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INTRODUCTION

This tract is based on the papers [4], [5], [6], [11] and [12].
Together with De Groot, Strecker and Herrlich I studied the back-
ground and some generalizations of the isomorphism principle of [4].
The results of these investigations have been or will soon be published
in [5], [6], [11], [12] and in this tract. In general we will not refer
to these papers.

Several problems related to the isomorphism principle were solved
by investigating the notion of compactness from a set-theoretical
point of view. Alexander's subbase theorem was crucial in this context
and therefore we give a detailed proof and a set-theoretical reforma-
tion of this well known theorem in the first section of the first
chapter.

- The second section of this chapter contains the definition of the
compactness operator p which assigns to every collection & of subsets
of a given set X the collection p& of all subsets of X which are com-
pact relative to &.  (In the sequel compactness relative to a system &
will always mean compactness relative to & if & is considered as a
closed subbase.) We also introduce an auxiliary operator y which can
be called the "topology generating’' operator. We prove that p and y
generate a finite semigroup under the usual compositions. For a more
detailed study of this semigroup we refer to [6].

In the third section of the first chapter we obtain the most im-
portant results of this chapter, namely, a strengthening of Alexander's
subbase theorem. To be explicit, let X be a set, let © be a collection
of subsets of X and let & = p(S U pzeb, then pé = p6 and moreover, in
many important cases (e.g. if © is a closed subbase for a Hausdorff
space on X), é is the unique maximal collection of subsets of X with
the property that p& = 0&. The results of this section are also
published in [11].

In the second chapter we investigate a topological isomorphism
principle. Following [4] we introduce the notion of a minusspace, which
is an ordered pair (X,®) consisting of a set X and a collection of sub-

sets @ which satisfies the equality Y® = @. We also introduce the notion
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of an antispace which is a minusspace (X,®) with the property that

02@ = @. The most important class of antispaces is the class of
topological antispaces or C-spaces. This class is closely related to

the class of compactly generated spaces and contains, for example, all
metric spaces and all locally compact Hausdorff spaces. In the first
section we give a survey of the theory of C-spaces. The results pu-
blished in this section are slight generalizations of well known results
for compactly generated spaces. However, the last proposition of this
section contains an essentially stronger result and is important for

the characterization of the compactness operator in the class of C-spaces.

The second section of this chapter contains, in addition to the
basic definitions, an application of the third section of chapter I
which provides some correspondences between the class of all spaces
in which compact implies closed and the class of all compact antispaces.
We were able to describe the k-expansions (compare with [1]) in this
context.

The main results of the third section of the second chapter are
published here for the first time. In this section we introduce the
notion of an antisubspace. We will consider a characterization of the
class of all antispaces and of the class of all isomorphic images of
C-spaces, i.e. the class of C*;spaces, which is based on the notion of
an antisubspace. Although the class of C-spaces is not closed under the
forming of subspaces, it follows that the class of all antispaces and
the class of all C*;spaces are both closed under the forming of antisub-
spaces. '

In the third chapter we consider the following problem: Give neces-
sary and sufficient conditions for a collection € of subsets of a given
set X which guarantee that € is the collection of all compact subsets
relative to some family of subsets of X. This problem appeared to be
difficult and we only give partial solutions to it. We also give in
this chapter a characterization of the compactness operator P in the
class of Tychonoff spaces and in the class of C-spaces. We conclude
this tract with some problems which are related to the characterization
of the notion of compactness and which may be used for further inves-

tigations of this subject.
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Chapter I

A generalization of Alexander's theorem

Alexander's subbase theorem (cf. [7], p. 139) states that a set is
compact if and only if it is compact with respect to a closed (or open)
subbase of the topology. (Because of our needs in the following we shall
prefer to talk about closed subbases). Since every collection of subsets
generates (as a closed subbase) a topology, we can assign to every col-
lection © of subsets of a fixed set X the collection p& of subsets of X
which consists of all subsets of X which are compact relative to &. Thus
we define an operator P which assigns to every collection of subsets of
some set the family of compact sets relative to that collection of sets.
This operator is called the compactness operator.

In the first section, in an introduction to the topic, we give some
basic definitions and a detailed proof of Alexander's theorem and its
set-theoretical reformulation which we need in this tract. In the second
section we study the compactness operator and its basic properties. The
third section is primarily concerned with deriving a strengthening of

Alexander's theorem.



1. Alexander's subbase theorem

1.1, Definition. Let (X,¥) be a topological space. A collection B

of subsets of X is called a closed base for ¥ if and only if every set

is closed iff it is the intersection of members of .

A collection G of subsets of X is called a closed subbase for I

iff the family of all finite unions of members of © is a closed base

for I.

1.2. Remark. Any family © of subsets of X may serve as a subbase
for a (uniquely determined) topology ¥. (Observe that & may be empty).

This is true because of the fact that in the definition,inter-
sections and unions of empty families are permitted. (For example,
if €= 4, then I = {ﬂ,X}).

However, for later purposes (see in particular theorem 2.5 and the
remark in 2.4) we would like to avoid this latter convention (see also
definition 2.2).

To be explicit, we make the following agreement: If & is any
family of subsets of X, then by an intersection (a union) of members
of © we shall always mean an intersection (a union) of a non-empty
subfamily of ©. If & = @, then the family of all intersections and the
family of all unions is also empty.

With this convention it is no longer true that any family & of
subsets of X is a closed subbase for a topology. Since the only sets
which might be excluded from the topology are the sets #
and X, we agree that the topology ¥ generated by & will be the topology
generated by the subbase G U {ﬁ} U {X} (taking only unions and inter-

sections of non-empty families).

1.3. Definition. A system &' of subsets of a set X is called
centered iff every finite intersection of members of &' is non-empty.

A system &' of subsets is called centered in A or A-centered, provided

that &' U {A} is centered, i.e.,the collection {S N Als € &'} is

centered.



1.4. Definition. Let X be a set and © a collection of subsets

of X. A set ACX is called G-compact or compact relative to &

provided that every A-centered subsystem &' of & has a non-empty

intersection with A.

ie. (NG)Y NAESD .

Observe that A C X is also &-compact if no member of & has a

non-empty intersection with A. (In particular A = # is G-compact).

1.5. Lemma. Let X be a set and let & be an arbitrary system of
subsets of X. If &' is a centered subsystem of &, then there exists

a maximal centered subfamily © of & which contains &'.

Proof. The proof of this lemma is a straightforward application

of Zorn's lemma.

1.6. Lemma (Key lemma).

Let © be a maximal centered subfamily of a system of sets © and
n
assume that © contains a set S = U Si such that every Si is a
' i=1 .
member of ©. Then at least one of the Si belongs to &.

Proof. Suppose that no Si belongs to &. Then for every i, the
system é 8] {Si} is not centered and there must exist a finite sub-
family {Sik} of é such that

N Sik) n Si = 8.
k
Therefore
n n
(n s, .NNCU 8) =46,
i=1 k ¥ i=1 *
and

n
(n (nNs..))Ns=4.
i=1 k K



However, this is a contradiction, since © is centered. We conclude

that at least one of the Si must belong to é.

1.7. Proposition. If a set X is compact relative to a family &

Vv
of subsets of X, then it is also compact relative to the family &

consisting of all finite unions of members of &.

Proof. Suppose that &' is a centered subsystem of Ey. Then &'
is contained in a maximal centered subsystem & of Ey (cf. 1.5). Since
every member of é can be written as a finite union of members of ©
(which are also members of Ey), lemma 1.6 implies that every member
of & has a subset which belongs to &N 6S. It follows that N & =
=n®&ne.

Moreover, &' c & implies that
nécne'.
The system & N & is centered and,consequently, NG' # # follows from

the fact that X is G-compact. This proves that X is compact
relative to Gy.

1.8. Proposition. If a set X is compact relative to a family & of

subsets of X, then X is also compact relative to the family Gp consist-

ing of all intersections of members of G&.
Proof. Let &' be a centered subfamily of Ep. Then every member
of &' is the intersection of a collection of members of &. We define
6 ={s|ls €& (@s' €6)(' c9)}.

©" is centered because &' is centered.
Moreover, @' € & and X is G-compact. Consequently N &' # @, and hence
N &' # #. This implies that X is compact relative to Ep.

1.9. Alexander's subbase theorem.

A (non-empty) set X is compact relative to a family © of subsets of X
iff X is compact relative to the family & consisting of all intersections

of finite unions of members of &, i.e., @ = (Ey)n.



Proof. The sufficiency is clear. The necessity follows immediately

from propositions 1.7 and 1.8.

Topological reformulation. A topological space (X,¥) is compact

if and only if it is compact relative to an arbitrary closed subbase

for the topology .

1.10. Remark. By relativization one can prove that a subset A of
a set X is compact relative to a family & of subsets of X iff A is
compact relative to the family ( consisting of all intersections of

finite unions of members of &. We reformulate this result as follows.

1.11, Theorem. The family of compact sets relative to a collection
of subsets & of a set X is equal to the family of compact sets relative
to the collection consisting of all intersections of finite unions of

members of &,

This theorem is fundamental throughout this tract.



2. The compactness operator

In this section the compactness operator p is defined and its
basic properties are studied. As an aid in the investigation of p
we define another operator Y which can be called the "topology gener-
ating" operator. It will be shown that with the usual compositions

p and Y generate a finite semigroup. Its structure will be determined.

2.1. Definition. Let X be a (non-empty) set and let & be a collec-

tion of subsets of X.We denote by pXG the family of all G-compact subsets

of X. p, willbe considered as an operator defined on the family of all

X

collections of subsets of X. We call DX the compactness operator on X.

If confusion seems unlikely, we shall write p& instead of DXG.

We make two observations.
1) pXG is never empty (pxﬂ = P(X)) 1).

2) If EcC ¥ then p¥ C PG,

2.2. Definition. Let X be a set. If © is a collection of subsets

of X, then we denote by YfS the collection of all intersections of

finite unions of members of &.

