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CHAPTER 1

INTRODUCTION

In this thesis multiple grid methods are studied for solving the
algebraic systems that occur in numerical methods for Fredholm equations

of the second kind:
(1.1) f = Kf + g.

Let g belong to a Banach space X. We assume that the operator K is compact
from X into X, and that (1.1) has a unique solution f € X. For the descrip-
tion of the multiple grid techniques we use projection methods. Equations
of the type (1.1) often arise in applications: potential problems, solid
mechanics, diffraction problems, scattering in quantum mechanics, water ,
waves, etc. (cf. [6], [7], [10], [11]). In the following sections we brief-
ly review the concepts of compactness, projection methods and multiple grid

methods.
1.1. COMPACT OPERATORS

Heuristically speaking, compact operators are operators that in general
possess some kind of "smoothing property'". The following definition is bor-

rowed from ATKINSON [3]:

DEFINITION 1.1.1. Let X and Y be Banach spaces. A linear operator K: X » Y

is called compact if for every bounded sequence {fn} in X, there is a sub-
sequence {fnj} such that {Kf,.} converges in Y.
Equivalently, K maps bounded subsets of X into subsets with compact closure

in Y.

A simple example of a compact operator is given by the following

integral operator on X = Y = C[0,1]:



1

(1.2) Kf(x) = f k(x,y)£(y)dy,
0

where

sup lk(x,y) |dy < =

0<x<1

o—

and
1

lim sup f |k (x+8,y) - R(x,y) |dy = 0.
§>0 0=<x<1 0

By the Arzela-Ascoli theorem it follows that K is compact on C[0,1] (cf. [31).
A more abstract example is given by Schauder inversion. Let Au = g
(g belongs to a Banach space Y) be a quasilinear elliptic operator equation

with:

Au = Au + ;(u)°Vu + b(u).
Define the linear operator

Avu = Au + ;(v)'Vv + b(v) for fixed v ¢ Z,
where the Banach space Z is a subspace of the Banach space X with Z compact-
ly imbedded in X. If Avu = g has one and only one solution u = Kv satisfying
the a priori estimate

lul, < C(R)lgly, Vg e ¥,

if "V“X < R, then the non-linear operator K: X + X is compact (cf. [4]). The

fixed points of
(1.3) u = Ku

coincide with the solutions of Au = g. In this thesis examples will be

studied that are similar to (1.2) and (1.3).



1.2. PROJECTION METHODS

A description of our multiple grid techniques can be given by inter-
polatory projection operators. For the approximate solution of linear or
nonlinear equations of the type (1.1) or (1.3) projection methods are well-
known.

Let {XN} be a sequence of finite-dimensional subspaces of X with dimen-
sion N and assume that for every N we have a linear projection operator TN
which projects X into XN. The projection method for solving (1.1) is:

solve the approximate equation

(1.4) fy = Ty + Ty, £y € X
One can solve (l.4) by reducing it to a Galerkin system (cf. [9]), which is
a matrix equation of order N of the form

-~

(1.5) T KO Fy = Iy

On the assumption that (1.1) has a unique solution, it can be proven that

both (I—TNK)_] and (IN—KN)—1 exist for N large enough [9].

EXAMPLE (Piecewise linear interpolatory projections in C[0,1]).
Consider (1.1)- (1.2) in X = C[0,1]. Let HN: 0= Xy <X < ... <xe = 1 be
a regular grid on the interval [0,1]. Choose XN to be the space of piece-

wise linear functions on HN spanned by (uo,ul,...,uN) with:

) {(x—xl)/(xo—xl) , X, < x < X
0

0 ’ elsewhere,

) {‘X'XN—R/@N'XN_O’ g € XS Xy

0 , elsewhere,

Goxg D/ Gegmxg s %) S % <xy,
ui(x) = (X_xi+1)/(xi_xi+l)’ X. £ x < X o
0 , elsewhere,

for i = 1,...,N-1. For the projection operator T, we choose the interpol-

N
atory operator defined by:



N
TNf(x) = _Z f(xi)ui(x).
i=0

The Galerkin system reads

7o g(xg)
(1.6) Ty Ky Y= : R
x g (xy)

where (KN)ij = fé k(xi,y)uj(y)dy. The solution of (1.4) is given by the
piecewise linear function taking the value fi at x., i=20,...,N, where

fN is the solution of (1.6). For other examples of projection methods for

Fredholm integral equations of the second kind we refer to IKEBE [9].
1.3. MULTIPLE GRID METHODS

The matrix KN is in general a full matrix, i.e. all elements of KN are
non-zero. If N is small enough (1.5) can be solved by Gaussian elimination.
For large values of N iterative methods are needed. In this thesis multiple
grid methods are applied in order to solve the large non-sparse system (1.5)
efficiently. These methods can be seen as an extension of the iterative
schemes given by BRAKHAGE [5] and ATKINSON [3], who only use two grids (one
coarse and one fine grid). Multiple grid methods work with a sequence of
grids of increasing refinement, which are used simultaneously to obtain an
approximation to (1.4), i.e. to compute efficiently the solution on the
finest grid.

Let Np’ p=20,1,2,...,%, be an increasing sequence of integers
(NO < NI < wee < Ng) and let Xp be a short notation for XNp (fp, Tp and
KP are similarly defined). In the context of multiple grid iteration the

subscript p is called level. We need the following assumption for {XP}:

X0 [ X1 c ... C X% c X.

Suppose we want to solve (l1.4) with N = Nz, i.e.:
(1.7) (I-TK)f, = T g.

An approximation to f2 is obtained by the following iterative process. Let

the initial guess be zero, i.e. fio) =

i=1(1)o:

0. Perform the following steps for



(1)

(i+}) _
(I.Ba) fg = TQKfQ + ng,

(i+1) _ (i+}) _ -1 _e(i+3) (i+3)
‘(].8b) £ = £, +T, (-1, K T, {T &~ f, +T KE) 1.

The first step (1.8a) of this scheme is a Jacobi or Picard iteration; the
second step is called a coarse grid correction. As is shown in Chapter 2,

the scheme (1.8) converges if N is large enough. In order to understand

-1
the structure of (1.8b) we first consider the second part of the right-hand
side. After (1.8a) the term between braces is equal to the residue of the

Jacobi iteration:

(i+3) . _ (i) (i+3)
L =Tig fl + TQKfl .
i1
This residue rél+2) € XZ is projected to the subspace Xz—l and we proceed

with solving

. - (i+))
(1.9) -1, R, | =T, .

We note that this equation is of the same type as (1.7), but all subscripts
are decreased by 1. In a multiple grid method the solution of (1.9) is
approximated by y steps of the iterative process (1.8), except when it has

to be solved on the lowest level. In that case the linear system correspond-
(i+3)
1

it is shown that it is sufficient to take y = 2 for the number of iterationms.

ing to (I—TOK)V0 = Tor is solved by some direct method. In Chapter 2

The proposed multiple grid method to solve (1.7) is of a recursive
type. Recursion takes place with respect to the level number p. For the
precise description of a multiple grid algorithm the: programming language
ALGOL 68 [12] is convenient, because this language can easily handle both
the recursion mentioned and the data structures that appear in a multiple
grid algorithm. In order to describe our multiple grid method in a concise,
modular and readable form we first introduce the following ALGOL-68 proce-
dures in which MODE VEC = REF [] REAL.



PROC solve directly (VEC f,g) VOID:
# determines the solution of (Ip—Kp)f =g

by means of Gaussian-elimination #.

PROC zero (INT p) VEC:
# delivers the vector corresponding to

the zero-element of XP #,

PROC restrict

(VEC y,) VEC:

# delivers the vector corresponding to TP_1 y

i.e. restrict is a representation of the

P

operator T_ ,: X_ ~» X #,
P p-1° “p 7 Fp-1

PROC prolongate (VEC yp) VEC:

# delivers the vector corresponding to Tp+] Yp’
i.e. prolongate is a representation of the

X > X #,

operator Tp+1: o o1

The following ALGOL 68 program describes our multiple grid process:

PROC mulgrid = (INT p,o,VEC f,g) VOID:
IFp=0
THEN solve directly (f,g)
ELSE TO o
DO f := g+Kp*f;
VEC residue = g—f#K?*f}
VEC v := zero(p-1);
mulgrid(p-1,v,v, restrict(residue));
f := f + prolongate (v)
oD
FI;

The actual implementation of the procedures zero, prolongate and restrict
depends on the choice of {XP} and the projection operators {T_}. Using
uniform grids and piecewise linear interpolatory projections in C[0,1], we
give an implementation in Chapter 3. In [8] HACKBUSCH also studied the
above multiple grid method for Fredholm integral equations of the second
kind. In Chapter 2 we introduce an alternative multiple grid method, which

can deal with a larger class of problems than the above method. The



implementation of this new method is given in TEXT 3.3.2 (Chapter 3).
, 1.4. SCOPE OF THE STUDY

In this thesis we are concerned mainly with multiple grid methods for
the fast solution of equations (l.4). In Chapter 2 various multiple grid
methods are studied for these equations. For these iterative methods the
reduction factors, which determine the rate of convergence, are derived
using the collectively compact operator theory by ANSELONE [1] and ATKINSON
[3]. Theoretical and numerical investigations show that multiple grid
methods give the solution of (1.4) in O(NZ) operations as N -+ «, whereas
other iterative schemes take at least O(N2 log N) operations. In practice
this results in algorithms for the solution of (1.4) that are significant-
ly more efficient than the other schemes.

For the automatic solution of Fredholm integral equations of the second
kind a new code, called solve int eq is presented in Chapter 3. The linear
system obtained from the discretization of the integral equation is
iteratively solved by a multiple grid method. For a variety of problems the
performance of solve int eq is compared with Atkinson's program Zesimp
[2]. Using the number of kernel evaluations as a basis for comparison, the
cost of the new algorithm is about 2/3 the cost of the algorithm Zesimp;
and it appears to be equally well or even more reliable.

In Chapter 4 we discuss the numerical solution of a two-dimensional
Dirichlet problem for Laplace's equation. We use the classical approach of
representation of the solution by means of a doublet distribution on the
boundary of the domain. From the boundary condition we obtain a Fredholm
integral equation of the second kind for the doublet distribution. We
introduce a multiple grid method which makes use of a sequence of grids,
that are generated by dividing the boundary into an increasing number of
smaller and smaller panels. On these grids the doublet distribution is
assumed to be constant over each panel. Assuming the boundary to satisfy a
certain smoothness condition we prove that the reduction factor of the mul-

tiple grid process is less than Chl+a

, where h and o are a measure of the
mesh-size and of the smoothness of the Boundary, respectively. We illustrate
this theoretical convergence result with the calculation of potential flow
around a Karman-Trefftz profile.

In Chapter 5 we deal with the nonlinear problem concerning the rotating

flow due to an infinite disk performing torsional oscillations at an angular



velocity @ sin wt. This problem is described by the Navier-Stokes and
continuity equations. By means of the Von Kdrmdn similarity transformations
,the equations are reduced to a nonlinear system of parabolic equations with
periodic conditions in time. Applying these conditions we can reformulate
the problem as a nonlinear operator equation of the type (1.3). This equa-

tion is solved by a multiple grid mefhod.
This thesis is based on the following publications of the author:

[A] Multiple grid methods for the solution of Fredholm integral equations
of the second kind.
This paper has been written jointly with P.W. Hemker and has been
published in Mathematics of Computation 36 (1981), pp.215-232.

In fact, Chapter 2 of this thesis is an adapted version of this paper.

(BT The automatic solution of Fredholm equations of the second kind.
This paper will appear i.. .2 S7AM Journal on Scientific and Statis-

tical Computing and is based on Chapter 3.

[C]l On the regularity of the principal value of the double layer potential.
This paper contains the theoretical results of Section 4.1, which
are applied to the aerodynamic problem of calculation of potential
flow around 2-D bodies. It will appear in the Journal of Engineering

Mathematics.

[D] Analytical and numerical results for the non-stationary rotating
disk flow.
In this paper the analytical results of Section 5.2 and the finite
difference schemes given in Section 5.3 have been published. It has
appeared in the Journal of Engineering Mathematics 13 (1979),
pp.173-191.

LE] Application of multigrid methods for integral equations to two problems
from fluid dynamics.
This paper is based on Section 4.5 and Chapter 5. It was presented at
the NASA-symposium "Multigrid methods", October 21-22, 1981, Moffett
Field, California. It has been published in the NASA Conference
Publication 2202.
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CHAPTER 2

MULTIPLE GRID METHODS FOR THE SOLUTION OF

FREDHOLM INTEGRAL EQUATIONS OF THE SECOND KIND

2.1. INTRODUCTION

Multiple grid methods have been advocated by BRANDT [5,6] for solving
sparse systems of equations that arise from discretization of partial dif-
ferential equations. Convergence and computational complexity of such multi-
ple grid techniques have been studied since by HACKBUSCH [7,8] and WESSELING
[12,13]. We intend to show that multiple grid methods can also be used ad-
vantageously for the non-sparse systems that occur in numerical methods for
integral equations.

In [10] we have applied‘the multiple grid technique to the solution of

Fredholm integral equations of the second kind
1

(2.1.1) f(x) - f R(x,y)f(y)dy = g(x), x e [0,1],
0

where g belongs to a Banach space X. At the same time, HACKBUSCH [7] also
used a multiple grid technique for these problems. Moreover, he gave a proof
of convergence. In this proof he assumed the operator K, associated with the
kernel k(x,y) to map from X into a "smooth" subspace'i c X, which has a
stronger topology. In this chapter, for Hackbusch's method we give another
proof, which fits into the theoretical framework developed by ANSELONE [1]
and ATKINSON [2,3] for Fredholm equations. We assume that K is compact from
X into X. In contrast to Hackbusch's analysis, this approach enables us to
consider also Nystrom interpolation as a permissible interpolation method.
In addition, we introduce a new multiple grid method for Fredholm integral
equations, which can deal with a larger class of problems than the method
proposed by Hackbusch.

In 1978 STETTER [11] introduced the Defect Correction Principle for

the formulation of various iterative methods. We shall apply this principle
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because it also appears to be an expedient tool to formulate multiple grid
techniques.

In Section 2.2 we collect some results from papers by ATKINSON [2,3]
and PRENTER [9]. In Section 2.3 we cast the iterative schemes of BRAKHAGE
[4] and ATKINSON [2,3] into the context of the Defect Correction Principle
and multiple grid iteration. Furthermore we give a proof of convergence
of the multiple grid schemes with Nystrom interpolation. In Section 2.4 we
treat other interpolation methods and we extend the iterative schemes of
Section 2.3 for subspaces Xp of X of finite dimension N_. These schemes are
used as a basis for the construction of a general algorithm for the solution
of Fredholm equations of the second kind. This algorithm is more efficient
than the algorithms by BRAKHAGE [4] and ATKINSON [2,3] because these schemes
take O(Ng) and O(Ni log Np) operations, respectively, whereas the multiple
grid schemes result in O(Ng) operations. In Section 2.5 we illustrate the
theoretical results of the previous sections by some numerical examples and

we comment on the computational complexity.
2.2. BASIC ASSUMPTIONS AND RESULTS

Equation (2.1.1) can be written symbolically as
(2.2.1) Af = g, g € X,

where X is a Banach space and A = I-K, with I the identity operator on X
and K the linear operator associated with the kernel k(x,y). A is assumed
to have a bounded inverse on X. We shall discuss the convergence of a
sequence of approximations to the unique solution of (2.2.1).

Let Xp’ p=0,1,2,..., be finite~dimensional subspaces of X and let
T, p=0,1,2,..., be a bounded projection operator from X onto X _, i.e.
Tpf

f for all f € Xp' We need the following assumptions for {Xp} and {Tp}:

Al. X cX c ... cX c...cX,

0 1 ° )
A2, 1lim [ £-T _fll = O for all f e X.
pe P
LEMMA 2.2.1.

C, = T < o,
1 ggg I pﬂ



PROOF. The lemma follows from the principle of uniform boundedness, see

ATKINSON [3], p.18. 0O

The sequence {Xp} is thought to be associated with interpolating spline
functions on a sequence of partitions {Hp} of the interval [0,1] with mesh-
sizes {hp}. We assume that h_ - 0 as p + ». Corresponding with the sequence
{Hp} we approximate K by a sequence of operators {KP}, KP: X -+ X. Analogous
to A = I-K, we also write AP = I-Kp. In the context of multiple grid
iteration, the subscript p is called Zevel.

We use the following assumptions on Kp, p=20,1,2,...,

A3. Kp is a linear operator: X - X.

A4, {K_} is a collectively compact family of operators, i.e., the set
S = {Kpf | p 20 and I£fl < 1} has compact closure in X.

A5, lim |K_f-Kfll
pr® P

A6. K =KT.
P PP

0 for all f e X.

LEMMA 2.2.2. From the Assumptions A3 - A5 follow:

(1) K 728 compact; ’

(ii) the sequence {Kp} 18 uniformly bounded, %.e. c, = ;; IR I < o
(iii) 1ig H(K—KP)MH = 0 for any compact operator M: X-X;

(iv) let a, = ggg sup ﬂ(K—Kq)Kl", then ;ig a, = 0.
PROOF. See ATKINSON [3], p.96 and p.138. [I

LEMMA 2.2.3. Let the finite dimensional subspace Xo c X be suffictently
large (i.e. the mesh-width of the coarsest discretization is sufficiently
small). From the existence of a bounded inverse of A = I-K and the Assump-
tions A3 - A5 follow:

(i) (I-Kp)“ exwists on X for p 2 0 and Cy = sup | (I—Kp)"n < w;

.. . p=
(ii) ﬂf-fpﬂ < C3HKf—Kpfﬂ, where f is the solution of (2.2.1) and fp of
2.2.2 I-K )t = g.
( ) ( p) p- 8

PROOF. See ATKINSON [2], p.18. [

The following lemma is a summary of results given by PRENTER [9].
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LEMMA 2.2.4. From the Assumptions A2- A6 follow:
(1) For any compact operator M on X into X: lim H(I—T wl = 0;
(ii) zf X 18 sufficiently large, then (I- TPK )~1 exzsts on X for p 20

and c = sup 1 (I-TK) < e,
p=20

Let %p be a solution of
2.2.3 I-T K )f =T g.
( ) ( p p) p pg

According to Lemma 2.2.4(ii), Ep exists and is unique; it follows from

(2.2.3) that f_ e X_.
P p
LEMMA 2.2.5. Let

b_ = sup sup Il (I-T )K I,
qzp 220
then
lim b_ = 0.
P

p—)-OO

PROOF. Let ¥ = {K f| p=20and lfl < 1}. By Assumption A4, ¥ has compact
closure in the Banach space X. Referring to Lemma 1 of ATKINSON [3], p.53,

the convergence of Tpf is uniform on compact subsets of X. Then

sup I (I- T Yzl - O for q » »
ze¥ ’

and therefore bp +>0asp->w» [

LEMMA 2.2.6. Let the subspace X, <X be sufficiently large; then
“fp—Tpr < C]C4HKf—Kpr,

where £ is the solution of (2.2.1).

PROOF. See PRENTER [9], Theorem 6.3. [J

As a consequence of Assumption Al, the following lemma is trivial.

