ment mca 2213; 

aux); 

~roced:ure invsv~ O(a, n, p); value n; intefi~~ n; integer ~rr~z p; 
a.r-ra1 a; 
be,5.in .f?~~~~~ 1, j, pi; 

real r; • 

invs (a, n); 
for i:= n ate ...... - 1 until 1 do 
begin pi:= pi]; if pi i then 

begin ichcol(l, i - 1, i, pi, a); 
ichrowcol(i + 1, pi - 1, 1, pi, a); 
ichrow(pi + 1, n, 1, pi, a); r:= a[i,i]; 
a[i,i]:= a[pi,pi]; a[pi,pi]:= r 

end 
end 

end invs .. Y"l'rl· o; 

con,rnen t mca 2214; 
integer procedure ruk1nvs ~ O{a, n, aux); value n; inte~er n; 
a:r-raz a, aux; 
pe§,in 1~,te§er rank; 

integer ax·~al p[ 1 :n]; 
rnkjnv-syin2'0:= rank:=- rnk.sy1rP0(a, n., p, aux); 
if = n then invayxci20( a, n, p) 

end rnkinvs:ym 20; 

• 
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Descri~tion mca 2212 
rnksols~ 0:= ~~, r, of the n~th order positive semide:finite 
symmetric matrix M whose upper triangle is given in ~rai a[l:n, 1:n). 
In ~ray aux[0:3] one must give a relative tolerance, aux[O]. 
If r = n, the linear system Mx =bis solved, where bis the vector 
given as ~r~y b[1:n], and the solution vector xis ovei·written on b. 
The pivotr-Cholesky matrix of Mis overwritten on the upper triangle 
of a. Moreover, 
aux[1]:= the maximum diagonal element of M; 
au.x:(2] := O; 
aux [ 3] : = detex,nj nant o:f M. 
However, if 1 < r < n (M positive semidefinite) or r < O (M not 
positive semidefinite), then no solution vector is calculated and the 
results of rnksols O are the same as those of mks '!l..."._ O. 
rnksols"""' 0 uses rnks~r o, sols O and, indirectly, also matvec1 
tamvec, talrrnat, ichcol, ichrow and ichrowco1 (chapter 20). 

Descri~tion ,mca 2213 
invs· -n,: 0 should be called after rnk """'' O (but only if the rank equals 
n), and calculates the inverse, X, of then-th order positive definite 
s~:rrroietric matrix M whose pivot-Cholesky matrix and pivotal. indices, as 
produced by mks o, are given in the upper triangle of 
a.:,·i:-ai a[ 1 :n., 1 :n] and in integer· arr~l p[ 1 :n]. 

I 1 

The upper triangle of X is ove1·written on a. 
invs -· O uses invs'!r' (mca 2203), ichcol, icbrow, icbrowcol 
(section 202) and, indirectly, al.so matvec and taravec (section 200). 

Description mca 2214 
u a s , a 

rnkinvs. 0:= - ~-~, r, of then-th order positive semi definite 
symrnetric matrix M whose upper triangle is given in a.r-ray a[ 1 :n, 1 :n]. 
In ax:ra~ aux[0:3] one must giv~ a relative tolerance, aux[O]. 
If r = n, the upper trj_angle of the inverse of Mis calculated and 
ove1·w1·i tten on a. 
Moreover, 
aux[ 1]: == the maximu.m diagonal element of M; 
aux[2] := o; 
aux[3]: = detern1j nant o:f M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no inverse is calculated and the results 
of rnkinvs O are the ~a.me as those of rr1ks "'"' O. 
rnkinvs P'Wl O uses mks ·rYY o, invs O and, indirectly, also invs 
(mca 2203)., matvec, .nr ec, taxmnat, ichcol, ichrov and ichrowcol 
( chapter 20) • 



comment mca 221a; 
in~e~er l::~~ed~re sol 
a:t~ray a, aux; 
pegi~ ~teger 1, pJ, j, 

real r; 

O(a, 

• , 

integer arra p[1:n]; 
sols,_,., o 0:= rank:: mks 
be~in for i:= ~-~ + 1 ste 

n., aux); vaJue n; inteser n; 

O(a, n, p, aux); if rank> 0 then 
1 until n do 

for j:=- rank+ 1 ate 1 until n do a[i,j]:= if i =jthenl 
else o; 

1 until 1 do for i:= •• ate 
be~in r:~ - a i,i]; 

for J:= rank+ 1 ste~ 1 until n do a[i,j]:= (a[i,j] + 
matmat(i + 11 rank, 1, j, a, a)) r 

end; · 
for J : = "'-.I.-' ste - 1 until 1 do • 

be§in pj:= p[j; if pj j then ichrow(rank + 1, n, j, pj, a) 
end 



Description ~ca 221a 
sols" .u.,..om20 solves the homogeneous linear system whose n-t,h order 
positive semidefinite symmetric rnatrix Mis given in the upper 
triangle of a.:rra;.... a [ 1 : n, 1 : n] • 
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In arr~y aux 0:3 one must give a relative toierance, aux[O]. 
sols -=. om20: = rank, r, of M., calculated by means of mks O. 
Subsequently., a complete set of n - r linearly independent solution 
vectors of the homogeneous l-inear system is cal-cu.lated and delivered 
in the last n - r colurt1r•s of a. The first r colt1rnns of the pivot
Cholesky matrix of M a.re delivered in the first r col11nms of a. 
Moreover, the same results are delivered in aux as by mks O. 
However, if mks . O delivers a negative (integral-) value, indicating 
that M is not positive semj_definite, no sol.ution of the homogeneous 
system is calculated and only the results of mks Oare del-ivered. 
sols om20 uses mks 'l"rl o, 1oatmat., icbrow and, indirectly, also 
tan1wa.t, ichcol and·ichrowcol {chapter 20) .. 

