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CHAPTER 1

PROBABILITY THEORY ON METRIC SPACES

1.1. INTRODUCTION.

Since a stochastic process can be seen as a probability measure on a
function space, weak convergence of stochastic processes is equivalent with
weak convergence of probability measures on metric spaces. Which function
space has to be considered depends on the behaviour of the sample paths of
the stochastic processes under consideration. PROHOROV (1956) and
BILLINGSLEY (1968) studied among others the function space C[0,1], being
the class of all continuous functions on the unit interval with values
in some metric space S. Weak convergence on the space C[0,») of S-valued
continuous functions defined on [0,») has been treated by STONE (1963) and
WHITT (1970). Another important function space is D[O,»), the set of all
S-valued functions on [0,®), which are right continuous and have left hand
limits at every t>0. For an extensive study of this space we refer to

LINDVALL (1973) and WHITT (1980).

In the theory of controlled stochastic processes, however, we encounter
processes, which cannot be seen as random elements of C[0,») or D[O,=),
since the sample paths are neither right- nor left continuous. Although
most of these processes can be put into the framework of the function

spaces C[0,») or D[0,») by methods ad-hoc, a unifying approach to this
kind of controlled stochastic processes requires the introduction of a

new sample space. This will be illustrated by some examples in section 1.3.



1.2. GENERAL CONCEPTS .

In this section we give an outline of some general concepts of
probability theory on metric spaces. For a more extensive introduction the
reader is referred to BILLINGSLEY (1968) or PARTHASARATHY (1967). The
concepts and results of this section are rather disconnected, but have in
common, that they all will be used later on. In this section S
(or Sy i=1,2) is a metric space and £ (Si, i=1,2) its Borelfield i.e.‘ the

o-field generated by the open subsets of S.

DEFINITION 1.2.1. A function h from S1 into 52 is called measurable if

h-lS2 c S1 and a function f from S, into S, is called h-measurable if

f_132 c h_ls

0"

DEFINITION 1.2.2. A sequence of probability measures (Pn):_1 on 8§

converges weakly to a prcbability measure P on S if

v

lim J £ dPn = [ £ ap,
>0
n S
for all bounded continuous real-valued functions f on S.

w
Notation: Pn > P.

THEOREM 1.2.3. (Portmanteau theorem). Let P, Pn' n>1 be probability

measures on S. The following five assertions are equivalent:

(i) Pn - P.

(ii) lim J £ dPn = J f dP for all bounded, uniformly continuous
n->o
S

real-valued functions f.



(iii) 1lim sup Pn(F) < P(F) for all closed F ¢ S.
noe

(iv) lim inf Pn(G) > P(G) for all open G € S.
n->-e

(v) lim Pn(B) = P(B) for all B ¢ S for which P(8B) = 0, where B
n->o

denotes the boundary of the set B.

PROOF. See page 12 and 13 of BILLINGSLEY (1968). 0

DEFINITION 1.2.4. A random element of S is a measurable function X

from some probability space (R, F,P) into S (measurable means
X_ls c F). The probability measure PX_1 on S defined by

px L(B): = P(X 'B): = P(X ¢ B) for B e S

is called the probability measure induced by X or the probability

distribution of X.

If S is a function space then a random element is often called a random
function or stochastic process. If S = R we call a random element a
random variable and if S = PF , k > 1 a random vector.

If random elements of S are introduced we often omit to specify explicitly
the underlying probability space (R, F,P) on which the random elements are
defined. We always assume that all random elements under consideration

are defined on one common probability space.

DEFINITION 1.2.5. A sequence of random elements (Xn):—l of S converges in

distribution to a random element X of S if

-1 v

px~! & px7!
n

d
Notation: Xn -+ X.

el
We write X = Y if the random elements X and Y have the same probability

distribution.

NOTATION 1.2.6. If h is a function from 51 into 52 then Disc (h) is the

set of points in 51 where h is discontinuous.



PROPOSITION 1.2.7. Disc (h) € Sl even if h is not measurable.

PROOF. See page 225 of BILLINGSLEY (1968). m

DEFINITION 1.2.8. A transition probability from S, to S, is a mapping

1 2
P from S, x 32 into [0,1], such that
(i) P(Sl") is a probahility measure on 82 for every s1 € S1
(ii) P(.,Az) is measurable on s, for every A, e 32.

The set of all probability measures on S will be denoted by P(S). Hence,

a transition probability from S, to 82 can be considered as a mapping

1
from S, into P(Sz)'

1
THEOREM 1.2.9. (Continuous mapping theorem). Let h be a measurable
function from S, into S, and X, Xn' n>1, random elements of S

a 1_1 2
If xn -+ X and PX " (Disc (h)) = 0 then

1
da
h(x ) = hX
n

as random elements of SZ'

PROOF. See page 30 of BILLINGSLEY (1968). 0

DEFINITION 1.2.10. Let X, X, nzl, be random elements of S. Then (X )

converges almost surely to X, if X, Xn, n>1, are all defined on a common

probability space (9,F,P) and if there exists a set Q. ¢ F with P(QO) =1

0 a.s.

such that limn_)m Xn(m) = X(w) for all w € QO' Notation: Xn > X.

a.s.
LEMMA 1.2.11. Let X, Xn' n=1, be random elements of £. If Xn -+ X then
d
X - X.
n

PROOF. For every continuous real-valued function f on S we have
a.s.
£(x) > £(X). If, moreover, f is bounded then [ £(X ) ar~ [ £(x) dp,
9
-1
by Lebesgue's theorem on bounded convergence. But f f(Xn) dp = szdPxn
Q S
- -1 W _
and [ £(x) @p = [ £ apx 1. Hence Pxn1 -+ PX ! which implies by
definition X~ X. n



REMARK 1.2.12. The converse of lemma 1.2.11 is not true even if X, Xn,
n>1, are defined on a common probability space. For instance let

d
P(X=1) = P(X=-1) = % and define Xn = (-1)n X. Then xn = X for all n,

whereas (Xn):_ does not converge almost surely.

1

THEOREM 1.2.13. Let X, Xn , n>1, be random elements of a complete and
d

separable space S. If Xn - X then there exist random elements X', XA,

n=1, of S defined on a common probability space such that

X! g X , nx1
n n
xt $x
and a.s.
X' > X'.
n
PROOF. See SKOROHOD (1956). 0

DUDLEY (1968) and WICHURA (1970) proved this theorem under weaker
assumptions.
A useful application of theorem 1.2.13. is put into words in theorem

1.2.16. below. First we need the following definitions.

DEFINITION 1.2.14. Let (9,F,P) be a probability space. An assertion H holds

almost everywhere w.r.t. P if there exists a F ¢ F with P(F) = 1 such that

H holds for all x € F. Notation: H holds P-a.e.

DEFINITION 1.2.15. Let £, fn' n>1, be measurable functions from 51 into 52‘

The sequence (fn):=1 is said to be continuously convergent at x to the

funciion f if limn»w X, =X implies limn+w fn(xn) = f(x). The sequence
(fn)n=1

is continuously convergent to £ if it is continuously convergent at
c .
all x € 51 to the function f. Notation: fn + f (see for example page 197 of
KURATDWSKI (1966) .

THEOREM 1.2.16. Let X, Xn' n>1, be random elements of S, and h, hn, nx1,

1

measurable functions from S1 into Sz. Assume that S1 is separable and
d c

complete. If X > X and h > h, Pxﬁl—a.e., then

d
hn(Xn) -+ h(X)



as random elements of 52.
PROOF. According to theorem 1.2.13. there exist random elements X', Xﬁ,
a.s.
n=1, of 51 such that Xﬁ 2 xn' X' g X and Xg - X'". But then
d
h_(X!) 8% h(X'). From lemma 1.2.11. it follows that h_(X!) > h(X') and

d d d
3 1 ey ]
consequently hn(Xn) -+ h(X) since hn(xn) = hn(xn) and h(X') = h(X). N

We will apply this theorem in the setting of the next corollary.

COROLLARY 1.2.17. Let P, Pn' nx>1, be probability measures on S, and h, hn’

1

nx1, measurable functions from S1 into SZ' Assume that S1 is separable

w c
and complete. If Pn -+ P and hn -+ h, P-a.e. then

as ovrobability measures on s2.

A useful notion in the theory of convergence in distribution of random

variables is the concept ‘of uniform integrability.

is uniformly

DEFINITION 1.2.18. A sequence of random variables (Xn):=1

integrable if all Xn are defined on a common probability space (Q,F,P) and

lim sup J |x | ap = 0.
o= n {|XnI2a}

The following theorem can be found on page 32 of BILLINGSLEY (1968).

THEOREM 1.2.19. Suppose that X, Xn' nx1, are random variables such that
d
X = X.
n o
(i) 1f (Xn)n_lis uniformly integtable then EXn -+ EX.
(ii) If X and Xn' nx1, are non-negative and integrable then EXn -+ EX

implies that (Xn):= is uniformly integrable.

1

Combining this theorem with theorem 1.2.16. we get a useful convergence

theorem.

THEOREM 1.2.20. Let X, Xn' n>1, be random elements of a complete

separable space S and f, h, fn’ hn, n>1, real-valued measurable functions



d c - c -
on S. Suppose that Xn -+ X and that fn » £, PX 1--a.e. and hn -+ h, PX 1—a.e.

IfEh (X) > Eh(X) and |[f (x)| £ h (x) for all x ¢ S then
n''n n n
E fn(Xn) +~E £(X).
d
PROOF. From theorem 1.2.16. it follows that fn(xn) + £(X) and
h (X ) > h(X). Since h (X ) and h(X) are non-negative we find from theorem
1. 2 19. (ii) that (h (X N is uniformly integrable. Hence (fn(Xn)):= is

n ‘n ‘n=1 1
uniformly integrable. The theorem follows from theorem 1.2.19.(i). N

COROLLARY 1.2.21. Let P, P , n21, be probability measures on a complete

separable space S and f, h f ' h , n21, real-valued measurable functions

w c
on S. Suppose that P > P and that f > £, P-a.e. and h + h, P-a.e. If
lim J h_ dp_ = J h ap
n n .
n->o°
and
£ (x)] < h (%) for all x € S
n n
then
lim I £ dp_ = J £ ap.
n n
n->o
Next theorem can be seen as a generalization of Fatou's lemma.
THEOREM 1.2.22. Let X, Xn’ n>1, be random elements of a complete

separable space S and f, fn, n>1, non-negative, measurable functions on S.

(o]
i i = hav
Assume that xn -+ X. If for any sequence (xn)n=1 with llmném xn X we e
i -1
lim inf £ (x ) 2 £(x), PX "-a.e.
n''n
then

lim inf E £ (X ) 2 E £(X).
n 'n

PROOF. From theorem 1.2.13. follows the existence of random elements

[ ' [ o! 1 a , 2.8 '
X', X', n21 of S such that X' = X , X' = X and X »> X!
n n n n



Hence

Ef(X)=Jf arx'~ =Jf(x') dp.
n n n n n n
S Q

Viith Fatou's lemma follows

lim E £ (X ) 2 J lim inf £ (X') d4p
n''n n''n
n-o Q n

and by assumption

J lim inf fn(Xé) dp 2 J £(X') dp = E £(X). (1

@ 0 Q

COROLLARY 1.2.23. Let P, Pn, nx1, be probability measures on a complete

separable space S and f, fn’ nx1, non-negative measurable functions on S.

w
Assume that P_ + P. If for any sequence (x )°° with lim X = x we have
n n' n=1 n-o>«© n

lim inf fn(xn) > £(x), P-a.e.
n->c

then

lim inf J £ d4dap = J £ dp.
n n
< S
The theorems 1.2.20. and 1.2.22., which seem to be new, have been obtained

independently by LANGEN (1981) with different proofs.

REMARK 1.2.24. From the proofs of the theorems 1.2.16., 1.2.20. and 1.2.22.
follows easily that the conditions hniih, Px_l—a.e. (theorem 1.2.16.),

fngf and hngh, Px_l—a.e. (theorem 1.2.20.) respectively lim inf fn(xn)Zf(x),
PX "~a.e. (theorem 1.2.22.) can be relaxed in the sense that these
conditions only have to hold for any xeC and any sequence (xn):=1 with

lim x =X and xnecn, where C, Cn, n>1 are subsets of S such that

px'1(c)=1 and PX > (C )=1, n21.
n n

To conclude this section we derive an inequality concerning weak convergent

probability measures.



NOTATION 1.2.25.For any set B € 8 we denote by

w
[

the set of interior points of B.
§B: = the boundary of B.
the closure of B, i.e. B=B U 6B =B u §B.

w
1

THEOREM 1.2.26. Let P, Pn' n>1, be probability measures on S and An e S,

W
n=1, If Pn - P then

0 (-]
(1) lim sup Pn(An) <SP(n u A)
n-> k=1 m=k
0 0
o
(ii) lim inf Pn(An) 2P(U (n A)).
n-o k=1 m=k
o0 (o]
PROOF. P (A.) <P (U A) <P (u A) for n =2 k. Hence
— "n'n n m n m
=k m=k
(o] 0
i < 1i <
lim sup Pn(An),_ lim sup Pn( u Am) < P(uU Am) for all k.
n-»e n-e m=k m=k

The last inequality follows from theorem 1.2.3.(iii).

o o o
Since limkqm P(uU Am) =P( n U A ) we find (i) and the proof of (ii) is
m=k k=1 m=k
by complementation. 0

1.3. THE DRI¥T FUNCTION.

In this section S is again a metric space with metric p and Borelfield
S. From now on we will often refer to § as the state space. In the wide
field of the theory of stochastic processes several spaces of S-valued
functions have been studied extensively. For example the space C[0,)
consisting of all continuous functions defined on the non-negative half-
line with values in S. A lot of stochastic processes (e.g. the Brownian
motion) can be considered as random elements of C[0,®). Another important
function space is D[0,»), the set of all S-valued functions defined on the
non-negative half-line, which are right-continuous and have left hand
limits at every t > 0. A great deal of the stochastic processes with

non-continuous sample paths can be considered as random elements of D[0,®).



10

_However, in the theory of controlled stochastic processes there arise
interesting stochastic processes which cannot be seen as random elements
of either C[0,®) or D[0,»), especially because the sample paths are neither
right- nor leftcontinuous. A space with sufficient generality for these
processes is the collection of all S-valued functions on the positive half-
line, which have left hand limits at every t>0 and right hand limits at
every t20. However, in this monograph we have chosen an easier to handle
but more restrictive space, not consisting of functions but of sequences of
elements from the cartesian product of the non—neéative half-line and S.
Before we introduce this space in a formal way in section 1.4 we give some
examples to illustrate the insufficiency of the spaces C[0,») and D[0,x).
These examples also show that these processes can be seen as random elements

of a sequence space.

EXAMPLE 1.3.1. A certain device is subject to shocks which occur randomly
in time according to a Poisson process. Every shock causes independently
of the other ones a certain amount of damage. The damage accumulates
additively. The amount of damage caused by a single shock is a random
variable with known distribution function. There are operating costs for
the device which in general will be an increasing function of thecumulétive
damage. The system can be controlled by replacing the device by a new one
against specified costs. An easy to handle control-rule is the one which
prescribes to replace the device as soon as the cumulative damage exceeds
a threshold D. Consider the stochastic process describing at every epoch
the cumulative damage of the device under operation, given that the above
specified control rule is used. Figure 1.3.2. shows a typical sample path

*
of this process, which is neither right- nor leftcontinuous at t .
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FIGURE 1.3.2.

Note that in this example the sample path is completely determined by the
epochs at which a jump (shock or replacement) occurs and the cumulative
damage immediately after the jump. This property is essential for all
processes to be studied in this monograph and it is this property which
leads us to the introduction of sequence spaces. In this rather simple
example the state of the system is constant between jumps. This property,

however, is not substantial as the following example shows.

EXAMPLE 1.3.3. The demand process at a warehouse where a certain commodity
is stocked consists of two independent processes. There is a deterministic
continuous demand at rate 0>0 per unit time and a stochastic demand, which
is described by a compound Poisson process. So customers arrive according
to a Poisson process and the demands of the customers are independent and
identically distributed random variables with known distribution function.
Unfilled demands will be backlogged and the warehouse management can place
an order at any time which will be delivered without lead time. Suppose
that the system is controlled by an (s,S)-rule i.e. as soon as the
inventory level reaches or drops below s it is raised by ordering upto S.
Consider the stochastic process describing at every epoch the inventory
level (where negative values denote the amount to be backlogged) given that
the (s,S) control rule is used. A typical sample path of this process is
drawn in figure 1.3.4., where we have chosen s>J. Again this sample path

*
is neither right- nor leftcontinuous at t .
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-FIGURE 1.3.4.

tx

In this example, as in the previous one, the sample paths are determined
by the epochs at which a jump (demand or delivery) occurs and the
inventory level immediately after the jump.

In general we require the existence of one function f defined on the
cartesian product of state space S and the non-negative half-line with
values in S, to describe the behaviour of all possible samnle paths
between jumps under all possible control rules*, i.e. f£(i,t) denotes the
state of the system at time t+u given that the system is in state i € S at
epoch u and no jump occurs between u and t+u, for all u.

In example 1.3.1. the appropriate function is given bv
£(i,t) =1 for i e S, t=0

and in example 1.3.3. by
£(i,t) = i-ot, for ieS, t=20.

EXAMPLE 1.3.5. Consider again example 1.3.3.with the modification that
the rate of the deterministic demand depends linearly on the physical
inventory level, i.e. when the inventory level is x>0 then the deterministic

demand equals 0x per 'unit time. The appropriate function f is then defined by

* the formal definition of a control rule or policy will be given later on.
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i for i €0, t

v
o

f(i,t) =

v
o

ie—ot for i > 0, t

Figure 1.3.6. shows a typical sample path.

FIGURE 1. 3.6.

DEFINITION 1.3.7. A function f: sx[0,x)»S is a drift function for S if:

(i) f is continuous on S x [0,x)
(ii) £(i,0) =1 for all i € S
(iii) £(i,t) = £(£(i,u), t-u) for all i e S, 0 £u<tand t =2 0.

Note that property (iii) is in fact the deterministic version of the well

known Markov property for stochastic processes.

In this monograph we restrict ourselves to processes with sample paths
whose behaviour between jumps can be described by one drift function under
all possible control rules. This excludes at first glance a number of

interesting problems in the area of production-inventory control and

controlled waiting line models.
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EXAMPLE 1.3.8. Consider the M/G/! queueing model as an inventory system with
the inventory at time t being the virtual waiting time. The epochs at which
customers arrive are generated by a Poisson process with rate A. Any arriving
customer enlarges the inventory of the system with a stochastic amount with
known probability distribution. At any moment the controller can choose a
service rate o from a finite set {01,02,...,0n}. As long as the inventory is
positive and service rate o is used, the inventory decreases between arrival
epochs linearly at rate o. Consider the stochastic process describing at
every epoch the inventory level. Then it is obvious that there exists no
drift function describing the behaviour of the sample paths of this process
between jumps under all possible control rules. However, if we consider the
stochastic process describing at every epoch the inventory level and the
service rate used then the following drift function will do

(i-ot,0) for 0 < t < %7 ies=1[0,

£((L,0),t) =
(0,0) for t > %y ies.

When S=[0,®) an important class of drift functions £(i,.) can be obtained

by solving the differential equation

2/(t) = r(z(t))
z (0)

i,

where r(.) is a Lipschitz continuous function on [0,®) with r(0)=0 (see

also @INLAR and PINSKY (1971)). For example, r (x)=-ox yields f(i,t)=ie—0t.

1.4. THE SEQUENCE SPACES J[0,t] anD J[0,).

The stochastic processes introduced in the preceding section can all be
considered as random elements of sequence spaces. In this section we
formally introduce and analyse some of these sequence spaces.

For any finite t>0 denote

IA
o
IA
ct

(1.4.1) Jlo,]: = {(t,,i)® ,sne N; O=¢t, <t < ...
"3 5=1

t -t, >0, 1<3j<n-2;i, es, 1 n}.

j+2 J 3

A
.
IA

Let ¢ be a "fictitious state" not belonging to S and denote

0,23 = [0,®)u {=} and s*: = su {g}.
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Next we define

L +
.4.2 : = i 0=t , <t _<...; t. i, j21;
(1.4.2) Jl[o, =) {(tj,lj)j=1 0=t <t, tje[O,m], 1]eS , 321

}lm tj=w; tj+2

-t.>0 if t,<o; i.=r iff t_ =»}.
o J ] J j

The space J[0,t] consists of all finite sequences of elements from the
cartesian product of the finite interval [0,t] (time axis) and state space
S, with the restriction that the sequence of time points is ordered and
at most two subsequent time points can be equal. The reason for the
introduction of the space J[0,t] is twofold. First of all J[0,t] is
important in its own right, since a lot of stochastic processes with
finite time horizon t can be seen as random elements of J[0,t]. On the
other hand J[0,t] will be used as auxiliary space in analyzing J[0,x) .

The space J[0,») contains all infinite sequences of elements from the
cartesian product of the non-negative half line included « and the state
space included . The sample paths drawn in the figures 1.3.2., 1.3.4. and
1.3.6. are representable as elements of J[0,») by their sequence of jump
epochs and states immediately after the jumps. The elements « and ¢ are
introduced to enable us to represent sample paths with a finite number of
jumps as infinite sequences. Sample paths with a finite number of jumps
occur for example in processes for which there is a positive probability
to stay for an infinite long period in a single state.

On the other hand the requirement that no more than two subsequent time
points can be equal opens the possibility to represent for a given drift
function these sequences as S-valued functions on the time axis. The
spaces J[0,t] and J[0,») will now be endowed with metrics, such that they
become complete and separable. Completeness and separability facilitate the
characterization of weak convergence. First we aﬁalyse J[0,t] for fixed t>0.

For the duration of this analysis we agree upon the following notation:

n
co= (t.,i.). .
X ( j 1J)J=1
: = .oh. W ;
Y %y 3 3=1
and
x0): = (£, &) ,i &)%), ka1
j j j=1

which are assumed to be elements of J[O,t].
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Furthermore we use the notation

£
<
N
[

max (w,z)

and

w Az: =min (w,2)

for ‘any two real numbers w and z.
We define

(1.4.3) a (x,9): = |n-m| v {1 A max {]t,-s.| v p(i,,h.)}}
t > j 3'73
i<n,m

PROPOSITION 1.4.1. d, defines a metric on alo,tl.
PROOF. The proof is straightforward and will be omitted. ]

However, the metric space (J[O,t],dﬁ)ﬁisnot complete. For instance, put

; 1 . .
(1.4.4) Xn: = (0, J—II S—;I jr s, i, s, 3)

for some s € (0,t) and i,j € S with i =# j.

1 1 . . . L .
Then dt(xn,xm) = |;‘— El' which implies that (xn)n=1 is d fundamental.
However, (xn):=1 does not converge in J[0,t]. In order to make J/0,t] a

complete metric space we need another, more complicated metric.

Define
(1.4.5) d_(x,y): = |n-m| v {1 Amax {|t,-s.| v p(i,,h,) v
t oo 3 33
j<n,m
s .._2
v J1og 251
s.-s,
j=2

where t_, =s_, =t, = s, = -1.

1 -1 0

Note that for the sequence (xn):= defined by (1.4.4) above at(xn,xnz) =

1
log n for n sufficiently large. Hence (xn):__1 is not at—fundamental.

PROPOSITION 1.4.2. (i) &t defines a metric on J[0,t]

(i1) ét(x,y) 2 4, (x,y) for all x,y € J0,tl.

PROOF. The proof follows immediately from the definitions of dt and ét. 0
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LEMMA 1.4.3. If S is complete then J[0,t] is complete w.r.t. ét.

PROOF. Suppose S is complete and (x(k));_1 is &t—fundamental in Jlo,t].

Then (n(k)):=1 converges as k > @, Hence there exist numbers K and n
o

such that n(k) = n for all k > K. For j = 1,...,n the sequences (t.(k))k_1

and (ij(k)):=1 are fundamental in [0,t] and S respectively and therefore
*

. .:o= 1i . i,: = 1li i, £ 1 <3 <n.

convergent. Put tJ llmk_)oo tJ(k) and 13 llmk+w l](k)’ or 3j n

Since the sequence (log(t.

542 ®) = £ is fundamental in R it

*
follows that tj+2 - tj > 0 for j=1,...,n-2. This implies that
* * *
X : = (tj’ij)?=1 is an element of J[0,t]. Finally it is straightforward to

prove that limk»w 4 (x(k)lx*) = 0. 0

t

Although JL0,t] is not complete under the simpler metric dt' we can use dt
as well, as far as topological properties are concerned. This is justified

by lemma 1.4.5. to follow.

DEFINITION 1.4.4. Let (S,p) be a metric space. For i ¢ S the e-sphere

about i is defined by
Sp(i,s): ={j e S: p(i,3) < e}.
LEMMA 1.4.5. The metrics dt and &t are equivalent.

PROOF. From proposition 1.4.2. (ii) we know that Sa (x,e) ¢ Sd

t t
all x € J[0,t] and therefore it is sufficient to prove that for every

(x,e) for

x € J[0,t] and € > O there exists a 8§ > 0 such that

S. (x,8) c sy
dt dt

(x,€) .

Choose x= (tj ,ij) ?_16J[0 4l and €>0. Without loss of generality we assume that

©
e<l and e tj+2

dt(x,y)<6<1,whichimplies n=m. Moreover, for j=1,...,n-2

2 m
-t,, 1<j<n-2. Put S8=%e” and takey=(s.,h,). .,€S. (x,8). Then
g0 153 u V=830 9=1%a

- - = Le2 -
‘tj+2 tj Si42 + sj| < 28 = Let < ke Itj+2 tj!.

Hence we have for j =1,...,n-2

“3+2%
F3427"

- < -ke - %2 < log(l-%e) < log < log(l+ke) < %e < €.
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This implies y € Sy (x,e) and hence S._ (x,8) c Sy (x,€). 0
dt dt dt

This concludes the analysis of the space J[0,t].

Next we consider the space J[0,») and agree for the rest of this section
upon the notation:

= (t.,i)
S R 1 R

(s.,h.)%
¢ = (s, )
¥ i s
and

x(k): = (tj(k)’ij(k))j=1'

which are assumed to be elements of J[0,).

DEFINITION 1.4 6. (i) For t > 0 the t-restriction is a function
r : J(0,») > Jlo,t] defined by

t
(t.,i,)?:i, if t=t
r.x = 33 g_ , where n:=sup{j:tjst}.
(tj'lj)j=1' otherwise

(ii) For t > O the t-extension is a function e,: Jglo,t] » Jl0,») defined

e ((t- i-) ) = (t i ceart i ®,T ---)
t ’ : 1=1 1’ 1' 4 4 r e Gy

on JE0,») we define the metrics

(1.4.6) a(x,y): = J et (1A a, (r,x, roy))dt
0
and
(1.4.7) d(x,y): = [Fet (1 A& (r.x, r.y))dt
T rEes J £t Tt :
0

PROPOSITION 1.4.7. d and d are well-defined metrics on J[0,®).
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PROOF. For x=(tj,ij);=1 and y=(sj,hj);°=1 fixed dt(rtx,rty) and at(rtx,rty)
are piecewise constant functions of t and therefore measurable. This implies
that the integrals are well-defined. The proof of the symmetry of 4 and d and
the triangle inequality are easily checked. From proposition 1.4.2.(ii) and
the definition of d and d it follows that a(x,y)zd(x,y), which implies that
d separates if d separates. So it remains to prove that d separates.

Suppose d(x,y)=0 and (tj,ij)#(sj,hj) for some j. We consider three cases:

i i. 2 h. , < . < o, > f 1
(i) lj hJ and tJ ®© or sj o, Then dt(rtx, rty) 0 for all

t > (t. A sj) < o, This contradicts d(x,y) = O.

(.

(ii) ij # h, and tj = sj = o, This contradicts x,y € J[0,).

J
iii) i, = h.,. Then d_(r _x, r,y) > 0 for all (t, A s,) <t < (t, V s.).
(111) iy 3 e e ty 3 3 3
This again contradicts d(x,y) = O. 0

The next theorem connects the convergence of sequences in J[0,®) with that

in Jlo,t].

THEOREM 1.4.8.. limk_)m d(x(%), x) = 0 iff limkaw dt(rtx(k), rtx) = 0 for
all t = £ 5= 1.

PROOF. Necessity. Choose t € (tj’tj+1) for some j. Since llmk»wd(x(k),x)=0
it follows that limk»mtj(k) = tj and llmk»mtj+1(k) = tj+1'

Choose € > 0 such that t € (tj+e, -€). Then there exists a number K

541
such that for all k > K the function ds(rsx(k), rsx) is constant on

(tj+g, tj+1—e) as a function of s. Hence it follows from
. -€
dx), x 2 [ I &S (1A a (rx(x), rx))ds for all k > K,
tj+€ S S S

that limk_m° dt(rtx(k), rtx) = 0.

Sufficiency. An immediate consequence of Lebesgue's theorem on bounded

convergence. ]

Note that J[0,») is not complete w.r.t. d. For instance put
xn:=(0, i, s-%y jr» s, i, sy 3, ©°, C4...) for s > 0 and i,j € S with i 2 j.
Then
o
d(xn,xm) = J e = ds + J e S Il-— %4ds for n < m.

n

s -= s-=
n m
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N 1 1 , . . *®
It follows that d(xn, xm) < 2[;-- Hl' which implies that (xn)n=1

is d-fundamental. However, (xn):_1 does not converge in J0,®).

THEOREM 1.4.9. If S is complete then J[0,®) is complete w.r.t. a.

k=1
Consider for fixed j 2 1 the sequence (ti(k))z-l' We consider two cases:

PROOF. Suppose S is complete and (x(k)) is d-fundamental in J[0,x) .

(1) (tj(k));=1 is bounded. Choose 0 < € < 1 and t > 0 such that
tj(k) < t for all k. Put ¢': = ee_t. Since (x(k)):_1 is d-fundamental

there exists a number K such that for all k > K and all % we have

d(xk+JL’ xk) < et

From this inequality follows the existence of a real number s > t

(s may depend on k and %) such that

ds(rstHL' rsxk) < €.

Since s > t and tj(k5 £ t, k21 it follows that |tj(k+l) - tj(k)l < €
(o] o0

and p(lj(k+2), 1j(k)) < g. So (tj(k))k=1 and (lj(k))k=1 are

fundamental in [0,*) and S respectively and hence convergent. Put

x KL .

tj: = llmkam tj(k) and lj' = llmk_)Oo 1j(k).

* *
(ii) In case that (tj(k));=1 is unbounded we put tj:=w and ij:=c.

* * *

Now we define x : = (tj,ij);=1. Then it is straightforward to prove that

* *

x € JL0,»). To show for example that lim.éw tj = ® guppose
t+2

* -

limj*w tj =t < » and put € = f e ° ds. Choose K > 0 and k > K. Since

t+1

x(k) € J[0,») it follows that limj_>co tj(k) = ® which implies the existence
*

of a number j such that t. (k) > t+2. However, since li t.(k) = t, and
J ]() ’ mk-*°° 3 3

limj+m t; = t we can also find a number § > K such that tj(l) < t+1. This
t+2

implies that &(xk, xg) > f e ® ds = ¢ which is in contradiction with

t+1
the fact that (xn):_1 is d-fundamental. Finally the proof that
limkém a(x(k),x*) = 0 is straightforward. 0

Since the metric d is easier to handle than the metric d it is useful to
know that these metrics are equivalent. To prove this we need the following

lemma.
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LEMMA 1.4.10. Consider the metric spaces (S,pl) and (S,pz). The following
two statements are equivalent:
(i) p1 and p, are equivalent on S.

(ii) lim p,(s , s) =0 iff lim
1" n n

e 02(sn, s) =0 for all s/ € S.

—>00

PROOF. The implication (i) = (ii) follows immediately from the definition
of equivalent metrics.

Assume that (ii) holds and that pl and p, are not equivalent, i.e. there
exists an open set O in (S, pl), which is not open in (S, p2). Hence there
is a point s € O which is not an interior point of O in (S, pz). This
implies that the n_l—sphere Sp (s, n_l) contains a point sn ¢ 0 for all

2
n 2 1. Hence thereexists a sequence (sn):_ such that lim s) =0

© 1 n+m92(sn,
while (sn)n=1 does not converge to s in (S, pl), because sn ¢ 0, s € O and

O is open in (S, pl). Contradiction. ]

THEOREM 1.4.11, The metrics d and d are equivalent on J[0,).

PROOF. From lemma 1.4.10. follows that it is sufficient to show that
lim , d(x(k),x) = 0 iff lim d(x(k),x) = 0.
From theorem 1.4.8 . follows that lim d(x(k),x) = 0 iff

Koo

limkaw dt (rtx(k), rtx) = 0 for all t = tj’ j 2 1. Combining this with
lemmas 1.4.5. and 1.4.10. yields limk_)oo d(x(k), x) = 0 iff

limk»w at(rtx(k), rtx) =0 for all t # tj, j > 1. Applying theorem 1.4 .8.
with respect to d we get lim , d(x(k), x) = 0 iff lim _ d(x(), x) = 0.0

THEOREM 1.4.12, If S is separable then J[0,») is separable.

PROOF. Let W be a countable dense subset of S. Define

1

tj is rational, j=1,...,k-1}.

(o]
. = : . = .3 1
Z: {(tj,lj)j= e J[0,»): t = for some k; ij e W,

Then Z is a countable subset of J{0,®). To prove that Z is dense in J[Q,®)
choose x=(tj,ij);=1eJ[O,w) and define

2

[tjk ]

i < i<
2 if tj k and js<k

@ else

where [w] denotes the entier of w for any real number w. Choose
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* ' * *
ij(k) e Wu {g} such that ij(k) =g iff tj(k) = ® and
- * -1 *
i, (k i.) <k if t, (k) < o,
p(lj( )y 13) i J( )
Put

©

Y * k ¥ k k=21
(k) : = (e300, L D], Kk 2 1.

*
Then x(k) € Z, k 2 1 and

* f(kAtk) s

d(x(k), x) < exp (-(k A tk)) + J e ds(rsx(k),rsx)ds <
 -s —? S A R

exp (-(k A tk)) + ] ek ~ds + .Z J e ds <

0

k

IA

i=1

k2.

IA

exp (-(k A tk)) +
*
Hence lim __ d(x(k), x) = 0. 0

From now on we assume that S is separable and complete, which implies,
according to theorems 1.4.9 and 1.4.12. that J[0,») is separable and
complete. ’

As mentioned before the definitions of J[0,t] and J[0,») enable us

to represent the elements of these spaces as S-valued functions

on the time axis provided a drift function has been given. There are
situations in which it is more convenient to use this representation in
stead of the sequence itself. We define this function representation as

follows.

DEFINITION 1.4.13. Let f be a drift function for S. For t =2 0 the

-]

t-projection is a S-valued function T, on J[0,») defined for x=(tj,ij)3=1by

fil for t = 0
f(i. ~-t.
e (13, t tj) for t ¢ (tj, tj+1)
X =
£(4i, P = t, .
(13, t3+1 tj) for t t:|+1 < tJ+2

lj+1 for t = tj+1 = tj+2 < o,
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REMARK 1.4.14,

(i) Note that ﬂtx as a function of t for fixed x is left continuous
except in the time points t for which there exists a number j such
that t = tj = tj+1'

(ii) From the definition of ntx follows easily that for fixed x the
function T X as function of t is measurable.

This section is closed with a lemma concerning the functions oo e and T
introduced before (see definitions 1.4.6. and 1.4.13).

These functions will be repeatedly used in the sequel and therefore it

is worthwhile to know that they have certain reqularity properties.

Note that for ﬂt to be well-defined we have to specify a drift function.

This is not necessary for r and e,-

LEMMA 1.4.15. Let f be a drift function for S and choose t = 0. Then
(1) e, is continuous on glo,t]
(ii) r, is measurable on J[0,®)

(iii) T is measurable on J[0,»).

PROOF .