LEMMA 2.2.7. Let q < p, Z.e. dim(Xq) < dim(Xp); then



2.3. ITERATION SCHEMES WITH NYSTROM INTERPOLATION

In this section we use the Defect Correction Principle (cf. STETTER
[11]) to formulate a class of iterative methods for the solution of (2.2.2).

This equation is written as

(2.3.1) Apfp =g, geX,

with Ap = I-Kp. The Defect Correction Principle defines the following

iterative process:

£
p,0

0,
(2.3.2)

=B g+ (I-BADE ..
p8 * (B AE,

fp,i+1
Here Bp denotes some approximate inverse of Ap’ which is bijective and
continuous in X. The solution fp of (2.3.1) is a fixed point of (2.3.2) and

(2.3.2) will converge to fP if the reduction factor
lz-B A I < 1.
PP

Several well-known iterative schemes for solving Fredholm integral
equations of the second kind can be formulated within this framework. The
iterative scheme of BRAKHAGE [4] is obtained by taking the following
approximate inverse
(2.3.3) Bél) =1+ @K ) ! K-
Here we notice that the operator (I—Kq)_l, q 2 0, as a mapping on X into X
describes the process of discretization, solution of the discrete problem
(i.e. the solution of a square linear system) and subsequent Nystrom inter-
polation (see e.g. [10]). Other kinds of interpolation are treated in the
next section.

The second iterative scheme of ATKINSON [2], p.19, arises from
-1

K_.

2) _ _
(2.3.4) BT =T+ (KK,

The reduction factors of the corresponding iterative processes are estimat—

ed in the following theorem.
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THEOREM 2.3.1.

. 1)

i III—B( Al >0 as p > «;

(i) p A P 3

. _p(2) ®
(ii) Iz Bp APH < C(Xy asp >,

C(XO) < 1 for X, suffictently large.

PROOF. (i) Substitution of the explicit expressions for Ap and B;]) yields:
1-8Ma =1 - 1+ ax ) VR 31K ) =
P P p-l 2 P

-1
K_ - (I-K K (I-K_) =
P ( p-l) p( p)

-1

= (I-k_ ) K )K

-K .
p-1 P p-l7p
From Lemmas 2.2.2 and 2.2.3 we get the following bound for the norm

-1

H(I—Kp_]) (Kp_Kp—l)Kp“ < C3(ap+ap_]).
.. ’ 2) . ..
(ii) Analogously, we get for Bp with Xy sufficiently large,
) -
[ Bp APH < C3(ap+ao) = C(XO).

From Lemma 2.2.2 it follows that C(XO) < 1 for all sufficiently large XO. 0

(1) (2)

and B

uses the levels p-1 and p, whereas B(z)

P
é3) and B;A), which use p+1 levels.

We remark that the approximate inverses B

(1

use only two
levels: B uses the levels 0 and
p. We now introduce approximate inverses B

They are defined recursively as follows:

353) - (I—KO)_I,
(2.3.5) Bé3) I Q;EzKp’ p=1,2,...,
and

354) = (k7
(2.3.6) 3;4) ) Q;fi(I—Kp-1+KP)’ p=1,2,...,

with Q;J), j =34, p=0,1,2,..., given by
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-1
G _" G3) z ()
Q, mzo (1- Bp A) B
()

for some positive integer y. From the fact that Qp satisfies the equality

- @, Y
(- Q A ) (I- BP Ap)

we see that Q;J) is an approximate inverse of Ap and its application is

equivalent to the application of y iteration steps of (2.3.2) with the use

()

and it is the basis for the actual (recursive) implemen—

of the approximate inverse B In fact, this is the motivation for this

definition of Q(J)
tation of the method.
In the following definition we give a short notation for the reduction

factor for the various iterative processes.

DEFINITION.
;é D ooyr- Bé )A I, j=1,2,3,4.

THEOREM 2.3.2.

. &) m , . M
(€9) % < 5 + Coml (c +||K ,
@ e gD O D,

PROOF. (i) By definition

(1

I-Bp Ap =1- {14-A (I A )}Ap
and
_ (3 o - (1-3P®, Youol 1o -
I Bp Ap I-{1+[1-( Bp Ao » JA @ Ap)}Ap
_ o _o(D _ (3 Yol o _
=1 Bp Apd-(I Bp_]Ap_l) Ap_l(I A.p)Ap
- oD _o(3 Y (1) _
I Bp AP+ (1 BP_IAP_]) (Bp I)Ap.
Hence
11-8%a < 11-8" )A b iz-838  aYur-sDarsir-a0,
P P P p-1p-1 P P P
l.e. Y
(3) (1) ()R EY)
(N < (S N (c *-quu).
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(ii) Similar to the case

I- 3(4)A =1
P
=1
Hence
1T-3%a 1 <
P P
i.e.
@ .o,
SR

By Theorem 2.3.1 we

to vanish depend on v, "KP" and ¢

Now we have

().

OR

- [1- (I-Bp_] o1

-3Ma + @-3%a
P P

p-1p-

11-3Da 1 + 11-89
P P

@)Y

(1)
o1 (;P +1).

L

(1

know that g
P

(1
P

Yo.—1
)Yia

(
p-I'p

-A +I)A
I 7p )p

vy, (1)
1) Bp Ap.

(N

A 1Mrr-8'"A -
-1 P P

+ 0 as p -+ »; conditions for ¢

, whereas the conditions for ¢

10,

(3)
4) P
P

(1
P .
prove the following lemma.

depend on vy and g only. In order to study this dependence further we

LEMMA 2.3.3. Let k € R and vy € N be given, let {vp | vp>0, p=1,2,...}

inf —P_ gnd let (v} be defined by

be a non-increasing sequence with d = -
‘ P p-1

Wl = V1
wo=v_ +w (v_+k)
p P p-1"'p
If either
Yy =1, O<k<d<1 and
@ v,-< (1 1—{-)
1 2 d’?
or
Y =2 and
(ii)
v < 3 2= b,
then a C > 0 exists such that vp < wp < Cvp.

PROOF. (i) We define c = E;%; then ¢ > 1 and the conditions on {vp} are
written as
v
c+l )
(2.3.7) k?‘T<V <1
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and
(2.3.8) (l+c)v1 < 1.

We show that the lemma is true for C = l+c. From (2.3.8) we see v, =V, <

< (l+c)v1 < 1. Now we show by induction that wp < (1+c)vp < 1 assuming that

wp_1 < (1+c)vp_1 < 1. From (2.3.7) follows
v v
p-1 c-1 1 p-1 c
v k< ctl? <c+l Ty k)< c+1?
P
v
y=-1 y-1 p-1 c
(1+c) Vp—l(vp-l + k| <
P
Y Y., Y
Wp-l(vp+k) < (1+¢) vp—l(vp+k) < cvp,
Y .
wW_=vVvV_+Ww v_+k) < (l+c)v_.
P p p-l(P) ( )p
(ii) We assume vy <Y (%%)2+-ZT£L;§ - %% for some 0 < ¢ £ 1 and we show
+c

v, < (l+c)vp; then the lemma is proven by taking ¢ = 1. For any v € [0,v1]

we have

EIS S
(1+c)
Hence (l+c)v(v4~§) < lic' By assumption we know
_ k(1+c) 2 _ k(l+c)
wp = vy < (re)vy < Megg)ire - =g < e < L

Now we show by induction that wp < (1+c)vp < 1, assuming that

V-1 < (1+c)vp_1 < 1:

k c
(te)ve 161+ < Toe
vp—] c
(]+c)vp_1<vp_1+-f;—— ) < Tie
p
(1+c)2v2 (1-#11) <c,
p-1 vp

(1+c)Yv;_](l + %;) < c, Y =2,3,...,
P
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= Y
w_o=v_+ wp_l(vp+k) < (1+c)vp. ]

THEOREM 2.3.4. Let v =2 2 and let c;l) satisfy

(1 - 4p-1
Cp < vP =d vy
for some 0 < d < 1. Then
(1) if v, < 5q{V&¥C] - C,} with C, as defined in Lemma 2.2.2, it follows
that ;53) < 2v, and

(1) if v, € 550/T+ a2~ 1} it follows that ;;“) < .

PROOF. (i) Let {wp}be defined as in Lemma 2.3.3 with k = C2 = SEBHKP"’ then

p

it follows from the proof of Lemma 2.3.3 that

w_< 2v,

P P
Therefore we show ¢;3) < wp by induction: from the definition of c;3) we
derive

3) _ (D -

S IR I S

and by Theorem 2.3.2

v
NONINONNC)

(1 Y
+IK 1) < + +C,) = .
p b p-1 (Cp o ) v, wp_l(vp )) =W

p

(ii) Similarly, with {w_} defined as in Lemma 2.3.3 with k = 1, we prove

p
C(4) < w_ and hence
P p

;;4) < Wp < 2vp. 0

(3

REMARK. If Bp is defined with y = 1, then a similar proof yields that,

for any decreasing sequence {Vp} with
v

sup K | = C2 < d = inf P_ . 1,
p20 p p-l

for which
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.
< v
€p p’
we have
(3) 2d
Ly < ————d_C2 Vo a
By f(J) we denote the result of ¢ applications of the Defect Correction

P,0

Process on level p with approximate inverse B;J), j = 3,4, when we take zero
as the initial approximant.
With the aid of the previous theorem and Lemma 2.2.3 the following

theorem is immediate.

THEOREM 2.3.5 (Approximation theorem). Under the hypotheses of Theorem 2.3.4
the multiple grid process yields approximate solutions for which the follow-

ing error estimate holds:

) _ p-1_ .o
I £ fp,c" < C3"Kpf KEl + (24 V]) prﬂ, i 3,4,

where £ and fp are the solutions of (2.2.1) and (2.2.2), respectively.

PROOF. The proof follows immediately from

e-£ D1 < ng-g 1+ 1g £, 0
PO P P p,0

’

2.4. ITERATION SCHEMES WITH PROJECTION INTO FINITE DIMENSIONAL SUBSPACES

In this section we expand the technique used in Section 2.3 to find
the solution in Xp of the equation (2.2.3):

(2.4.1) ApfP =g , g € X,

P

where Kp = I"Tpr is a mapping on X into X. We assume that X, is suffi-
ciently large such that (I--‘I‘pr)_1 exists for all p = 0.
Analogous to the approximate inverse of Ap in the previous section,

we now introduce:
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D 1ol Tk
P pp-lp-1"pp’
~(2) _ ~]
B =1+ TPAO TOTPKP,
~(3) _ ~—1
By~ = Ay Tgs
G Q(3) T K
P pp-l p-l ppP’
(4) _ -1
By " = 4y Too
~(4) (4)
B =I-T + T I-K_ . +TK)T
P P p-l P Qp 1 p-l( p-1 7p p) p’

with

s v-1
39 -y @-34 A )mi(J) i = 3,4,
1 P

for some positive integer .
The operators B(J) .j =1,2,3,4, are all mappings on X into X. The
solution fp € XP of (2 4.1) is approximated by a defect correction process

of the form

fp,O = 0,
(2.4.2)
f .. =Bg + (I-BAE ..
p,i+l p8p ( P P) P,1
We notice that %;1) and E;3) yield iterative processes that are equivalent

respectively with the "One Step Method" and the "Multi Grid Method" discus-

sed in HACKBUSCH [7]. Eéz) yields an iterative process analogous to
~(4)

yields a new mu1t1ple grid method with bet-
33

Atkinson's method, whereas B
ter convergence properties than B

Analogously to Section 2.3, but restricting the domain of the operators

~(3),

to X _, we see that here : X_ > X_ is an approximate inverse of A_: X_~+X
P’ % P p pproxim P p P

and the amplification operator on Xp into XD ~nf a defect correction step

with 6;3) is

(6D R 6 D L
I-Q7"A (x-3 A0
~(3)

Thus, one application of QP is equivalent with the y times application of
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3
P -

and we may write
s ¢ 5@y yrp]
=LI - (I-B A JA .
QP ( P P) P

The convergence of the process (2.4.2) depends on the Lipschitz constant of
the operator I-EPXP as a mapping Xp - Xp' Therefore its reduction factor

is given by
IT_(X-B_A)I.
P( P P)
This reduction factor is studied in the remainder of this section.

THEOREM 2.4.1.
Gy I 1-3ME ) >0 as p » =

(ii) ﬂTp(I—g(z)Kp)" < E(Xo)vas P>, E(XO) <1 for X, suffictently large.

PROOF. (i) Substitution of the explicit expressions for gél) and Xp yields,
with & = p-1:

T 1-317%) S EE r T XK

P P P PL % APPP

The expression between braces is rewritten as

{I_T2+T2(I—TP+TPKP—K2)}'

Therefore we have

_3(
e B, AP)H <

IA

~1
“Tp"“AE H[H(I—Tg)KPH +

+

I I{l(T-T )R I + I (z-T K IHK I
JHI( pKpl + TA-TOR KD +

+

Iz Il - I It I (x- hy].
T EOR D + I I (& KK 1]

Using the lemmas 2.2.1 to 2.2.5 we obtain the proof of (i) by the same

arguments as used for the proof of lemma 2.3.1.

(ii) Replace the subscript £ by O in the first part of the proof. For
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o, I¢(x-T )R I, I (I-T )Xl and I (K -K)K_| vanish, whereas the other terms
p >, I( P) o ( p) 0 ( " ) P ,

tend to a constant value depending on XO. 0

DEFINITION. n;J) = IIT (I- BIE )A W, j=1,2,3,4.

THEOREM 2.4.2.

. 3) (1 (3) m
i < + L + HT HHK I
(1) o s -1 Lnp 1;
. (4) (@)) (4) (1)
ii < + [n + T H]
( )Tlp s o1
PROOF. We use the notation M(J) =1- E;J)Ap, j = 1,3,4. From Assumption A6
and the definitions of AP and B(J) j = 1,3,4, it is clear that:
TA =AT,
PP PP
and
~(3) _ xG). :
T B =B T = 1,3,4.
PP p p’ T
Hence
TpM;J) = M;J)’Tp, j=1,3,4,
and also

() _rroy@ 31
Qp [1 Mp ]Ap

~(1)

(i) From the definition of Bp we get, with 2 =p-1:

v o1 % e il RE =Tk TA]TTKA
P P PL LPDPP PP L 2ppDP

~e

Use lemma 2.2.7 and the relation KZITK = TQALI to prove that

wl —rx -%lrrxi .
P PP "2 LPDD

These relations are used to prove that

(3) (3)Y -1 ~
M =I-{I+T (I-M =
N { p( . )A2 TlTpr}Ap
(1) (3) Y
=M + T M A T T =
P P2 LR PKPAP
(1 3" (1)
=M + T M TK - .
P P2 ( PP Mp )
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It is easily verified that M(l) =T M(l) and M(3) =T M(B). By means of
- P PP p PP
Lemma 2.2.7 we get
Y
u3 oD w3 g Dy,
P P k4 PP P
Hence
3 1, ' W,y
< T IR ).
o = ety (g p )
s ) R @Y =10 3 '
= - - T - +T K )T }A_ =
(ii) Mp I-{1I TPTETP P(I My A, T, (A P p) p} o
1) ON -1 >
=M + T M T, (I+A T TK)AT.
P P2 ¢ 2 77p p) PP
From this expression we conclude that M(A) = TPM;4) = Mé4)T . Using Lemma
2.2.7 we obtain T M(4) = M(A) and
p e 2
Y
M(4) _ M(1) + M(4) (I-M(l))T .
P P L P P
Hence
@) o (), @Y )y
< T ). 0
s s o-1 (np P )
) . m Y ol
THEOREM 2.4.3. Let y 2 2 and let nP satisfy np < v, = d Vs for some

0 <d < 1; then

A

(1) if v, S o/aTHCICE - C,C,}, it follovs that n;3) < 2v, and
o 1 . 4
(1i) 2f v, < 73{¢d2+c§-clb it follows that n; ) < 2vp,

where c and C, are defined as in Section 2.2.

PROOF. (i) Use Lemma 2.3.3 with k = CICZ and Theorem 2.4.2.

(ii) Analogously with k = C 0

1
By ?;JZ we denote the result of ¢ applications of the Defect Correction

E ~(3
Process on level p with approximate inverse B(J),

> j = 1,3,4, when we take

zero as the initial approximant.

THEOREM 2.4.4 (Approximation theorem). Under the hypotheses of Theorem 2.4.3

the multiple grid process yields féJg,

mates hold:

fbr which the following error esti-—

=90 < g1 £1 + oo MrER £ + (2P 'V TUE N,
P>0 P 174 P EGR

b
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where £ and ?p are the solutions of (2.2.1) and (2.2.3), respectively.

PROOF. For j = 1,3,4 we have

1e=0 < g1 £ + I £-F 1 + 1F -3y
P,0 P p P P o]

’ 3
and the proof follows from Lemma 2.2.6 and Theorem 2.4.3. [J

We notice that the usual discretization methods easily satisfy the
first condition of Theorem 2.4.3 as is illustrated in Section 2.5. The other
condition of Theorem 2.4.3, which requires an upperbound on Vi is essen-
tially a requirement on the coarsest discretization used in the multiple

grid algorithm. This condition is also discussed in the next section.
2.5. NUMERICAL RESULTS

In this section we illustrate the theoretical convergence results from
the previous sections and we make some remarks about the computational com-—
plexity of the various methods. We shall only show numerical results obtain-
ed with the methods that appear to be the most efficient. These methods are
defined by the approximate inverses B(z) (Atkinson's method), §(3)
(Hackbusch's method) and Eéa) (a2 new method with better convergznce proper-—
ties).

As an example, the integral equation

1
(2.5.1) f(x) - A f cos(mxy)f(y)dy = g(x)
0
is solved for various values of the parameter A (cf. HACKBUSCH [7] who gives

results for the same equation); g(x) is chosen such that
£(x) = e cos(7x).

The operators Kp are defined by means of the repeated trapezoidal rule:
N

Kpf(x) = jg; wjh(x,xj)f(xj),

where the nodal points {xj} are uniformly distributed (x0= 0, xy =1 and

. : . : . P -1
the weights {wj} are given by {%hp,hp,hp,...,hp,%hp}, with hp = (Np) . The
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projection operators are defined by piecewise linear interpolation at the
nodai points {xj}. The various grid-levels are related by Np = ZNp-l'
‘ For the operators {Kp} and {TP} we know (cf. ATKINSON [3] and PRENTER
[91) that, if f is the solution of (2.5.1):

(2.5.2) IR £-kel = O(hg),
(2.5.3) ﬂTpf—f I = O(hi),
@2.5.4)  a = O(hé)

and

(2.5.5 b= O(hg) for p + @,

with ap and bp defined as in Lemmas 2.2.2 and 2.2.5, respectively. Using

these estimates, we easily derive (see the proof of Theorem 2.4.1)

m . 2
< v_ = Ch .
"p P p-1

Because the successive mesh-sizes are related by hp = hOZ_p we have

n _ 2,-p
(2.5.6) N A 4Chgh P

M in Theorem 2.4.3 we

P
see that d = 1/4. In the same theorem conditions on nfl)

Comparing this expression with the assumption on n
are formulated
for the multiple grid methods to converge. Comparing these conditions we
conclude that the condition on nfl) in the process defined by 5;4) is
independent of C, = ggg “Kp"’ whereas in the process defined by 5;3) the
condition on ngl) becomes stronger as 328 "Kp“ increases. In Figure 2.1
we sketch the regions of convergence igauced by 5;3) and EéA)

from Theorem 2.4.3 with d = 1/4 and y = 2.

as derived

Hence, from Theorem 2.4.3 one may expect that both multiple grid
methods yield similar results as IKI s~ 1 whereas they differ for IKI » 1.
For the integral equation (2.5.1) IKlI > .1 holds for A > 1.