' 

• 

• 



co1mnent mca 2215; 
ipt~5er ~roc~~ur~ rnksymlO(a, n, P, aux); value n; ~n~e§e! n; 

a 

~tege,r a.r~y p; a.rra; a., aux; 
be51? int,eger k, pk, ... ~, kj, pp, i., j, jj., t, l.ow, up; 

real nor1u, epsnorm, m, ma.x, d, r, w; 
d:= 1; norm:= o; kk:= o; 
fork:= 1 ste 1 until n do 
:Pe§_in kk:= kk + k; if a(kkT > norm then norm:== a[kk.] end; 
epsnoriri: == aux[O] X norm; aux[ 1]: ::a: no.t"in; m: == O; kk: = O; 
for k: = 1 ste 1 until n do 
p~f?1P; ma,x: = epsnorm; t: =- kk; 

:f' or j : == k step 1 until n do 
· begin t: =- t + j; if a[ t] > max then 

p~gin max:= aft]; pk:= j; pp:= tend 
end·; 
if ma.x < epsnorm then 
begin for i: = k ate---- 1 until n do 

begin kk:= kk + i; low:= kk - i + 1; up:=- low+ k -2; 
· r:= abs(a[kk.]); if r > m then m:= r; kj:= kk + 1; 

for j:= i + 1 ate~ 1 until n do 
begin r:= a[kj := a[kj] 'vecvec(l.ow, up, kj - kk, 

' - a., a); r:== abe(r); if r > m then m:=-= r; 
kj:= kj + j 

end 
end; 
,Pi?to. end 

end;· 
kk: =- kk + k; low:= kk - k + 1 ; up: == kk - 1 ; :p [ k] : = pk.; 
d: = d X :tr1ax; if pk k then 
begin ichvec(low, up, pp - pk -kk: + k, a); 

ichseqvec(k + 1, pk - 1, kk + k., pp - pk, a); 
ichseq(pk + 1, n, pp+ k, pk - k, a); a[pp]:= a[kk] 

end; . 
a kk]:= r:= sqrt(max); kj:= kk + k; jj:= kk; 
for j: • k + 1 ste-n 1 until. n do 

' 

b~Si:1 w:= a[kj := (a[kj] 'vecvec(low, up, kj - kk.1 a, a))/ 
r; jj:= jj + j; a[jj]:= a[jj] - wX w; kj:a kj + j 

end 
end; 
k: = n + 1; 

end: aux[2]:= m; aux[3]:= d; . 
rnksym10:= if m < 2 X epsnorrn then k - 1 else - k 

end rnk.symlO; 
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Descri-tion mca 221 
rnksym.10:= - ......... ,1,,1 , r, of the n-t.h order positive sein:Jdefinite s:ynTmetric 
matrix: M whose upper triangle is given in 
arr9l a[1 : ( n + 1) X n: 2]. In a!ray aux[0:3] one must give a 
relative tolerance, aux[oT. -- . 
The pivot-Cholesky matrix of M 1s overwritten on a and the pivotal. 
indices are delivered in integer array p [ 1 : r] • 

T 2 & 

Moreover, 
aux[ 1 ] : • the maxixnum diagonal element of M; 
aux[2] := the maxjmL1m absolute value of the elements of the remaining 
subroatrix of order n - r if r < n., and otherwise O; 
aux[3]:= dete1-m1nant of the principal submatrix of order r. 
However, if Mis not positive semidefinite, then rnksym10:= minus the 
lasts _0 e number. 
rnk.sym.10 uses vecvec, ichvec, ichseqvec and ichseq (chapter 20) • 

• 

• 

• 



. ... , t a~ 2216; 
M 11mr L II -:«%:,,..,_ - ( ) .,._,,"II• i + .. :proeea:ur, eolaym10 a, ti, p, b · ; v~ue n; t !1 ::"&er n; !;:1:9 a., b; 
inte·.···er' ~ pJ 
.:, ,. I p, .!~~-~r 1, 11, pi; real a; 

11:• O; 
for 1: • 1 ate . 1 until n do 
be. in a:• b i.; pi:• p[i]; ii:• 11 + i; 

·.·· [ 1] : • ( b [ pi ] - vecvec ( 1 , 1 - 11 11 - 1., b, a) ) / a [ 11 ) ; 
if pit 1 then b[pi}:• s 

en.d; 
or i: • n ste . - 1 until 1 do 
e i.n b [ 1 ] : • · b [ 1 ] - seqvec "{I + 1 ., n, 11 + 1, O, a., b) ) / a [ 11 ] .; 

. i:• 11 - i 
end; 
tor 1:• n ste.· .. -· 1 W1til 1 do 
~£~ :pi:• pi]; if pi 1 then 

:?ep~ s: • b[i'J; b[i : = b[pi]; b[p1]: = s end 
end 

end solsym10; 

00mlrAent mca 2218; 
:e::?C~u~ invs-3m10(a, n, p); val.ue n; in~~er, n; 
!S£!:& a; 
~i~ inte er 1, ii, pi, pp; :re~ r; 

