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PREFACE 

We here present a set of ALGOL 60 procedures for solving systems of 
linear equations, for inverting matrices and for solving linear leas-t­
squares problems. The procedures use single-length scalar-product 
procedures and no iterations are applied for improving the solutions. 
In the future, we plan to present a corresponding set using double-­
length scala:ri-product procedures and applying iterations for improving 
the solutions, and a set for calculating eigenvalues and eigenvectors 
of matrices. 

The procedures have been tested on an Electrologica XS computer by 
means of the "MC ALGOL 60 system for the X8" of the Mathematical 
Centre, Amsterdam, written by F. E. J. Kruseman Aretz. 
Only the procedures mca 2000 to 2005 of section 200 are available as 
EL X8-rnachine-code procedures. 
The texts of the procedures have been edited by an ALGOL editing 
program written by H. L. Oudshoorn, H. N. Glorie and 
G. C. J.M. Nogarede[12]. 

In the second edition some minor errors have been corrected. 
Three of these corrections concern errors in the texts of rnkelm 
(mca 2110), detbnd (mca 2120) and detsolbnd (mca 2122) which were 
related to the handling of the row norms in the pivot selection. 
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NOTATIONS 

References are given between the square brackets"[" and"]". 
":"denotes the integer division symbol" -i-" [1,3.3.4.2.). 
"goto" denotes the same symbol as "go to", [1,4.3.]. 
"'o"'"denotes a null vector; the number of elements will be clear from 
the context. 
"min"(" max") denotes the function whose value is the minimum 
(maximum) value of its two operands. 
The prime symbol" 1 "denotes transposition of a matrix. 
"M" denotes the matrix considered and" n" denotes its order, 
unless stated otherwise. 

DEFINITIONS 

The "dimension" of an array is the number of its subscripts (see also 
[1,5.2.3.2.]). Thus we speak about "one-dimensional" and "two­
dimensional" arrays. The first subscript of a two-dimensional array is 
called the "row index" and the second the "column index". 
The i-th "row" ("column") of a two-dimensional array is the set of its 
elements for which the row (column) index equals i. 
The "upper triangle" of a matrix or of a two-dimensional array is the 
set of its elements for which the first subscript does not exceed the 
second. 
A "unit triangular" matrix is a triangular matrix whose diagonal 
elements are equal to 1. 
We use the following vector norms [2, p.80] [3, p.55] : the "one­
norm", i.e. the sum of the absolute values of the elements of the 
vector; the "Euclidean norm", i.e. the square root of the sum of their 
squares; and the "infinity-norm", i.e. their maximum absolute value. 
We use the following matrix norms : the "infinity-norm", i.e. the 
maximum one-norm of its rows; the "maximum-norm", i.e. the maxinum 
absolute value of its elements. The maximum-norm of a positive 
semidefinite symmetric matrix obviously equals the maximum of its 
diagonal elements. 

The "machine precision" is the largest number, p, for which 1 + p = 
on the computer (about ~-12 for the X8). 
A "relative tolerance" is a tolerance relative to some vector or 
matrix norm. Relative tolerances must be chosen smaller than one, and 
should be chosen not smaller than the machine precision. 
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INTROWCTIDN 

Chapter 20 contains a set of procedures for vector operations. Most of 
these are used in the subsequent chapters; some procedures of section 
201 and 203 will be used in procedures for calculating eigenvalues and 
eigenvectors (to be published). A vector is given either in a one-­
dimensional array or in a row or column of a tw<>-dimensional array. 
In the former case, we often use the same name for the vector as for 
the array if the whole array is used for the vector. 
Capter 21 contains a set of procedures for solving linear systems and 
for inverting matrices. The matrix is given in a two-dimensional 
array, the columns and rows of which correspond with the columns and 
rows of the matrix. A band matrix, however, is given in a one-­
dimensional array. For details, see sections 212 and (for the 
positive-definite symmetric case) 222. 
Chapter 22 deals with the special case of positive-definite symmetric 
matrices and, moreover, contains a section for solving linear least,... 
squares problems. Of symmetric matrices and uppe:r-triangular matrices 
only the upper triangle will be given or delivered, either in the 
upper triangle of a tw<>-dimensional array (in which case the 
remaining part of the array is not used) or in a one-dimensional 
array [8]. In the latter case, the (i, j)-th element of the matrix 
is, for i < j, the array element whose subscript equals 
( j - 1 ) X '"J : 2 + L Thus, the memory space occupied by the matrix is 
cut nearly in half. A drawback is that the elements in a row of the 
upper triangle are not linear functions of the running subscript, so 
that special procedures for the vector operations are needed. 

In each chapter, we give a survey of its contents and some numerical 
considerations and comparisons. The chapters are subdivided into 
sections in each of which we give a more detailed survey of its 
contents and explain the numerical methods used. Each section contains 
one or more procedures. For each procedure, we give a description 
in which the required data, the delivered results and the (directly or 
indirectly) used nonlocal procedures are mentioned. The data of the 
procedures are given by actual parameters whose corresponding formal 
parameters are either specified real or integer and called by value, 
or specified array or integer array and called by name. The results of 
the procedure'sare delivered either as the value assigned to the 
procedure identifier (of type real or integer), or in arrays 
corresponding to formal parameters specified array or integer array. 
Some arrays are used as well for data as for res'i'uts. --­
For each formal parameter specified array or integer array, we give 
the "minimal declaration", i.e. a declaration with the appropriate 
number of bound pairs, where each pair indicates the range which is 
actually used by the procedure. Of course, the declaration of the 
corresponding actual parameter may contain smaller lower bounds and 
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greater upper bounds. (The descriptions of the procedures of sections 
202 and 203 contain two minimal declarations of the same parameter 
with the meaning that the declaration of the corresponding actual 
parameter has to include both of them.) Sometimes not all elements of 
the array indicated by the minimal declaration are used. In the 
descriptions, we always mention which part is used for the data and 
which part for the results, so that it is always clear which elements 
are not used at all and which elements are left unchanged. Only in 
some cases shall we explicitly state that some elements are left 
intact, if it is important for the applications. 



CH.API'ER 20 

VECTOR OPERATIONS 

7 

This chapter contains procedures for calculating scalar products, for 
adding a nmltiple of a vector to another vector, for interchanging two 
vectors and for rotating two vectors. 
Each of the vectors is given by means of a pair of subscript bounds 
and either a two-dimensional array identifier with a row or column 
number or a onB-dimensional array identifier. The procedures which use 
only onB-dimensional arrays, have some extra facilities. Some of these 
procedures handle rows of uppe:r- triangular or symmetric matrices 
given in a onB-dimensional array, which are represented in a special 
way, viz. with linearly increasing spacing of the successive elements. 
Compared with the technique of defining the vectors by means of 
subscripted variables explicitly depending on a bound variable, as is 
common for scalar product procedures [1 ,4.7.2. and 5.4.2.] [5] [6] 
[10], our technique is less flexible, but mor; efficient (at least in 
the MC ALGOL 60 system for the XS); moreover, our procedures may well 
be written as machine-code procedures in which the elements of the 
vectors are selected more efficiently on account of their equidistant 
(or linearly increasing) spacing in the memory. As to the lesser 
flexibility, instead of one procedure we need a set of procedures for 
the most important applications. As to the machine-code procedures, 
if explicit bound variables were used, the more efficient element 
selection would be possible only if the subscripts were linear (or, 
in the case of linearly increasing spacing, quadratic) functions of 
the bound variable, but this requirement is easily violated and 
difficult to check. 
Our procedures avoid this difficulty. 
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comment mca 2000; 
~ procedure vecvec(l, u, shift, a, b); value 1, u, shift; 
integer 1, u, shift; array a, b; 
begin integer k; reals; 
~:= o; --
~ k:= 1 step 1 ~ u do s:= a[k] x b[shift + k] + a; 
vecvec:= s 

~ vecvec; 

cormnent mca 2001; 
real procedure matvec(l, u, i, a, b); ~ 1, u, i; integer 1, u, i; 
array a, b; 
begin integer k; reals; 
--s:= o; --

fork:= 1 step 1 ~ u dos:= a[i,k] X b[k] + s; matvec:= s 
~ matvec; 

coillil1ent mca 2002; 
real procedure tamvec(l, u, i, a, b); ~ 1, u, i; integer 1, u, i; 
array a, b; 
begin integer k; reals; 
--s:= o; --

fork:= 1 step 1 ~ u dos:= a[k,i] X b[k] + s; tamvec:=- s 
end tamvec; 

comment mca 2003; 
real procedure matmat(l, u, i, j, a, b); ~ 1, u, i, j; 
integer 1, u, i, j; array a., b; 
begin integer k; ~ s; 

s:= o; 
fork:"' 1 step 1 ~ u dos:= a[i,k] x b[k,j] + s; matmat:= s 

~ iiiatmat; 

comment mca 2004; 
~ procedure ta.tmnat(l, u, i, j, a, b); value 1, u, i, j; 
integer 1, u, i, j; array a, b; 
begin integer k; reals; 
--s:= o; -

fork:= 1 step 1 ~ u ~ s:= a[k,i] X b[k,j] + s; ta.tmnat:= s 
~ tall'JDlat; 

coillIIlent mca 2005; 
real procedure mattam(l, u, i, j, a, b); ~ 1, u, i, j; 
integer 1, u, i, j; array a, b; 
begin integer k; reals; 

s:"' o; 
fork:= 1 step 1 ~ u do s:= a[i,k] X b[j,k] + s; mattam:= s 

end mattam; 



Section 200 Scalar products 

The procedures of this section calculate the scalar product of two 
vectors, each of which is given either as (a part of) a one­
dimensional array or as row or column of a two-dimensional array. If 
the lower bound of the running subscript is greater than the upper 
bound, then 0 is delivered as scalar product. 
The lower and upper bound of the running subscript are given by two 
parameters,; 
vecvec and seqvec feature the additional possibility of shifting the 
range of the running subscript of the second vector,; in scaprdl, 
moreover, the spacings of the vectors are arbitrary constants,; in 
seqvec the spacing of the successive elements of the first vector 
increases linearly. (The latter procedure is used for symmetric or 
upper-triangular matrices given in one-dimensional arreys.) 
In the MC ALGOL 60 system for the X8 the procedures mca 2000 to 2005 
are available as machine-code procedures (which are about 7 times 
faster than the corresponding equivalent ALGOL procedures, see 
Appendix). 

Description mca 2000 
vecvec:= scalar product of the vectors given in array a[l:u] and 
arra;y b [ shift + 1 : shift + u] • 

Description mca 2001 
matvec:= scalar product of the row vector given in array a[i:i, l:u] 
and the vector given in arra;y b[l:u]. 

Description mca 2002 
ta.mvec:= scalar product of the column vector given in 
array a[l:u, i:i] and the vector given in array b[l:u]. 

Description mca 2003 
matmat:= scalar product of the row vector given in arra;y a[i:i, l:u] 
and the column vector given in arra;y b[l:u, j:j]. 

Description mca 2004 
tammat:= scalar product of the column vectors given in 
array a[l:u, i:i] and array b[l:u, j:j]. 

Description mca 2005 
matta.m:= scalar product of the row vectors given in array a[i:i, l:u] 
and array b[j:j, l:u]. 

9 
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comment mca 2006; 
~ procedure seqvec(l, u, il, shift, a, b); ~ 1, u, il, shift; 
integer 1, u, il, shift; array a, b; 
begin real s; 
~== o; 

for l:= l s[ep 1 until u do 
begins:= ail] x~+ shift]+ s; il:= il + 1 end; 
seqvec:= s 

~ seqvec; 

comment mca 2008; 
real procedure scaprdl(la, sa, lb, sb, n, a, b); 
vaii.ie la, sa, lb, sb, n; integer la, sa, lb, sb, n; array a, b; 
begin integer k; 
--r-eal s; 

~o; 
fork:= 1 s[ep 1 until n do 
begin s:= a la] X b[lb] +s; la:= la + sa; lb:= lb + sb end; 
scaprdl:= s 

~ scaprdl; 



Description mca 2006 
seqvec:= scalar product of the vectors given in 
array a[il: il + (u + 1 - 1) x (u - 1) : 2) and 
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array b[shift + 1: shift+ u], where the elements of the first vector 
are""'a[il + (j + 1 - 1) x (j - 1)..:. 2) for j = 1, ••• , u. 

Description mca 2008 
scaprd1:= scalar product of the vectors given in 
array a[min (la, la+ (n - 1) x sa) : max (la, la+ (n - 1) x sa)] 
and array b[min (lb, lb+ (n - 1) X sb) : max(lb, lb+ (n - 1) x sb)], 
where the elements of the vectors are 
a[la + (j - 1) X sa] and b[lb + (j - 1) X sb] for j = 1, ••• , n. 
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comment mca 2010; 
procedure elmvec(l, u, shift, a, b, x); ~ 1, u, shift, x; 
integer 1, u, shift; real x; [Jay a, b; 
for l:= 1 step 1 until u do al:= a[l] + b[l + shift] Xx; 

col!Jlllent mca 2011; 
procedure elmveccol(l, u, i, a, b, x); value 1, u, i, x; 
integer 1, u, i; real x; arral a, b; 
~ 1: = 1 step 1 until u do a 1) := a[l] + b[l,i] X x; 

comment mca 2012; 
procedure elmcolvec(l, u, i, a, b, x); ~ 1, u, i, x; 
integer 1, u, i; real x; arral a, b; 
~ l:= l step 1 until u do a l,i]:= a[l,i] + b[l) Xx; 

comment mca 2013; 
procedure elmcol(l, u, i, j, a, b, x); value 1, u, i, j, x; 
integer 1, u, i, j; real x; [ray a, b; 
~ l:= 1 step 1 until u ~ a l,i]:= a[l,i] + b[l,j] Xx; 

comment mca 2014; 
procedure elmrow(l, u, i, j, a, b, x); ~ 1, u, i, j, x; 
integer 1, u, i, j; real'x; [ray a, b; 
f2::_ l:= 1 step 1 until u do a i,l]:= a[i,l] + b[j,l] Xx; 

comment mca 2019; 
integer procedure maxelmrow(l, u, i, j, a, b, x); ~ 1, u, i, j, x; 
integer l, u, i, j; ~ x; array a, b; 
begin integer k; 
--real r, s; 

~o; 
fork:= 1 s[ep 1 until u do 
begin r:= a i,k]:= a[i,k]+ b[j,k] Xx; if abs(r) > s then 
--begins:= abs(r); l:= k end 
end;-- -
iiiaxelmrow: = 1 

~ maxel.mrow; 
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Section 201 Elimination 

The procedures of this section perform a Gaussian elimination on a 
vector. More precisely, a multiple of one vector is added to another 
vector. Each vector is given either as a on~nsional array or as 
row or column of a two-dimensional arrey-. The lower and upper bound of 
the running subscript are given by two para.meters; elmvec features 
the additional possibility of shifting the range of the running 
subscript of one vector. 