In Tables 2.5.1-2.5.3 we give the observed reduction factor
/i

>

£ ONE -F

. = [F - 1
n(N;3Ng) = DhE ) L p,il e, 175, ol

for the iterative methods defined by Béz), §é3) and ﬁéa), respectively,
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0.5
~(3) ~(4)
Tn] Bp Tn] Bp
1 1
16C
1 ]6C] ///
0 1 sup IK I 0 1 ('l
px0 P 20 P

Figure 2.1. The multiple grid convergence regions.
The coarsest grid reduction factor n, versus

C, =sup IKIll; C, = sup IT_Il,
27526 2 1T b e

with y = 2. The dependence of n(Np;NO) on Np’ the number of mesh intervals
in the finest grid, and on NO’ the number in the coarsest grid, is shown.
The value of i is suitably chosen and Il -l denotes the maximum norm. From
Table 2.5.1 we see that the reduction factors of Atkinson's method tend to
a constant value as Np -+ o, As was expected, it decreases as N0 increases.

In the case of convergence, the Tables 2.5.2 and 2.5.3 asymptotically
show similar results. However for larger values of )\ the new multiple grid
method needs fewer subintervals in the coarsest grid. The quotients
n(Np;NO)/n(Np_l;NO) approximate the value d = 1/4, which is in agreement
with the theory.
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defined by Béz) (Atkinson's method).

LA N 2 4 8 16 32 64
a4 |.23107}
8 |.28107% .581072
1 16 |.30107Y 721072 151072
32 [.301070 .76107%  .18107%  .38107°
64 |.301071 .78107% .19107% .a710° .s3107%
128 130107 781072 191072 521070 L101070  L2a10”
4 |.11 10"
8 .16 1071 .18 10°
10 |16 |.1710™ L2210 .36107}
32 [.1710" 23 10,O 45100 861072
64 |.17 10" .2410° 48107 11107t 211072
128 |.17 10" .24 10° g0t 11107t 271072 L3s 107
4 |.64 10" )
8 |.1110" .12 10™
100 | 16 [.1410™% .1610"!  .4010°
32 [.1510%%  L1610™t La210° 99107}
64 [.1510™ .1610"!  .a510° .15 10° 33107}
128 |.1510™ .1610" .49 10° .16 10° 411070 es10”
Table 2.5.1. Reduction factors for the two-grid method
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Yo
LS 2 4 8 16 32 64
4 |.31107}
8 |.98107% .94 1072
1 16 |.24107% .24107% .231072
32 |.62107 621070 L6210  .e2107°
64 |.14107> 1410 141070 141070 141073
128 |.3510 7 .35107% 35107 35107 32107t 35007t
4 |.3210°
8 |.1210" .10 10° -
10 16 [.a210"!  .1210° 251078
32 |.20 10%3 .18,10'1 3107t Le21072
64 [.2310"® 911072 241072 .23107% .19107%
128 |.4010"% 46107 57107 52107 531077 51107°
4 |.a310™
8 [.1110" .1110™!
100 | 16 |.6610"7 .7710"%  .2010°
32 [.1710%Y7 L7910™  s110*t L1010°
64 |.82107% 46 10"t L1510Y L3310° 29107
128 [.8010%7° .8610™%3 .96 10" .43 10° 24100 g5 1072

defined by 3;3) (Hackbusch's method).

Table 2.5.2. Reduction factors for the multiple grid method




A Npo 2 4 8 16 32 64
4 |.31107}
8 [.95107% .94 1072
1 16 [.231072 231072 .231072
32 |.62107° 621070 L6210  .e2107°
64 |.14107> 141070 14107 141070 141073
128 [.35107% .3a107%  .32107% 35107 35107t L3s5107°
4 |.3210°
8 |.1810° .1010°
10 16 |.40107! .12107' 25107}
32 [.70107% 691072 6010 2  .621072
64 |.191072 .19107%  .19107% .19107% .191072
128 |.50107° .50107>  .s5010"> .s0107° .s0107°  .51107°
.43 10"
g [.7210"1 .11 10"!
100 | 16 |.3010"% .1110"% .20 10°
32 [.1310™ L1310"t L2010° .10 10°
64 [.1710"7 .1610"'  La1107! 36107t L20107%
128 |.2010"1% 2610"! 751072 941072 10107} .g51072

Table 2.5.3. Reduction factors for the multiple grid method

defined by B

5(4)

P
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) Using (2.5.2), (2.5.3) and (2.5.6) for the approximation errors we
conclude from Theorem 2.4.4 that for the multiple grid methods ¢ = 2 itera-
tion steps are sufficient to get an iteration error which is of the same
order of magnitude as the approximation errors Hf—Tpr and HKf—KPfH. of
course, this is not the case with Atkinson's method for which one has to
perform 0(log Np) iteration steps. That these asymptotic argument holds
already for relatively small Np is shown in the Tables 2.5.4-2.5.5, where
we compare the approximation errors with the iteration error after ¢ = 2

iteration steps.

3 Np B;Z) Eé3) §;4)

1 4 .0046 .0018 .0018}

8. .0267 .0003 .0003

16 .1162 .0001 .0001

32 .4743 .0000 .0000

64 .0930 .0000 .0000

128 5.6378 .0000 .0000

10 4 - 3.3089 3.3089

- - .0568

16 - - .3899

32 - - .0694

64 - - .0194

128 - - .0050

Table 2.5.4. The ratio: iteration error after 2 sweeps/

approximation errors,

1E -F I
ie. —P22 Py
he-£ |
P,
Number of subintervals: N, = 2 (a divergent itera-

0
tion process is denoted by -).



Loy 5% 5 B
1 16 .0003 .0001 .0001
32 .0017 .0000 .0000
64 .0075 .0000 .0000
128 .0306 .0000 .0000
10 16 .0936 .3202 .3202
32 .6088 .2000 .0692
64 2.7111 .0341 .0194
128 11.1310 .0056 .0050
100 16 91.0760 34.0160 34.0160
32 563.4392 - 34.7089
64 2480.5082 - 24.3138
128 > 104 - 0.1220

Table 2.5.5. The ratio: iteration error after 2 sweeps/

approximation errors.

As Table 2.5.4, but with N, = 8.

0
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We conclude this section with some remarks about the asymptotic compu-

tational complexity. It is our purpose to establish the fast convergence of

the multiple grid methods rather than to construct efficient computer codes.

Therefore, in our implementation kernel-functions are re-evaluated whenever

they are used. Then, the number of kernel evaluations is equal to the number

of multiplications involved in the matrix % vector computations defining the

operation counts. The overhead costs (a.o. arithmetic operations used for

the interaction between the grids) are neglected. Asymptotically for Np-+M,

the operation counts per iteration for the various approximate inverses are:

(1) 3,25 §2,
p p

B(Z): 2 N2

P
NE)
P

g, 2.5y
p

3

2

T NO

: 2 N

2 210
P

log Np’

ng"
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Here we ignored the direct solution on the coarsest grid and we applied the

multiple grid methods with y = 2 on all levels.

NOTE. The number of kernel-function evaluations is Ng in the linear case
when they are computed once and stored. However, for large values of N_ one
may need external devices and the efficiency of the multiple grid algorithms
may depend on the I/0-facilities of the computer system. In the nonlinear
case or in the case when kernel-functions are re—evaluated whenever they

are used, the number of kernel-function evaluations per iteration is equal

to the number of multiplications given in the table above.

Asymptotically all methods need only two iterations to obtain a result

of the order of the truncation error, except the methods with B(Z) and 3(2)

~(1)P p
which need 0(log Np) sweeps. For the methods with B;l) and B;l) the coarsest
grid still has NP/Z mesh-intervals; on this grid the problem is solved by a

direct method (e.g. Gauss—elimination) and therefore we have to add —]—-N3 to

12 7p
the total computational complexity. Thus, for the total amount of asymptotic

computational work we get the following table:

B;]): TIZ Ng + 6.5 Né, E;]): —]]-2— N;’ + 5N§,
Béz): % Ng + 0(N§ log Np), 5;2): % Ng + O(Nﬁlong),
3153): % Ng + 4N12) 210g N 5;3): % Ng + 6N§,
3;4): % Ng + 5N§ 2108 N, E;"): % Ng * 7N§.

From these tables we see that the multiple grid methods become cheaper than
Atkinson's method whenever the latter needs more than three iterationms.

In order to get an impression of the qualities of the various methods
we suggest to measure by experiments the following ratio (which shows the

amount of computational work per digit accuracy obtained):

Number of multiplications to obtain £
K_ = - 2

° N2« Vg1 6-F o
P P,O

b

For the multiple grid methods we choose ¢ = 2 because their reduction fac-
tors tend to zero as Np -+ o, For Atkinson's method we determine ¢ such that
Ky is minimal. Better methods are now characterized by a smaller Ky

Table 2.5.6 shows for the multiple grid methods that small values of

N, are more efficient as long as the process converges. However, within a
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reasonable range of small NO’ it seems not worthwhile to determine an

opfimal NO'

N 8 16 32 64

sé2)> 7.55 (11)  3.46 (5)  2.73 (3)  6.20 (2)
5;3) - -8.42 (2) 2.97 (2) 5.95 (2)
Eé4) 2.00 (2) 1.86 (2)  2.20 (2)  6.10 (2)

Table 2.5.6. For problem (2.5.1) with A = 100 and Np = 128
the experimental ratios Ko where ¢ is given
between parentheses; for this problem
010g1£-F 1 = -3.5.
p,®
The asymptotic work estimates and the convergence property discussed
in Section 2.4 lead us to prefer §;3) for IKIl ~ 1 and §é4) for IKI »> 1.
Finally, we remark that the same multiple grid techniques can be applied to
nonlinear problems and the structure of multiple grid algorithms yields
estimates for the approximation and truncation errors in a natural way. All
these features together can be used to construct an automatic program for
solving Fredholm integral equations of the second kind. In Chapter 3 such

a program is constructed.
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CHAPTER 3

AUTOMATIC NUMERICAL SOLUTION OF

FREDHOLM INTEGRAL EQUATIONS OF THE SECOND KIND

3.1. INTRODUCTION

In this chapter we describe an algorithm for the automatic numerical

solution of Fredholm integral equations of the second kind:

b
(3.1.1) f(x) - f k(x,y)E(y)dy = g(x), x e [a,bl.

a
The algorithm is an improvement of Atkinson's automatic program zZesimp [3]
in the sense that a new iterative method is used for the solution of the
system of equations that arises from the approximation of (3.1.1). Our
iterative methods are multiple grid methods that work with a sequence of
grids of decreasing mesh-size. These grids are used simultaneously to ob-
tain an approximation to the continuous problem (3.1.1). The multiple grid
methods used can be seen as extensions of Atkinson's iterative scheme, that
uses only two grids: a coarse and a fine grid. Convergence and computational
complexity of the multiple grid methods have been studied in Chapter 2. The
program has been written in the algorithmic language ALGOL 68, because in
this language we can easily and efficiently handle the data structures and
the recursive procedures that appear in multiple grid methods.

In Chapter 2 a description of our multiple grid methods has been given
by means of collectively compact operators and interpolatory projections
onto subspaces of piecewise continuous functions. In Section 3.2 some
relevant results are recollected. Based on the theoretical foundation of
Section 3.2, the program for the automatic solution of Fredholm equationms,
solve int eq, is described in Section 3.3. Numerical examples illustrating
the method are given in Section 3.4, where comparisons are made with
Atkinson's automatic program Zesimp. Further applications of solve int eq

are described in Chapters 4 and 5.
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3.2. THEORETICAL FOUNDATIONS

In this section we write equation (3.1.1) in operator notation as

follows:
(3.2.1) (I-K)f = g, g ¢ X,

where X is a Banach space and K: X - X the linear operator associated with
the kernel k(x,y). It is assumed that (I-K) has a bounded inverse on X. We
approximate the solution of (3.2.1) by a sequence of interpolating spline

TR
The grids {GP}, p=0,1,2,...,%, are constructed such that Goc G1 c... cG

functions Ep with knots at the points Gp = {ti | a=t,<t < tNP = b}.

X
Let hp be a measure of the mesh-size defined by:

In our algorithm we take the sequence of grids {Gp} uniform with Np = ZPNO,

so that

Let XP, p=20,1,2,...,2 be the finite~dimensional subspaces of interpolating
spline functions on Gp and let TP, p=0,1,2,...,% be the corresponding
interpolating operators. With this choice of {Xp} and {Tp} the Assumptions
Al - A2 of Section 2.2 are satisfied. As in Section 2.2 we approximate K by

a sequence of approximating operators {Kp}, Kp: X +~ X, satisfying the
Assumptions A3 - A5 of Section 2.2, Moreover, we make some assumptions about
the smoothing properties of {Kp} and the order of approximation of the

operators {Kp} and {Tp}. Let S be the following subset of X:
§ = {Kf | p>0and Ifl < 1}.

By Assumption A4 this set has compact closure in X. In this chapter we take
the stronger assumption that the functions in S are sufficiently smooth.

Furthermore, for p - ~ we assume:

a
C1 hp’ o > 0,
B
P

IA

B2. sup Il (K=K )fll
feg P

» B> 0.

A

C, h

B3. sup [ (I-T_ )£l
feg p) 2
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The constants o and B are associated with the order of the integration rule
(e;g. trapezoidal rule) and of the interpolating spline function. These
assumptions are illustrated by the following examples. Let X be the Banach
space Cla,b] of continuous functions, provided with the supremum norm.
Assume that the kernel function k(x,y) is twice continuous differentiable
with respect to x. For this class of kernel functions the Assumptions B2

and B3 can be verified for the following example.

EXAMPLE 1. The operator Kp is defined by the repeated trapezoidal rule and
the operator TP by continuous, piecewise linear interpolation. In this case

o =g = 2.

Analogously we obtain the following example if k(x,y) is four times

continuously differentiable with respect to x.

EXAMPLE 2. Kp is defined by. the repeated Simpson rule and Tp by continuous,

piecewise cubic interpolation. In this case a = B = 4.

EXAMPLE 3. Finite element methods for integral equations from potential
theory. Let D be a simply connected finite plane region bounded by a smooth
contour S with continuous curvature. S is given by the parametric equations

x = X(s), y = Y(s), s € [0,1]. The kernel function is given by

k(s,t) = - é%—arctan(Y(t)"Y(S)>.

: KO X

For the interpolating spline functions we take the piecewise constant func-
tions (i.e. step—functions). The space X must be chosen such that for each
N it contains this class of functions. Furthermore, pointwise operations
should be defined on X. Therefore we choose X to be‘the Banach space of
regulated functions (see Section 4.2), provided with the essential supremum
norm. The operator TP is defined by piecewise constant interpolation at the
midpoints. For this particular example it is not necessary to approximate
the integral operator because Tngp (¥p € Xp) can be computed analytically.
However, the theoretical results of Chapter 2 apply if Kp is defined by KTP.
From the results given in Chapter 4 it follows that a = 1+p, where p is a

measure for the smoothness of S (0 < p < 1) and B = 1.

For these examples we obtain the following estimates for a, and bp,

which were defined in Lemma 2.2.2 and 2.2.5, respectively.
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2 2
le 1: = 0(h b = 0(7).
Example a, ( p) s b ( p)
Example 2: a = 0(h4) , b = 0(h4).

P P P P

1+p

E le 3: = 0(h b_=0(_).
xample a, ( P ), P ( p)

On level p we wish to approximate the solution of equation (3.2.1) by:

3.2.2 AF =7 f oex
( ) pp . p® Tp € p

where A_ = I-T K_. We assume that the mesh-size h0 is sufficiently small

such that AP1 exists for all p = 0. If the forcing-function g(x) is suf-

ficiently differentiable such that H(K—Kp)gﬂ <cC hg, it follows from

3
Assumption B2 that H(K—Kp)fﬂ < C4hg. From Lemma 2.2.6 we deduce:

~ ) o
(3.2.3) HTpf fp" < CSH(K KP)fH < C4C5 hp for p » .

In solve int eq we use this asymptotic behaviour of the error to extra-
polate and predict the size of the error for small values of hp'

The solution fP € Xp of (3.2.2) is approximated by the defect corz§?;
tion process given by (2.4.2). We notice that the approximate inverse Bp
is only of theoretical value, since the dimension of the matrix correspond-
ing to Xp— T: . tends to infinity as p - «. Furthermore, in Section 2.5 it

. ~(4)

has been demonstrated that Bp yields a multiple grid method with better

convergence properties than ﬁ(B) if the integral operator has a large )
value for IKl. Therefore, in our code we apply the approximate inverse §;4)
(6D)

rather than B . Defining the reduction factor n

N;B) as in Section 2.4,

we obtain:

THEOREM 3.2.1.

(i) nr(’l) < ¢ hr;in(oc,ﬂ);
.
(ii) n;") < n;” . n;‘*) [nél)ﬂlTpH].

PROOF. See Theorems 2.4.1 and 2.4.2. [J

Based on part (i) of this theorem, the Defect Correction Process

~(1)

induced by Bp can be expected to have a geometric reduction factor, i.e.

pr’i+1-pr/pr i-—fp" vy, as i

I’
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By Assumption Bl it follows that v, =V dp_1 with d = z-mln(a,B).

1
The multiple grid process is constructed in such a way that Bgl) = Bfa).
As a consequence the reduction factor of the multiple grid process depends

on the magnitude of v,, y and "TP". This dependence is analysed by means of

1’
the sequence {wp} defined by:

= = p-1
v, Vs vP Vld ,
(3.2.4) Y
= + +C), > 1
Vo T VotV (vp ) P s
where C = suB It . From Theorem 2.4.3 it follows that n(a) < 2v_ if
P P P P

(3.2.5) v, < %{/1+ (g)2 - g}

For d = 1/4 the multiple grid convergence region has been given in Figure
2.1. For other values of d the required upper bounds are given in Table
3.2.1.

C
d B 6 24
1/16 1.56(-2) 2.60(-3) 6.51(-4)
1/4 6.16(-2) 1.04(-2) 2.60(-3)
1/2 1.18(-1) 2.08(-2) 5.21(-3)

Table 3.2.1. Upper bounds on v,

to obtain wp < ZVP, with y = 2.