1n . 1 a., n); ii:== (n + 1 J x n : 2; 
for i:• n ste - 1 until 1 do 
be5in pi:= p i]; if pi ·.· 1 then 
... , ~~g~ pp:= (pi + 1) X pi : 2; 

end 

end; 

ichvec(ii 1 + 1, ii - 1., pp - pi - ii + 1, a); 
ichseqvec(i + 1, pi - 1, ii+ 1., pp - pi, a); 
ichseq(pi + 1., n., pp+ 1, pi 1., a); r:== a[ii]; 
a[ 11]: • a.[pp]; a[pp]: ::s r 

ii:• ii - i 

end invsym10; 

c t mca 2219; 
~nte.,_::,er 1:1ro, c_e,,d,J_11,,"".e .. ,,, .. rnkinvsymlO(a., n., aux); value n; inteaer n • 

- ,ii;.'_.... .,.,,,,. hi,,. , 
~:!:!:!§, a, aux; 
?ei_i!!, i;D-,~fl~,~ re.nk; ,~~te&!r ~~. p[ 1 :n]; 

r.r·ikinvsym10:== ·. ·.:=nlksy1r110(a, n., p, aux); 
if rank= n then 1nvaym10(a, n, p) 

end rnkinvsym 10; 
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Descri;pt_ion mca ?2.~ .6 
solsymlO should be called a:fter rnksymlO (but only if' the rank equals 
n), and solves the n-th order linear system :Mx = b, where M is the 
positive def'inite symmetric matrix whose pivot,....Cholesky matrix and 
pivotal indices, as produced by rnksym10, are given in 
ar~al a[1 : (n + 1) X n: 2] and in integer arral p[1:n), and where b 
is the vector given as ,a,rr.~l b[ 1 :n]. 
The solution vector x is ove1·w1·itten on b. 
solsym.10 leaves a and p invariant, so that after one call of r:nksymlO 
several calls of solsym10 may follow for solving several linear 
systems having the same matrix but different rightr-hand sides. 
solsym10 uses vecvec and seqvec (section 200). 

DescriEtion mca 2217 
t J ~ i I U 

rnk.solsym10:= rank; r, of then-th order positive semidefinite 
symmetric matrix M whose upper triangle is given in 
arr.~ a [ 1 : ( n + 1 ) X n : 2] • 
In ~X:!,f/il aux [ 0: 3 ] one must give a relative tolerance, aux [ 0] • 
If r = n, the linear system Mx =bis solved, where bis the vector 
given as ~rr~l b(l:n], and the solution_vector xis ov~rwritten on b. 
The pivot-Cholesky" matrix o:f M is ovt:z•wL·itten on a. 
Moreover, aux[1]:= the maximum diagonal element of M; aux(2]:= O; 
aux[3]:= deterroinant of M. 
However, if 1 < r < n (M positive sem5definite) or r < O (M not 
positive semidefinite), then no solution vector is calculated and the 
results of' rnk.solsym.10 are the sa,me as those of rnksymlO. 
rnk.solsym.10 uses rnksym.10, solsymlO and, indirectly, also vecvec, 
seqvec, ichvec, ichseqvec and ichseq (chapter 20). 

Descri~tion mca 2218 
invsym10 should be 'called after rnksym10 (but only if the rank eq1..1.als 
n), and then calculates the inverse, X, of then-th order positive 
definite s:ynrrnetric matrix M whose pivotr-Cholesky matrix and pivota1 

• 

indices, as produced by rnksymlO, are given in 
arr.az a[ 1 : (n + 1) x n : 2] and_in ?-P-t.ege,r array p[ 1 :n]. 
The upper triangle of X is oveI"wri tten on a. 
1nvsym10 uses invsyml (mca 2208), ichvec, ichseqvec, ichseq 
(section 202) and, indirectly, also vecvec and seqvec (section 200). 

Descri~tion mca 2219 
rnkinvsyrn.10 :'='rank, "r, of the n-th order positive semidefinite 
syrr11·netric matrix M whose upper triangle is given in 
~rr~ a [ 1 : ( n + 1 ) X n : 2] • 
In a--~·ray aux[0:3) one must give a relative tolerance, aux[O]. 
I:f r = n, the upper triangle of' the inverse of Mis calculated and 
overw1•itten on a. 
Moreover, aux[1]:= the maxim,m diagonal element of M; aux[2]:= O; 
aux[3] := determjnant of M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no inverse is calculated and the results 
o:f rnkjnvsym10 are the same as those o:f rnksym.10. 
rnkinvsym10 uses rnksym10, invsymlO and, indirectly, also invsyml 
(mca 2208), vecvec, seqvec, ichvec, ichseqvec and ichseq (chapter 20). 



The procedures of this section solve a system of linear equations 
and/ or calculate the dete1:,n:!nant of a matrix, provided the matrix is 
a positive definite syrronetric band matrix: 
detsolsymbnd solves a system of linear equ2tions and calculates the 
detcrmjnant of the system; 
detsymbnd calculates the detex-rri1nant of a matrix; 
solsymbnd solves a linea.r system whose matrix is given in the 
Chol.esk.y-decomposed form produced by detsymbnd. 
One call of detsymbnd followed by several calls of' solsymbnd may be 
used to solve several linear systems having the same matrix but 
dif'ferent right-hand sides. 

The method used is Cholesky's square root method without pivoting (see 
section 220 and [9)). If the given syrc11netric band matrix M is positive 
definite, then the method yields an upper-triangular band rna.trix u, 
the 11 Cholesky ma.triX:11 of M., such that U'U equals M; moreover., the 
detex,n1nant of M is delivered, cal.cuJated ·as the product of the 
sq1.iares of the diagonal. elements of U (and, thus, always positive). 
The n1.1mber of nonzero diagonals of U is the sam.e as that of the upper 
triangle of M. The process is compl.eted inn stages, each stage 
producing a row of u. However, the process is discontinued if at some 
stage, k, the ~-th diagonal e],errient of' M minus the s11m of the sq1.ia:red 
elements of' the k:-th column of U (the sqrt of this quantity being the 
~-th diagonal eJement of U) is not positive., meaning that M., perhaps 
modified by rounding errors., is not positive definite. In that case, 
instead of the dete1:"111jnant, minus the l.ast stage n11mber k is 
delivered. 