According to our agreement in remark 1.2, in this definition

unions and intersections of empty families are not allowed. (Note that

Yxﬁ =4.)

2.3. Remark. Observe that both YX and P, are mappings from the set

BP)) L into itself. Therefore we may conzider compositions between
those operators which are defined in the usual way as compositions of
mappings.

In particular we obtain powers of operators. If we let D; = Dx,
then we define for every natural number n

n+1 _ n
Py T (®) = 0 (Py (&)

2
for every collection & of subsets of X. The collection DXG is called

D The power-set of a set X will be denoted by P(X).



the collection of &-squarecompact subsets of X.

Observe that YXG is independent of X in the following sense: If
Y is any set such that US C Y, then YYG = YXG.
We will usually omit the index X in the notation of both single

and composite operators.

From these definitions it is immediate that
1) yey=y
i.e. Y(Y®) = v& for every G .
Furthermore, theorem 1.11, which is itself a reformulation of Alexan-

der's theorem,can be formulated as

(2) pey=op
i.e. p(Y®) = p& for every G .

2.4. Lemma. Let X be a set and let & be a collection of subsets
of X, Assume that C is an G-compact set and E is ©&-squarecompact. Then

C N E is both G-compact and &-squarecompact.

i.e. (C €06 & E €028 = (CNE €060 pe) .

Proof. (i) Suppose that €' is a subsystem of p© which is centered
in C N E. Then €' U {C} is a subsystem of p® which is centered in E,

and so the fact that E is G-squarecompact implies that
(N (&' U {cHNE# 8.

This intersection is equal to
(NE)YN(CNE

and therefore C N E is squarecompact.
(ii) Let &' be a subsystem of & which is centered in C N E. Then
the system

6 ={snclsest}

is a subsystem of p&, since every member of @' is the intersection of
a set of © and a set which is compact relative to &. Furthermore, the

system "' is centered in E and thus



(N8) NE#G4,
(NG') N(cNE £8,

which implies that C N E is compact relative to &. The two parts to-

gether prove the lemma.

It is well known that finite unions of compact sets are compact
and in certain (but not all!) topological spaces (e.g. Hausdorff
spaces) also the intersection of a (non-empty!:) collection of compact
sets is compact. The next theorem shows that in any space finite
unions and arbitrary intersections of squarecompact subsets are again

squarecompact.

2.5. Theorem. Let X be a set and let & be a collection of subsets
2 2
of X. Then a finite union of members of ¢°& is a member of P & and
2

every intersection of a (non-empty.) subfamily of p & is a member of
2
o 6.

The content of the preceding theorem can also be formulated as

2 2
3y op =p

i.e. Y(DZED = 026 for every & .

Proof. p26 is the collection of compact sets relative to P& and
therefore a finite union of members of p26 is a member of 026.

To prove the second assertion, let @' be a non-empty subfamily
belongs to 026. Note

2
of p°6, and let E, = N @'. We will show that E

0 0
first that if EO is empty,then it is squarecompact since there can
be no subsystem of pS which is centered in EO’ Thus we may assume that
E0 is not empty. Let €' be a subsystem of oS which is centered in EO'

In order to prove that

("€ N E, £ 8,

we introduce another centered system, namely,
¢ ={cnElces &«Ecg'}.

Every member of §" is &-compact by lemma 2.4. Let E1 be a member of



@', then §' is centered in E,. From the fact that E is &-square-

compact it follows that
(NEY NE #8.
We conclude that

64MNEYNE =NE" = NEDNE.
This proves our theorem.

2.6. Proposition. Let X be a set and let & be a collection of

3
subsets of X. Then pS c p G.

Proof. Let C € p& and let @' be a (non-void) subcollection of

026 which is centered in C. By lemma 2.4 the system
" = {c N E|E € &'}
is a subsystem of p&. Moreover, if El is an arbitrary member of

2 11
@' (€ p © then @ is centered in E, and so

(Ne&H NE #8.
It follows that

(ﬂ@')ﬂc:ﬂ@"=(ﬂ@")ﬂEl£ﬂ.

3
Consequently C € P & and hence
3
S cC pB.

2.7. Theorem. If X is a set and © is a collection of subsets of

X ,then

926 = p46.

Proof. Proposition 2.6 applied to oS yields
o%g = o',
To prove the opposite inclusion, we suppose that E is a member

4
of P°G and €' is a subsystem of PS which is centered in E. Then by
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. . 3
proposition 2.6, € Cp & and therefore
(NG') NE# 4.

4
This implies that E € 026 and P 6 C 026.
4
We conclude that p G = 026.

We may restate the preceding theorem as follows

(4) 04 = oz-

2.8. Remark. In this section we have found four relations between

P and Y
@)y ey =y,

(2) p oy =p,

2 2
3B) Yy ep” =p,

(4) 04 = 02.

It is now easily verified that p and y generate a semigroup with

the following multiplication table.

2 3
S Y p o ) Yp
2 3
Y Y Yo | p p YP
2 3 2 2
p p P p P p
2 3 2 3 3
o p p p o p
3 2 3 2 2
p p p P P 0
2 3 2 2
yoll vye | e p p p

2
In this table Y is a right unity, and ¢ is an idempotent.

Associativity follows from the definition.

We now exhibit an example of a set X together with a collection &

of subsets such that all elements of the corresponding semigroup are

distinct. It is clear that in this example & cannot

topology, since in that case we always have yp = P.

Example. Let X be the cartesian product of the

less than the first uncountable one and a two point

generate a Hausdorff

set of all ordinals

set. We will denote
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the points of X by (a,s). Let © be the collection of subsets of X
which consists of all singletons and of all sets S which are the
inverse image,under the canonical projection,of closed subsets of
the ordinals in the order-topology. This collection © is not closed
under finite unions and hence Y@_is'not equal to &. The collection
PGS consists of all subsets of X whose image,under the canonical mapping
into the set of ordinals with the order-topology,is compact. The collec-
tion YPG consists of precisely all of the countable subsets of X, and the
collection 926 consists of all finite subsets of X and hence every sub-
set of X is a member of 036.
It follows that all collections are distinct.

This example shows that in general there do not exist other
defining relations between P and Y in the semigroup than the four
which are mentioned above.

We conclude this section with some further results concerning
the operator p and its powers.

Note that the next two propositions are closely related to 2.4.

2.9, Proposition. Let X be a set and let & be a collection of

subsets of X. If n is any natural number, G € & and E € pn6 then

(G NE €p’s.

Proof. (By induction on n).

.Since it is well known that the intersection of an element of &
and an element of PG is again an element of p&, the assertion is clear
if n=1.

Suppose next that the assertion is true for all natural numbers
<n-1. Let €' be a subcollection of Dn_IS which is centered in

G N E. To prove that
(NE)YNGNE) #4,
we define -
¢ ={cnaglceci.

By the induction hypothesis this collection is a subcollection of pn_IG.
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Since €' is centered in E and E € ¢S it follows that
(NEY NE# 4,
i.e. (NG N (GNE) £ 4.
Consequently

GNEEnTs,
Remark. Observe that from Alexander's lemma it follows that

(GEY®) & (E€p™®) = (GNE €079,

since Y6 = 0" for every G.

2.10, Proposition. Let X be a (non-void) set and let & be a

collection of subsets of X.

3
If E € 0°G and F € 0°S,then EN F € 0.
Proof. Suppose that E € D26 and F € 036. If &' is a subsystem of
& which is centered in E N F, then the system
€' ={snEelseel

' 2 3
is centered in F. &' is a subsystem of 0°G (cf. 2.9) and F € 0 6.

Thus we have
(NGYNENF =(NE") NF £ 4.

We conclude that EN F is GFcompact,which proves this proposition.

2.11. Corollary. For every set X and every collection & of subsets

of X we have

0?6 n 0% = & n o3e.

Proof. Follows immediately from 2.6 and 2.10.

2.12., Remark. It is well known that a subset of a topological space
is compact if and only if this set is compact in its relative topology.

We can ask now whether or not this statement remains true when compact
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is replaced by squarecompact. We now give an example which shows that

in general this is not true.

Example. Consider a sequence {pi} converging to a point Py- In
this sequence with the usual topology, all finite sets and all sets
containing P, are closed, compact and squarecompact, whereas the set
{pi‘i # 0} is not squarecompact.

The subspace {pili # 0} is discrete in the relative topology.
Therefore, every subset of this subspace, and in particular the set

{pili # 0} itself ,is squarecompact in this subspace.
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3. A strengthening of Alexander's theorem

In this section we investigate the following question. Given a
collection & of subsets of a (non-empty) set X, which collections &

of subsets of X satisfy the conditions

6(:% and pG = pé?

According to Alexander's theorem one can always take & = Y&.
We shall strengthen this result and give necessary and sufficient
conditions Which guarantee that there exists a maximal collection é

with the required properties.
3.1. Lemma. Let X be a set and let G and ¥ be two collections of
subsets of X. Then
PENPT=0GUD
if and only if for all C, § and T
((C €EPBNPD) & (5 €YO) & (T €YD =

> ((CNSEPD &(CNT €pB)).

Proof. To see the necessity,suppose first that there exist a set

S € Y& and a set C € PG N P¥ such that
CNS £orI.

This means that C N S is non-empty and that there exists a subfamily

' of ¥ which is centered in C N S and which has the property that

MNITHYNENS) =46,

or equivalently (NETHYNS)Nc=4d.

I U {5} is a subsystem of Y(& U ¥) which is centered in C and hence
CEoYy(GBUD.

It follows from Alexander;s theorem that
CEo(BUD.

Therefore
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P(BUD # 06N pxT.

In the same way we can prove that if there exist a set C € pG& N pX

and a set T € Y¥ such that
TNC£0S
then we have that
PENPT 40 (BUD.

The two parts together prove the necessity of the condition.

To see the sufficiencysassume that for all C, 5 and &‘such that
CED@HDI,éEYG,’;EYI
it is true that
CNTEPS and CNS €pX.