On the coarsest grid the system of equations is solved by Gaussian-elimina-
tion. The available storage space of the computer yields an upper bound for
No (the number of mesh-intervals of the coarsest grid). The upper bounds on
v, are essentially the requirement of "a fine enough mesh" in the coarsest
discretization of the multiple grid algorithm, i.e. condition (3.2.5) yields
a lower bound for NO' In practice, (3.2.5) is not usable because the
required number of mesh-intervals of the coarsest grid (NO) often exceeds
the upper bound. Therefore, in solve int eq (3.2.5) is replaced by the
weaker condition that two multiple grid iterations must have the same

reduction factor as one application of (2.4.2) with approximate inverse 5;1):

(3.2.6) ws < Vp’ P=1,2,...,%.
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In Table 3.2.2 we give the resulting upper bounds on Vi which have been
obtained numerically as follows. Define the function
F(v]) = w2 - v

L [

with 2 sufficiently large, and solve F(vl) = 0 by means of bisection.

C
3 1 6 24
1/16 | 3.51-1 9.11-2 | 2.81-2
1/6 | 4.47-1 1.17-1 | 3.27-2
1/2 | 4.34-1 1.10-1 | 2.93-2

Table 3.2.2. Upper bounds on v,

to obtain wg < Vp’ with v = 2.

Comparing Tables 3.2.1 and 3.2.2 we conclude that (3.2.6) yields larger
1 than (3.2.5). Hence, Condition (3.2.6)

requires a smaller number of mesh-intervals on the coarsest grid, so that

values for the upper bounds on v

a more robust algorithm is obtained. Without danger of confusion we further
use n_ for n(A).

P p
In solve int eq we start on some coarse grid and we estimate vy
A test is made to check whether (3.2.6) is satisfied. The constant w

(p > 1) follows from (3.2.4) as soon as v, has been determined. Since
n. £ w_ it follows that

P P

3.2.7 £ . -F0 <wlIf .-E 0.

( ) p,1i+l 7p P Ps1 P

After ¢ iterations the multiple grid process yields an approximate

solution f for which the following error estimate holds:

bl

(3.2.8) IT &< 0 <7 £~F 0 + 1 -F 0.
P P p P P>0 P

b

In our code solve int eq we determine the integers p and ¢ in an automatic

way such that "Tpf—? I is less than a prescribed value tol. This is

b
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achieved by estimating the errors on the right-hand side of (3.2.8).
Asymptotically for p + «, Condition (3.2.6) ensures that only two multiple
grid iterations yield a result of the order of the approximation error

"Tpf—?p“. On the lower levels (i.e. small p) we determine o such that

(3.2.9) 1T -Fl <o.1+0T £ I,
Ps0 P P P

s

i.e. the iteration error must be less than the approximation error.
3.3. AUTOMATIC PROGRAM

In this section we describe our code solve int eq, a program for the
automatic solution of the Fredholm equation (3.1.1). Like Atkinson's program

Zesimp the procedure is divided into two stages. In stage A we determine the

(1)
e

coarsest mesh-width h0 by means of (2.4.2) with the approximate inverse

The reduction factor v, is estimated by

£

v, = max £ 1,i+1

n/u?1 -t LI
i=0,1,...,5 ’

1,i+2" i+1 1,1

with =T%..
1,0 - “1%0
If the reduction factor v, appears sufficiently small such that
Ws < vp, then stage B is entered. Otherwise, the number of points N0 is
doubled. In stage B the number of levels is increased until the predicted
error estimate for “Tpf-%p o" is less than tol. The reduction factor of the
b

multiple grid process is estimated by wp (3.2.4) and the previously deter-

mined value of vy Using (3.2.7) we estimate the iteration error by

3.3.1 I -FI < 1-w T -F I,
( ) Ps0 P WP/( WP) P,0 p,o-l

As the number of levels increases we are able to estimate the ratio

r=IlT £ I/IT
PP p-l

£-f__ 0.

p-1
Asymptotically for p - =, this ratio approximates the value Z_a; see
Assumption Bl and (3.2.3). In this chapter we only apply multiple grid
methods to approximating operators Kp with o > 1. Hence, the ratio r must

be less than 0.5. Initially we set r = 0.5 and we compute the above ratio

by
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[ g M E-E
r = min\O.S,max(Z a, L = P E ))‘
nTp_pr_l—fp_zﬂ

Using this value of r we estimate the approximation error by:

~

£

3.3.2 It £ Il < I-o)lt f -fF
( ) PP /(-1) p-1"p,0 p-l

The error estimates (3.3.1) and (3.3.2) are used to verify the test (3.2.9).
If it is satisfied, then we set ?p = f o Otherwise, a new iterate is
computed and test (3.2.9) is repeated. If the error estimate (3.3.2) yields
a value less than tol, then the computations are terminated and solve int eq
returns successfully.

Asymptotically for p -+ =, the total amount of work on level p can be
computed. For the Examples 1 and 2 the operation counts per iteration for
Eé4) (with v = 2) are 3.5 Nﬁ. Condition (3.2.6) ensures that only two
iterates need to be calculated. The first iterate is obtained by interpo-
lating the results of level p-1. Therefore the total amount of work is
equal to:

(3.3.3)  (l47+g*...) 3.5 N§ - 4 Ni.

For the description of our code solve int eq we use the programming
language ALGOL 68 [5], because this language can easily handle the data
structures and the recursive procedures that appear in multiple grid
algorithms.

In order to present our program in a concise, modular and easily
readable form, we first give an informal descriptioﬁ of a set of ALGOL 68
modes and operators that correspond to the mathematical objects and opera-
tors of Section 3.2. The formal description of the modes and operators is
their ALGOL 68 implementation which we give in the Appendix to this chap-

ter (p. 54).

MODE VEC = REF [ 1 REAL:
# a structure to represent an element of X_,
i.e. the nodal values of the spline representation #.
MODE MAT = REF [, ] REAL:

# a structure to represent a matrix #.



PROC restrict

PROC prolongate :

PROC project

INT n0

PROC n

PROC level

PROC zero

PROC q

PROC solve
directly

PROC evaluate
Jacobian

PROC norm

PROC kk

PROC forcey

45

(VEC yp) VEC:

# a representation of the operator Tp— mapping Xp

1
onto Xp—l’ restrict (yp) delivers Tp—l y
(VEC y,,) VEC:

# a representation of the operator T

#
P
pt1 mapping Xp

onto Xp+], prolongate (yp) delivers T
(INT p, PROC (REAL) REAL f) VEC:

# a representation of the operator Tp mapping X onto XP,

"
p+1 Jp

project (p,f) delivers Tpf #,

# an integer to represent the dimension of X, #,

(INT p) INT: nOx2%*p;

# delivers the value Np #,

(INT np) INT:

# level number as follows from n, and n0 #,

(INT p) VEC:

# delivers the zero-element of Xp #.

(INT %, VEC y ) VEC:

# a representation of the operator KP mapping Xp onto
X%,

(MAT a, VEC f,g) VOID:

# solve directly determines the solution of af = g by

q?l,yp) delivers TZprp #,

means of Gaussian-elimination) #.

(INT p, VEC y,) MAT:

# evaluates the matrix TP(I—KP) #,

(VEC y,) REAL:

# delivers the %_-norm of yp #.

(REAL z,y,fy) REAL:

# a representation of the integrand of (3.1.1),
kk(x,y,fy) = k(x,y)*f(y) *#.

(REAL x) REAL:

# a representation of the right-hand side of (3.1.1) #.

TEXT 3.3.1. An informal description of modes, operators and

procedures used in solve int eq.

The implementation in an ALGOL 68 program of these operators and procedures

depends on the choice of {Gp}, the approximating operators {Kp} and the

interpolation operators {Tp}. An implementation of Example 1 and 2 of
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Section 3.2 is given in the Appendix (p. 54).

The approximating inverse 5;4) is defined recursively and depends on
a positive integer y (fixed for all p). However, a more robust algorithm is
obtained if y can be adapted to the level number p. Therefore, in our
implementation of the multiple grid algorithm y depends on p (i.e. in the
definition of Q( ) we replace y by y_). Inside solve int eq a procedure,
called examine eonvergence, is specigied which determines Yp’ P=1,2,...,8-1,
(2 is the highest level which follows from Nl and No). This procedure is of
a heuristic structure. In its most simple form it would set Yp = 2, for all
p. Depending on the behaviour of the actual, iterative process it would
adapt y_. In order to retain our computational complexity of O(Nz) we take

care that Yp < 3. An exception is made for the lowest level (Yl may increase

to 5). The multiple grid method obtained in this way is given in Text 3.3.2.

PROC mulgrid = ( INT m,sigma,[] INT gamma, MAT jacobian,
REF VEC um, VEC rhsm, BOOL um is zero) VOID :
IF m=20
THEN solve directly(jacobian,um,rhsm)
ELSE BOOL uz:= um 18 zero;
FOR it TO sigma’
DO VEC rm = ( uz ! rhsm ! rhsm-um+q(m,um));
VEC wmml:= zero(m-1);
VEC rmml = restrict(rm);
VEC fmml = rmml-q(m=1,rmml)+q(m-1,rm);
mulgrid(m- 1,gammaLm],gamma,Jacobzan,ummZ frml, TRUE );
um:= um + ym + prolongate (ummI-rmml);
uz:= FALSE
oD
FI N

TEXT 3.3.2. Implementation of the multiple grid method
defined by (2.4.2) and ﬁ;h).

The procedure solve int eq for the automatic solution of Fredholm
equations of the second kind is described in Text 3.3.3. The user has to
specify upper limits for NO and NQ, i.e. the maximum number of intervals
in the coarsest and the finest discretization. Furthermore, solve int eq

needs information about o (see Assumption B3) and "TP" (see (3.2.4)).



PROC solve int eq = ( REF INT n0, INT nOupper,nlupper, REAL tol,
alfa,normt, REF VEC wm, REF REAL error) BOOL :
BEGIN

PROC determine vl = ( REF REAL mumvl,denvl,vl, REF VEC um,
VEC rhs) VOID :
( VEC umold:= COPY um;
mulgrid (1,1, gamma, jacobian,um,rhe, FALSE );
numvl := norm(um-umold); REAL vlold:= 0.0;
FOR 1t TO &
WHILE umold:= COPY um;
mulgrid (1,1, gamma, jacobian, um, rhs, FALSE );
denvl := numvl; numvl:= norm(umold-um);
IF numvl > min((tol,1.0e-12))
THEN (it > 1 ! viold:= vl );
vl:= numvl/denvi;
1t<3 OR ABS (vi-viold) > 0.02*viold
ELSE ( it=1 ! vl*:= ratio ); vlold:=vl; FALSE

FI
DO SKIP OD ;
vl:= 1.02*max( (vlold vl)) )5

PROC examine convergence = ( REAL vl, INT levels, REF [] INT gamma)
BOOL :
( gammal1]:= 0; BOOL conv;
FOR 11 TO levels+2
WHILE IF i1 <= levels
THEN FOR 1 FROM 2 TO ii DO gamma[ i]:= 3 OD
ELIF ii=levele+l THEN gammal2]:=
ELIF u—levels+2 THEN gammal2]:=
FI
REAL vp:= vl,wp:= vl;
IF conv:= ( wp*wp <= vp )
THEN FOR p FROM 2 TO levels

WHILE vp *:= ratio;
wp := vptwp**gammalpl*(vp+normt);
conv:= ( wp*wp <= vp )

DO SKIP oD

FI ;
( NOT conv) AND n0 = nOupper
DO SKIP 0D ;
pmint( newline);
FOR ii TO levels DO print((whole(gammaliil,4))) OD ;
eonv )s

PROC vl on level = ( INT m) REAL :

( REAL vp:= vl, wp:=
FOR p FROM 2 TO m
DO vp:= ratio*vp; wp:= vptwp**gammalp]*(vp+normt) OD ;
wp );

INT levels:= level(nlupper); HEAP [1:levele] INT gamma;

FOR 4 TO levels DO gammaljl:= 2 OD ;

REAL ratio = 0.5**alfa; ;

REAL v1:=1.0,denvl,numvl,v2:=0.5,denv2,numv2:=1.0; error:= maxreal;
BOOL rapideonvergence;

VEC rhs, umml; MAT jacobian;
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FOR loop
WHILE um:= zero(0); rhs:=project(0,forcey);
Jaeobian:= evaluate jacobian(0,um);
solve directly(jacobian,um,rhe);
IF loop>1
THEN denv2:=numv2; numv:=norm(restrict(um)-umml);
(loop>2 ! v2:= max((ratio,min((0.5,num2/denv2)))) );
error:=(v2/(1-v2) ) *numv2
FI ;
IF error>tol
THEN rhs := project(1,forcey);
wmml COPY um;
um := prolongate(umml);
determine vl (numvl,denvl,vl,um,rhe);
rapideonvergence:= examine convergence(vl,levels, gamma)

FI ;
error>tol AND ( NOT rapideconvergence) AND nOupper >= 2*n0
DO n0*:= 2; levels-:=1 0D ;

#******&****tﬁ#ﬁ*#&# end Of stage a ****#**t*&&**&#ﬁ*##*****#&****#
IF  NOT rapideonvergence

THEN print((newline,” multigrid convergence too slow "))
FI

HARRARARAXRRARARR KRR ’ stage b *******#*&**#*t**&*****#******#**#

IF error > tol AND rapideonvergence
THEN FOR m TO levels
WHILE denv2:=numv2; numv:= norm(restrict(um)-wmml);

REAL rt  := min((ratio,v2));
REAL wm = v1 on level(m);
REAL vim := wm;

FOR <imax TO 5
WHILE numvl > 0.1*((1.0-vIim)/vim)*(vt/(1.0-rt))*numv2
# extra iteration: #
DO  denvl:= numvl;
VEC umold:= COPY um; _
mulgrid (m,1,gamma, jacobian,um,rhs, FALSE );
numvl := norm(um-umold) ;
numv2:= norm( restrict(um)-umml);
vim := min((wm, numvl/denvl))
oD
v2 = max((ratio,min((0.5,numv2/denv2))));
error:= (v2/(1-v2)) *numvd;
error>tol AND m<levels
DO rhs := project(m+l,forcey);
wmml := COPY um; um:= prolongate(umml);
VEC umold:= COPY um;
mulgrid (m+1,1,gamma, jacobian, um,rhs, FALSE );
numvl := norm(um-umold)
oD
Fr

HAERRRARRRRRRRAR XA o d Of stage b *t*&&#i***i#*i*t*******i*#*&###
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error <= tol OR rapidconvergence
END # solve int eq #

s
TEXT 3.3.3. Implementation of solve int eq.

We could use a slight modification of the above program to implement
Atkinson's [3] FORTRAN code Zesimp in ALGOL 68. Because of the modular
structure of solve int eq it is also easy to program other numerical methods
for integral equations (e.g. higher order formules for smooth kernel func-
tions). Furthermore, solve int eq can be applied to multi-dimensional
integral equations (e.g. potential flow around three-dimensional bodies

[6]) and non-linear integral equations, such as the equations describing

the oscillating disk flow studied in Chapter 5.
3.4. NUMERICAL RESULTS

In this section we illustrate Examples 1-2 of Section 3.2 for a
variety of problems. The problems contain parameters A,p,u, which have
been chosen such that H(I—TPKP)_]H is large. This means that large linear
szétems are necessary to obtain a reasonably accurate approximation fp(x)
(fp € Xp) to the exact solution f(x).

For the Problems 1- 3 (taken from ATKINSON [3]) we give the perfor-
mances of both solve int eq and Atkinson's program Zesimp. In the tables we
give the final number of intervals on the lowest and on the highest level
(No and Nz, respectively) and the number of work units (WU), where 1 WU is

defined by N2 kernel evaluations.

NOTE. For Examples 1 and 2 of Section 3.2 the number of kernel evaluations
is Ni, when the values are computed once and stored (Example 3 = %‘Ni).
However, when they are not stored the number of kernel evaluations is a

good measure for the computational complexity of the algorithms solve int eq

and Zesimp.

Case (i):

-Ax(1-y), 0

IA

X

A
«
A

1,
kR(x,y) =
-Ay(1-x), O

IA
IA
b

IA

y 1.

Since this kernel function -is not continuously differentiable for x =y, we

define Kp by the repeated trapezoidal rule. Assumption B3 is satisfied with
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o = 2. The interpolatory spline functions are defined by linear interpola-

tion. The right-hand side g(x) is chosen such that the solution of (3.1.1)

is £(x) = 12x"(1-x), u > 1.

NOTE. In [3] ATKINSON solves this problem by Simpson's rule, but he remarks

that the order of convergence is O(hz). Therefore, in Table 3.4.1 the

numerical results of Zesimp (which are obtained by Simpson's rule) can be

compared with the results of solve int eq.

Error Final

A Predicted Actual NO Nl WU
solve ©. | -10.0 | 8.48 (=4) | 7.35 (-4) | 32 256  4.83(D)
iesimp -10.0 | 8.93 (=4) | 1.03 (=3) | 16 256  9.23
solve ©. | =-30.0 | 5.52 (<4) | 5.48 (<4) | 16 128 5.6l
iesimp -30.0 | 8.91 (-4) | 8.93 (-4) 8 128  6.76
solve ©. | -90.0 | 4.85 (=3) | 3.86 (=3) | 32 256 10.65(%
tesimp -90.0 | 7.71 (-3) | 5.96 (-3) | 32 256 13.60®
solve 7. 90.0 | 3.01 (=4) | 2.93 (-4) | 16 128 8.15)
Lesimp 90.0 | 3.78 (=4) | 2.18 (-4) | 32 256  8.06

NOTES to

Table 3.4.1. Results for case (i), u = 5.

For Zesimp Kp is defined by Simpson's rule, for

solve int eq by the trapezoidal rule.
Tolerance (tol) = 1.0 (-3).

Table 3.4.1.

Note (1):

Note (2):

Note (3):

For this problem solve int eq needs 4.83 WU, which is already

close to the asymptotic value of 4 2/3 WU (see Equation (3.3.3)).

For the tolerance specified both Zesimp and solve int eq cannot

solve this problem with 256 intervals on the highest level. In

this case we took nfupper = 256 and therefore both codes fail.

For this problem Zesimp needs 256 intervals, whereas solve int eq

returns successfully with 128 intervals on the highest level.

Hence, for this case the cost of solve int eq is about 257 of

the cost of Zesimp (note the definition of WU).
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IA
—

Case (ii): k(x,y) = A cos(uznxy), 0<x, 79

The oscillatory behaviour of this kernel function increases as u increases.
The value of A is chosen close to characteristic values; see ATKINSON [3].
Since k(x,y) is several times continuously differentiable we use Simpson's
rule and cubic interpolation to define Kp and Tp’ respectively (i.e. Example

2 of Section 3.2 with a = B = 4 and HTPH = 24).

The right-hand side is chosen such that f(x) = eM* cos (7ux) .
Error Final
A u Predicted Actual N0 NE WU
solve . -2000 1.0 | 8.41 (-6) 8.37 (-6) 32 256 6.00(])
Ztesimp -2000 1.0 | 9.75 (-6) 8.68 (-6) 32 256 7.83
solve . -1.42 2.0 | 3.57 (-6) 3.56 (-6) 16 256  4.17
Tesimp -1.42 2.0 | 3.58 (-6) 3.57 (-6) 16 256 6.60

Table 3.4.2. Results for case (ii).
The operator Kp is defined by Simpson's rule.
Tolerance (tol) = 1.0 (-5).

Note (1): For this case solve int eq did not use the default values of YP’
(p = 1,2), but on level 1 the value of yp was adapted
(i.e. Y, = 3, Yy = 2).