The solution of the linear system U'Ux ~bis obtained by solving 
U'y = b {forward substitution) and Ux == y (back substitution). 

The proced1.1res of' this section use a one djmensiona1 
:3:·cray a[ 1 : (n - 1) X w + n] for the upper triangle of M and u, where 
n is the order of the rnatrix and w the number of non-zero codiagonals 
above the rtain diagonal; the (i, j)-th element of' matrix M or U is 
a[ { j - 1) X w + 1] for j = 1, •.. , n and i == rnax ( 1, j - w), •.. , j; the 
other elements of a are neither used nor changed. 



.. nt mce. 2220; 
~:· ;pry,ce~~ det. ·· 1d(a., n, w); val,ue n., w; ~~ge~ n, w; !!:!"& a; 
bes;.i:n i11te · ... ·. j., k, jmax, kk, kj1 wl, start; 

, r .. . r., det; 

end: 

det:• 1; jmax:• w; w1:• w + 1; kk:• - w; 
tor k:• 1 !~J2 1 until. n do 
bej~~ if k + w > r·1 tllel:1 Jmex: • Jma.x - 1; kk: = k.k + wl; 

- · · , ... ,,.. k + 1 • 

d • en ; 

g ',-_ • - AA. ... t • . ' 

r:• a[kk} - vecvec(if k < wl then ate.rt el.se kk - w, kk -
1., o, a, a); it r < 0 then 
~i~ detsymbnd: • -. k; ff?~. end end; 
...::t-t··,. r X A ......... a["""'"']•=- r·= •n,,...+(r • kj·l:IC k.k· ~·· .• · . uat.i; ~·A.A.. • -":l..i. u · , • • . . , 

for J: • 1 st.e 1 until jm.x do 
be§in kj: • ·.· + w; 
.,, I a[kJ]:• (a[kJJ - vecvec(if k + j < wl then sta,x·t el.se kk 

- v + j., kk 1, k.j - kk, a, a)) 7 r 
end 

---de'ts;y1mnd: = det; 

end det •···• •. · nd,; 

c01erien t mca 2221 ; 
, 

1 ced1i.re solsymbnd(a, n., v., b) .j w,J.,1e n., w; in~a-er n, Wj R,l:"T'8,V a., b; 
a ••• a ~ .;; ;....;.x_ 

bei · .·. intege~, i, k, imax., kk, w1 ; 
. I 

kk:• .... v; w1:• w + 1; 
fork:= 1 ate 1 until n do 
be·•· • · kk: = · ' + wl; 

bk]:• {b[k] - vecvec(if k <wl then 1 else k -w, k- 1, kk 
- k, b, a)) / a[kk] 

1max: = - 1; 
fork:= n s~ep - 1 until_l do 
, i_!U if imax < w then imax:= imex + 1; 
' b[k.T:= (b,[k] · ecaprd1(kk + w, w., k + 1., 1, imax., a., b)) / 

a.[kk); kk:= kk - w1 
end 

end solsymbnd; 

comment mca ; 
a i• 11111 J JIii: - ( ) 

res.. R:;)C~.~1"1~~. deteolsymbnd a., n., w, b ; va],ue n., w; ,in~.ge~ n, w; 
~!a:!:l a, b; 
~&~. ~al det; 

detsolirymbnd: = det: = detsymbnd{ a, n, w) ; 
if det > 0 then solsymbnd{a., n., w, b) 

end netaolsymbnd.;" I 
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Description mca 2220 
detsymbrid:':=: deterrnj,na.nt of' the n-th order positive definite sy1nrnetric 
band matru M having w codiagonal.s on each side of the ma.in diagonal, 
and whose upper triangle is given in a.:c·r~ a[ 1 : (n - 1) X w + n]. 
Moreover, the Cholesky matrix of Mis calcuJ.ated and delivered in a. 
If, however, Mis not positive definite, then the Cholesky decom 
position is discontinued, and detsymbnd:= minus the last stage n1.1mber. 
detsymbnd uses vecvec (mca 2000). 

Descri~tion mca 2221 
a a ¼•a I : : 

solsymbnd solves the n-th order linear system U'Ux = b., where b is the 
vector given as arra1 b [ 1 : n], and U is the uppe:t"-tria.ngu1ar band 

a a 

matrix having w codiagonals, and which is given in 
a:rrai a[ 1 : (n - 1) · x w + n]. 
The solution vector x is overwritten on b. 
If U is the Cholesky matrix of a positive definite sy1rm1etric band 
matrix M, as produced by detsymbnd, then the,_ca1culated solution 
vector xis the solution of the linear system Mx ~ b. 

• 

solsymbnd leaves the elements of a invariant, so that after one call 
of' detsymbnd several calls of solsymbnd ma.y follow for solving several 
J.inear systems having the same ma.triX but different right-hand sides. 
solsymbnd uses vecvec and scaprdl (section 200). 