(i) Let x.: = (tj,i.). 1 € Jlo,t] and X € Jlo,t], n = 1 such that

Y j
llmnéw dt(xn,xo)
theorem 1.4.8 . one proves that lim d (r e

n»® s s

w8

0. In the same way as the necessary part of

t*n’ rs?txO) =0
for all t 2 s # tj’ j=1,...,m. Moreover, for s > t we have
ds(rsetxn, rsetxo) = dt(xn,xo). Hence llmnﬁw ds(rse
for all s = tj, j=1,...,m, which implies that

txn' re xo) =0

t

lim d(etxn, e xo) = 0 by the sufficient part of theorem 1.4.8.

t

(ii) Put
B: = {x € J[0,»): there is a number j such that t = tj = tj+1}
= {x € J[0,»): there is a number j such that tj—1 <t = tj < tj+£
D: = {x € J[0,»): there is a number j such that t, < t < t, _}.

j j+1
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The set B is closed in J[0,») and D is open in J[0,»). Since
cC=(BU D)c the sets B, C and D are all measurable. Let Abe a closed
subset of J[0,t].  Then r;l(A) = (r;l(A)nB)U(r;1(A)nC)U(rgl(A)nD).
Since r;](A)nB is closed in J[0,), rgl(A)nC is closed in C and
r;1(A)nD is closed in D all these sets are measurable in J[0,®).

Hence r;l(A) is measurable.
(iii) The proof of (iii) proceeds quite similar to (ii). 0
1.5. COMPARING J[O,”) WITH RELATED SPACES.

In this section we compare the space J[0,») with some related spaces.

In the first place the resemblance of J[0,») to the space D[O,«},
introduced in section 1.1, forces itself upon us. In some sense J[0,») is
more general than D[O,ﬂj, because for an element x of J[0,*) the function
ﬂt(x) may be neither right- nor leftcontinuous as a function of t, while
this function is right continuous for the elements of D[0,»). On the other
other hand D{0,») is more general than J[0,»), because the elements of
J[0,») can be represented as functions on [0,®) only with use of a drift
function, which implies that the behaviour between jumps for all

elements of J[0,») is the same.

In chapter 2 it will turn out to be useful to consider J[0,®) as a subset
of the infinite product space ([0,%)x8u{(=,z)})".

The question arises whether the set [0,®)xSu{(»,z)} can be endowed with

a metric 5 such that on J[0,») the infinite product metric on

([0,=)xsu{ (»,2) })* is equivalent to the metric d defined by (1.4.6). The
answer is positive as is shown by theorem 1.5.1. below. Put for

abbreviation
[0,®)xs: = [0,0)xSu{ (=, L)}
and define for (tj,ij)e[o,w)xs, j=1,2

-t -t -t -t

(1.5.1)  8lle i), (tyip)): = | tee Zaminte e Ao ,1,n1)

+ +
where p 1is a metric on S defined by
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(1.5.2) ot @, =11 for ies, j=r 6r jeS, i=t

jp(i,j)Al for i,jes
[o for i=j=t.

Let x=(tj,ij)? and y:=(sj,hj); be elements of ([O,w)xs)m and define

j=1 =1

©

_j~ .
L 2 (t.,i.),(s.,h.)),
i o( 5015 v ( 5704

{1.5.3) dm(x.y) :

THEOREM 1.5.1. The metrics d and d defined by (1.4.6) and (1.5.3) are

equivalent on J[0,®).

PROOF. It is sufficient to show that llm d (x(k),x)=0 iff 11m d(x(k),x)=0

for all x, x(k)eJ[O,»). Let x—(t ,1 ). and x(k)~(t (x), 1 (k)) =1’ k>1 be

=1
elements of J[O ©) and suppose that ilm dw(x(k) X) 0 Choose E>0 and t>0
such that e <5e. Choose n>1 such that tnst and tn+1>t. Then there exists
a number K>0 such that for all k2K

€

ULty (), 1, 00), (£5,10) <(1-e Ayt L n

1(k)>t
and

<
tn(k)_t+e.

From the definition of p follows that |tj(k)—t:.,|<lxe:n_1 and
p(ij(k),ij)<%en_1 for k=K and j=1,...,n.
Hence we have for k2K,

a(x(k),x)<e Con.%en ! + }te—s.%eds<e.

0

To prove the other implication suppose that ilm d(x(k),x)=0. Choose €>0 and
te(tn 't ) for some n, such that e <%a. From theorem 1.4.8. follows that
iig dt(rtx(k),rtx)—O. Hence there exists a number K>0 such that
d (r x(k),r (x) <ke and t el
D((tj(k) l (k)),(t ,1 ))<e for all k2K and all j which implies
a (x(k), x)<€ for k>K. g

(k) >t for all k=K. Hence
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~1.6. WEAK CONVERGENCE ON J[0,=).

According to theorem 1.2.3. a sufficient condition for the weak convergence
of a sequence of probability measures (Pn):=1 to P on the metric space S

is iig Pn(B)=P(B) for all BeS with P(8B)=0. For J[0,»), however, this
condition is not easy to verify. Hence we are interested in a relaxation

of this condition in the sense that the limiting relation only holds for

a subclass of the Borelsets of J[0,®). To describe an appropriate

subclass we need the following functions defined on J[0,») with values in

+
[0,2] and S respectively.

): =t

T ((t.,i.)
n( j'lj j=1 n

=1i.

Sy ((Egri Y e =1

Note that (Tn,Sn) as a function on J[0,~) with values in ([O,w)XS,S) is

continuous for all n21,
THEOREM 1.6.1. Let P, Pk' k21 be probability measures on J[0,») and define

(1.6.1) F: ={
n

-1 -1
o - .
('I‘n (Bn)nSn (An)).m_l, AneS, Bn finite interval,

(==

1

1<n<m-1; AmeS, Bm finite interval &r

+
A =S , B_ infinite interval with =eB_}.
m m m

. _ . _ W
If lim P, (F)=P(F) for all FeF with P(8F)=0 then P, > P.
PROOF. Put F0:={F€F: P(8F)=0}. Since S(AnB)c8AU 6B it follows that FO is
closed under finite intersections. Choose xeJ[0,«) and €>0. Since J[0,=)
is separable, it is according to corollary 1 on page 14 of BILLINGSLEY
(1968) sufficient to prove the existence of a set FeFO such that

t 1

o, -
XeF CFCSd(x,e). Choose t>0 such that e <§-e. Consider two cases

separately.

(1) Tz(x)=w. Then we put

F:={yeJ[0,w):p(Sl(x),Sl(y))<% €, T2(y)e(t,m],52(y)es+}.
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(ii)»Tz(x)<w. Choose m such that Tm(x)St and Tm+1(x)>t and put

m+1 -1 -1
F: = n T (B)nsS "(a),
n n n n
n=1
where A ={jeS: p(S_(x) j)<l em_l} B =(T (val sm_l T (x)+1-am-1) 1<n<m;
n : n ! 3 " “n ''n 3 "“n 3 T !
+ _ 1 -1
A =S and Bm+1—[t Fem IR
° 1 € -s €
In both cases x€F and d(x,y)<§e+m §E-+ Y .E-ds<e for all yeF. From
0

the observation that

m+1 _
SF c u (T
n

n=1

1 -1
(8B )us_"(8a))

we easily conclude that the set F, which obviously belongs to F, also

belongs to FO' O
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CHAPTER 2

MARKOV DECISION DRIFT PROCESSES ON J[0,»)

2.1. INTRODUCTION.

Markov decision processes with continuous time parameter have been
introduced by BELLMAN (1957) in chapter 11 of his book. HOWARD (1960)
considers in chapter 8 of his book also these kind of processes, but he
emphasizes the infinite horizon case, where BELLMAN is concerned
exclusively with the finite horizon model. During the last two decades a
large number of papers have appeared on this subject. MILLER (1968, 1968a),
KAKUMANU (1971, 1975), DOSHI (1974, 1976) and PLISKA (1975) treated
continuous time Markov decision processes under increasing generality of
state and action spaces. A partial overview of the relevant literature will

be given in the last chapter of this monograph.

The continuous time Markov decision drift processes (CTMDP) to be studied in
this monograph are generalisations of Markov decision processes with
continuous time parameter in two different aspects..

In the first place a CTMDP permits both control of the infinitesimal
generator of the process as well as impulsive controls. Impulsive controls
are not allowed in the models studied by the authors mentioned above. The
difference between these two kinds of control can at best be explained by
an example. Consider the inventory model of example 1.3.3. of chapter 1. In
this inventory system the decision maker may have control on the arrival
rate of customers by advertising or by levying toll. In this situation at
every instant a rate for the Poisson arrival process of customers has to

be chosen by fixing an advertising- or toll level. This kind of control
affects the state of the system (the economic inventory) only in an indirect
way. What is controlled is the infinitesimal generator of the inventory

process. On the other hand the decision maker may have the opportunity to
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place an order at any desired epoch. By such a control the economic
inventory changes immediately.

In all papers mentioned above the absence of this second type of control is
assumed, by which a number of interesting applications (like inventory-,

production- and replacement models) is excluded.

We will call the decisions which cause an immediate change of state

impulsive controls. The decisions which only affect the infinitesimal
generator are called controls. A control can affect the system only if it

is chosen during a time interval of positive length. Note that the difference
between controls and impulsive controls is not meaningful for discrete time
processes. Since these processes are considered only on equidistant

decision epochs immediate changes of state do not occur.

The main reason for a model which contains both generator controls and
impulsive controls is not the abundance of models in which both types of
controls simultaneously occur. However, it is useful to have a unifying
approach to two distinct classes of important continuous time decision
models. In the area of control theory several results have been obtained
on decision processes with both generator-and impulsive control. For
example the work of KUSHNER (1977) and ROBIN (1978) contains valuable

contributions to this field. Our approach, however, is quite different.

A second aspect of generalisation of a CTMDP compared with a continuous time
Markov decision process is the behaviour of the process between two
successive jump epochs. In a Markov decision process with continuous time
parameter it is assumed that the state of the system is constant between
jumps. In a CTMDP, however, we assume the existence of a deterministic
drift function, according to which the system evolves between jump epochs,

independent of the chosen policy.

In most of the literature concerning Markov decision processes with continuous
time parameter the policies are restricted to Markov policies, i.e. those
policies which prescribe a decision, which may depend only on the current
epoch and the state of the system at this epoch. As in YUSHKEVIC (1977) and
YUSHKEVIC and FAINBERG (1979) we consider randomised policies which are

history remembering with respect to past states. An appropriate modeling
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of decision processes in continuous time with randomized policies which

are history remembering with respect to actions seems not yet to exist. The
problem is that for a process which is controlled by a randomized policy the
trajectories of the realized actlons are in general extremely irregular
functions of time. Consider for example the simple case of a system with
only one state and two actions and suppose that this system is controlled
by the policy which prescribes at every instant to choose each action with
probability %. We do not know whether the trajectories of the realized

decisions are measurable functions of time or not.

The existing results in the literature on continuous time processes both in
Markov decision theory and control theory mainly concern conditions for the
existence of stationary optimal policies, which are obtained by analysis

of the continuous time optimality equation. Structural results of optimal
policies are scarce. For the analysis of the CTMDP we use in this paper the
method of discrete time approximation. In many places in control and decision
theory this method plays some role, e.g. in the definition of stochastic
integrals or in establishing the existence of a solution of the continuous
time optimality equation. Given a CTMDP we construct a sequence of discrete
time Markov decision processes (DTMDP) with decreasing distance between two
successive decision epochs. On one hand these discrete time Markov decision
processes are in accordance with the usual definitions, on the other hand
the formulation is chosen in such a way that the connection with the CTMDP
becomes clear. We will study a CTMDP by analyzing the conditions under
which it can be approximated by a sequence of DTMDP's, say with decision
epochs {nk_l, nelﬁ)}, k21 and then by obtaining properties in discrete time

which are invariant under taking limits as k-,

In our approach we cannot avoid to go through a rather technical derivation
of sufficient conditions for the approximation procedure. However, because

of the generality of our model and theorems, many interesting results for
more specific models e.g. waiting line, maintenance-replacement and inventory
models can be obtained without much additional effort. Especially for
establishing the structure of optimal policies the approximation approach

seems to be very powerful.
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strgctural results of optimal policies in discrete time models can often be
obtained by the method of induction to the number of time periods. The
discrete time approximation then in its turn is used to carry over these
structural results to the continuous time model. In chapters 5, 6 and 7

we will give some applications of this type. Of course the method of
discrete time approximation is also important from a numerical point of

view. We have, however, ourselves not addressed to questions of this type.

2.2. MARKOV DECISION DRIFT PROCESSES WITH CONTINUOUS TIME PARAMETER.

DEFINITION 2.2.1.A4 Markov decision drift process with continous time parameter

(CTMDP) is a nine-tuple (S, Al' A2, q, 1, p, c1, c2, f), where

(i) S is a complete separable metric space, with metric p and
Borelfield S.

(ii) Ai is a complete separable metric space with metric pi and
Borelfield Ai, i=1,2,

(iii) s x Ai is endowed with a metric generating the product topology,

i=1,2.
(iv) q is a real-valued, non-negative measurable mapping on S X Al'
(v) I is a transition probability from S X A1 to S.
(vi) p is a transition probability from S x A2 to S.

(vii) ci is a real-valued measurable function on S X Ai, i=1,2.

(viii) £ is a drift function for S.

The following interpretation will be given to the component parts of a

CTMDP.

(1) S denotes the state space of the process.
(ii) A, denotes the set of (generator)controls.
(iii) A2 denotes the set of impulsive controls.

(iv) g(.,.) is the jump rate i.e. if at epoch t the actual state of the
system is s and control a is chosen during (t, t+At) the
probability that no jump will occur during (t, t+At) is equal to
1 - q(s,a)At + o(At), for small positive At.

(v) n(.,.,.) is the jump distribution i.e. if at epoch t the actual
state of the system is s and control a is chosen then Il(s,a,l) is
the conditional probability that a jump at t brings the state of

the system in A € S, given that a jump occurs at t.
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(vi) p(.,.,.) is the impulsive jump distribution i.e. if the actual
state of the system is s and impulsive control a is chosen then
p (s,a,\) is the probability that the process jumps instantaneously.
to AeS.

(vii) cl(.,.) is the cost rate i.e. whenever the system is in state s and
control a is chosen a cost of cl(s,a) per unit time is incurred.

(viii) c2(.,.) is the Iump cost i.e. whenever the system is in state s and
impulsive control a is chosen an immediate lump cost of cz(s,a) is
incurred.

(ix) f is the drift function describing the behaviour of the process

between two successive jump epochs independently of the policv.

In addition to the assumptions that are made tacitly in definition 2.2.1.,
the following explicit assumptions will be made throughout this monograph.
Remember the notation P(Sf for the class of all probability measures on a
metric space S. We assume that the space P(S) is endowed with the topology
of weak convergence. With this topology P(S) can be represented as a
complete separable metric space (see theorems 6.2. and 6.4. in chapter II of
PARTHASARATHY (1967) or pages 237, 238 of BILLINGSLEY (1968)). By identifying
the probability measures degenerated in one point with that point, S can’

be considered as a subset of P(S).

ASSUMPTION 2.2.2. Let (S, Al’ A2, q, I, p, cyr © f) be a CTMDP. We assume:

2'

(i) g(.,.) is bounded and continuous on S X Al.

(ii) TI(.,.) is continuous as a function from S X A1 into P(S).
(iii) p(.,.) is continuous as a function from S X A2 into P(S).
(iv) ci(.,.) is continuous on S X Ai, i=1,2.

Next we introduce for a given CTMDP the class of possible policies.

DEFINITION 2.2.3. Let (S, Al' A2, g, I, p, cl, c2, f) be a CTMDP. A policy

consists of a closed subset V of S (the. impulsive control set) and a pair

1 and A2

respectively (R1 is called the control rule and R, the impulsive control

R=(R1,R2) of transition probabilities from J[0,«)x[1,») to A

rule), such that
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(i) ’Ri(.,t) is rt—measurable as a function from J[0,») into P(Ai) for all
t20 and i=1,2.

(ii) there exists a 6>0 such that for all t=0 and all xeJ[0,») for which
wtxev

[ p('thX,a,W(ﬁ))dRz (X,t) (a) = 1

)
where

W(s) = {jes: influ: £(3,w)ev}>8}.

The following interpretation and comments can be given to the component

parts of a policy.

(i) Rl(x,t) denotes the randomized control that is chosen at time t when
the history of the process upto t is given by r X. (the requirement

that Ri(.,t) is r, -measurable ensures that the policy is non-

t
anticipating) .
(ii) Rz(x,t) denotes the randomized impulsive control that is chosen at time

t under the history r,x provided the impulsive control rule is active.

(iii) V denotes the subset zf the state space where the impulsive control
rule is active.

(iv) the second requirement of definition 2.2.3 ensures that whenever the
impulsive control becomes active the system jumps instantaneously to
the set W(§) from which the set V cannot be reached along the drift
function within a time interval of length 6.

(v) in general a policy will be denoted by the pair (V,R), where V denotes
a closed subset of S and R a pair (Rl'RZ) of transition probabilities.

The definition of a policy (V,R) implies that the epochs at which impulsive

controls are chosen are generated by the successive entrance times in the

closed subset V of the state space. Hence all policies are stationary w.r.t.

the impulsive controls in the following weak sense. Once the decision maker

has decided to choose an impulsive control in some state he has to choose
an impulsive control at every entrance in that state, although the specific
impulsive control that is chosen may depend on the entire history. A natural
generalization is obtained by replacing the entrance times of closed sets
by arbitrary stopping times. In this monograph we restrict ourselves to

entrance times by which we get round several technical difficulties.

DEFINITION 2.2.4. Let (S, Ay Ay q I, p, Cyr Cyu f) be a CTMDP and (V,R)

a policy, with R=(R{,R,)
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(i) (V,R) is deterministic (or pure) if}%}x,t) € Ai for all
(x,£) e 300,*) x [0,#), i=1,2. (Recall that A, < P(Ai)).

(ii) (V,R) is memoryless if Rf.,t) is nt—measurable for all t 2 0, i.e.
for all t 2 0 and any Borelset B of P(Ai) there exists'a C € S
such that {x: Réx,t) € B} = ﬂ;lc.

(iii) (V,R) is stationaru if Ré.,.) as a function from J[0,») x [0,»)
into P(Ai) is T-measurable, where T is a mapping from
J[0,») x [0,») on S defined by m(x,t) = T Xe

So far we have given definitions of a CTMDP and of a policy

for these processes. A first step in comparing two policies for a given

CTMDP  js made by defining for any given CTMDP and any given policy a

probability measure on J[0,®). In this way we can consider a CTMDP under a

fixed policy as a randomelement of J[0,®). First we give some lemma's

which will be used hereafter.

LEMMA 2.2.5. Let S, Si' i=1,2,3, be metric spaces. If fi is a measurable
function from S into si’ i=1,2, and g a measurable function from

S1 X 52 into S3, then the function h from S into S3, defined by

h(s): = g(f, (s}, £,(s))

is measurable.

PROOF. Define the function f from S into S1 x S2 by f(s): = (fl(s),f2(s)).
Then h = g o £, which implies h—l(U) = f_l(g_l(U)) for all U 33. Since

g is measurable it is sufficient to show that f is measurable. From the

measurability of f1 and f2.follows that

-1 -1 -1
= S g, i=
£ (U1 X U2) f1 (Ul) n f2 (U2) e &, for all Ui € S0 i 1,2.

on the other hand, the collection {A c Sy X 8,: f_l(A) e 8} is a o-algebra.

Hence {A c S, % 8,: f_1(A) € S} is a o-algebra including Sl x 32. 0

LEMMA 2.2.6. Let S1 and S2 be metric spaces, P a transition probability

from 81 to 52 and f a real-valued measurable function on S1 x SZ' The

real-valued function h defined by



35

h(sl): = J f(sl.sz) P(sl,dSZ)
Sy

is measurable on Sl'

PROOF. See page 74 of NEVEU (1965). 0

LEMMA 2.2.7. Let V be a closed subset of a metric space (S,p) and f a drift
function for S. The function TV from S into [0,»] defined by

(2.2.1) Tv(j): = inf {t: £(j,t) e v}

is lower semicontinuous.

PROOF. It is sufficient to show that the set {j € S: Tv(j) < t} is closed

in S for all t 2 0. Choose 0 £ t < « and let j, jn, n>1 be elements of S
. soay o . < S . .

such that llmném p(]n,j) 0 and Tv(]n) <t for n 2 1. Since V is closed

o]
and f is continuous there exists a sequence (sn)n such that f(jn,sn) eV

=1

. -
and Sy < t for n 2 1. Hence (sn)n has a convergent subsequence (sn )

o
=1 k=1"
Put s: = limk»w Sy - Then s < t and f£(j,s) € V which implies Tv(j) < t.

k

It follows that the set {j: Tv(j) < t} is closed. n

LEMMA 2.2.8. Let V be a closed subset of a metric space (S,p) and f a
drift function for S. The function cv from S into V u {z} defined by

(£(3, 1,(3) 1f 1,(3) < =

(2.2.2) cv(j): = !
g otherwise

is measurable on S.

PROOF. A direct consequence of lemma 2.2.5. and lemma 2.2.7. 0
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At this point we have to consider for n21 the finite product space
(EO,”)XS,B)n endowed with product metric. (See (1.5.1) for the definition

of S). Put

. n 11
Iy ={(tj,1j)j=1 e ([0,»)xs)": 0

I
t
IN
o+
IA
IA
o

t, ., - t, >0 if t, < =},

j+2 ] j

LEMMA 2.2.9. Let n 2 1, V a closed subset of a metric space (S,p) and f a
drift function for S. The mapping Iy from Jn into J[0,») defined by

(tlrill---,tnli:l.n,m,C,..-) if in=z.:

or t =t 1=t +1_(i ) Or 1_(ip)=*
(2.2.3) gV(tl'il""'tn’in):= n n-1 n v 'n v
(tl,ll,...,tn,ln,tn+Tv(ln) llnlwlCr---)

otherwise

is measurable on Jn.
PROOF. Define on [0,»] x Jn the function h by

(tl,il,...,tn,in,w,z,‘,...) if in=z;

or tn=t ~1=t +s or s=«
h(s,(tgsdpsennst yi)): = n n
(tllill .. -ltnlinltn+srj-nl°°l CI .. -)

otherwise.

Then h(.,.) is measurable on [0,»] X Jn and gv(tl'il""'tn'in) =

h(TV(in), (tl'il""’tn'in))' The lemma follows from lemma 2.2.5. and

lemma 2.2.7. 1

The function Iy assigns to every history upto the n.th jump a complete path
from J[0,»). One might wonder why not the simpler definition
&(ti,il,...,tn,in) = (tysijs..est i ,®,C,...) is chosen. Note that g is
essentially the tn—extension although defined on the set Jn instead of
JfO,tn] (see also definition 1.4.6). The reason ghy we need the function g,
is the following. From the definition of a policy (V,R) follows that for
every xeJ[0,») and t20 the t-projection m.X indicates whether the impulsive

control rule is active or not. Hence we should extend a history
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z=(t1,11,...,tn,1n)eJn with 1neV in such a way that the tn—prOJectlon of

this extension is an element of V. Now consider the case where inev,

tn_1<tn<oo and f(ln—l'tn

(tl,il,...,tn,in,tn,in,m,c,...). From the definition of t-projection

(definition 1.4.13) follows that Ty g (z)=i_ while m. g(z)=f(i
tnv n tnd

-tn_1)¢V. Since Tv(ln)=0 we have gv(z)

n—1’tn—tn—1)¢v'
So the impulsive control rule is active at epoch tn on the sample path

gv(z) but not on the sample path g(z).

Let (S, Al’ A2, a, 1, p, Cyr c f) be a CTMDP, (V,R) a policy and P_ an

'
(initial) distribution on S. ThZ construction of a probability measurg on
J[0,*) induced by this CTMDP, this policy and this initial distribution
proceeds as follows. First we construct for any fixed zeJn a probability
measure Q(n)(z) on T6727§§1 Next we show in theorem 2.2.14. below that for

all n21 the mapping z+Q(n)

(z) is a transition probability from Jn to
[0,»)xs. With these transition probabilities we construct by induction
probability measures Q&”an (T0,=)xs) ™.

’

The theorem of Ionescu Tulcea then yields a probability measure P

on

(V,R)
(T0,=)xS)~. Finally we show that P(V R) is concentrated on J[0,«).

!
For fixed CTMDP and initial distribution P(V R) will be referred to as
’

the probability measure induced by (V,R).
For the construction of the probability measures Q(n)(z) on [0,%) XS we
need the following lemma.
LEMMA 2.2.10. Let
(2.2.4) G: = {G ¢ [0,9)xS : G = BXF with B an interval in (0,») and

FeS or G=BxFU{ (»,z)} with B an interval in [0,®) and FeS}.

Any c-additive set function P mapping G into [0,1] such that p ([0, =) xS) =1
can be uniquely extended to a probability measure on the Borelfield of
[0,=)xs.

PROOF. Since G is a semi algebra which generates the Borelfield of [0,»)xS§
the lemma is an immediate consequence of proposition 1.6.1. on page 25 of
NEVEU (1965). a
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"DEFINITION 2.2.11. For any z:=(t.,ij)?_1 € Jn we define a o-additive set

J
function Q(n)(z) on G as follows (with suppression of the index V in the
functions TV' cv and gv).
(n)
(2.2.5) Q (z) ([0,t] x S): =0 for t < t
(2.2.6) o™ (z) (To,t] x M) =

(t-t )AT(i))
n n S
exp (- J J q(f(in.U),a)dR{g(z),tn+u)(a)du)

s=0 u=0 A

(

J q(f(in,s),a) . H(f(in,s),a,F) dR{g(z),tn+s)(a)ds +

1

A
! (i)

+1{T(i)5t—tn}(in) exp (- J ] q(f(in,u),a)deg(Z),tn+u)Gaﬁu.
u=0 A1

J p(o(in),a,F) dRég(Z),tn+T(in))(a)

Ay

for tn < t<wand F € S;

Q(n) (n)

(2.2.7) (2) Cem) x ) = 0 (@ (Tewd X Fe = e g Uiy

(i)
n s
. J exp (- f J q(f(in,u),a) dR{g(z),tn+u)(a)du)
=t

s=t-t u=0 A
n

1

. J q(f(in,s),a)H(f(in,s),a,F) deg(z),tn+s)(a) ds +
By
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* 1{t—tnST(i)<w}(in) .

n
. exp (- J j q(f(in,u),a) deg(Z),tn+u)(a) du) .

[

] p(c(in),a,F) dRz(g(z),th(in))(a)

By

for tn St<owoand F e S;

(2.2.8) 0™ (2) {(w,0) }: =

1{T(i)=M}(in) exp (- J q(f(in,u),a) deg(z),tn+u)(a) du)

u=0

for t < ;-
n .

(2.2.9) 0™ (2) Ct,0) x F): = Q(n)(z)([tn,w) x F)

for t < t <=and F ¢ S;

2.2.10 9™ (@) (s = 1 for t =

0
n -

(n

Finally the definition of Q )(z) on G is completed in a straightforward

way on unions and differences.

REMARK 2.2.12. (i) The expressions on the right hand side of (2.2.6),
(2.2.7) and (2.2.8) are well defined. This follows as a special consequence

from theorem 2.2.14. below.
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(ii) Q(n)(z) denotes for z=(tj,ij)?_1 the simultaneous conditional

probability distribution of the first jump epoch after tn and the state
of the system after that jump, given the history z. In defining Q(n)(z)

we distinguish between the events that a jump is caused by an impulsive
control and that a jump occurs in the natural process. Consider for example
formula (2.2.6). The first term denotes the probability that the next jump
will take place before the next impulsive control time 'c(in)+tn and that
this jump brings the state of the system into the set F. Since T(in)+tn
is the first epoch after tn at which an impulsive control is chosen, it is
clear that a jump before T(in)+tn corresponds to a jump in the natural
process. The second term in (2.2.6) denotes the probability that before
T(in)+tn no jump in the natural process occurs and that the jump at
T(in)+tn, caused by an impulsive control, brings the state of the system
into the set F. Note that in the integrals in both terms the state of the

system is continuously updated with the drift function f.

LEMMA 2.2.13.
(1) Q(n)(z) defined above is a o-additive set function mapping G into [0,1]

such that Q(n)(Z)([d,“)XS)=1-

(ii) Q(n)(z) can be uniquely extended to a probability measure on [0,®)xS.;

This extension will also be denoted by 0™ (z)

PROOF.

(1) By (2.2.5) through (2.2.10) o®

)(z) (G) is defined for all GeG. The

(n)

proof of the o-additivity of Q (z) is straightforward from the

definition. Finally (2.2.7) and (2.2.8) yield for t =0

o™ (2) [0,7)%8) = 1.

(ii) A direct consequence of lemma 2.2.10. ad

THEOREM 2.2.14. Q(n)(.) defines a transitionprobability'froth to [0,®) x5 .

(n

PROOF. According to lemma 2.2.13. above 0O )(z) is a probability measure

on [0,») x S for all z ¢ Jn'
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o(n)

What remains to show is that (.) (C) is measurable on Jn for all

(n)(.)(C) is measurable} is a

Borelsets C of [0,%) x S . Since {C: Q
monotone class and the o-algebra generated by a (semi)-algebra A is

identical with the monotone class generated by A, it follows that it is
(n)
Q

sufficient to prove that (.) (G) is measurable on Jn for all Ge5.

We will show this for G = [0,t]xF, with 0< t< ®and F € $ (the proof for
other sets from G is quite similar). Since the set {(tl,il,...,tn,in) €
Jn: tn > t} is a Borelset in Jn it is sufficient to show that the right
hand side of (2.2.6) is measurable in z. This follows by systematic
application of the lemma's 2.2.5. upto 2.2.9. For example to show that

the mapping on I, x [0,2) into R defined by

) ) [ . , .
(2.2.11) «tl,ll,..,tn,ln),u) +Jq(f(ln'u)'a)deg(tl'll""tn’ln)¢n+u)(a)

Ay

is measurable, we note that the mapping on S x Jl0,») x [0,®) x A1

(s, x, u, a) » qg(s,a)
is measurable, while
(Sl X, u) - %{xl Tn(x)+u)(A)

is measurable on S x J[0,») x [0,»), for all A ¢ Al' Hence, by lerma

2.2.6.

(s, x, u) » J q(s,a) dgﬁx, Tn(x)+u)(a)

Ay

is measurable on S x J[0,®) x [0,«).

Since
((tllill...'tn'in)' u) g f(in,u)
and
((tllilr---ltn'in), u) - g(tl,il,...,tn,in)

are measurable on Jn x [0,») (see lemma 2.2.9.), it follows from lemma

2.2.5. that the mapping defined by (2.2.11) is measurable on Jn x [0,0). I
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REMARK 2.2.15. From definition 2.2.11. (in particular formula (2.2.6))
follows that
(i) for z = (ti’il""'tn'in) we have

o™ (2) (fe} xs) >0 iffi eV

and

(ii) for z = (tl'il""tn'in) with :Ln € V we have, by part (iii) of

definition 2.2.3.

o™ @) (it (o)) = 1.

DEFINITION 2.2.16. Let P be a given (initial) distribution on S. We define

probability measures Pé?x)on ([O,w)xs)n, n=1 and P(V,R) on ([O,w)xs)°° as

follows:

(2.2.12) Qé&%%B x F):‘= 1B(O).PO(F), for B a Borelset in [0,®) and FeS.
(n) _ (n-1) (n-1)
(2.2.13)  ByLNG, X ... X G): = J 0 (2) (G @R (70 (=),
G,X...XG
1 n-1

for all Borelsets Gi in [0,®)xs, i=1,...,n; n22.

T _ ()
(2.2.14) P(V,R) (c;1 X ... X Gn x [0,®)xs x ...) = (V'R)(Gl X ... X Gn)

for n21 and Borelsets Gi of [0,»)xs, i=1,...,n.

THEOREM 2.2.17. By (2.2.14) a unique probability measure on ([O,w)XS)m is
defined.

PROOF. A direct consequence of the theorem of Ionescu Tulcea (see NEVEU
(1965)) . ]
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THEOREM 2.2.18. The probability measure P is concentrated on J[0,«).

(V,R)

PROOF. With remark 2.2.15. one easily shows that the probability measures
(n)

P“]R)are concentrated on Jn for n21. What remains to prove is that for all
1
20
(2.2.15)  1i {(t i) t <t} =0

2 im P Lrll) Lo, s =0,

e (VsR) I3 n
i.e. P(V R) does not assign a positive probability to those elements
4 ——

1 is bounded.

eJn with inew(é) we have, according to (2.2.6)

(t.,i)% e([O,m)Xs)°° for which the sequence (t.)%
3Tati=r i i=
For z=(t,,i,).
i"739=1

)

(2.2.16) o™ (z) ([0, £ _+81xs) =

With a well-known theorem on changing independent variables (see page
377 of TITCHMARSH (1939)) it follows from (2.2.16) that
2.2.17 9™ (2) (L0, ¢ _+é1xs) =

[
=1 - exp(- J q(f(in,u),a)d%ﬁg(z),tn+u)(a)du).
u=0 A1

Combining this with assumption 2.2.2.(i) we find that there exists a
number b, such that

(2.2.18) Q(n)(z)([O,tn+6]XS) < 1-exp (~bd)

for all z = (tl’il""’tn'in) € Jn' with in € W(S).

Reasoning as above and using part (iii) of definition 2.2.3. we have

(2.2.19) Q(“’(z)([o,tn+ij(W(5))°) <1 - exp(-bb)

for all z = (tl’il""'tn’in) € Jn'
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?rom remark 2.2.15, (2.2.18) and (2.2.19) follows that for all us<$ and all
t>0 the conditional probability

(2.2.20) ({(tj,ij)j=1:tn+ St+u}|{(tj,ij)j=1:tn2t})s2(l—exp(-bu)).

P w,R 2

Choose 0 < &' < § such that 2(l-exp(-bd'))<1 and define a sequence (Xm);-l

of independent random variables on a common probability space (R, A, P)
such that P(Xm=6')=1-2(1-exp(—b6')) andIP(Xm=O)=2(1—exp(—b6')).
Then it follows from (2.2.20) by induction on n, that for n=1 and t=0

n

t <t} <P(I X <t).
m

(2.2.21) 138041
m=1

P, ity ye

Since the right hand side of (2.2.21) converges to zero as n»~ it follows

that lim P {(t, 1st} = 0. 0

oo
i), ,:t
n-o (V,R) j'lj)j=1 2n+

We conclude this section with a remark.

REMARK 2.2.19.

(1) It is w:rthwhile to observe that we can deduce P(V,R)—a.e. from a path
(tj,ij)j=16J[0,w) the epochs at which impulsive controls are chosen.

Since an impulsive control causes a jump the impulsive control epochs

belong to the set {tj: j>21} and are identified by the set

{tj: tj—tj_1=rv(lj_1)}, P(y, Rr)-a-e-

(ii) From the definition of Q ™ and P(V R) follows easily that for n21
’

{x: T (x) < t< T (x); m.x € V for some t >0}) =0
n n+l

PR &
and
P(V'R)ﬂx: mX € V; nt+x ¢ W(8) for some t >0}) =0
where for x ¢ J[0,»)
T x: = lim 7 x and m_ x: = lim T_X.
t sit ° t- stt

(see for the definition of ntx and Tnx definition 1.4.13 and section 1.6

respectively) .
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2.3. MARKOV DECISION DRIFT PROCESSES WITH DISCRETE TIME PARAMETER.

DEFINITION 2.3.1. A Markov decision drift process with discrete time

parameter (DTMDP) is anine tuple (S,A1,A2,p1,p2,c1,c2,f,k), where

(1) S is a complete separable metric space with metric p and Borelfield S.

(ii) Ai is a complete separable metric space with metric pi and Borelfield
Ai, i=1,2.

(iii) SXAi is endowed with a metric generating the product topology, i=1,2.

(iv) p; is a transition probability from SXAi to S, i=1,2.

(v) ci is a real-valued measurable function on SXAi, i=1,2.

(vi) £ is a drift function for S.