A set which is not a member of PG N PT is either not G-compact or not
T-compact and so clearly cannot be compact relative to & U . This implies

that (1) 0(G U oSN oI.

To prove the opposite inclusion, assume that there exists a set C0
which is a member of PT N PpS but not a member of p (& U X). Then there
exists a system @ € & U ¥ with the property that @ is centered in CO,
whereas

(ﬂ@)ﬂco=ﬁ.

We now define two disjoint subsystems of & with union @ as follows:

o ={dcecoacex)
and @t={GIGe@&G€I}.
Since

@SC_G

and since @S is centered in C the fact that C0 is G-compact implies

0!
that

cs.= nesy) nc, 0.
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Since C, € oI N pG and
n @S) €6

we have by assumption that

C_ € px.
s

Therefore, it follows from
c
@tI

and

(ﬂ@t)ﬂcs=(ﬂ(§t)ﬂ(ﬂ@s)ﬂco=

=(N®nc, =8

that @% cannot be centered in Cs' Consequently, there exists a finite

subsystem of @%, call it

{a

ti|i =1, ..., n},

such that

n
(n 6 nc, =4
i=1

Now let

n
C, = (.ﬂ Gti) n Cy-
i=1

The set Ct cannot be empty, because @, and therefore @%,is centered

in Co. n

Since C0 €EPGNPY and (N Gti) € Y¥,we have by assumption that

i=1
Ct € oG,
Therefore it follows from

@SCS
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and

n
n @S) ne, =M @S) nen G ney =

i=1

n .
= (_n Gti) n c, = [}
i=1

t
Consequently there exists a finite subsystem of @E, call it

that Gg cannot be centered in C
{st1j =1, ..., n},
such that
m

G_.
(321 SJ) nec,

1
=

It follows that
m n
(jzl GSJ.) n (‘21 Gti) ne, = 8.
The system

{%NJ=L.”,MU{%“i=L.“,ﬂ

is a finite subsystem of  which has an empty intersection with CO and

so @& is not centered in C This is a contradiction.

0"
We conclude that

(i1) SN T C (B U D).
From (i) and (ii) it follows that

PG NeT=0(BUD.

3.2. Corollary. If X is a set and © and ¥ are two systems of sub-
sets of X with the property that f& = 0X, then

PG U = G = PT.
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Proof. Let C € p& N pX (= p& = o).
If S € Y8, then

SNceErE = pG.

(The intersection of an G-closed set and an G-compact set is G-compact).
Similarly, if T € YE, then T N C € ¢S = pI.

Thus the conditions of the preceding lemma are fulfilled. Hence

PEUX =06N0rT =0r6-=0T.

3.3. Remark. If {E&}i is a finite collection of systems of subsets

of a given set X such that

DE& = DEG for all i and j,

then it follows from the preceding corollary that

p(g EE) = OEB for all j.

The question arises whether or not the same conclusion is valid for an infinite
collection {E&}i. We show by means of the following example that this

need not be the case

Example. Let X be an infinite set. For every subset A of X we define

a collection of subsets Gk as follows:
&, = {a} u {{p}|p €x}.

Thus Eh consists of the set A and all sets that contain exactly one

point. Then DG& is the power-set of X and so

Deh = D@% for all ACX and B C X.

On the other hand, since it is also the case that

U {SA]A c x}

is the power-set of X,it follows that

p (U {GAIA cxh
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consists of all finite subsets of X and hence

pWU [§,|a cx]) # 0§, for all B CX.

We also show that there is no maximal collection of subsets of X
with the property that every subset of X is compact relative to this
collection. For, suppose that é is a maximal collection of subsets such
that pé is the power set of X. Thenéicannot contain every subset of
X and so there exists a subset A such that A £ é. Then the collection

Gh which is defined above has the property that pEk = pé and therefore
P& UG =0& (cf. 3.2).

This contradicts the assumption that é is maximal. We conclude that for

every infinite set X there are collections & of subsets such that there

does not exist a maximal collection & D & with the property that

G = Dé. (In the preceding example,take for instance & = 9) .

3.4. Theorem. Let X be a set. For every family & of subsets of X

we have

06 = 0v(8 U 02©).

3
Proof. In proposition 2.6 we found that pS C p & or

o0& N 0(926) = pG.

The intersection of a member of p& and a member of Y& is a member of
3
PG and hence a member of P &, Lemma 2.4 implies that the intersection
: 2
of a member of YP & and a member of PGS is a member of PS and therefore

all conditions of 3.1 are fulfilled. It follows that

06 U 020 =06 N o2 = 06N s = 06.

An application of Alexander's theorem (pY = p) yields the required

results.

Alternative proof. This theorem can also be proved using the

following
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Lemma (P. Bacon).

If G and ¥ are collections of subsets of a set X, then

PBUD =p8NpTNp({SNT|sS €ES&TEI].

Proof. If C € (G U X), then C is G-compact and ¥-compact. Moreover,
C €,Y(G U X) and this implies that C is compact relative to the family
consisting of all intersections of a member of & with a member of I¥.

We conclude that
pGUD ceenoznedsnrls eseT eTh.
In order to prove the opposite inclusion we assume that
peorsnexnedsnrlsecsarTexh

and that @ is a subsystem of © U ¥ which is centered in D. If @& consists
merely of members of G or merely of members of ¥,then from D € P& N P¥ it fol-
lows that (N ® N D # B. If @ consists of members of both & and I ,then

we select S, €GN G and T, € T N @. Then the system

1 1
o ={s,nclecontulr nelec conel
is a subsystem of
{snrlsecarT e,
which is centered in D and satisfies the equality
nNe =ne.
It follows that
(N®» ND=(N@)NDZM.
We conclude that in every case (N @ N D # #. Consequently
DeEp(GUD
and therefore
PEBUI D6 NeTNe({sNTIsEGT €T},

This proves the lemma.
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2
Proof of theorem 3.4. If we replace ¥ by p &,then we obtain

0(G UP?®) =08 Np°6No({sNTIs €SaT € peh.
Proposition 2.6 and proposition 2.9 imply that

psco’ecofsnTls eseT € o).
Hence we have

0(6 U028 = 06

and from Alexander's lemma it follows that

PG = pY(G U 026).

3.5. Remark. This theorem can be seen as a strengthening of
~ 2
Alexander's theorem. The family & = Y(& U p " ©) contains the collection
YS and all finite subsets of X. Moreover, at the end of this section we

will prove that in many cases © is the largest family of subsets of X

with the property that oG = 08,

3.6. Proposition. For every collection of subsets & of a set X,

the following relation holds:
2 2
P(GUPS) =p6Np &=p(EUP O =

=02 U 0.

Proof. We first show that

(6 U 08 = 08 N 028,

then we show that the rest of the equalities follow from 2.11. From

proposition 2.9 and Alexander's theorem it follows that the intersection
2 2

of a member of YS with a member of p Y& N py& is a member of p yv&, and

hence
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2 2
(1): {snclseyd&ac e (pG&Ne®} cp 6.
On the other hand, let D be a member of Yo& and let E be a member of
026 N pS. Then there is a system of sets € C p& such that N € = D.
If C € §,then C N E € 026 by lemma 2.4, and therefore
2
DNE-=(N{cNElceE) €06

by theorem 2.5. Let C, be an arbitrary member of €, then C1 € 06,

1
and from lemma 2.4 it follows that

DNE= C1 N (b NE) € pG.
Consequently

Gi): {DN E|D € Y& & E € 06 N 026} < 06,

From (i), (ii) and lemma 3.1 we conclude that

2
PG U PG = p6& N 076,
Now if we apply this equality to P& we find
2 2 3 2
P(PE U PG =p"GBNPG&=0p6N PG (cf. 2.11),
2
Moreover, applying the same equality to 0 & yields
2 3 3 4
P(PEBUPE =p6NPE=
3 2 2
=p6NpP&=p5N06C.
This proves the proposition.

The following proposition deals with the problem of determining
conditions on a set X and a collection of subsets & which guarantee
that there exists a maximal family é with the property that PG = Dé.
From proposition 3.2 it is clear that if é is such a maximal family,
then G C é, and the family é is the only maximal family, so the
greatest, with 06 = 0B.

3.7. Proposition. Let X be a set and let © be a collection of

subsets of X. If we define
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T={AlAcx & (VC €p®(ANCES],

then a necessary and sufficient condition for the existence of a
maximal family S with the property that 08 = p& is that pX = 0G.
In this case & = .

Proof. To see the necessity, suppose that there exists a maximal
family é with the property that o8 = Dé. We prove that I = & and
06 = pX.

Let T € ¥. Then {T} is a collection of subsets of X and every
subset of X is compact relative to {T}. It follows easily that

o0& N o{T} = 06 = 06.
Let C0 be a member of pé and let S0 be a member of YS. Clearly

C, N Sy € o{T}.

Since T € ¥ we also have

conTEp6=p€5.

Hence we may apply lemma 3.1 to obtain
p(G& U {Th = o0& N o{T} = 0& = 06.
From the assumption that & is maximal it follows that T € é and hence
Tcé.
‘Now we suppose that there exists an 8o € & such that S0 £ X. Then
by definition of ¥ there exists a set C0 € PGS such that

5o nc, £ 06,

From this it is easy to see that C, £ 06 which contradicts the
assumption that p& = 08, We conclude that & C X,
Therefore ¥ = & and X = Dé = pB.

To see the sufficiency, suppose that pG = p¥. We will prove that
¥ contains every system &' with the property that 08' = 08,

Suppose that S' is a member of such a system &'. Then
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(S' NC') € p&' for every C' € pG'.

Since p&' = pS we have by definition S' € . This proves that I
contains every system &' with pG = p&' and so ¥ is the unique maximal
collection of subsets of X with the property that it has the same

collection of compact sets as &. This proves the proposition.

3.8. Theorem. Let X be a set. For any collection © of subsets

of X we have that

06 c p%8) » (& c o%8).

Moreover, these conditions imply that

026 = {a|(Vc € oS (c N A € 0 }.