DescriFtion ~ca 2222 
dets1olsymbnd:= dete1:1rijnant of: the n-th order positive definite 
s:,,1:nmetric band matriX M having w codiagonals on each side of the main 
diagonal, and whose upper triangle is given in 
~ray a[ 1 : (n - 1) X w + n]. 
Moreover, the solution vector x of the linear system Mx = b,_where b 
is the vector given as a1•ray b[ 1 :n], is calculated and ove.t"W.t."1tten on 
b, and the Cholesk.y ma.trlx of M is delivered in a. 
If, however, Mis not positive defjn1te, then the Chol.esky 
decomposition is discontinued, no solution is calculated., and 
detsolsym.bnd: = minus the last stage number. 
detsols;y1nbnd uses detsymbnd, sols 'lDl.nd and., indirectly, also vecvec 
and scaprdl (section 200). 

• 



Th:! e section comtains proced1.1res :for a,ol ving linear 1.eas - tl.area 
problems: 
l.sqdecsol cal.cul.ates tr:J.e solution x of a .leas - ... uares problem Mx - b 
and., mo~eover, the ne.in diagonal of the inverse of the product M'MJ 
lsqdec performs the Househol.der tri .. ...,. Js.ria.tion of M and cal.cul.ates 
i +... ·, • 

11.,0 , 

lsqsol and lsq · inv a.re to be used in combination with l.sqdec for 
solving a linear least-e.que.rea problem (or several problemill having the 
same ma:trix M but different right-hand sides) or for calculating the 
ue.Jt1 diagonal of the inverse of M'M. 

Ape.rt from some c ...... es and adaptations to our vector procedures., 
lsqdec and lsqsol have been derived from [ 10]. However, our proced11res 
do not perfor1:n it.erations for :trnpro • .. the solution; these iterations 
would be of limited value, as is pointed out in [ 11 ] • 
The method is Householder trian ............ • isation vi tl1 eol1-1n11 in-terc · .. ·. es. 
Let M have n revs and m col1.wtt1s; l.sqdec ..... ,...,. ces an n-th order 
orthogona .. l :ms.trilc Q and an n X m uppe~tri · .... ~ · lar matrix R such tJ:lat R 
equaJ s ~ with p:::tiI11.J.ted col1JJms. Matrix Q is the product of at mo,st m 
o .·. gone.) symmetric n-th order stHouseholder 1m1trices''., which are of 
the f'on11 I - sww•, where I is the 1dent1 ty roe.tr Ix., v a col.1.1100 Tector 
end s a ace.Jar. Matrix M is reduced to R in {at inost) m stages. In the 
k--th s .. · .. e, the desired zeroes are in+• · · · uced in the k-ith eolu:mn of 
the :rre.t..rix as follows: first the ''pi vote.1,,•1 column., 1. e. the col,u1·, 
having :me.x1 minn Euclidean nor1n, is selected tram the reme.1ning 
(n - k + 1) X (m - k + 1) subme.trix., and the pivotal and tlle k-th 
col.u,un.s are interc ed; then the k, ... ,,tJl Householder :matrix 1s 
ca)c1;~].a:ted and postlt)u]tip1ied by the remaining submatr1x. 
The k:-th Householder n,atrix is chosen such that this 
postn1.4J tiplication introduces the desired zeroes in the k-th eol111m., 
and the first k - 1 el.ements of ware zero. 
If' at Bane ste,ge k the Eucl.idee..n no11J1 of the pivotal. coltinn is atnal .. 1 er 
then 80J!\S toleraJ1ce, viz. a given relative tolera11ce tjmes the tuax::l,11vm 
of the Eucl.ideen no1,ns of the colu1m1s of M., then the p:t"Ocess is 
discontinued, and k - 1 is delive,:~d as the ?~ of M; otherwise, the 

equal.a m.. 

In .;&. sol., the l,east-squares solution x of the pl"'Obl.em Mx - b is 
ob'bL:! ned by first cal.culating y • Qb, then sol · .... the tri ·.·. l,,ar 
system consistjng of the first m equations of' Rx== y (b&ck 
substitution), a.nd f1na. interc· .· ng the elements of x in ••revers.e 
correspondence'' with the interc . ·.es of the columns of M, 1. e. the 
aa.i,-,. int.erchaI!ges a.:re ca,,."ried out in revera.e order. As by product t.ha 
Jas·t n - m elements of y are delivered; the si1m of the SQ.llares of 
these elements is ap•"r'lt .· ima.tely eq1.1a.l to the square of the Euclidean 
no:r-m of' the residue vector Mx - b. 

In 1.sqdglinv., the nwn dia,gonal of M'M is obtained by calculating the 
inverse of R., .r1-om th1.s the ma.in die.gone J. of the inverse of R I R, and 
then int.ere .. ing the c.al.cl1] .a.ted diagonal. elb'rnen ts in reverse 
c,orrespondence with the in~rc .··. ··· ·· s of' the columns of' M. 
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co:uu:nent mca 2240; 
integer ~rocedure 1aqdec(a, 

b &a zj;J & Id& 

in;teger n, m; a.;rr~¥ a, aux, 
n, m, aux., aid, ci); value 
aid; inte§er ~r~~l ci; 

be~in integer j, k, kpiv; 
ti 

real beta., sigrna., norm, w, eps., akk., aidk; 
arr~, sum[ 1 : m] ; 
nonn:::i: O; lsqdec:= m; 
for k: = 1 ste 1 until m do 
begin w: = s1110 k]: == ta,101.oat 1, n., k, k, a, a); 

if w > nonn then norm:== w 
end; 
w:= aux[l]:= aqrt(nonr1); eps:= au.x[O] x w; 
for k: = 1 step 1 unt~.l: m do 
begin sigma:= suro(k]; kpiv:= k; 

• 

n., m; 

for j: = k + 1 ete...... 1 unt11 m do _if s11m( j] > sj gr:ria. then 
begin s:T gxua.: = s11m j ] ; kpi v: = j end; 