Description mca 2010 
elmvec adds x times the vector given in ~ b[shift + l shift + u] 
to the vector given in~ a[l:u]. 

Description mca 2011 
elmveccol adds x times the column vector given in array b[l:u, i:i] to 
the vector given in array·a[l:u]. 

Description mca 2012 
elmcolvec adds x times the vector given in array b[l:u] to the column 
vector given in array a[l:u, i:i]. 

Description mca 2013 
elm.col adds x times the column vector given in array b[l:u, j:j] to 
the column vector given in array a[l:u, i:i]. 

Description mca 2014 
elmrow adds x times the row vector given in array b[j:j, l:u] to the 
row vector given in array a[i:i, l:u]. 

Description mca 2019 
ma.xelmrow adds x times the row vector given in array b[j:j, l:u] to 
the row vector given in array a[i:i, l:u]. 
Moreover, maxelmrow:= the value of the second subscript of an element 
of the new row vector in arrey a which is of maximum absolute value. 
If, however, l > u, then maxelmrow:= 1. 
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comment mca 2020; 
procedure ichvec(l, u, shift, a);~ 1, u, shift; 
integer 1, u, shift; array a; 
begin real r; 
--forl: = l sr11 until u do 

begin r:= al; a[l]:= a[l+ shift]; a[l + shift]:=- rend 
~ Iciivec; 

comment mca 2021; 
procedure ichcol(l, u, i, j, a); value 1, u, i, j; integer l, u, i, j; 
array a; 
begin real r; 
---i:-orl: = l srp 1 until u do 

begin r:= a l,i];"a:TI:;i)::-a(l,j]; a[l,j]:= r ~ 
~ I'chc'o1; 

comment mca 2022; 
procedure ichrow(l, u, i, j, a); value 1, u, i, j; integer 1, u, i, j; 
array a; 
begin real r; 
---i:-orI: = l srp 1 until u do 

begin r:= a i,l];""""a[T;-1)::-a[j,l]; a[j,l]:= rend 
~ Iciiro'w; 

comment mca 2023; 
procedure ichrowcol(l, u, i, j, a); value 1, u, i, j; 
integer 1, u, i, j; array a; 
begin real r; 
--for!:= l srp 1 until u do 

begin r:= a i,l]; a[i,l]::-a(l,j]; a[l,j]:= rend 
~ Iciiro'wcol; 

colillllent mca 2024; 
procedure ichseqvec(l, u, il, shift, a);~ 1, u, il, shift; 
integer 1, u, il, shift; array a; 
begin real r; 
--forl: = l srp 1 until u do 

begin r:= a il]; a[il] := a["l + shift]; a[l + shift]:= r; 
--il:= il + l 
end 

~ Iciiseqvec; 

comment mca 2025; 
procedure ichseq(l, u, il, shift, a);~ l, u, il, shift; 
integer l, u, il, shift; array a; 
begin real r; 
-----rorT: = l srp 1 until u do 

begin r:= ail]; a[il]::a a["il + shift]; a[il + shift]:= r; 
--il:= il + l 
end 

~ ichseq; 
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Section 202 Interchanging 

The procedures of this section interchange the elements of two 
vectors. Each vector is given either as (a part of) a one-dimensional 
array or as row or column of a two-dimensional array. The lower and 
upper bound of the running subscript are given by two parameters; 
ichvec and ichseqvec feature the additional possibility of shifting 
the range of the running subscript of the second vector; in ichseqvec 
and ichseq the spacing of the successive elements of one or both of 
the vectors increases linearly. (The latter procedures are used for 
symmetric matrices given in one-dimensional arrays.) 

Description mca 2020 
ichvec interchanges the elements of the vector given in array a[l:u] 
and array a[shift + l shift+ u]. 

Description mca 2021 
ichcol interchanges the elements of the column vectors given in 
array a[l:u, i:i] and array a[l:u, j:j]. 

Description mca 2022 
ichrow interchanges the elements of the row vectors given in 
array a[i:i, l:u] and array a[j:j, l:u]. 

Description mca 2023 
ichrowcol interchanges the elements of the row vector given in 
array a[i:i, l:u] and the column vector given in array a[l:u, j:j]. 

Description mca 2024 
ichseqvec interchanges the elements of the vectors given in 
array a[il: il + (u + l - 1) X (u - 1) : 2] and 
array a[shift + l: shift+ u], where the elements of the first 
vector are a[il + (j + l - 1) X (j - 1) l 2) for j = 1, ... , u. 

Description mca 2025 
ichseq interchanges the elements of the vectors given in 
array a[il: il + (u + l - 1) X (u - 1) l 2] and 
array a[shift + il: shift+ il + (u + l - 1) X (u - 1) _ 2], 
where the elements of the vectors are 
a[il + (j + l - 1) X (j - 1) : 2] and 
a[shift + il + (j + l - 1) x 'fj - 1) l 2) for j = 1, ... , u. 



comment mca 2031i 
procedure rotcol(l, u, i, j, a, c, s)i value l, u, i, j, c, s; 
integer l, u, i, Ji ~ c, Si ~ ai--
begin ~ x, Yi 

for l:• l s[ep 1 until u do 
begin x:a a l,i]i~a[l;J"]i a[l,i]:• x X c + y X Si 

a[l,j]:• y X c - x X s 
end 

~ rotcoli 

comment mca 2032i 
procedure rotrow(l, u, i, j, a, c, s)i value l, u, i, j, c, Si 
integer 11 u, i, ji ~ c, Si ~ ai--
~ ~ X, Yi 

for l:• l s[ep 1 until u do 
begin x:= a i,l);~a[j,l]i a[i1 l] := x X c + y X Si 

a[j,l]:= y X c - XX s 
end 

~ rotrow; 
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Section 203 Rotation 

The procedures of this section perform a rotation on two vectors, x 
and y (say); i.e. the two vectors are replaced by ex+ sy and oy - sx, 
where c ands are two given real values. Each vector is given as row 
or column of a two-dimensional array. The lower and upper bound of the 
running subscript are given by two parameters. (These procedures are 
to be used in procedures for calculating eigenvalues and eigenvectors 
(to be published).) 

Description mca 2031 
rotcol replaces the column vector x given in array a[l:u, i:i] and the 
column vector y given in array a[l:u, j:j] by the vectors ex+ sy and 
cy - sx. 

Description mca 2032 
rotrow replaces the row vector x given in array a[i:i, l:u] and the 
row vector y given in array a[j:j, l:u] by the vectors ex+ sy and 
cy - ax. 
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CAPTER 21 

LINEAR SYSTEMS AND MATRIX INVERSION 

This chapter contains procedures for solving systems of linear 
equations and for matrix inversion. Moreover, section 211 contains a 
procedure for calculating the rank of a matrix and a procedure for 
solving a homogeneous linear system. 
In section 210 triangular decomposition with partial pivoting is used 
and in section 211 Gaussian elimination with complete pivoting. The 
procedures of section 212 solve linear systems whose matrices are in 
band form, by means of Gaussian elimination with partial pivoting. 

In exceptional cases, partial pivoting may yield useless results, even 
for well-conditioned matrices; this may occur only for large matrices 
whose order (or in the case of band matrices, band width) is not much 
smaller than the number of binary digits in the number representation 
[2, p.97] [3, p.212]. Complete pivoting, however, always yields good 
results for well-conditioned matrices; a "condition number" (i. e. a 
norm of the matrix times a norm of its inverse) is a measure of the 
relative accuracy of the solution (2, p.91]. Moreover, complete 
pivoting is indispensable for calculating the rank of a matrix and for 
solving homogeneous syst~ms. 

For large order n the computation time for solving linear systems and 
for matrix inversion is proportional ton cubed. 
Complete pivoting requires some extra time for the pivot selection, 
which, for large n, is a nearly constant (small) fraction of the total 
computation time. In.the MC ALGOL 60 system for the X8, the partial 
pivoting procedures of section 210 are much faster than the complete 
pivoting procedures of section 211, because the procedures mca 2000 to 
2005 are available in machine-code. 
The procedures of section 212, for solving linear systems whose 
matrices are in band form, save a considerable amount of computation 
time and memory space, if the band width is much smaller than n. For 
large matrices, the computation time is proportional ton X band width 
X the number of diagonals on or to the left of the main diagonal. 



Section 210 Triangular decomposition with partial pivoting 

This section contains procedures for solving linear systems and for 
inverting matrices: 
detsol solves a system of linear equations and calculates the 
determinant of the system; 
detinv calculates the inverse and the determinant of a matrix; 
det calculates the determinant of a matrix; 
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sol solves a system of linear equations and inv inverts a matrix, 
provided the matrix is given in the triangularly decomposed form 
produced by det. One call of det followed by several calls of sol may 
be used to solve several linear systems having the same matrix but 
different right hand sides. 

The method used in det is triangular decomposition with stabilizing 
row interchanges, also called "partial pivoting" [2, p.115] [3, p.201] 
[4] [ 5] [6]. 
The method yields a lower-triangular matrix Land a unit upper­
triangular matrix U such that the product LU equals the given matrix M 
with permuted rows. 
The process is performed inn steps. The k-th step, k = 1 , ••• , n, 
produces the k-th column of L; subsequently, the "pivot" is selected 
in this column; the pivotal row and the k-th row of M (and thus, also 
of L) are interchanged; finally, the k-th row of U is produced. That 
element of the k-th column of Lis chosen as pivot, whose absolute 
value divided by the Euclidean norm of the corresponding row of Mis 
maximal. Thus, matrix M is "equilibrated" in this pivoting strategy 
such that the rows effectively obtain unit Euclidean norm. No test for 
singularity of Mis performed. 
The determinant equals the product of the diagonal elements of Lor 
minus this value, if the number of proper interchanges is odd. 

After the triangular decomposition, sol obtains the solution x of the 
linear system Mx = b by first permuting the elements of bin the same 
way as the rows of M, then calculating y such that Ly equals b with 
permuted elements (forward substitution), and finally calculating x 
such that Ux = y (back substitution). 

The method used in inv is as follows. The inverse, X, of the product 
LU is calculated from the conditions that XL be a unit upper­
triangular matrix and UX a lower-triangular matrix [4, p. 34-38]. 
Subsequently, in correspondence with the interchanges applied on the 
rows of M, the same interchanges are carried out in reverse order on 
the columns of X, in order to obtain the inverse of M. 
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comment mca 2100; 
~ procedure det(a, n, p); ~ n; integer n; array a; 
integer array p; 
begin integer i, k, kl, pk; 
--real d, r, s; 

array v[ 1 :n]; 
~ i:= 1 step 1 ~ n ~ v(i]:= 1 / sqrt(mattam(l, n, i, i, 
a, a)); d:= 1; 
~ k: == 1 step 1 ~ n ~ 
begin r::: - 1 ; k 1 : = k - 1 ; 
--for i: = k s]ep 1 until n do 

begin a[i,k ::: a[I;ic'r- :matma.t(1, kl, i, k, a, a); 
--s:= abs(a[i,k]) X v[i]; ifs> r then 

begin r:= s; pk:= i ~ - --
end lower; 
p(k]:= pk; v[pk]:= v[k]; s:= a[pk,k]; d:= s X d; 
if pk f k then 
begin d:= - d; ichrow(l, n, k, pk, a) end; 
f£::. i:=: k + 1 jr7 1 ~ n ~ a[k,i]-;-;-(a[k,i] - matmat( 1, 
kl, k, i, a, a s 

end lu; 
det:= d 

~ det; 

comment mca 2101; 
procedure sol(a, n, p, b); ~ n; integer n; array a, b; 
integer array p; 
begin integer k, pk; 
--real r; 

Tor"°k: = 1 sr1 1 until n do 
begin r:= b k ; pk:= p(k]; 
--b(k]:= (b[pk] - matvec(l, k - 1, k, a, b)) / a[k,k]; 

,!! pk f k ~ b(pk]:= r 
end; 
Tork:=: n step - until 1 ~ b[k]:=: b[k] - matvec(k + 1, n, k, 
a, b) 

~ sol; 

comment mca 2102; 
real procedure detsol(a, n, b); value n; integer n; array a, b; 
begin integer ar(ay p[l :n]; --
---;Ietsol:= det a, n, p); sol(a, n, p, b) 
~ detsol; 
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Description mca 2100 
det:= determinant of then-th order matrix M given in 
array a[l :n, 1 :n], and the triangular decomposition of M is performed. 
The resulting lower-triangular matrix and unit upper-triangular matrix 
with its unit diagonal omitted are overwritten on a. 
The pivotal indices are delivered in integer )ray p[1:n]. 
det uses mattam, matmat and ichrow (chapter 20. 

Description mca 2101 
sol should be called after det and solves the linear system Mx = b, 
where Mis then-th order matrix whose triangularly decomposed form 
and pivotal indices, as produced by det, are given in 
array a[ 1 :n, 1 :n] and integer array p[ 1 :n], and where b is the vector 
given as array b[l:n]. The solution vector xis overwritten on b. 
sol leaves a and p intact, so that, after one call of det, several 
calls of sol may follow for solving several systems having the same 
matrix but different right hand sides. 
sol uses matvec (mca 2001). 