Proof. Since pG C 026, every centered subsystem of 0& has a non-
2
empty intersection. It follows that X € p°© and proposition 2.9 implies
that & C 026.

If we put
T={al(ic € & (A NC €S},

then we must prove that 026 = ¥. Lemma 2.4 implies that every member
of 026 is a member of X.

Conversely, let T € . Since every centered subsystem of pS has
a non-empty intersection,it follows easily that every subsystem of pG&
whicﬁ is centered in T has a non-empty intersection with T. This proves
that T € p26 and so ¥ = 026.

Finally,we remark that 3.4 implies that in this case 06 = 0%5.

Theorem 3.8 and proposition 3.7 show that there are families of sub-’
sets © such that the family derived in 3.4 is maximal with respect to the
properties of containing © and having the same compact sets as &. It is
easy to see that the cond;tions of theorem 3.8 are fulfilled for every
closed subbase of a space in which compact implies closed, in particular

a Hausdorff space.



Chapter II

Antispaces

This chapter is mainly concerned with establishing and investigating
a one to one correspondence between two classes of antispaces. This one to
one correspondence is based on two equalities of the previous chapter, i.e.
sz = p2 and 04 = 92. For our purposes it is more convenient to consider

"minusspaces (cf. def. 2.1) rather than topological spaces. In particular we
consider those minusspaces in which the collection of squarecompact subsets
coincides with the collection of closed subsets of the space and we call
such a space an antispace. There exists a natural one to one mapping from
the class of antispaces onto itself which assigns to every antispace another
space on the same set in which the collection of compact subsets of
the original space coincides with the collection of closed subsets
of the second space.

The most important class of antispaces is the class of topological
antispaces or C-spaces which is closely related to the class of compactly
generated spaces.

We give a survey of the theory of C-spaces in the first section.

In the second section we introduce the notion of an antispace and
establish the correspondence between C-spaces and compact antispaces (also
called C*-spaces), together with some basic properties.

The third section is devoted to subspaces and sumspaces of C-spaces
and C*—spaces. In this section we also introduce the notion of an antisub-

space, which enables us to characterize the class of all antispaces.
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1. C-spaces

1.1. Definition. A topological space (X,¥) is called a C-space

provided that a subset of the space is closed iff it has a compact
intersection with every closed compact subset of the space.
A topological space is called a CC-space provided that every

compact subset of the space is closed.

Observe that every Hausdorff space is a CC-space.
The definition of a C-space is closely related to the well known

definitions of a k-space and of a compactly generated space (cf. [3],
[4], [9] p. 5). A topological space is called a k-space provided that
a subset in the space is closed iff it has a closed intersection with
every closed compact subset of the space. A Hausdorff k-space is

called a compactly generated space.

1.2. Proposition. A topological space X is a C-space if and

only if it is a CC-space and a k-space.

Proof. Let X be a C-space. If C., is a compact subset of X,

0
then it has a compact intersection with every closed compact set and

so is closed. It follows that X is a CC-space.

If A is a subset of X which has a closed intersection with
every closed compact subset of X , then it has a compact intersection
with every closed compact subset of X and hence is closed. This means
that X is a k-space.

Conversely, let X be a CC-k-space and let A be a subset of X
which has a compact intersection with every closed compact subset of
the space. Then from the fact that X is a CC-space it follows that
A has a closed intersection with every closed compact subset of the
space. Then A is closed, because X is a k-space. This proves that

X is a C-space.

1.3. Proposition. A CC-space which satisfies the first axiom of

countability is a Hausdorft C-space (compare with [7] p. 231 and [9]
p. 5, 6).
Proof. Let X be a first countable CC-space and suppose that

p and q are two points of the space that have no disjoint neighbourhoods.
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Let
{u, 1 en}

be a countable neighbourhoodbase at p such that Ui+1 C Ui and let
v i
{ i|1 € N}

be such a neighbourhoodbase at q. We choose a sequence of points
{xili € N} such that X, € Vi n Ui and p # x5 # q. This sequence
converges to both p and q, and hence {xi} U {p} is not closed. How-
ever, {xi}iEN U {p} is Compact: This is a contradiction, since X
is a CC-space. It follows that X is a Hausdorff space.

Let A be a non-closed subset of X. Then there exist an accumu-
lation point p of A which does not belong to A and a sequence
{pili € N} in A which converges to p. Then {pi} 6] {p} is compact and
hence closed but its intersection with A is not compact. It follows
that there exists a closed compact subset of X which has a non-compact

intersection with A. Therefore, X must be a C-space.

1.4. Proposition. A locally compact CC-space is a C-space (compare

with [9],p. 5, 6 and [7] p. 231).

Proof. Suppose that X is a locally compact CC-space and
that A is a subset of the space such that A N C is compact for every
closed compact set C. If p is a point of the space which is not a
member of A, then p has a compact neighbourhood Cp which is closed
since X is a CC-space. By assumption A N Cp is closed and does not
contain p,which implies that Cp \ A is still a neighbourhood of p.
Hence p is not an accumulation point of A and it follows that A
contains all of its accumulation points. Therefore A is closed and

X is a C-space.
1.5. Corollary. Every compact CC-space is a C-space.

In a compact CC-space, the collection of closed sets coincides

with the collection of compact sets. Therefore every strictly coarser
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topology on the underlying set cannot be CC and every strictly finer
topology fails to be compact. We now introduce the notion of maximal
compactness and prove that a space is maximal compact if and only if

it is compact cC (cf. [8], [3]).

1.6. Definition. A topological épace (X,¥) is called maximal

compact provided that X is compact relative to the topology I, but

fails to be compact in every strictly finer topology.

1.7. Proposition. A topological space (X,X¥) is maximal compact

if and only if it is compact CC (cf. [8]).

Proof. Suppose that (X,¥) is maximal compact, and let C be an
arbitrary compact subset of (X,¥). In order to prove that C is closed,
we suppose that @' is a subsystem of the collection of closed subsets

of (X,¥) such that @' U {C} is centered. Then
(N@) Nc#d.

If we denote the collection of closed sets by ¢, then X is compact
relative to @, to § U {C} and also to y(®& U {C}). This collection
Y@ U {C}) is the collection of closed subsets of a topology on X
which is finer than (or equal to) the topology ¥. From the assumption
that (X,X¥) is maximal compact it follows that ¢ = y(& U {C}) and so
C €0.
We conclude that every maximal compact space is a compact CC-space.
Conversely, we have seen in 1.5 that every compact CC-space is a

maximal compact space.

1.8. Proposition. The one point compactification of a C-space

is a maximal compact space.

Proof. Let (X,¥) be a non-compact C-space and let p be a point
which is not a member of X. Now we define the topology I%-on X u {p}
in the usual way. i* contains every set of ¥, and the complements of
closed compact subsets of X. Of course (X U {p}, If) is compact.

>
In order to prove that (X U {p}, X ) is a CC-space we suppose
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that C is a compact subset of (X U {p}, T). If C C X, then it is closed
in X U {D}, 3?3 by definition. Therefore we suppose that p € C. Let
D be an arbitrary closed compact subset of (X,¥). If C N D is empty,
then C N D is compact in (X,¥). If CN D # # then we suppose that @'
is a subsystem of the collection of closed subsets of (X,¥) which is

centered in C N D. Then the system
¢ ={cu fpllc e}

. s har
is a subcollection of the collection of closed sets in (X U {p}, T)
and it is also centered in C N D. Since X is a C-space D is closed

and C is compact in (X U {p}, ®). It follows that
(NE) NcnDb# 4.

The set D does not contain the point p since it is a subset of X and so
(nednc\ bbb no#s.

Therefore, in both cases,if CN D# for if C N D = &,we have that
(c\ {p}) N D is compact in (X,¥). Hence the set C \ {p} has a compact
intersection with every closed compact subset of (X,X¥). It follows that
¢\ {p} is closed in (X,T) and thus C is closed in (X U {p}, T). We
conclude that (X U {p}, 3?3 is a compact CC-space which proves the
proposition (cf. 1.7).

1.9. Remark. The preceding proposition shows that the class of
C-spaces is not merely a class containing all locally compact Haus-
dorff.spaces, but also a generalization of this class, since every
member of the class has a one point compactification within the class.
Moreover, it follows from 1.3 that every metrizable space is a C-space.

Every C-space is completely determined by its collection of com-
pact sets. This property suggests that there is a relationship between
the compactness operator and the class of C-spaces, and also a relation-
ship with the class of compactly generated spaces.

Finally we observe that the class of maximal compact spaces can be
considered as a generalization of the class of compact Hausdorff spaces,
since in both classes the collection of compact subsets coincides with

the collection of closed subsets and in both classes every one to one
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continuous function from a member of the class into a member of the

class is a homeomorphism.

1.10. Proposition. Let Y Dbe a subspace of the C-space X

If Y is open or closed in the topology of X, then Y is a C-space:

(compare with [1]).

Proof. Let Y be a closed subset of X and let A be a subset of
Y which has a compact intersection with every closed compact subset of
Y. Then A has also a compact intersection with every closed compact
subset of X and hence A is closed in X. This implies that A is
closed in Y and so Y is a C-space.

Suppose that Y is open in X and that GO is the complement of
Y in X. Let A be a subset of Y which has a compact intersection with
every closed compact subset of Y . In order to prove that A is
closed in Y it suffices to prove that A U GO is closed in X.

Suppose that A U GO is not closed in X. Then there exists a

closed compact subset CO of X such that

A

“au GO) n Cy

is not compact. Therefore there exists a system of closed sets @' in
X which is centered in (A U GO) n CO and such that

neHneauu Gy N Cy = 8.

Since GO is closed and CO is compact, G0 n C0 is a compact subset of

X and, therefore, there exists a finite subsystem of @',
fo,li =1, 2, ..., nl,
with the property that
n
cn G,) N ¢y NG, = 4.
i=1
If we define

n
c, = (N G Ncy,
i=1
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then clearly C2 is a closed compact subset of Y, Then by assumption
the set A N C2 is compact. On the other hand,it follows easily that @'

is centered in A N Cz, whereas

(NeH nanc, f nedna@u GO) ne, = [

This is a contradiction which shows that A U GO is closed'in X.