• 

' 

if kpi v k then 
begin Sl1rn[kpi'v]':·== s11m[k]; ichcol( 11 n., k., kpiv, a) end; 
cl[kJ:=- kpiv; a.kk:= e.[k.,k]; sigma:= taJtJIOat(k., n., k., k, a, a); 
w:== sqrt(sigtna); aidk:= aid(k]:~ if akk < 0 then w e1se -w; 
1:f w < eps then 
begin lsqdec: = k - 1; ~oto enddec end; . 
beta.:= 1 / (sigrn~ - a.kk X aidk.); a k,k): = akk - aidk; 
for j : = k + 1 ste....... 1 unti1 m do 
b.e~in elmt!ol(k., n, j., k., a., a., - beta X tarnmat(k, n, k, j., 

a, a)); sum[j]:= sum[j] - a[k,j] 4 2 
end 

end fork; 
enddec: aux[2]:~ w 
end lsqdec; 

• 



p~scr~~tio? lD;Ca ~40 
1sqdec:= ., r, of then X m ma.triX M given in arr~ a[1:n, 1:m]. 
In ar-ra.y aux[0:2) one must give a relative tolerance, aux[O]. 
The pivotal col11n111 indices are delivered in ~tege:r: ~_,,-ral ci [ 1 : r]., 
the (r f'irst) diagonal elements of the upper-trian,..,.,\.4.-1,,l ma.trix R in 
aJ•r.ai aid[ 1 : r], and the other elements of the upper triangle of R in 
a:rray a, together with the vectors w of the Householder matrices. 
Moreover, 
aux[ 1]: = the maxirm1m Eucl.idea.l'"I norm of the col11rnns of M, 
aux:[2] : == the abso1ute val.ue of the r-th diagonal elemtmt of R. 
l.sqdec uses taJrro:iat, elm.col and ichcol ( chapter 20) • 

• 

• 
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008IJAant moa. 2241; 
:n-roced11re laqsol( a., n, m, aid, ci., b); va.l.ue n., m; ~~e~~F n., m; 
~4dli•1· ililll 

.. . · ... • a., aid, b; inte .er !:?":!.& ci,; 

- -
inte:<?:er k., ci · ; 
a:11 1t n ~ilia, 

real w; 
for k: • 1 ate . 1 until m do e ·· · · ccol(k, n, k, b., a, tamvec(k., 
n,'"k, a., b'' (a.id[k2

] X aTk,k])); 
fork:• m ste •· l until 1 do b[k] := (b[k] - matvec(k + 1., m

1 
k., 

a, b) ) / a1 · •. ] ; 
for k:• m ate. - 1 until 1 do 
·. R!: cil::• ci[k]; if cik r k ~~ 

".. ~~gl,_n w: = b[k]; b k]: • b[ cik]; b[ cik]: =- w end 
end 

end laq s,ol; 

r •, w; 
for k:= 1 ste .. 1 until m do 
b~g~ diag k :== 1' / aid[k'JT 

for j: = k + 1 ste. 1 until m do diag[j]: = •· ec(k., j - 1., 
J, a, diag) / a.i · j]; diag[k]: =- vecvec(k., m., o., diag., diag) 

end; 
fork:= m ste;p - 1 until 1 do 
. ei,!~ cik::: 'ci[k]; if cik tk then 

?!i~ w:= dia.g[icJ; diag[k] := diag[cik]; diag[cik] := w end 
end 

end lsqdgl:i.nv; 

· · ,, t mca 2243; 
int~§!:1' 1;2:2e "-~ la.qdecsol(a, n, m, aux, diag., b); value n., m; 
inte1re~ n, m; ~:::& a, aux., diag, b; 
begi? inte er rank; 

!:rry ai • 1 :m]; 
in~~~~ 8.l;:;\Y Ci [ 1 : m] j 

.... _· :• lsqdecsol:= lsqdec(a, n, m, aux, aid, ci); 
if • m then 
p~~in lsqdglinv(a, m., aid_, ci, dia.g) i l.sqsol(a, n, m., aid, ci, b) 
end 

end lsqdees,ol; 



p~scriRtio~ mg~ ~~4~ 
lsqsol should be called ~ter lsqdec (but only if the -...... equals m), 
and calcuJates the least-squares solution x of 1'4x - b, where b is the 
vector given as ai,:r,a~ b[1 :n]., and M is then X m matrix whose 
Householder-tria.ngul.arised form R, "With the vectors w of the 
Householder matrices and the pivotal indices, as produced by lsqdec., 
a.re given in ar.r~. a[ 1 :n., 1 :m], aid[ 1 :m] and integer !!!:E!\i ci( 1 :m]. 
The solution vector x is ove:r·written on the fir"st m elements of b., and 
the last n - m el~ements of y are ove:c·w1·l tten on the last n - m 
e 1.ements of" b. 
1sqsol leaves the eJ.ements of a, aid and ci intact, so that, after one 
call of lsqdec, several calls of lsqsol may follow for solving several 
least-squares problems having the ~ame matrix M but different right,.... 
band sides b. 
lsqsol uses matvec,'ta.mvec and eJmveccol (chapter 20) • 

• 

Deacri~tion mca 2242 
l.sqdglinv' 's'ho'uld b

1

e called after lsqdec (but only if the ,..,.;;....&...,.... equal.a 
m), and caiculates the main diagonal of the inverse of M'M, where Mis 
the matriJc whose Householder-trian..,.. arised fonn R 'With the pivota.J 
indices, as produced by lsqdec, are given in 
arr¥ a[ 1 :m., 1 :m], aid[ 1 :m] and integer a,r:i-:ay ci[ 1 :m]. 
The cal cul.a ted main diagona,l is de'1'1 vered in §:!:!:~ diag [ 1 : m] ; the 
elements of a, aid and ci are le:ft intact. 
lsqdglinv uses vecvec and ec (section 200). 