Description mca 2102 
detsol:= determinant of then-th order matrix M given in 
array a[1:n, 1:n], and the triangular decomposition of Mis performed. 
Moreover the linear system Mx =bis solved, where vector bis given 
as array b[l:n]. The solution vector xis overwritten on b, and the 
triangularly decomposed form of Mis overwritten on a. 
detsol uses det, sol and, indirectly, also matta.m, matmat, matvec and 
ichrow (chapter 20). 
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c0Im11ent mca 2103; 
procedure inv(a, n, p); ~ n; integer n; array a; integer array p; 
begin integer j, k, kl; 
--real r; 

array v[ 1 :n]; 
~ k:= n step - 1 until 1 do 
beginkl:=k+l; 

for j:= n stjE - 1 until kl do 
begin a[j,k1 := v[j1Tv[j]:=-= matmat(k1, n, k, j, a, a)~; 
~[k,k]; 
for j:= n s]ep - 1 until kl do 
begin a[k,j := v[j]; v(j]:= =-matmat(k1, n, j, k, a, a)/ r 
end,; 
v(k]:= (1 - matmat(k1, n, k, k, a, a))/ r 

end; 
Tor j:= n step - 1 until 1 do a[j,1]:= v[j]; 
fur k:= n ::-rjtep =-luntir1 do 
begin kl:= p[k,; .:!:f. kl f k thenichcol{l, n, k, kl, a) end 

~ inv; 

comment mca 2104; 
~ procedure detinv{a, n),; value n; integer n; array a; 
begin integer ar(ay p[l:n]; 

detinv:= det a, n, p); inv(a, n, p) 
~ detinv; 



Description mca 2103 . 
inv should be called af'ter det and calculates the inverse of the 
matrix whose triangularly decomposed form and pivotal indices, as 
produced by det, are given in array a[l:n, 1:n] and 
integer array p[l:n]. The calculated inverse is overwritten on a, 
inv uses matmat and ichcol (chapter 20). 

Description mca 2104 
detinv:= determinant of then-th order matrix given in 
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array a[l:n, 1:n]. Moreover, the inverse of this matrix is calculated 
and overwritten on a. 
detinv uses det, inv and, indirectly, also mattam, matmat, ichrow and 
ichcol (chapter 20). 
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Section 211 Elimination with complete.pivoting 

This section contains procedures f'or calculating the rank of' a matrix., 
f'or solving linear systems and f'or inverting ma.trices: 
rnksolelm solves a system of' linear equations and calculates the 
determinant of' the system; 
invelm calculates the inverse and the determinant of' a matrix; 
rnk.elm calculates the rank of' a rectangular matrix; 
solelm solves a system of' linear equations and solhom calculates a 
solution of' a homogeneous system, provided the matrix is given in the 
Gaussian-eliminated f'orm produced by rnkelm. 
One call of' rnkelm f'ollowed by several calls of' solelm may be used to 
solve several linear systems having the same matrix but dif'f'erent 
right-hand sides. By means of' successive calls of' solhom one can 
obtain a complete linear'.cy independent set of' solutions of' a 
homogeneous system. ' 

The method used, in rnkelm, is Gaussian elimination with complete 
pivoting [2, p.97] [3, p.212] which yields a lower-triangular matrix L 
and a unit upper-triangular matrix U such that the product LU equals 
the given matrix M with permuted rows and columns. Let M haven rows 
and m columns. The elimination is perf'ormed in at most min(n, m) 
steps. In the k-th step, k = 1, ••• , min(n, m), a "pivot" is selected 
f'rom the remaining submatrix having n - k + 1 rows and m - k + 1 
columns; then the pivotal row is interchanged with the k-th row and 
the pivotal column with the k-th column; subsequent:cy, the k-th 
"unknow" is eliminated-in the last n - k rows. The pivot is selected 
in such a way that its absolute value divided by the one-norm of' the 
corresponding row of' Mis maximal. Thus, matrix Mis "equilibrated" in 
this pivoting strategy such that the rows ef'f'ective'.cy obtain unit one­
norm. If' all elements of' the remaining submatrix are smaller in 
absolute value than a given relative tolerance times the one-norm of' 
the corresponding row of' M, then the elimination is discontinued and 
the previous step number is delivered as the rank of' M. 

Af'ter the Gaussian elimination, solelm obtains the solution x of' the 
linear system Mx = b by calling sol (mca 2101) and then interchanging 
the elements of' the solution vector produced by sol in "reverse 
correspondence" with the interchanges of' the columns of' M; i.e. the 
same interchanges are carried out in reverse order. 
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In solhom, a solution x of the homogeneous system Mx = o, where Mis 
an n X m matrix of rank r, is obtained as follows. Let V be the 
r-th order upper-triangular matrix consisting of the first r columns 
of the matrix U produced by rnkelm and W the r x (m - r) matrix 
consisting of the remaining part of the first r rows of U (the other 
rows of U are negligeable). First, the system Vy =- minus the k-th 
column of w, where k is a given positive integer< m - r, is solved 
(back subti tution) • Then the vector y and the k-tii unit (m - r) -
vector are combined to form a single m-vector; its elements are then 
interchanged in reverse correspondence with the interchanges of the 
columns of M, in order to obtain a solution vector x. The solution 
vectors thus obtained for k = 1, ••• , m - r form a complete set of 
linearly independent solution vectors of the homogeneous system. 

The method used in invelm is Gaus~ordan elimination with complete 
pivoting. This method introduces the zeros not only below but also 
above the ms.in diagonal. At each stage, the element of greatest 
absolute value of the remaining submatrix is chosen as pivot. (Here, 
the matrix is not equilibrated, because this would not leave the 
inverse invariant.) After completing the elimination, the rows and 
columns are interchanged in reverse correspondence with the 
interchanges of the columns and rows of M. 
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comment mca 2110; 
integer procedure rnkelm(a, n, m, aux, ri, ci); ~ n, m; 
integer n, m; array aux; integer array ri, ci; 
begin integer r;-J; p, q, r, r1, Jcrit; 
---real crit, rnorm, max, aid, det, eps, minpiv, pivot; 

array norm[ 1 :n]; 
crit:= o; 
for p:= 1 step 1 until n do 
begin rno~ma.x:= abs(aTii, 1] ); jcrit:= 1; 
---i:"or q:= 2 step 1 until m do 

begin aid:= abs(a[p,q] ); rnorm:= rnorm + aid; 
----rf aid> max then 

begin max:= arir;-jcrit:= q end 
end;___ --
i:iclrm[p] := rnorm:= 1 / rnorm; if max X rnorm > crit then 
begin crit:= max X rnorm; i:=p; j:= jcrit end 

end;___ --
eps:= aux[O]; det:= 1; minpiv:= crit; 
for r:= 1 step 1 until n do 
begin if crit < eps then goto rank; r1 := r + 1; 
--'Ifcrit < minpiv then minpiv:= crit; if if r then 

begin det:= - det; norm[i] := norm[r];ichrow(1, m, r, 11 a) 
end; 
TI'""°j ,f: r then 
begin det:= - det; ichco1(1, n, r, j, a) end; 
ritrT:= i; ci[r]:= j; pivot:= a[r,r]; det:= det x pivot; 
crit:= O; if r1 < m then 
begin for q:= r1-stepluntil m do a[r,q]:= a[r,q] / pivot; 
~or p:= r1 step 1 unBln do-

begin jcrit:= maxelmrow(r1-;-m, p1 r, a, a, - a[p,r]); 
--aid:= abs(a[p,jcrit]) X normLp]; if aid> crit then 

begin crit:= aid; i:= p; j:= jcri't'""end --
end___ --

end--
end elimination; 
F=n+ 1; 

rank: rnkelm:= r - 1; aux[1]:= 1 / minpiv; aux[2]:= crit; 
aux[ 3] := det 

~ rnkelm; 



Description mca 2110 
rnkelm:= rank, r, of the n X m matrix M given in arra:y a[ 1 :n, 1 :m]. 
In array aux[0:3] one must give a relative tolerance, aux(0]. 
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The Gaussian-eliminated form of Mis overwritten on a, and the pivotal 
row and column indices are delivered in integer array ri, ci[l:r]. 
Moreover, 
aux[l]:= reciprocal of the minimum absolute value of "pivot/ one-norm 
of the corresponding row of M"; 
aux(2]:= maximum absolute value of "element of the remaining 
(n - r) X (m - r) submatrix / one-norm of the corresponding row of M" 
if r < min(n, m), and otherwise 0; 
aux(3]:= determinant of the principal submatrix of order r. 
rnkelm uses maxelmrow, ichrow and ichcol (chapter 20). 
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comment mca 2111; 
procedure solelm(a, n, ri, ci, b); ~ n; integer n; array a, b; 
integer array ri, ci; 
begin integer r, cir; 
--real w; 

sol(a, n, ri, b); 
!£::_ r: = n step - 1 ~ 1 ~ 
begin cir:= ci[r]; if cir+ r then 
--begin w:== b[r];b[r]:= b[cir]; b[cir]:a: wend 
end-- -

~ wlelm; 

comment mca 2112; 
integer procedure rnksolelm(a, n, aux, b); ~ n; integer n; 
array a, aux, b; 
begin integer rank; 

integer array ri, ci[l:n]; 
rank:= rnksolelm:= rnkelm(a, n, n, aux, ri, ci); 
if rank= n then solelm(a, n, ri, ci, b) 

~ rnksolelm; --

comment mca 2113; 
procedure solhom(a, rank, m, k, ci, x); value rank, m, k; 
integer rank, m, k; array a, x; integer array ci; 
begin integer r, rk; 
--real w; 
~ rank + k; 
!£::_ r:= rank step - 1 until 1 ~ x[r] := - (matvec(r + 1, rank, 
r, a, x) + a[r,rk]); 
!£::_ r:= rank+ 1 step 1 ~ m ~ x[r]:= O; x[rk]:= 1; 
for r:=- rank s]ep - 1 until 1 do 
begin k:= ci[r; if k fr°1:hen-
~egin w:= x[rT; x[r]:= x(k]; x[k]:= wend 
end -- -

~ wlhom; 
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Description mca 2111 . 
solelm should be called after rnkelm (but only if the rank delivered 
equals n), and solves the linear system Mx = b, where Mis then-th 
order matrix whose Gaussian-eliminated form and pivotal row and column 
indices, as produced by rnkelm, are given in array a[ 1 :n, 1 :n] and 
integer arrr, ri, ci[l:n], and where bis the vector given as 
array b[ 1 :n • 
Tii'esolution vector xis overwritten on b, and sol leaves the other 
data invariant, so that, after one call of rnkelm, several calls of 
solelm may follow for solving several systems having the same matrix 
but different right-hand sides, 
solelm uses sol (mca 2101) and, indirectly, also matvec (mca 2001). 

Description mca 2112 
rnksolelm:= rank, r, of then-th order matrix M given in 
array a[ 1 :n, 1 :n]. 
In array aux[0:3] one must give a tolerance, aux[0]. 
If r = n, the linear system Mx =bis solved, where bis the vector 
given as array b[1:n], and the solution vector xis overwritten on b. 
The Gaussian-eliminated form of Mis overwritten on a. 
Moreover, 
aux[1]:= reciprocal of the minimum absolute value of "pivot/ one-norm 
of the corresponding row of M"; 
aux[2] := o; 
aux[3]:= determinant of M. 
If, however, r < n, then-no solution is calculated and the effect of 
rnksolelm is the same as that of rnkelm. 
rnksolelm uses rnkelm, solelm and, indirectly, also sol (mca 2101), 
matvec, maxelmrow, ichrow and ichcol (chapter 20). 

Description mca 2113 
solhom should be called after rnkelm and calculates the k-th solution 
vector of the homogeneous system Mx = o, where Mis the matrix whose 
Gaussian-eliminated form (or rather its first rank rows) and pivotal 
column indices, as produced by rnkelm, are given in 
array a[ 1: rank, 1 :m] and integer array ci[ 1: rank], rank being the 
rank of M delivered by rnkelm. The given integer k must satisfy 
1 < k < m - rank. 
The solution vector is delivered as array x[l:m]. 
Calling solhom consecutively with k = 1, ... , m - rank, one obtains a 
complete set of linearly independent solution vectors of the 
homogeneous system. 
solhom uses matvec (mca 2001), 
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comment mca 2114; 
real procedure invelm(a, n, aux);~ n; integer n; array a, aux; 
begin integer p, q, r, i, j; 
--real t, w, det, pivot, co, tol, max; 

Integer array ri, ci[l:n]; 
i:= j:= 1; pivot:= abs(a[1,1]); 
for p:= 1 step 1 until n do 
for q:= 1 step 1 until n do g abs(a[p,q]) > pivot then 
begin i:= p; j:= q; pivot:= abs(a[p,q]) end; 
max:= pivot; det:= 1; co:= O; tol:= aux[orx max; 
~ r:= 1 step 1 ~ n ~ 
begin if pivot< tol then 
--Segin det:=-0; auxITT:= - r + 1; goto exit end; ITT+ r then 

begin det~ det; ichrow(l, n, r, i, a) end; 
if j fr then -
begin det~ det; ichcol(l, n, r, j, a) end; 
ri[r]:= i; ci[r]:= j; w:= a[r,r]; det:= d~X w; 
a[r,r]:= 1 / w; 
for q: = n rep - 1 until r + 1, r - 1 step - 1 ~ 1 do 
a[r,q]:= a r,q] / w; pivot:= O; 
for p:= 1 stef 1 until r - 1 do 
begin t:= - a p,rlTa[p,r]:= O; elmrow(l, n, p, r, a, a, t) 
end; 
fur p:= r + 1 ste11 until n do 
begin t:= - a[p,r; aTii;rr:= O; elmrow{l, r, p, r, a, a, t); 
--q:= maxelmrow(r + 1, n, p, r, a, a, t); 

if abs(a[p,q]) > pivot then 
begin i:= p; j:= q; piv~ abs(a[p,q]) end 

end 
end ilimination; 
for p: = n step - 1 ~ 1 ~ 
begin for q:= 1 step 1 until n do if abs(a[p,q]) > co then co:= 
--abs(a[p,q]); r:= ci'[p];if rfp then ichrow(l, n,~r, a) 
end; - --
for q:= n stp- 1 until 1 do 
begin r:= ri q]; if:z;-Tq then ichcol(l, n, q, r, a) end; 
aux[1] := max X co; -

exit: invelm:= det 
~ invelm; 



Description mca 2114 
invelm:= determinant of then-th order matrix M given in 
array a[ 1 :n, 1 :n]. In array au.x[O: 1] one must give a relative 
tolerance, au.x[O]. 
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The inverse of Mis calculated and overwritten on a, and au.x[l]:= the 
product of the maximum-norm of Mand that of its calculated inverse, 
this being a condition number of M. 
If, however, Mis singular (more precisely, if, at some stage, the 
absolute value of the pivot is smaller than au.x[O] X the maxiillU.llHlorm 
of M), then the calculation is discontinued, invelm:= o, and au.x[1]:= 
minus the rank of M. 
invelm uses elmrow, ma.xelmrow, ichrow and ichcol (chapter 20). 
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Section 212 Band matrices 

The procedures of this section solve a system of linear equations 
whose matrix is in band form and/ or calculate the determinant of a 
band matrix: 
detsolbnd solves a system of linear equations and calculates the 
determinant of the system; 
detbnd calculates the determinant; 
solbnd solves a system of linear equations whose matrix is given in 
the Gaussian-eliminated form produced by detbnd. 