Therefore A is closed in Y and so Y must be a C-space. This

proves the theorem.
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2. Minusspaces and antispaces

2.1. Definition. An ordered pair (X,®) consisting of a set X and

a collection @ of subsets of X is called a minusspace iff Y& = @ (i.e. the
collection @ is closed under the forming of finite unions and arbitrary
intersections of non-empty subfamilies of ¥ . @ is called a minustopology
for ¥X. The members of @ are called the closed subsets of (X,®) and the
complements of members of @ are called open subsets of the minusspace.
Observe that (X,yS) is a minusspace for every collection & of subsets

of X.

2.2. Remark. In the sequel a "space" will mean a "minusspace'.
However, if confusion with "topological space" is likely, we will use
the words minusspace or topological space. Recall that in a minus-
space it is not necessary that the empty set and the entire
set are closed. This is a consequence of the definition of the operator
Y. In the following we shall occasionally use notions such as "subspace”,
"homeomorphism", "continuous function", "quotient space' when we
deal with minusspaces. The definitions of these notions are completely
analogous to the corresponding definitions for topological spaces and
so we shall not formulate them explicitly. The definitions of C-space,
CC-space, etc. for minusspaces are precisely the same as the definitions
for topological C-spaces, resp.,CC-spaces; we merely have to replace
the word topological space by minusspace. The definition of a minusspace
is eduivalent to the definition of a topological space for many classes
of spaces that are usually studied. If a space contains two disjoint
closed sets,then the empty set is closed and if a space contains two

dis joint open sets,then the entire set is closed. Every C-minusspace

is a topological space because both the empty set and the entire set

have a compact intersection with every closed compact set and hence
they must be closed.

Every topological space is a minusspace and every minusspace can
be changed into a topological space by the adjunction of the empty set
and the entire set to the collection of closed subsets. Almost every

theorem for topological spaces, resp., for minusspaces can be reformu-
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lated for minusspaces, resp., for topological spaces with occasionally

a comment on the empty set and the entire set.

‘iE“Qe define the closure of a set A to be the set of all points

p such that every open set which contains p intersects A, then the
notion of a minusspace has the disadvantage that the closure .

of a set in the space need not be closed. Indeed ,the closure of a set is
not closed if and only if the set is dense (i.e.,every non-empty open
subset intersects it) and the entire set is not closed. Observe that in
this case the closure of a set is not the intersection of all closed
sets containing the given set.

We now reformulate theorem 1.2.5 in the following way:

2.3. Theorem. If X is a set and if © is a collection of subsets

2
of X, then p & is a collection of closed sets in a minusspace on X.

2.4, Definition. An unordered pair of minusspaces on the same set

{(X,@&),(X,@b)} is called an antipair if and only if @b = p@, and
@h = pﬁb. A member of an antipair is called an antispace and if
{(X,@&),(X,@z)} is an antipair, then (X,@&) is called the anti-image

of (X,@&) and conversely.

2.5. Remark. From the definition it follows that (X,®) is an anti-
space if and only if pz@ = @ and,in this case, the unordered pair
{(X,8,(X,0® } is an antipair. By definition this is the only antipair
which contains (X,8) and so every antispace (X,®) has a unique anti-

image, i.e.,(X,P® . Observe that § € @ for every antispace (X,).

2
2.6. Theorem. If (X,® is an arbitrary minusspace, then (X,0 @) is

an antispace and its anti-image is (X,pa@).

Proof. Follows immediately from theorem 1.2.7 and the preceding

remark.

This theorem remains valid for every set X and every collection
2 L .
of subsets G, i.e.,(X,p ©® is an antispace and its anti-image is

3
(X,p © . This follows from I.1.9.
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2.7, Definition. A minusspace (X,®) is called compact provided

e
that X € p@. A compact antispace is called a C -space.

2.8. Theorem. For every minusspace (X,d) the following statements
are equivalent.

(1) (X,® is a C-space.

(ii) (X,® is a topological space and an antispace.

(iii) There exists a C*;space (X,8 such that p& = @.

(iv) (X,® is a CC-antispace.

Proof. The pattern of proof is (i) = (ii) = (iii) = (iv) = (i).

(i) = (ii). Suppose that (X,®) is a C-space. Then it is a topolog-
ical space (cf. 2.2). Every compact subset of the space is closed
(cf. 1.2) and so every centered system of compact sets has a non-empty
intersection, which implies that the set X itself is squarecompact.
From I.2.9 it follows that every closed set is squarecompact, i.e.
¢ c o%o.

In order to prove that every squarecompact set is closed, we take
any squarecompact set A, It follows from I.2.4 that A has a compact
intersection with every compact (and hence closed) subset of (X,®).

A is closed since (X,®) is a C-space. This implies that every square-
compact subset of (X,®) is closed. We conclude that (X,®) is a topolog-
ical antispace.

(ii) = (iii). Suppose that (X,®) is a topological antispace. Then
(X,DGD is also an antispace, and from X € @ = pz@ it follows that
(X,0r® is a compact antispace, i.e. a C*—space and (X,®) is the anti-
image of this C*;space.

(iii) = (iv). Let (X,R) be a compact antispace with the property
that @ = P ®. Then (X,®) is an antispace (cf. 2.5). (X,R) is a compact
antispace which implies that & € p& = @. Therefore p@ = & € @, which
means that (X,®) is a CC-space. This proves that (X,®) is a CC-antispace.

(iv) = (i). Suppose that (X,®) is a CC-antispace and suppose that
A is a subset of X which has a compact intersection with every compact
subset of (X,M). Let €' be a system of compact subsets which is centered

in A, and let C, be a member of §€'. Then €' can be considered as a
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system of closed sets which is centered in C0 N A. The set C0 N A is

compact and therefore

(NEH NAa=@MEeEHYNcyNa £ 0.

This implies that A is squarecompact and hence A is closed. It follows

that (X,8) is a C-space.

2.9. Remark. From this theorem it follows that the class of C-
spaces is closely related to the class of C*Lspaces. There exists a
well defined one to one correspondence between these classes, namely,
every C*;space is the anti-image of one and only one C-space and
conversely. Every antispace determines its anti-image completely and
therefore every property of the anti-image corresponds to some proper-
ty of the original antispace. The topology on a C-space is (not
necessary strictly) finer than the minus-topology on the corresponding
C*;space because the identity function is continuous.

It is easy to see that a space is maximal compact if and only if
it is both a C-space and a C*;space. (Observe that a maximal compact
space is a compact antispace.) In this case the space is the anti-
image of itself and its antipair consists of two identical spaces.

It seems reasonable to ask If every antispace is a C-space or
a C*;space. The answer to this question is in the negative. It is even
possible to find an antipair consisting of two homeomorphic minusspaces

such that neither is a C-space. We show this in the following example.

Example.. Let X be the set of real numbers and let @ be the
collection of all subsets of X which are bounded to the left and
closed in the usual real-line topology.It is easy to see that (X,®)
is a minusspace. A subset A of (X,®) is a member of p@ if and only
if it is bounded to the right and closed in the usual topology on X.
Therefore {(X,@D,(X,D@)} is an antipair consisting of two homeomorphic
spaces. Clearly, neither is a C-space, since every C-space is a topo-

logical space.
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2.10. Proposition. If (X,®) is a CC-space, then (X,p@®) is a

>
C -space.
A 2 2
Proof. By definition P € @ and hence p® C p @. Therefore X € p° @,
since every centered subsystem of p® has a non-void intersection. Now
9 '
theorem I.3.8 implies that § C p @ and from I.3.4 it follows that
3 .
PG =P @. We conclude that (X,0®) is a compact antispace, which

proves the proposition.

2
2.11. Proposition. If (X, @ is a C-space, then (X,p® is a

>
C -space.
2 . R .
Proof. (X,,"@®) is a C-space and hence a CC-space. This implies
2 3
that P §DOP §DOPG (cf. I.2.6). We may apply again I.3.8 and I.3.4
and the proposition can be proved in the same way as the preceding

proposition.

2.12. Theorem. If (X,®) is an arbitrary minusspace, then

2 >
(X, N P°®) is a C -space.

Proof. Clearly (X,Y(® U p@®) is a CC-minusspace and from I1.3.6
2
it follows that P@ N P @ is its collection of compact subsets. Now the

theorem follows from 2.10.

2.13. Corollary. If (X,®) is an arbitrary minusspace, then

X,P (PG N 92@0) is a C-space.

2.14. Remark. It is well known that for every Hausdorff space
(X,Y) there exists a uniquely defined k-space (X,iD with the same
collection of compact sets (cf. [7] p. 241, [1]). (X,X) is the image
of (X,iD under a one-to-one continuous mapping. We shall call (X,iD
the k-expansion of (X,¥). This k-expansion is usually defined in the
following equivalent way:

If (X,¥) is a (topological) Hausdorff space, and @ is its collection
of closed sets, then we define the k-expansion as the topological

space which has the collection
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6=1{al(vcermanceml

as its collection of closed sets. It is easy to see that the k-expansion
of any Hausdorff space is a C-space.
The preceding corollary now suggests the following definition of

the C-expansion (X,éD of any minusspace (X,®):
& =000 N o’e.

It follows that the identity mapping from (X,éD to (X,0®) is
continuous. Furthermore, if (X,®) is a CC-space, or even if (X,p®)
is a d*;Space, then P@ and Dé are identical collections of sets (cf.
1.3.8). It is easy to see that if the k-expansion of a topological

space is defined, then it coincides with the C-expansion.
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3. Subspaces and sumspaces of antispaces

In this section we study the one-to-one correspondence between
the class of C-spaces and the class of C*;spaces which we found in
2,9, We will prove theorems in the theory of C*;spaces with corre-
spond to theorem 1.8 and 1.10 in the theory of C-spaces. In the theory
of d*Lspaces we will define the notion of an antisubspace ﬁhich corre-
sponds to the notion of a (topological) subspace in the theory of
C-spaces. We show that the correspondence between C-spaces and c*=
spaces is not entirely invariant under the taking of subspaces and
antisubspaces. The notion of an antisubspace is also useful for the
investigation of minusspaces in general. For example, we shall give a
characterization of the class of antispaces which is based on the

notion of an antisubspace.