DescriFtion mca 2243 
'isqdecso'l: = rank,' 'r~" of the n X m matrix M given in a~·1·a1 a[ 1 :n, 1 :m]. 
In arrBl aux[0:2] one must give a relative toierance., aux[O]. 
If' r' ~ m., then the leastr-squares solution x o:f Mx - b, where b is the 
vector given as ~-crey b[l :n], i~ calculated and overwi·itten on the 
first m elements 0

1

-.f b; the last n - m elements of' y are ovex·written on 
the last n -m elements of' b; moreover, the main diagonal of M'M is 
delivered in ~rr!::l diag[ 1 :m]. 
However, if r < m, then no solution and ma.in diagonal are calculated, 
and the elements of" b and diag are left unc.r..:LJ. . ed. 
In either case, 
aux [ 1 ] : = the 1naxiw1m Euclidean norm of the col11rrrr-ts of M, 
aux[2]: = the absolute value of' the r-th diagonal element of R, and the 

• 

el.ements of' a are altered. 
lsqdecsol uses lsqdec, lsqsol, lsqdglinv and, indirectly a.lso vecvec, 
ma.tvec, tamvec, tarnn1S.t, eJ1r1veccol, el.meal and ichcol ( chapter 20). 

-



70· . . 

1 • P. Naur { ed. ) , Revised report on the algori t}1rr1j c 1.a.n 
AI OOL 6o ( 1 . ) • 

2. J. H. W:l l k:t nson., Rounding errors in 
( Landen 1963) • 

3. J. H. Wilkinson., 'I~ ebrajc eigenvalue probl,em (Ox:ford 1965) 

4. 

6. 

8. 

L. Fox, Practical solution of linear equations and inversion of 
,,a:trices Nat. Bur. Stand • .AMS 39 (edited by o. Taussky)., . 
p. 1 - 5 ( 1951) •. • 

T. J. .. · . er, Eval.1.1.ation of d.ete:t""m:I nan ts., solution of syste·m,s of 
linear equations and rna.trix inversion (MR63, Mathen:ia.tical Centre, 
A1•rl8 ·, ·, 1963) 

H. C. 11'.h&cher, Crout with pivoting II, Alg. 43, Co1nxr1. ACM: 4 
( 1961) p. 176. 

J. •· ck, solution of a ]1riea.r system with a band coefficient 
matrix, BIT 3 ( 1963) 207 - 2o8. 

R. s. Mw~tin., G. Peters and J. H. Wilkinson, Synm1etrlc decomposi
tion of a positive definite zratrix, N111n. Mat. 7 ( 1965) 362 - 383. 

9. R. S. Martin and J. H. Wj Jld.nson., -. ·•·• tric dee ......... aition of 
positive defin:i.te band rna.trices., N1,un. Mat. 7 (1965) 355 - 361 • 

• 

10. P. B1.1singer and G. H. Golub, Linear I.east sqiiares solution by 
Householder tronsforma.tions1 N11m. Mat. 7 ( 1965) 269 - 276. 

11. G. H. Golub and J. H. Wilkinson, Note on the iterative refinement 
of l.east sq1.mres solution, N1.lm. Mat. 9 (1966) 139 - 148 • 

• 



11 

APPENDIX 

1'1:MES FOR THE: MC ALGOL 60 SYS•rE:M FDR TH~ X8. 

In this appendix we give practical. f'ox·rnul.as for the computation times 
in milliseconds of the procedures published above. The coefficients of 
these formulas have been obtained from tests on an Electrologice. X8 
computer using the MC L 60 system for the x8, in which system the 
proced1.1rea mca 2000 to 2005 are available as machine code :procedl1res. 
For comparison we moreover give the forn1t1Jr,.e for the computation tirne11 
of' the no:nmachine code CJ..L.I •'-'L 60 procedures JTica 2000 to 2005 and of the 
procedures of section 210 using them. The coefficients of the time • 
formulas have a relative .precision of at moet one or two digits. 

CHAPTH;R 20 VECTOR OPERATIONS 

Here n is the n1.1:rriber of elements used in each vector, thus, 
n = u - 1 + 1, except for scaprdl. 

~e.c,t.ion ~O? asc,aal.ar, ~:C:OP;UC:~B 

mca 2000 vecvec 
mca 2001 matvec 
mca 2002 to,wec 
mca 2003 rnatmat 
mca 2004 t-0Mi1na t 
mca 2005 mattam 
mca 2006 aeqvec 
mca 2008 scaprdl 

machine code 
.085 X n + 1.1 
.085 X n + 1.2 
.085 X n + 1.2 
.085 X n + 1.4 
.085 X n + 1.4 
.085 X n + 1 .4 

• 

Section 201 EJ imj,nation 
mca 201 o'' e],·rr1vec a a 

5 

mca 2011 elmveccol 
mca 2012 el.m.colvec 
mca 2013 el.meal 
mca 2014 elmrow 
mca 2019 1oaxe ....... 