(vii) k is a natural number.

The following interpretation can be given to the component parts of a DITMDP:

(1) S denotes the state space of the process.

(ii) A1 denotes the set of controls.

2
(iv) Pi(""')' i=1,2 are the one step transition distributions i.e. if

(iii) A, denotes the set of impulsive controls.
at the n-th decision epoch the actual state of the system is s and
control a (i=1) or impulsive control a (i=2) is chosen, then
pi(s,a,F) is the probability that the state of the system at the
(n+1)~-th decision epoch belongs to the set {f(s,k—l):seF}.

(v) ci(.,.) are the one step cost functions, i.e. whenever the system
is in state s and control a (i=1) or impulsive control a (i=2) is
chosen a direct cost ci(s,a) is incurred.

(vi) the drift function f plays a role in the interpretation of the one
step transition distributions.

(vii) k denotes the time parameter, which indicates that two successive

decision epochs are k-1 apart.

REMARK 2.3.2. When one is merely interested in Markov decision (drift)
processes with discrete time parameter the definition of a DTMDP can be
simplified considerably, since in general it is not necessary to distinguish
between A1 and A2, p1 and p, and between c1 and c,- However, since we will
compare CTMDP's and DTMDP's we have chosen a definition of a DTMDP, which is

as close as possible to the definition of CTMDP. Note that the classical
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-definition of a Markov decision process with discrete time parameter can be
obtained from the definition of a DTMDP by choosing A2=¢ (which implies

that Py and ¢, are undefined), £(s,t)=s and k=1.

2
First we give an example to explain how a sample path of a DTMDP with time
parameter k under a fixed policy can be seen as element of J[0,=).

Moreover, this example illustrates the role of the drift function.

EXAMPLE 2.3.3. The total demand of the customers arriving at a warehouse
during a time interval of length k—1 is a random variable with known
distribution function. At the end of each time period of length k_1 the
demands of the customers, arrived during that period, are fulfilled as
long as the stock level is positive. Unfilled demands are backlogged. The
warehouse management can place orders at the beginning of each interval
which will be delivered At the end of this interval before the demands of
the customers are fulfilled. Moreover, there is a deterministic demand of
0 per unit time.

Suppose that the system is controlled by a (s,S)-rule i.e. as soon as the
inventory level reaches or drops below s it is raised upto S. Consider the
discrete time stochastic process describing at any decision epoch the
inventory level (where negative values dencte the amount to be backlogged),
given that the (s,S)-rule is used. Note that this process is a discrete
time version of the continuous time process in example 1.3.3.

A typical sample path of this process is drawn in figure 2.3.4. below.
This sample path can be represented by

(o,s,3k“1,sl,sk'I,sz,sk'l,s,gk"l,s3,11k"

1,s,...) e J[0O,=).
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FIGURE 2.3.4.

Stochastic processes generéted by a DTMDP can only be observed and

controlled at equidistant decision epochs. Therefore the sample paths of

these processes have no jumps between two successive decision epochs. It

is intuitively clear that a DTMDP under a fixed policy can be considered

as a random element of J[0,»). However, it is useful to define a

discretized subset of J[0,®) on which these processes are concentrated.

Define for k =2 1

and

Lk: = {nk-lz n > 0}
+
L =ILu {=}
N +
Jk[O, ): = {(tj,lj)j=1 e J[0,): tj € Lk, tj < th
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' Next we introduce for a given DTMDP the class of possible policies.

DEFINITION 2.3.5. Let (S’A1'A2’p1’P2’c1’c2’f'k) be a DTMDP. A policy

consists of a closed subset V of S and a pair R;(Rl’R2) of transition

k[O,w)XEO,w) to A, and A, respectively such that

Ri("t) is rt-measurable as a function from J

probabilities from J.

k;_0,°°) into P(Ai) for all

teLk, i=1,2.

The interpretation of the component parts of a policy is the same as for
the continuous time case. For the classical Markov decision process with
discrete time parameter the definition of a policy simplifies to merely a
transition probability R, from Jkio,w)XEO,w) to A

1 1

DEFINITION 2.3.6. Let (S ,A1,A2,p1,p2,cl,c2,f,k) be a DTMDP and (V,R) a

policy with R=(R1,R2).

(i) (V,R) is deterministic (or pure) if Ri(x,t)eAi for all
(x,t)eJk[O,w)XLk, i=1,2.

(ii) (V,R) is memoryless if Ri(.,t) is ﬂt—measurable for all teLk, i=1,2.

(iii) (V,R) is stationary if Ri(.,.) as a function from Jk[O,W)XLk into

P(Ai) is m-measurable, i=1,2.

In the classical theory of Markov decision processes with discrete time
(k)

Sm
R1 on

parameter we assign to every policy R, a probability measure P

1
by defining the conditional one-dimensional distributions:

(k)({

R, T(m+1)k"

1 LR} {n _y (0=s; R (xuk )=v)) =

(2.3.1) P
= I pl(s,a,F)dv(a).

A
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However, in order to compare stochastic processes generated by a CTMDP with

processes generated by a DTMDP we have to construct for a DTMDP and any
policy (V,R) a probability law Pié)R) on (kas)m (where L
’

in a way similar to definitions 2.2.11 and 2.2.16.

k k
Put for k 2 1
NS o + . .
o = . <5<
(2.3.2) Jn(k). {(tj,lj)j=1 €J: tjeL , tj<tj+1 iff tj<m, 1<j<n}

and define for any closed subset V of S and drift function f for S the

. (k) (k) (k) .
functions TV ’ cv on S and 9y on Jn(k) as follows:

(2.3.3) Ték)(j): = inelox”t: £, ey, 2-1,2,...1.
(k . k) .
3,7 ) if « 9 (5)<m
(k) . v v
(2.3.4) oy (3): = )
4 if TV (j) ==
(tilill"'ItnlinlmICI"')
(k) . N [ P (k) (1 )=
(2.3.5) Iy ((tj,lj)j=1). = 4if 1n—c or Tv (1n)—w(k)
(tl,il,...,tn,in,tnﬂv (in),in,w,g,...)
otherwise.
The functions Ték), Uék) and gék), which are discrete analogues of Ty? UV

and 9y (see (2.2.1), (2.2.2) and (2.2.3)) are measurable functions.

Let (S,Al,Az,pl,pz,cl,cz,f,k) be a DTMDP and (V,R) a policy. Next we

define for n 2 1 transition probabilities Q(n)

k k

xS:=L xSu{(»,z)}),

(.) from Jn(k) to L XS, where

Qén)(z) is the conditional simultaneous distribution of the next jump epoch

and the state of the system after the jump.
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1

DEFINITION 2.3.7. For z=(.k ,i.)? €J_(k) we define (with suppressicn of

j 3'3=1n
the index V in the function T(k), a k) and g(k)):
v v v
(n) -1
(2.3.6) o™ () ({7t x 9): = 0 for gsp <o
(2.3.7) Qén)(z)({lk_l} x F): =
4=t -1
n I p (eG kY, et kT ar, (6 (@), ek e
m=1 n n n
{ E
1 (i) .
{r(k)(i)>(l—£n)k_1}

. -1 . -1 k -1
I py (£, (-2 )k ) ,a,F[{EG_, (-2 )k )})de(g( Y2y, 7Y (@) +
A
. (k) ,. (k) -1
+ 1 . @ ).J p,(0 " (i) ,a,F)dR, (g ' (z),%k Xa)}
(R =k P 2 n 2
n A2
for 2n<2<°° and FeS;
2.3.8) o™ @ (=0} =1 o (1) .
. {177 (1) ==}
) -1 , -1 k -1
I J p, (£G_,mk ), {£(i_,mk )})dR1(g( )(z),(m+2n)k ) (a)
m=1 Al
for £ <«;
n
(2.3.9) Qﬁn)(z){(w,;)}: =1 for =
(2.3.10) Qén)(z)(BxF): = ) Qén)(z)({lk_l}xF)
{2:0x"1eB}

for B c Lk and F ¢ S.

(n)

THEOREM 2.3.8. Qk (.) defines a transition probability from Jn(k) to L, xS.

k

_ -1 . 'n (n) . -
PROOF. Let z: = (ij ,1j)j=1eJn(k). By definition Qk (z) (.) is o-additive
on the measurable rectangles of Lk S. Hence Qén)(z)(.) defines a probability

measure on the Borelsets of LkXS if

(2.3.11) Qﬁ“’(z)<L;&s) = 1.
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For 2n=m (2.3.11) follows from (2.3.9) and for £d<m (2.3.11) follows from
(2.3.7) (with F=S), (2.3.8), (2.3.10) and the fact that

p -1 p
(0 z).(1-x ) =1- T«
t=1 m=1 © . m=1 ®

for any sequence of real numbers (rm):__1 and any peNU {=}.
" (n)

On the other hand we have to show that Qk

for all Borelsets kas. As in the proof of theorem 2.2.14. a successive

application of the lemma's 2.2.5. upto 2.2.9. yields this proof.

(.) (C) is measurable on Jn(k)

There is, however, one additional complication. We have to show that for

fixed m the mapping on Jn(k)XA defined by

(e tio? !
j

35 H

. -1 . -
=1,a)+pl(f(1n,mk ),a,{f(ln,mk
is measurable.

This follows from the measurability on SxA of the mapping

(s,a) »> pl(s,a,{s}).

Now we are ready to construct a probability measure Pzt)R)
!

any DTMDP, any policy (V,R)and any initial probability distribution PO on S.

on Jk[O,W) for

DEFINITION 2.3.9. By induction on n we define probability laws P(n) on
(X) k, (V,R)

(V,R)

—_n s 0}
Jn(k)C(LkXS) , n21 and P on Jk[O,m)C(LkXS) as follows:

= (BXF): = IB(O).PO(F), for B a Borelset in L. and FeS

(2.3.12) Pk,(V,R) x
(n) Lo (n-1) (n-1)
(2.3.13) Pk'(V,R)(Glx...xGn), = J Q (z)(Gn)de’(V,R)(z)
G1x"'XGn-—1
for Gi a Borelset in kas, i=1,...,n, n22.
(k) —_— _ o (n)
(2.3.14) P(V'R)(G1X...XGnXLkXSX...) = Pk,(v,R)(Glx"'xGn)

for nx>1 and Borelsets Gi of LkXS, i=1,...,n.
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THEOREM 2.3.10. By (2.3.14) a unique probability measure Pig)R) on (kas)w
: . . (k) _ !
is defined for which P(V’R)(Jk[o,m))~1.

PROOF. The first part follows from the theorem of Ionescu Tulcea, while
(n)

the second assertion is a consequence of the construction of Pk V,R)’
. ! 1

n=>1. O

We conclude this section with a theorem which is useful in verifying the

conditions of the main theorem 2.4.3. in the next section.

THEOREM 2.3.11. Let (V,R) be a policy for a CTMDP and (vk);:_1 a sequence of
closed subsets of S. If

(n) (e sy (k) K . _
(2.3.15) P(V,R){z_(tj'lj)j=1' Tvk (.) = TV(.) at ln} =1
then

(k) c (n)
@.3.16) g7 Bgir, PP e

k

PROOF. Since P is concentrated on J[0,») we know that

o) (V,R) .
= i yno . - = ; - -
P(V,R){z (tj,lj)j=1. tn tn—l tn+TV(1n)} 0. Hence for z (tj'lj)j=1EJn
(tl,il,...,tn,in,w,c,...) if in=c or Tv(in)=°°
gV(Z) =
(tl,il,...,tn,in,tn+rv(in),in,w,g,.,.) otherwise,
while
. . ce o (k) .. \_
- (tllll,...,tn,ln,m,ﬁ,...) if 1n—; or Tvk (1n)—°°
9y (z) =
k (k)

(tl’il""'tn'in’tn+TV (in),in,w,c,...) otherwise.
’ k

Hence (2.3.16) follows by assumption (2.3.15). O
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2.4. DISCRETIZATION AND WEAK CONVERGENCE.

In this section first we construct for a given CTMDP a sequence of
approximating DTMDP's with time parameter k approaching infinity. Next we

provide sufficient conditions on the relation between a policy (V,R) for

the CTMDP and policies (V(k),R<k)) for the approximating DTMDP's in order
that the induced probability laws P(kik) (k) converge weakly to the

(v JRTT)
law P(V,R) on J[0,»).

This kind of limiting result is extremely useful in analyzing a CTMDP. For
example a lot is known in literature about the structure of optimal
policies for certain classes of DTMDP's. The standard way in which this
kind of results is obtained for DTMDP's is the method of induction to the
number of decision epochs in finite horizon problems and passing to limits
when the time horizon is infinite. Obviously this procedure does not work
for CTMDP's. However, the approximation result of this section provides the

key to carry over structural results from a DITMDP to a CTMDP.

f) be a CTMDP. For k21 the

DEFINITION 2.4.1. Let (S,A,A,,q,I,p,c,,C
(k) (k) c(k) (k)

2!

k th approximating DTMDP is defined by (S’Al’AZ'Pi Py Gy G, E.k),
where
. (k) -1 -1
(1) p, ' (s,a,B): =k "q(s,a)li(s,a,B)+1 (s) (1-k "q(s,a)), (s,a)esxa,
L (k) _
(ii) p, (s,a,B): = p(s,a,B) for (s,a)eSXAz.
i (k) -1
(iii) c1 (s,a): = k cl(s,a) for (s,a)eSXAl.
. (k) .
(iv) c, (s,a): = c2(s,a) for (s,a)eSXAz.

REMARK 2.4.2. (i) From tﬁe definition of a DITMDP (definition 2.3.1.) it is
clear that the discrete time processeé defined above are well defined
DTMDP's for all k>sup{q(s,a):(s,a)eSXAl}.

(ii) Suppose that

(2.4.1) I(s,a,{s}) = 0 for all (s,a)eSXAl.
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Then the one step transition distribution p;k) of the k-th approximating

DTMDP trivially satisfies:

pik)(s,a,B)=k—1q(s,a)H(s,a,B)+k—lo(1) if s¢B

(2.4.2)

p;k)(s,a,{s})=1—k_1q(s,a)+k-1o(1),

where o(l) representsa (bounded)measurable function on SXA1, which may
depend on s, a, k and B and which converges uniformly in (s,a,B) to zero on
compact subsets of SXA1 as k>»., Since representation (2.4.2) will be us?g)
in the proof of our theorems, we can replace the strict definition of Py

in definition 2.4.1 by (2.4.2). Also the definitions of pék), cik) and cék)

in definition 2.4.1 can be relaxed to

pék)(s,a,B): = p(s,a,B) + o(l)
c;k)(s,a) : = k_lcl(s,a) + k_lo(l)
o3V (s,0) = cy(s,a) + o)

Next theorem gives sufficient conditions for the weak convergence of

" (k) _(k)
P(v(k) R(k)) to P(V,R)’ where (V,R) and (V ,R

CTMDP and the k-th approximating DIMDP respectively. In section 2.5. we

) are policies for a

will illustrate the rather technical conditions of this theorem with some

examples.

THEOREM 2.4.3. Let (S,A,,A,,q,I,p,c ,c2,f) be a CTMDP for which assumption

1772 1
2.2.2. and (2.4.1) hold. Let P, be an initial distribution on S, (V,R) a

0 k) _ (k)
policy for the CTMDP with R=(R1,R ) and (V 'R

(k) _

) a policy for the k-th

approximating DTMDP with R ), k=1. Then

(k) W

—> P
V(k),R(k)) (V,R)

P as k > »

(

if the following conditions are satisfied:

(n)

(k) C
Pw,R)

(2.4.3) () =1 (.)ati }=1, n=21.
v n

{z=(t ,i)0_ 1
3’737 4=1 V(k)
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(k) , (k)

(n) (
2 ‘9 (k)
v

2.4.4 p {z=(t i) : R
( ) j"i 3=t

C
VR () /) S Ry(gy (), )

at (z,tn+TV(1n))} =1, n 1.

(n) . . N
(2.4.5) (P(V,R)XX){(z,t). z_(tj'lj)j=1' t 2 tn,
(k) , (k) c _
R1 (gv(k)(.),.) -+ Rl(gv(.),.) at (z,t)} = 0, n=1.

Here A denotes the Lebesgue measure on [0,»), while hk(.)gbh(.) at x means

that hk(.) is not continuously convergent to h(.) at x.

PROOF. In the proof of this theorem we put for abbreviation:

(k) (n) (n) (n) (n)

P :=P P : =P and P =P

- P:=P , P .
k (V(k),R(k)) (V,R) k k,(V(k),R(k)) (V,R)
According to theorem 1.6.1. it is sufficient to show that
(2.4.6) P, (F) > P(F), as k > ®
no-1 -1
forall F = nT (B)nS_ (F) e Fwith P(6F) = 0.
n n n n
n=1
We prove (2.4.6) by induction on m. For m = 1 we have by (2.3.12),
(2.3.14), (2.2.12) and (2.2.14)
P (T, e B, S, € F) = P(l)(B x F) =1_(0) . P (F) =
k1 "1 k B 0
» (1)
=P (B X F) = P(T1 € B, S1 € F), for k =2 1.
moo -1
Suppose that (2.4.6) is true for all F = n (T "(B)) n s (F))) € F with
. n=1

P(SF) = 0 for some fixed m.

From the induction hypothesis follows that

(2.4.7) p™ B plm o 3 < ([0,=%8,,"
mo -1 -1 -1
Now choose FO: = n Tn (Bn) n sn (Fn) n Tm+1 (B) n s]m+1 (F) € F with

n=1
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(2.4.8) P(SFy) = 0.
Note that by the definition of F the sets Bi are finite intervals for

1 ¥ i < m. From (2.3.13) and (2.2.13) follows that

(m+1) (m) (m)
=P =
Pk(FO) % (FO) J Qk (z)(BXF)de (z)
lele...XBmXFm

and

P(F,) = J 0™ (z) mxmyap ™ (z),

lele"'meXFm

Combining (2.4.7) with corollary 1.2.21. we conclude that FO satisfies

(2.4.6) if

(2.4.9) P(m)(G(lele...XBmXFm)n{z:Q(m)(z)(BXF)>O}) =0

and

2.4.100 o™ ()yw $ o™ (), p™ a.e. on BXF X, B F_.
4. k- : ' -€- U e

Condition (2.4.9) follows from (2.4.8). To prove (2.4.10) we construct an
(m)

exception subset E of B, XF X...XBmXFm with P (E)=0. Define subsets E; of

171
BIXF1X...XB xF , i=1,...,6 as follows:
m m
. = {p= . ym (k) c .
El' {z (tj,lj)j=1. Tv(k)(.)thv(.) at lm}
. = {o= . m (k) (k) c
E,: = {Z—(tj,lj)jzl. R, (gv(k)(.),.)—ﬁRz(gV(.),.)
at (z,t +t.(i ))}
m V' m
o feie 4 gm ), (k) ¢
By = {z=(ty,ip)y o0 {(e2t Ry ‘gv<k)""')7“R1(gv‘-)")

at (z,t)}>0}.
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. m
" {z = (tj,lj)j=1.

[

J plo, (i), a,F) dR{g (z), t + T, i) (@) > 0}.

1
]

+ i 8B;
tm Tv(lm) €

A

2 .
E.: ={z=(t.,i)" ,+t + T_(i ) € B;
R L LT L A 7
J plog(i ), a,8F) dR{g (z),t + Ty i) @ > 0}.
A
2
. = = i m . . < 3 . B:
E6. {z (tj,lj)j=1. AMte: t < Tv(lm), t + tm € B;

}q(f(im,t),a)H(f(im,t>,a,éF)deqV(z),tm+tMa) > 0} > 0}.
a
We conclude from (2.4.3), (2.4.4) and (2.4.5) that P(m)

Since (2.4.8) implies that p(m+1)(31XF

P(m+1)(B1XF

m

] (E1UEjJE3)=0.
X,..XB XF X8BxF)=0 and

_ 1 m m

X...XBmXFmXBXGF)=O it follows with (2.2.6) and (2.2.7) that

1

(m) _
P (E4UE5UE6)—0. Put

6
(2.4.11) E: = U E,,

(m%E) - 0.

Hence (2.4.10) holds if

then P

(m) c _(m) — c
(2.4.12) Q. () (BxF) > Q" (.) (BXF) on B XF,X...xB xF _n E .
From the definition of F follows that either B is a finite interval and
FeS &r B is an infinite interval including « and F=S+. We restrict
ourselves to the first case (the proof in the second case is simpler). We

put without loss of generality B=[0,t].

Choose z: = (t.,i.)? €B, XF, X...XB n ES and let

773 9=1771 1 mem
z(k) = (Ej(k)k’l,ij(k))gl=1 € Jm(k), k 2 1 such that z(k) > z. Assume that

t 2 tm' By replacing n by m in formula (2.2.6) we have an explicit

expression for Q(m)(z)(BXF).

By the definition of the k-th approximating DTMDP combined with remark

(k))

2.4.4. and formula (2.3.7) we have (with suppression of the index V
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(Cexd- A ™ ()=t

(2.4.13) Qﬁm)(z(k))(BxF) = ¥ it
=1 n=1

[ ate o0, mch o (1 )ar ™
J

Ay

(@™ (200, e k™ ().

) J{k’lq(f(im(k),zk'l),a)n<f<im<k),zk'1),a,F)+k'1o(1)}
A

(

™ (g™ =), (wre_tx™h @ +

+ (i_(k)) .

(i)ks[tk]—zm(k)}
(im(k))k-1

it {l—k-lq(f(i ) kY ,a)+k Lo (1)}
n=1 J' m

1
{T(k)
LK)

A

(k)( (k
g9

a”y

(2000, (nre_)KTH @) .

(k) ( (k (k)
g9

)
2 (z(k)),t

J{p(c(k)(im(k)),a.F)+O(1)}dR
A

2
. (k) . .
Since z¢E1 we know that Tvk (1m(k))*TV(1m).

1L 0k D) (a) .
m m

Hence the first term of the right hand side of (2.4.13) is for k-
asymptotically equivalent to

(t_tm)ATV(im)[sk]-l

1 J{1-k'1q(f(im(k),nk'l),a>+k“1o(1)}

s=0 n=1 A

(k)

& (g™ ), mre_ 001k (@)

(

. fate(, (0, [skI™) )£ (k) ,[skIk) ,a,F)+o(1)}

A
1 .
™ (g% 200, (Cskr_ 0K @) as.
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From lemma's 2.4.4. and 2.4.5. below follows that the first term of
(2.4.13) converges as k>~ to the first term of (2.2.6).

The convergence of the second factor of the second term of (2.4.13) to the
corresponding factor of (2.2.6) follows also from lemma 2.4.4.

Finally the convergence of the product of the first and third factor of the
second term of (2.4.13) to the product of the corresponding factors of the
second term of (2.2.6) is established in lemma 2.4.6.

This completes the proof of theorem 2.4.3. ]

LEMMA 2.4.4 . Let E be defined by (2.4.11) in the proof of theorem 2.4.3.

If z = (tj,ij)?=1 ¢ B and 7= (7, (k)](l,ij(k))’;‘:1 € J_(k) such that
zk -+ z and if sk + s 2 0 then
[s, k]-1
(2.4.10 kn Jf -k lq(fE &) ,nk Y ,a) % To(1) )
n=1 m
By
(k) (k) -1
de(g (zk),(n+£m(k))k ) (a)

converges as k -+ ® to

s
exp (- [ J q(f(im,u),a) dRJq}z),tm+u)(a)du).

J
u=0 Al

(Here o(l) represents a bounded measurable function on S x A,, depending

1
on k, which converges uniformly to zero on compact subsets of SXAl).

PROOF. The natural logarithm of (2.4.14) is equal to

[s, k11

(2.4.15) kZ 1og(1—k'1 J[ {q(f(im(k),nk_l),a)+o(1)})
n=1 A
N O -1
dr, (g (zk),(n+£m(k))k ) (a) .

Since -x - x2 < log(l-x) £ -x for 0 £ x < % we conclude that (2.4.15) is
asymptotically equivalent to

(k)

(¢ J . -1 (x) »
- {q(f(lm(k),[uka ),a)+o(1)}dR1(g (zk),(fuk]+£m(k))k ) (a)du.

u=0 A1
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Note that by the continuity of £(.,.) and gq(.,.)

- C
a(£( k), [uklk L, wo(1) > alfli v, on A, .

Since z ¢ E it follows that

3

(k)
R (g(k)

-1, W
1 (z), (Fuk]+2m(k) )k > Rl(gv(z) vt )

for A-almost all u.

The lemma follows from corollary 1.2.21. 0

LEMMA 2.4 .5.. Let z, s, 2y S\ r

k21 he as in the previous lemma. Then
. -1 . -1
latf@ (), Is ke O @) IEGE (K),[s,kIk ) ,a,F) + o(1)}

A
1
k -
délzg(k)(zk),(rskk]+zm(k))k 1)(a)

converges as k > @ to

Jq(f(im,s),a)H(f(im,s),a,F) dR{géz),tm+s)(a)

Ay

for A-almost all s € 0,t-t 1 n [O,T_(i )].
m V' 'm

PROOF. Since Z¢E3 we have

(k) (k) -1, W .
Rleg (zk).(fskk]+£m(k))k g R(g&z),tm+s)

for A-almost all s.

Since z ¢ E,_ we know that for A-almost all s € [O,t—tm] n [O,Tv(im)]

6

Jq(f(im,s),a)n(f(im,s),a,SF) degéz),tm+s)(a) = 0.

A
1
Moreover, we have by the continuity of £(.,.), qg(.,.) and I(.,.) for all

s20 and aeA1 for which H(f(im,s),a,GF) =0,

1

- - C
q(f(im(k),rskk]k ),.)n(f(im(k),fskk]k 1),.,F) + o(l) ~»

q(f(lmrs),-)H(f(lm,s),.,F) at a € A,.

Application of corollary 1.2.21. yields the lemma. 0
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LEMMA 2.4.6. Let z, z _, k21 be as in lemma 2.4.4. Then

k’
(2.4.16) 1 (i (k)) .
(- (D)kS[tkI-2_0)} ™
) J{pw‘k’ @_00),a,m 0 1R (6% (2, ™) (oo m0r™h @)
AZ

converges as k2>« to

(2.4.17) p(OV(im),a,F)dRz(gV(z),tm+TV(im))(a).

Yo (yst-t }(im)'J
v m
By

PROOF. Since z;{E1 the proof is immediate if Tv(im)>t—tm. Therefore we

N . .
assume Tv(lm)_t tm. Since z,{ElUE2 it follows that

rK) (oK) (k)

A -1, w .
Y (g (zk),T (lm(k»+£m(k)k ) > Rz(gVZ),tm+rv(1m)).

Since z¢E5 it follows that

I p(cv(lm),a,GF)dRz(gv(z),tm+TV(1m))(a) = 0.
By
Moreover, since z¢’E1 it follows that o

(x) ., .
(lm(k))+cv(1m). Hence we have by

the continuity of p(.,.) for all aeA, for which p(ov(im),a,dF) = 0:

2

(x) . c .
plo (lm(k)),-,F) + o(1) ¥ p(ov(lm),.,F) at aea,.
Hence, by corollary 1.2.21., the second factor of (2.4.16) converges to the
second factor of (2.4.17).
If Tv(i)=t—tm the proof is completed by noticing that z¢E4. If Tv(i)<t-tm
the first factor of (2.4.16) converges to the first factor of (2.4.17),

which also completes the proof. O
This section will be closed with a definition of a regular policy.

DEFINITION 2.4.7. Let (S’A1’A2’q’H'P’c1’C2'f) be a CTMDP and P0 an initial

distribution on S. A policy (V,R) is called regular if for all k21 there

exists a policy (Vk,Rk) for the k-th approximating DTMDP, such that
(k) W

P P .
(V. ,R) 7 T (V,R)
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2.5. EXAMPLES.

In this section we treat twospecific CTMDP's in order to give an
impression about the difficulty to verify whether or not the conditions

of theorem 2.4.3. hold.

EXAMPLE 2.5.1. Consider the replacement model of example 1.3.1. with some
refinements. Assume that besides replacement the decision maker has control
on the arrival rate v of the shocks. Suppose that v can be varied within

the interval [vl,vzj with O<v Sv2<m. The amount of damage caused by a

single shock is a random variible with probability distribution F, with
F(0)=0. Besides the damage caused by shocks the device decays continuously
at rate 020, i.e. between shocks the cumulative damage increases linearly
at rate o. This replacement model can be formulated as a CTMDP
(S,Al,Az,q,H,p,cl,cz,f) where the state of the system denotes the total
damage incurred by the device under operation, the controls are the
possible arrival rates for the shock arrival process and the only impulsive

control available is replacement, which brings the state of the system back

to zero. We denote the replacement action with o.

Put
s: = [0,=)

Az = [vl,v2]
AZ: = {O}

(2.5.1) g(s,v): = v for (s,\))eSXA1 )
I(s,v,[s,s+t]): = F(t) for (s,v)eSXA1 and t=0
p(s,o,{0h: =1 for seS
f(s,t): = stot for (s,t)esSx[0,=).

The cost rate cl(.,.) and the lump cost 02(.,.) are not specified, since
they play no role in theorem 2.4. 3.

One easily checks that assumption 2.2.2. holds. The k-th approximating
(k) (k) (k) (k)

decision process is given by (S’Al’AZ’pl ,p2 ,c1 ,c2 ,£,k), where

(2.5.2) pik)(s,v,{s}) = 1—k—1v, (s,V)ESXAl
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(2.5.3) p;k)(s,v,[s,s+t]) = 1kl lor (e, (s,v)esxa,, €20
(2.5.4) pék)(s,o,{o}) =1, ses.

Choose a policy (V,R) for the CTMDP where V:=[D,»), with D>0 and R=(R1,R2),
with R, a non-anticipating transition probability from J[0,®)x[0,) to Ai'
Since D>0 it follows that part (ii) of definition 2.2.3. is fulfilled

(choose 6=D0_1).

Consider for the k-th approximating decision process the policy (Vk,R),

where Vk:=[Dk,W) with Dk>0, k1.

THEOREM 2.5.2. Consider (S,Al,Az,q,H,p,cl,cz,f) defined by (2.5.1). For the

policies (V,R) and (Vk,R) defined above and any initial distribution P, on

0
S the conditions of theorem 2.4.3 hold if:

(2.5.5) Dk - D as ke
(2.5.6) (P(V'R)XA)(Disc(Rl)) =0
and if 0=0
(n) _ S S
(2.5.7) P(V’R){z-—(tj,lj)j=1.1n—D}—0, n1,

PROOF. Since F(0)=0 condition (2.4.1) holds. Condition (2.4.4) follows from
the fact that A2={O} and hence R, (x,t) is degenerated in {0} for all

(x,t)eg[0,»)x[0,x).

(k

Next we note that Tv(i)=0_1(D-i)+ and 6_1(Dk—i)+srv !

o™t o -0 T
which implies with (2.5.5) condition (2.4.3) for ¢>0. When 0=0 we have

Tv(l)=Tvk(l)=0 if i>DVD, and TV(1)=Tvk(1)=°° when J.<D/\Dk and hence (2.4.3)

k
follows from (2.5.5) and (2.5.7). Moreover, with theorem 2.3.11 follows
(n)

(V,R) 2C - Hence (2.5.6) implies (2.4.5) O
1

that gg () € g (), P
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‘EXAMPLE 2.5.3. Consider the inventory model of example 1.3.3. This
inventory model can be formulated as a CTMDP, in which the state of the
system denotes the stock on hand, where a negative value of the state
variable indicates a backlog. The only control available is the fixed
arrival rate v, while the impulsive controls are the different order
sizes. Choosing the impulsive control a means that an amount a is ordered.

We put for this example

S: =R
A1: = {v}
Ay: = [0,=)

(2.5.8) q(s,v): = v for seS
n(s,v,[s,s-t]): = F(t) for seS and t20
p(s,a,{s+ta}): =1 for (s,a)eSxA2
f(s,t): = s-ot for (s,t)esSx[0,x)

Here the demands of the customers are assumed to be distributed according
to the distribution function F, with F(0)=0. Again the cost rate cl(.,.)
and lump cost cz(.,.) are not specified.

For k21 the k-th approximating decision process is given by

(k) (k) (k) (k) .
(SIA11A2IP1 rP2 ,Cl,czyf,k) with

(2.5.9) p;k)(s,v,{s}) =1k,  ses.

(2.5.10) p;k)(s,v,[s,s—t]) = 1—k_1v+k_1vF(t), ses, t=20.

(2.5.11) pék)(s,a,{s+a}) =1, (s,a)esxAz.

* *
Suppose the CTMDP is controlled by the (s ,S )-policy (V,R) i.e.
V=(-»,s*] and R=(R,R,) with

* )
R2(x,t): =[s —ﬂtX] for (x,t)edl0,»)x[0,x),
* %
where we assume that S >s .

),R(k)) with

For the k-th approximating DTMDP we define a policy (V(k

*) [x]+:=max(x,0).
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(k) *
v : = (—W,Sk]
k *
Ré )(x,t): = Sk-ntx for (x,t)eJk[O,w)XLk.

THEOREM 2.5.4. Consider (S,Al,Az,q,H,p,ci,c2,f) defined by (2.5.8). For the

(k) R(k)

policies (V,R) and (V ’ ) defined above and any initial distribution

PO on S the conditions of theorem 2.4.3. hold if:

(2.5.12) s; >8¥ as ko

* *
> s as ko,

(2.5.13) Sk

PROOF. Since F(0)=0 condition (2.4.1) holds. Using (2.5.13) the validity
of (2.4.3) can be shown as in the proof of theorem 2.5.2. Condition
(2.4.5) is trivially fulfilled because A1={v}. Finally to prove that
condition (2.4.4) holds note that for P -almost all z=(tj,ij)?=1

(V,R)
we have:

. _ *_ . .
(2.5.14) RZ(gV(Z)'tn+TV(1n)) =S f(ln,TV(ln)

and

(k)

k
(g( ) J)

(k) ., *
(1)) =8 -
V(k)

(k)
(2.5.15) R, ,® o X

(z),tn+T f(in,T (in)).

From (2.5.13) follows that

(k) c
(2.5.16) T (k)(') - TV(.).
v
Combining (2.5.12), (2.5.16) with (2.5.14) and (2.5.15) completes the

proof. 0
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CHAPTER 3

EQUIVALENT POLICIES

3.1. INTRODUCTION.

In this chapter we will use the convergence results from the previous
chapter in order to transpose a well-known result for discrete time
processes to CTMDP's. It was shown by DERMAN and STRAUCH (1966) that for
every history-remembering policy for a discrete time Markov decision
process one can construct a memoryless policy such that the one-dimensional
marginal distributions of state and action are the same under both policies.
This implies that under a cost structure which is uniquely determined by
those one-dimensional mérginal distributions one can restrict attention to
the memoryless policies in the search for the optimal policy. However, . as
we will show in the sequel of this introduction, for a CTMDP most cost
structures are not uniquely determined by the one dimensional marginal
distributions of state and action. This implies that a continuous version
of the Derman and Strauch theorem is less powerful in the CTMDP case as
it is for a DTMDP. However, when we restrict our attention to CTMDP's in‘
which no impulsive controls are available it turns out that a theorem of
this kind can be applied in the CTMDP case like it is used for DTMDP's.

For that reason we will restrict our attention in section 2 of this chapter
to those CTMDP's for which the set of impulsive controls is empty. For ease

of presentation we will also assume that the state space is countable.

In the previous chapter we intréduced for any DTMDP and CTMDP under a
fixed policy probability measures on the sequence space J[0,®). When we
want to compare two policies for a given decision process we have to take
into account the cost functions (cost rate, lump cost or one step cost) of
the process. With these cost functions we can define several cost functionals
on JL0,»). An important example of such a functional is the a-discounted

cost functional (other functionals will be defined in chapter 4).



DEFINITION 3.1.1.