33 

One call of detbnd followed by several calls of solbnd may be used to 
solve several linear systems having the same matrix, but different 
right,...hand sides. 

The method used is Gaussian elimination with stabilizing row 
interchanges (partial pivoting) [2, p.94] [3, p.204] [7]. Complete 
pivoting is superfluous if the band width is small (certainly if it 
is much smaller than the number of binary digits in the number 
representation). 
If the given matrix M bas lw nonzero codiagonals to the left and rw 
to the right of the main diagonal, then the Gaussian elimination 
yields a unit lower-triangular band matrix L of Gaussian multipliers 
having lw nonzero codiagonals, and an upper-triangular band matrix U 
of the resulting equivalent system having lw + rw nonzero codiagonals. 
The Gaussian elimination is performed inn steps. In the k-th step, 
k = 1, ••• , n, a "pivot" is selected in the k-th column of the 
remaining submatrix of order n - k + 1 (which column contains at most 
lw + 1 nonzero elements); then the pivotal row is interchanged with 
the k-th row; subsequently, the k-th "unknown" is eliminated in the 
last n - k rows (at most the first lw rows of which are involved). 
The pivot is selected in such a way that its absolute value divided by 
the Euclidean norm of the corresponding row of M, is maximal. Thus, 
matrix Mis "equilibrated" in this pivoting strategy such that the 
rows effectively obtain unit Euclidean norm. 
If Mis singular (i.e. if, in some step, the absolute value of the 
pivot is smaller than a given relative tolerance times the Euclidean 
norm of the corresponding row of M), then the elimination is 
discontinued and O is delivered as the determinant value. 

The solution x of the linear system Mx = b is obtained by carrying out 
the corresponding eliminations on b, thereby yielding a vector y 
(say), and then solving the system Ux = y (back subtitution). 
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comment mca 2120; 
real procedure detbnd(a, n, lw, rw, aux, m, p); value n, lw, rw; 
integer n, lw, rw; integer array p; array a, m, aux; 
begin integer i, j, k, kk, kk1, pk, mk, ik, lw1, f, q, w, w1, 'W2, iw, 

nrw; 

end: 

rea.1 r, s, norm, eps, min, det; 
array v[ 1 :n]; 
f:= lw; det:= 1; w1:= lw + rw; w:= w1 + 1; w2:= w - 2; iw:= o; 
nrw:= n - rw; lw1:= lw + 1; q:= lw - 1; 
for i:= 2 step 1 until lw do 
begin q:= Ci'""=""1; iw:= iw +w1; 
---ror j:= iw - q step 1 until iw ~ a[j]:= 0 
end;-- --- ---
norm:= o; iw:= - 'W2; q:= nrw + w - 1; j:= rw - 1; 
for i:= 1 step 1 until n do 
begin iw:="""Iw+ w~i <""""Iw1 then iw:= iw - 1; 
---r:= v[i]:= sqrtr,iecvec(iw,"""Iw+ (if i < lw then j + i else 

if i > nrw then q - i else w1), o-;-a, a)); --
TI r > norm then norm:~ 

end;-
eps:= aux[O]; min:= 1; kk:= - w1; mk:= - lw; 
if f > nrw then 'W2:= 'W2 + nrw - f; 
Tor k:= 1 s°tep1 until n do 
begin if f < n then f:= f+ 1; ik:= kk:= kk + w; mk:= mk + lw; 
--s:-;-abs(a[kic'JT"/ v[k]; pk:= k; kk1:= kk + 1; 

for i:= k + 1 step 1 until f do 
begin ik:= ik + w1; mTiiiF+' i ::-k]:= r:= a[ik]; a[ik]:= O; 
--r:= abs(r) / v[i]; if r > s then 

begins:= r; pk:= iend --
end;___ --
~s < min then min:= s; if s < eps then 
oegin detbnd:= O; aux[1] :-;-1 - k; auxtB:= s; goto end end; 
Trr> nrw then 'W2:= w2 - 1; p[k] := pk; if pk l'Tthen -
begin v[pk]~[k]; pk:= pk - k; - --
---rchvec(kk1, kk1 + 'W2, pk X w1, a); det:= - det; 

r:= m[mk + pk]; m[mk + pk]:= a[kk]; a[kk]:= r 
end 
else r:= a[kk]; det:= r X det; iw:= kk1; lw1:= f - k + mk; 
~i:= mk + 1 step 1 until lw1 do 
begin m[i]:= s:~i] Jr;iw:= Tw + w1; 
~mvec(iw, iw + 'W2, kk1 - iw, a, a, - s) 
end 

end;--
aux[1 ]:= 1 / min; detbnd:= det; aux[2]:= min; 

end detbhd; 
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Description mca 2120 
detbnd:= determinant of then-th order band matrix M having lw 
codiagonals to the left and rw to the right of the main diagonal, and 
which is given in array a[1: (lw + rw) X (n - 1) + n] in such a wa;y 
that the (i,j)-th element of Mis a[(lw + rw) x (i - 1) + j] for 
i = 1, ••• , n and j = max(1, i - lw), ••• , min(n, i + rw). The values of 
the remaining elements of a are irrelevant. In array aux[0:2], one 
must give a relative tolerance, aux[0]. 
The upper-triangular band matrix U resulting from the Gaussian 
elimination is delivered in a such that the (i, j)-th element of U is 
a[(lw + rw) X (i - 1) + j] for i = 1, ••. , n and 
j = i, ••• , min(n, i + lw + rw); the matrix L, of Gaussian 
multipliers, is delivered in array m[1 : lw X (n - 2) + 1) such that 
the i-th multiplier of the j-th step is m[lw X (j - 1) + i - j] 
for j = 1, •.. , n - 1 and i = j + 1, •.. , min(n, j + lw); 
the pivotal indices are delivered in integer array p[1:n]. 
Moreover, 
aux[2]:= minimum absolute value of "pivot/ Euclidean norm of the 
corresponding row of M"; 
aux[1]:= 1 / aux[2]. 
If, however, Mis singular, then the Gaussian elimination is 
discontinued, detbnd:= 0, aux[1]:= minus the previous step number, 
and aux[2]:= absolute value of the last (rejected) pivot/ Euclidean 
norm of the corresponding row of M. 
detbnd uses vecvec, elmvec and ichvec (chapter 20). 



36 

comment mca 2121; 
procedure solbnd(a, n, lw, rw, m, p, b); ~ n, lw, rw; 
integer n, lw, rw; integer array p; array a, b, m; 
begin integer f, i, k, kk, w, w1, 'W2, shift; 

reals; 
~lw; shift:= - lw; wl: = lw - 1; 
~ k: = 1 step 1 ~ n do 
begin if f < n then f:= f + 1; shift:= shift+ wl; i:= p[k]; 
--s:~b[i]; iTr+ k then 

begin b[i]:'.,; b[k]; i:iJIT:= send; 
eiiiive'c(k + 1, f, shift, b, m;-= s) 

end; 
wl:= lw + rw; w:= wl + 1; kk:= (n + 1) X w - wl; 'W2:= - 1; 
shift:= n X wl; 
~ k: = n step - 1 ~ 1 do 
begin kk:= kk - w; shift:= shift - wl; 
--if 'W2 < w1 then 'W2: = 'W2 + 1; 

'iiTk] := (b[kY::-vecvec(k + 1, k + 'W2, shift, b, a)) / a[kk] 



Description mca 2121 
solbnd should be called after detbnd (but only if the determinant is 
not zero), and solves the linear system Mx = b, where Mis then-th 
order band matrix having lw codiagonals to the left and rw to the 
right of the ma.in diagonal, and whose Gaussian-eliminated form and 
pivotal row indices, as produced by detbnd, are given in 
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arraya[l: (lw+rw) X (n-1) +n], m[l: lwX (n-2) + 1] and 
integer array p[l:n], and where bis the vector given as array b[1:n]. 
The solution vector xis overwritten on b. 
solbnd leaves a, m and p invariant, so that, after one call of detbnd, 
several calls of solbnd may follow for solving several systems having 
the same band matrix but different right-hand sides. 
solbnd uses vecvec and elmvec (chapter 20). 



comment mca 2122; 
real procedure detsolbnd(a, n, lw, rw, aux, b); value n, lw, rw; 
Iriteger n, lw, rw; array a, b, aux; 
begin integer i, j, k, kk, kk1, pk, ik, lw1, f, q, w, w1, w2, iw, 
--nrw, shift; 

real r, s, norm, eps, min, det; array m[O:lw], v[1:n]; 
f:= lw; det:= 1; w1:= lw + rw; w:= w1 + 1; w2:= w - 2; iw:= O; 
nrw:= n - rw; lw1:= lw + 1; q:= lw - 1; 
for i:= 2 step 1 until lw do 
begin q:= ~1; i:w:-;-iw +w1; 
""-?or j:= iw - q step 1 until iw do a[j]:= 0 
end;-- -- --
nc>rm:= O; iw:= -w2; q:= nrw + w- 1; j:= rw- 1; 
for i:= 1 step 1 until n do 
begin iw:= 1w + w;tii <-Yw1 then iw:= iw - 1; 
--r:= v[i] := sqrt"{'vecvec(iw,--rw"+ (if i < lw then j + i else 

if i > nrw then q - i else w1), o--;-a, a)); --
TI r > norm then norm:~ 

end;-
eps:= aux[O]; min:= 1; kk:= - w1; 
if f > nrw then w2:= w2 + nrw - f; 
Tor k:= 1 step1 until n do 
begin if f < n then f:= f+ 1; ik:= kk:= kk + w; 
--s:-;;-abs(a[kKJT/ v[k); pk:= k; kk1 := kk + 1; 

for i:= k + 1 step 1 until f do 
begin ik:= ik + w1; mtr::Ic]:-;;-r:= a[ik]; a[ik]:= o; 
--r:= abs(r) /'v[i]; if r > s then 

begins:= r; pk:= iend --
end;-- -
~s < min then min:= s; ifs< eps then 
oegin detso'I'ona::= o; aux[TT:= 1 - k;a.ux[2] := s; goto end 
end; 
~f > nrw then w2:= w2 - 1; if pk =I= k then 
oegin v[pk]~[k]; r:= b[k];o[k]:= b[pK]'; b[pk]:= r; 
~:= pk - k; ichvec(kk1, kk1 + w2, pk X w1, a); 

det:= - det; r:= m[pk); m[pk]:= a[kk]; a[kk]:= r 
end 
else r:= a[kk]; det:= r X det; iw:= kk1; lw1:= f - k; 
l'or"i:= 1 step 1 until lw1 do 
begin m[i]~:= iiiITr/ r; iw:= iw + w1; 
--elmvec(iw, iw + w2, kk1 - iw, a, a, - s); 

b[k + i]:= b[k + i] - b[k] X s 
end 

end;--
aux[1 ]:= 1 / min; detsolbnd:= det; aux[2]:= s; 
kk:= (n + 1) X w - w1; w2:= - 1; shift:= n x w1; 
fork:= n step - 1 until 1 do 
begin kk:=°"'iF"- w; s'Iiffi:= snift - w1; 
---rf w2 < w1 then w2:= w2 + 1; 

'6fk]:= (b[kT"=""vecvec(k + 1, k + w2, shift, b, a))/ a[kk] 
end; 

end:-
end detsolbnd; 
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Description mca 2122 
detsolbnd:= determinant of then-th order band matrix M having lw 
codiagonals to the left and rw to the right of the main diagonal, and 
which is given in array a[l : (lw + rw) X (n - 1) + n] in such a way 
that the (i, j)-th element of Mis a[(lw + rw) X (i - 1) + j] for 
i = 1, ••• , n and j = max(l, i - lw), ••• , min(n, i + rw). The values of 
the remaining elements of a are irrelevant. In array aux[0:2], one 
must give a relative tolerance, aux[O]. 
The solution vector x of the linear system Mx = b, where bis the 
vector given as array b[l:n], is calculated and overwritten on b. 
The upper-triangular band matrix U resulting from the Gaussian 
elimination is overwritten on a (in the same way as in detbnd). 
Moreover, 
aux[2]:= minimum absolute value of "pivot/ Euclidean norm of the 
corresponding row of M"; 
aux[l]:= 1 / aux[2]. 
If, however, Mis singular, then the Gaussian elimination is 
discontinued, detbnd:= o, aux[l]:= minus the previous step number, 
aux[2]:= absolute value of the last (rejected) pivot/ Euclidean norm 
of the corresponding row of M, and no solution vector is calculated. 
detsolbnd uses vecvec, elmvec and ichvec (chapter 20). 
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CHAPTER 22 

POSITIVE DEFINITE SYMMETRIC UNEAR SYSTEMS AND MATRIX INVERSION. 

This chapter contains procedures for solving systems of linear 
equations and for matrix inversion, provided the matrix is positive 
definite symmetric. Moreover section 221 contains procedures for 
calculating the rank and solving a homogeneous system whose matrix is 
positive definite symmetric, and section 224 contains procedures for 
solving linear least squares problems. 
In sections 220 and 222 (the latter section deals with band matrices) 
the ordinary Cholesky method is used and in section 221 Cholesky with 
pivoting along the main diagonal. The latter method is indispensable 
for determining the rank of singular positive semidefinite symmetric 
matrices and for solving homogeneous systems. 
Section 224 uses Householder transformations with pivoting [10]. 

For large order n, the computation time for solving linear systems and 
for matrix inversion is proportional ton cubed, and about one half 
of the time required for the general case (sec chapter 21). 
Pivoting along the main diagonal requires extra computation time which 
is proportional ton squared, and, thus, small with respect to the 
total time for (very) large n. 
The procedures exist in two versions; one version uses the upper 
triangle of a two-dimensional array for the matrix and the other a 
one-dimensional array, so that, in the latter case, the memory space 
occupied by the matrix is cut nearly in half [8]. In the one­
dimensional array, the elements of the upper triangle of the matrix 
are equidistant in the columns but not in the rows, so that special 
procedures for handling these rows are needed. 
In the MC ALGOL 60 system for the XS, a large positive definite 
symmetric matrix given in a two-dimensional array is inverted faster 
than one given in a one-dimensional array, because the procedures 
mca 2000 to 2005 are available in machine-code, but mca 2006 is not. 
A similar statement holds for solving many (at least n/2, say) linear 
systems having the same positive definite symmetric matrix, but 
different right-hand sides. 
The procedures of section 222, for solving linear systems with 
positive definite symmetric band matrices, save a considerable amount 
of computation time and memory space, if the band width is much 
smaller than n. 
For large matrices, the computation time is proportional ton X the 
square of the band width. 