?
3.1. Definition. A minusspace (X,®) is an antisubspace of the

minusspace (Y,8) iff X C Y and
©={clccxeceg.
@ is called the anti-relative minustopology on X and the identity

mapping from (X,®) into (Y,8) is called an anti-embedding.

Remark. Observe that the relative minustopology on X is defined,

as usual, by
@=1{xns|secg.

In this case (X,8) is called a minussubspace of (Y,5).

Furthermore, if (X,®) is an antisubspace of (Y,5), then A C Y
is G-compact implies that AN X = A \ (Y \ X) is Gcompact, since
every centered subsystem of @ is a centered subsystem of &,

The following theorem corresponds to 1.8.

>
3.2. Theorem. Every C -space can be anti-embedded in a maximal

compact space by the adjuhction of one single point.

>
Proof. Let (X, be an arbitrary C -space and let p be a point
which is not an element of X. We define Y = X U {p} and

6=6U{cU {pllc e ox@}.
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It is easy to see that (X,®) is an antisubspace of the minusspace
(v,5).

In order to prove that (Y,ED is a compact space, we assume
that &' is a centered subsystem of &. If &' does not contain a member
of @, then N &' contains p and thus -the intersection of &' is not

empty. If &' contains a member G, of @, then the system

€ ={sngsce]

is centered and has the same intersection as the system &'. &' is a
2
subsystem of @. (For, if A € @ = DX@ and B € DX®,then according to
2
lemma I.2.4 we have both AN B €p@and ANB €p @ =6.) X,® is

e
a C -space and hence a compact space. It follows that

g£N6 =Nn6G".

We conclude that (Y,©) is compact.

In order to prove that (Y,&) is a CC-space, we assume that A is
a compact subset of (Y¥,8). If A contains p, then (A \ {p}) must be
compact relative to @ (cf. remark 3.1) and hence A is a member of &,
If A does not contain p, then A is a subset of X which is compact
relative to P@. Therefore A € 92®, i.e.,A € §. Consequently in both
cases A € G, and we conclude that (Y,® is a compact CC-space (hence

a topological space) and so by 1.7 is a maximal compact space.

3.3. Lemma. A minusspace (X,® is an antispace if and only if
the following two conditions are satisfied:

(i) There exists a minusspace (X,8) such that @ = pG&.

(ii) @ contains every subset of X which has a @-closed inter-

section with every (~compact subset of (X,@®).

Proof. Suppose that (X,®) is an antispace. Then @ = 026 and @
is the collection of compact subsets in (X,p®). If a set A has a &
closed intersection with every &-compact subset of X, then it is
easily verified that A is P@-compact, i.e.,A €0 (P® = @.

Conversely, suppose that (X,®) is a minusspace which satisfies

both conditions. Then @ = 6 for some collection © of subsets of X.
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Hence

pz@ = p36 D6 =@ (cf. I.2.6)

and therefore @ C 02@.

In order to prove that 02@ C @ we suppose that A € pz@. Then
A € 036 and A N C is a member of P& = @ for every set C € 026 (cf.
1.2.10). Therefore A has an intersection belonging to @ with every
member of P® and this implies that A is closed. Hence p2® C @ and we

conclude that (X,3) is an antispace.

3.4. Theorem. An antisubspace of an antispace is an antispace

ol >
and an antisubspace of a C -space is a C -space.

Proof. The proof of this theorem will be carried out by showing
that properties (i) and (ii) of 3.3 and the property of compactness
for minusspaces are inherited by antisubspaces.

Let (X,®) be a minusspace and let (Y,{) be an antisubspace of
x,®.

(i) Suppose that @ = P& for some collection © of subsets of X.
Then & generates a minusspace (X,YS). The minussubspace (Y,8') of

(X,YS) with the relative minustopology has the family
06" = {clccy & c €08}

as its collection of compact subsets, but this collection is equal to
3 by definition. We conclude that if @ is the collection of compact
subsets in some minusspace on X, then {§J is the collection of compact
subsets in some minusspace on Y.

(ii) Suppose that @ contains every subset of X which has a @&

0
which belongs to px®, then every subsystem of members of ¢ which is

closed intersection with every member of Ox@. If C, is a subset of X

centered in CO has a non-void intersection with Co. Therefore every

subsystem of members of g which is centered in CO
intersection with CO’ and we conclude that C0 is compact relative

to {§. Since every member of {§ is contained in Y it follows that

conYEDYﬂ.

has a non-empty



41

Now let B be a subset of Y such that B has an intersection

belonging to {§ with every member of pYﬁ. Then also

BNA e@forallAepYa.

Moreover, according to the preceding observation,

CNYE pya for all C € px®.

Consequently,
BNC=(BBNY)NC=BN(YNC) €8

for all C € Dx@.
Therefore B € @. Since B C Y this implies B € {.

From (i), (ii) and lemma 3.3 we conclude that (Y,{}) is an antispace
whenever (X,d) is an antispace.

(iii) Now suppose that X is compact relative to @. Then every cent-
ered subsystem of & has a non-empty intersection with X and hence every
centered subsystem of {§ has a non-empty intersection with Y. Thus Y is
compact relative to {J.

This means that (Y,}) is a compact antispace, i.e.,a C*lspace

>
whenever (X,®) is a C -space.

3.5. Corollary. If (X,® is a C-space and (Y,©) is a subspace of
»
(X,®, then (Y,0r® is both a C -space and an antisubspace of (X,p®)
[although (Y,®) does not need to be a C-space ].

3.6, Proposition. If (X,®) is a minusspace and (Y,5) is an anti-

subspace of (X,®) with the propercy that X \ Y is compact relative to
@, then

0. = lc ¢ o ot
S=lenvlcers
and (Y,YP®) is a minussubspace of (X,YP@®).

Proof. The collection & is contained in @. Therefore, if C is
compact relative to &, then every non-empty subsystem of & which is

centered in C has a non-empty intersection with C. This intersection
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is contained in Y and hence C N Y is compact relative to &. Therefore
cny c .
fenyleeosl cos
Next we suppose that K is a member of Dfﬁ, but K U (X \ Y)

is not a member of DX@. Then there exists a subsystem @' of & which

is centered in K U (X \ Y) with the property that
nNedYNEU &\ =4.
In particular
nedYnNnx\y =2,

and from the assumption that X \ Y € pxm, it follows that there exists

a finite subfamily

{Gili =1, 2, ..., n},

of @' with the property that
n
(N eH)NE\Y =4.
. 1
i=1
n
If we let GO = Gi’ then G0 C Y. Since GO € @ this implies that
i=1
GO € &, The system
¢" = {angeea]
is a subsystem of & which is centered in K. From the assumption that
K is G-compact it follows that

g4£NEYNK=NG)NEU X\ V).

This is a contradiction. Consequently, if K € DYG, then

KUX\Y € °4®. We conclude that

06 c {c n vlc € 0,6}

and so

&= {cnvlceogdl.
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It now follows easily that (Y,YDYED is a subspace of (X,YDXGD.

3.7. Theorem. Every antispace can be anti-embedded in a C-space
by the adjunction of one single point. Moreover, every antispace can

be embedded in a compact antispace by means of adjoining one point.

Proof. Let (X,®) be an antispace and suppose that p is a point
which is not in X. Define Z2 = X U {p}. In order to find a minustopol-
ogy © on Z such that (Z,8) is a C-space which contains (X,®) as an
antisubspace, we first define a minustopology S on Z. Then we con-
struct & by means of G.

Define: &= (8 U {c U {p}[c € o 0}.

First we observe that (Z,@D is a CC-space. For, if A is an &
compact subset of Z, then A is also (compact and hence A U {p} € é.
If p € A this means that A € é. If p £ A then it follows easily from
the definition of & that A is also DX@Fcompact, i.e.,A € pi@ = @.

In both cases A € &, and we conclude that pZS c6, i.e., (2,5) is a
CC-space.

From 2.13 it follows that (Z,pzéD is a C-space. If we consider
X as a subset in the minusspace (Z,éD,then the induced anti-relative
topology in X equals @; if we consider X as a subset in the minus-
space (Z,pzéb, then we denote by {§ the induced anti-relative topology
on X, Furthermore, Z \ X = {p} is compact, both in (Z,é) and in
(Z,D?éﬂ. From proposition 3.6 it follows that

(¢

{c nx|c € o&}

and

3~

o = {c N x|c € p"E}.

o~ - 3~
Since (Z,®) is a CC-space, the proof of 2.11 implies that oS = p &

2 2
and hence we conclude that p@ = pfj and so p @ = p . The space (X,{¥)
2~

is an antisubspace of the antispace (Z,p © and thus theorem 3,4 implies

that (X,Q) is an antispace. Therefore we have

@=p2@=ng=g
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and (X, is an antisubspace of the C-space (X,pzéD.

We have proved now that every antispace can be anti-embedded in
a C-space. Since (X,®) is an antispace, the space (X,Yr®) = (X,0r®) is
its anti-image. Moreover, since YDZ = 02, we have (Z,YDSéD = (Z,DSéD =
= (Z,YDéD = (Z,péﬁ. Consequently 3.6 implies that (X,0@) is a subspace
of (Z,oéD, while (Z,péb is the anti-image of a C-space and hence a
C*Lspace.

The constructed compact antispace can be called the one point
compactification of the antispace (X,p®). Observe that the collection
of all complements of members of P N @ is precisely the collection

of all open sets of (Z,Dé» which contain p.