(1) Let (S'A1'A2'pl’92'c1’cz’f'k) be a DTMDP and (V,R) a policy for this
process with R=(R1,R2). Suppose that ci(.,.) is bounded from below,

i=1,2. For a > 0 the a-discounted cost functional under (V,R) is a

. (k) . o
function ca,(V,R) on Jk[O,w), defined for erk[O, ) by
(3.1.1) c(k) (x): = I an J c, (w x,a) dr (x,nk-l)(a) +
a,(V,R) n=1 1 nk—l 1
A
- 1
+ I an 1 (m x) [ c, (m x,a)dR, (x nk—l)(a)
\ -1 ] "2 -17 2"
n=1 nk nk
A2

(ii) Let (S,Al,Az,q,H,p,cl,cz,f) be a CTMDP and (V,R) a policy for this
process with R=(R1,R2). Suppose that cl(.,.) is bounded from below
and c2(.,.) non-negative. For o > O the a-discounted cost functional

under (V,R) is a function ¢ (.) on J[0,»), defined by

a, (V,R)
(7 -at
(3.1.2) cu,(V,R)(X): = [ e I cl(ﬂtx,a) de(x,t)(a)dt +
0 A1
© —uTn(x)
+ Ie j cz("-r (x)x,a) dRz(x,Tn(x))(a),
n=1 n
A,

where rn(x) represents the epoch of the n-th entrance of x into the

set V.

DEFINITION 3.1.2. Let (S'Al'AZ’Pl'pZ'cl'cz'f’k) be a DTMDP and

(S,Al,Az,q,H,p,cl,c2,f) a CTMDP and let (V,R) be a policy for one of these
decision processes. Assume that cl(.,.) is bounded from below and c2(.,.)
non-negative. For any initial distribution P

costs under (V,R) are defined for the DTMDP by

o (k) (k)

(3.1.3) ck((V,R),a). = J ca,(V,R)(X) dP(V,R)(X)
Jlo,=)

and for the CTMDP by

(3.1.4) c((V,R),a): = J ca,(V,R)(x) dP(V,R)(x)'

J[o,=)

o ©°n S the expected a-discounted
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From Fubini's theorem and (3.1.1) respectively (3.1.2) we find

(1.5 o (VR |
AN R T S Geere gk Ul T YRR
ot ) (s a)dV(a)dP( VD r R Gonk ) T Hs,v) o+
n=1 " 7 {J (VR) et L o
SXP(A ) A ! .
o re ?’{":LT c,ts, a)dv(a)dP(k) Ry kT ) T vy
- ] v,R) " -1
V><P(A2) A2 :
and »
(3.1:6) c(iv;ﬁ);ajaj“é‘“t“ J c (s a)dv(a)dP(V R)(“"R (.,t)> Ys,v)at+
0 . SXP(A) A :
“+n;~ o Co ert ¢, (s a)dv(a)dP G n“ é f ’Th)f—at s,V)
S B R il (VR) Tr‘l'z.ln 1Sy .

n=1
[o, )><S><P(A2) A2 -

¥

Comparing the e#pressiens (3.1.55 aﬁ& (3.1.65 revealsﬁan“interesting
difference between CTMDP's and DTMDP's. From (3.1.5) follows that for the
DTMDP ' the: expected o= dlscounted costs under policy (V,R) are uniquely
determined by the one dlmenSlonal marglnal distributions of state and
randomlzed actlon i.e. Cp ((V R) ,a) is determined by the sequence of

probablllty measures on S x P(A ) deflned by

(k) -1, .-1 .
21; i=1,2.
(3.1.7) P(V,R)‘?, —1'Ri(ffnk )) T, n2l; i 1,2
‘ oAk Toad e L . ORI 55
This assertion éan’bé”EErenéﬁheheé in thedfoiloﬁing sense: ck((V R),0) is
unlquely determlned by the sequence of probablllty méasures (0(1))w on

L rn=1

s x A , defined by

(3.1.8) G P J V(R ap

= BX'P(A )

(k)

-1..-1
W, R)( 1(Bi(-fnk‘ ») (s,y)

for Be S and F ¢ Ai’ i=1,2.

LEMMA 3.1.3. G(l) 1s a well- deflned probablllty measure on S x A forn 21
) o

and i=1,2 and the (O )‘:f, 1—1 2 determlne unlquely cp ((V R) a)
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PROOF. The proof of the first statement is straightforward and the second
follows from the equality

(1)(s,a)+ J c (s,a)de(
n 2 n

SXA1 VXA2
To prove (3.1.9) we first consider the case where

2)

(3.1.9) c, ((V,R),0) = I o J c,(s,a)de (s,a)l.

n=1

ci(s,a) =1 XF.(s,a), for some BiES and FieAi, i=1,2.

i i

Then
Toa (k) -1, -1
Ck((VIR) 10‘4)"‘ Elu J 1B1 (S)\)(Fl)dP(V,R) (TTnk_llRl(-lnk )) (51\))"'
n= sxP(a,)
o n o (k) -1 -1 _
+n§1a I 1B2(s)v(F2)dP(V'R)(nnk_l,Rz(.,nk )) T (s,v) =
" vxP(a,)
2
> n (1) 2 n_(2) _
o On (B1XF1) + I a On (anVXFz) =
n=1 n=1

(1)(s,a)+ f c (s,a)dG)(2
n 2 n

SXA1 VXA2

)

=1 o J cl(s,a)de (s,a)}.

n=1

Since every non-negative measurable function can be approximated by a
monotone sequence of step functions the lemma follows by application of the
monotone convergence theorem. a

Note that the probability measure Oéi) can be interpreted as the simultaneous
distribution of state and (impulsive) control at epoch nk—l, nx1. Lemma
3.1.3 tells us that for a DTMDP under policy (V,R) knowledge of the
probability distributions (3.1.8) is enough to compute ck((V,R),a).
However, from (3.1.6) we learn that for a CTMDP under policy (V,R) the one
dimensional marginal distributions of state and randomized control together
with the simultaneous distributions of the n-th entrance time into V, the
entrance state and the randomized impulsive control uniquely determine
c((V,R) ,a). In other words c((V,R),a) is determined by the probability
measures

1

(3.1.10) ﬂt,R(.,t))_ , t=0

PR



70

1

(3.1.11) P(V,R)(Tn'nrn'R2("Tn)) ' nx=1,

As for the DTMDP we can strengthen this assertion. For a CTMDP the expected
a—discountéd costs under policy (V,R) is uniquely determined by the class

of probability measures (‘{'t)t>o on SXA1 and the sequence of defective

probability measures (<I>n)oo on [O,w)XSXAZ, defined respectively by

n=1

J

(3.1.12) Wt(B X F): = [ v (F)ap
B X P(AB

-1
w.r) TerR N (s,)

for Be S and F ¢ Al; t >0
and

(3.1.13) Qn(C X B X F): = J V(F)dP(V,R)

-1
(Tn,ﬂT ,R2(.,Tn)) (t,s,v)
CxBxP (3,) n
for all Borelsets C in [0,»), B e S, F € A2; n=1.

3.2. GENERALIZATION OF A THEOREM OF DERMAN AND STRAUCH.

DEFINITION 3.2.1.

(i) Let (S,Ai,Az,pl,p2,ci,c2,f,k) be a DTMDP and PO an initial distribution

on S. Two policies (vl’Rl) and (V2,R2) are called equivalent w.r.t. P

if they generate the same sequence of probability measures (Oél)):~1
(1) -

on S X Ai, where On is defined by (3.1.8) for n 2 1 and i = 1,2.

Ol

(ii) Let (S,Al,A2,q,H,p,c1,c2,f) be a CTMDP and P, an initial distribution

0
on S. Two policies (V1,R1) and (V2,R2) are called equivalent w.r.t. PO'
if they generate the same class of probability measures (‘l‘t)tZO on

S x Al and the same sequence of defective probability measures (@n):=1
on [0,») x g x A2, where Wt is defined by (3.1.12) for t =2 0 and @n

by (3.1.13) for n > 1.

A well known theorem by Derman and Strauch states that for a DTMDP one can
construct for every policy (V,R) an equivalent policy which is memoryless.
Using this result and our convergence theorem 2.4.3 of the previous chapter,

we want to prove a similar result for CTMDP's. For every regular policy
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(V,R) for the CTMDP there exists by definition a policy (Vk'Rk) for the
(k) w

> P
(Vk,Rk) (V,R)
Strauch follows the existence of memoryless policies (Vi,Ri)such that the
@(l)
n

k-th approximating DTMDP such that P . From Derman and

1 1 ' >
measures induced by (Vk,Rk) and (Vk,Rk) are the same for all n > 1

and i = 1,2. Now the following question arises. If there exists a
(k)

3 v ] >
memoryless policy (V',R') for the CTMDP such that P(VﬁrRi) P(V',R')’ are

the policies (V,R) and (V';R') then equivalent?
Unfortunately, we are not able to prove this in general. The problem is that
the equivalence of (Vk,Rk) and (Vi;Ri) does not yield information about the
relation between the @n measures generated by (V,R) and (V',R').

However, when we restrict our attention to CTMDP's with empty set of

impulsive controls we have for any policy (V,R)

v
—-

@n(tolm) X 8§ X A2) =0, n

which implies that the sequence of defective probability measures (<I>n):=1
is the same for all policies. In this case we are able to obtain equivalence
results for a CTMDP by combining the theorem of Derman and Strauch with our
convergence theorem. For ease of presentation we restrict our attention to
a countable state space.

Hence we make in this chapter the following assumptions on the component

parts (S,Al,Az,q,H,p,cl,cz,f) of a CTMDP.

ASSUMPTION 3.2.2. (i) S is countable with the discrete metric.

(ii) a, = ¢.
Note that by assumption 3.2.2 (i) the drift function f is necessarily equal
to £(i,t)=i, t 2 0, i € S.
Moreover, by assumption 3.2.2 (ii) the transition probability p and the
lump cost c, are undefined. Hence we will simplify in this chapter the

notation of a CTMDP, a DTMDP and a policy.

NOTATION 3.2.3. In this chapter we use the following notation.

(i) A CTMDP is denoted by a five tuple (S,A,q,I,c).

(ii) A DTMDP is denoted by a five typle (S,A,p,c,k).

(iii) A policy for a CTMDP and DIMDP is denoted by R, which represents
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a transition probability from S X A to S.
(iv) The probability measures induced by a policy R are denoted by Pé#)

for a DTMDP with time parameter k and by PR for a CTMDP.

THEOREM 3.2.4. Let (S,A,p,c,k) be a DTMDP and P0 an initial distribution
on S. For any policy R there exists a memoryless policy R',which is
equivalent to R w.r.t. PO'

PROOF. For every i € S and t € L _, for which

k

(3.2.1) PR({x: ﬁtx =i}) >0
we define a probability measure Q(i,t) on P(d), by

QU, ) (©): = P ({x: R(x,t) e c} {x: mx =i}
for all Borelsets C in P(a).

Next we define a probability measure r(i,t) on A, by

r(i,t)(F): = Jf V(F) do(i,t) (v) for F ¢ A.
P(a)

For those (i,t) € S X Lk for which (3.2.1) does not hold, we define

r(i,t): = v,
for some arbitrary but fixed Vo € P{a).

Finally we define a function R' from JkEO,m) x L _ into P(A), by

k

R'(x,t): = r(rtx,t).

It is straightforward to check that R' is a well-defined memoryless
policy for (S,A,p,c,k). We shall show that R and R' are equivalent w.r.t.
PO. By the definition of equivalent policies we have to show that

(3.2.2) 6 =0', n=x=1
n



(1)

where On and GA denote the probability measures @n

for policy R and R'. Note that

en({i} x F) = v(F)dPlik)
{i} x P(a)
=r,ak @ .M =i,
R -1
nk
while
0 ({i} x F) = r(i,nk 1) (F) . p(T){n =i},
n R -1
nk
Hence it is sufficient to prove that
(3.2.3) Pl(ak)"—l—l = P;}f)wd_l, nx 1.
nk nk
We will prove (3.2.3) by induction on n.
For n = 1 we have
p® ety =p @) =Xt (m).
R -1 0 R' -1
nk nk
Assume that (3.2.3) holds for n = m. Then
G.2.4) 2 (i L=ih =z p®dn = 5h.
(m+1)k jes mk
(k) s
J P 1—l}|{ﬂ -

P(a) (m+1)k mk
= 3 J Jp(j,a,{i})dv(a)dg(j,mk—l)(v).P

. R
3e8 P(a) a

The last equality follows from (2.3.1). From (3.2.4) and the induction

hypothesis we find

%)

defined by (3.1.8)

(r _RGakT) He,) =
nk

T _.=ib.
ok 1
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=3; R(.,mk D=v}) a0(§,mk ") (v) =
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(k) .
P ({m =1il}) =
R (m+1)k
(k) . \ . . -1
= e Ur _ =3h J J p(j,a,{ihav(a)do(j,mk °) (v) =
3es mk P(a) a
_ (k) . o .-t _
= I P, ({m 4= i | p(3,a,{ihdr(i,mk ") (a) =
jes mk A
= P;f)({w 4 =ib.
(mtl)k

The last equality follows again from (2.3.1) and the last but one equality

follows from

J f(a) dr(i,t) (a) = I J f(a) dav(a) do(i,t) (v),
A P(a) A

which holds for every measurable real-valued function f on A. 0

This theorem has been proved for the first time by DERMAN and STRAUCH
(1966) for a finite state space. Generalization to the countable state
space was given by HORDIJK (1974). DERMAN and STRAUCH as well as HORDIJK
considered policies for which the decision at time n may depend on all
past states and actions, while in our approach there is only dependency on
the past states.

THEOREM 3.2.5. Let (S,A,q,II,c) be a CTMDP and P, an initial distribution

0
on S. Assume that Ii(s,a{s}) = 0 for all (s,a)eSxA. For every policy R
for which
(3.2.5) (pp * M {pisc(R)} = 0

there exists a regular memoryless policy R', which is equivalent to R

w.r.t. PO.

PROOF. Let R be a policy for which (3.2.5) holds and define policies
Rk for the k-th approximating DTMDP by

Rk(x,t): = R(x,t), for (x,t) € JkLO,w) X Lk; k21,
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From (3.2.5) follows with theorem 2.4.3.that

(3.2.6) P

From (2.2.6) and assumption 3.2.2.(ii) follows that

(3.2.7) Pﬁ({x: Tn(x) =t}) =0, forn>1and t >0

for every policy R.

[o]

Since §{x: mX = it < u {x: Tn(x) =t} for all i ¢ S and t > 0 we
n=1

conclude from (3.2.6) and (3.2.7) that

(3.2.8) P ({x: m.x =i}) + PR({x: m.x =1i}), for all i € S and t > O.

Rk t t

For i €e S and t € Lk for which PRk({x: ﬂtx =1i}) > 0 we define a

probability measure Qk(i,E) on P(a) by

(3.2.9) Q9 (i,t)(©): = ({x: R_(x,t) € cH {x: mx =il})

R
for all Borelsets C in P(a),

and a probability measure rk(i,t) on A by

(3.2.10) rk(i,t) (F): = J v (F) ko(i,t) v), for F e A.
P(a) ‘

For those (i,t) € S x L for which PRk({x: mX = i}) = 0 we put

(3.2.11) rk(i.t): = UO

for some arbitrary but fixed v, e P(a).

0
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lNext we define memoryless policies Rﬁ for the k-th approximating DTMDP by

(3.2.12) R' (x,t): = rk(ntx,t) for (x,t) € Jk[O,m) x L

k k*

From theorem 3.2.4 and its proof it follows that

(3.2.13) P ({x: mx=41i}) =P ({x: m,x = i}), for ieS and t=0.

& £ R ¢

For all (i,t) € s x [0,») for which Py ({x: X

i}) > 0 we define a

probability measure Q(i,t) on P(a) by

(3.2.14) QUi ) (C): = P ({x: R (x,t) ¢ ct|{x: mx =i},

for all Borelsets C in P(A) and a probability measure r(i,t) on A by

(3.2.15) r(i,t) (F): = J V(F) dQ(i,t) (v),
P(a)

while we put

(3.2.16) r(i,t): = VO

for those (i,t) € s x [0,®) for which PR ({x: mX = i}) = 0. Finally we

put
(3.2.17) R'(x,t): = r(wtx, t), for (x,t) € J[0,») x [0,®).

From lemma 3.2.7 below it follows that R'(.,.) is a well-defined regular

memoryless policy for (S,A,q,lI,c) and we prove in lemma 3.2.8 that
\
(3.2.18) PRﬁ > P

From (3.2.7) and (3.2.18) it follows that

R"

(3.2.19) P ({x: mx=41i}) » PR ({x: TX = i}), for all i € S, t > O.

Rﬁ t !

Combination of (3.2.8), (3.2.13) and (3.2.19) yields
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3.2.2 . = i = : =i i 2 0.
(3.2.20) P ({x: m X i}) PR|({X. ™x i}), for all i e S, t 20
Hence, (see formula (3.1.12) fordefinition of Wt)

_ . _ [ -1 -
v, ({i} x F) = J v(F)dP, ("t’R (.,t)) “(s,Vv) =
{i} x P
= PR ({Trt =i} . V(F) do(i,t) (v) =
P(a)

PR.({wt =1i}) . r(i,t)(F) =

I

v (F) dPR'(nt,R'(.,t))—l(s,v) =¥ (i} xF).
1i} x P(a)
This yields the theorem. 0

The notation introduced in the proof of theorem 3.2.5 will also be used in

the next three lemma's.

LEMMA 3.2.6. Define

(3.2.21)  t*(1): = inf {t: P, (Ix: mx =1} > 0} for i ¢ s.
Then
(i) P, ({nt =4i}) =0 iff 0 £ t < t*(i), for all i € S with t*(i) >0

(i1) Q (i,.) > Q(,.), A-a.e. on [t¥(),=); i € S

ya ya

(1i1) 1, (i,.) > r(i,.), A-a.e. on [£"(1),®); i e s.

PROOF.

(i) .From (2.2.6) follows that PR ({Trt =1i}) > 0 for all t > t*(i). Since
PR ({1Tt = i}) is continuous in t (which follows easily from theorem

1. 2. 26.) we conclude from the aefinition of t*(i) that

P ({m %, =i}) =0 if £ (i) > 0
r (e (1 =1 ) = if t (1) .
(ii) Put
G(t): = {x: R (.,.) is discontinuous at (x,t)}.

trom (3.2.5) follows that
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PR (G(t)) =0, A-a.e.
*
ILeti eSS, t >t (i) such that PR (G(t)) = 0. If tk € Lk' k 2 1 such
that tk -+ t, then

Rk (xK,tk) - R (x,t), if d(xK,x) - 0, P_ -a.e.

R
Application of (3.2.6) and (3.2.8) and corollary 1.2.21. yields the
proof.
(iii) Choose i € S, t > t*(i) and tk € Lk, k 2 1 such that t_ - t and

k
w
Qk(i,tk) +> Q(i,t). Let F be a closed subset of A. Then

J V(F) 4o (1,t) (v) <
P(n)
< [ V(F) dQ(i,t) (v) = r(i,t) (F).

P(a)

lim sup rk(l,tk)(F) = lim sup
ke . k-0

The inecquality is justified by the upver semicontinuity of the

mapping from P(A) to [0,1] defined by
v > V(F).

(cf. BILLINGSLEY (1968), page 17). 0
LEMMA 3.2.7. R'is a well-defined,regular, memoryless policy for (S,A,q,l,c).
PROOF. Since the limit of a continuously convergent sequence is continuous
it follows from lemma 3.2.6.(iii) and (3.2.16) that r(i,.) is continuous A-a.e.
This implies that R' is a well-defined transition probability from
Jl0o,») x [0,®) to A and that R' is regular. Finally R'(.,t) is
nt—measurable, since for all t = 0 and all Borelsets C in P(a)

{x: R"(x,t) e C} = nzl{i € S: r(i,t) e C}. 0

w
LEMMA 3.2.8. P_, > P

R TR
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*
PROOF. If t (i) = U for all i € S the proof of this lemma follows from
*
lemma 3.2.6. (iii) and theorem 2.4.3. Now suppose that t (i) > 0 for some
i € S. Condition (2.4.5) of theorem 2.4.3. is now not always satisfied.
Instead of (2.4.5) we have
n

*
> v i :
=1 t 2 tn t (ln),

(n) . = i
(Ppr X M{z,t): Z—(tj,lj)

r ) P or(,.) at (1,8} = 0.

K Cere

Proceeding as in the proof of theorem 2.4.3. it is sufficient to show

that

(3.2.22) P (F) ~ PR.(F).

]

for all F =
n

T @) ns MF ) e Fwith P, (6F) = 0.
1 n n n n R

(==

For m=1 (3.2.22) follows straightforward from the definitions. Suppose
m _ -
that (3.2.22) holds forallF = 0 T 1(B ) nsS 1(F ) € Fwith P_,(6F) =0
. n n n n R
. n=1
for some fixed m.

Moreover, we assume that for all s > 0 and j € S

(3.2.23) P, ({x: T (x) <s At (§); S_(x) =3} =o0.
R m m

m
-1 -1 -1 -1
Choose Fy = nle“ (Bn) ns_ (Fn) n 1m+1(3) n Sm+1(F) e F

with P_, (§F) = 0.

The proof of. (3.2.:22) for F. proceeds similar as in theorem 2.4. 3.

0
The only difference is that we additionally use (3.2.23) to show that
Pé?) (E3 n ET) = 0 (see for notation pages 56 and 57) .

To cbmplete the inductive argument we have to show that (3.2.23) holds when
m is replaced by m+l, for all s > 0'and j € S.
Since (3.2.22) holds for FO it is sufficient to show that

(3.2.24) P ({x: T
m+

R

From lemma 3.2.6.(i) it follows that

*
LX) < sAt ()i oS (%) = i} = 0.
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(3.2.25) P {x: = (x) =3h =0

*
sAt (J)

. .
for all j € S with t (j) > O and for allL s > O.

Combination of (3.2.8), (3.2.13) and (3.2.25) yields

(3.2.26)  ©»  ({x: m
Ry

SAt*(j)(X) =3 >0

for all j ¢ S with t (§) > 0 and for all s > 0.

On the other hand we have

(3.2.27) PRﬁ {x: nsAt*(j)(x) =ijh 2
D (sat®(3))k] 4
> 3 P, (x:s . 0=3; T (o=nk ;Tm+7(x)>s/\t-3*(j)})=

n=1

[ (sat™(3))k] [(sAt*(j))k]r

z I J(1—k—lq(j,a))drk(j,2k_1)(a).
n=1 2=n+1
. A
L. -1 .
. PRi ({x: Tm+1(x) = nk " ; Sm+1(x) = 3j}) =
> exp(-2b(sAt™(3)) P Ux: T (o) <sat’ (3)58 ,, (0 = 3)).

In the right hand side of the last inequality b denotes

sup {q(s,a): (s,a) € S x A}.

Combination of (3.2.27) with (3.2.26) yields (3.2.24). a
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CHAPTER 4

COST FUNCTIONALS ON J [0, )

4.1. INTRODUCTION.

In this chapter we show how the results of chapter 2 can be applied
in the study of continuous time stochastic optimization problems. Let
(S,Al,Az,q,H,p,cl,cz,f) be a CTMDP, PO an initial distribution on S, (V,R)
a policy with R=(R1,R2) and (V(k),R(k)) a policy for the k-th approximating

(k)=(R;k),Rék)). Finally let c(.) and c(k)(.) be cost

(k),R(k))

respectively. That is, c(x) represents the total costs incurred when the

DTMDP, k =2 1 with R
functionals on J[0,») depending on policy (V,R) and (V

stochastic process governed by policy (V,R) evolves along sample path x.
In order to apply the discretization procedure to optimization problems
the convergence result of theorem 2.4.3 is not sufficient. Additionally we

need sufficient conditions for

J’ o k) (k)

(x) dp (x)> J c(x) dap
(V(k)’R(k))

J[0,»)

(4.1.1) (x), as ko,

(V,R)
JkEO,w)

In this chapter we will give several sets of sufficient conditions for
(4.1.1). First we introduce three possible cost functionals, for which we

shall investigate relation (4.1.1) (see also definition 3.1.1).

DEFINITION 4.1.1. Let (S;Al,Az,pl,pz,ci,c2,f,k) be a DTMDP and (V,R) a

policy with R=(R1,R2). Assume that ci(.,.) is bounded from below, i=1,2.

(1) For O < o < 1 the a-discounted cost functional under (V,R) is a
. (k) .
function ca,(V,R)(') on Jk[O, ) defined by
(k) _ 2 n -1

(4.1.2) Ca,(V,R)(X)’ = I o J Cl(ﬂ _1x,a) de(x,nk ) (a) +

n=1 nk
oo A1
+ L o 1V(n _1x). J Cz(ﬂ _1x,a)dR2(x,nk-1)(a).

n=1 nk nk

)



82

(ii) For 0 < o £ 1 the a-discounted, n-horizon cost functional under (V,R)

, . (k) .
is a function ca,n,(V,R)(') on Jk[O,w) defined by
(k) T -1
(4.1.3) c (x): = L a c, (m x,a) dr, (x,%k 7) (a) +
o,n, (V,R) 1 -1 1
=1 2k
A
1
) -1
+ o 1V(n —IX)J cz(n _1x,a)dR2(x,£k ) (a)
2=1 2k a 2k

2
(k)

(V,R)(’) on

(iii) The average cost functional under (V,R) is a function c
Jk[O,w) defined by
(k) -1 (k)

c (x): = lim sup n ¢
(V,R) e 2% C1n, R

(4.1.4) (x).

DEFINITION 4.1.2. Let (S,Al,Az,q,H,p,ci,cz,f) be a CTMDP and (V,R) a policy.

Assume that cl(.,.) is bounded from below and c2(.,.) is non-negative.

(1) For a > O the a-discounted cost functional under (V,R) is a function

Ca,(V,R)(') on J[?,w) defined by
(4.1.5) (x): = [” e-Ott c, (m.x,a) dR(x,t) (a) dt +
e ®a, (V,R) T 1\ MeX T
0 A1
L -aT (x)
+ I n+1 (x)
<
n=1 {TV(Sn)+Tn - Tn+1}
. J cz(ov(sn(x)),a) dRéx,Tn+1(x))(a).
A2 .
(ii) For o 2 0 the a-discounted, T-horizon cost functional under (V,R)
is a function Co,m, (v R)(.) on J[0,®) defined by
r+rs ’
T t
-0
1. s = t dt +
(4.1.6) Ca,T,(V,R)(X) I e J cl(ntx,a) dRﬁx, ) (a)
0 A1
> TeT (%)
+ I e 1 (x) .
< <
n=1 {Tv(sn)+Tn - Tn+1 T}

. J cz(cv(sn(x)),a) ds;X,Tn+1(x))(a)-
A

(iii) The average cost functional under (V,R) is a function c(V R)(') on
’

J[0,») defined by
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1

(4.1.7) c
0,T, (V,R)

(x): = lim sup T
o0

€v,R) (x) .

Note that by remark 2.2.19.(i) the formula's (4.1.5) and (3.1.2) coincide

P(V R)—a.e. We conclude this introduction with two theorems.
’

THEOREM 4.1.3. Let c(.) and c(k)(.) be cost functionals depending on (V,R)
and (V(k),R(k)) respectively. If
: (k) W
(1) P > P
(v(k),R(k)) (V,R)
(ii) lc(k)(x)| <M for all x € Jk[O,w) and all k 2 1; for some M>0
(iii) <Ry S ey, Py, r) "2-C-
then (4.1.1) holds.
PROOF. An immediate consequence of corollary 1.2.21. 0

THEOREM 4.1.4. Suppose that (2.4.1) holds, cl(.,.) is bounded and A2=¢.

Denote a. :=exp(—ak_1), k21 for some 0>0. Then

k
(k) (k)
Jk[O,w)
J Ca' (V,R) (X)dP(V'R) (%), as k »> =,
J[o,»)

if condition (2.4.5) of theorem 2.4.3 is fulfilled.

PROOF. Choose M > 0 such that

|c1(s,a)! <M for all (s,a) € S x Al'
Then
(k) -1 % ek} -1
le x) (k) (x)]| < Mk I e < Ma .
uk,(V JRTTY) n=1
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For P(V,R) almost all x we have: if d(xk,x) > 0 then

. (k)
lim ¢ (x ) =
ke o, (v g0y K

3

= lim I exp(—ank—l) I k—1c1(ﬂnk_1xk,a)dek)(xk,nk—l)(a) =

k> n=1

By

N -1 (k) -3 _
= lim exp(-ak [tk]) c1(ﬂ _1xk,a)dR1 (xk,[tk]k (a)dt=

k> [tk1k

=0 a,

o[ et ( ) 4R, (x,t) (a)dt = ()
= e c1 ﬂtx,a 1 X, a = ca,(V,R) X) .

£=0 a,

The last but one equality follows from (2.4.5), the continuity of cl(.,.),
corollary 1.2.21. and the consideration that

c \
ntk(.) e ﬂt(.) if tk > t,
at all x € J[0,») for which m x = m_,x = 7__x. Application of theorem 2.4.3

t t+ t
and 4.1.3 completes the proof. 0

Theorem 2.4.3 cannot be applied to prove (4.1.8) in case of a general CTMDP
with impulsive controls and/or unbounded cost rates. In this case we have

to investigate relation (4.1.1) more closely.
4.2. THE o-DISCOUNTED COST FUNCTIONAL.

Let (S,A ,Az,q,H,p,cl,cz,f) be a CTMDP, P. an initial distribution on

0
(k),R(k)) be a policy for the k-th

1
S and (V,R) a policy. Moreover, let (V

approximating DTMDP, k = 1. Assume that cl(.,.) is bounded from below and
c2(.,.) non-negative. In this section we shall derive sufficient conditions
for (4.1.8), which meet better the moael assumptions of several applications

than the conditions of theorem 4.1.4. For § > 0 and k = 1 we denote

W (8): = {jes:t (3) > 8},

V(k)

Let {Al(j): j € S} be a collection of measurable subsets of A,, with the

1
property that there exists a natural number ko (not depending on j), such
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that for all k 2 k0

(k) Covy _ . .
R, (x,8) (A /(3)) =0 if mx =13, (P

(k) %
A)-a.e.
(V(k),R(k))

Let {Az(j): j € S} be a collection of measurable subsets of Ay with the

property that there exists a natural number k., (not depending on j), such

0
that for all k 2 ko and t 2 0 we have

(k) vy . i (K) (k) _
R2 (x,t)(Az(J)) =0 1fwtx—jev . (P v(k) R(k) Xx\)-a.e.

THEOREM 4.2.1. Suppose that (2.4.1) holds and that conditions (2.4.3),
(2.4.4) and (2.4.5) of theorem 2.4.3 are satisfied. Choose o > 0. Then
(4.1.8) holds if the following conditions are fulfilled.

(i) There exist a 60 > 0 and a natural number k., such that for all kao and

0
n=1
(4.2.1) J p(n _ %2, (8,)) ™ kY @) =1
- k0o 2
nk
A
if T (m X) = k—1
SRS

(ii) There exist a constant B = 1, real-valued non-negative continuous
functions h1(.) and h2(.) on S and a measurable function % from [0,«)

into [1,*), such that

4.2.2)  swp e (j,a)| <h (3, e i=1,2.
. 1 i e ’
aeAi(j)

2. 2. '
(4.2.3)  h{(£(3,5)) < h{(3)(s), (§,5) e 8 x [0,%); i = 1,2.

(4.2.4) ¢ %) <1, s 20

(4.2.5) [ e ¥y (s) ds < w.

”

0
su ' h2 j 3 ; 2 .
(4.2.6) P 13g)a(,a,3)) < BRI(H), j e s; i =1,2.
aeAl(J) s 0 1
(4.2.7)  sup rh?(j )dp(j,a,j.) < th(j) jes; i=1,2
aca () J 170 0 i T
S

4.2.8) [ 2

J l(J) dPO(j) =3y, <, i=1,2.
S
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(4.2.9) g(.,.) J hi(j) dn(.,.,j) is continuous on S x Al; i=1,2.
S
(4.2.10) { hi(j) dp(.,.,3j) is continuous on S X A2; i=1,2.
S
(4.2.11)  8%p(®)e™ + 1 - p(8)) < 1 and p(8) > 0 for some 0 < § < §,
where
2
p(8): = 2 exp(-bSs-b"§) - 1
b: = sup{q(s,a): (s,a) € § % Al}'
PROOF
In the proof of this theorem we put for abbreviation: P:=P(V R’
p. .=p'K) p™), _pn) p™), _p(n) . "I(k; -
: ' °= ’ Chat - ] °= LU E ’
k (V(k),R(k)) (V,R) k k,(v(k),R(k)) k v (&) \Y
(k) (k)

gk:=gv(k), g:=gy» ok:=ov(k) and 0:=0V.

From theorem 2.4.3 follows that

w
Pk—)-P.

With the continuous mapping theorem this implies for n > 1

(n) w _(n)
(4.2.12) Pk 5 P on Jn.
We consider two cases separately, which together yield the proof of the

theorem.

Case (i). Assume that c2(s,a) = 0 for all (s,a) € S X A2. Put for n =2 1

and k 2 1:

Tn+1(x)k
g m:= | T oofx! Jcl(w _radr® o, @, (0
2=T (x)k+1 2k
Jk[0,°°) n A
1
and for n > 1:
n+1(X) ot
f(n): = e Jcl(ﬂtx,a)de(x,t)(a)dth(x).

Jglo,») t=T (x) A
n 1
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Then (4.1.8) holds if there exist sequences of non-negative real numbers

{b(n)}, {bk(n)}, k = 1 such that

(4.2.13) £ (n) > £(n) ask>®, n=1

(4.2.14) lfk(n)l < b (n) forn=1andk 2 1

(4.2.15) bk(n) - b(n) as k >, n 21

(4.2.16) ; b, (n) > ; b(n) < = as k > «.
n=1 n=1

Next we define for z = (tl,jl,...,tn,]n) € Jn(k) respectively € Jn

(z): = 1 @) 3 o™ dmky < sh).
Yk [0, ' k

m=t_k+1
n n
) ai J k_lcl(f(jn,lk_l—tn),a)dR;k)(gk(z),lk_l)(a)
2=t _k+1
n 1
(the value m=® is supposed to be included in the first summation) and
s
= -at |
u(z): = 1[0100) (tn) J . J e
(s,;)e[tn,w]xs t=t_
. J cl(f(jn,t—tn),a)de(g(z),t)(a)dt dQ(n)(Z)(S,j).
Al
Then
o= | ow ar ™ (2)
i ] % K
Jn(k)
and

(n)

f(n) = J u(z) 4ap (z).

J

n
Hence we conclude from (4.2.12) and corollary 1.2.21 that sufficient for
(4.2.13) is the existence of non-negative functions v(.) and vk(.) on Jn and

Jn(k) respectively, such that

(4.2.17) uk(.) g u(.), P -a.e.
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(4.2.18) lu ()] < v () for k = 1
(4.2.19) v () v, p™ 5.
(4.2.20) I vk(z) dpén)(z) > I v(z) dp(n)(z), as k > «,

Jn(k) Jn
From lemma 4.2.2.(i) below follows that (4.2.17) holds. Next we define

> = 3 ; i
for k 2 1 and for z (tl,Jl,...,tn,]n) € Jn(k) and € Jn respectively

-at ® -1

_ . n,B -1 —omk -1

vk(z): B 1[0,w)(tn) hl(Jn) e k I e 2(mk 7)
m=1
and
ot -os
viz): = 1pg (k) h (3 e n { e %y (s)as.
0

Then (4.2.18) holds by virtue of lemma 4.2.3.(i) below; (4.2.19) follows
from (4.2.5) and the continuity of hl(') and (4.2.20) follows from lemma
4.2.5 below.

What remains to prove is the existence of sequences {b(n)}, {bk(n) k21
such that (4.2.14), (4.2.15) and (4.2.16) hold.