Section 220 Cholesky decomposition without pivoting 

'l.'his section contains procedures for solving linear systems and for 
inverting matrices, provided the ma.trices are positive definite 
symmetric: 
detsolsym2 and detsolsyml solve a system of linear equations and 
calculate the determinant of the system; 
detinvsym2 and detinvsyml calculate the determinant and inverse of a 
matrix; 
detsym2 and detsyml calculate the determinant of a matrix. 

41 

The other procedures of this section are to be used in combination 
with detsym2 or detsyml for solving a linear system (or several 
systems having the same matrix but different right.-hand sides) or for 
inverting a matrix. 

The method used is Cholesky's square-root method without pivoting 
[2, p.117] [3, p.229] [4] [5] [8]. If the given symmetric matrix Mis 
positive definite, then the method yields an uppel'-triangular matrix 
u, the "Cholesk.y matrix" of M, such that U'U equals M; moreover, the 
determinant of Mis delivered, calculated as the product of the 
squares of the diagonal elements of U (and., thus, always positive). 
The process is completed inn stages, each stage producing a row of u. 
However, the process is discontinued if at some stage, k, the k-th 
diagonal element of M minus the sum of the squared elements of the 
k-th column of U (the sqrt of this quantity being the k-th diagonal 
element of U) is not positive, meaning that M, perhaps modified by 
rounding errors, is not positive definite. In that case, instead of 
the determinant, minus the last stage number k is delivered. 

The solution of the linear system U'Ux =bis obtained by solving 
U'y = b (forward substitution) and Uxa y (back substitution). 

The inverse, x, of U'U is obtained from the condition that UX be a 
lovel'-triangular matrix whose main diagonal elements are the 
reciprocals of the diagonal elements of U [4, p. 34-38]. 

The procedures mca 2200 - 2204 use the upper triangle of a two­
dimensional ~ a[ 1 :n., 1 :n] in which the upper triangle of M or U 
must be given and the upper triangle of U or Xis delivered. Thus, 
a[i, j] is the (i, j)-th element of the matrix only for i < j. The 
elements a[i, j] for i > j are neither used nor changed. -
The procedures mca 2205 - 2209 use a one-dimensional 
array a[l : (n + 1) X n.:.. 2] in which the upper triangle of Mor U 
must be given and the upper triangle of U or Xis delivered in such a 
va:y that the {i, j)-th element of the matrix is a[(j - 1) X j : 2 + i] 
for 1 ~ i ~ j ~ n. 
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comment mca 2200; 
real procedure detsym2{a, n); value n; integer n; array a; 
begin integer k, j; real r, d;--
~:= 1; --

fork:= 1 srp 1 until n do 
begin r:z a k,k] ~atTT, k - 1, k, k, a, a); if r _:::: 0 ~ 

begin detsym2:= - k; goto end end; 
d:7r' x d; a[k,k]: = r~qrt(r T; 
~ j: = k + 1 ste} 1 ~ n do a[k, j]: = ( a[k, j] - ta.mma.t( 1, 
k - 1, j, k, a, a)/ r 

end; 
detsym2: = d; 

end: 
end detsym2; 

comment mca 2201; 
procedure solsym2(a, n, b); value n; integer n; array a, b; 
begin integer i; 
~or i:= 1. rep 1 ~ n ~ b[i]:= (b[i] - tamvec(l., i - 1., i., 

a, b)) / a i.,i]; 
for i:= n [tep - 1 until 1 do b[i]:= (b[i] - matvec(i + 1, n, i, 
a,b))/ai,i] -- -

end solsym2; 

comment mca 2202; 
~ procedure detsolsym2(a, n, b); ~ n; integer n; array a, b; 
begin real det; 
--detsolsym2:= det:= detsym2(a, n); 

if det > 0 then solsym2(a, n, b) 
end detsolsym2;--

comment mca 2203; 
procedure invsym2(a, n); ~ n; integer n; array a; 
begin~r; integer i, j, il; arrayu[l:n]; 

for i:= n stjp - 1 until 1 do 
begin r:== 1 a[i,iT;7T:= i+ 1; 
~ j:= i 1 step 1 ~ n do u[j] := a[i.,j]; 

end 

~ j:= n step - 1 ~ il do a[i,j]:= - (tamvec(il, j., j, 
a, u) + matvec(j + 1, n, j, a, u)) X r; 
a[i,i]:= (r - matvec(i1, n, i, a, u)) X r 

~ invsyni2; 

comment mca 2204; 
real procedure detinvsym2(a., n); ~ n; integer n; array a; 
begin real det; 
~etinvsym2:= det:= detsym2(a, n); .!! det ~ 0 then invsym2(a, n) 
~ detinvsym2; 



Description mca 2200 
detsym2:= determinant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in array a[1:n, 1 :n]. 
Moreover, the Cholesky matrix of Mis calculated and overwritten on 
the .upper triangle of a. 
If, however, Mis not positive definite, the Cholesky decomposition is 
discontinued and detsym2:= minus the last stage number. 
detsym2 uses ta.Immt (mca 2004). 

Description mca 2201 
solsym2 solves the n-th order linear system U 'Ux = b, where U is the 
uppel'.'-triangular matrix, given in the upper triangle of 
array a[1:n, 1:n], and bis the vector given as array b[1 :n]. 
1I"Iiesolution vector xis overwritten on b. ---
If U is the Cholesky matrix of a positive definite symmetric matrix M, 
as produced by detsym2, then the calculated solution vector xis the 
solution of the linear system Mx = b. 
solsym2 leaves the elements of a invariant, so that after one call of 
detsym2 several calls of solsym2 may follow for solving several 
linear systems having the same matrix but different right--.hand sides. 
solsym2 uses ma.tvec and tarmrec (section 200). 

Description mca 2202 
detsolsym2:= determinant of then-th order positive definite symmetric 
matrix M whose uppel'.'-triangle is given in array a[1:n, 1:n]. 
Moreover, detsolsym2 solves the linear systeiii"Rx = b, where the vector 
bis given as array b[1:n]. The solution vector xis overwritten on b 
and the Cholesky matrix of Mis overwritten on the upper triangle 
of a. If, however, Mis not positive definite, then the Cholesky 
decomposition is discontinued, no solution is calculated, and 
detsolsym2:= minus the last stage number. 
detsolsym2 uses detsym2, solsym2 and, indirectly, also matvec, tamvec 
and tammat (section 200). 

Description mca 2203 
invsym2 calculates the inverse, X, of the matrix U'U, where U is the 
uppe!'-triangular matrix given in the upper triangle of 
array a[1:n, 1:n]. The upper triangle of Xis overwritten on a. 
invsym2 uses matvec and tamvec (section 200). 

Description mca 2204 
detinvsym2:= determinant of then-th order positive definite 
symmetric ma.trix M whose upper triangle is given in array a[1:n, 1:n]. 
Moreover, the upper triangle of the inverse of Mis calculated and 
overwritten on a. 
If, however, Mis not positive definite, the Cholesky decomposition is 
discontinued and detinvsym2:= minus the last stage number. 
detinvsym2 uses detsym2, invsym2 and, indirectly, also matvec, tamvec 
and tarmnat (section 200). 
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comment mca 2205; 
~ procedure detsyml(a., n); value n; integer n; array a; 
begin integer i, j, k, kk, kj, low, up; 
--real d, r; 

a::;-1; kk: = 0; 
!2E, k: =- 1 step 1 ~ n ~ 
begin kk:= kk + k; low:= kk - k + 1; up:= kk - 1; 
--r:= a[kk] - vecvec(low, up, 0 1 a, a); if r < 0 then 

begin detsyml:= - k; goto end end; - -
~ X r; a[kk]:= r:';""sqrt(r); kj:= kk + k; 
for j:= k + 1 ·rp 1 until n do 
begin a[kj]:= a kj] =--vecvec'(Iow, up, kj - kk, a, a))/ r; 

kj:= kj + j 
end 

end;--
detsym 1 : = d; 

end: 
end detsym1; 

comment mca 2206; 
procedure solsym1(a, n, b); ~ n; integer n; array a, b; 
begin integer i, ii; 
--ii:= o; 

!2E, i:= 1 step 1 ~ n do 
begin ii:= ii+ i; 
--b[i]:= (b[i] - vecvec(1, i - 1, ii - i 1 b1 a))/ a[ii] 
end; 
Tor i:= n stef - 1 
begin b(i] := b[i] 
--ii:= ii - i 
end 

~ solsyml; 

comment mca 2207; 

until 1 do 
~vec"{T + 1, n, ii+ i, 01 a, b)) / a[ii]; 

real procedure detsolayml(a, n, b); ~ n; integer n; array a, b; 
begin real det; 
----;fetsoisym1: = det: = detsyml (a, n); 

if det > 0 then aolsyml(a, n, b) 
end detsolsym1;--



Description mca 2205 
detsyml:= determinant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in 
array a(1 : (n + 1) X n.:. 2). 
Moreover, the Cholesky matrix of Mis calculated and overwritten on a. 
If, however, Mis not positive definite, the Cholesky decomposition is 
discontinued and detsym1:= minus the last stage number. 
detsym1 uses vecvec (mca 2000), 

Description mca 2206 
solsyml solves then-th order linear system U'Ux = b~ where U is an 
upper-triangular matrix, given in array a(l : (n + lJ X n : 2] and b 
is given as array b[ 1 :n]. -
The solution vector xis overwritten on b. 
If U is the Cholesky matrix of a positive definite symmetric matrix M, 
as produced by detsyml, then the calculated solution vector xis the 
solution of the linear system Mx = b. 
solsyml leaves the elements of a invariant, so that after one call of 
detsym1 several calls of solsyml may follow for solving several linear 
systems having the same matrix but different right-hand sides. 
solsyml uses vecvec and seqvec {section 200). 

Description mca 2207 
detsolsyml:= determinant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in 
array a[l : (n + 1) X n.:. 2]. 
Moreover, detsolsyml solves the linear system Mx = b, where the vector 
b is given as array b[ 1 :n]. 
The solution vector xis overwritten on band the Cholesky matrix of M 
is overwritten on a. 
If, however, Mis not positive definite, then the Cholesky 
decomposition is discontinued, no solution is calculated, and 
detsolayml:= minus the last stage number. 
detsolsym1 uses detsyml, solsyml and, indirectly, also vecvec and 
seqvec (section 200). 
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comment mca 2208; 
procedure invsyml(a, n); value n; integer n; array a; 
begin integer i, ii, 11, j, ij, jj; 

real r; 
array u[l:n); 
ii:= (n + 1) X n: 2; 
for i:=- n stjp - T until 1 do 
begin r:=- 1 a[ii); il:= i+ 1; ij:• ii+ i; 

for j:= il stef 1 until n do 
begin u[j) := a ij); ij:= ij+ j ~; 
~ j: = n step - 1 ~ i 1 ~ 
begin jj:= ij - i; ij:= ij - j; 

a[ij):= - (vecvec(il, j, jj - j, u, a)+ seqvec(j + 1, 
n, jj + j, o, a, u)) X r 

end; 
a[ii]:a (r - seqvec(il, n, ii+ i 1 o, a, u)) X r; ii:= ii - i 

end 
~ invsyml; 

comment mca 2209; 
~ procedure detinvsyml(a, n); ~ n; integer n; array a; 
begin real det; 

detinvayml: = det: = detsyml (a, n); if det 2: 0 ~ invsyml (a, n) 
~ detinvsyml; 



Description mca 2208 
invsyml calculates the inverse, X, of the matrix U'U( where U is an 
upper-triangular matrix, given in array a[l : (n + lJ X n .!. 2). 
The upper triangle of Xis overwritten on a. 
invsyml uses vecvec and seqvec (section 200). 

Description mca 2209 
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detinvsyml:= determinant of then-th order positive definite symmetric 
matrix M whose upper triangle is given in 
~ a[l : (n + 1) X n .!. 2). 
Moreover, the upper triangle of the inverse of Mis calculated and 
overwritten on a. 
If, however, Mis not positive definite, then the Cholesky 
decomposition is discontinued and detinvsyml:= minus the last stage 
number. 
detinvsyml uses detsyml, invsyml and, indirectly, also vecvec and 
seqvec (section 200). 
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Section 221 Cholesky decomposition with pivoting 

This section contains procedures for calculating the rank of matrices, 
for solving linear systems and for inverting matrices, provided the 
matrices are positive definite symmetric: 
rnksym20 and rnksymlO calculate the rank of a matrix; 
rnksolsym20 and rnksolsymlO moreover solve a linear system, and 
rnkinvsym20 and rnkinvsym10 invert a matrix; 
solsymhom solves a system of homogeneous linear equations. 
The other procedures of this section are to be used in combination 
with rnksym20 or rnksymlO for solving a linear system (or several 
linear systems having the same matrix but different rightr-hand sides) 
or for inverting a matrix. 

The method used is Cholesky's square-root method (see section 220) 
with pivoting along the main diagonal. If the given symmetric matrix M 
is positive semidefinite, then the method yields an upper-triangular 
matrix u, the "pivotr-Cholesky matrix" of M, such that the product U'U 
equals M with permuted rows and columns. If the rank, r, of Mis 
smaller than the order n, then the last n - r rows of U (nearly) 
vanish. 
The process is performed in at most n stages. At the k-th stage, the 
k-th row and column are interchanged with the p[k]-th row and column 
(thus preserving the symmetry), the k-th "pivotal index" p[k] being 
chosen in such a way that the diagonal elements of U turn out to be 
monotonically nonincreasing, and then the k-th row of U is produced. 
The process is terminated if at some stage, k, the k-th pivot (i. e. 
the maxinrum diagonal element of the remaining submatrix of order 
n - k + 11 the sqrt of this quantity being the k-th diagonal element 
of U) is negative or smaller than some tolerance, viz. a given 
relative tolerance times the maxinrum diagonal element of M (the 
maximum diagonal element being equal to the maximum-norm of M, if Mis 
positive semidefinite). If no such k exists, then n is delivered as 
the rank of M. Otherwise, the maximum absolute value of the elements 
of the remaining submatrix of order n - k + 1 is calculated. If this 
is smaller than twice the tolerance, then k - 1 is delivered as the 
rank of the positive semidefinite matrix M; otherwise, Mis apparently 
not positive semidefinite, and, instead of the rank, the value - k is 
delivered. 