3.8. Corollary. (i) . The class of all antispaces is precisely
the class of all antisubspaces of C-spaces and is precisely the
class of all open subspaces of C*Lspaces.

(ii) . The anti-image of an antisubspace of a
C*;space is equal to the C-expansion of the corresponding subspace
of the corresponding C-space.

(iii). Let (Y,®) be a subspace of a C-space
(X,®). Then both (Y,p®) and (Y,szD are antispaces and G C 026.

Proof. Assertion (i) follows immediately from 3.4 and 3.7, (ii)
follows from 3.5. Assertion (iii) is an easy consequence from (ii)
and 2.10. It indicates another definition of a subspace of a C-space,
namely, (Y,pZED can be considered as a C-subspace of (X, (compare
with [10]). We will not investigate this notion any further in this

treatise.

3.9. Definition. Let {(Xa,@a)} be a collection of minusspaces

acA

B=rz$if a# B. Let X = U xa.
a€A

D 1£6={clccx & (fa €cA@GNX, € @u)},then (X, is a minus-

such that Xa nx

space. It is called the minussum of the collection {(Xu’@h)}aeA'

2) If &= v(U 8., then also (X,86) is a minusspace. It is called
€A
the antisum of the collection {(Xa’@h)}aeA'
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Remark. If the collection A is finite, and if g € @h for all o,
then the minussum coincides with the antisum, but if A is infinite
and if 4 € @h for all a, then the minustopology defined by the minus-
sum is strictly finer than the ﬁinustopology induced by the antisum.
If @ is an arbitrary closed set in the antisum, then G N Xa = # for
all but a finite number of a's. Observe that if{(Xa,@h)}afe antispaces,
then 4 € @a for all o, since # is always squarecompact. If{(Xa,Ga)}
are topological spaces, then the minussum coincides with the usual

topological sum.

3.10, Theorem. The minussum and the antisum of a disjoint
collection of antispaces are both antispaces. The anti-image of the
minussum of a collection of antispaces equals the antisum of the anti-

images of that collection of antispaces.

Proof. Let {(Xa’@h)'a € A} be an arbitrary collection of disjoint
antispaces which is indexed by the set A. Let (X,®) be their minussum,
and assume that (X,ED is the antisum of the collection of their anti-

images:

{(Xa»"xa%)"’ € a}.

For convenience in the remainder of the proof, we use Da to denote

2 2
[¢] and pa to denote pX .
o o

In order to prove that & = Dx@ and @& = DX6 we prove in succession

X

(1) Bce6:
(ii) ox@ c G;
(iii) @ < pXG;
(iv) DX(5 c@.

(i) Let S € & and let @' be a subsystem of @ which is centered

in S. Clearly S may be written in the form

s=¢c Uc U...uUC ,
@y ay o
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where Cu € Da @hl. Consequently @' must be centered in at least one

i i i
of the sets Ca . We may assume it is Ca . Now let
i 0

¢ ={enx, lceql.
0 .

Then @' is a subcollection of & and since C, €°, G it follows that

0 0 0

(ngH nc, #4.
0

Consequently ,

64 ((N8)NC, S(NGE)NS
0

and hence S € DX@. We conclude that & C DX@.

(ii) We first observe that @ € @h for every 0, since (Xa’@b) is an
antispace. Consequently @h C @ for every 0, Now, let T be a subset of X
which is not a member of ©. Then either there exists an index B such
that T N XB £ OB @%, or we can define an infinite subset AO of A such
that T N X, £ 8 if o € AO. In the first case it follows from @% c @,
that there exists a subsystem @% of @% which is centered in T N XB’

whereas
(N @) N (T NXp) = 4.
Since every member of @% is contained in XB we have

n @é) Nr=4¢

and we conclude that T £ OXQ.
In the second case we choose a point P, € Xa N T for every a € AO.
For every o € AO’ let

P = {pBls €4, &8 #al.

o

Since (XB,GB) is an antispace, pB is squarecompact and hence closed in
(XB’@h) for every B € AO. Therefore P is a closed subset of X,®.

From the assumption that AO is infinite it follows that the collection
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{Pala € AO} is centered in T. However

NP o €ab nr=g.

Consequently T £ px@ in both cases and hence px@ c 6.
(iii) Let G € @ and suppose that €' is a subsystem of U p @
o a
. a€A
which is centered in G. Then €' is centered and it follows that there
exists an a_, such that €' Cp @& , and
0 %y @

GNX € @h =p S .

Therefore (N €') N G # 4, and hence

GeEp (U p @) =p,y(U p @) =p6.
X Q€A a o X Q€A o a X
We conclude that @ C DX6.

(iv) Suppose that G £ @. Then there exists an index B such that
@GN XB) £ @,. Since (XB,QB) is an antispace, this means exactly
@Gn XB) £ Py G%, and thus G N XB is not compact relative to o @ .

B B
From g ®, € 6 it now follows that G £ pXG and so Dx6 c @.

B

3.11. Remark., It is easy to see that the minussum of a collection
of C-spaces is a C-space. In this case the minussum is equal to the
topological sum of these spaces. Therefore the antisum of a collection
of C%—spaces is a C*—space. However a minussum of an infinite collection
of C*;spaces is never a C*;space. This yields another method to construct
antispaces, e.g.; a minusspace with cofinite topology can be considered
as the antisum of a collection of one point spaces, and hence it is a
C*;space. Its anti-image is the discrete space with the same cardinality.
Furthermore, if {(Xa’@h)}u is an arbitrary collection of T1 minusspaces,
then the collection of compact subsets of their minussum induces the
same minustopology as the antisum of the family of spaces {(XQ,YOQ @h)}a’
and also the collection of compact subsets of their antisum induces the
same topology as the minussum of the family of spaces {(Xa’Ypa @h)}'
These statements can be proved similar to the proof of 3.10.

We will conclude this chapter with some propositions and remarks

on continuous functions, quotient spaces and productspaces.
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3.12, Definition. If X and Y are two minusspaces, then a

function f: X > Y is called a k-mapping provided that the inverse
image under f of a compact subset in Y is a compact subset of

X.

3.13. Proposition. If (X,® and‘(Y,ED are antispaces, then a

function f from (X,® to (Y,®) is continuous, if and only if f is a

k-mapping from (X,0®) to (Y,0®).

Proof. Assume that f is a continuous function from (X,® to (Y,©).
Then the inverse image of a member of © is a member of . Since
0%5 = & and Oi@ = @ this means that the inverse image of a member of
Dg@ =p (PO is a member of p (@) which implies that f is a k-mapping
from (X,,r® to (Y,05).

The converse is proved similarly.

3.14, Proposition. If the CC-space (Y,5) is a quotientspace of a

C-space (X,®), then (Y,®) is a C-space.(This is a corollary of [7] p.240.)

Proof. Let f be a quotient mapping from (X,3) onto (Y,5) and
suppose that S is a subset of Y which has a compact intersection with
every closed compact subset of (Y,8). If we assume that S is not closed,
then fnl[S] is not closed either and hence there exists a compact subset
C of (X,® such that C N f—l[S] is not compact in (X,®). The set
cn f_1[S] is a non-compact subset of C. C is compact and hence closed.
Consequently, C N f_l[S] is not closed. Therefore there exists a point
p in the closure of C N f_l[S] which does not belong to C N f_lfs].

It follows that p € C and hence p £ f_l[S]. This implies that

p € £1[s] n £iefc]] = £ s n £Lc]].

The set f[C] is compact in (Y,5) and hence f[C] N S is compact and

closed in (Y,®) and therefore

£71s n £[c]]

-1
is closed in (X,® . Furthermore C C f ~[£[C]] and hence p is in the
closure of f_l[s N £[{c]]. This is a contradiction. We conclude that
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S is closed if and only if S has a compact intersection with every

closed compact subset of (Y,®5) and hence (Y,8) is a C-space.

3.15. Remark. This proposition can be seen as a corollary of the
well known result that the quotient sﬁaces of a k-space are k-spaces
(cf. [7]). It is natural to ask if every quotient space of a C-space
is a C-space or, in particular, if a closed continuous image of a C-
space is a C-space. This question is still open,

L]
A quotient space of a C-space is a C-space if every inverse

image of a compact set is closed. (cf.II. 1.2 and II. 3.14.)

Until now we have not mentioned product spaces of C-spaces. We
can investigate a notion of C-product by defining the C-product of
a collection of C-spaces as the C-expansion of the usual topological
product of those spaces. This is actually carried out by N.E. Steenrod
[10] forthe case of Hausdorff C-spaces. We shall not carry this inves-

tigations any further in this treatise.



Chapter III

Characterization of the notion of compactness

In this chapter we investigate three problems concerning the
notion of compactness in the class of Tychonoff spaces, in the class
of C-spaces and in the class of all minusspaces. In the first section
a characterization of the class of all compact Hausdorff spaces is
given. The characterization is in terms of heredity for certain
topological operations.

The second problem concerns the characterization of the compact-
ness operator. We will give conditions for an arbitrary operator
defined on the collection of closed subsets of a Tychonoff space,
resp., a C-space to be the compactness operator.

In the second section of this chapter we investigate the third
problem which can be formulated as follows: Let X be a set and let §
be a collection of subsets of X. Find necessary and sufficient condi-
tions for € which guarantee that € is the collection of all compact
subsets relative to a suitébly chogen system & of subsets of X. Observe
that, without loss of generality, © may be a minustopology or a topol-
ogy on X.

We conclude this section with a set of unsolved problems.
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1. Characterization of compact spaces and the compactness operator

1.1. Theorem (DE GROOT). Let ' be a class of topological spaces
which satisfies the following conditions:

(i) The topological product of any collection of members of T
is a member of I'. (Productively closed).

(ii) Every closed subspace of a member of ' is a member of T.
(Hereditarily closed),

(iii) If X €T and Y € T and if X is a subspace of Y, then X is
a closed subspace of Y. (Absolutely closed).

(iv) Every closed continuous image of a member of T is a member
of T'.