By Schwarz' inequality we have

-ot

(4.2.21) J hy (3 )e ndPén)(z) <
Jn (k)
T 2 -at () 5 [ at (n) 1%
< [ J hl(]n) e de (z) L e de (z)J .
J_ (k) J_ (k)
n n

Combining (4.2.21) with (4.2.8) and lemmas 4.2.4 and lemma 4.2.6 below

yields'for all § < §, for which p(§) =2 0 and for all k large enough

0
’ -0t ' n_‘l
(4.2.22) J h,Goe  "ar™ (@) < 8% e ®prrpen
3 k)
Put
n-1 w -1
b (m: = Byl p@+tpen k7 oz ™ g
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and
n %, -aé n-lo® s
b(n): = (B Yl) (e p(8)+1-p(8) 4 I e f(s)ds
0
with 0 < § £ §_ such that Bz(e—adp(5)+1—p(6)) < 1, which is possible by

0
virtue of (4.2.11).

One easily verifies with (4.2.22) that these choices for {bk(n)} and {b(n)}
satisfy (4.2.14), (4.2.15) and (4.2.16). This completes the proof of case
(i).

Case (ii). Assume that c1(s,a) = 0 for all (s,a) € S x Al'
For z = (t1,31,...,tn,]n) € Jn(k) and e.Jn respectively, let uk(z) and

a(z) represent the expected discounted costs upto the next jump epoch under

policy (V(k),R(k)) and (V,R).respectively, i.e.
. t k+1, (3 )k
_ ~(n) . n  k °n
w (z): = Qe (Z)({Tk(jn)+tn} x 8) . .
Ic (0. (31,28 (g (2),t +1_(3.)) (a)
. 27k n’’ 2 k "'n k'“n
)
and
. -0 (t +1(j_))
a2 = 0™ () e +e } x 8) . e noon

. J c2(0(jn),a)dR2(g(Z),tn+T(jn))(a).

A

When Tk(jn)=°° or T(jn)=°° the right hand sides are interpreted as zero. Put

%k(n): = I ﬁk(z)dP(n)(z)

k
J_(k)
n

(n)

£n): = Jﬁ(z)dp (2),

J
n
Then (4.1.8) holds if there exist sequences of non-negative real numbers

{B(n)}, {gk(n)}, k = 1, such that
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(4.2.23) %k(n) > £(n), as k > ®; n > 1
(4.2.20) g )| = b () forn > 1 and k 2 1
(4.2.25) ﬂk(n) > b(n) ask >®; n 21
(4.2.26) $ b (n) > I bm) <o as k > .
k
n=1 n=1

Sufficient for (4.2.23) is the existence of non-negative functions v(.) and

;k(.) on Jn and Jn(k) respectively, such that

- c .
(4.2.27) g () > ul, P 46,

@.2.28)  |u ()] v (), x 21
~ C ~

(4.2.29) v () > v, p ™ _ae.

(4.2.30) J ;k(z) dPén)(z) > J v(z) @™ (z), as k > «,
J_ (k) J
n n

From lemma 4.2.2.(ii) below follows that (4.2.27) holds.

Define for k 2 1 and for z

(tlljll---rtn,]n) € Jn(k) ar}d € Jn
respectively
-ot

. n
hz(jn)e .

;k(z): = v(z):
The rest of the proof pfoceeds similarly as in case (i). M

We assume that all quantities introduced in theorem 4.2.1. preserve their
meaning in the next five lemma's.
u(.), P(n)—a.e.

acy, pPM™_ge.

LEMMA 4.2.2. (i) u ()

ya va

(i1) u ()
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PROOF. Let z = (t st ,3 ) € J_, with t < « and
—_— n -n n n

I PR
1771
z(k) = (tl(k)’jl(k)""'tn(k)'jn(k)) € Jn(k), k 2 1 such that z(k) > z.

(i) By interchanging the summation in the definition of uk(.) we have

(4.2.31)  u (2(k) = I oo™z =1 x sh) .

£=tn(k)k+1
-1 . -1
J k Ci(f(jn(k),lk —tn(k)),a) dr
A

1
From lemmas 2.4.4 and 2.4.6 follows that for A-almost all s

(k) -1
1 (gk(z(k)),lk ) (a).

4.2.32) o™ () (s, =1 x 5% > 0™ (2) (5,1 x 8T

for any sequence sk > s.

Combining (4.2.31), (4.2.32), the continuity of cl(.,.), (2.4.5), (4.2.2),
(4.2.3) and (4.2.5) yields

lim (z(k)) =
k> Uk

= I e_atQ(n)(z)([t,m]xS+) Jcl(f(jn,t—tn),a)de(q(z),t)(a)dt =
t=t A
(n)

= u(z), P -a.e.

1

(ii) From lemma 2.4.4 follows with (2.4.3) that

(

(4.2.33) an)(z(k))({Tk(jn(k))+tn(k)} xg) >

(@) (e e} xs).

Together (4.2.33), the continuity of c2(.,.), (2.4.3), (2.4.4) and the
definition of Ek(.) and u(.) yield

_ —a(t +T(3))
o™ @ e ) x ;e

lim a (z(k))
k- E

. I cz(o(jn),a) dRz(g(Z)' tn+T(jn))(a) =
A

2
= u(z), P(n)—a.e.
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v

LEMMA 4.2.3. (i) [uk(z)| < vk(z) for all z € Jn(k), k

IN
v
—-
.

(ii) |uk(z)l vk(z) for all z € Jn(k), k
PROOF. From (4.2.31), (4.2.2) and (4.2.3) follows (i), while (ii) is a
consequence of the definition of ﬁk(z), (4.2.2), (4.2.3) and (4.2.4).

LEMMA 4.2.4.

-ot
{ e n+1h§(j yap (01

<
n+l k (z) <

—dtn 2
<8 I e hy (3 )ap
J_(k)
n

(n)

k (z)

for all k = kO' nx=1;1i=1,2; ¢=1,2.
We prove the lemma for #=1. The proof for 2=2 proceeds similarly.

PROOF. From Schwarz' inequality,: (4.2.6) and (4.2.7) follows

(4.2.34) sup J h, (3,) dl(j,a,j,) < Bh, (J), jes; i=1,2.
aeh, (3) i'”0 0 i
1 S
and
(4.2.35) suwp J hi(jo) dp(j,a,jo) < Bhi(j), jes;i=1t,2.
aeAz(]) 3

Next we observe that

(4.2.36) J e"“tn+1 (n+1)

h; Gpp) @y (z) =

Jn+1(k)

(n)

K (z).

- I e-athi(j)dQén)(Z)(t,j)dP
3 k) [0,=]xs"

By the definition of Qén) (see definition 2.3.7) we find for

z = (tirjll---tnljn)
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(4.2.37) e‘“thi<j) dQén)(Z)(t.j) =
[0,oxs*
Tk(jn)k—1 m-1 -1 1 -1
= z I J {1-k q(f(jn,ﬁk ) ,a)+k o(1)}
m=1 2=1
1 &% (g (2) 14t ) (a)
1 ‘%t n’ '3

-1
-0 (tn-l-mk ) [‘ 1

-1 . -
. e J k q(f(]n,mk ),a) .

By

(

k) -1
1 (gk(z),mk +tn)(a) +

. . -1 .
. J hi(j)dﬂ(f(Jn,mk ),a,j)dR
S

+ 1{Tk(j)<m}(jn) -

T, (5 k-1 ) ) }
kg I {1-k 1q(f(jn,£k L, ek to(1)}

By
(k) -1
dr, (gk(z),lk +tn)(a) .

-0 (t_+1. (3.))
n k °n . . s
e J J h, (3)dplo, (3 ) ,a,3)
A2s

(k) .
dR2 (gk(z),Tk(jn)+tn)(a).

From (4.2.37) follows with (4.2.33), (4.2.34) and (4.2.3)_that

(4.2.38) { e—athi(j)inn)(z)(t,j) <
[O,w]xs+
-ot - (t-t )
n. . [ n (n) .
< Be hi(]n) +e Q(t—tn)ko (z) (t,3).
[0,°]xs
Now (4.2.36) and (4.2.38) together with (4.2.4) yield the proof. 0
LEMMA 4.2.5. For all n > 1
"‘U.tn (n) -at (n)
e n, (G )ae ™ (z) > J e T b (308" (2), as k > «.

Jn(k) Jn
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PROOF. The proof proceeds by induction on n. For n = 1 the lemma follows

from the equality

oty (1)
e h (G @ (2) = J h, (3)dP(3) =
3, (k) s
1
-0t
=jr e lhi(jl) ar (2.
J

Suppose the lemma is true for n.
By (4.2.36) and (4.2.12) it is sufficient to show that there exist non-

negative functions w(.), wk(.) on Jn and Jn(k), k 2 1 respectively, such

that
(4.2.39) [ e—athi(j)dgén)(.)(t,j) S
[o,ooJ]xs+
I e"“thi(j)dg(“’(.)(t,j), as k > .
[0,w]xs+
(4.2.40) [ ot h, D™ (@) (£,9) < w (@), for z € T_(k)
ro,»mxst "
@.2.41) w0 sw,  p™oae.
(4.2.42) J wk(z)dPlin) (z) ~ J wizyae'™ (z), as k > .
J_ (k) J
n n

From (4.2.27) we find with application of (4.2.9) and (4.2.10) that
(4.2.39) holds.
Put for z = (tl'jl""’tn'jn) €J and € Jn(k) respectively

—atn
w(z): = wk(z) = Be hi(Jn).

Then (4.2.40) follows from (4.2.38); (4.2.41) follows from the continuity
of hi(.) and the induction hypothesis yields (4.2.42). ]



-ot
[ e °° dP}izn)(z) < (e 5 (8)+1-p (&))"

J2n(k)

for all 0 < § < 60 with o(8§) 2 0, all n > 1 and all k large enough.

LEMMA 4.2.6.

PROOF. From (4.2.1) follows, with the same arguments as used in the proof

of theorem 2.2.18. that for all 0 £ § < 60, all s 2 t and all k large

enough
(n+2) _ . nt2 _ ;D2
(4.2.43) Py ({z—(tj,lj)j=1.tn+25t+5}]{Z—(tj,lj)j=1.tn—s}) <
< 2(1-(1-k " 1p) L8Ry < 1-p(8),

where p(S) = 2 exp(—bd—bzd) - 1.

Choose 0 < § < 60 such that p(§) > 0 and define a sequence (Xm):_1 of

independent random variables on a common probability space (Q,A,P), such

that for allm > 1

P(Xm = §) p ()

I

IP(Xm = 0) 1 -p(d).

Then we get from (4.2.43) by induction on n for all k large enough

(2n) .\ 2n 2
P {z=(t,, i) :t, St} <sP(I X <t), nx1,
k j"73j"3=1""2n m
m=1
This in turn implies n
-2 I X (w)
-at . m
(4.2.44) Jf e 2“ap}£2"’ (z) < Jf e ™! aP (w).
Jzn(k)‘ .Q
Since the right hand side of (4.2.44) equals
% n. -k k n-k -ad n
z (k) e (p(8)) (1-p(8)) = (e p(8)+1-p(3d))
k=0

the lemma follows. 0
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Theorem 4.2.1 can be successfully applied to prove structural properties of

optimal policies for CTMDP's. To make this explicit we need some definitions.

DEFINITION 4.2.7.

(i) Let (S'Al'AZ'Pl'pZ'cl’CZ'f'k) be a DTMDP and PO an initial
distribution on S. Assume that ci(.,.) is bounded from below,
i =1,2. Let R denote a certain class of policies for this process.
A policy (V*,R*) is called a-discounted optimal in R if for every

policy (V,R) € R

[ (k) (k) (%) (k)
] cd,(V*,R*)(X)dP(V*,R*)(X)S ca,(V,R)dp(v,R)(X)'
Jkto;w) Jkto,m)

(ii) Let (S,Al,Az,q,H,p,cl,cz,f)beexCTMDPandE%)an initial distribution on
S. Assume that Cl("') is bounded from below and c2(.,.) non-negative.
Let R denote a certain class of policies for this process. A policy

*
(V*,R ) is called oa-discounted optimal in R if for every policy

(V,R) € R
(
] Ca, (v, RY) RN gry (RS o, (v,r) KNPy, r) X
300, =) 3[0,%)

Similar definitions can be given for optimality with respect to finite

horizon cost functionals.

DEFINITION 4.2.8. Let (S,Al,Az,q,H,p,cl,cz,f) be a CTMDP and PO an initial

distribution on S. Assume that cl(.,.) is bounded from below and 02(.,.)

non-negative. A regular policy (V,R) for this process is called strong

(k) (k)

regular if there exists. for all a > 0 a policy (V R ) for the k-th

approximating DTMDP, k > 1 such that (4.1.8) holds.

THEOREM 4.2.9. Let (S,Al,Az,q,H,p,cl,cz,f) be a CTMDP and PO an initial

distribution on S. Assume that (2.4.1) holds, that cl(.,.) is bounded

from below and 02(.,.) non-negative. Put o = exp(-ak_l) for some a > O.

K
*
Let (Vk,R;) be a ak—discounted optimal policy for the k-th approximating

DTMDP in the class of all policies, k =2 1. If there exists a policy
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(V R ) for the CTMDP such that (V R ) and (Vk ,Rk ) satisfy (4.1.8)
j

=1
for some subsequence (k ) -1 then (V ,R ) is a a—dlscounted optimal policy

in the class of strong regular policies.

PROOF. Assume the contrary i.e. suppose there exists a strong regular

policy (V,R) such that

€4.2.45) (x) ar (x) (x)ap * (X).

J a, (V,R) (V,R) J a, (v*,R") W,
300, [0, =)

Since (V,R) is strong regular there exists for k > 1 a policy (V(k),R(k))

for the k-th approximating DTMDP, such that

(4.2.46) J c ) (xyap (x) >
(k) _(k) (k) (k)
ro oy @ ;
JkLO,) k,(V SR (v SR
> J cu,(V,R)(X)dP(V,R)(x)' as k > o,
J[0,=) ’
From the assumptions of the theorem follows
(k.) (kj)
(4.2.47) J c - )(x)dP(V* . )(x) >
Q. ’ ’ !
kato,w) Ry iy Ry Ky Rkj
> J %, (7", R%) K (R
J[0,=)

Together (4.2.45), (4.2.46) and (4.2.47) contradict the optimality of
x %

(v, R ) for j large enough. 0
k5K

THEOREM 4.2.10. Let (S, Al,Az,q,H,p, /Cys£) be a CTMDP and P an initial

1 0
distribution on S. Assume that (2.4.1) holds, that ¢y (.,.) is bounded

from below and c,(.,.) non-negative. Put a, : = exp(- ak ) for some o > O.

2 k
Let (V(k),R(k)) be a oy -discounted optimal policy for the k-th approximating

(k) = (R (k) (k)

for the CTMDP is a-discounted optimal in the class of strong regular

DTMDP in the class of all policies, with R ). A policy (V,R)

policies if at least one of the following three sets of conditions is
fulfilled:
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(1)

(4.2.48) lim inf r c(k) ®) (k) (x)dP(kik) (k) (x) 2
k> a ,(V R (v SR
Jk[o,w) k
> I Ca, (v,R) X P (y,r) *
J[0,)
(ii) c1(.,.) is non-negative; (2.4.3), (2.4.4) and (2.4.5) hold and
L (k)
1lim inf c k) (k) (xk) > ca,(V,R)(X)

| Saud U-kl (V ,R )

o
for any sequence (xk)k=1 with d(xk,x) -> 0, P(V’R)—a.e.
(iii) cl(.,.) is non-negative; V=@ and (2.4.5) holds.

PROOE .

(i) The proof of theorem 4.2.9 goes through with replacement of (4.2.47)
by (4.2.48).

(ii) An immediate consequence of theorem 2.4.3, corollary 1.2.23 and pért
(1).

(iii) Since V = @ we have

ca,(le)(x) = I e-at J cl(ﬂtx,a) de(X,t)(a)dt

0 A1

while

(x):k_1 z a; J Cl(ﬂ ~1x,a)dR;k)
n=1 nk

e k) (k) (x,nk”1) (a) .
akl(v R ) A1

Hence for any sequence (xk) for which d(xk,x) >0

(k)
(x,) =
ak,(V(k),R(k)) k

© -1
= lim inf J e—ak Cek] J Cl(ﬂ

00
k t=0 A 1

lim inf c

o

dR;k)(xk,[tk]k—l)(a)dt >
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® _at ) [ (k) -1
> i -
> J e 11:+inf ] cl(“[tk]k‘i ¥ ,a)dR, (xk,[tk]k ) (a)dt
0 A
1
= %, (v,r) %)
Application of part (ii) completes the proof. O

For applications of the theorems 4.2.9 and 4.2.10 the reader is referred

to chapters 5, 6 and 7.
4.3. THE a-DISCOUNTED FINITE HORIZON COST FUNCTIONAL.

For the a-discounted finite horizon cost functional we have an analogy

of theorem 4.2.1.

,£) be a CTMDP, P, an initial

0
(k),R(k)) a policy for the k-th

THEOREM 4.3.1. Let (S,Al,Az,q,H,p,cl,C2

distribution on S, (V,R) a policy and (V
approximating DTMDP, k 2 1..Assume that ci(.,.) is bounded from below and

c2(.,.) non-negative. Choose o > 0, put a, : = exp(-ak—l) and let T > 0. If

k:
the conditions of theorem 4.2.1 hold, then

( (%)

c (x) ap
(k)'R(k)) (V(k)'R(k)

(x)

a, ,T ,(V )

Jk[o,w) k' 'k

(x) ap (x)

” j a,T, (V,R) (V,R)

Jl0o,=)
as k + «, for any sequence (Tk) of natural numbers for which k—lTk + T and

for any T for which

(n)

(4.3.1) P(V'R)

{z = (tj,i.)n

P5ep7 T, ) = T =0 n=>t.

PROOF. The proof proceeds along the same lines as the proof of theorem

4.2.1 and hence it will be omitted. 0

From theorem 4.3.1 we can easily derive a finite horizon analogy of theorem
4.2.9. However, this analogy is not as useful as theorem 4.2.9 itself, since
in most finite horizon applications with impulsive controls there does not

exist an optimal policy with time independent impulsive control set.
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4.4. THE AVERAGE COST FUNCTIONAL.

The analysis given in section 4.2 for the a-discounted cost functional
fails for the average cost functional. Even for a CTMDP
S,Al,Az,q,H,p,cl,cz,f) with A2 = @ and lcl(.,.)| bounded, the conditions of

theorem 2.4.3 do not ensure that

(k) (k)
(4.4.1) J SR (k) (x)dp ) (k) (x) »
(v R (v SR
J,[0,»)
k
> J c(V,R)(x)dP(V,R)(X)’ as k > o,
Jlo,=)

EXAMPLE 4.4.1. Put s = {1,2}; A

T(1,a{2}) = 1(2,a,{1}) = 1 for all a ¢ A

f(i,t) =i for (i,t) € s x [0,»).

= [0,1]; a, = @; q(i,a) = a for

(i,a) € s x Al;
c1(1,a) =< # c, = c1(2,a), a e Ai;
Suppose the initial distribution is given by PO({I}) = 1. Let (V,R) be a

policy for this process .defined by V = @ and Rl(x,t) = 0 for all (x,t) €
J[o,~)x [0,®).

Define for k 2 1 a policy (V(k),R(k)

) for the k-th approximating DTMDP by

v% g ana Rfk)(x,t) = k! for all (x,t) € 3,[0,®) x L, -
Note that condition (2.4.1) holds, (2.4.3) and (2.4.4) are trivially
satisfied and (2.4.5) follows from the definitions of R1 and R;k). However,
J c(V,R)(X) dP(V,R)(X) =c
J[0,)
and
( (k) (k) _ S
J ®) _ (k) (x)ap x) (k) (x) = 5(c1+c2), k 2 1.
(V77,R (V7 ,RT)
Jk[O,m)

The problem is that for the most simple cost structure the average cost
functional is not necessarily continuous on J[0,»). To provide an analysis
for the average cost functional similar to that given in section 4.2 for

the o-discounted cost functional we have to endow J[0,») with another metric

under which the average cost functional becomes continuous.
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Although it seems worthwhile to deduce general conditions which ensure
that (4.4.1) holds, we have chosen another way in dealing with the average
cost functional. In order to obtain sufficient conditions for the
existence of (structured) stationary average optimal policies for a CTMDP
we derive sufficient conditions which guarantee that a "limit point"

of a sequence of ak—discounted optimal policies with o, converging to O

is an average optimal policy for the CTMDP. When thesekconditions are
satisfied we are able to carry forward structural results of optimal
policies for a CTMDP from the discounted cost case to the average cost
case. In this transition no discretization procedure is involved. Hence
in obtaining structural results for an average optimal policy for a CTMDP
we propose the following path: first of all analyse the discounted
optimal policy for the k-th approximating DTMDP, then use theorem 4.2.9
to carry over structural results to the discounted optimal policy for the
CTMDP and finally use the analysis of this section (theorem 4.4.6) to
carry over structural results to the average optimal policy for the

CTMDP.

an initial

DEFINITION 4.4.2. Let (S,Al,A ,q,H,p,cl,cz,f) be a CTMDP and P

2 0
distribution on S. Assume that ci(.,.) is bounded from below and cz(.,.)

non-negative. Let R denote a certain class of policies for this process.
* %
A policy (V ,R ) is called average optimal in R if for every policy

(V,R) € R

J colt, (v*,R*) (X)dP(V*,R*) (x) .<

J[0,)

lim sup t—1
t oo

< lim sup t_1 f
£ J
J[0,=)

cO;t,(V,R)(X)dP(V,R)(X)'

We need the following well-known Abelian theorem.
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THEOREM 4.4.3. Let w(.) be a non-negative, non-decreasing function on

[0,») with w(0) = 0 and put

£(a): = [ e *Caw (v, a > 0.

0
If f(a) < » for all a > 0 then

(4.4.2) lim sup af(a) < lim sup tnlw(t)
a0t toe

and

(4.4.3) lim inf af(a) > lim inf £ ‘w(t).
a0t tooo

PROOF. (see also WIDDER (1946), page 181).

Since f(a) < «® and w(0) = 0 we have

00
f(a) =0 [ e—atw(t)dt, o > 0.
1
Hence
2 [T -at -1
(4.4.4) af(a) < o j e w(t)dt + sup t “w(t) for all T > 0.
0 t2T

Since f(a) < ® for all o > O we can find a constant M such that for all t>0

w(t) < mMet
whence
2 (T -at 2 T(1-a) -1
(4.4.5) o J e w(t) dt < a M(e - 1)1 - a) .
0

From (4.4.4) and (4.4.5) follows that for all T > O
. -1
lim sup af(0) < sup t "w(t)
o0t £>T

By allowing T to become infinite we find (4.4.2). The oroof of (4.4.3) is

similar. 0
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REMARK 4.4.4. Relations (4.4.2) and (4.4.3) are also valid when f(a) = «

for some o > O.

NOTATION 4.4.5. Let (S,Al,Az,q,ﬂ,p,cl,cz,f) be a CTMDP and PO an initial

distribution on S. For any policy (V,R) we denote

c((V,R),a): = (x) dp (x)

J a, (V,R)
J[0,)

(Vl R)
(the expected a-discounted costs under (V,R); see also definition 3.1.2);

c(V,R) (t): = (x) dp (x)

0,t, (V,R) (V,R)

)
JL0,®)
(the expected total costs over [0,t] under (V,R));

. -1
c(V,R): = 1lim sup t "c(V,R) (t)
o0

(the average expected costs under (V,R)).

THEOREM 4.4.6. Let (S,Al,Az,q,H,p,cl,cz,f) be a CTMDP, Py an initial
distribution on S and (az)z_1
converging to zero. Assume that c

a sequence of positive real numbers

(.,.) and c,(.,.) are non-negative.

1 2
Suppose that for £ 2 1 the policy (V* ,R* ) is ak—discounted optimal in

s Yoos
a given class R. If there exists a pbllc% (V*,R*) such that

(4.4.6) c(v* ,RY) » v, as L >
Gy %

and if
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(4.4.7) sup g (T) -0 as T »>
o
2 2
where
* * X -1 * *
9y (T): = C(Va ’Ra) - inf t C(Va Ry ) (v) =z 0,
'3 2 2 t>T % A

* *
then (V ,R ) is average optimal in the class R
PROOF. Let (V,R) be an arbitrary policy from R, such that
(4.4.8) c((V,R),0) < o for all a > 0.

Since for all x € J[0,») and all o > O

(x) = J e_atd (x)

€a, (V,R) €0,t, (V,R)

it follows that

c((V,R) ,0) e *fac(v,R) (1)

i
I —
8

o

From theorem 4.4.3. we find with (4.4.8)

(4.4.9) c(V,R)2 lim sup o c((V,R),q).
a0t

* * .
From the a -discounted optimality of (V  ,R/ ) in R follows

2 2
* *
(4.4.10) c((V,R),aQ) > C((Va 'Ra ),az) for 2 = 1.
2 L
Note that
* * i _agtd * * S
alc((‘ap’Ruy)'aﬁ) = al e C(\GQ'de)(t) >
), ) =0 ),
o - t
a2 [ e P oot & ) mae
3 J o o
T 3 2

for all T > 0.
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Henqe

. * *
lim sup aIC((Va PRy Do) 2

2
Lo —GQTQ 2 . . i
> lim sup e (1+u2T) inf {t c(v_. ,R )(t)} =
ge0 t>m % %

[l

lim sup {c(V: ,R; ) —g. (M)} 2
Qe [ %

Y

* *
> lim sup c(va ,Ra ) - sup g (T).
o0 o % L Y

Combining this with (4.4.7) we find by allowing T to become infinite

. *
(4.4.11) lim sup ulc((v ,R: ),ug) 2 1lim sup c(V* ,R* ).
[ % % o0 e %

Combining (4.4.10) and (4.4.11) yields
(4.4.12) lim sup a,c((V,R),a,) = lim sup c(Vv" ,R" ).
3o 3 2 o o
. o0 9 L
Finally (4.4.9), (4.4.12) and (4.4.6) yield

* %
c(V,R) 2 c(V ,R),

which proves the theorem. 0

REMARK 4.4.7 (i). From the proof of theorem 4.4.6 follows immediately that

condition (4.4.6) can be relaxed to

* * * *
lim sup C(Va ,Rbl ) 2 ¢c(V ,R)
> L 2

(ii). It is worthwhile to notice that theorem 4.4.6 connects the
o-discounted cost case with the average cost case without using any
optimality equation.

(iii) The conditions of theorem 4.4.6 only concern the al-discounted

optimal policies which implies that all bad policies can be disregarded.

The verification of condition (4.4.6) is simple in those applications where
* %
the exact computation of c(Va,Rd) is possible. In chapters 5, 6 and 7 we

give some examples of this situation.
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_ Condition (4.4.7) however, is in general not easy to verify since the
expected total costs over finite intervals are involved. In theorem 4.4.11
below we give sufficient conditions for (4.4.7) which are much easier to
verify than (4.4.7) itself.

First we need some definitions.

DEFINITION 4.4.8. Let X be a random element of J'0,»). A random element T

of [0,»] is called a stopping time for X if
{w: T(w) €t} € Bt for all t > 0,

where Bt is the product of the o-algebra's {(nsx)-ls:‘o < s £ t} (see also
NEVEU (1965), page 99).

DEFINITION 4.4.9. Let X be a random element of J[0,»), defined on (Q,A,P).

X is called a regenerative stochastic process if there exists a sequence

(Tn):=0 of stopping times for X, such that
Lo
(i) (‘rn)n=o is a renewal process
(ii) for any n,m € N, tl""'tn € [0,») and any bounded function h defined
+.n ‘
on (S) :
< < =
E((m o Xoeeo,m x)]ntx, 0O<ts<t)=Eh(m X,...,m X.
m 1 m n 1 n

(see also GINLAR (1975), page 298).

(=]
(i) The sequence (Tn)n is called the sequence of regeneration epochs.

=0
+
(ii) 1In definition 4.4.9. above the function-m_(.) from Jl[0,») into S is

defined by 7_(x): = ¢ for all z e J[0,=).
(iii) Since the function m from J[0,») x [0,*] into S+, defined by

m(x,t): = LIS is measurable, it follows from proposition III.6.1 on page 101

of NEVEU (1965) that for any stopping time T for X the mapping ﬂTX from Q

+
into S (defined by wTX(w): = X(w)) is BT—measurable. Hence the

™
T (w)
expressions in definition 4.4.9 are well-defined.
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THEOREM 4.4.11. Let (S,Al,Az,q,H,p,cl,cz,f) be a CTMDP and PO an initial

distribution on S. Assume that ci(.,.) and c2(.,.) are non-negative.
Suppose that for all a > O the policy (vu'Ra) induces on J0,») a
regenerative stochastic process Xa with sequence of regeneration epochs

(Tn a):—O' all defined on (R,AfP). Define for n 21, o > 0 and w € 9
,0’ n=

(X (w)).

Yn,a(w): = CO,T (®), (VR (xa(w))_CO,T (), (V,,R) "4
o o o

n,o n-1,

o0
Then <(Va’Ru))a>O satisfies (4.4.7) for any sequence ((:LR)’L= converging to

1
zero if the following three conditions are satisfied:

(4.4.13) sup J Tf a(w) dP(w) < @«
o ’

Q
(4.4.14)  inf J T, W) amw) > 0
Q

(4.4.15) sup [ Yf 0t(m) dp(w) < =,
o h !

©

PROOF. From definition 4.4.6. follows that (Yn a)n—l is a sequence
=00 , =

of independent, identically distributed random elements of [0,~] for all

o > 0. Denote for t 2 0, o > 0 and w € Q

: = : < tr.
Nt,a(w) sup{n Tn'a(w) }
Then
Nt,a(w)+1
(4.4.16) c(V /R (£) = I { y YW - Yy (m)+1(m)} ar(w) .
. n=1 t,o
Q
© s
Since Nt,a + 1 is a stopping time for (Yn,a)n=1 we find by Walds equation:
Nt'a(w)+1
(4.4.17) 21 Y ) dR(w) = M (B)+1) BY,
Q
where M _(t): = EN , for £t 2 0 and o > O.
o t,a

A well-known inequality in renewal theory states
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(4.4.18) Ma(t) 2

and from the theory of regenerative processes we know by (4.4.13),

(4.4.14) and (4.4.15) that

(4.4.19) c(v ,R ) =
a' "o

Combining (4.4.16) upto (4.4.19) vyields

-1 -1
(4.4.20) t C(Va'Ra)(t) 2 c(Va,Ra) -t EYN ")

t,a

Hence sufficient for (4.4.7) is

(4.4.21) sup sup t—lEYN +1* 0 as T »> o,
a t2T t,o
Put
fa(t): = EYN e
t,o

By conditioning on r1 o Ve find
’

-1
1,a

1a(s) +J E(Y, |t (s).

=g) dPT
1, o

1,

t
fa(t) = J fa(t—s) apt 1,0
0

t

The solution of this renewal equation is
rt
= - +
fa(t) J ha(t s) dMa(S) ha(t)
0

where

“ -1
h (B): = J E(Y1’a|‘t1,a.— s)apr,” (s).

t

Note that ha(') is a non-increasing function and by (4.4.15)

sup ha(O) = sup EYl,a < o,
o a

Hence we conclude from
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- - - rt
sup sup t 1EYN +1ST ! sup ha(0)+T 1sup sup j hu(t—S)dMa(S)
o t2T t,o o o t2T 0
that sufficient for (4.4.21) is
-1 t
(4.4.22) T ° sup sup J h (t-s) aM (s) > 0 as T » o,
o o
a t2T
0
From the monotonicity of hu(') we find
t
(4.4.23) J h (t-s) dM (s) <
a o
0
ftl-1
< —-N—- - -
< I h (t-n-1) (M (n+1) Mu(n)) + ha(O)(Mu(t) Ma(rt])).

n=0

From a result obtained by STONE (1972) follows that

(4.4.24) M (t) < ETt b — L .
1,a (ET )

Combining (4.4.18) and (4.4.24) yields

(4.4.25) Ma(n+1) - Ma(n) <1+ +

From (4.4.24) and (4.4.25) we conclude that for all t =2 0

t
(4.4.26) I h (t-s) dM (s) <
o a

1 3ET1 o
< (1 + + ! ) (2ha(0) +

h (s) ds).
a

-
=3
(=]
—
O Y——
8

Finally we note that

J hu(s) ds = E(Y )

0

1,0'1,0

which implies by Schwarz' inequality together with (4.4.13) and (4.4.15)

that

(4.4.27) sup J ha(s) ds < =,
0
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Combining (4.4.26), (4.4.13), (4.4.14) and (4.4.27) vields (4.4.22) which

completes the proof. 0

Theorem 4.4.6 in combination with theorem 4.4.11 can be successfully
applied to prove structural properties of average optimal policies for

several CTMDP's. Examples will be given in the next three chapters.



CHAPTER 5

AN M/M/1 QUEUEING MODEL

5.1. INTRODUCTION AND ASSUMPTIONS.

Our first application is an M/M/1 queueing system with controllable
arrival- and service rate and with infinite queue capacity. The decision
maker can dynamically select the service rate in order to cope with random
fluctuations in the arrival process. Moreover we assume that also the
arrival rate of customers can be controlled by advertising or price
adjustment.

The parameters of the process are specified as follows. In a service
station with one server custdmers arrive according to a Poisson process
with arrival rate v, which can be varied within the interval [vl,vz], where
0 < vl < v2 < ®, The service times of the customers are independent random
variables with negative exponential distribution with parameter u when
service rate y is used. The service rate u can be varied within the
interval [ul,uzl where 0 < Hy S u, <o The cost structure consists of
three parts: a holding cost rate b(i) is incurred when i customers are in
the system; there is an income rate Bl(v) when arrival rate v is
maintained and a service cost rate bz(u) is incurred when éervice rate u
is used.

Semi-Markov versions of this model have been studied by CRABILL (1972),
SABETI (1973), LOW (1974), LIPPMAN (1975) and SERFOZO (1981).

For this model we define the following CTMDP.
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s: = {0,1,2,...}
q
A . = [vl,vzl x Ful,u24

A2: = ¢
v+y, i>0

q(i, (v,u)): = ;i (v,u) e A

1
v, i=0
(5.1.1 M = { -
) v+u J t i
(i, (v,u),3): = ; 0 <iesS; (v,n) e A,
~_ =1i+1
v+ 7 J=1
H(Ol(vlu)ll):=1l (V:U) € A

c (i, (v,m): = b(i) - 151(\» + Db, (u) .

f(i,t): = i, t2>20, 1€ S.

The state of ths system denotes the number of customers in the system. The
set of controls is the cartesian product of the set of all possible arrival
rates and the set of all possible service rates. Impulsive controls are not
allowed. The cost rate consists of three additive parts: holding cost rate
b(i), income rate Bl(v) and service cost rate bz(u). Finally the drift
function is constant in time.

The following assumptions are made on the model parameters.

ASSUMPTION 5.1.1.

(i) b(i): = bi, 1 € S for some constant b > 0.
(ii) 51(.) and b2(.) are continuous and non-negative.

(iii) vy > Hy > v1 > ul.

Assumptions 5.1.1.(i) and (iii) are made for ease of presentation but can
easily be relaxed. '

Note that by this assumption model (5.1.1) yields a well defined CTMDP,
for which assumption 2.2.2. holds.

If we replace in (5.1.1) the income function —51(.) < 0 by

b (v): = -b, (V) + sup b
1 1
ve[vi,vzl

1(v) 20

then for every x € J[0,») the a-discounted cost functional under (V,R)

changes with the same amount o sup{il(v): vy €V s v2}. Similar



113

asserﬁions hold for the a-discounted, T-horizon and average cost functional.
This implies that we can replace —51(.) by bi(')’ as far as the optimality
of policies is concerned. Hence we will consider model (5.1.1) with

bl(') > 0 instead of -b (.) £0. For all k > v, + u, the k-th approximating

! ® (& 2
DTMDP is defined by (S,Al,ﬂ,p1 1=4C ,—-,£,k), where

1
k—lu j=1i-1
(x) ,, N -1 .
py 0,3 =41k T vk, J =4 i 1>0, (Vu) eny
x j=i+1
1-xh, 3=0
(k) .
p1 (0,(\):11):])! = H (V,N) € Al
k1t , j=1

%mﬁAwMM=kd&u)+HW)+%wH,ie&(WNEAF

REMARK 5.1.2. Let (V,R) be a deterministic policy with R = (Rl'RZ)' Since

A2 = @ the impulsive control rule R2 and the impulsive control set V are in

fact irrelevant. Since A is [vl,vz] x [ul,uzl any deterministic control

rule R1 is two-dimensional. Therefore we use in this chapter a slightly
different notation. A deterministic policy will in this chapter be denoted
by R = (R1,R2), where Ri represents the i-th component of the control rule
R, i = 1,2. In general a policy will be denoted by R (a transition
probability from J[0,») x [0,®) to Ai)' The probability measure on J[0,x)

(k)(for the

induced by a policy R is denoted by PR (for the CTMDP) and by PR

k-th approximating DTMDP).