The solution of the linear system Mx =bis obtained by first 
interchanging the elements of bin the same way as the rows (and 
columns) of M, subsequently performing forward and back substitution 
{see section 220) and finally carrying out the same interchanges in 
reverse order ("reverse correspondence") on the elements of the 
solution vector, 

The inverse of U'U is obtained by calling invsym2 or invsym1 {section 
220). Then, the inverse of Mis obtained by interchanging the rows and 
columns in reverse correspondence with the interchanges of the rows 
and columns of M. 



A homogeneous linear system Mx == o, where M is an n-th order positive 
semidefinite symmetric matrix of rank r, is obtained as follows. 
Let V be the r-th order upper-triangular matrix consisting of the 
first r columns of the pivot,...Cholesk;y matrix U of Mand W the 
r X (n - r) matrix consisting of the remaining part of the first r 
rows of U {the other rows of U are negligeable). First, the system 
VY= - Wis solved (back substitution). Then Y and the (n - r)-th 
order identity matrix are combined to form a single r X n matrix; its 
rows are then interchanged in reverse correspondence with the 
interchanges of the rows and columns of M. The columns of the 
resulting matrix form a complete linearly independent set of solution 
vectors of the homogeneous system. 

The procedures mca 2210 - 2214 and 221a use the upper triangle of a 
two-dimensional array a[1:n, 1:n] in which the upper triangle of Mor 
U must be given and the upper triangle of U or Xis delivered. 
Thus a[i, j] is the (i, j) - th element of the matrix only for i < j. 
The elements a[i, j] for i > j are neither used nor changed, (Only 
mca 221a delivers a rectangular matrix involving some elements in the 
lower triangle of a as well.) 
The procedures mca 2215 - 2219 use a one-dimensional array 
a[1 : (n + 1) X n: 2] in which the upper triangle of Mor U must be 
given and the upper triangle of U or Xis delivered, in such a way 
that the (i, j)-th element of the matrix is a[(j - 1) X j : 2 + i] for 
1 ~ i ~ j < n. -
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comment mca 2210; 
integer procedure rnksym20(a, n, p, aux);~ n; integer n; 
integer array p; array a 1 aux; 
begin integer k, i, j, pk; real w, max, m, t, r, d, norm, epsnorm; 

d: = 1 ; norm: = 0; 
for i:=- 1 stef 1 until n do if a[i,i] > norm then norm: .. a[i,i]; 
epsnorm:= aux O] xiiorm; aii:x:IT] :z norm; m:= 0-; -
~ k: = 1 step 1 ~ n 2e. 
begin max:= epsnorm; 
~or j:= k stef 1 _until n ~ g_ a[j,j] >max~ 

begin max:= a j,JJj pk:= J end; 
I'Firiax < epsnorm then -
begin for i:= k scef 1 until n do 
--begin t:= abs a i,fJ);Tf t> m then m:z t; 

·~or j : == i + 1 s]p 1 until n '""ao'" 

end; 

begin t:= a[i,j := a[I;'3T- ta.mmat(l, k - 1, i, j, 
a, a); t:= abs(t); if t > m then m:= t 

end - --
end;-
goto end 

p[k]:= pk; d:= d X max:; if pk f k then 
begin ichcol( 1, k - 1, k:;-pk, a); --

ichrowcol(k + 1, pk - 1, k, pk, a); 
ichrow(pk + 1, n, k, pk, a); a[pk,pk]:= a[k,k] 

end; 
a[k,k]: =- r: = sqrt,(rnax); 
for j:= k + 1 sjep 1 until n do 
begin w: = a[k, j : = ( aTic,'.IT - twmna.t( 1, k - 1, k, j, a, a)) / 

r; a[j,j]:=- a[j 1 j] - w X w 
end 

end;-
bn + 1; 

end: aux[2]:= m; aux[3]:= d; 
rnksym20:= if m < 2 X epanorm ~ k - else - k 

~ rnksym20; - -

comment mca 2211; 
procedure solsym20(a, n, p, b); ~ n; integer n; integer array p; 
array a, b; 
begin integer i, pi; real r; 
~or i: = 1 sr1 1 uii-t:[1 n do 

begin r: = b i ; pi:= p[i]; 
--b[i]:= (b[pi] - ta.mvec(l, i - 1, i, a, b)) / a[i,i]; 

if pi f i then b[pi]:= r 
end;- --
for i:= n rep - 1 ~ 1 do b[i]:= (b[i] - matvec(i + 1, n, i, 
a, b)) / a i,i]; 
for i:= n stp - 1 until 1 do 
begin pi:= pi]; if~ i then 
---i:i°egin r:= b[i1;b[iJ:= b[pi]; b[pi]:= r ~ 
end-

~ solsym20; 
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Description mca 2210 
rnksym20:= rank, r, of then-th order positive semi-definite symmetric 
matrix M whose upper triangle is given in array a[l:n, 1:n]. 
In array au.x[0:3], one must given a relative tolerance, au.x[0]. 
The pivot--Cholesky matrix of Mis overwritten on the upper triangle 
of a, and the pivotal indices are delivered in integer array p [ 1 : r] . 
Moreover, 
au.x[l]:= the maximum diagonal element of M; 
aux:[2]:= the maximum absolute value of the elements of the remaining 
submatrix of order n - r if r < n, and otherwise 0; 
aux:[3]:= determinant of the principal submatrix of order r. 
However, if Mis not positive semidefinite, then rnksym20:= minus the 
last stage number. 
rnksym20 uses ta.mma.t, ichcol, ichrow and ichrowcol (chapter 20). 

Description mca 2211 
solsym20 should be called after rnksym20 (but only if the rank equals 
n), and solves then-th order linear system Mx = b, where Mis the 
positive definite symmetric matrix whose pivot--Cholesky matrix and 
pivotal indices, as produced by rnksym20, are given in the upper 
triangle of array a[ 1 :n, 1 :n] and in integer array p[ 1 :n], and where b 
is the vector given as array b[ 1 :n]. 
The solution vector xis overwritten on b. 
solsym20 leaves a and p invariant, so that after one call of rnk:sym20 
several calls of solsym20 may follow for solving several linear 
systems having the same matrix but different right-hand sides. 
solsym20 uses matvec and tamvec (section 200). 
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collID'lent mca 2212; 
integer procedure rnksolsyl!l20(a, n, b, aux);~ n; integer n; 
array a, b, aux; 
begin integer rank; 

integer array p[l:n]; 
rnksolsyl!l20:= rank:= rnksyl!l20(a, n, p1 aux); 
if rank= n then solsyl!l20(a, n1 p, b) 

~ rnksolsyl!l20;--

collID'lent mca 2213; 
procedure invsyl!l20(a, n, p); ~ n; integer n; integer array p; 
array a; 
begin integer i, j, pi; 

real r; 
invsyl!l2(a, n); 
for i:= n stp - 1 until 1 do 
begin pi:= pi]; if~ i then 
--begin ichcol(T; i - 1, i, pi, a); 

end 

--ichrowcol(i + 1, pi - 1, 1, pi, a); 

end 

ichrow(pi + 1, n, i, pi, a); r:= a[i,i]; 
a[i,i]:= a[pi,pi]; a[pi,pi]:= r 

~ Iiivsyl!l20; 

collID'lent mca 2214; 
integer procedure rnkinvsyl!l20(a, n, aux);~ n; integer n; 
array a, aux; 
begin integer rank; 
~nteger array p[l:n]; 

rnkinvsyw20:= rank:~ rnksyni20(a, n, p, aux); 
if rank= n then invsyl!l20(a, n, p) 

~ nikinvsym 20-; -
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Description mca 2212 
rnksolsym20:= rank, r, of then-th order positive semidefinite 
syrnetric matrix M whose upper triangle is given in array a[l:n, 1:n]. 
In array aux[0:3] one must give a relative tolerance, aux[o]. 
If r = n, the linear system Mx =bis solved, where bis the vector 
given as array b[l:n], and the solution vector xis overwritten on b. 
The pivot--Cholesky matrix of Mis overwritten on the upper triangle 
of a. Moreover, 
aux[l]:== the maxinrum diagonal element of M; 
aux[2] := o; 
aux[3]:= determinant of M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no solution vector is calculated and the 
results of rnksolsym20 are the same as those of rnksym20. 
rnksolsym20 uses rnksym20, solsym20 and, indirectly, also matvec, 
tamvec, tammat, ichcol, ichrow and ichrowcol (chapter 20). 

Description mca 2213 
invsym20 should be called after rnksym20 (but only if the rank equals 
n), and calculates the inverse, X, of then-th order positive definite 
syrnetric matrix M whose pivot--Cholesky matrix and pivotal indices, as 
produced by rnksym20, are given in the upper triangle of 
array a[ 1 :n, 1 :n] and in integer array p[ 1 :n]. 
The upper triangle of Xis overwritten on a. 
invsym20 uses invsym2 (mca 2203), ichcol, ichrow, ichrowcol 
(section 202) and, indirectly, also matvec and tamvec (section 200). 

Description mca 2214 
rnkinvsym20:= rank, r, of then-th order positive semi-definite 
syrnetric matrix M whose upper triangle is given in array a[1:n, 1:n]. 
In array aux[0:3] one must give a relative tolerance, aux[0]. 
If r = n, the upper triangle of the inverse of Mis calculated and 
overwritten on a. 
Moreover, 
aux[1]:= the maxinrum diagonal element of M; 
aux[2] := o; 
aux[3]:= determinant of M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no inverse is calculated-and the results 
of rnkinvsym20 are the same as those of rnksym20. 
rnkinvsym20 uses rnksym20, invsym20 and, indirectly, also invsym2 
(mca 2203), matvec, tamvec, tamma.t, ichcol, ichrow and ichrowcol 
(chapter 20). 



comment mca 221a; 
integer procedure solsymhom20(a, n, aux); value n; integer n; 
array a, aux; 
begin integer i, pj, j 1 rank; 

real r; 
Iiite"ger m2ay p [ 1 : n] ; 
solsymho 0:== rank:= rnksym20(a, n, p, aux); if rank> 0 then 
begin f2! i: = rank + 1 step 1 ~ n ~ - - --

end 

f.2! j:== rank+ 1 step 1 ~ n do a[i,j]:z g_ i = j then 1 
else o; 
tor"i: = rank rep - 1 until 1 do 
begin r:= - a i,i]; -- -

for j:= rank+ 1 step 1 until n do a[i,j]:= (a[i,j] + 
riia."fua t ( i + 1., rank., i, j-;--a;-a) ) 7 r 

end; 
fur j:== rank s]ep - 1 until 1 do 
begin pj:= p[j; if pj7="Tthenichrow(rank + 1, n, j, pj, a) ena:- - --

~ solsymhom20; 
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Description mca 221a 
solsymhom20 solves the homogeneous linear system whose n-th order 
positive semidefinite symmetric matrix Mis given in the upper 
triangle of [rfl a[ 1 :n, 1 :n]. 
In array aux 0:3 one must give a relative tolerance, aux[0]. 
solsymhom20:= rank, r, of M, calculated by means of rnksym20. 
Subsequently, a complete set of n - r linearly independent solution 
vectors of the homogeneous linear system is calculated and delivered 
in the last n - r columns of a. The first r columns of the pivot­
Cholesky matrix of Mare delivered in the first r columns of a. 
Moreover, the same results are delivered in aux as by rnksym20. 
However, if rnksym20 delivers a negative (integral) value, indicating 
that Mis not positive semidefinite, no solution of the homogeneous 
system is calculated and only the results of rnksym20 are delivered. 
solsymhom20 uses rnksym20, matmat, ichrow and, indirectly, also 
ta.mmat, ichcol and ichrowcol (chapter 20). 



comment mca 2215; 
integer procedure rnksymlO(a, n, p, aux);~ n; integer n; 
integer array p; array a, aux; 
begin integer k, pk, kk, kj, pp, i, j, jj, t, low, up; 
--real norm, epsnorm., m, max, d, r, w; 

~1; norm:= O; kk:= O; 
fork:= 1 step 1 until n do 
begin kk:= kk + k; if a[kk]" > norm then norm:= a[kk] end; 
epsnorm:= aux[O] X norm; aux[l]:= noriii;" m:= O; kk:== O; 
~ k:= 1 step 1 ~ n ~ 
begin max:= epsnorm; t:= kk; 

for j:= k step 1 until n do 
begin t:= t + j; if a(t] >max then 
--begin max:= aTt]; pk:= j; pp:= t end 
end;-- -
Fma.x < epsnorm then 
begin for i:= k step 1 ~ n ~ 

end; 

begin kk:= kk + i; low:= kk - i + 1; up:a low+ k -2; 
--r:= abs(a(kk]); if r > m then m:= r; kj:= kk + i; 

for j:= i + 1 jtep 1 untilndo 
begin r:= a[kj := a[k'3T"'="""vecve'c(low, up, kj - kk, 
----S:, a); r:= abs(r); if r > m then m:= r; 

kj: = kj + j - --
end 

end;-
goto end 

kk:= kk + k; low:= kk - k + 1; up:= kk - 1; p[k]:= pk; 
d:= d X max; if pk f k then 
begin ichvec(Iow, up, p:ii-=""°pk - kk + k, a); 
--ichseqvec(k + 1, pk - 1., kk + k, pp - pk, a); 

ichseq(pk + 11 n, pp+ k., pk - k, a); a[pp]:= a[kk] 
end; 
a(kk]:= r:= sqrt(max); kj:= kk + k; jj:= kk; 
for j : "' k + 1 rep 1 until n do 
begin w:= a[kj := {a[kj] - vecvec(low, up, kj - kk, a, a))/ 
--r; jj:= jj + j; a[jj]:= a[jj] - w X w; kj:= kj + j 
end 

end;­
bn + 1; 

end: aux[2]:= m; aux[3]:= d; 
rnksym10:= if m < 2 X epsnorm ~ k - else - k 

~ rnksymlO; - -
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Description mca 2215 
rnksymlO:= rank, r, of then-th order positive semidefinite synnnetric 
matrix M whose upper triangle is given in 
array a[l : ( n + 1) X n : 2]. In array aux[0:3] one must give a 
relative tolerance, aux[oT. 
The pivot,...Cholesky matrix of Mis overwritten on a and the pivotal 
indices are delivered in integer array p[l:r]. 
Moreover, 
aux[l]:= the maximum diagonal element of M; 
aux[2]:= the maximum absolute value of the elements of the remaining 
subma.trix of order n - r if r < n, and otherwise O; 
aux[3]:= determinant of the principal subma.trix of order r. 
However, if Mis not positive semidefinite, then rnksym10:= minus the 
last stage number. 
rnksymlO uses vecvec, ichvec, ichseqvec and ichseq {chapter 20), 



comment mca 2216; 
procedure solsym10{a, n, p, b); ~ n; integer n; a.rra;y a., b; 
integer a.rra;y p; 
begin integer 1, 111 pi;~ s; 

ii:= o; 
:f'or i:= 1 srel 1 until n do 
beg1@ s:= b i ; pi:=- p[i];ii:• ii + i; 