Section 202 Interc 
mca O ichvec 
mca 2021 ichcol 
mca 2022 ichrov 
mca 2023 1chrovco1 
mca 2024 ichseqvec 
mca 2025 ichseq 

Section 203 Rotation 
mca 203'1 rotcol

1 

, 

11 

mca 2032 rotrow 

$ u 

in 

L 6o 
.46 X n + .,9 
• 54 X n + .9 
• 54 X n + .9 
.63 X n + 1.0 
.63 X n + 1.0 
.63 X n + 1.0 
• 50 X n + 1.0 
• 53 X n + 1. 1 

• 61 X n + 1. 1 
.69 X n + 1.1 
• 78 X n + 1. 1 
• 87 X n + 1 .2 
.87 X n + 1.2 
.94 X n + 1.3 

.81 X n + • 7 
1.14 X n + .8 
1. 14 X n + .8 
1. 14 X n + . 8 

.84 X n + .8 

.84 X n + .8 

1.40 X n + 1.3 
1.40 X n + 1.3 
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The fornn1] as for tb1 e chapter hold for nonsingular matrices., unl.eas 
stated otherw'ise. 

mca 2100 det 
mca 2101 sol 
mca 2102 detsol 
mca 2103 inv 
mca 2104 detinv 

mca 2000 to 2005 
1n machine code 

(.033 X n + 3.4) X n 4 2 
(.094 X n + 4.5) X n 
(.033 X n + 3.5 X n 2 
(.061 X n + 3.4 X n 2 
(.094xn+6.8)xn 2 

mca 2000 to 2005 
in ~ 1nL 60 

( .22 X n + 2.9) X n 2 
(.55 X n + 2.9) X n 
(.22Xn+3.5)Xn 2 
(.43X n+ 1.9) Xn 2 
( .65 X n + 4.8) X n 2 

Section 211 Elimination -with co!°Rlete Rivoting 
I a C C I a I J II a a Ult I a a IS & • I I 

• 

The fotwula for rnkelm holds, if' n and m are nearly eq1mJ and the rank 
equ.al s min(n., m); the fo1"Illllla for solhom hol.ds., provided the rank is 
not much sma.l ].er than m. 

mca 2110 rnkelm 
mca 2111 soJ.elm 
mca 2112 rnksolelm 
mca 2113 soJ.hom 
mca 2114 invelm 

(. 51 X n + 4.2) x n X (m - n/3) 
(.100 X n + 4.8) X n 
( • 34 X n + 2. 9) X n 4 2 
(.046 x - + 2.9) x rank 
(.95 X n + 5.7) X n 2 

Section 212 Band matrices 

Here w is the band width., thus, w ==i lw + rw + 1. 
The fo2:·1n11Jaa for this section hold only if w is much amaJJer tba.n n. 

mca 2120 detbnd 
mca 2121 so:Lbnd 
mca 2122 detsolbnd 

(.56 X lw + 2.3) X wX n 
(. 7 X lw + .1 · X rw + 4.2) X n 
(.55 X lw + 2.9) X w X n 

• 



CHAPTER 22 POSITIVE DEF'INITE S
INVERSION 

TRIC TJNEAR SYS'r:E:MS AND MA'l'RIX 

The :fo1•,.,111J as f'or this chapter ho1d for nonsing,11 ar matrices, 1,1nJ ess 
stated otherwise. 

mca 2200 dets 
mca 2201 sols ..,..,,,. 
mca 2202 detso ls .. __,,• 
mca 2203 inva . 
mca 2204 detinvsrn-1 
mca 2205 detaym1 
mca 2206 aolsym.1 
mca 2207 detsolsyml 
mca 2208 invsyml 
mca 2209 detinvsyml 

( .016 X n + 1.2) X n I} 2 
.092 X n + 4.1) X n 
. 016 X n + 1.3) X n 2 

(. 032 X n + 1. 7) X n 2 
( .048 x n + 2.9) X n 2 

. (.016 X n + 1.0) X n 2 
(.30 X n + 3.3) X n 
(.016x n + 1.3) x n 2 
(.104 X n + 1.4) X n 2 
(.120 X n + 2.4) X n 2 

The :forn1ula f'or sols O holds, if the rank eq11als n -

mca 2210 rnka~ O 
mca 2211 sol a 
mca 2212 rnkao1 ":r' 0 
mca 2213 inva,._,• 0 
mca 2214 rnkinvs O 
mca 221a sols .,.uom20 
mca 2215 rnlcsymlO 
mca 2216 solsymlO 
mca 2217 rnkso1sym10 
mca 2218 1nvsym10 
mca 2219 r.nkinvsymlO 

(.016 X n + 2.6) X n 4 2 
( .092 X n + 5.6) X n 
(.016 X n + 2.7) x n 2 
(.032 x n + 2.8) X n 2 
(.048 x n + 5.4) x n 2 
(.016 X n + 2.9) X n 2 
(.016 X n + 2.0) X n 2 
(.30 X n + 4.8) X n 
(.016 X n + 2.3) X n 2 
(.104 X n +.2.2) X n 2 
(.120 X n + 4.2) X n 2 

1 • 
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• 

The f'o1·1m1Jas f'or this section ho1d o ..... -.s if w is much smaJJer than n. 

mca 2220 detsyxnbnd 
mca 2221 sol.symbnd 
mca 2222 detsolsymbnd 

(.036 X w + 2.4) 
(.67 X w + 4.8) 
( • 036 X w + 3 " 1 ) 

X w X n 
Xn • 
X w X n 

Section 224 Least-s9iuares Rrob1e.ms 
F 5 Sil 11551 

The fonnulas for this section hold, i:f n > m and the rank equal,s m. 

mca 2240 lsqdec 
mca 2214 lsqsol 
mca 2242 isqdglinv 
mca 2243 lsqdecsol 

(. 50 x m + 2.2) X m X (n - m/3) 
(. 75 X m + 1 • O) x n 
(. 016 x m + 1. 1) X m 2 
(. 50 X m + 4. 1) X m X (n - m/3) 