5.2. THE o-DISCOUNTED COST CASE.

PROPOSITION 5.2.1. Let P0

be an arbitrary initial distribution on S. A

policy R is regular if
(5.2.1) (g X A){Disc(R)} = O.

PROOF. An immediate consequence of definition 2.4.7. and theorem 2.4.3. 0
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PROPOSITION 5.2.2. Let P0 be an initial distribution on S with

i izdPO(i) < o, A policy R = (R1,R2) is strong regular if (5.2.1) holds.
S

(k)

+u2 a policy R =(R(k) (k)

PROOF. Define for k = v 1 ,R2 ) for the k-th

2
approximating DTMDP by

R(k)(x,t): = R(x,t), (x,t) € Jk[O,“) X Lk'

(k)

We will show that for R and R the conditions of theorem 4.2.1. are

fulfilled. Put for all j € S
Al(j): = Al'
Then

R‘k’(x,t)(Af(j)) =0

for all (x,t)eJk[O,w) X Ly k > 1.
Note that condition (4.2.1) is trivially satisfied for all positive §, and
all k_.

0
Choose a > 0 and B > 1 such that (4.2.11) holds for some § > 0 (B may depend

0

on a). Next we define

. M, 0s1isi,
hl(l): =
Mi, i> jo
2(s): =1, s 20,

where jo € S, such that j0 > (VB - 1)_1 and M: = b + sup bi(v) + sup bz(u).
. v i
We shall show that these choices satisfy the conditions (4.2.2) upto

(4.2.10). The only condition that is not trivially satisfiedis (4.2.6) for i=1.

For j 2 1 we have

2. . . - . .
J hy () (3, (v, ,3) = (v~ {vh? (3+1) +un2 (3-1) } =

s
2,.2 2, - . .
M (5941) +2M75 (v -1) (v+1) 1, 3 >3,
2.2 . 2 -1 . .
= JM Jg * (235+Lvm (v+u) ' 3=13

2,72 . .
lM JO ’ 0<3jc< 30
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Hence
sup J h2 (3) AN, (v,1) ,3) <h (3) (1435 1) *<Bn? (3)

. 1
(\):U)EAl(J) s

for all j € S. ]

DEFINITION 5.2.3. Let R = (Rl'RZ) be a memoryless deterministic policy for
the CTMDP or the k-th approximating DTMDP for some k. Hence there exist two
functions rl(.,.) and r2(.,.) on S x [0,») with values in [vl,v2] and
[ul,uz] respectively such that rj(i,t): = Rj(x,t) for all

(x,t) € J[0,») x [N,») for which TX = i, j=1,2.

(i) The policy R is monotone if rl(.,t) is a monotone non-increasing
function onS and r2(.,t) is a monotone non-decreasing function on S,
for all t 2 O.

(ii) The policy is of bang-bang type if it is monotone and

rl(i,t) € {vl,vz} and r2(i,t) € {ul,uz} for all (i,t) € S x [0,®).

THEOREM 5.2.4. Consider the k th approximating DTMDP with some initial

distribution P0 on S. Put a.> 0 and o = exp(-ak-l). For all n = 1 there
k . .
exists a memoryless deterministic policy Rn = (R(L)R(K)

nl’"n2
(1) #k)isak—discounted, n-horizon optimal in the class of all policies. -
(ii) %f)ismonotone.

) such that

Moreover, if bl(') and b2(.) are concave, then

(iii) Rg(ks of bang-bang type.

PROOF. For n 2 1 and i € S we denote

(x
(5.2.2) £y mane L e® G ahlnx = 1)
n,o o ,n,R R 0
ReR k
Jk[0,°°)

where.R denotes the class of all policies.
X i

Hence, f; L(i) is the minimal expected ak—discounted costs over the
’ .

n-horizon given that the initial state is i.

Define

£ k)

O,a(l): =0 for all i € S.

Then it follows by induction on n that for all n > 1
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K)o -1 K)o .
L) = inf (KMo (6, (v0) 4oy J £ (3 dpy 1h, v, D))
(v,u)eA1 s

£
n,

For i ¢ S and n 2 0 we put

M) oy k) k)
(5.2.3) vn,u(l)' = fn,a(l) fn,u((l 1) v 0)
and
w;l)(i,v): = b, (V) + oV véfl(i+1)
2
wé )(i,u): = bz(u) - oM v;%;(i).
Then
(k) ., _
(5.2.4) fn,a(l) =
-1 - -
=k "b(i) + ukféﬁi,a(i) + k 1izf wéii(i,v)+k 1i3f wéfi(i,u).
Define
(K)o () s (1)
(5.2.5) n,a,l(l)' = inf {v: wn_l(l,v) = 13f wn_l(l,v)}
and
k ~ ~
(5.2.6) N s = sw (i wB = ine %

Finally we define for (x,lk—l) € Jkro,w) X Lk and j = 1,2
R g, h = K (m X}, 1<8&<n
n,j n-2+1,0,J zk—l

%) (o, k7Y
n,Jj

L

g k) xmk’h), 2=n
n,j

Then Rrik) = (Rr(1k>1 ’Rr(lk;) is awell defined memoryless deterministic policy which
’ ’

is ak—discounted,n-horizoncptimalijtheclassof all policies. This proves

(i), while (ii) and (iii) follow from the next lemma. O



W)y, 2% 3y ana ¢
n,o n,o,1 10y

(5.2.5) and (5.2.6) in the proof of the previous theorem. Then
(k)

LEMMA 5.2.5. Let f

(i) r (.) is monotone non-increasing on S.
n,o,1

(ii) r(k) (.) is monotone non-decreasing on S.
n,a,2
(k)

(iii) £ (.) is convex on S.
n,o

Moreover, if bl(') and bz(.) are concave then

. (k) (k)
(iv) rn,a,l(') € {vl,vz} and r 0le(.) € {ul,uz}.

r

PROOF. The proof proceeds by induction on n. For n = 1 we have

r{fgll(i) = inf {v: bl(G) = itf b, (v)}
¥ (1) = sup (i: b, (W) = inf b ()}
1,a,2 L N2
® . -1 -1, -1,
fl,a(l) =k b(i) + k inf bi(v) + k inf bz(u)

v u

which yields (i) upto (iv) for n = 1.

Suppose the statement is true for n-1. Then we have
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2(i) be as given by (5.2.2),

wéiz(i,v) - wéfi(i,%) =
= b, ) - by )+ o -0 v E] e
Hence we conclude from the convexity of féﬁila(.) that
(5.2.7) wéii(.,v) - wéii(.,S) is a non-increasing function forv < v.
Let i, < i, and assume that v: = r(k) (i,) < r(k) (i) = :v. Then
1 2 n,o,1 71 n,o,1'72
wi v - w a0 <o
and
wi@m - w5 s o

which contradicts (5.2.7). This proves (i) for n.
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Similarly we have

(2) ., (2)
wn—l(l'p) T Yn-t

(i,0) =
(k)

=Db, (W) - Db, - o (u-u) Vn-l,a(i)'

which implies by the ‘induction hypothesis that

(5.2.8) wéfi(.,u) - wéfi(.,ﬁ) is a non-increasing function for y > u.
. . _ (k) . (k) . _ .
Let i, < 12 and assume that p: = rn,a,Z(ll) > rn’a’z(lz) = :u. Then

w2 @ m - v m <o
and

(2) (2)

Wn_l (i2lU) - Wn_l(izlp) > 0,

which contradicts (5.2.8). This yields (ii) for n.

From (5.2.4) follows that sufficient for the convexity of féki(.) is the
P ’

convexity of

akféfi,u(.) + k! inf wéii(.,v) + k! ing wéfi(.,u).
v u
Put
o (k) : -1, (1) .
gd) =% a £ ;@) +k lgf w 1V
and
Y ey (k) : -1, (2) .
g(i) =% o fn—l,a(l) + k 1§f wn_l(l,u).

We shall show that both functions g(.) and é(.) are convex.

9D - 1) = oy v e e B o) ) -
+k ay réf;,1(1+1) AR ETEIR

) - gli-1) < hoy v @+ xTla ™ aene®) e -
+x oy ré?ill(i—1) vl L.



These two inequalities together yield

g(i+l) - 2g(i) + g(i-1) =

-1 (k) . (k) . (k) .
> (%ak -k ukrn,a,l(1_1){vn—l,a(l+1)_vn—1,a(l)} +
-1 (k) . (k) . (k) .
+ k akrn,a,l(l+1){vn—l,a(l+2)_vn—1,a(l+1)} >0.

The last inequality follows from the induction hypothesis for k large
enough. The convexity of é(.) is established in a similar way. This

completes the proof of (iii) for n.
Finally we assume that bl('> and b2(.) are concave. Hence wéii

w(2) (k)

(i,.) are concave for all i € S, which implies that r

(i,.) and

(1) 6{\)1'\)2}

n-1 (k) 0,1
and rn'a'z(l)e{ul,uz} for all i e S. ]
x) . x . .
LEMMA 5.2.6. If k = v_+u, then v (i) 2 v (i) 20 for i ¢ S and n 2> 1.
———— 2 72 n,o n-1,0
. (k) ,., _ (x) ., _ -1 . ,
PROOF. Since VO a(l) = 0 and v1 a(l) =k b for i > 0 the statement is
’ ’

true for n = 1. Suppose it is true for n - 1.

For i € S we have from (5.2.3) and (5.2.4)

vr(llf()x(i+1) S otkvr()]_{)llu(i+1) + k'lbl(r:fill(in)) +
+ a#k_lré}flll(i+1) vI(:)lla(i+2)+k—1b2(rr(1]f()!’2(i+1)) -
+o k™) e v @enacte e an -
tax e X @ v e e )
cax X w v w.
vr(‘}_()lla(i+1) <x b+ akv'x(]]_{)z'u(i+1)+k_1b1(rr(lll(ill(i+1)) +
+ ukk_lrr(l}’(()l,l(i+1) vr(:)zra(i+2)+k—1b2(r‘(l]f()xlz(i+1)) -
wox = ) v e, e®) o+
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+ akk_lréﬁilalz(i) Véfé, (1) .
Hence
véfl(i+1) - véﬁi a(i+1) >
> akk—lrr(l]f()lll(i+1) {v:f)lla(ﬁz)—vxigla(nz)} +
+ ak{1-k'1rr(l}f;'2(i+1)-k‘1rx£]f)1,a,1(i) }{vr(ll_{)l,a(i+1)-v(}f;'a(i+1)}+
* akk-lréﬁi,a,2(i) {Vﬁﬁi,a(i)_véﬁé,u(i)}'
Application of the induction hypothesis completes the proof. O

THEOREM 5.2.7. Consider the k th approximating DTMDP with some initial

distribution P, on S. Put o > 0 and o, : = exp(—uk_l). There exists a

0
stationary deterministic policy Rik) = (R:T),Riz)) such that
(1) éf)is ak—discoun§ed optimal in the class of all policies.
‘. ék).
(ii) , is monotone.

Moreover, if b, (.) and b.(.) are concave, then

K, 2
(iii) é* is of bang-bang type.

PROOF. Consider the sequences of functions (rékl 1(.)):__1 and
(k) © . e -
(rn,a,2('»n=1 defined by (5.2.5) and (5.2.6).
By the well known diagonal procedure we can construct a subsequence
Lo
(nz)£=1 of IN, such that
.29 =m0 )
’ Z“"” 2! ’
and -
5.2.10)  r(o): = 1m 2* )
’ 2’_)(” H/, ’
exist for all i e S.
put for i € S
r(k)(i): - (r(k) (k)

o a,l(i)' ra,z(i))
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and _for (x,t) € Jk[O,W) X Ly

(k) (k)
R* (x,t): = ra (nth

k
Then Ri ) is a well defined stationary deterministic policy. Obviously
k
Ri ) is monotone and of bang-bang type when b](.) and bz(.) are
concave. We complete the proof by showing that ﬂz) is ak—discounted

optimal in the class R of all policies.

Define for i € S

k k
(5.2.11)  £% (1) = ine J My @ x = 1),
o ReR o ,R R 0
€% 570,
kl
Since (fr(lk;(.)):_1 is a non-decreasing sequence of non-negative functions
, = ;
on S

w(i): = lim féfg(i) >0
n->wo

exists for all i € S.

The inequality

(k)

< . .
fn,a(l) < fa (i) for i € S

implies

(52.12  ww) < £ @) for i € S.

On the other side we have by (5.2.4)

_ ®) .y _ =1, x) ... .-1 x) .
(5.2.13) fho(t) =K D)+ £5 (kb (x L @) +
-1 L (k). -1 x .
+k 0Lkrn,ot,l(l) Vn-l,u(l+1)+k bZ(rn,a,Z(l)) -
-l L k),
*k 0‘krn,ot,Z(l) Vn-l,a(l)'

Taking limits in (5.2.13) through (nl):—l we conclude by the continuity of
bl(') and b2(.) that
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IR

(

(5.2.14) w(i) = k_lcl(i,ruk)(i)) + Q J w(3j) dﬁ?(i,r

S

k

Iteration of (5.2.14) yields for all n 2 1 and all i € S

(1) > [ (k) (x) d;k) (|7 x=1)
will i J Cuk,n,R(l() X R(*k) X 1TOX—1 .
Jk[o,w)

By letting n > «», we get for all i € S

. (k) (k) ) (k)
(5.2.15) w(i) = J Cak,Rik)(X)dPRik)(X'HOX=1) > fa
Jk[O,w)

(1) .

Combining (5.2.12) and (5.2.15) yields

(5.2.16)  w(i) = £ (1) for all i e S,
which implies by (5.2.15) the a -discounted optimality of Rik) in R. i

Before we consider the CTMDP we need two lemma's.

LEMMA 5.2.8. Let r=( r1,§? be a measurable function from SXL, into A1 and

PO an initial distribution on S, defined by PO({i}) =1 for some i € S.
. - k k Sk
Suppose there are given pure memoryless policies R( ), Ri ) and Ri ) for

the k-th approximating DTMDP, defined for (x,t) e Jk[O,w) X Lk by

R (x,t): = r(ﬂtx,t)
(k)

R, " (x,t): = (vl,ul)

= (k) _

R* (x,t): = (vz,uz)

(i) For any non-decreasing function f on [0,«]

(k) { (k)
J f(Tz(x)) dPR(k)(x) > J f(Tz(x)) dPa(k) (x) .
o r oo s
Jk[o, ) Jk_O, )

(ii) For any non-increasing function £ on [0,«]
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( f(TZ(x),dék) (x) 2 J f(Tz(x))dP(k) x).

J () )
00 [} *
kaO, ) JkEO. )
PROOF .
n
(1) P?g{x: o (x)onk Y = 1 {1-k e, (1, ok D (1, kT ) 2
i 2 o 1 2

[\

-1 n _
{1-x (v2+u2)} =

o) -1
= Pﬁ(k){x. T2(x)>nk .

The lemma now follows from a well-known theorem on stochastic ordering
(see STOYAN (1977), page 5).

(ii) The proof of (ii) proceeds similarly. 0

(k)

(.) be concave. Then there exist ja‘1 € S and
’

LEMMA 5.2.9. Let bl(.)and b2

. (k) . (k) _ k) _(k) .
Ju’z € S such that the policy R —(R*1 ,R*2 ) defined by
( . . (k)
“© J\)1 if ﬂtx > ja’l
R (x,t) =
lv if m x < ; (k)
2 5 7 Ju,l
( . < 1 (k)
Wy ot T e
R o (x,t) =
. . (k)
l“2 £ mx > 34,2

is ak—discounted optimal in the class of all policies. Moreover, there

exist a, > 0, k

0 e N and j € S such that

0

(k)
Jg,0 <3

for all 0 < a < Oy all k 2 k L =1,2.

0;

PROOF. The first part of the lemma follows from (iii) of theorem 5.2.7.

Denote
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v(k)(i): = f(k)(i) - f(k)((i—l) vo0o),ies
o o o
(1) . _ (k) .
w (i,v): = bl(v) + ukv v, (i+1)
- (2) . Lo _ (k) .
wo (i, = Db, (W) o v o).
Using the fact that lim v(k)(i) = v(k)(i) and the continuity of b, (.) and
n>© n,o o 1°°

b2(.) it follows from (5.2.5) and (5.2.6) that

w0, e ® 4y = ine w1, w
o,1 v
w(2)(i,r(k)(i)) = inf w(2)(i,u) .
a,2
u
Hence
" Db, (v,) = b, (v,)
%y =y ie v ey s L L2
a,l 1 a a, (v, = v,)
and k- V2 1
&) . x) . b, (uy) = b, ()
r (i) = p if v (i) > .
a,2 2 o cxk(u2 - “1)

This implies that it is sufficient to show that for every constant c¢ > 0O

there exists an o, > 0, k

0 € IN and j € S such that

0

(5.2.17) vék)(j) >

for all 0 < a < ao and all k = ko.

(the epoch of the first

For j € S and n 2 1 we find by conditioning on T2
jump) '
x) .
>
Vnk,u(3+1) -
nk nk
-1 m -1 (k) . (k) .
> -
2k b I a I {1k (rnk—l,a,l(3+1)+rnk-£,a,2(]+1))} +
m=1 =1
nk m-1
-1, (k) . (k) .
+ r I {1-kx “(x +1)+ +1)) 7} .
e nk-2,a,1 3D g 4,2 (31D
m-1
-1 (k) . -1 2. m (k) .
. [k rnk_m,a'1(3+1){k b I o, +o Vnk-m,a(]+2)} +

2=1
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m-1
-1 (k) . -1 2 m (k)
+ k rnk—m,a,2(3+1) {k b 221 o+ Vkem, o

(3) }1.

This inequality yields with the convexity of fék;(-)
’

(k) .
Vnk,a(j+1) >
nk nk
-1 m -1 (k) . (k) .
2k b I a T {1-k (rnk—i,a,l(J+1)+rnk-2,a.2(3+1))} +
m=1 2=1
nk m-1
-1 (k) . (k) .
+ -
T n {1-x (rnk—Q,u,l(J+1)+rnk-2,a,2(]+1))} .
m=1 =1
"y m w -1 (k) (k)
-k bg§1 O Foy nk—m,ct\:')}k {rnk-m,u,l(J+1)+rnk-m,u,2(3+1)}'

Note that the function £(.). from IN into [0,®), defined by

-1, 5oy
<m <
k b 0=1 ak for 1 < m < nk
f(m): =
k-1b f%( ul for m > nk
=1 "k

is non-decreasing on N, while the function g(.) defined by

m (k) .
o v ]—m,a(]) for 1 <m £ nk
g(m): =

0 for m > nk
is,by lemma 5.2.6., non-increasing on IN.

Hence application of lemma 5.2.8. on the last inequality yields

nk
‘ (k) . . -1 -1 nk m
(5.2.18) Vnk,a(]+1) 2k b {1l -k (v2+u2)} mil o +
. : "

m
)}m—l 5 al +

g=1 K

nk -1 -1
b m§1 k (v2+u2){1-k (Vy*u,

+ k—1

nk
m (k) . -1 -1 m-1
+ m£1 oy vnk—m,a(J) k (v1+u1) {1-k (v1+u1)} .

After some algebra we find from (5.2.18) for all 0 < § £ n
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) _ » B
(5.2. 19 vét{a(j+1) > (1= &™) bay {1 - K Tt} (@ vy )T
K6
n (k) -1 -1 n-1
+ m£1ak Vnk—m,a(J) k (v1+u1) {1 -k (v1+u1)} .

By letting n - » we find with lemma 5.2.6. for all § > 0

(k) . -1, -1
v, (3+1) 2 ba {1 -x (v, + “2)} (o + v, + wy) o+
k8
(k) ,. m -1 -1 m-1
- >
+ v, (3) ¢ o k (v1 + ul) {1 - x (v1 + ul)} >
m=1
> ba, {1 - knl(v + u)) (@ + v, +q )—1 +
- k 2 2 2 2
(k) ,. -ad -1
+ v, (]2 o (v1 + ul)(l - e ) (o + vl + ul) .
Hence there exists a number kO e IN such that
v, U
k) . b (k) ,. 171 -aé
(5.2.20) vy (j+1) Z‘2(a+v T + v (3) o0 3 T ta (1 - e )
2 72 171
for all j € S, all k 2 ko, all a > 0 and all § > 0.
Iteration of (5.2.20) yields
] v, +u
(k) . b 171 -ad, ¢
v (3+1) 2 ————o —_— a (1 - e )},
o 2(a+v2+u2) 2=0 v1+u1+u k

>0, k., ¢e IN

which implies for every constant c¢ > 0 the existence of an a 0

and j € S such that (5.2.17) holds. 0

0

THEOREM 5.2.10. Consider the CTMDP defined by (5.1.1) with some initial
distribution P0 on S. For all o > O there exists a stationary deterministic

policy R such that

(i) R is o-discounted optimal in the class of strong regular
policies.
(ii) R is monotone.

Moreover if bl(') and b2(.) are concave, then

(iii) Rr is of bang-bang type.
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PROOF. Consider the sequences of functions (ro(tk)(.))°° and (r;k;
’ ’ 1

1 k=1 (.))

k=1
defined by (5.2.9) and (5.2.10).

By the diagonal procedure we construct a subsequence (kl):=1 of W such
that for all i € S

(kl)
(5.2.21) r ,(i): = lim r (i)
a,l a,l
Q>0
and
(kl)
(5.2.22) ra'z(l): = lim ra,2 (i)
Q>0
exist.
Put for i € S
r () = (x4 (1), r, o)

and for (x,t) € J[0,») x [0,)

R(x,t): = ra(ﬂtx)

Then R is a well-defined stationary deterministic policy which is
monotone and of bang-bang type if bl(') and b2(.) are concave. The
o~discounted optimality of R in the class of strong regular policies
follows from theorem 4.2.10, since the third set of conditions of this

theorem is fulfilled. 0

5.3. THE AVERAGE COST CASE.

THEOREM 5.3.1. Consider the CTMDP defined by (5.1.1) with some initial

distribution P, on S. Assume that bl(') and b2(.) are concave. There exists

0
a stationary deterministic policy R such that
(i) R is average optimal in the class of strong regular policies.

(ii) R is of bang-bang type.

PROOF. From theorem (5.2.10) follows for all o > O the existence of

€ S and ju ¢ S such that the policy R = (Ral’Rdz)
’

Ja,l 2

( . .
l\)1 if ntx > ]a’l
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and

My EE M > T 5

is o-discounted optimal in the class of strong regular policies. From

(o] o
.2.9. i ]
lemma 5 9. follows that (3B ,1)k=1 and (36 ,2)k=1 are bounded for any
ce (8)° . with lim__ X8 =0 k
sequen ) k=1 . By .

Hence there exist j1 € S and j2 € S such that

§ = lim j L= 1,2
. ke Bk'l
for some sequence (B, ) with lim B = O.

k-0
R1’R2)by

n =
~ X 8

Define the policy R’

vl if ntx > 31
(5.3.1) R, (x,t): =

v2 if ntx < 31
and

[ 3 <

ul if ntx < ]2
(5.3.2) Rz(x,t): =

luz if ﬂtx > 32
then

c(R ) -~ c(R) as k > »,
Bk

since the state space S is discrete.

The theorem now follows from theorems 4.4.6. and 4.4.11. and lemma 5.3.2.
below. (Note that from lemma 5.3.2. follows that the conditions of

theorem 4.4.11. are fulfilled, since the state space is discrete). 00

LEMMA 5.3.2. Consider the bang-bang type policy R  defined by
(5.3.1) and (5.3.2). This policy induces on J[0,») a regenerative

stochastic nrocess X. Moreover

2
(5.3.3) J T1 (x) dPR(X) < o,
JL0, )
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(5.3.4) f T, (x) @y (x) > 0
J[0,)
and
(5.3.5) v? (x) aP_(x) < ®
-3 1 R
Jlo,=)

(=]
where (Tn)n is the sequence of regeneration epochs of X and Yn is

=0
defined in theorem 4.4.11.(Note that X, Tn and Yn are supposed to be

defined on J[0,») for all n = 1).

PROOF. Assume without loss of generality that j2 > j1 and PO{jZ} = 1.
(The proof for the case in which j2 < j1 proceeds similarly).

Define for n =2 1 and x € J[0,«)
. th . .
Tn(x): = time of n entrance of the path x into the state 3y

Then X is a regenerative stochastic process with sequence of regeneration

hs (1)
epochs Tn)n=0

Obviously

{ TR A (X)) 2 (v, + “1)_1 >0,

J[O Im)
which implies (5.3.4). Moreover, we find by conditioning on SZ(X)’ which

denotes the state after the first jump

(5.3.6) % (x)ap we—i [ 2w (x|s, (x)=9,+1) +
.3 L (% R x -v1+u1 J T (x R x|s, (x) =3,
300, ) L 510,@)
+-—jil— 2 (x) ap (x]s, (x)=5.,-1)
v1+u1 1 R 2 ey -

J[0,=)

A well-known result from queueing theory states
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(5.3.7) 2 (x) dp (x5, (x) =3 +1) = —2 + —2 BB + EB% <o
1 R 2 2 (v.+ )2 v1+u2
Jl0,=) )

where B denotes the length of a busy cycle in an M/M/1 queue with

parameters vl and u2.

Moreover,

(5. 3.8) { Tf(x)dp R xls 0=3,m1) 2 2 4 —2 BT + ET? <o

3
[0, =) (Vi) L

where T denétes the length of the time interval in which a random walk
with reflecting barrier 0 moves from j2—1 to j2.

Together (5.3.6), (5.3.7) and (5.3.8) yield (5.3.3).

Finally
2 Yy 2
(5.3.9) J Yl(x?dP R (x) = v1+u1 J Yl(x)dP R (x|s2(x)=32+1)+
J[0,=) Jlo,»)
u
+ 1 [ v? (x) @p (x|s, (x)=3,-1)
v1+u1 J 1 R 2 2
J[0,«)
while
(5.3.10) J Yf(x) @ o <x|sz(x>=j2-1) <
Jl[0,=)
2 2 .
. J 2 @ (x]S,0=3y1) < =
Jlo,=)
and
(5.3.11) J Yf(x) aP o (x|s2(x)=j2+1) <
Jlo,x)
< Y2 [ (N(x)+1)2 T2(X) felz (x|S (x)=j,+1) < =
= J 1 R 2 2 !
J[0,®)
where

Y: = b32 + stp bi(v) + Sﬁp bz(u)
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and

N(x): = number of upward jumps in the path x during the time

interval [O,Ti(x)].
Note that

N (x) dp R (xlsz(x)=j2+1)
J[0,x)

is the k-th moment of the number of customers served in a busy cycle in

an M/M/1 queue with parameters v, and Hye

1
Since the right hand sides of (5.3.10) and (5.3.11) are finite (5.3.5)

follows from (5.3.9). {
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CHAPTER 6

A MAINTENANCE REPLACEMENT MODEL

Our second application is a maintenance replacement model which has
been used earlier in this monograph as illustration of the conditions of
theorem 2.4.3 (see example 2.5.1). For completeness we describe the model
here once more.

A device is subject to shocks which occur randomly in time according to a
Poisson process with rate v. This rate of the shock arrival process can be
controlled by maintenance. Every shock causes independently of the others a
certain amount of damage. The total damage incurred by the device
accumulates additively. The amount of damage caused by a single shock is

a random variable with known distribution function F. Besides the damage
caused by shocks the device decays continuously at constant rate o > 0, i.e.
between shocks the total damage increases linearly at rate o. The decision
maker has control on the system in two different ways: the arrival rate v
of the shocks can be chosen arbitrarily in the interval [vl,vz], where

0 < vy < v, < o, On the other hand the device can be replaced at every
moment by a new one without damage.

The cost structure consists of three parts: an operating cost rate b(s)

is incurred when the total damage equals s, a maintenance éost rate c(v)

is incurred when the shock arrival rate is v and a lump cost M > 0 is
associated with every replacement.

Versions of this model have been treated by TAYLOR (1975) and

ZUCKERMAN (1977). For this model we define the following CTMDP.
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s: = [0,)
Az = [vl,vzl
Ay: = {u}
a(s,v): =v, (s,v) € S x A,
(6.1.1) N(s,v,[s,s+t]): = F(t), (s,v) € § x A and t 2 0
pls,u,{0hH: =1, ses
cl(s,v): =b(s) + c(v), (s,v) € S x Al
cz(s,u) = M, s €S
f(s,t) = s + ot, (s,t) € s x [0,»).

The state of the system denotes the accumulated damage of the device under
operation. The control set is the set of all possible shock arrival rates.
The only possible impulsive control is replacement denoted by u, where we

choose u > vz. We make the following assumptions on the model parameters.

ASSUMPTION 6.1.1.

(1) F has a density function.

(ii) b(.) is continuous, non-decreasing, non-negative and concave on S.
(iii) b'(0) <: e,

iv) y: = J” b(t) dF(t) <= ana vy
0

Vo= [P b)) ar(t) <o
0

(v) c(.) is continuous and non-negative on Al'

For k > v, the k-th approximating DTMDP is defined by

k k k .
(S:AerzlP; );Pé )Ic; )Iczlflk)l with

p{k)(s,v,{s}) =1 - k_lv, (s,v) €8x A
(k) -1 -1
Py (s,v,[s,s+t]) =1 -k "v + k "VF(t), (s,v) € 8 x Al, t20
pék)(s,u,{o}) =1, s €S
e (s,m) =k Mb(e) + e}, (s,v) € § x A

REMARK 6.1.2. (i) Since A, = {u} it follows for every policy (V,R) for this
CTMDP with R = (R1'R2) that Rz(x,t) is a probability measure degenerated in
{u} for all (x,t). Hence we denote in this chapter a policy for the CTMDP
with (V,R), where V denotes a closed subset of S and R a transition

probability from J[0,») x [0,®) to A .
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(ii) Let R be a transition probability from J[0,») x [0,») to A such
that R(.,t) is rt-measurable. From the definition of a policy (definition

2.2.3) follows that (V,R) is a policy iff V is closed and O ¢ V.
6.2. THE o~-DISCOUNTED COST CASE.

PROPOSITION 6.2.1. Let PO be an arbitrary initial distribution on S. A

policy (V,R) is regular if

(6.2.1) 8V is countable.

(6.2.2) ( x A) {pisc(R)} = O.

PR

PROOF. A consequence of theorem 2.4.3. and assumption 6.1.1.(i). 0

PROPOSITION 6.2.2. Let P0 be an initial distribution on S with

(6.2.3) J b2 (s) ap(s) <.
0

Then the policy (V,R) is strong regular if (6.2.1) and (6.2.2) hold.

PROOF. Let (V,R) be a policy for which (6.2.1) and (6.2.2) hold. Define for

(k).R(k)) for the k-th approximating DTMDP by V(k) =V

k > v, policies (V
(k) R(k)

and R&) = R. We will show that (V,R) and (V ) satisfy the

conditions of theorem 4.2.1.

First of all we note that condition (2.4.3) follows from (6.2.1) and
assumption 6.1.1. (i), that condition (2.4.4) is trivially satisfied,
while (2.4.5) follows from (6.2.2). Condition (4.2.1) holds since 0 ¢ V.
Put for all j € S

Al(j): =

|
>

AZ(j):.= A
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Choose a > 0 and B > 1 (depending on a) such that (4.2.11) holds for some

§ < 60. Without loss of generality we assume that

b(0) =0

and

6.2.4) lim b(s) = o,
S0

(Note that adding a finite constant to the function cl(.,.) does not affect
the validity of theorem 4.2.1. On the other hand the verification of the

conditions for strong regularity becomes rather easy when b(.) is bounded) -

Define
éb(so), for 0 €5 < s
hl(S): =
a b(s), for s > So
hz(s): =M, for s € S
ge): = (1 + 20082 for t = 0,
b(s,)
0
where a: = 1 + sup c(v) and s0 € S such thatk)(so) > 1,
v
(6.2.5) ub(so) > 20b' (0)
ahd
(2)
(6.2.6) 1+ b(st) +d— <.
0 b (so)

We shall show that these choices satisfy the conditions (4.2.2) upto
(4.2.10).

The verification of (4.2.2) is straightforward. From the concavity of

b(.) and b(0) = 0 follows for (j,t) € S x [0,)

b(f(j,t)) < b(j) + b(ot)
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~which implies

b(ot), 2

2 . 2.
h (£(3,t)) <h (3) (1 + b(SO))

This yields with the definition of %2(.) condition (4.2.3).
Conditions (4.2.4) and (4.2.5) are implied by the . concavity of b(.) and
relation (6.2.5).
From the concavity of b(.) also follows
(2)

sup | h2(3.) dli(s,v,3.) <€ hi(s) {1 + —2X_ 4+ Xy
1°-0 0 1 2
v 0 b (so)

S
which together with (6.2.6) yields condition 4.2.6. Condition 4.2.7. and
(4.2.10) follow from the fact that -

2 ., g . 2
Jhl(Jo) dP(S,u:JO) = hl(O) = 0.
S
Finally (4.2.8) follows from (6.2.3), while (4.2.9) follows from the

continuity and concavity of b(.). 0

DEFINITION 6.2.3. Let (V,R) be a deterministic memoryless policy for the

CTMDP. Hence there exists a function r(.,.) on § x [0,») with values in
[vl,vz] such that r(s,t) = R(x,t) for all (x,t) € J70,») x [0,») with
mX = s.

(1) The policy (V,R) is of control limit type if there exists a number
D > 0 such that V = [D,).

(ii) The policy (V,R) is monotone if it is of control limit type and if
r(.,t) is a monotone non-decreasing function on S with values in
[v1,v2], for all t = 0.

(iii) The policy (V,R) is of bang-bang type if it is monotone and
‘r(s,t) € {vi,v2} for all (s,t) € § x [0,»).

REMARK 6.2.4. In order to. analyse the k-th approximating DTMDP for a
finite horizon it is useful to consider these discrete time processes from
a slightly different point of view than we did so far.

Let us consider the k-th approximating DTMDP as a classical discrete time

Markov decision process (cf. remark 2.3.2) (S,A,p(k),c(k)) with



A=A, UA
1 2 (k) -1
1 (s,a,B+0k ), ae€ A1
k
P( )(slaIB) =
pz(k) (s,a,B+ck 1), aca,
(k)
c (s,a), a €A
(k) ! 1
c (s:a) =
cz(s,a), a € AZ.

A policy for this discrete time Markov decision process is denoted by

R, a transition probability from Jk[O,W) X Lk to A1 u A2, such that R(.,t)

is rt-measurable. Note that this definition of a policy is less restrictive

than definition 2.3.5.

DEFINITION 6.2.5. Let R be a deterministic, memoryless policy for the k-th

approximating DTMDP. Hence there exists a function r(.,.) on § x [0,»)
with values in [vl,vz] v} {u} such that r(s,t) = R(x,t) for all
(x,t) € JKEO,W) x Ly with TX = s.
(i) The policy R is of control limit type if there exists for all t 2 0
a number D(t) > O such that r(s,t) = u iff s = D(t).
(ii) The policy R is monotone if r(.,t) is monotone non-decreasing
for all t 2 0 as a function on S with values in [v ,v,]1u {u}.
(iii) The policy R is of bang-bang type if it is monotone and
r(s,t) € {vl,vz,u} for all (s,t) € S x [0,=).

Note that a monotone policy is always of control limit type since we have
chosen u > vz.