[i]:=- (b[pi] - vecvec(l, i - 11 ii - 11 b, a))/ a[ii]; 
if' pit i then b[pi]:=- s 

end;- --
fur i:= n stet - 1 until 1 do 
begin b[i] := b[i] =-iie°qvecff + 11 n, ii + 11 o, a, b}} / a[ii]; 

ii:= ii - i 
end; 
:f'or i:= n stp - 1 until 1 do 
begin pi: = p i] ; if'""ii'i'l= i then 

begins:= b[i'J; b[iJ:=- b[pi]; b[pi]:=- send 
end-- -

~ solsymlO; 

comment mca 2217; 
integer procedure rnksolsym.lO{a, n, b, aux); ~ n; integer n; 
a.rra;y a, b., aux; 
begin integer ra.nk.; integer array p[l:n]; 

rnksolsymlO:= rank:=- rnksymlO(a, n, p, aux); 
if' rank= n then solsym.lO(a, n, p, b) 

~ niksolsymlO;-- -

comment mca 2218; 
procedure invsymlO(a, n, p); ~ n; integer n; integer array p; 
array a; 
begin integer 1, 11, pi, pp; real r; 
----:rnvsym.1 (a, n); ii:= (n + 1)X n : 2; 

:f'or i:= n stp - 1 until 1 do -
begin pi:= p i]; i:f'fif i then 

begin pp:= (pi+ 1) X pi7'""2; 

end 

---rchvec(ii - i + 1, ii-- 1, pp - pi - ii+ 1, a); 
ichseqvec(i + 1, pi - 1, ii+ 1, pp - pi, a); 
ichseq(pi + 1, n, pp+ 1, pi - 1, a); r:= a[ii]; 
a[ii]:=- a[pp]; a[pp]:= r 

end; 
ffi,. ii - i 

~ Inv'syml o; 

comment mca 2219; 
integer procedure rnkinvsymlO(a, n, aux);~ n; integer n; 
~a, aux; 
begin integer ra.nk.; integer arra;y p[l:n]; 

rnkinvsymlO:= rank:= rnksym10(a, n, p, aux); 
if' ra.nk. = n then invsym10(a, n, p) 

~ rnkinvsym 1 o; 
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Description mca 2216 
solsyml0 should be called after rnksymlO (but only if the rank equals 
n), and solves then-th order linear system Mx = b, where Mis the 
positive definite symmetric matrix whose pivot,...Cholesk.y matrix and 
pivotal indices, as produced by rnksyml0, are given in 
array a[l : (n + 1) X n: 2] and in integer array p[l:n], and where b 
is the vector given as array b[ 1 :n]. 
The solution vector xis overwritten on b. 
solsyml0 leaves a and p invariant, so that after one call of rnksyml0 
several calls of solsym10 may follow for solving several linear 
systems having the same matrix but different rightr-hand sides. 
solsym10 uses vecvec and seqvec (section 200). 

Description mca 2217 
rnksolsyml0:= rank, r, of then-th order positive semidefinite 
symmetric matrix M whose upper triangle is given in 
array a[ 1 : ( n + 1) X n : 2]. 
In array aux[0:3] one must give a relative tolerance, aux[0]. 
If r = n, the linear system Mx =bis solved, where bis the vector 
given as array b[1:n], and the solution vector xis overwritten on b. 
The pivot,...Cholesk.y matrix of Mis overwritten on a. 
Moreover, aux[l]:= the maximum diagonal element of M; aux[2]:= 0; 
aux[3]:= determinant of M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no solution vector is calculated and the 
results of rnksolsym10 are the same as those of rnksymlO. 
rnksolsym10 uses rnksym10, solsyml0 and, indirectly, also vecvec, 
seqvec, ichvec, ichseqvec and ichseq (chapter 20). 

Description mca 2218 
invsym10 should be called after rnksym10 {but only if the rank equals 
n), and then calculates the inverse, X, of then-th order positive 
definite symmetric matrix M whose pivot,...Cholesky matrix and pivotal 
indices, as produced by rnksym10, are given in 
array a[ 1 : (n + 1) X n .:. 2] and in integer array p[ 1 :n]. 
The upper triangle of Xis overwritten on a. 
invsym10 uses invsym1 (mca 2208), ichvec, ichseqvec, ichseq 
{section 202) and, indirectly, also vecvec and seqvec (section 200). 

Description mca 2219 
rnkinvsyml0:= rank, r, of then-th order positive semidefinite 
symmetric matrix M whose upper triangle is given in 
array a[ 1 : (n + 1) X n : 2]. 
In array aux[0:3] one must give a relative tolerance, aux[o]. 
If r = n, the upper triangle of the inverse of Mis calculated and 
overwritten on a. 
Moreover, aux[1]:= the maximum diagonal element of M; aux[2]:= o; 
aux[3]:= determinant of M. 
However, if 1 < r < n (M positive semidefinite) or r < 0 (M not 
positive semidefinite), then no inverse is calculated-and the results 
of rnkinvsym10 are the same as those of rnksym10. 
rnkinvsym10 uses rnksym10, invsyml0 and, indirectly, also invsym1 
(mca 2208), vecvec, seqvec, ichvec, ichseqvec and ichseq (chapter 20). 
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Section 222 Cholesky decomposition for band matrices 

The procedures of this section solve a system of linear equations 
and/ or calculate the determinant of a matrix, provided the matrix is 
a positive definite symmetric band matrix: 
detsolsymbnd solves a system of linear equations and calculates the 
determinant of the system; 
detsymbnd calculates the determinant of a matrix; 
solsymbnd solves a linear system whose matrix is given in the 
Cholesky-decomposed form produced by detsymbnd. 
One call of detsymbnd followed by several calls of solsymbnd may be 
used to solve several linear systems having the same matrix but 
different right,-hand sides. 

The method used is Cholesky's square-root method without pivoting (see 
section 220 and (9]). If the given symmetric band matrix Mis positive 
definite, then the method yields an uppe!'-triangular band matrix u, 
the "Cholesky matrix" of M, such that U'U equals M; moreover, the 
determinant of Mis delivered, calculated as the product of the 
squares of the diagonal elements of U (and, thus, always positive). 
The number of nonzero diagonals of U is the same as that of the upper 
triangle of M. The process is completed inn stages, each stage 
producing a row of U. However, the process is discontinued if at some 
stage, k, the k-th diagonal element of M minus the sum of the squared 
elements of the k-th colllllln of U (the sqrt of this quantity being the 
k-th diagonal element of U) is not positive, meaning that M, perhaps 
modified by rounding errors, is not positive definite. In that case, 
instead of the determinant, minus the last stage number k is 
delivered. 

The solution of the linear system U'Ux 3 bis obtained by solving 
U'y = b (forward substitution) and Ux = y (back substitution). 

The procedures of this section use a one-dimensional 
array a[l :(n - 1) X w + n] for the upper triangle of Mand u, where 
n is the order of the matrix and w the number of non-zero codiagonals 
above the main diagonal; the (i, j)-th element of matrix Mor U is 
a[(j - 1) X w + i] for j = 1, ••• , n and i = max(1, j - w), ••. , j; the 
other elements of a are neither used nor changed. 
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comment mca 2220; 
~ procedure detsymbnd(a, n, w); ~ n, w; integer n, w; array a; 
begin integer j, k, jma.x, kk, kj, w1, start; 

real r, det; 
a.et:= 1; jma.x:= w; w1:= w + 1; kk:= - w; 
f2!. k: = 1 steJ? 1 ~ n ~ 
begin if k + w > n then jma.x: = jmax - 1 ; kk: = kk + wl ; 
--start:= kk - k +1; 

r:= a[kk) - vecvec(if k < w1 then start else kk - w, kk -
,, o, a, a); if r <O then -- --
begin detsymbnd: = = k; goto end end; 
det:= r X det; a[kk):= r:= sqrt(r); kj:= kk; 
f2!. j:::a 1 step 1 ~ jmax ~ 
begin kj:= kj + w; 
--a[kj):= (a[kj) - vecvec(if k + j < wl then start else kk 

- w + j, kk - 1, kj - kk;-a, a)) 7 r -- --
end 

end;­
detsymbnd:= det; 

end: 
~ detsymbnd; 

comment mca 2221; 
procedure solsymbnd(a, n, w, b); ~ n, w; integer n, w; array a, b; 
begin integer i, k, ima.x, kk, w1; 
----iac:= - w; wl := w + r; 
~ k:= 1 step 1 until n ~ 
begin kk: = kk + w1; 

b[k):= (b[k) - vecvec(if k < wl then 1 ~ k - w, k - 1, kk 
- k, b, a))/ a[kk) - -

end; 
I'iiiix:= - 1; 
~ k: = n step - 1 ~ 1 ~ 
begin if ima.x < w then ima.x:= ima.x + 1; 
--"'S[kT:= (b[k) -scaprdl(kk + w, w, k + 1, 1, ima.x:, a, b)) / 

a[kk); kk:= kk - w1 
end 

~ solsymbnd; 

comment mca 2222; 
~ procedure detsolsymbnd{a, n, w, b); ~ n, w; integer n, w; 
array a, b; 
begin ~ det; 

detsolsymbnd:= det:= detsymbnd{a, n, w); 
if det > 0 then solsymbnd(a, n, w, b) 

~ detsolsymbno:;-



Description mca 2220 
detsymbnd:= determinant of then-th order positive definite symmetric 
band matrix M having w codiagonals on each side of the main diagonal, 
and whose upper triangle is given in array a[1 : (n - 1) X w + n]. 
Moreover, the Cholesky matrix of Mis calculated and delivered in a. 
If, however, Mis not positive definite, then the Cholesky decom­
position is discontinued, and detsymbnd:= minus the last stage number. 
detsymbnd uses vecvec (mca 2000). 

Description mca 2221 
solsymbnd solves then-th order linear system U'Ux = b, where bis the 
vector given as array b[ 1 : n], and U is the upper-triangular band 
matrix having w codiagonals, and which is given in 
arraya[1: (n-l)Xw+n]. 
The solution vector xis overwritten on b. 
If U is the Cholesky matrix of a positive definite symmetric band 
matrix M, as produced by detsymbnd, then the calculated solution 
vector xis the solution of the linear system Mx = b. 
solsymbnd leaves the elements of a invariant, so that after one call 
of detsymbnd several calls of solsymbnd may follow for solving several 
linear systems having the same matrix but different right-hand sides. 
solsymbnd uses vecvec and scaprd1 (section 200). 

Description mca 2222 
detsolsymbnd:= determinant of then-th order positive definite 
symmetric band matrix M having w codiagonals on each side of the main 
diagonal, and whose upper triangle is given in 
array a[ 1 : {n - 1) X w + n]. 
Moreover, the solution vector x of the linear system Mx = b, where b 
is the vector given as array b[l:n], is calculated and overwritten on 
b, and the Cholesky matrix of Mis delivered in a. 
If, however, Mis not positive definite, then the Cholesky 
decomposition is discontinued, no solution is calculated, and 
detsolsymbnd:= minus the last stage number. 
detsolsymbnd uses detsymbnd, solsymbnd and, indirectly, also vecvec 
and scaprd1 (section 200). 



64 



Section 224 Least-squares problems 

This section comtains procedures for solving linear leastr-squares 
problems: 
lsqdecsol calculates the solution x of a least-squares problem Mx - b 
and, moreover, the main diagonal of the inverse of the product M'M; 
lsqdec performs the Householder triangularisation of Mand calculates 
its rank; 
lsqsol and lsqdglinv are to be used in combination with lsqdec for 
solving a linear least-squares problem (or several problems having the 
same matrix M but different rightr-hand sides) or for calculating the 
main diagonal of the inverse of M'M. 

Apart from some changes and adaptations to our vector procedures, 
laqdec and laqsol have been derived from [10]. However, our procedures 
do not perform iterations for improving the solution; these iterations 
would be of limited value, as is pointed out in (11]. 
The method is Householder triangulariaation with column interchanges. 
Let M haven rows and m columns; laqdec produces an n-th order 
orthogonal matrix Q and an n X m upper-triangular matrix R such that R 
equals Q}1 with permuted columns. Matrix Q is the product of at most m 
orthogonal synnnetric n-th order "Householder matrices", which are of 
the form I - aww', where I is the identity matrix, w a column vector 
ands a scalar, Matrix Mis reduced to R in (at moat) m stages. In the 
k-th stage, the desired zeroes are introduced in the k-th column of 
the matrix as follows: first the "pivotal" column, i. e. the column 
having maximum Euclidean-norm, is selected from the remaining 
(n - k + 1) X {m - k + 1) submatrix, and the pivotal and the k-th 
columns are interchanged; then the k-th Householder matrix is 
calculated and postmultiplied by the remaining submatrix. 
The k-th Householder matrix is chosen such that this 
postmultiplication introduces the desired zeroes in the k-th column, 
and the first k - 1 elements of ware zero. 
If at some stage k the Euclidean norm of the pivotal column is smaller 
than some tolerance, viz. a given relative tolerance times the maximum 
of the Euclidean norms of the columns of M, then the process is 
discontinued, and k - 1 is delivered as the rank of M; otherwise, the 
rank equals m. 