IA

Case (iii): kR(x,y) = u/[u2+(x—y)2], u>0,0<x,v

This kernel is increasingly peaked as u -+ 0. For pu = 0.1 the ratio
/k_. = 101.

max’ min 2
We determine the right-hand side such that f£(x) = x~ - 0.8x + 0.06.

For the definition of Kp and Tp we refer to Example 2 of Section 3.2. The

numerical results are given in Table 3.4.3.
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Error Final
A Tolerance Predicted Actual NO NQ WU
solve 7.[0.52| 1.0 (=7) 3.42 (-8) 3.40 (-8) 32 256 4.83
Zesimp |0.52| 1.0 (-7) 3.43 (=8) 3.41 (-8) 32 256 7.83
solve ©.10.95| 1.0 (-6) 1.55 (=7) 1.54 (=7) 32 256 5.22
Zesimp 0.95| 1.0 (-6) 1.56 (=7) 1.55 (-7) 32 256 7.83
solve .| 10.0| 1.0 (-6) 1.65 (=7) 1.59 (-7) 32 256 8.14(1)
Zesimp 10.0f 1.0 (-6) 2.90 (-7) 2.70 (-7) 32 256 7.83
Table 3.4.3. Results for case (iii), u = O0.1.
The operator KP is defined by Simpson's rule.
Note (1): In this problem solve int eq adapted the values of y to Y,

From the Tables 3.4.1-3.4.3 we conclude that Atkinson's code Zesimp
is on the average about 507 more expensive than solve int eq. In all experi-

ments both procedures very accurately predict the error of the obtained

solution.

Case (iv): For Example 3 of Section 3.2 our code solve int eq is applied to

the calculation of non-circulatory, potential flow around a smooth contour.

and Yy = 3. Moreover, an additional iteration was performed on
the highest level because test (3.2.9) was not satisfied after
one iteration. Therefore, the computational work deviates from

the asymptotic amount given by (3.3.3).

The numerical results are presented in Section 4.4.

The numerical results of this section
were computed on a CDC-CYBER 175 in

single precision arithmetic.
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APPENDIX TO CHAPTER 3

BEGIN # automatic solution of fredholm equations of the second kind #

MODE INTERVAL = STRUCT ( REAL begin,end);
MODE VEC = REF [ ] REAL ;
MODE MAT = REF [,] REAL ;

OP ** = ( REAL x,y) REAL : ( x <= 0.0 ! 0.0 ! exp(y*ln(x)) );

OP + = ( VEC a,b) VEC :

( INT 1= LWB a, u= UPB a; VEC ¢ = HEAP [l:u] REAL ;
FOR © FROM 1 TO u DO e[i]:= al<i] + b[i] OD ;
e ) # vee + vee #;

OP - = ( VEC a,b) VEC :

( INT 1= LWB a, u= UPB a; VEC ¢ = HEAP [l:u] REAL ;
FOR 1 FROM 1 TO u DO el[i]:= ali] - b[i] OD ;
¢ ) # vee - vec #;

op / = ( VEC a, REAL b) VEC :

( INT 1= LWB a, u= UPB a; VEC ¢ = HEAP [l:u] REAL ;
FOR 7 FROM 1 TO uw DO eli]:= ali] / b OD ;
e ) # vee / real #;

OP * = ( REAL b, VEC-a) VEC :

( INT 1= LWB a, u= UPB a; VEC ¢ = HEAP [l:u] REAL ;
FOR © FROM 1 TO u DO e[Zi]:= b * ali] OD ;
c ) # real * vec #;

OP * = ( VEC a, b) REAL :

( INT 1= LWB a, u= UPB a; REAL c:= 0.0;
FOR 7 FROM 1 TO u DO ¢ +:= ali]*b[i] OD ;
e ) # vee * vec #;

OP * = ( MAT a, VEC b) VEC :

( INT l=1 LWB a, u=1 UPB a; VEC ¢ = HEAP [l:u] REAL ;
FOR © FROM 1 TO u DO eli] := ali, J*b[ ] OD ;
c ) # mat * vec #; .

OP COPY ( VEC u) VEC :

( INT 1 = LWB u, up = UPB u; VEC ¢ = HEAP [l:up] REAL ;
FOR 7 FROM 1 TO up DO eli]:= uli] OD ;
e )

PROC prvec = ( VEC x) VOID :

( print((" vee bounds ", LWB x, UPB x,newline));
FOR 7 FROM LWB x TO UPB x
DO print(x[i]) OD ;
print(newline) );



PROC max = ([] REAL a ) REAL :

( INT 1= LWB a, u= UPB a; REAL s:=all];
FOR 1 FROM 1+1 TO u DO ( aliJ]>s ! s:=ali] ) OD ;
g );

PROC min = ([] REAL a ) REAL :

( INT l= LWB a, u= UPB a; REAL s:=all];
FOR 1 FROM 1+1 TO u DO ( alid<s ! s:=ali] ) OD ;
s );

PROC norm = ( VEC a) REAL :

( INT 1= LWB a, u= UPB a; REAL s:= ABS alll;
FOR 1 FROM 1+1 TO u
DO REAL b = ABS ali]; ( b>s ! s:=b ) OD ;
8 );

PROC n = ( INT 1) INT :( n0 * 2**1 );

PROC level = ( INT nb) INT :

( INT s&:= n(0), L:= 0;
WHILE & < nb DO l+:= 1; g&:= 2*s OD ;
IF & > nb THEN error FI ; L );

PROC zero = ( INT 1) VEC :
( INT nl = n(l); VEC bb = HEAP [0:nl] REAL ;
FOR i FROM 0 TO nl DO bb[i]:= 0.0 OD ;bb);

PROC pinjeet = ( INT 1, PROC ( REAL ) REAL f) VEC :
( INT nl= n(l); HEAP [0:nl] REAL yl;
REAL a:= begin OF int; REAL h = (end OF int - al)/nl;
yllo]:= f(a);
FOR 71 TO nl
DO yllil:= f( a+:=h ) OD ; yl );

PROC injeet = ( VEC vp) VEC :
( INT np = UPB vp, nq = np OVER 2;
VEC vq = HEAP [0:nq] REAL ;
FOR 1 FROM 0 TO nq DO vqli]:= vp[2*i] OD ; vq);

FARRARAARAAKAK AR A XK XX example 1 ****i*#&****#&***********&****#i#

PROC lin int = ( VEC vp) VEC :

( INT np = UPB vp; INT nq = 2*np;
VEC vq = HEAP [0:nq] REAL ;
vql0]:= vpl0];

FOR i TO np
DO wvql2*i] := vpl[il;

vql2*i-1]:= 0.5*(vp[i~-1] + vp[i])
oD

vqg );
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_PROC trap = (#to level # INT p, VEC v) VEC :
( INT np = n(p), nq = UPB v;
VEC vp = HEAP [0:np] REAL ;
INT st = ( mp=nq ! 1 !: 2*p=ng ! 2 ! error; 0 );
REAL a = begin OF int, b = end OF int; REAL h = (b-al)/nq;

FOR i FROM 0 BY st TO nq
DO REAL s, tJj; REAL ti = a + 1*h;
8 = kk(ti,tj:=a,v[0])/2;
FOR j TO nq-1
DO & +:= kk(ti,tj+:=h,v[j]) OD ;
8 +:= Kkk(ti,tj+h,vingl)/2;
vpl[i OVER st] := s*h
oD ;
vp ) s

HAAXAXAAAKRARKXAX AR K exampze 2 AXAAXARARARARARARARRRARRAARAR AR R RS

PROC cub int = ( VEC vp) VEC :
( INT np = UPB vp; INT ng = 2%*np;
VEC vq = HEAP [0:nq] REAL ;
vql0] := vpl0];
vgl1] := (5.0*(vp[0J+3.0*vp[1]-vp[2])+vp[3])/16.0;
vqlng-2]:= vplnp-17;
vqlng-171:= (5.0*(vp[np]+3.0*vp[np-1]J-vp[np-2]1)+vp[np-31)/16.0;
vqlng] := vplnpl;
FOR i TO np-2
DO vql2*i] := vp[il;
vql[2*i+1]:= (-vp[i-1]+9.0*(vp[<i]+vp[i+1])-vp[i+2])/16.0
oD ;
vg ) ;

PROC simp = (#to level # INT p, VEC v) VEC :

( INT np = n(p), nq = UPB v;
VEC vp = HEAP [0:np] REAL ;
INT st = ( mp=ng ! 1 !: 2*p=nq ! 2 ! error; 0 );
REAL a = begin OF int, b = end OF int, w43 = 4/3, w23 = 2/3;
REAL h = (b-a)/nq;

FOR 1 FROM 0 BY st TO nq
DO REAL s, tj; REAL ti = a + i%*h;
8 := kk(ti,tj:=a,v[0])/3;
FOR § TO ng-1
DO & +:= ( ODD § ! w43 ! w23) * kk(ti,ti+:=h,v[5]) OD ;
& +:= kk(ti,tj+h,vingl)/3; :
vp[i OVER st] := s*h
oD ;
vp ) ;

HARARRAARRARRARRRRE o] Of emample 2 ARAXRARKRARAKRARRARARARRAR R R AY



PROC solve directly = ( MAT jacobian, VEC um, rhem) VOID :

BEGIN # gaussian elimination #

( 1 UPB jacobian /= UPB rhsm OR 2 UPB jacobian/= UPB rhem !

error);
MAT jb= jacobian[ AT 1, AT 1];
INT n = UPB jb;
[1:n,1:n+1] REAL a;
VEC v = al,n#1]; al,1:nl:= jb; v:= vhem[ AT 1]1;
FOR § TO n
DO INT jpl= j+1; INT pg:= J;
REAL si,s8:= ABS ald,dl;
FOR 1 FROM jpl TO n
DO ((si:= ABS ali,4]) >e ! s:=ei; pj:=i ) OD ;
IF § /= pj
THEN REAL t;
) FOR k TO n+1
DO t:= alpgj,k]; alpg,k]:= alg,k]; alj,k]:=t OD
FI
8 :=alg,dgl;
FOR i FROM jpl TO n
DO si:= ali,dl/s;
FOR k FROM § TO n+l :
DO ali,k] -:= alj,kI*sei OD
oD
oD ;
FOR § FROM n BY -1 TO 1
DO v[j] /:= algd,dl; .
FOR 1 FROM j-1 BY -1 TO 1
DO v[i] -:= ali,j]*v[j] OD
oD ;
um:= v[ AT (1 LWB jacobian)]
END # solve directly # ;

PROC evaluate jacobian = ( INT m, VEC um ) MAT :
BEGIN INT nm = n(m); [0:nm] REAL umd := um;
VEC qm = q(m,um);  HEAP [0:nm,0:nm] REAL jac;
FOR 1 FROM 0 TO mm
DO REAL delta = max(( um[1]*0.001, 0.001));
umd[i] +:= delta;

Jael,i] := (qm - q(myumd))/delta;
Jaeli,iJ+:= 1.0;
wnd[1]  := um[z]

oD ; Jae

END # evaluate jacobian # ;

57
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# PROC mulgrid = see text 3.3.2 #
# PROC solve int eq = see text 3.3.3 #
#*#*&*i***&**&#&*** globaz variables *******#*###****&**&**##&*i*#

INT n0:= 4; REAL tol:=1.0e-6;

INTERVAL int;

PROC ( REAL , REAL , REAL ) REAL kk;

PROC ( REAL ) REAL forcey;

PROC ( INT , PROC ( REAL ) REAL ) VEC progject;
PROC ( VEC ) VEC restrict;

PROC ( VEC ) VEC prolongate; REAL normt;
PROC ( INT , VEC ) VEC q ; REAL alfa ;

FARAERARKAR XX impzementation Of emample 1 ARARAKARRRARRARAKR AR AR AL

project:=pinject; restrict:=inject;
prolongate:= lin int; normt:= 6; q:=trap; alfa:=2;

FARRARRAR KR KRR implementation Of exampze 2 ARARRKAARRRARARAARAR AR RS

project:=pinject; restrict:=inject;
prolongate:= cub int; normt:= 24; q:=simp; alfa:=4;

FRERRRAARRRRRARARARAARARARARRARARARARRKRARRRARARARRARARAKRAARARAKRAR AR RS

FARRARARARARAK KK XXX ‘end Of Zibrary AARAAAAXARRARAKRARRARAKRRRARRARY

PR prog PR SKIP
END

TEXT 3.4. An ALGOL 68 program for the automatic solution of
Fredholm equations of the second kind, in which the
linear system is iteratively solved by a multiple

grid method.

Example 1: Approximation of the integral by the trapezoidal rule.

Example 2: Approximation of the integral by Simpson's rule.



59
CHAPTER 4

MULTIPLE GRID METHODS FOR

INTEGRAL EQUATIONS IN POTENTIAL THEORY

In this chapter we diseuss the numerical solution of the Dirichlet
problem for Laplace's equation. We will use the classical approach of repre-
sentation of the solution by means of a singularity distribution on the
boundary of the domain. This approach has recently been advocated anew by
BREBBIA [4,5] and JASWON & SYMM [11], and is in widespread use for aero-
dynamic computations. A disadvantage of this approach is, as noted by
JASWON & SYMM in the introduction in [11], that "unfortunately no rigorous
error analysis of the numerical solutions is available". In this chapter
we partly fill this gap. We supply the error analysis of an approximation
for the solution of the two-dimensional (2-D) Dirichlet problem.

The solution, which is a harmonic function, is represented as a double
layer potential., Applying the Dirichlet conditions on the boundary one ob-
tains a Fredholm integral equation of the second kind for the doublet dis-
tribution p. In this chapter we shall approximate p by a piecewise constant
function Wyt To supply an error analysis we first discuss the regularity of
the principal value of the double layer potential in Section 4.1. Assuming
the boundary to satisfy a certain smoothness condition and p to be essen-
tially bounded we obtain a result concerning the regularity of the principal
value (in 2-D it turns out to be more regular than in 3-D). This result is
used in Sections 4.2 and 4.3. In Section 4.2 we give the error analysis of
the approximate solution. The numerical method results in a non-sparse
system of equations, that is solved by a multiple grid iterative process.
In Section 4.3 we estimate the reduction factor of this process. We illu-
strate the results of these sections with the calculation of non-circula-
tory potential flow around a Karmdn-Trefftz aerofoil. The corresponding
boundary does not satisfy the smoothness condition assumed in Section 4.1,
because of the corner at the trailing edge. In Section 4.4 we remove the
corner by a mapping to obtain a boundary that satisfies our smoothness

assumption. For some examples the theoretical estimates of Section 4.3 are
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found to be too pessimistic. In Section 4.5 we apply our multiple grid
method to circulatory flow. The trailing edge angle is not removed, so that
the theorems of Sections 4.1-4.3 do not hold. However, the rate of conver-
gence of the multiple grid process turns out to be quite satisfactory. In
this section we measure the error between the analytical and numerical
solution by means of a suitable metric, i.e. the supremum norm over the
boundary apart from a fixed, small neighbourhood near the trailing edge,
that removes the influence of the singular behaviour of the solution near
the trailing edge. By experiments we show that the numerical solution con-

verges with respect to this metric.

4.1. REGULARITY RESULT

The solution of the Dirichlet problem for Laplace's equation in two

and three dimensions can be represented as a double layer potential,

respectively:
@y L 3
04 @) =50 | w(@) 57— loglr, |ds,, ¢ ¢,
z
S
3y - L 2
g (@) =77 | w@ 5 Vlr, lds,,  c s,
z
S
where nZ is the outward normal to the surface S at the point z, rz; =2z-C

and p(-) is called the doublet distribution. These potentials are discon-

tinuous across the surface. We denote the principal value of ¢d(§) by

I-m cos(n_,z-
$§m)(c> = 21T J u(z) ~—:§—%%;351 ds,, ¢ e 8,

S zg
where m = 2,3 for the two- and three-dimensional case, respectively. Assum-
ing S to be a Lyapunov surface and u to be essentially bounded, GUNTER
[9, p.49] proved that $§3) € HO’G(S), where Hk’a(S) denotes the class of
continuous functions whose derivatives of order k satisfy a uniform Holder
condition with exponent o. In this section we prove that in the two-dimen-
sional case aéZ) € H]’u(S).

The interior Dirichlet problem has an important application in aero-

dynamics, namely the calculation of potential flow around aerofoils (2-D)
and wings (3-D). As we shall see later, in the 2-D problem the doublet dis-

tribution u is the solution of the following Fredholm equation of the second
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kind:
- cos(nz,z—g)

1
u(g) + pu J u(z) =T dSz = -2U-gz, 1 eS8,
S

where U is the velocity vector of the undisturbed flow and U-z denotes the
usual inner product in ]Rz. In this section we will show that the linear
integral operator occurring in this equation is a bounded mapping from
Lw(S) into Hl’a(s), with Lm(S) the Banach space of essentially bounded func-
tions. This result is applied in Section 4.2 and 4.3. For aerodynamics it is
of particular interest that an approximate solution belonging to Hl’a(S) can
be obtained by means of the numerical method of Section 4.2, provided the
aerofoil is sufficiently smooth (see Remark 4.2.3).

First, we give some definitions which have been taken from GUNTER [9].
Let D c R? be a bounded simply connected open set with boundary S and

closure D.

DEFINITION 4.1.1. Ck(D)(Ck(ﬁ)) denotes the class of functions which are

k times continuously differentiable in D(D).

DEFINITION 4.1.2. Ck’a(D)(Ck’a(ﬁ)) denotes the subclass of functions in

Ck(D)(Ck(ﬁ)), whose derivatives of order k satisfy a uniform Holder con-

dition with exponent a, 0 < a < 1.

DEFINITION 4.1.3. Lk’a (k =2 1) denotes the class of rectifiable contours S

in 2-dimensional Euclidean space with the property that for every point P
on S there exists a number € > O such that the part I of S within the

circle Be P of radius € and centre P, for the orientation as given in
Ed

Figure 4.1.1 of the axes of the coordinate system (x,y), admits a represen-—

tation

y=F(x, =xe¢ ﬁe,P’

where F ¢ Ck’u(ﬁE ), Be P the projection of the part of S within B on
s

,P €,P

the line y = 0.

We give an illustration of Definition 4.1.3 in the following figure.
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Figure 4.1.1. Illustration of Definition 4.1.3.

(De,P is given by weemssse— ).