THEOREM 6.2.6. Consider the k-th approximating DTMDP with some initial

distribution Py on S. Put ¢ > 0 and Ot = exp(—ak_l). For all n > 1 there
exists a memoryless deterministic poiicy Rﬁk) such that
(i) Rék) is ak—discounted, n-horizon optimal in the class of all policies.

(k)

(ii) Rn is monotone.
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Moreover, if c¢(.) is concave, then

k
(iii) én)is of bang-bang type.

PROOF. For n 2 1 and s € S we denote

k), ( _
fn,a(S)' = ;25 ] Cak,n,R(X) dPR(x|ﬂox = s),
Jk[o,eo)

where R denotes the class of all policies.

Define

£ &)

(s): =0 for all s € S.
0,a

Then we find, by induction on n, for all n > 1.

(k) o (k) -1 -1 -1
(6.2.7 £ o(8) =min M+ £ 7 (ok), lgf k" "b(s) + k Tcv) +
-1 (k) -1
+ ak(l-k V) fn—l,a(s+0k ) +
-1 [P L -1
+ ak vJ Eo1,g8 v ok + 0 ar (t) }}.
0
Put
w (s,V): = c(v) + va_ J {féf;(s+ck‘1+t> - féf;<s+ck'1)}dF(t).
0
Hence
(k) . (k) -1
(6.2.8) fn,a(s) = min {M+akfn_1,a03k ){
k-lb(s)+akf£§i'u(s+ok-l)+k_1 inf wn_l(s,V)}.
Define :
. (k) -1 -1
u if M+ oy fn-l,a(dk ) <k "b(s) +
(k) -1, -1,
(6.2.9) éki(s): _ + akfn—l,a(s+°k )+k 13f wn_l(s,v)

inf {v: w (s,v) = inf w (s,v)} otherwise.
n-1 v n-1
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Finally we define for (x,lk-l) € Jk[O,M) x Lk

(k -1 (k)
. = < <
hax,lk ): rn-2+1,a(“ _1x), 1 <2 <n
2k
(k) -1 (k) -1
Rn(x,lk Y: = Rn(x,nk ), £ 2 n.

(k)
From lemma 6.2.7.(i) below follows that Rn(.,.) is a well-defined policy.

(
Obviously Rn(.,.) is memoryless, deterministic and o, -discounted optimal

k
in the class of all policies. The statements (ii) and (iii) follow from

the next lemma. 0
(k) (k) . 6 7 ;

LEMMA 6.2.7. Let fn a(') and r_ a(') be as given by (6.2.7) and (6.2.9)
r r

in the proof of the previous. theorem. Then

: (k) . .
(1) rn a(') is non-decreasing on S.
’

(k)

(ii) fn a(') is concave and non-decreasing on S.
’

Moreover, if c(.) is concave on A

(

n

17 then

(iii) r kL(s) € {vl,vz,u} for all s ¢ S.
’

PROOF. The proof proceeds by induction on n. For n = 1 we have

u if M<k b (s) 4k tinf c(v)
(k)( ) = v
ry L) = ) i
linf {v: c(v) = inf c(v)} otherwise.
A%
fl(k()x(s) = min {M, kK 'b(s) + k! inf c(v)}.

v
This -implies by the concavity and monotonicity of b(.), the statements
(i), (ii) and (iii) for n = 1.

Suppose that the statements are true for n-1.
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_ Note that

wo_q(seV) —w L (s,V) = c(v) - clv) +

S0 e -1 ) -1
+ozk(v—v)J {fn_lla(s+0k *e) - £ (stok )} aF(t).
0
(k)

Hence, by the concavity of f (.),

n-1,a

(6.2.10) wn_ (.,V) - w (.,G) is non-increasing if v > ;.

1 n-1
_ (k) (k) T
Let s, < s, and assume that v: = r (s,) > ¢ (s,) =: v with v # yu.
1 2 n,a 1 n,o 2
Then
wn_l(sl,v) f wn_l(sl,v) <0
and

wn_l(s2,v),— wn_l(sz,v) >0

which contradicts (6.2.10).
Moreover, we conclude from the induction hypothesis, that

(s+ck—1) + k_1 inf wn_l(s,v)

v

-1 (k)
k "b(s) + o fn—l,u

is non-decreasing in s.

k
Hence ré ;(.) is non-decreasing on S.
B r’

Since the infimum of concave functions is concave, we conclude from

(6.2.7) and the induction hypothesis that fék;(.) is non-decreasing and
r

concave.

Finally, if c(.) is concave, then wn_l(s,.) is concave, which implies that
(k)
r

n,a(s) € {vl,vz,p} for all s € S. | 0

For the analysis with respect to the ak—discounted cost functional for the

k th approximating DTMDP we need the following lemma.
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k=1

LEMMA 6.2.8. Let B be a compact subset of IR. For any sequence (fk(.))
of non-decreasing functions from IR into B, there exists a non-decreasing

function f£(.) from R into B and a sequence of natural numbers (kj)§—1

such that

lim fk (s) = £(s), for all s € R.
Joe 77
PROOF. Let E be a countable dense subset of R. By the diagonal procedure

0
we can construct a sequence (lj)j_ of natural numbers, such that

1
fl(s): = %1m fg.(s)
J7 J
exists, for all s € E.
Define
fz(s): = inf fl(t)’ s ¢ R.
teE
t>s

Then f2(.) is obviously non-decreasing on R.

Moreover, choose s ¢ Disc(fz) and € > 0. Then there exist t1,t2 € E, such
that
t1 < s < t2
and
- <
fz(s) e < fl(t1) < fl(tz) < f2(s) + €.
Since

Hh
—~
o
I
Hh

01 L. L

(s) < f (t2), for all j 2 1
] J j

we conclude that

lim sup fl (s) < f2(s) + €
and 3o j
lim inf f2 (s) 2 f2(s) - €.
Joee J
Hence
lim f£ (s) = fz(s), for all s ¢ Disc(fz).

J=e J
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Since Disc(fz) is countable we can construct a subsequence (kj)§ of

(2.)7 . such that lim £
3’ 3= m L

(s) exists for all s € Disc(f2). Hence
joe 7j

1

f(s): = %im fk_(s),

Joe J

exists for all s € R and obviously £(.) is non-decreasing.

g

THEOREM 6.2.9. Consider the k th approximating DTMDP with some initial

-1
distribution P, on S. Put a > 0 and o = exp(-ak "). There exists a

0
stationary deterministic policy R, such that
k

(1) Rx is ak-discounted optimal in the class of all policies.
(ii) R« is monotone.
Moreover, if c(.) is concave, then
(k)
(iii) R, is of bang-bang type.
(k)

PROOF. Consider the sequence of functions (rn a(')):—l
= , =

on S defined by

(6.2.9). From part (i) of lemma 6.2.7. follows that these functions are

non-decreasing on S with values in fvl,v2]U{u}. By lemma 6.2.8.

©o
exists a sequence (nj)j_ of natural numbers, such that

1

(6.2.11) r(k)(s): = lim r(k) (s)

o . n.,o

JPe ]

exists for all s € S.
Put

(k) (k) 3
(6.2.12) R (x,8): = x ™' (T x), for (x,t) JkFO, ) x L.

(k
Then R*z.,.) is a well-defined stationary deterministic policy,
obviously monotone and of bang-bang type if c(.) is concave.
(
What remains to prove is that R*%.,.) is ak—discounted optimal.

Define for s € S

fa (s): = ;25 ca 'R(x) dPR(X|ﬂ0X =s).
€ k
Jk[o,w)
Since (fék;(.)):_l is a non-decreasing sequence of non-negative
, =

on S,

there

which is

functions
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wis): = 1im £ (s) = 0
n,o
n->ee
exists for all s € S.
The inequality
(k) < £(k)
fn,a(S) < fa (s), s € S
implies
(k) .
(6.2.13) w(s) < fu (s) for all s € S.

On the other hand we have

(k) (k) (k) (k)
h,a(S)) + ak I £ (Wdp (s,r a(S)’u)'

(x) 3 (k)
(6.2.14) fn,a(s) =c (s,r n-1,a n,
s

By plugging in the definition of p (k)

(nj)j=1

(«y.,.) in (6.2.14) and taking limits through

we findwith the monotone convergence theorem

(6.2.15) w(s) = ékks,rék)(s)) + ak J w (u) dék%s,rék)(s),u).

S

Iteration of (6.2.15) yields for alln 2 1 and s € S

w(s) 2 J cak'n’R(*k)(x) dPR(k) (x|myx = s).
JLO,x) %

By letting n + «» we get for all s € S

(x)
(6.2.16) . w(s) > J c ., (x)dp (x|m x =8) 2 £ (s).
ak,g(k) R(k) 0

o
J[o,») * *

-discounted optimality of R(k)

Combining (6.2.13) and (6.2.16) vields the a .

in R. 0

THEOREM 6.2.10. Let r;k)(s) be defined by (6.2.11) and put

(6.2.17) D;k): = inf {s € S: r(k)

o

(s) = ul.
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There exist an ao > 0, a natural number kO and a number D0 > J such

that

for all 0 < o < ao and all k 2 ko.

PROOF. Without loss of generality we assume that PO({O}) = 1. Consider

(k)

the policy R defined for t € Lk by

" u if ntx z nt_x
R (x,t): =
v2 otherwise.
Denote
| (x) &P (py (%) .
co. Cak,R(k) R(k)

3, L0,=)
By conditioning on the arrival time .of the first shock we find

L

[o]
6.2.18) . = £ (k) Ntk 5 oMo ) b mox Y+
0 2 2 k 2
=1 m=1
2+1
+ o (M+co)].
From (6.2.18) we find after some algebra
-1
v2+a 0 —v2t cO akk v2
(6.2.19) ¢y S e e {c(v2)+b(0t)}dt M.
o 1—ak(1—k v2)
Put
\)2+1 r°° —\)2t
c: =e e {c(v2)+b(0t)}dt + M,

then we conclude from the concavity of b(.) and assumption 6.1.1.(iii)

that oy < o, Moreover (6.2.19) yields
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2v

2
<
(6.2.20) CO < (1 + )Cl

for all o £ 1 and all k.

On the other hand we have for the o -discounted optimal policy R:k),defined

k
by (6.2.12)

© 2 D;k) kc_1 Mo
(6.2.21) J c, ,Rék)(X)dPR(k)(X) > M gfoak > aD(k) .
3, [0,) * a (]
Since o is at least as large as the left hand side of (6.2.21') we conclude
(k) Mo
(6.2.22) Da > (2v.+1)c
2 1
for all a < 1 and all k 2 1. 0

THEOREM 6.2.11. Consider the CTMDP with an initial distribution PO on S for
which condition (6.2.3) holds. There exists for all a > 0 a stationary
deterministic policy (Va,Ru) such that
(i) (Va’Ra)is o-discounted optimal in the classof strong regular policies.
(ii) (V_,R ) is monotone.

oo
Moreover, if c(.) is concave, then
(iii)(Va,Ru) is of bang-bang type.

(k)

PROOF. Consider the sequence of functions (ra on S defined by

) oo
(. )k=1
(6.2.11). By part (ii) of theorem 6.2.9. and lemma 6.2.8. there exists a

sequence (kj);—l of natural numbers such ‘that
(k.)
6.2.23) r (s): =limx_ O (s)
a o

o

exists for all s € S.
Put

6.2.24) D : = inf {s € S: ra(s) = ul.

From theorem 6.2.10. follows the existence of a 0 < DO and ao > 0 such

that D 2D, > 0 for all 0 < o < o,. Put
o 0 0



146

(6.2.25) v
Ra(x,t): =

if ntx € Va

ra(ﬂtx) otherwise

Since O¢Va and Va is closed we know that (va'Ra) is a well-defined policy
for the CTMDP and from proposition 6.2.2 follows that (va'Ra) is strong
regular. Obviously (Va’Ru) is stationary, deterministic and monotone.
Moreover, if c(.) is concave then (va'Ra) is of bang-bang type.

Finally, we find from theorem 4.2.9 that (Va’Ra) is o-discounted optimal in

the class of strong regular policies. 0
6.3. THE AVERAGE COST CASE.

In order to make the transition from the a-discounted cost case to the

average cost case we need the following theorem.

THEOREM 6.3.1. Let ro(tk) (s) be defined by (6.2.11) and D%

Y ( ol ).
If

00 —vzt

(6.3.1) sup J e {b(s+ot) - b(ot)} at > M

seS 0
then there exist an ao > 0, a natural number ko and a number BO such
that

(k) =~

D < D

o 0

<
for all a < uo and k 2 ko.

PROOF. From (6.2.7) and .the fact that lim f(k)(s) = f(k)(s) for all se¢ S
e n>® n,a a

it follows that

(k) (k) -
(6.3.2) ak(fa (s) - fa (ok IDSM-

Choose, for fixed o > 0 and fixed k a state 0 < s < D(k). From (6.2.11)

(k)

.
n,a(S)e xV1,V2]

follows that for all n € {nj: j 2 1} with n large enough r

and
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£5 (e) - £%ox 2k b (s)-blok ™) +
n,o n,o

ra 1k gy g (s+ak_1)-f(k) @ok )} =
k n,o n-1,0 n-1,0
-1 -1 -1 (k) -1 (k) -1
2k " (b(s)-blok "N+o, (1-k vz){fn_lla(s+0k )= 7, §20k )}
By letting n + «» we find
£% gy - £ okl 2
a o
>k (b(s)-b (ok Nra, (1-k v,y £ %) (sroxhy £ ookl 3.
k 2 o o
Iteration yields
(6.3.3) e® gy - £® ok 2
a a
(0¥ gkt
¢ . -1 .n -1 -1 -1
> ¥ o (1-k" v)" k" {b(s+nok )-b(n+hok )} 2
n=0
(q;k)-s)o'1 ot —t(vz+%v§k_1)
> J e e {b(s+ot) -b (ot) }dt.
0
From (6.3.1) follows that we can find an € > 0 and ay > 0 such that for
all o < ao
00 —(v2+a)t
sup f e {b(s+ot)-b(ot) }dt > M+4e.
S€eS

0

Next we choose 51 € S such that for all s 2 s1 and a < o

J‘°° - (\)2+0.) t
e

0

6.3.4) {b(s+ot)-b(ot) }dat = M+3e.

0

Since the left hand side of (6.3.4) is non-decreasing in s and non-

increasing in o we can choose s, € S such that

2 —(v2+a)t
{b(s+ot)-b(ot) }dt = M+2e

O Y——
o

for all s 2 5, and a < o
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v
=

Finally, choose ko such that for all s = sl, a < ao and k 0
) - (vt t Splex?
oy J e e

6.3.5) 2

v

{b(s+ot)-b(ot) }dt = M+e,
0

Combination of (6.3.2), (6.3.3) and (6.3.5) vyields

(k)

(D !
o

-s)o < s,

for all a« £ 0., k 2k, and s =2 s

0 0 1°
Hence we have for all o < ao and k = kO
(k) . . X
D <o0s, +s, =:D. a

THEOREM 6.3.2. Consider the CTMDP with an initial distribution PO on S, for

which (6.2.3) holds. Assume that c(.) is concave and that condition (6.3.1)
is satisfied.

Then there exists a stationary deterministic policy (V,R) such that

(i) (V,R) is average optimal in the class of strong regular policies.

(ii) (V,R) is of bang-bang type.

PROOF. Consider for a > 0 the functions ru(.) on S defined by (6.2.23).
By part (iii) of theorem 6 .2.11. we know that ra(.) is a non-decreasing
function with values in {vl,vz,u} for all a > 0. By lemma 6.2.8. there

(o]
exists for any sequence (8, ) ., with lim B, = 0 a subsequence (B, ).
k' k=1 k k. j=1
koo j
such that

r(s): = lim r
> Tk

exists for all s € S.

Put
D: = inf {s: xr(s) = u}.

Then we know by theorems 6.2.10. and 6.3.1 that 0 < D < o,
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(6.3.6) v if ntx eV

r(ntx) otherwise

Obviously (V,R) is a well-defined, deterministic and stationary policy,
which is strong regular and of bang-bang type.

In order to apply theorem 4.4.6. we have to show that the conditions (4.4.6)
and (4.4.7) of this theorem hold for the policies (V,R) and (Va’Ra)’
defined by (6.3.6) and (6.2.25) resp. In lemma 6.3.4 below it is shown

that (4.4.6) holds. Note that for all o > O the policy (va’Ra) induces on
J[0,») a regenerative stochastic process Xu, with sequence of regeneration

(o]
epochs (Tn(xa))n=0’ where for x € J[0,®)

(6.3.7) Tn(x): = the epoch of the n-th entrance of x into state 0.

Define

(6.3.8) Y (x):=c. _ (x) - c (x)
n,o olTn(x) ’ (VU.'RG) O'Tn—l (X) ’ (VGIRG) M

Assume without loss of generality that the initial distribution P0 is

degenerated in state 0. Then we have for P(V R )—almost all

. \® a'"o

x = (t,,i.). € J[0,»):
R I B !

-1

(6.3.9) Tl(x) <Do
o
(6.3.10) . 2Do >t (x) =Dot.
2 o 1 o
From (6.3.9) we conclude that
2 ) 2 =2
<
Tl(x) dP(Va'Ru) (x) < Daa
J[0o,»)
and
v’ (x) ap (x)<({b(D )+max c(v)}D o™ + M)2
1,0 (va’Ru) o o °

v
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~ From (6.3.10) we find
T, (x) ap (x) 2 Do ! exp{-v,D o 1}
1 (VR o WLV T
J[0,«)
From these inequalities together with theorem 6.2.10 and 6.3.1 follows that
the conditions (4.4.13), (4.4.14) and (4.4.15) of theorem 4.4.11 are
fulfilled, which implies that (4.4.7) holds.

REMARK 6.3.3. A stationary bang-bang type policy (V,R) can be characterized

by two control parameters D, (the bang-bang parameter of R) and D_, (the

2
iff 0 < ﬂt(x) < D,, R(x,t) = v, iff

1 1’ 2
nt(x) > D1 and V = [D2,w). In the sequel we will assume that D, < D2 and

1
D2 > 0.

1
control limit) i.e. R(x,t) = v

In the next lemma we show that the average expected costs under stationary
bang-bang type policies depend continuously on the control parameters of

these policies.

LEMMA 6.3.4. Let (V,R) and (Vn,Rn), n 2 1 be stationary bang-bang type

policies for the CTMDP with control parameters (Dl’DZ) and (D;n),Dén))
respectively. If lim Din) = D1 and lim Dén) = D2 then 1lim c(V_,R ) =c(V,R).
n->c N> n-oo n n

PROOF. Let the initial distribution be degenerated in state 0. Since (V,R)
and (Vn,Rn) induce regenerative stochastic processes on J[0,»), it is by

(4.4.19) sufficient to show that

(6.3.11) I Ti(x) dP(Vn'Rn)(X) - J Tl(x) dP(V,R)(X)
J[O,w) J[OIm)
and
[ )
(6.3.12) Y1 (x) dP(V 'Rh)(X) > Yl(X) dP(v,R)(x),
3[0,=) " 3[0,*)

where Tl(x) is defined by (6.3.7), Yl(x)
Y(n)
1

= CO,Tl(x),(V,R)(X) and
(x) = cO,Tl(x),(V R )(x).
n’"n
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With a minor modification of the proof of theorem 2.4.3 it follows that

w

(6.3.13) P > P .
(Vn,Rn) (V,R)

Since 11(.) is bounded and continuous P -a.e. on J[0,») relation

(V,R)
(6.3.11) follows from (6.3.13). To prove the validity of (6.3.12) we note

that

(n)

1 (x)] <

(6.3.14) | jy (x) ap (x) - JYl(x) ar

(V_,R) (V,R)
n’'n

(n)

.
{
15

{
sJIY (x)—Yl(x)|dP(v o )(x)+|JY1(X)dP(V'R (%) - Yl‘x)dP(V,Rﬁx)L
n n nn

The second term on the right hand side of (6.3.14) converges to zero by

(6.3.13) and the continuity and boundedness of Yl(') on J[0,), P(V R)—a.e.
’
Moreover, we have for P -almost all x:
(V. ,R)
n’"n
|v1(“) -y, ()| < |D1(n)-D1|cS-1 max c(v).

Y

This inequality implies that also the first term on the right hand side of

(6.3.14) converges to zero. O

The remainder of this section is devoted to the computation of the average
expected costs under a stationary bang-bang type policy. Computation of
this quantity is important for the development of algorithms to determine
the optimal policy within the class of stationary bang-bang type policies.
These algorithms, which make use of the special structure‘of the optimal
policy, are more efficient than the general methods of successive

approximation or standard policy iteration.

Consider the stationary bang—bang type policy (V,R) with control parameters

D1 and D2, defined by

V: = [Dz,w)
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v if 0 < nt(x) < D1

i >
v if nt(x) 2 D,.

(s)
(V,R)
by (V,R) and the initial distribution degenerated in s.

For any s € S denote with P the probability measure on J[0,®) induced

From the theory of regenerative stochastic processes we have for any

initial distribution

Yl(x)dP<O) (x)

(V,R)
(6-3.15) c(v,R) = L) (0) ,
J Tl(x)dP(V'R)(x)
[0, %)

where Tl(x) is defined by (6.3.7) and Yl(x): (x) for all

" 0,1, (%), (V,R)
x € J[0,).

In view of the computation of the right hand side of (6.3.15) we introduce
some auxiliary functions.
For x € J[0,») and i = 1,2 define

Zi(x): = epoch of the first entrance ofx into.[Di,w)

Ei(x): = first entry stateof x in [Di,w).
Next we denote for any Borelset B in ﬂ)l,w)

_ (0

(6.3.16) P (B): D {x: El(x) € B}

~ T (V,R)

and for any s € S and i ¢ {1,2}

. = (S)
(6.3.17) ti(S). = J zi(x) dP(V,R) (x)
J[O,oo)
and
6.3.18)  k (s): = c ) ar'S  (x)
U i ) Toz ), R wv,r) ¥

J[0,)
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where ¢ (x) denotes the total operating costs incurred along the

0,T, (V,R)
path x in the time interval [0,T] when policy (V,R) is used (so
replacement- and maintenance costs are not included in ;).

We have the following obvious result.

THEOREM 6.3.5.

[ (0) _
] Tl(x) dP(V,R)(X) = tl(O) + t2(s) day (s)
Jlo,) ,.D,)
and
[ v 0 @@ 0 =k (0) + M4t (@eclv) +
J 1 (V,R) 1 1 1
J[0,»)
+ J {kz(s) + t2(s)C(v2)} ay(s). 0
mlmz)

From theorem 6.3.5. and relation (6.3.15) follows that sufficient for
the computation of c(V,R) is knowledge of the functions ti(') and ki(.),
i=1,2 and the probability distribution Y. To determine these quantities
we need the following lemma (cf. page 77 of COHEN (1976) and page 215 of
TIJMS and VAN DER DUYN SCHOUTEN (1978)).

LEMMA 6.3.6. ©Let a(.) be a bounded measurable function defined on a
finite interval (a,b) and let k be a positive constant. Assume that F(.)
is a probability distribution function with F(0) = 0 and with finite
first moment. Let u(.) be a continuous function on (a,b), which
satisfies for all except countable many x € (a,b) the integro-

differential equation

du (x)

(6.;.19) dx

b-x
= a(x) + «{u(x) - J u(x+y) 4ar(y)}
0
and the boundary condition
lim u(x) = 0.

x+b

Then for all x € (a,b)
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b-x
u(x) = B(x) + [ e6y B(x+y) dM(y),
0
where
[b—x
- B(x) = A(x) - A(x+y) dH(y)
0
with
b
A(x) = - J a(y) dy
x
and
fo for x < 0
(6.3.20) H(x) = l
lz [* (1-F(y))ay for x = 0.
0

Furthermore § is uniquely determined by

(6.3.21) J ™% a(y) =1
0
and
(6.3.22) M) : = ¢ 6™ (x)
=1
with
¥ 28
(6.3.23) G(x): = j e %Y any),
0

while G(n)(.) denotes the n-fold convolution of G with itself, n 2> 1.

PROOF. First we note that by partial integration

a b-x b-x
= J u(x+y) (1-F(y)) dy = -u(x) + I u(x+y) dr(y).
0 0
Combining this with (6.3.19) yields
rb b-x
u(x) = 7] a(y)dy - « J u(x+y) (1-F(y))dy.
X 0
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Hence, by the definition of H(.) and A(.)

(6.3.24) u(x) = A(x) - Jb Xu(x+y) dH(y) .
0
Iterating (6.3.24) yields
box )
(6.3.25) u(x) = B(x) + J u(x+y) dH (y).
0
It is straightforward to verify from (6.3.21) and (6.3.23) that

X p
G(z)(x) = J e—éy dH(z)(y) for x 2 0
0

and

J e“(Sy dH(Z)(Y)‘= 1.
0

Equation (6.3.25) can now equivalently be written as (cf. page 362 of
FELLER (1966))

Sx [

(6.3.26) &% u(x) = e B(x) + 2

Jb_x e6(x+y)

0

u(x+y) 4G )(y).

Put

8

u*(x) = e xu(x).

Then (6.3.26) is equivalent with

b-x
6.3.27) u'(x) =X Bx) + [ o¥ (x+y) ac®

0

(y).

It is well-known (see for example FELLER (1966)) that

u*(x) = e B(x) +

b-x
Sx J e6(x+y) B (x+y) aM(y)

0

is the unique bounded solution of equation (6.3.27)

Hence
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b-x s
u(x) = B(x) + J e B(x+y) amM(y)
0

is the unique-bounded solution of (6.3.19). 0

THEOREM 6.3.7. The probability distribution function ¥ on S is given by

D
1
Ylv,») = B(0) + J[ e(Sy B(y) dM(y) for v > D1
0
w({Dl}) =1 - lim y[v,®),
v+ D

1

where § is defined by (6.3.20) (with k = \)10_1) and (6.3.21) ; M(.) is
defined by (6.3.22) and (6.3.23) while

R 1 1 1
B(s): = v,0 [ F(v-y) dy - v, 0 J J F(v-z)dz dH(y),

v

s y=0 z=g+y

where E‘(x): =1-F(x), x 2 0.

PROOF. Define for all 0 < s < D1 and all v > D1

(s)

p(s,v): = P(V,R)

{x: El(X) € [v,»)}.

Then y[v,») = p(0,v), for all v > Dl'
For fixed v the function p(.,v) is continuous on [O'Dl) . Next, by using

standard arguments, we have for all 0 < s <D

1
les rw Dl_s
p(s-As,v) = { J dr(y) + J p(s+y,v) dF(y)} +
v-s 0
v, As

+ (1 -

S ) p(s,v) + o(As),

from which we get for all 0 < s < D1

D, -s
v

1o 1 ! '
=- = F(v-s) + = {p(s,v) - J p(s+y,v) dF(y)}.
0

dp(s,v)
9s

Moreover, p(s,v) satisfies the boundary condition



157

lim p(s,v) =0 for all v > Dl'
A
S.D1
Application of the previous lemma completes the proof. 0

REMARK 6.3.8. An explicit expression for ¥(.) can be obtained for the

special case, where

F(t) =1 - e ' t > 0.

Elementary, but lengthy calculations yield

H(x) = \)1(011)”1 (1 - e—nx) for x 2 0
-1
§ = v,0 -n
-1
-V, X0
G(x) =1 - e for x 2 0
. -1
-2V, X0
aMm(x) _ -1 _ 1
Eranii ¥v10 (1 e ) for x 2 0
-1

4 np -V, D,0
Ylv,») = vl(on + vl) 1e nv(e v e L ) for v > D1

- —(n+v10_1)D1
w({nl}) = (on + v,) (on + v, e ).

THEOREM 6.3.9. For 0 £ s < D,

1
D1~S
(6.3.28)  k,(s) = B(s) +J %Y B(s+y) am(y)
0
Dl_s
(6.3.29)  t (s) = D(s) +J &Y pisty) am(y),
0

where § and M(.) are defined by (6.3.20) wpto (6.3.23), with k = vlo—l and
» Y ) Dl-s D1
[°] J b(y)dy - © J J b(x)dx dH(y)

s b _sy=0 x=s+y
1

1
D(s): =0 (Ea—s) - 0_1 J (Eﬁ—s—y) di(y) .

B(s):

y=0
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PROOF. First we note that kl(') and tl(') are continuous on rO,Dl). Then,

for any 0 < s < D1

v, As P1's
_b(s)As 1
kl(s—As) == + S J kl(s+y) dar(y) +
0
viAs
+ (1 - S ) kl(s) + o(As),

from which we find, for all 0 < s < D1

V) rD1‘S
' - _bts) 1 -
kl(s) = s {kl(s) ] kl(s+y) dr(y) 1.
0

Moreover

lim k,(s) = 0.
1
s4‘51

Now (6.3.28) is obtained by application of lemma 6.3.6 , while (6.3.29)
follows from (6.3.28) by putting b(s) = 1 for all s € rO,Dl). 0

REMARK 6.3.10. Formulas for kz(s) and tz(s) for s € rDl'DZ) are obtained

from those for kl(s) and tl(s) by replacing v, by v, and D, by D

1 2 1 2°

EXAMPLE 6. 3..11. For F(x) =1 - e—nx, X 2 0 and b(x) = b.x, x 2 0 for some

)

positive constant b, we find after lengthy calculations for all s € .rO,D1

K. (s) =%bn (on + v~ (0 - s2) +
1 1 1
+ bv, (on + v )_2 (s =D, exp{-(D, - s)(n + v 0_1)}) +
19" Yy s =Y expimiYy n 1
-3 -1
+bvyolon + v,) (1 - exp{—(D1 - s)(n+vo h
and
t,(s) = n(on + v )_1(D - s) +
1 1 1

+ v, (on + vl)_2(1 - exp{—(D1 —s)n+v.oHh.

1 1
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CHAPTER 7

AN INVENTORY MODEL

7.1. INTRODUCTION AND ASSUMPTIONS.

Our third application concerns an inventory model which has got ample
attention in the literature. However, as far as the author knows, the
final results obtained in this section, are new. The model that we consider
here is as follows. ‘

Customers arrive at a warehouse according to a Poisson process with
constant arrival rate v. The demands of the customers are independent
random variables having common probability distribution function F, with
F(0) = 0. Unfilled demands are backlogged. At every moment the decision
maker can place an order of any size. We assume that an order is delivered.
without lead time.

The cost structure consists of two parts: a holding- or penalty cost rate
b(s) is incurred if the inventory level is s (negative values of the state
variable indicate the amount to be backlogged) and a lump cost m(a) is
incurred when an order of size a is placed.

For this model we define the following CTMDP:

S: = IR
a;: = {v}
A2: = [0,»)
q(s,v): = v, s €S
(7.1.1) I(s,v,[s,s-t]): = F(t), seSand t 20
p(s,a,{stal): = 1, (s,a) € S x A,
cl(s,v): = b(s), s € S
c2(s,a): = m(a), (s,a) e s x A,

f(s,t): = s, (s,t) ¢ s x [0,=).
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The state of the system denotes the inventory level, where negative values
indicate the amount to be backlogged. The only possible control is the
choice of the fixed arrival rate v. An impulsive control represents the
size of an order. Further we assume the drift-function to be constant in
its time variable.

We make the following assumptions on the model parameters.

ASSUMPTION 7.1.1.

(i) F(.) has a density function;
(i) w: =) tar(t) <= and p 2 = [ tlar(e) <
0 .0
bs, s 20
(iii) Db(s) =

-ps, s <0

for finite, non-negative constants b and p

(iv) m(a) = M8(a) + ma, az20
for finite, non-negative constants m and M while §(a) =1 if a > 0

and §(a) = 0 if a = 0.

With this assumption model (7.1.1) is a well defined CTMDP for which

assumption 2.2.2. holds.
(k) (k) c(k) (k)

The k th approximating DTMDP is defined by (S’A1'A2’P1 Py Gy aCy ,£.k)
with (cf. remark 2.4.2.(ii))
pfk)(s,v,[s,s—t]) = 1x Yo hor (o) 5 ses, t20
(k) -1 -1
P, (s,a,[s+a,sta-t]) = 1-k "v+k “VF(t); (s,a) € S x A2, t > 0.
c;k)(s,v) = k—1b(s); s € S
(k) -1
c2 (s,a) = m(a)+k "b(s+a); (s,a) € s x A2.

REMARK 7.1.2. (i) Since A1={v} it follows for every policy (V,R) with
'R=(R1,R2) that Rl(x,t) is a probability measure degenerated in {v} for all
(x,t). Hence in this chapter a policy is denoted by (V,R), where V is a

closed subset of S and R a transition probability from J[0,»)x[0,») to A2'
(ii) Let R be a transition probability from J[0,~)x[0,») to A, such that
R(.,t) is rt;measurable and let V be a closed subset of S. Then (V,R) is a

policy iff R(x,t){a: a+ntxev} = 0 for all (x,t) with mx € V.
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7.2. THE 0-DISCOUNTED COST CASE.

PROPOSITION 7.2.1. Let PO be an initial distribution on S. A policy (V,R)

is regular if
(7.2.1) 8V is countable

(7.2.2) {x: R(xk,tk) /8 R(x,t) for some t, while

Pw,R)

d(xk,x) - 0, te > t} = 0.

PROOF. An immediate consequence of assumption 7.1.1.(i) and theorem2.4.3. [J

PROPOSITION 7.2.2. Let P, be an initial distribution on S, with

0

[ .2 .
(7.2.3) J s dPo(s) < ®,

S
A policy (V,R) is strong regular if (7.2.1) and (7.2.2) hold and if there

exists a state Sy € S such that for all (x,t) € J[0,»)x[0,») with ntx eV

(7.2.4) R(x,t) ([O,so—wtx]) =1

(this implies that V n [so,m) =®.

PROOF. Let (V,R) be a policy for which (7.2.1) and (7.2.2) hold. Define
for the k th approximating DTMDP policies (V(k),R(k)) by V(k)=V and
R(k)=R, k 2 1. We will show that (V,R) and (V(k),R(k5 satisfy the conditions
of theorem 4.2.1.

First of all we note that condition (2.4.3) follows from (7.2.1) and
éssumption 7.1.1.(i), that condition (2.4.4) follows from (7.2.2) while
condition (2.4.5) is trivially satisfied.

Next we note that condition (4.2.1) holds for all § > O and all k = 1. Put

Al(j): = Al' Jes
ID,so—j], 3 < sy
Az(j): =
@ ' j 2 S
Then R(k)(x,t)(Ag(j)) = 0 for all (x,t) € Jk[O,w) x Lk for which

mX = j € V(k). Choose o > 0 and B > 1 (depending on a) such that (4.2.11)

holds for some § > 0.
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Define
(b+p)s for |s| < So
h,(s) =
(b+p) |s | for |s| 2 S5
(M+m)sO for s 20
h,(s) =

(M+m)(so—s) for s < 0,

where we assume, without loss of generality, that S > 1 and

(1 + 2usa1 + u(z)saz) < B.

Now one easily verifies that condition (4.2.2) is satisfied. Conditions (4.2.3),
(4.2.4) and (4.2.5) are trivially fulfilled for 2(.) = 1. To verify

(4.2.6) and (4.2.7) we observe that

sup J hz(sl) dli(s,a,s,) = J hi(s—t) dr(t) <
0

1
aeAl(s)
((b+p)2 é2 (1+u(2)s_2) for s > s,
< )(b+p)2 52 (1+2us_1+u(2)s_2) for -s, < s < s_;
2 9 9% % 0 0
(b+p) © s2 (142us +p 's °) for s < -s

sup r h2(s ) dli(s,a,s,) = hz(s—t) drF(t) <
aeA, (s) J 21 ! 2
1 S 0
22 -1 (2) -2
(M+m) so(1+2usO +u Sy ) for s 2 0
< ' ;
(M+m)2(so—sf(1+2u(so—s)_1+u(2)(so—s)_2) for s < 0
[ 2 2 2
sup ] hl(si) dp(s,a,sl) = sup h, (s+a) < hl(S)
aeAz(s) 3 ] aeAz(s)
and
sup } hg(sl) dp(s,a,sl) = sup h2(s+a) < hg(s).
aEA2(S) p aeAz(s)

Finally condition (4.2.8) follows from (7.2.3) while (4.2.9) and (4.2.10)

follow from the bounded convergence theorem and assumption 7.1.1.(ii). 0
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DEFINITION 7.2.3. Let (V,R) be a memoryless deterministic policy for the

CTMDP. Hence there exists a function r(.,.) on S x [0,®) with values in A2

such that r(s,t) = R(x,t) for all (x,t) ¢ J[0,») x [0,») with mX =S,
*
The policy (V,R) is of (s,S) type if there exist states s* < S , such that

for all s e Sand t 2 0

vV = (-w,s*]

*)
r(s,t) = [S*—s]+.