In lsqsol, the leaatr-squares solution x of the problem Mx - bis 
obtained by first calculating y = Qb, then solving the triangular 
system consisting of the first m equations of Rx= y (back 
substitution), and finally interchanging the elements of x in "reverse 
correspondence" with the interchanges of the columns of M, i. e. the 
same interchanges are carried out in reverse order. As by-product the 
last n - m elements of y are delivered; the sum of the squares of 
these elements is approximately equal to the square of the Euclidean 
norm of the residue vector Mx - b. 

In lsqdglinv, the main diagonal of M'M is obtained by calculating the 
inverse of R, from this the main diagonal of the inverse of R'R, and 
then interchanging the calculated diagonal elements in reverse 
correspondence with the interchanges of the columns of M. 
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co!llillent mca 2240; 
integer procedure lsqdec(a, n, m, aux, aid, ci); value n, m; 
integer n, m; array a, aux, aid; integer array ci_; __ 
begin integer j, k, kpiv; 
--real beta, sigma, norm, w, eps, altlc, aidk; 

array sum[ 1 :m); 
norm:= O; lsqdec:= m; 
fork:= 1 stef 1 until m do 
begin w: = sum k): ~tTT, n, k, k, a, a); 
----rf w > norm then norm:= w 
end;- --
,;;; aux[1):= sqrt(norm); eps:= aux[O) X w; 
~ k:= 1 ste:g 1 until m ~ 
begin sigma:= sumTk.l;kpiv:= k; 
-----ror j: = k + 1 stef 1 ~ m ~ g sum[ j) > sigma then 

begin sigma:= sum j); kpiv:= j end; 
if kpiv + k then -
begin sum[kpiv):= sum[k); ichcol(1, n, k, kpiv, a) end; 
ci[k]:= kpiv; altlc:= a[k,k); sigma:= tammat(k, n, k, k, a, a); 
w:= sqrt(sigma); aidk.:= aid[k):= if akk < 0 then w else - w; 
if w < eps then - -- --
begin lsqde~k '- 1; goto enddec end; 
'beta:"= 1 / ( sigma - altlc-V-aidk); a[k,k): = altlc - aidk; 
for j:= k + 1 step 1 until m do 
begin elmcol(k, n, j, k, a, a;-- beta X tamma.t(k, n, k, j, 

a, a)); sum[j]:= sum[j) - a[k,j) ,4 2 
end 

end fur k; 
enddec: aux[2) := w 
~ lsqdec; 



Description mca 2240 
lsqdec:= rank, r, of then X m matrix M given in array a[1:n, 1:m]. 
In array aux[0:2] one must give a relative tolerance, aux[0]. 
The pivotal column indices are delivered in integer array ci[l : r], 
the (r first) diagonal elements of the uppe~triangular matrix R in 
array aid[1 : r], and the other elements of the upper triangle of R in 
array a, together with the vectors w of the Householder matrices. 
Moreover, 
aux:[1]:= the maximum Euclidean norm of the columns of M, 
aux:[2]:= the absolute value of the r--th diagonal element of R. 
lsqdec uses ta.mmat, elmcol and ichcol (chapter 20). 
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comment mca 2241; 
procedure lsqsol{a, n, m, aid, ci, b); ~ n, m; integer n, m; 
array a, aid, b; integer array ci; 
begin integer k, cik; 
--real w; 

fork:= 1 )tip 1 until m do elmveccol(k, n, k, b1 a, tamvec(k, 
n, k, a, b (aiciT'ic"rx a"[ic,k))); 
fork:= m st[p - 1 until 1 do b[k]:= {b[k] - matvec(k + 1, m, k, 
a, b)) / aid k); -- -
fork:= m step - 1 until 1 do 
begin cik:= ci[k); ITcik ,j:k then 
--begin w:= b[k]; b[k) := b[cik]; b[cik) : 2 w end 
end- -

~ lsqsol; 

comment mca 2242; 
procedure lsqdglinv(a, m, aid, ci, diag); ~ m; integer m; 
array a, aid, diag; integer array ci; 
begin integer j, k, cik; 

real w; 
?ci'r""k:= 1 [tjp 1 until m do 
begin diag k ::z l;aid[kT; 
--for j:= k + 1 stef 1 until m do diag[j]:= - tamvec(k, j - 1, 

r,-a, diag) / aid j]; diag[k):= vecvec(k, m, o., diag, diag) 
end; 
fur k:= m step - 1 until 1 do 
begin cik:= ci[k]; ITcfk fk then 
--begin w:= diag[k'J; diag[k]~ag[cik]; diag[cik] := w ~ 
end-

~ lsqdglinv; 

comment mca 2243; 
integer procedure lsqdecsol(a, n, m, aux, diag, b); ~ n, m; 
integer n, m; array a, aux, diag, b; 
begin integer rank; 
~rray aid[ 1 :m); 

integer array ci[1:m]; 
rank:= lsqdecsol:= lsqdec(a, n, m, aux, aid, ci); 
if rank= m then 
begin lsqdglinv(a, m, aid, ci, diag); lsqsol(a, n, m, aid, ci, b) 
end 

~ lsqdecsol; 



Description mca 2241 
lsqsol should be called af'ter lsqdec (but only if the rank equals m), 
and calculates the least-squares solution x of Mx - b, where b is the 
vector given as array b[1:n], and Mis then X m matrix whose 
Householde:r,-triaiigiiI'arised form R, with the vectors w of the 
Householder matrices and the pivotal indices, as produced by lsqdec, 
are given in array a[1:n, 1:m], aid[1:m] and integer array ci[1:m]. 
The solution vector xis overwritten on the first m elements of b, and 
the last n - m elements of y are overwritten on the last n - m 
el.ements of b. 
lsqsol leaves the elements of a, aid and ci intact, so that, af'ter one 
call of lsqdec, several calls of lsqsol may follow for solving several 
least-squares problems having the same mtrix M but different right­
hand sides b. 
lsqsol uses mtvec, tamvec and elmveccol (chapter 20). 

Description mca 2242 
lsqdglinv should be called after lsqdec (but only if the rank equals 
m), and calculates the main diagonal of the inverse of M'M, where M is 
the matrix whose Householde:r,-triangularised form R with the pivotal 
indices, as produced by lsqdec, are given in 
array a[1:m, 1:m], aid[1:m] and integer array ci[1:m]. 
T'necalculated min diagonal is deliverea:Tn""array diag[1:m]; the 
elements of a, aid and ci are left intact. ---
lsqdglinv uses vecvec and tamvec (section 200). 

Description mca 2243 
lsqdecsol:= rank, r, of then X m matrix M given in array a[1:n, 1:m]. 
In array aux[0:2] one must give a relative tolerance-;"aux[o]. 
If~, then the least-squares solution x of Mx - b, where bis the 
vector given as array b[1 :n], is calculated and overwritten on the 
first m elementsof""1i; the last n - m elements of y are overwritten on 
the last n - m elements of b; moreover, the min diagonal of the 
inverse of M'M is delivered in array diag[1:m]. 
However, if r < m, then no solu~and main diagonal are calculated, 
and the. elements of band diag are left unchanged. 
In either case, 
aux[ 1] := the maximum Euclidean norm of the colUI!ID.s of M, 
aux[2]:= the absolute value of the r-th diagonal element of R, and the 
elements of a are altered. 
lsqdecsol uses lsqdec, lsqsol, lsqdglinv and, indirectly also vecvec, 
matvec, tamvec, taml!Rt, elmveccol, elmcol and ichcol (chapter 20). 
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APPENDIX 

TIMES FUR THE MC ALGOL 6o SYSTEM FDR THE x8. 

In this appendix we give practical formulas for the computation times 
in milliseconds of the procedures published above. The coefficients of 
these formulas have been obtained from tests on an Electrologica X8 
computer using the MC ALGOL 60 system for the X81 in which system the 
procedures mca 2000 to 2005 are available as machine-code procedures. 
For comparison we moreover give the :formulas :for the computation times 
of the nonmachine-code ALGOL 60 procedures mca 2000 to 2005 and of the 
procedures of section 210 using them. The coefficients of the time 
:formulas have a. relative precision of at most one or two digits. 

CHAPTER 20 VEC'IOR OPERATIONS 

Here n is the number of elements used in ea.ch vector, thus, 
n = u - l + 11 except :for sca.prdl. 

Section 200 Scalar products 

mca 2000 vecvec 
mca 2001 matvec 
mca 2002 tamvec 
mca 2003 ma.tmat 
mca 2004 tammat 
mca 2005 ma.ttam 
mca. 2006 seqvec 
mca 2008 scaprdl 

ma.chine-code 
.085 X n + 1. 1 
.085 X n + 1.2 
.085 X n + 1.2 
.085 X n + 1.4 
.085 X n + 1.4 
.085 X n + 1.4 

Section 201 Elim1na.tion 
mca 2010 eJ.mvec 
mca 2011 elmveccol 
mca. 2012 elmcolvec 
mca 2013 el.meal 
mca. 2014 elmrow 
mca 2019 maxelmrow 

Section 202 Interchanging 
mca 2020 ichvec 
mca 2021 ichcol 
mca 2022 ichrow 
mca 2023 ichrowcol 
mca. 2024 ichseqvec 
mca 2025 ichseq 

Section 203 Rotation 
mca 2031 rotcol 
mca 2032 rotrow 

ALGOL 6o 
.46 X n + .9 
.54xn+ .9 
.54xn+ .9 
.63 X n + 1.0 
.63 X n + 1.0 
.63 X n + 1.0 
.5oxn+1.o 
.53Xn+1.1 

.61xn+1.1 

.69xn+1.1 
• 78 X n + 1.1 
.87 X n + 1.2 
.87 X n + 1.2 
.94 X n + 1.3 

• 81 X n + • 7 
1.14Xn+ .8 
1. 14 X n + ,8 
1. 14 X n + .8 
.84 X n + .8 
.84 X n + ,8 

1.40 X n + 1.3 
1.4oxn+1.3 



72 

CHAPTER 21 LINEAR SYSTEMS AND MATRIX INVERSION 

The formulas for this chapter hold for nonsingular ma.trices, unless 
stated otherwise. 

Section 210 Triangular decomposition with partial pivoting 

mca 2100 det 
mca 2101 sol 
mca 2102 detsol 
mca 2103 inv 
mca 2104 detinv 

mca 2000 to 2005 
in machine-code 

(.033 X n + 3.4) X n 4 2 
(.094 X n + 4.5) X n 
(. 033 X n + 3. 5) X n 12 
(.061 X n + 3.4) X n 2 
(.094xn+6.8)xn 2 

Section 211 Elimination with complete pivoting 

mca 2000 to 2005 
in ALGOL 60 

(.22 X n + 2.9) X n t}. 2 
(.55 X n + 2.9) X n 
(.22 X n + 3.5) X n 12 
(,43Xn+1.9)Xn 2 
(.65 X n + 4.8) X n 2 

The formula for rnkelm holds, if n and mare nearly equal and the rank 
equals min(n, m); the formula for solil.om holds, provided the rank is 
not much smaller than m. 

mca 2110 rnkelm 
mca 211 1 solelm 
mca 2112 rnksolelm 
mca 2113 solhom 
mca 2114 invelm 

(,51 X n + 4.2) X n X (m - n/3) 
(. 100 X n + 4. 8) X n 
( • 34 X n + 2. 9) X n 4 2 
( .046 X rank + 2,9) X rank 
(,95 X n + 5,7) X n I} 2 

Section 212 Band matrices 

Here w is the band width, thus, w "' lw + rw + 1. 
The formulas for this section hold only if w is much smaller than n. 

mca 2120 detbnd { .56 X lw + 2,3) X w X n 
mca 2121 solbnd (.7 X lw + .1 X rw + 4.2) X n 
mca 2122 detsolbnd (. 55 X lw + 2.9) X w X n 



CHAPTER 22 POSITIVE DEFINITE SYMMETRIC LINEAR SYSTEMS AND MATRIX 
INVERSION 

The formulas for this chapter hold for nonsingular matrices, unless 
stated otherwise. 

Section 220 Cholesky decomposition 'Without pivoting 

mca·2200 detsym2 
mca 2201 solsym2 
mca 2202 detsolsym2 
mca 2203 invsym2 
mca 2204 detinvsym2 
mca 2205 detsym1 
mca 2206 solsym1 
mca 2207 detsolsym1 
mca 2208 invsym1 
mca 2209 detinvsym1 

( .016 X n + 1 .2) X n 4 2 
(.092 X n + 4.1) X n 

(.016 X n + 1.3) X n 12 
(.032 X n + 1,7) X n 2 
(.048 X n + 2.9) X n 2 
( .016 X n + 1.0) X n 2 
(.30 X n + 3.3) X n 
(.016 X n + 1,3) X n i 2 
( .104 X n + 1.4) X n 2 
(.120 X n + 2.4) X n 2 

Section 221 Cholesky decomposition 'With pivoting 

The formula for solsym20 holds, if the rank equals n - 1 • 

'mca 2210 rnk.sym20 
mca 2211 solsym20 
mca 2212 rnksolsym20 
mca 2213 invsym20 
mca 2214 rnkinvsym20 
mca 221a solsymhom20 
mca 2215 rnksym 10 
mca 2216 solsym10 
mca 2217 rnksolsym10 
mca 2218 invsym10 
mca 2219 rnkinvsym10 

(.016 X n + 2.6) X n If- 2 
(.092 X n + 5.6) X n 
(.016 X n + 2.7) X n I 2 
( .032 x n + 2.8) X n 2 
(.048 X n + 5.4) X n 2 
(.016 X n + 2.9) X n 2 
(.016 X n + 2.0) X n 2 
(.30 X n + 4.8) X n 
( .016 X n + 2.3) X n t 2 
(. 104 X n + 2.2) X n 2 
(,120 X n + 4.2) X n 2 

Section 222 Cholesky decomposition for band ma.trices 

The formulas for this section hold only if w is much s:ma.ller than n. 

mca 2220 detsymbnd ( ,036 X w + 2.4) X w X n 
mca 2221 solsymbnd (,67 X w + 4.8) X n 
mca 2222 detsolsymbnd ( • 036 X w + 3. 1 ) X w X n 

Section 224 Least-squares problems 

The formulas for this section hold, if n ~ m and the rank equals m. 

mca 2240 lsqdec 
mca 2214 lsqsol 
mca 2242 lsqdglinv 
mca 2243 lsqdecsol 

(,50 X m + 2.2) X m X (n - m/3) 
(.75 X m + 1.0) X n 
(.016x m+ 1.1) x mi}2 
(.50 x m+ 4.1) X mx (n-m/3) 
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