We remark that the tlass Lk’a is equivalent with the class of Jordan
curves, defined by the parametric equations x = X(t), y = Y(t) with

X,Y € Ck’a[0,1] and ﬁz*-§2 # 0 (see GOLUSIN [8, chapt. X1).
DEFINITION 4.1.4. HS®
with the property that the function f defined by

(S) denotes the class of functions f defined on S

F(x) = £(x,F(x)), xe D, p

with F(x) and BE ).

as in Definition 4.1.3, belongs to the class Ck’a(I_)e

»P »P

REMARK 4.1.1. Let S € Lk’a with k 2 2 and let z,z € S. Then

2 cos(nz,z—c)

lim Z=c]

>z

= k(z),

where «(z) is the curvature at z. Moreover, k belongs to the space
Hk—Z,a(S)

PROOF. Let (£,n) be a local coordinate system about a certain point P ¢ S

(see Figure 4.1.1). By Definition 4.1.3 the points z and { may be represent-

ed by (x,F(x)) and (£,F(£)), respectively. Now
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2 cos(n,,2-1) 2{F(x) - F(§) + (£=x)F' (%)}

o 2 Y S NS
Since
1
N@—F@>+@mwwm=4&m2jtwe+@ant
and 0

1
F@)-F@)=(w£)[FW£+&i)ﬂﬂ
0

we obtain

2 cos(n_,z-7)
. 4

lim TZ=2]
>z

= /14 B 022,

which is the definition of the curvature k(z). Since F e Ck’a(ﬁe P) it fol-
b

lows that k € Hk—z’u(s). ]

For the two-dimensional case the potential due to a doublet distribu-

tion p along the boundary can be written as follows:

cos(n_,z-g)

@y oPw - 5%-[ W2 —E—ds,, s
S

From now on the superscript (2) will be deleted because only the two-

dimensional case will be considered.

LEMMA 4.1.1. Let S € L% and u e 8%

(Plemelj-Privalov formulae):

(S). If t approaches S we have

4.1.23) 430 = —hu@) + 8,00,

(4.1.2b)  ¢4(0) = fu(D) *+ 9,(0),

with
cos(nz,z—;)

- 1
(4.1.2¢)  ¢,4(0) =§;f u(2) [z-z]

S

where ¢; and ¢; denote the limit from the outer and inner side, respectively.

PROOF. See MUSCHELISCHWILI [15, pp.36-42, p.521. [
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For z = ¢ the kernel in (4.1.2c) is defined by its limit value, which
is the curvature at ¢ (cf. Remark 4.1.1). Thus the integral in (4.1.2c) may
be interpreted as a proper integral.

The main result of this section is the following theorem. The proof of
this theorem leans strongly on 3-D results given by GUNTER [9, p.312], who

has proven the following theorem: let S € LZ,a and u € Ho’a(S), then

523) € H]’a(S). The reason why we cannot apply this theorem is that we only
assume p to be essentially bounded, because of the numerical application to
be discussed later. We define this class of functions on a rectifiable con-
tour, because PRIWALOW [17] has shown that for such a contour measurability

and summability can be introduced in the same way as for a straight line.

DEFINITION 4.1.5. Lm(S) denotes the Banach space of essentially bounded

functions on a rectifiable contour S which are measurable with respect to S.

The associated norm is

||u|I°° = ess sup |u(z)|.
ZeS

2

It is noteworthy to remark that if S e L *% then S is rectifiable.

THEOREM 4.1.2. Let S € L2°% and u e L_(S); then $d e u%s).

PROOF. Let (£,n) be a local coordinate system about a certain point P € S
of the type given by Fig. 4.1.1. Using Definition 4.1.3 we split the bound-
ary into two parts I and S-I. Let ¢ € ZO’ being the part of I within the

circle with radius €/2 and centre P. For (4.1.2c) we obtain

ds_.

cos(nz,z—c) f - cos(nz,z-c)
iz Iz-z] z

940 = [ W(2) —Trr— 45,4 o=
S-I X

In the first integral |[z-z| # 0. If we replace ¢ by (§,F(£)) we obtain a

function of & which has bounded and continuous derivatives up to order 2

(since S € L2,a); hence the first integral certainly telongs to the class

H]’a(S). We proceed to establish that the second integral also belongs to

H]’a(S). We denote the coordinates of the point ¢ by £,n and those of the

integration point z by x,y. Substituting n = F(£) and y = F(x) we obtain

cos(nz,z—g)

- . _ F(x) —F(&) + (E=x)F' (%)
12 = J ]J(Z) ——lz-T_—dSZ = ‘( U(X) { 2 2 dx.
3 3 » (x-g) "+ (F(x) - F(£))"}
€,



We define the following functions:

by (E,x) =

and

by (8,%) =

o O ——

F'(E + (x-g)t)dt

tF"(§ + (x-g)t)dt.

Integrating by parts, we obtain:

4.1.3)  FG) - F(E) + E0F' () = (024, (£,%)

and

(4.1.4)  F(x)-F(E) = (x-E)v,(E,x%).

Hence, the second integral becomes

(4.1.5) I,=

2 f u(x)

De,P

wz(a,x)

(1+ 92 (5,20)

dx.

Assuming lul < A we have to prove that:

dI2
(4.1.6) |?g‘ < CA,
and
(4.1.7) |diE I(5) =55 L&) | < cale-6,[% Ve, € D,

First, we show that

lv, (£, =¥, (5,5, 0) | < Clg -k,

| o

Indeed, since F" ¢ Co’a(ﬁ€ P), we have
b

|¢2(51,X) _¢2(EZ’X) l

IA

IA

1

- H £{F" (8, + (x-E)t) - F"(E, + (x-E,) ) M| <

1
J |F" (g, + (x-E)E) ~F" (5, + (x-Ep) ) |dt <
0

1
CJ lg, + (x-g ) t=g,~(x-,) | de < C']E ¢,
0

l(!
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Next, we investigate the function

by (E,%)

(4.1.8) R(E,x) =

—_——
1] (E,%)
Since wz is bounded, R is bounded too. We shall now prove the following

inequalities:

3R C

(4.1.9) r—— < — for ¢ » x,
9F !E‘Xll o
2

(4.1.10) ‘-3—12‘ <L2__a for £ + x.
3¢ | e-x|

Differentiating R we obtain:

8¢1

- 200+ WD R0 520,

Y _
4.1.11) —g-lg-=a—;(1 . qﬁ)

1

e

It can be easily proven that |_§EL| < cqe Since |1+ ¢?l > 1, |¢l[ <c, and
|w2| <c, (with €2 2Co certain constants that depend on F) it follows
that

9
9 9

+ 2coc1c2.

Inequality (4.1.9) will have been proven when we have shown that

oy
2‘ - C
3L [

(4.1.12) ’—— —_—
E_XIIOL

From (4.1.3) we obtain

Y, Yo RT(E) - F' (%)
(4.1.13) =2 <-4+ 258 .
3¢ (x-8) (x—g)z
Since 1
F'(g) - F'(x) = -(x-¢§) J F'(g+ (x-&)t)dt,
0

it follows that

1

)

_852 = {z f tF" (£ + (x-E)t)dt - J F'(g+ (x—a)t)dt}/(X-D =
0 0

- =5 J {rres eeovm - s eepofae
0
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Hencg
1
a¢2 . .
'3?’SIK£IJ|5+(r£hr-i-(winl at <
0
1
_—C—I—OLJ I/E__tla dt <
lx-g] ™%
< "“‘l%tr',
|x-g|

which establishes (4.1.9). We continue with (4.1.10). Using (4.1.9) and

(4.1.12) we obtain by another differentiation of R the estimate:

2
Y, cq

<
|X-€| 1-a

+

’ﬁg
BEZ

+c,.
352 4

Therefore it sufficies to show that

C

< ]X_Elz_af

2
I

852

Differentiating (4.1.13) we obtain:

2
3%y 29 e "
22= 22+ (xfg)'—a'g_z+—2§‘{F'(€)—F'(x)}+L(—E")—2=
213 (x-8) (x-¢) (x-¢%)
aw "

3 2 1 F'(8)
- et ——F (@) -F () + 2 -
(78 B8 (g3 x-5)”

3 M [ &) j F" (£ + (x-£)t)d ]
= —= + " - "(g+ (x-E)t)dt|.
GB) B ()2 !

Because of the mean value theorem the expression within square brackets is

equal to

F'"(E) - F"(£+ (x-£)t™), for some t* ¢ [0,1].

- ]
Since F" ¢ Co’a(D ) and [_EZ' < c it follows that
€,P 13 lx‘£|l_a
a2
w2 c
2 < 2-a’
(]2 |x-g] "

which establishes (4.1.10). Turning to (4.1.6), we consider the integral



68

dl
d—gz(i) =_J u(x) —g%(é,x)dx.
D

€,P
Without loss of generality we can take Be P equal to [0,1]. Since llul_ < A
b

it follows that
1

dI
2 dR
liagw < A J ]sg(g,x)[dx.
0
Using estimate (4.1.9) we conclude that the singularity in R is integrable.

23
Hence, (4.1.6) holds. We proceed to establish (4.1.7). Let § = !El—gzl, then

dI2 dI2

9R oR
(4.1.14) I—d—g'“(il) _TE_(EZ)‘ <A |3—E(€1,X) ‘B—E(EZ,X)IdX <

™ O =
—

+26 £,+26
3R 3R
<A j |§g(£2,x)|dx+-A I ISE(EI,X)|dx +
£,-28 £,-28
£.-268
! 3R 3R
+ A |;Tg(51’x) -ggazz,x)ldx +
0

1
aR R
A J !.B_F,(g]’x) - E(EZ’X)[dX.
g]+26

+

Because of inequality (4.1.9) we obtain for the second integral on the

right-hand side of (4.1.14)

£ +26 £ +28
! 9R ! o-1 Doy O
J |SE(£l)ldX < J |£l—x| dx < c(28)".
51—26 51-25
Since the interval [El—xl < 2§ is contained in the circle |£2—x] < 38 we
obtain for the first integral the estimate c(36)a. Therefore, the sum of

the first two integrals is less than c8® for some c.

Finally, we have to estimate the last two integrals of (4.1.14). For

X ¢ [El,Ez] the mean value theorem yields

2
3R 3R . .y 3R,%
B_E(E]’X) - ?’E'(Ez:x) = (El E';2) agz(g ,X),

where 5* denotes some point of the interval EEI,EZJ. From inequality (4.1.10)
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we obtain
oR 9R -2
55 (€% — g€ < sc|g™-x|*77,

so that for the third integral the following estimate is obtained:
51—25
c8 J 0% ax = Lor(gt-g 20" - £ < T o
0
In the same way we obtain a similar estimate for the last integral. Hence,
the left-hand side of (4.1.14) is less than a number of the form cs?. By
definition § = |£1—£2| and thus the inequality (4.1.7) has been proven.

This completes the proof of Theorem 4.1.2. [0

In the case of an interior Dirichlet-problem the boundary value ¢; is
prescribed and the solution ¢d follows from (4.1.1) as soon as the doublet
distribution p has been determined from equation (4.1.2b). Let the integral

operator in (4.1.2c) be denoted symbolically by K:

cos(nz,z—g)

(4.1.15) Ku(z) = —?]- J Ll(Z)’ "'I—Z_';—l—'— dSZ, z € S.
S

From Theorem 4.1.2 it follows that Ky € Hl’a(S) if S € L2,a and u € L_(S).
We conclude that the operator K maps from the Banach space L_(S) into the
class Hl’a(S), which is a Banach space too if it is equipped with the fol-
lowing norm:

1

L
I £l = ) Ip"el ,
1,0 =0 o

where D denotes the differentiation in the tangential direction and

|£(z)) - £(z,) |
1€l =gl + sup —— 2

zl,zzeS |z]—zzla

Since K is a linear operator we obtain directly from Theorem 4.1.2:

COROLLARY 4.1.3. Let S € Lz’a. Then the operator K mapping from L_(S) into

Hl’a(s) satisfies:

Ikul | < clul_,  for all u e L_(S).
b
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We note that the space Hl’a(S) is compactly imbedded in the space
Lw(S) (see KRASNOSELSKII [13, p.4]). From this property and the previous

corollary follow:

COROLLARY 4.1.4. Let S ¢ L2°%

L_(8) Zs compact.

. Then the operator K mapping from L_(S) into

REMARK 4.1.2. From the Fredholm alternative theorem for compact operators
it follows that equation (4.1.2b) has a unique solution for each boundary
function ¢; € Lm(S) if S € L2,u (see also ZABREYKO [22, p.218]). In addi-
tion, the operator (I--K)_1 is bounded on the space L_(S),

1

Ia-x" I <c.

COROLLARY 4.1.5. Let § e 1L2°%

belongs to H]’a(S).

and ¢; € Hl’a(s). Then the solution of (4.1.2b)

[

PROOF. From Remark 4.1.2 we have u € Lm(S). But (4.1.2b) can be written as
u = 2¢d + Ku.

By Theorem 4.1.2 it follows that the right-hand side belongs to H]’a(S). 0

4.2. ERROR ANALYSIS

The classical method described in the previous section is used to

solve the Dirichlet problem

(4.2.1a) Ap =0 in D c R>,

with the boundary condition

(4.2.1b)  ¢(g) = a(z)

along the boundary S. The solution is given by the double layer potential
¢d (4.1.1) if the doublet distribution p is determined from the following

integral equation

(4.2.2) (I-Ky = 2a,
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where K is the integral operator defined by (4.1.15).

ASSUMPTION 4.2.1. The boundary function a e H'*%(S).

We approximate pu by a piecewise constant function By We shall supply

error bounds for

(4.2.3) Hu~uNHm,

(4.2.4) () —ug @),
rcien °) ey

and

4.2.5  Jo,@ -0, zeD,

where Tpsee+sly are the collocation points to be chosen, and

N
. cos(n_,z-C)

(4.2.6) 4, = 7%-{ uy (@) ———qugﬂ-——-dsz, z e D.
S

First we discuss the convergence of a sequence of approximations to
the unique solution of (4.2.2). We divide the boundary S into N segments Si’
N
such that S = igl Si and Si n Sj =@, 1 # j. The begin- and end-points of

the i-th segment are z;_, and z.. The points z; are called nodal points

1
and are given by the global coordinates (Xi’Yi)' The function u is approxi-

mated by a piecewise constant function My which is defined as follows:

N
]—lN(C) = 'Z Otiu]-_(C)s
i=1
with
1, z e S.,
u, (2) = *
0, [ Si'

The resulting equation is solved by a collocation method. The collocation
points s i=1,2,...,N, are taken to be the mid-points of the segments

Si, or more precisely:

DEFINITION 4.2.1. Let (x,y) be a local coordinate system in the sense of

Definition 4.1.3 about z;- Then the local coordinates of z, are given by

(xi,F(xi)). The collocation point z; should be chosen such that X, ¥x; = 0.
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Let XN be the finite dimensional space of piecewise constant functions
spanned by U sUy,.- ., up. For our application we need an Znterpolatory pro—
Jection operator TN from a Banach space X onto XN. We have to be careful
with respect to our choice of X. It is not possible to choose X = L_(S)
because pointwise operations are not defined on elements of Lw(S). We note
that it is possible to define a linear mapping from the space C(S) of con-
tinuous functions on S (with the supremum norm Il-ll ) to Xy but in this
case the mapping is not a projection operator in C(S) because XN is not a
subspace of C(S). We choose X to be the space of regulated functions
(classical term: functions with only discontinuities of the "first kind"),
which is a Banach space when considered as a subspace of L _(S) (see

DIEUDONNE [7, p.145 and p.3171).

DEFINITION 4.2.2. The space of regulated functions R(S) is the space of

functions f defined on a rectifiable contour S with the property that the

function £, defined by

f(x) = f,F(),  x €D o,

with F(x) and De as in Definition 4.1.3, has one-sided limits at every

»P

point of S, i.e. for all x e D the limits lim E(x+h) and lim f(x—h)
€,P h»>0 h>0

exist. The associated norm is “-ﬂm.

By this definition the following inclusion relations hold:
C(S) < R(S) = L_(8).

Hence, Theorem 4.1.2 also holds if u e R(S) (or u e C(S)).

Let the global coordinates of collocation point 5 be (X;,Y:) and let
the local coordinates of z € Si be given by (x,F(x)) with F as in Definition
4.1.3. We define the interpolatory projection operator TN: R(S) ~ XN as

follows:
N
(4.2.7) TNf(C) = _Z diui(g)’
i=1
T~ - — _ * B .
where di 2[%i8 f(h) + %i% f(-h)] with f(x) f(Xii-xcosv F(x) sin v,

Yii-xsinv + F(x) cosv); and v is the angle between the local and global

x—-axis (see Figure 4.2.1).‘
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Figure 4.2.1. (X,Y) - global coordinate system,

(x,y) - local coordinate system about Ci'

LEMMA 4.2.1. The mappings Ty and 1 - T, are bounded on R(S).

N
PROOF. For all f € R(S) we have
sup "TNf"w = max lf(;i)l < IEl . 0
feR(S) 1<i<N

Let hN be a measure of the mesh-size defined by:

h, = max |z.-z. .|.
N ojcien 1
We assume that the partition of the boundary is such that %im hN = 0.
00

LEMMA 4.2.2. Let S € Lz’a and £ € Hl’a(S); then
H(I-TN)wa <C hN“fnl,a as N » o,

PROOF. Draw a circle with centre g5 and radius hN' The proof follows from

Definition 4.1.4. [

For a given N an approximate solution of equation (4.2.2) is obtained
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by solving:
(4.2.8) (I- TNK)uN = ZTNa, By € XN.

REMARK 4.2.1. In aerodynamics this collocation method has become very

popular because T KuN can be easily calculated. In the two-dimensional

N
case angles have to be computed.

REMARK 4.2.2. As a consequence of Theorem 4.1.2 an approximation in the
space HI’G(S) can be obtained by a single iteration (Nystrom interpolation):

(4.2.9) = 2a + KuN,

My
where My is the solution of (4.2.8). It is easily verified that

~ . ~
My 2a KTNuN
For the case that K represents a sufficiently regular integral operator

the convergence properties of ;N as N » », are discussed by SLOAN [18].

REMARK 4.2.3. In practice aerofoils are given by a data-set of points

M
{xi9yi}i=1-

ing the points of the data-set. However, this polygon does not belong to

Usually a continuous boundary is obtained by a polygon connect-

the class LZ,a and a single iteration does not yield an approximation in
the space Hl’a(S). Therefore, if one wants to have the approximate solution
;N in Hl’a(S), it is necessary to construct a smoother boundary through

the points {Xi’yi}’ e.g. a cubic spline approximation so that S ¢ L2,u’

except for a neighbourhood of the trailing edge.

LEMMA 4.2.3. Let the finite-dimensional subspace Xy © L_(S) be sufficient-

ly large (i.e. the mesh-size of the discretization is sufficiently small)
and let S e Lz’a. From the existence of a bounded inverse of I1-XK on L_(8)

follow:

(I-TNK)_1 exists on L _(8)

and

C. = sup (I—TnK)"‘u

< o,
1= o L_(S)+L ()
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PROOF. For f ¢ L_(S) we have by Lemma 4.2.2 and Corollary 4.1.3
H(I-TN)Kme <ec hN"Kf“l,a <c hN"f"w'

But then "K-—TNK“Lw(S)->Lw(S) + 0 as N > «» and existence and boundedness of

I- TNK on L_ (s) follow from Neumann's theorem. See also PRENTER [16, p.574]. [

LEMMA 4.2.4. Let S ¢ 12°% and £ e 0 °%(S); then

” {£(2) - £(z)}as | < c2h§+°‘ €1
S.

1

o? as N »> =,

PROOF. Let (x,y) be a local coordinate system in the sense of Definition
4.1.3 about the collocation point Cse We denote the coordinates of the point
5 by (£,n) and those of the integration point z by (x,y). Using Definition
4,1.4 we can represent f(z)-ff(gi) by

1

£ - £(8) = GmB)E'(B) + (x-E) f (' (g + (x-B)t) - £' () Hat.