REMARK 7.2.4. As in the previous chapter we treat the k th approximating

DTMDP for finite as well as infinite horizon as a classical discrete time
(k) c(k)
’

Markov decision process (S,A,p ) with
A: = [0,%)
(k) -1 -1
P (s,a,[s+a,sta-t]): = 1-k "v+k VF(t); (s,a) ¢ S xA, £t =0
c(k)(s,a): = MG(a)+ma+k_1b(s+a).

A policy for this discrete time Markov decision process is denoted by R,
a transition probability from Jk[O,w) X Lk to A, such that R(.,t) is

rt—measurable.

DEFINITION 7.2.5. Let R be a deterministic memoryless policy for the k th

approximating DTMDP. Hence thereexists a function r(.,.) on S x [0,») with
values in A such that r(s,t) = R(x,t) for all (x,t) € Jk[O,w) X Ly with

T, X = S.
t
The policy R is of (s,S) type if there exist for all t = O states

* *
s, £ S, such that

t t
s ifs<s
LS if s < s
r(s,t) =
0 otherwise.

%) [x17: = max(x,0) .
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Conditions under which the optimal policy for the discrete time, finite-
and infinite horizon model is of (s,S) type have been derived by

several authors. Here we mention SCARF (1960), ZABEL (1962), IGLEHART
(1963) , VEINOTT (1966), PORTEUS (1971) and SCHAL (1976).

THEOREM 7.2.6. Consider the k th approximating DTMDP with some initial

distribution PO on S. Put o > 0 and ak: = exp(—ak_l). For all n 2 1 there

exists a memoryless deterministic policy Rﬁk) such that

(1) R;k) is ak—discounted, n-horizon optimal in the class of all
policies

(ii) Rék) is of (s,S) type.

PROOF. The proof follows the lines of SCARF (1960) and ZABEL (1962).

For n 2 1 and s € S we denote

f(k)

n,a(s): = inf J c (%) dPR(xlnox = s),

o, ,n,R
ReR JkEO,m) k

where R denotes the class of all policies.

By induction on n follows for all n > 1

f(k)
n,o

(s) = inf {M§(a) + ma + k-lb(s+a) + ak(l— E&f(k) (s+a) +
a0 : n-1,0

v [T )
o e J fn—l,a(s+a—t)_dF(t)}'
0
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where we define
jo for s 2 0
l—&s for s < 0

for some finite constant & > m.
Put for n 2 1
(7.2.5) W -1 _Yy )

(s): =ms + k "b(s) + uk(l

n,o k n-l,a(s) +

E-I R sty ar(e).

* Otk n-1,a
0

Hence
(7.2.6 f(k)(s) = inf {Mé(a) + w(k)(s+a) - ms}.

n,o n,a

a0

Define

(k) s ~ ~ (k) _ (k
(7.2.7) r'  (s): = inf {a=0: MG(a)+w (s+a) inf {Ms(a)+w (s+a)}}.

n,o n,o

a0
From part (i) of lemma 7.2.9. below 1t follows that r(k (s) < » for all
I

s € S. Next we define for all (x,lk ) € J [0,o) x Lk

(k -

R zx,lk 1): = r(k) (m X), 1 £ 24 <n

n n-2+1,q -1

2k
(k) -1 (k) -1
Rn(x,lk ): = R (x,nk "), 2 2 n.

(k)
From part (iii) of lemma 7.2.9. below it follows that Rn("') is a well
defined policy for the k th approximating DTMDP. Obviously, Rn .r.) is

memoryless, deterministic and o, -discounted optimal in the class of all

k
(k)
policies. Finally, we conclude from 1emma 7.2.9. below that R (.,.) is of

(s,S) type. 0

We need the concept of K-convexity, introduced by SCARF (1960) (see SCHAL

(1976) for a generalization of this concept).
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DEFINITION 7.2.7. Let f£(.) be a real-valued function on R and let K be a

real constant. The function f(.) is called K-convex if

f(y) - £(x) _ f(z) - £(x) + K
vy - X - z - X

for all x < y < z.
First we state without proof some well-known properties of K-convex

functions.

LEMMA 7.2.8,
(i) If £ is K-convex then f is M-convex for all M = K.
(ii) If £ and g are K-convex and M-convex, respectively, and YyrYy >0,

then ylf + v.g is (Y1K+Y2M)—convex.

2
(iii) If £ is K-convex and F(.) is a probability distribution function on
[0,%) with Ofw |£(x-2z)| aF(z) < » for all x ¢ R, then
Ofm f(x-z) dF(z) is also K-convex.

(iv) Assume that f is K-convex and continuous with limlx]*@ f(x) = =, Let

sy: = inf {s: £(s) = inf £(s)}
and s
s =1 < . s = .
S,: inf {s < s;: K + f( 1) f(s)}
Then
f(s) > f(sz) for all s < s,
f(y) 2 £(x) - K for all y 2 x 2 s1
f(s) < f(sz) for all s, < s < ;-

(k)

LEMMA 7.2.9. Let w u(.) and r(k)(.) be as given by (7.2.5) and (7.2.7) in

n, n,o
the proof of the previous theorem. Then for all k large enough and all o

small enough
(k)

(i) wn a(') is M-convex and continuous
14
(i) Lim w™ (s) = 1im W™ (s) = w
n,o n,o
s ST k) (k)
(iii) there exist states s2 o < SQ o 1 £ 2 £ n, such that
’ vy
S(k) - s if s < s(k)
2,0 '
r(k)(s) -
2,0

0 otherwise.
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PROOF. The proof proceeds by induction on n. For n = 1 we have

(x) k k

00
(m+bk T-ma, vk 1)s + o vk I tdF(t), s =20
wl,a(s) = s

-1~ -1~
(m-pk “-ma,)s + a vk “mu + s <0.

Choose k. such that for all k = k

0 0
m+ bk - iakvk—l >0
m - k—l - ﬁa <0
p X

0., vk_liu < M.

k
One easily checks that for all k 2 ko the function w;k;(.) is M-convex and
. . (k) _oqs (k) ! . s .
contln?i?s and that llms+m wl,a(s) = llms»_w wl,a(s) = o, This implies
that w1 0‘(.) attains its infimum. Put
’
S(k): = inf {s: w(k)(g) = inf w(k)(s)}
1,0 1,0 1,0
s
and
(k): = inf {s < S(k): M + w(k) (S(k)) = w(k)(s)}.
1,0 1,0 1,0 "1,a 1,0
Since w{kl(.) is M-convex and continuous we find from part (iv) of lemma
’
7.2.8.
w(k)(s) > w(k)(s(k) for all s < s(k)
1,0 1,0 71,0 1,a
(k) 5 o, (k) > > oK)
wl,a(y) 2 wl,a(X) M for all y 2 x 2 Sl,a
(k) < oK) (k) (k) < (k)
wl,a(S) < W1,a(51,a) for all Si g < s < Sl,u'
This implies
S(k) - s for s < s(k)
1,a 1,0
(k)
) u(s) =
’
0 for s 2 s(k).
1,0

This completes the proof for n = 1.
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(k) (k)

Suppose the lemma is true for n. Hence there exist sn o < Sn a such that
’ ’
(7.2.8) s® . 2ing (3: w (@) = ing w® ()}
n,a n,o s n,o
(7.2.9) s(k): = inf {s < S(k): M + w(k)(s(k)) = w(k)(s)}
n,o n,o n,o n,o n,o
M + w(k) S(k)) - ms for s < s(k)
(k) n,0. n,o n,a
(7.2.10) fn a(S) =
’
lw(k)(s) - ms for s 2 s(k)
n,o n,a

Reasoning along the same lines as e.g. on page 174 in ROSS (1970), it
follows that féki(.) is M-convex and continuous. This implies with parts
’

(k)

(i), (ii) and (iii) of lemma 7.2.8. that w a(') is M-convex and

n+1,
continuous, which proves (i) for n+1.
Moreover, we have for s < s<k)
n,o
(k) -1 (k) , . (k) -1
= - + N
wn+1,a(5) ms (1 ak) k "b(s) + uk{M+wn,a(Sn,a) + vmpk "}

Choose o < pm_l. Thenlm(l—ak)—pk_l < 0 for all 0 < a < oy, which implies
that

(k)

n+1,a(s) =

lim w
SH—x

Next we note that for y

v
x

(7.2.11) mx + f (x) = inf {M8(a) + wé

k)(x+a)} <
a0 1o

(k)
n,a

IN

inf {M&8(a) + w
a0

(y+a)} + M =

_ (k)
= my + fn'u(y) + M.

Hence, by (7.2.5) we have for y 2 x '

(k) (k)

-1 -1
(7.2.12) wn+1,a(y) - wn+1,a(x) > m(l—ak) (y-x) + k "b(y) - k b(x) - akM

which in turn gives
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(k)

lim w
n+l,0
S

(s) = o,

This proves (ii) for n+l. Finally the proof of (iii) for n+1 proceeds

similar as for n=1. 0

(k) and s(k)
n,o n,o
proof of the previous lemma. Then

LEMMA 7.2,10. Let S be defined by (7.2.8) and (7.2.9) in the

0<s® <ump?!
n,o
and
—Mk(p-ma)~1 <% <o,

n,a

PROOF. From relation (7.2.12) follows for all y =2 x 2 0

(k) (k) S
wn,a(y) wn,a(%) - 0LkM'
This implies with the definition of sék; that
’
s(k) < 0.
n,o

On the other hand we conclude from (7.2.12) that for y 2 x 20

k -
wé,L(y) - wifi(x) 2k b(y-x) - M.

(k) (k)

Since w attains its infimum in Sn o we conclude that

r ’

s <!,
n,o .

(k)
n,o
This is obvious for n=1. Suppose it is true for n. Then (7.2.10) implies

that for x <y <0

Next we show by induction on n that w (.) is non-increasing on (-=,0].

K K
(7.2.13) fé,;(x) - fr(ll()x(y) > —m(x-y).

Hence it follows by (7.2.5) that for all x <y < 0
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. (k) (k) -1
(7.2.14) wn+1’a(x) - wn+1,a(y) = m(l—ak)(x—y) -k "p(x-v) = 0.
From the fact that wékl(.) is non-increasing on (-»,0] we conclude that
’
S(k) 2 0.
n,o

Finally (7.2.14) vyields for x < 0

(k)

, (k)
n,a

-1
(x) 2 m(1—uk)x -k "px + wn,a(O)

v

(k)(s(k)

mak_lx - k—lpx + w .
n,a n,o

Hence, by the definition of s;k;
’
k) -1
Sn,a > =Mk (p-ma) . 0

THEOREM 7.2.11 . Consider the k th approximating DTMDP with some initial

-1
distribution PO on S. Choose o > 0 and put o, : = exp(-ok ). There exists

a stationary deterministic policy Rg{éuch that
(i) Rgcés ak—discounted optimal in the class of all policies.
(k),

(ii) R is of (s,S) type.

PROOF. Let 5X) (k) e Gefined by (7.2.8) and (7.2.9) . From the
—_— n,o n,a (k) (x) .
previous lemma follows the existence of real numbers Sa and s, " and a

and s

sequence (nj):’=1 of natural numbers such that

(k) (k)

(7.2.15) lim S =:8
. n,,o (]
Joe J
and -
(7.2.16) lim s(k) =:s(k).
josoo n,,o o
Put
S(k) - T X if 7 x < s(k)
o t t a
(ke
R*x,t) b

0 otherwise.
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(k)
ThenhR*(.,.) is a well-defined stationary deterministic policy, which is

obviously of (s,S) type.

k
To prove that R*z.,.) is ak—discounted optimal we define

(x) _ . [ -
(7.2.17) fa (s): = E& J cak'R(x) dPR(x|nox =s), s € S.
Jk{o,oo)
Since (féki(.)) is a non-decreasing sequence of non-negative functionson S
7

v(s): = lim f(k)(s) >0
n,a
n->eo
exists for all s € S.
From Dini's theorem (seepage 162 of ROYDEN (1968)) it follows that
k c
( )(

n,a D vl

(7.2.18) £
By considering the (s,S) type policy with s = S = 0 we easily find that

f(k)
a

(7.2.19) £ (8) €M - ms + va (Mémy) for s < O.

k)
n,

(s) <
o

Combining (7.2.18) and (7.2.19) with (7,2.5) we find with the bounded

convergence theorem that

(k)

c
(7.2.20) wn,a(') > w(.),

where
w(s): = ms + k_lb(s) + o (1 - 2) v(s) + a 2'(“ v(s-t) dF(t)
: k k k k| g :
0

From (7. 2.10) (7.2.18) and (7.2.20) follows

M + w(S(k)) - ms for s < s(k)
o o
(7.2.21) v(s) =
w(s) - ms for s = s;k).

Iteration of (7.2.21) yields for s ¢ Sand n 2 1
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v(s) 2 J Sy n R(k)(x) dPR(k)(x[ﬂox = s),
3,[0,%) * *

By letting n + « we find

7.2.22 > (k dp =s) 2 f (s).
( ) v(s) J cak’Rik)(X) Rik)(xlﬁox s s)
Jk[0,°°)

Together (7.2.22) and v(s) < fék)(s) yield the ak—discounted optimality of

k|
R(*%.,.) in R. a

(k)

LEMMA 7.2 .12. Let su

and s;k) be defined by (7-.2.15) and (7.2.16), Then

for o small enough

0 < s;k’ < M(a+v)b'1
and
—M(a+v)(p—am)_1 < s;k) < 0.

PROOF. Let f;k)(.) be defined by (7-2.17) ., From the previous theorem it
follows that for all s € S

fék)(s) = inf J ca
ReR
JkFO,w)

D =
wa)iRmh& s),

where R is the collection of all semi-Markov strategies, i.e. R € R if for
fixed x the function R(x,.) is constant on (Tn(x),Tn+1(x5] for all n > 1.
Stated otherwise, the function f;k)(.) is the optimal value function of
the semi-Markov decision process, where the sojourn time T(s,a) in state

s €8, when action a is chosen is a random variable with the following
distribution function

1,n-1 -1

nk "~} = (1-vk )" twk o, a=0,s¢€¢S8

P{ T(s,a)

I
~
—
]
-
~

P{T(s,a) = a>0, s e S.

Reasoning along the same lines as e.g. in chapter 7 of ROSS (1970) or in

LIPPMAN (1973) it follows that f(k)

o (.) satisfies the functional equation
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kT (s+a,0) -1

f(k)(s) = inf {M8(a) + ma + k—lb(s+a)E( o)+
o k
a=0 n=0
¢ B@TE0) [T ) (L ar ) =
k ] Ta
0
. b (s+a)
= inf {M§(a) + ma + 57—+
220 k(l—uk)+akv
o v o0
N ——-—5———-——-J £ (sta-t) ar(n) ).
k(1-—ak)+akv o
Put
IRY o0
~(k) . b(s) k ),
W, (s): =ms + k(l-ak)+akv k(l—ak)+akv I fa (s=t) ArF(t).
0
Then
(7.2.23) f;k) (s) = inf {MS§(a) + ;]ék) (s+a) - ms}.
a0

From the previous theorem

(k)
follows also that the policy R, (.,.) defined by

s(k) - M X if m x < s(k)
(k) a t t o
R*(x,t) =
0 otherwise
, ) . (J) o . .
is uk—dlscounted optimal. Moreover R*(x,t) minimizes the right hand side
of (7.2.23) if ﬂtx = s.
Hence .
(M + &(k)(s(k)) - ms for s < s(k)
(x) o o o
fa (s) =
G(k)(s) - ms for s 2 s(k)
o o
which in turn implies that G;k)(.) attains its infimum at S;k), while
(7.2.24)  w™ (%)) <y 4 g B (Hy,
o o o
For y 2 x we have by (7.2.11)

(

mx + £ k)(x) <
a

(k)

my + M + fa (y) .
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Hence
~ (k) ~ (k) b (y) -b(x)
w (Y) - W (x) = T e o M 2
o o k(1 ak)+akv
> (@)} (by)-bx)) - M.
. ~ (k) . . . e (k) .
Since wa (.) attains its infimum at Sa it follows that
0 < s;k) < M(a+v)b 1,

Moreover, (7.2.13) implies that for x <y <0

£y _ g ®

N o (y) 2 -m(x~-y).

Hence we have for x <y <0
m(x-y)o, v
~ (k) ~ (k) b (x) ~b (y) k
w (x) - w (y) = m(x-y) + = - — >
o o k(1 ak)+ukv k(1 ak)+akv
N b (y-x) . m(x—y)k(l-ak)
k(l-ak)+akv k(l—ak)+akv

From this inequality follows for o small enough and for s < 0

&;k)(s) > &;k)(o) - (a+v)_1(p-mu)s >
> Q;k)(sék)) - (a+v)—1(p—ma)s.
This implies with (7.2.24).
s;k) > —M(v+a)(p'mu)_1. 0

THEOREM 7.2.13. Consider the CTMDP with some initial distribution Po on S,

such that (7.2.3) holds. For all a > O there exists a stationary

deterministic policy (WiRa) such that

(i) (Va'Rd)is a-discounted optimal in the class of strong regular
policies.

(ii) (Va,Rd)lS of (s,S) type.
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PROOF. Let S;k) and s;k)

be defined by (7.2.15) and (7.2.16). From the
previous lemma follows the existence of real numbers Su and S, and a

o
sequence (kj)j= of natural numbers such that

1
(k.)
(7.2.25)  lims 3 =:5"
j_)“’ o} o
’) o,
(7.2.26) lims J =:s .
j—)oo o o,
Put
(7.2.27) V. : = (-o,5°]
[o] o

(7.2.28) R (x,0): = [s) - mx]",

Then (va’Ra) is a well-defined policy for the CTMDP, which is obviously
stationary, deterministic and of (s,S) type. According to theorem 4.2.9.
the policy (Va’Ra) is a-discounted optimal for the CTMDP if (Va’Ra) and

(R, J );=1 satisfy condition (4.1.8). Theorem 4.2.1. gives sufficient
conditions for (4.1.8). Finally theorem 2.5.4 and the proof of

proposition 7.2.2. show that these sufficient conditions are satisfied for.

]

oo

v ) a ( (kj)
( a'Ra an R* )j=1'
7.3. THE AVERAGE COST CASE.

THEOREM 7.3.1. Consider the CTMDP with some initial distribution P0 on S
such that (7.2.3) holds. Then there exists a stationary_deterministic
policy (V,R) such that

(1) (V,R) is average optimal in the class of strong regular policies.

(ii) (V,R) is of (s,S) type.

. *
PROOF. Let S: and Sy for a > 0 be defined by (7.2.25) and (7.2.26). By

lemma 7.2.12. there exists for any sequence (Bk):=1 with limk_mBk =0 a

subsequence (Bk )?_ such that

. j=1
J
* *
S : = lim SB
e kg
and J
* *
s = lim sB
o Pk
J J

exist.
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Moreover it follows from lemma 7.2.12 that O < s* < va_l and
mop T < s* < o.
Put
V: = (~®,s*]
and

R(x,t): = [s* - wtx]+.

Obviously (V,R) is a'well—defined, deterministic stationary policy of
(s,S) type. To show that (V,R) is average optimal in the class of strong
regular policies it is sufficient to show that conditions (4.4.6) and
(4.4.7) of theorem 4.4.6. hold.

Consider the policy (Va'Ra) defined by (7.2.27) and (7.2.28). Using
standard renewal arguments, it can be shown that (see e.g. VEINOTT and
WAGNER (1965))

* % *  x o =1
(7.3.1) c(Va,Ra) = Vg(sa'su)(1+MF(Sa_su)) ,

where MF(.) is the renewal function of the probability distribution F and

gu,v): = b(v)\)_1 + M{1-F(v-u)} + m J tarF(t) +

rv_u » v-u

+J {b(v-y)v = + {1-F (v-u-y} {M+ny} +
0 0

+m J tdr (t) } am. (y) for u < v.
v-u-y

Together (7.3.1) and assumption 7.1.1.(i) imply (4.4.6).
Finally we put for x € J[0,x)

t. *
T (x): = epoch of n h entrance of x into state Sa'

Then the policy (Va'Ra) induces on J[0,») a regenerative stochastic

Lo
process xa, with sequence of regeneration epochs (Tn,a(xa))n=0' One
easily verifies that for this regenerative stochastic process the
conditions (4.4.13), (4.4.14) and (4.4.15) hold. Hence it follows from

theorem 4.4.8. that (4.4.7) holds. O
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CHAPTER 8

RELATED LITERATURE

8.1. INTRODUCTION.

In this final chapter we give a brief overview of those parts of the
literature, that are closely related in method or result to the work
presented in this monograph.

The reader should not expect a complete picture of all the literature on
Markov decision processes with continuous time parameter, nor an overview
of all those papers, in which approximation methods based on weak
convergence are used. The literature that is considered, is separated into
three sections. In section 8.2 we mention publications in which Markov
decision processes with continuous time parameter are treated from a
general point of view. In section 8.3 literature on approximation methods
for continuous time Markov decision processes is gathered. Finally, we give
in section 8.4 some references with respect to the specific models

presented in the chapters 5, 6 and 7.

8.2. MARKOV DECISION PROCESSES WITH CONTINUOUS TIME PARAMETER FROM A
GENERAL POINT OF VIEW.

During the first ten years after the initiating work of BELLMAN (1957)
and HOWARD (1960) on Markov decision processes, the attention was mainly
directed to the theory of discrete time- and semi-Markov decision processes.
For references we refer to ROSS (1970) and HORDIJK (1974). The theory
of semi-Markov decision processes is closely connected with the theory of
Markov decision drift processes with continuous time parameter. Indeed, any
CTMDP with drift function constant in its time variable becomes a semi-
Markov decision process if the class of policies is restricted to the
stationary ones. Hence, the theory of semi-Markov decision processes is

applicable, once we know for a certain CTMDP that a stationary optimal policy exists.
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MILLER (1968) considered continuous time Markov decision processes with
finite state space S and finite set of controls Al, while in his analysis
the set of impulsive controls is empty. The cost functional that is
considered is the O-discounted, T-horizon cost functional. The class of
policies is restricted to the pure, memoryless ones. By a constructive

proof Miller shows, that within this class there exists a piecewise constant

O-discounted, T-horizon optimal policy i.e. for all i € S there exists a

piecewise constant function r(i,.) on [0,T] with values in A such that
the policy R, defined by R(x,t): = r(ntx,t) is O-discounted, T-horizon
optimal.

In a second paper MILLER (1968a) treats the a-discounted and average cost
functionals for continuous time Markov decision processes with finite state
and action space. The existence of a stationary, o-discounted optimal and a
stationary average optimal policy in the class of piecewise constant
policies is established. These results are also obtainable from our

theorems 4.2.1. and 4.4.6., using the corresponding well-known results for
discrete time processes.

KAKUMANU (1971) generalizes the results of Miller to the countable state
space. He also assumes an empty set of impulsive controls. In the case in
which the set of controls is finite, the existence of a stationary,
a-discounted optimal policy, within the class of pure memoryless policies

is established. Moreover, he proves for a countable set of controls, that
within the class of pure, memoryless policies there exists a stationary,
o-discounted, e-optimal policy. These results can also be obtained from our
theorem 4.2.1. with some additional argumentation. _

KAKUMANU (1975) considered in a subsequent paper the average cost functional
for the case of a countable state space, finite set of controls and empty
set of impulsive controls. The existence of a stationary, average optimal
policy in the class of memoryless policies is proved, under the condition
that the probability meésure induced by any pure, memoryless policy generates
a positive recurrent Markov process,.with only one recurrent class. However,
his conditions seem to be insufficient, since his results contradict a counter
example of FISHER and ROSS (1968). Our conditions of theorem 4.4.6. which
ensure the average optimality of a policy for the continuous time model are
stronger than those of Kakumanu. DOSHI (1974 and 1976) deals with continuous
time Markov decision (drift) processes, with the restrictions that the

set of impulsive controls is empty and the drift function is constant in
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its time variable. He derives conditions, which guarantee the existence

of a stationary, a-discounted optimal and a stationary, average optimal
policy, within the class of pure, memoryless policies. This kind of result
(for the general state space) cannot be obtained from our theory without
any additional information about the optimal policies for the approximating
discrete time processes. The numerous conditions of Doshi, however, are
not easy to verify.

PLISKA (1975) considers continuous time Markov decision (drift) processes
under the same restrictions as those of DOSHI (1976). He shows, that for
the O-discounted, T-horizon cost functional, as well as the O-discounted
cost functional the optimal value function is the unique solution of a
certain differential equation.

Finally, YUSHKEVICH (1977) treats continuous time Markov decision processes
with countable state space and (logically) a drift function that is
constant in its time variable. He takes into account the class of pure
policies. His main result is the derivation of sufficient conditions, which
guarantee the existence of a pure, memoryless, O-discounted, e-optimal
policy in the class of pure éolicies. We obtained a similar result in
chapter 3.

As YUSHKEVICH (1977) is the only author who admits history remembering
policies, only he is concerned with the question of the existence of a
probability measure on the space of all sample paths, induced by a

general (non-Markovian) policy. MANDL (1973) had earlier partially
answered this question for the case of a finite state space. He defined
the transition probabilities of the embedded process, describing the

jump times and jump states. For a finite state space and empty set of
impulsive controls the transition probabilities Q(n)(.) defined on page 38
of this monograph (definition 2.2.11.) simplify to the transition
probabilities given by Mandl.

In dealing with the problem of the existence of stationary average optimal
policies for discrete or continuous time Markov decision (drift) processes
we can roughly distinguish two approaches. The first approach takes the
optimality equation for the average cost criterion as a starting point.

The difficult part of that analysis is to find sufficient conditions under
which this optimality equation has a bounded solution. Some authors provide
sets of sufficient conditions in terms of the solution of the optimality

equation for the discounted cost criterion (TAYLOR (1965), ROSS (1968,
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1968a, 1970a), TIJMS (1975), HORDIJK (1976) and DOSHI (1976)). Also
recurrence conditions on the underlying stochastic processes are proposed
as sufficient for the optimality equation to have a bounded solution
(DERMAN (1966), DERMAN and VEINOTT (1967), HORDIJK (1974), FEDERGRUEN,
HORDIJK and TIJMS (1979) and FEDERGRUEN, SCHWEITZER and TIJMS (1980)).

In the second approach the value function of the average cost problem is
directly related to the value function of the discounted problem. In SCHAL
(1977) this is established by interchanging limit and infimum while
BLACKWELL (1962), MILLER (1968) and HORDIJK (1971) make use of a well
known Abelian theorem. It is worthwhile to notice that in this Abelian
approach no use is made of the optimality equation. In section 4.5. of
this monograph we used the latter method to find sufficient conditions for
the average optimality of a limit point of a sequence of discounted

optimal policies.

8.3. APPROXIMATION METHODS.

Approximation methods for continuous time Markov decision processes
have been applied during the last decade with considerable success. In
view of the fast growing literature in which these approximation methods
are used, they seem to become a main tool in the analysis of Markov
decision processes. In particular the theory on weak convergence of
probability measures plays a key role.

For applications before 1974 in queueing theory and other areas of applied
probability the reader is referred to the survey papers by IGLEHART (1973
and 1974). In this section we briefly discuss some publications in which
continuous time Markov decision processes are treated with employment of
approximation methods with respect to the time parameter. Beyond the scope
of this monograph are the important methods which approximate or
discretize the input parameters or the state space.

MITCHEL (1973) considers an M/G/1 queueing system with controllable
service rate under the average cost functional. He proves, under certain
assumptions on the cost functions, the existence of a stationary,
€e-optimal, monotone policy i.e. the service rate used increases with the
amount of work in the system. First he proves, via the a-discounted,

finite horizon analysis the existence of a monotone, stationary, average
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optimal policy for the k th approximating decision process. Next, he shows
that given k and a policy R for the CTMDP, there exists a policy Rk for
the k th approximating DTMDP, such that the expected average costs under
both policies differ by a function of k, which goes to zero as k > =.
Finally he proves by a method depending on the structure of the problem,
that the optimal value function for the sequence of approximating decision
processes converges to the optimal value function of the CTMDP. This
justifies the conclusion, that there exists a monotone, stationary,
e-optimal policy for the CTMDP.

WINSTON (1976) considered continuous time Markov decision processes with
finite state space, finite set of controls and empty set of impulsive
controls. By analysis of the discrete time and continuous time optimality
equations he proves for these processes our theorem 4.2.9. under the
assumption that the optimal policies for the approximating decision
processes are stationary. Winston applies this result to a maintenance
system, consisting of a finite number of machines and a single server
repair facility, that can be operated at a finite number of rates.
Conditions are derived which ensure, that the optimal repair rate for the
CTMDP is a non-increasing function of the number of machines in good
condition.

The results of Winston are generalized in chapter 10 of WHITT (1975). He
proves, besides a lot of other interesting convergence results on input
parameters, a theorem similar to theorem 2.4.3. in this monograph. The
processes considered by Whitt have countable state space and empty set of
impulsive controls, while the policies are restricted to, the class of pure
memoryless policies.

LIPPMAN (1976) considers continuous time Markov decision processes with
countable state space, finite (state-depending) sets of controls and
empty set of impulsive.controls. He proposes a procedure by which a CTMDP
is approximated by a sequence of semi-Markov processes.

Finally, we mentién a paper by KAKUMANU (1977) , in which he, in stead of
using an approximation procedure, constructs for every CTMDP a single
DTMDP, such that the total expected a-discounted costs for the CTMDP and
the total expected B-discounted costs for the DTMDP are proportional

(B depends only on o and the model parameters). The proof of this result

is based on an analysis of the optimality equation.
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8.4. PROCESSES WITH SPECIAL STRUCTURE.

In this section we mention some papers, in which, although with quite
different methods, results are obtained related to our results on the
specific models of chapters 5, 6 and 7.

With respect to the M/M/1 queueing model with controllable arrival and
service rate (chapter 5) we mention a paper by SERFOZO (1981) in which he
considers a model which differs in three aspects from our model. The
possible arrival- and service rates in Serfozo's model can be chosen from
a finite set, in our model from a finite intexrval. In Serfozo's model the
rates can only be changed when a customer arrives or a service is completed,
while we considered the continuous time control case. Finally, Serfozo
proves the existence of a monotone a-discounted optimal and a monotone
average optimal policy, within the class of stationary policies, while we
obtained the same results in the class of strong regular policies.

For an overview of the literature on controlled queueing systems upto 1974
we refer to PRABHU and STIDHAM (1974).

Regarding the maintenaﬁce replacement model (chapter 6) we mention papers
by TAYLOR (1975) and ZUCKERMAN (1977). TAYLOR (1975) treats the continuous
time replacement model, where the only possible control of the system is
replacement of an old device by a new one. He proves the existence of an
average optimal control limit type policy.

ZUCKERMAN (1977) extends the results of Taylor for more general cost
functions. Moreover, he gets a similar result for the a-discounted cost
functional. The results of Zuckerman are more general than ours with
respect to the assumptions on the cost functions. However, we assumed that
besides by replacement the system can be controlled by maintenance at
several levels. Moreover, in our model a continuous decay occurs besides
the shockswise decay. Zuckerman considers the model without maintenance,
while the damage accumﬁlates only by shocks.

For an overview of the literature on maintenance replacement models before
1975 we refer to a survey paper by PIERSKALLA and VOELKER (1976).

The conditions for optimality of (s,S) type policies in discrete time
inventory models (chapter 7) have been discussed in detail in the
literature. As far as the author knows, a mathematical satisfactory proof
of the corresponding result for the continuous time inventory model has

never been given before.
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SUMMARY

This monograph deals with the optimal control of Markov decision drift
processes with continuous time parameter (CTMDP). Such a decision process
can be described as follows. A stochastic process {Xt, t =2 0} on a given
metric space is continuously observed and at each t € [0,») an action is
chosen based on the history of the process upto time t. The process
{X_, t20} is assumed to be a jump process with a deterministic drift
between two successive jumps. There are two kinds of actions available,
which differ in their impact on the evolution of the process. The
(generator) controls are actions which affect the process only in its
infinitesimal parameters (e.g. the arrival rate in an arrival process),
while the impulsive controls are actions which have an impulsive influence
on the process; i.e. an impulsive control causes an immediate change in the
state of the system (e.g. replacement in a maintenance model). At time t
a cost is incurred at a rate depending on the actual state of the system and
the control that is chosen. Moreover, when an impulsive control is chosen,
a lump cost is incurred, whigh depends on the actual impulsive control and
the state of the system. A policy is a rule for choosing actions. That is,
given the history of the process and the present state at time t, the policy
prescribes the control and impulsive control to be chosen.

Our investigation of a CTMDP proceeds along the following lines. First the
class of decision processes with discrete time parameter (DTMDP) is
introduced. A DTMDP is a decision process that is not continuously
observed and controlled, but only on equidistant time points. For any CTMDP
a sequence of approximating DTMDP's is constructed, for which the distance
between two successive decision epochs decreases to zero. It is shown that
for any CTMDP-policy, with certain regularity conditions, there exist
policies for the sequence of approximating DTMDP's, such that the induced
stochastic processes converge weakly on the space of all possible sample
paths.

This type of result can be applied té transfer properties of a DTMDP to a
CTMDP. For example, the powerful method of mathematical induction by which
the structure of optimal policies in discrete time problems can be
determined is not applicable for continuous time problems. However, by the
above stated convergence result, the method of mathematical induction
becomes again the basis for the analysis of a CTMDP,

We collected the necessary material on weak convergence of probability
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measures on metric spaces in chapter 1. Moreover, we introduce and

analyse in this chapter a sequence space, which can be used as the space
of the possible sample paths for the processes to be considered in this
monograph.

In chapter 2 we formally introduce a CTMDP and DTMDP, the class of
possible policies is defined and it is shown that any policy induces a
unique probability measure on the space of possible sample paths. Theorem
2.4.3. constitutes the main result of this chapter. This theorem provides
conditions for a CTMDP-policy, which ensure the existence of policies for
the sequence of approximating DTMDP's, such that weak convergence of the
induced probability measures occurs.

Using the results of chapter 2 we prove in chapter 3 a theorem for a

CTMDP, which justifies the frequently made assumption that history
remembering policies do not yield any improvement in the expected
(discounted or average) costs.

For a number of applications the results of chapter 2 seem to be insufficient.
From the weak convergence of the induced probability measures we cannot
conclude the convergence of the total expected discounted costs, when the
cost functions are unbounded. Hence, we give in chapter 4 (theorem 4.2.1.),
for the model with unbounded cost functions, conditions which ensure not
only the weak convergence of the induced probability measures, but also the
convergence of the total expected discounted costs. From this theorem
sufficient conditions for the discounted optimality of a CTMDP-policy are deduced.
Using the results for the discounted cost criterion together with a well-
known Abelian theorem, we derive also conditions, which guarantee the
average optimality of a CTMDP-policy (theorem 4.4.6.).

The convergence theorems of the chapters 2 and 4 can be successfully
applied to transpose results to a CTMDP, which are alreay known for a
corresponding DTMDP (or which can be obtained by standard methods) .
Especially, structural properties of optimal policies, which are usually
obtained for a DTMDP by the method of mathematical induction, can be
transposed in this way. As illustration we consider in chapter 5, 6 and 7
three quite different continuous time Markov decisicn processes on which
the proposed technique is applied. Successively, we treat an M/M/l1 waiting
line model, a maintenance replacement model and an inventory model.
Structural results for the optimal policies are obtained for the

o-discounted as well as the average cost criterion.
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