(v) The class ' contains a space consisting of more than one
point.

Then I' is precisely the class of all compact Hausdorff spaces.

Proof. First we prove that every member of the class is Hausdorff.
Suppose that X is a member of I', *hen X x X is also a member of I' (cf.
condition (i)). The subspace of X x X consisting of all points
{(x,x)|x € X} is homeomorphic with X itself and hence a member of T.
Condition (iii) implies that this subspace is closed in X x X and so
the space X is a Hausdorff space. We conclude that every member of
' is a Hausdorff space.

Next we prove that the class of all compact Hausdorff spaces is
a subclass of I'. Let X be a member of I' which consists of more than one
point (cf. condition (v)). Since X is Hausdorff it contains a closed
discrete subspace consisting of two points. From condition (ii) it
follows that the discrete space consisting of two points is a member
of T. The Cantor set is homeomorphic with the countable product of
discrete two point spaces, and so according to (i) it is a member of T.
The closed unit interval is a closed continuous image of the Cantor
space and hence it is confained in T (cf. condition (iv)). Moreover,
every product of closed unit intervals is contained in I' (cf. condition
(i)) and since every compact Hausdorff space is a closed subspace of a

product of closed intervals, it follows that every
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compact Hausdorff space belongs to T.

Next we prove that every member of ' is a compact Hausdorff space.
We know already that every member is Hausdorff; we only have to prove
that every member is compact. Suppose that (Y,¥) is a member of T
and suppose that G, and G, are two disjoint closed subsets of (Y,¥).

1 2
We define a mapping f from Y into the power set of Y in the following

way : i
(i) £() =G iff p € G,
(ii) f£(p) = G, iff p € Gy,
(111) £ = {p} iffp £ UG,.

Then the set f[Y] can be supplied with the quotient topology I' with
respect to Y and f. It is then easy to see that the function f is a
closed continuous mapping from (Y,® onto its quotient space (£f[Y],I').
We conclude that (£f[Y],¥') is a member of ' and hence a Hausdorff space.
In particular there exist two disjoint neighbourhoods U and V of the
points f[G1] and f[62] in the topological space (£[Y],¥'). It follows
that f_l[U] and f_l[V] are disjoint neighbourhoods of the closed sets
G1 and G2 in (Y, . Hence we conclude that (Y, is normal. Therefore
(Y,D has a Cech-Stone compactification (Z,%). Since (Z,%) is a compact
Hausdorff space it belongs toI' . Then it follows from condition (iii)
that.(Y,SD is closed in (Z,J). This means that (Y,¥) coincides with

(Z,3) and consequently is a compact Hausdorff space.

1.2. Theorem. If we have for every set X an operator O, from

X
P(B(X)) into itself, then o, coincides with px for the collection of

X
all closed subsets of all Tychonoff spaces if and only if 0 meets the

following requirements:

(i) : If @ is the collection of closed sets in a Tychonoff space
(X,Y) then ox@ C . (Closedness condition).

(ii) : If (A,Ik) is a subspace of (X,¥) and @A is the collection
of closed subsets of (A,Y,) then 0,0, = lclcecasce o O}

(Subspace condition).
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(iii): For every operator A which assigns to the collection of
closed subsets of every Tychonoff space another collection
of subsets of the same space and which satisfies (i) and
(ii) (with O replaced by A) then ox@ D AX@
for the collection @ of closed sets in every Tychonoff

space (X,¥). (Maximality condition).

Proof. Let 0 be an operator satisfying (i), (ii) and (iii). We
prove that OX@ = DX@ for the collection @ of closed subsets of every
Tychonoff space (X,¥). We observe that every compact subset of a
Tychonoff space is closed and hence DX(@D C @. This means, that p
satisfies condition (i). It is also well known that a subset of a
topological space is compact if and only if it is compact in its
relative topology. This implies that P satisfies condition (ii). We

now apply (iii) to P and 0 and obtain
co
DXQ X@

for the collection @ of closed subsets of every Tychonoff space.

On the other hand, we know that for every compact Hausdorff
space P® = @ and therefore condition (i) implies that for compact
Hausdorff spaces p® D 0@. From the fact that every Tychonoff space
can be embedded in a compact Hausdorff space and from condition (ii)
it follows that pAQh :)GA@h for every subspace (A,Ih) of a compact
Hausdorff space (X,%).

We conclude that p@ D 0@ for every Tychonoff space and hence

P =0 on this. class.

1.3. Remark. The preceding theorem remains true if we replace the
class of Tychonoff spaces by separable metric gpaces. This follows
easily from the fact, that every separable metric space can be embedded
in the Hilbert cube - which is a compact metric space.

It is not known if the theorem is true for CC-spaces since it is
still an open question whether or not every CC-space can be embedded

in a maximal compact space.
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1.4. Theorem. If we have for every set X an operator OX from
B(P(X)) into itself, then OX coincides with DX for the collections
of all closed subsets of all C-spaces iff 0 meets the following
requirements:
(i) If @ is the collection of closed sets in any C-space (X,®),
then 0X® C @. (Closedness condition).
(ii) If (A,@h) is an open subspace of (X,®),then OA@k =
={clccagcce OX@ﬁ. (Open subspace condition).
(iii) For every operator A which assigns to the collection of
closed subsets in every C-space another collection of
subsets of the same space and which satisfies (i) and (ii)
(with 0 replaced by 1), then A\ € o® for the
collection @ of closed subsets of every C-space. (Maximality

condition).

Proof. The proof of this theorem is similar to the proof of 1.2;
we merely have to replace "compact Hausdorff" by "maximal compact" and
"subspace" by "open subspace". Then the theorem follows from II.1.8 and

II.1.10.

1.5. Remark. This theorem remains true if we replace the notion
of "C-space" by the notion of "locally compact Hausdorff space'. At
this moment we do not know a method for characterizing the compactness

operator in the class of all topological spaces.
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2, Collections of compact subsets and problems

In this section we will make some remarks on the following
problem: Given a set X, characterize all collections § of subsets of
X which are the collections of compact subsets relative to some other
family of subsets of X. This problem seems to be difficult and re-
mains unsolved in its generality. However, we start this section with
some necessary conditions for the collections €. Furthermore a
characterization of all collections € which are the collections of
compact subsets of antispaces is derived as a corollary of the

previous chapter.

2.1. Proposition. Let X be a set and let € be a collection of

subset s of X such that € is the collection of compact subsets in some
topology on X. Then
(1) FEDE.
(ii) The intersection of a member of € with a member of PQ is a
member of @.
(iii) Every infinite member c¢f € contains an infinite proper sub-
setbwhich is also a member of €.
(iv) @€ is closed under the taking of finite unions and every

finite subset A of X is a member of §.

Proof. € = p® for some collection @ of subsets of X. Without loss
of generality we may assume that @ is the collection of closed subsets
in some topology on X. Now the first assertion is precisely proposition
I.2.6 and the second assertion is precisely lemma I.2.4. In order to
prove (iii) we assume that A is an infinite member of € which does not
contain a proper infinite subset belonging to €. For every G € @ we
have that G N A belongs to €, which implies that GN A is finite or
GNA = A, Now let B be an arbitrary proper subset of A, Then G N B
is finite or GN B = B for every G € @. This means that B is & compact
and hence a member of €. So from the assumption that no infinite
subset of A belongs to P@® = §, we have derived that every subset of A

belongs to P@® = §. This is a contradiction. Consequently for every
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infinite set A € € there exists a proper subset of A which is infinite
and which is a member of €.

The fourth assertion is well known.

2.2. Remark. It is easy to see that condition (i) of the preceding
proposition follows from condition (ii). If we assume that Y& = € then
condition (ii) also implies condition (iii).

Furthermore we show by means of a counterexample that the conditions

of 2.1 are not sufficient.

Example. Let X be an uncountable set and let € be the collection
of all countable subsets of X. Then p€ consists of all finite subsets
of X and every subset of X is a member of pz@. Hence conditions (i) and
(ii) are fulfilled. It is easy to see that € also satisfies conditions
(iii) and (iv) of 2.1.

In order to prove that € is not the collection of compact subsets
relative to any family &, we assume that © is a collection of subsets
of X and that pS = G. ‘

From Alexander's theorem it follows that we may assume without loss of
generality that Y& = &, The set X itself is not compact and hence there
exists a nest ! © & such that § £ % and N N = . Now choose a point

p1 € X and a set N1 € N such that p1 £ Nl' Then we choose a point

P, € N1 and a set N2 € M such that P, £ N2' We proceed by choosing

Py € Ni—l and Ni € N such that Py £ Ni' The set {pi}:=1 is a countable

subset of X and the collection {Ni} , whereas

Lo
is centered in {pi}i=1

i=1

o —-—
(fp,}7. 2 nCn N =4,
i=1
(=]
i=1
a contradiction. We conclude that there exist no collection of subsets

It follows that the set {pi} is countable but not G-compact. This is

S of X such that 06 = €,

2.3. Proposition. A collection € of subsets of a set X is the

collection of compact subsets of an antispace X if and only if (X,®)

is an antispace. A collection of subsets € of a set X is the collection
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of compact sets of some CC-space on X if and only if (X,€) is a c-

space.

Proof. Follows immediately from II.2.5 and II.2.10.

2.4, Problems.
(i) Is it possible to embed an arbitrary CC-space in a maximal

compact space?
(ii) If X is a set and © is a collection of subsets of X, does
3
PG = ypS imply that p& = p &?
(iii) If X is a set and © is a collection of subsets of X such

that PG = YpS and 026 C p6, does this imply that X € p&?

(iv) Let X be a set, and © a collection of subsets such that
3
YDXS = Oi@. Let A € DXG. Is it true that under these conditions A is a
member of DiI, where T is the collection of closed sets in the relative

minustopology on A?

Remark. It is easy to see that (ii) is equivalent with (iii) & (iv).

(v) Let (X,X) and (Y, be two C-spaces. Is it true that the
intersection of two compact sets of their topological product is compact

in the product topology?
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