0
We recall that ;iis the mid—ﬁoint of S;. Following Definition 4.2.1 we
denote the local coordinates of the nodal-point z; by (Xi’yi)' Let
h = (x;-x;_)/2 and G(x) = {1+ F' ) 2!/2

be estimated as follows:

. Then the above integral can

E+h
f {f(z)—f(ci)}dsz| = l J {£(x) - £(E) }e(x)dx| <
i £-h
g+h E+h

< [{E(x)—%@)}{c(x)—c(a)}dx + f(x—m%'(e;)c(s)dx +
E-h £-h
E+h 1

+ f (x-£)G(E) J {£' (£+ (x-E)t) - £'(£) }dt dx|.
£-h 0

The first part is less than Chgllfll1 N and the second part is equal to zero.
’
We proceed to estimate the third part. Let x—f = v. Since G is bounded it

follows that



76

1

I, < |fvf {f "(E+vt) - £'(E)}dt dv| <
-h O

}

0

|2 (g+vt) - E'(8)|de dv <

IA

c | Ivl

1+a

<c' | |v|

2+q,
"fnl,a dv < Cth Hf"l’a. 0

i
|

In the following theorem we discuss the convergence of the approximate

1,0

solutions By € XN and HN € H (S) to the exact solution u. We give error

estimates for Hu—uNHw, IITNu—uNIIm and Hu—aNII°°

2,a; then for

THEOREM 4.2.5 (Approximation theorem). Let the boundary S € L
N = o
(i) Hu—uNH <cC hN"”"],a’ where y is the solution of (4.2.2) and
wy of (4.2.8);
(i) IK(T-TOfI < 4hN g, for all f ¢ ul%(s);
L I+ .
(iii) HTNu uN 5hN Hu" o
: +
(iv) - uNIl < 6hN 0‘Hull

PROOF. (i) From (4.2.2) and (4.2.8) we get:

(I-TNK)(u-uN) =qu - TNKu - ZTNa

[T T}
Use Lemmas 4.2.3 and 4.2.2 to obtain:
Hu—uNHw < Clllu—TNull°° < C3hN“u"]

(ii) From the construction of TNf it follows that

N
RI-TPf@) =-1 ] J{f(z)—f(ci)}
1=1S
i
Let ¢ € Si' Taking into account Remark 4.1.1, we estimate the (i)-th part

cos(nz,z—g)

—_ dS_.
[z-z] z

of the above sum by:

cos(nz,z z)
l J {f(z) - £(zc, )}——Tz—;-r—ds <
S E+h

" 2
<C J |£(z) - f(i;i)|dSZ < c J |X|"f"1,u dx < C'hNHfH],a,

Si g-h
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where £, h and x are defined in the proof of Lemma 4.2.4. In the other

parts of the above sum z ¢ S;. We replace z by local coordinates (x,y) and

2,0

we again use Definition 4.1.3. Since S ¢ L”’" the kernel-function

cos(nz,z-;)/lz—cl has a Holder continuous derivative with respect to x.
Hence this function can be written as a series expansion involving powers

of (x-&). Applying Lemma 4.2.4 we obtain

- . 2 - 2+0, 1+a
IK(T TN)f“m <C hN“f"l,a + (N l)Cth “fnl,a < C4hN “f“]’a.

(iii) From equation (4.2.2) we get
(I'-TNK)TNu = ZTNa + TNK(u - TNu)
and subtract (4.2.8) to obtain
(- T K) (Tygu = 1) = TR = Ty -
Applying Lemmas 4.2.3 and 4.2.1 we have

I TNu - Uy

I < ClK(qu-T. )l .
© N o
Since u € H]’a(S), (iii) follows from part (ii) of this theorem.

(iv) From (4.2.2) and (4.2.9) it follows that
Hu-ﬁkﬂm = HK(u-—uN)Hm < lIK(u--TNu)II°° + HK(TNu— “N)“m'

Using parts (ii) and (iii) we obtain the proof of (iv). 0O

With respect to the smoothness of the boundary S, part (ii) of
Theorem 4.2.5 is a modification of results given by KANTOROWITSCH [12, p.127].
He has proven the following: let the boundary S be given by the parametric

equations
z(t) = X(t) + L¥(t), t e [0,1],

and let w(s,t) = arg(z(s) - z(t)). If w is three times continuously differ-
entiable with respect to s (this assumption is stronger than S € Lz’a!) and

the function f is two times continuously differentiable (i.e. f € C(Z)[O,l]),



78

phen
IR(I-T )l < chll £l
Nl < Chyl £,

where I|-||2 is the usual norm of the space C(z)[O,l].

Usually part (iii) of Theorem 4.2.5 is called super—convergence on
the collocation points. Performing a single iteration of type (4.2.9), the
order of super-convergence is extended to all points of the boundary as
has been shown by part (iv).

Assuming the boundary to be convex we are able to estimate the error
between the exact solution and the approximation (4.2.6). In Theorem 4.2.6

we show how this error depends on the mesh-size hN'

THEOREM 4.2.6. Let S € Lz’a and let S be convex; then for N + o

~ ‘ I+a
l6g(@ =04 | < C; byl (s forz e D,

where D 18 the interior of S.

PROOF. Let

cos(n_,z-z)

3,0 = 5 J T (2) ——7 5 s,

S

with ¢ € D. For a fixed point ¢ € D we have

6,)=8,@) | < 19,3, + [3,@)-8,@)| =
{ N Cos(nz,z—c)
< s Z J {U(Z)"U(Ci)} TC‘ dSZ +
i=1 )
S.
i
1 |cos(nz,z—;)|
+ or lITNu—pNII°° J B s e dSz.

S

By the same arguments as used for the proof of Theorem 4.2.5(ii) we obtain
that the first term is less than Ché+aﬂuﬂl o’ because ¢ ¢ S. The second

’
term has been obtained by applying Holder's inequality. For a convex con-

tour cos(nz,z—c) > 0 for all ¢ € D. We note that
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cos(nz,z—c)

Tz BT

where d6 is the angle formed by two infinitely close radius vectors drawn
from the point z to the extremities of an arc dSz. Hence, the integral in
the second term becomes fgﬂ d® = 2w. By means of part (iii) of Theorem 4.2.5

the second term is also less than Ch&+aﬂuﬂ ]

l,a
In aerodynamics one is interested in the tangential velocity, being

the derivative of uy. In the following theorem we estimate ﬂDu-D:NHm.

THEOREM 4.2.7 (Approximation theorem for the derivative of u).
Let S € LZ,a; then for N - o

IDu-Dil, < cn&*“uuu] o

PROOF. From (4.2.2) and (4.2.9) it follows that

IDu-Duyl = IDRu-DRul <

A

< "DK(u—TNu)ll°° + “DK(TNU_UN)"m'

We use Corollary 4.1.3 and Theorem 4.2.5(iii) to prove that

IA

IDK (T u-u )l < 1Dl IKI I gumuyl, <

%) >r(s)  R(S) >H?%(S)

oy

IA

C 1,0
In order to prove that IIDK(u-TNp)lI°° <C 1+aHqu o Ve follow the lines of
s

the proof of Theorem 4.2.5(ii). From the definition of T _n it follows that

N

, X cos (n,,2-7)
DR (u=Tyu) (£) =~ .Eé{u(?’-) '“(ci)}D; Tz ds, .
1:

i
Let 7 € Si. For the (i)-th part of the above sum we obtain

x.+h

(G0 = 1 () 15 (6w dx

m
L]
-

x.-h
i
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Where z = (x,F(x)), Ci = (Xi’F(Xi)) and £ = (£,F(£)). The function R(E,x) is

given by (4.1.8). From (4.1.9) it follows that
X.+h
i

~ ~ R 1+a
lIiI < |u(x)~u(xi)l I ISEI dx < ChN "“"1,&
x.-h
i
In the other parts of the above sum z ¢ Si. Replacing z by local coordinates

(%,y) and using Definition 4.1.3 we obtain a kernel-function

D, cos(n,,z=0)/|z-zl,
of which the derivative with respect to x is Holder continuous with exponent

a. The rest of the proof is the same as the proof of Theorem 4.2.5(ii). 0O

So far we did not say anything about how to solve equation (4.2.8).
When the dimension of XN<is small it can be solved by a direct method (e.g.
Gaussian elimination). However, when the dimension is large one usually
uses iterative techniques. In Section 4.3 we apply multiple grid iterative

processes to (4.2.8).
4.3, MULTIPLE GRID METHODS

In this section we apply two multiple grid methods to equation (4.2.8).
The first one has been presented in Chapter 2 and is described by approxi-
mate inverse 5;3) and the defect correction process (2.4.2). In this sec-
tion it is shown that its reduction factor is less than Ch, where h is a
measure of the mesh-size. This multiple grid process is characterized by
one Jacobi-iteration followed by y coarse grid corrections. In the second
multiple grid process presented in this section another Jacobi-iteration
is applied after the coarse grid corrections. It turns out that the reduc-
tion factor of this process is less thén Ch1+a, where o measures the smooth-
ness of the boundary S (0 < o < 1). We need the following assumption for

the partition of the boundary.

ASSUMPTION 4.3.1. The nodal—-points Z:s i=0,1,...,N, on the boundary

S e 250 are asymptotically uniformly distributed, <Z.e.

lz;=z;_ || = hy(1+0(hy))  for hy > 0,

where hN = 3% |z.~z
<1

<N i i—]l'



Let XP be a short notation for the space Xy_ of piecewise constant
functions on S. We introduce a sequence of spaces {Xp | p=0,1,...} with
N_ = N.%2P such that

P 0

XO c Xl cC ... C Xp c ... € R(S).

The Banach space R(S) was defined in Definition 4.2.2. The corresponding
interpolatory projection operators TP:R(S) > Xp are given by (4.2.7) and
the corresponding mesh-sizes are denoted by hp' As a consequence of the

above choice of {XP} the following lemma is trivial.

LEMMA 4.3.1. Let q < p; then T.T =T .
—_— P 4q q

From now on the operator norm Il is used for operators of which both

the domain and the range is the space R(S). Hence

lal = "A“R(S) >R(S)"

Using the proof of Lemma 4.2.1 we can easily verify that

4.3.1 It I = 1.
( ) P

LEMMA 4.3.2. Let Xp be sufficiently large (i.e. hp sufficitently small)
and let S € Lz’a; then for hp - 0:

(i) “(I-TP)K" < Cgh, ,
(i) IR@-T)KI < cg hp'Y,
P _ I+a
(iii) “Tp—l(I TP)K" < C]th .

PROOF. Let ¥ = {Kf | f ¢ R(S) and Ifl_ < 1}. By Corollary 4.1.3 it follows

that ¥ c Hl’a(S). The proofs of parts (i) and (ii) follow from Lemma 4.2.2
and Theorem 4.2.5(ii).

(iii) Let ;ip-]) be the i-th collocation point on level p-1. The closest
(p)

collocation points on level p are Cégzl 2% *

(p)

~

(p) )
t2i-1

and ¢

;ép-l)

Let q = p-1.

81
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It (I-T )KI = sup IT (T-T Y&l -
Q) > PrC) e
q p’ T R(S)>RI(S) ey
=sup max  [£({) - pe®) v £y
fey 1<ic<N
q
Let (x,y) be a local coordinate system about giq). The coordinates of ;é?)
are (xzi,yzi). Using Definition 4.2.2 we obtain for the i-th segment
@y _ (6:)) () — 15¢0) - 1[F r
[£; ) = 4@, Bl )+ £ = [E0) = $E Gy, ) + By

Since f € Cz’u(D ) we have
(q)
E’ci

f(x,) = £(0) + xziE'(o) + 0(xlte

2i

The nodal-points are asymptotically uniformly distributed. Since the col-

location points are the mid-points it follows that

Xy * Xys | = O(h;‘”“) for b = 0.
Hence
|£0) - {E Gy, )+ Exp 03] = 0™ for n_ > 0. O
P P
We once again remark that it is not necessary to approximate the

integral operator (see Remark 4.2.1). In order to quote the theorems of

Chapter 2 it is obvious to define

KT .
P

(4.3.2) Kp

Note that Kup = Kpup if up € Xp. From (4.3.1) and parts (i) and (ii) of
Lemma 4.3.2 we obtain the following estimates for a_ and bp’ which

are defined in Lemmas 2.2.2 and 2.2.5, respectivelw:

Hence, the reduction factors of the multiple grid processes of Chapter 2

are less than Chp. For the application studied in Section 4.4 IKI =~ 1 and
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~(4)

therefore B is not applied in this section.

The reductlon factor of O(h ) is due to the choice of the prOJectlon
operator Tp' A multiple grid process with a reduction factor of O(hp ) can
be obtained by performing another Jacobi-iteration after the coarse grid

corrections have been applied. This process is described by the approximate

~(6)

inverse B , which is defined below. The reduction factor of this multiple

~(5)

grid process is related to the two-level algorithm defined by B and the

defect correction process (2.4.2).

§G) srsrk +Tr A'T TK
P PP pp-lp-l p-l pp’
6) _ ilr
By " = 8y Tps
~(6) (6)
B =14 +T =1,2,...
P e L e e

with Kp and ap just as in Section 2.4. In order to estimate the reduction

factors we first prove the following lemma.

LEMMA 4.3.3. Let the finite-dimensional space X be sufficiently large and
let S € Lz’u. Then for all f € R(S)

1) (I-KP) = {I+K (I—TPK )~ T }E;

iy P -1 =1
(i1) T (1-K)7f = (I-T K ) T f.

PROOF. (i) By Lemma 2.2.4 (I-T K ) -1 exists on R(S). Let

{I*-K (I—T K )~ T 1£. We prove that g = (I-KP)_lf. Indeed, remembering

that K KT .
P p

1

I-K = (I-KT ){I+K (I-T K ) T }f =
(I-Kpg = (KT ){I+K (I-TK) T,
-1
= (I-KT_)f + (I-KT_)K (I-T.K ) T f =
( p) ( p) P( pp) pf
= f - KT f + KT f = f,
P P
or
-1
= (I-K_ ) f.
g = ( P)

(ii) Let g = (I—Kp)_]f. From part (i) it follows that

-1
T g={T +T K (I-T K ) IT }f =
p8 = T, + TR (TR ) T
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1

I+T K (I-T K ) }T f =
{ pp( pp)}p

-1
I-T K ) 'T f.
-1, p? P

~(5)

The approximate inverse Bp

4.3.3 it follows directly that

can be rewritten as follows. From Lemma

~(5) -1
4.3.3 B = I+T (I-K T K .
( ) P p( p-l) PP

The reduction factor n;J), j = 5,6, is defined as in Section 2.4.

THEOREM 4.3.4. Let Xp be sufficiently large and let S € Lz’a; then for

p > ¢

) . 1+a
< Ch .
np p

for some constant C.

PROOF. In this proof the. following relations are frequently used:

A =I-TK (definition)
P PP

and
Tpr—l = Tp_] (Lemma 4.3.1).
Let M;S) =1~ E;S)Xp. We use (4.3.3) to obtain (with & = p-1):
(5) -1 ~
M =1-{I+T (I-K TK A =
P t P( Q) P P} P
_] ~
4.3.4 =T [I-(I-K T A JK =
(4.3.4) L1 (1K) 7T KT

._1 ~
T (I-K I-K,~T A JK .
p(IKy) [IK,-T A IR

Since Kp = KTp it follows that

v =1 u® oy
P PP P P

By Lemma 4.3.3(i) it follows that

(5

N—] ~
=T (K~-K,)K +T KA T [I-K-TA JK .
b p Ep 7RIy + TpKyA T LI, =T A K,
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Using (4.3.1) - (4.3.2) we obtain that

(5) _ ~—] N
np < II(Kp KZ)KH + HKHHAR HHTQ(I K, TpAp)K“.

The first term is less than “K(I—TQ)KH + ﬂK(I-T YKI. Using Lemma 4.3.2(ii)

1+a l+u

we obtain the estimate C (h ). We proceed to estlmate the second

term. By Corollary 4.1.3 and Lemma 2.2.4 IKIl and "Ak I are bounded. There

remains to estimate
“ - - - l < l - “ + “ - “ .

By Lemma 4.3.2(iii) HTQ(I—TP)KH is less than Cloh;+a. Finally we have to

estimate

I - DK< - I+ - I <
TQ(KTl TPKTP)K TK(I TP)KTﬁK TQTPK(T2 TP)K

A

IITIL(I—TP)KII Ikl + IIK(I-TZ)K" + IlK(I—Tp)Kll .

The proof follows from Corollary 4.1.3, Lemma 4.3.2 and Assumption 4.3.1. [

THEOREM 4.3.5. Let X, be sufficiently large and let S € Lz’a; then

©) ¢ 1) L ey © 0 4okl s cnlte
np o Sy * IRIng g DT * Chy s

for some constant C.

PROOF. From Section 2.4 it follows that 6;6) can be formulated as:

~(6) [ (6) N-l
=[1 - ]
QP P
where M;6) = I-—§;6)Xp. Substitution of this expression into §;6) yields
30 _ g5 _ TKM(6)A T,T K ,
P P P AL Lpp

with £ = p-1. Hence

u(®) (5) (6)Y~
=M + T K,M ilr Tk A
p P PLL L AppP’

We now investigate the operator K;lTLTP. By Lemma 4.3.3 we obtain
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~-] -1
Ay Ty, = T (IK) 7T =

1 1

Tp + T£TP(I—K2) T =

TQ(I-TP)(I—KQ)

P
~=1 -1, _
= TQ(I—Tp)(I+K2A£ Tz)Tp + TRTp(I KR) Tp =
~=1 -1
= TZ(I-Tp)KQAR TQTp + TRTp(I Kg) Tp'
. . . . ~=1 . (6) .
Substituting this expression for AQ TRTp we proceed to estimate np . Using

(4.3.1) - (4.3.2), Lemmas 2.2.4 and 4.3.2 we get

6 . (5 (6)Y, o 1+a -1
UNER N IKln, {Chp + qu(I K,)

T K A},
P PP P

From (4.3.4) it follows that:

It kX =1Tx —M;s).

T (I-K,. )~
p( %) PPP PP

(5)

Hence, the last term between braces is less than HKH-knp , which completes

the proof. [

THEOREM 4.3.6. Let X, be sufficiently large, let S € L2,a and let y = 2

Then
(6) < 1+a
< Ch or p + «,

n, p,fp
PROOF. The multiple grid process is constructed such that §(5) = §§6).
consequence nfs) = nf6) and by Theorem 4.3.4 n§5) < Ch}+a. Define:

=l -
i T T

and

— v 4wl v+l 1
wp = vp Wp—] vp KiJ, p>1.

1 is sufficiently small,

which is the case for h0 sufficiently small. By induction it is easily

verified that nés) < wp. O

From Lemma 2.3.3 it follows that wp < Cvp if v

As a

We proceed with some remarks about the asymptotic computational com-—

plexity. For Np + o the operation counts (as defined in Section 2.5 by

number of multiplications involved in the matrix * vector computations)

the

per
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iteration with y = 2 are:

2

33) _ 3.5y
) p

36 _ 4.5 N2,
P P

In this section the operation count of 3;3) differs from the number
given in Section 2.5, because different numerical methods are used (here:
piecewise constant functions and collocation at mid-points; Section 2.5:
piecewise linear functions and collocation at the end-points of the sub-

~(3) ~(6)

intervals). Because of the same reason for both B and Bp the number
of kernel evaluations is 4/3 Ns (Section 2.5: Né), whenever the values

are computed once and stored. In our implementation kernel-functions are
re—evaluated whenever they are used. In order to compare ﬁ;B) and §;6) we

define the asymptotic efficiency by

where T4 = 1/3.5 and Ty = 1/@.5. By Theorem 4.3.6 we obtain for §;3)
556), respectively:

and

IA

O

Ch]/3'5,
P P

and
E;G) < Ch(1+a)/4.5

for hg + 0. Comparing these efficiencies the multiple grid process defined
by ﬁé ) becomes the most efficient if o > 2/7.

4.4, NUMERICAL RESULTS FOR SMOOTH CONTOURS

In this section we illustrate the theoretical results of the previous
sections for the case that the boundary S belongs to the class Lz’a. We
discuss the accuracy of the numerical method of Section 4.2 and we numeric-
ally determine the reduction factors of the multiple grid methods described
by 3;3) and %;6)

We apply the numerical methods of Section 4.2 to the calculation of

, which have been studied in the Sections 2.4 and 4.3.

non—-circulatory, potential -flow around a Kdrmin-Trefftz aerofoil. This

aerofoil is obtained by conformal mapping from a circle. The analytical
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solution is known which enables us to compare the numerical results with
the analytical solution.
For potential flow around a two-dimensional body there exists a velocity

potential ¢ satisfying Laplace's equation
(4.4.1) Ap =0
with boundary conditions

(4.4.2) égL = 0 along the boundary S,
e

where 3%— denotes differentiation in the direction of the outward normal
e

to S and, if the flow is non-circulatory:
(4.4.3) 6(g) » Uz for |g| » =,

with U the velocity vector of the undisturbed flow. In (4.4.3) U-z denotes
the usual inner product in R?.

We represent the velocity potential ¢ as follows:

(4.4.4)  6(2) = ¢,(0) + Uez,

where ¢d is defined by (4.1.1) and the doublet distribution u is such that

¢ satisfies the boundary condition

(4.4.5) ¢ (z)

or

0,
04(@) = ~Uz, zes.

This boundary condition yields the following integral equation:

cos(n_,2z-7)

(b.4.6)  u(z) + % J u(z) '——TE%ET—"' ds, = - 2U-z.
S

1,0

It can be verified that ¢; e H (S) and as a consequence of Corollary

4.1.5 we obtain u € Hl’a(S).

LEMMA 4.4.1. Let S e L2% and 1 € H2%(S); then

égL =0along S« ¢ () =0, ¢ e€S.
e
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PROOF. See MARTENSEN [14, p.247]. [

From this lemma it follows that the solution of the interior Dirichlet
problem (4.4.5) also satisfies the Neuman problem (4.4.1) - (4.4.3) for the
exterior of the boundary S.

The Kirmin-Trefftz aerofoil is obtained from the circle in the X-plane,

X = ceLe, by means of the mapping
tbe?)  z=FO = (2 (e (5-ip)) 7,

where k measures the trailing edge angle, p the camber and § the thickness

of the aerofoil;

2068 + T /1D,

[e]
]

bad
]

c(Vl—pz-ip),‘

with 2 the length of the aerofoil. To make F single-valued we take the
principal value in (4.4.7). In this section we only consider symmetric
aerofoils (p = 0). In Section 4.5 we give numerical results for p # 0. The
Karmin-Trefftz aerofoil does not belong to the class Lz’u because of the
presence of the trailing edge at z = Z,. At this point the curvature is not
defined. The nice property of the multiple grid methods of a decreasing
reduction factor as N + « is completely destroyed. This will be shown in
Section 4.5. In this section we remove the corner by the additional mapping

(4-4.8) w = G(Z) =Z(1 _'E/Z)]-]/k’

where z is a point inside the aerofoil. By means of (4.4.8) the aerofoil
in the z-plane is converted into a quasi—circularishape in the w-plane

that certainly belongs to the class L2,u’ 0 <a <1 (see Figure 4.4.1).

X-plane . z—plané w-plane

Figure 4.4.1.
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Partition of the boundary

We divide the circle in the X-plane uniformly into N segments. Hence,
the nodal-points in this plane are given by

i
X, =ce 3, Bj = 2rj/N, j =0,1,...,N.

Let {xj_% | j =1,2,...,N} be the collocation-points in the X-plane. Sub-
stituting xj, j=20,1,...,N, into (4.4.7) and (4.4.8), successively, we
obtain the nodal-points {zj} in the z-plane and {wj} in the w-plane. The
collocation-points in these planes are obtained analogously. Since the map-
pings (4.4.7) - (4.4.8) are non-linear, the collocation-points chosen in this
way are not exactly the mid-points (see Definition 4.2.1), but they are
located about in the middle of the segments Sj'

We determine the approximate solution “p (dimension Np) of (4.2.8) by
means of the multiple grid iterative processes described by (2.4.2) and the

=(3) ~(6)

approximate inverses B and B

P _12
residual is less than 10 .

. The algorithm is repeated until the

The absolute value Vj of the tangential velocity at the point Zj

(zj € Karmdn-Trefftz aerofoil) is obtained numerically by:

_ P>1*3 P,J1"3 dw
v, = - & .
3 le,r% ws_ I dz |Z=Zj

From Theorem 4.2.7 we obtain the following error estimate

I+a

(4.4.9) max [V.-V (z.)| < Ch 7, as h -+ 0,
1< <N ] exact ]
with V (z) = |Du(z)|. In Table 4.1 we give the maximum error in the

exact
tangential velocity (i.e. the left-hand side of (4.4.9)) for increasing

values of N. Moreover, the total number o of iterations is given for the

0
From this table we conclude that the number of iterations decreases

iterative methods defined by §é3) and §;6) with vy = 2 and N, = 32.

as N increases, which is in agreement with the theory. For the above
testcases the error estimate (4.4.9) is found to be satisfactory, since
the numerical results suggest that the error is O(hz).

In Table 4.4.2 we give the observed reduction factors which are

obtained in the same way as in Section 2.5.
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k N= 32 N= 64 N=128 N=256
Error .12 (1) .62 (-2) .16 (-2) .39 (-3)
0[5;3)] - 7 5 4
1.90
o387 - 5 4 4
P
Error .53 (-1) .26 (-1) 66 (-2) .19 (-2)
o[§;3)] - 10 6 5
1.99
of8®7 | - 7 5 4
Table 4.4.1. - Results for flow around a Kirman-Trefftz aerofoil
with 6 = 0.05, £ = 1.0, p = 0.0, U = (1.0,0.0)
and Z = (-1.95,0.0).
- Error: left-hand side of (4.4.9).
- o: number of iterations for the multiple grid
methods defined by 5;3) and §(6) to obtain
a residual less than 10—12.
N §é3) §é6)
k
8 16 32 8 16 32
Np
16 .26 .93 (-1)
32 .91 (-1)| .81 (-1) 27 (1) | .26 (1)
1.90| 64 .20 (D} .17 (1) | .16 (-1)| .51 (-2) | .51 (-2) | .48 (-2)
128 45 (=2)| W45 (<2) | .45 (=2)] .12 (-2) | .12 (=2) | .12 (-2)
256 L1 (-2) o101 (=2) | .11 (=2)| .30 (-3){ .30 (-3) | .30 (-3)
16 W43 .29
32 .26 .24 14 .15
1.99| 64 .95 (-1)| .11 .86 (-1)| .35 (=1)] .35 (1) | .29 (-1)
128 222 (1) W24 (1) | .20 (1) .77 (=2)| .77 (=2) | .77 (=2)
256 54 (-2)] .58 (=2) | .50 (-2)| .21 (=2)| .21 (=2)| .21 (-2)

Table 4.4.2. - Reduction factors for the multiple grid methods

applied to calculation of flow around a Kirmin-
Trefftz aerofoil with parameters as in Table 4.4.

Number of coarse grid correctioms: y = 2.
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We recall that the nodal points are asymptotically uniformly distrib-
uted. The theory of Section 4.3 predicts the following values for the

uotients / :
q np np_]

~(3)
B - — 1/2 for N -+ o
o np/np_1 / b R

~(6) 1+o,
B - — (1/2 f N_ - o,
o np/np_1 (1/2) or N,

Inspecting Table 4.4.2 we conclude that the numerical results of 5;6) ar
in agreement with the theory (since 0 < o < 1), whereas for §;3) n. >0

~(6) P
P

e

faster than expected. For B the observed reduction factors are smaller

than for 3;3)

counts per iteration (see Section 4.3). The efficiency is estimated by:

. However, we still have to take into account the operation

T.
{n(256;32)} ¥, i = 3,6,

. _ ~(3)
with Ty = 1/3.5 for Bp and Te

reader we repeat that q(Np,NO) is the observed reduction factor with Np and

= 1/4.5 for 556). For convenience of the

Ny the number of segments on the finest and coarsest grid, respectively.

From the results given in Table 4.4.2 we obtain the following table:

Kk 33 3(6)
P P

1.90 0.143 0.165

1.99 0.220 0.254

Table 4.4.3. Efficiencies of the multiple grid methods
applied to the testcase as specified at Table 4.4.1.

As was already noticed the theoretical estimate for the reduction factor of
3;3) is pessimistic for the numerical results of Table 4.4.2. That is the
reason why for the testcases 553) is more efficient than §(6).

§;3) is implemented in our code solve int eq (see Chapter 3).

Asymptotically for p + », the operation count per iteration is 3.5 Nz. From

Finally,

condition (3.2.6) it follows that two applications of (2.4.2) with approxi-
mate inverse §;3) yield an approximation of O(h_). In order to obtain an

+ A . . . . A
0(h; 0L) approximate solution in the collocation points (see part (iii) of
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Theorem 4.2.5) we have to perform an extra iteration, so that the total
amount of work is equal to

1.1 2 1.2
(4.4.10) (1 + i +T€+ vee) 7Np = 93 Np.

The results of solve int eq are given in Table 4.4.4, where the
predicted error refers to the error in the approximate solution up and not
to the error in the tangential velocity. Furthermore, we give the final
number of coarsest grid intervals (NO) and finest grid ones (NZ) that

solve int eq needs to obtain an approximate solution with a desired accuracy
4

of 10 .
K Predicted Actual error Final
error in up in velocity N0 NQ WU
1.90 4.23 (=5) | 5.42 (-4) 8 256 8.99
1.95 8.60 (-5) 9.09 (-4) 8 256 8.99
1.99 1.84 (-4) 8.49 (-4) 16 256 8.73

Table 4.4.4. — Results of solve int eq applied to the calculation
of flow around a Kidrman-Trefftz aerofoil with
§ = 0.05, p = 0.0, 2 =1.0, U= (1.0,0.0) and

Z = (-k,0.0).
4

- Tolerance for solve int eq: tol = 10 .

From this table we conclude that the number of Work Units is in agreement
with the asymptotic amount of work (4.4.10) and that our code solve int eq

appears to be applicable with respect to this aerodynamic problem.

4.5. APPLICATION OF MULTIPLE GRID METHODS TO THE CALCULATION OF
CIRCULATORY FLOW AROUND AN AEROFOIL

The principal aim of this section is to demonstrate the applicability
of multiple grid methods to integral equations concerning the calculation
of circulatory flow around an aerofoil. In Section 4.5.1 we give an intro-
duction to the problem and we determine the behaviour of the velocity poten-

tial near the trailing edge. In Section 4.5.2 we transform the problem into
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a Fredholm integral equation of the second kind for the doublet distribution
M. Since the aerofoil is not smooth in the sense of Section 4.1 the theory
of Sections 4.1-4.3 does not hold. Using the results of Section 4.5.1 we
determine the regularity of u. In Section 4.5.3 we discuss a numerical
method to compute p. In aerodynamics this method is called a first order
panel method. Using a suitable metric we show the convergence of the tangent-—
ial velocity by means of numerical experiments.

Application of the multiple grid methods of Section 4.3 yields bad re-
sults. These methods were based on Jacobi-relaxation. In the present appli-
cation the Jacobi-relaxation scheme does mnot smooth the high-frequency errors
in the residue. Using another relaxation scheme (paired Jacobi or paired

Gauss-Seidel) we obtain a successful multiple grid method.

4.5.1. Introduction

We begin with a discussion of the simple case of flow past the circle
of radius a in the complex X-plane, with a given circulation I'. The circle
is situated in a stream with uniform velocity UweLT far from the circle.

The complex potential is known (see BATCHELOR [1]) to be

, 2 .
_ -4t , a 4ty _ T X
(4.5.1) Qx) = U_(xe + = € ) Y log e
The velocity potential is then
32 Te
(4.5.2) $(r,0) = Uw(r-+7?)cos(e—r) i
with r = |x]| and 6 = arg X. The flow field is characterized by the parameter

T/a U_. This is easily seen by noting that the velocity at the circle is

I
2ma

(% %%) = -2U_ sin(6-1) -
r=a

The velocity vanishes at the two points at which

T

Sin(e-’t) = = m.
(=]

; . . 49
These points are called stagnation points. Let xt = ae © to be such a
point. In order to make the velocity potential (4.5.2) single-valued we

introduce a cut from X, to infinity. Along this cut there exists a constant
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discontinuity in velocity potential as follows from (4.5.2)
(4.5.3) ¢(r,6t+2n) - ¢(r,6t) = =T, for all r 2 a.

The jump in the velocity potential is equal but opposite to the circulation,
which is taken positive in clockwise direction.

Once the stagnation point X, has been determined, the velocity poten-
tial (4.5.2) can be written as

2
(4.5.4)  ¢(r,8) = U_(r+Z)cos(6-t) + 2aU 8 sin(6,-1).

At the circle we obtain
(4.5.5) $(8) = 2aU_{cos(6-1) + 6 sin(et-r)}.

Method of conformal mapping

For many years the method of conformal mapping has been used to
generate flow patterns by mapping the region outside the circle in the
x-plane to a region outside an aerofoil in the z-plane through various
transformations (e.g. Joukowski and Kdrmin-Trefftz mappings). Also the
inverse way is used in aerodynamics (cf. [10]). In this section we use the
method of conformal mapping to deduce known results concerning the behav-
iour of the velocity potential at the aerofoil near the trailing edge. We
first collect some fundamental results of the theory of functions of a
complex variable (see CHURCHILL [6]).

For the flow past a circle the complex potential Q(x) is given by

(4.5.1). Let the variable z be related to X through the relationship
(4.5.6) x = F(z),

where F is an analytic function of z. Upon the use of (4.5.6), Q becomes

an analytic function of z because the derivative
(4.5.7) - = 0= =

exists, due to the existence of the two derivatives on the right-hand side

of (4.5.7). After transformation the complex potential can be written as
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(4.5.8) QF(2)) = ¢'(',8") + LY'(c',0"),

with r' = |z| and 6' = arg z. It follows from the properties of analytic
functions that ¢' and y' must satisfy the Cauchy-Riemann conditions and,
therefore, the Laplace equation. Since (4.5.1) and (4.5.8) represent the

same complex function, we have
(4.5.9) ¢(r,8) = ¢'(x',8"),
apart from some additive constant.

The velocity potential near the trailing edge

An aerofoil in the z-plane can correspond to a circle in the X-plane
only if there is a singular point of the transformation (4.5.6) at the
trailing edge (z = zt). Let the external trailing edge angle be equal to
kr, 1 < k £ 2. At the point z = z, the function F in (4.5.6) must trans-
form the trailing edge angle to an angle w at the corresponding point X = X

t
of the X-plane. Locally (4.5.6) must have the form

—x ~ (z-z YV/E -
(4.5.10) X=X, (z zt) for |z ztl +> 0.
Hence
1/k
(4.5.11) | x xtl |z ztl for lz-ztl -+ 0.

If X is a point at the circle we also have
(4.5.12) le—et] = clx—xtl{1+0|x-xt|} for Ix-xtl - 0.

The complex conjugate of the velocity follows from

with X = F(z) satisfying (4.5.10). At the trailing edge of the aerofoil

I%%I is infinite and so is %%| unless the circulation is such that l%%

goes sufficiently fast to zero at X = X_. This can be obtained by forcing

t

X to be a stagnation point at the circle. From (4.5.5) we obtain the fol-

lowing expansion for the velocity potential near the stagnation point X
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$(8) = c +c, (6-6 )% + 0(6-6.)> for 6 + 0
1 2 t t t'

By (4.5.9) a similar expansion must hold for the corresponding points in
the z-plane. Using (4.5.11) and (4.5.12) we obtain the following expansion
for the velocity potential at the aerofoil near the trailing edge:

1 _ _ .= _ 2/k _ 3/k
(4.5.14)  ¢'(lz ztl) = c]+c2]z ztl + 0]z ztl

for Iz-ztl -+ 0.
REMARK 4.5.1. The requirement that X, is a stagnation point is called the
Kutta condition (which states that the flow speed must be zero if the
exterior trailing edge angle is less than 27 or the speed must be finite

if the angle equals 2mw).

4,5.2. Calculation of circulatory flow

For circulatory flow one must introduce a cut to make the velocity
potential single valued as was shown in the previous section. By the method
of conformal mapping it follows (see (4.5.9)) that the velocity potential
(4.5.2) also holds for the ‘velocity potential for flow around an aerofoil.
However, for the latter case the circulation T is not known a priori, but
follows from the Kutta condition (see Remark 4.5.1). The customary way to
satisfy this condition is to construct the cut from the trailing edge to
infinity.

s Zt
< /[ =
u——-">>7 s~

Figure 4.5.1.

We denote the upper and lower side of the cut by s* and S, respectively.

The contour composed of the aerofoil (S) and the cut is denoted by sT+s+s™.
From the fundamental results of potential theory (see MUSCHELISCHWILI

[15, p.53]) we know that the doublet distribution yu gives rise to a discon-

tinuity in potential

(4.5.15)  ¢* () - ¢ () = -u(),
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Provided W is continuous; if u € H]’G(S) (4.5.15) follows also from Lemma
4,1.1. Along the cut there exists a constant discontinuity in velocity
potential which is equal but opposite to the circulation T' (see (4.5.3)).
Since T is not known this jump is represented by a constant double layer
potential with strength u+ and 1 along s* and S~, respectively. We can

represent the velocity potential by

$(r) = Usg + o u(z) o g 27e) s
2T + [z-¢ z’
S +5+8S

or

1, + =
(4.5.16)  ¢(z) = Uz + ¢,(0) + 5-(u —u )arg(z 1),
where 3 is defined by (4.1.1). In this section we denote by arg(z) with
Z e ]RZ the real value of the usual function defined by the complex number

corresponding to z. The doublet strength along S follows from the boundary

condition
(4.5.17) ¢ () =0 for ¢ e S.

So far we did not say anything about u+ and u , but we still have to satis-
fy the Kutta-condition. In this thesis we only consider aerofoils with
finite trailing edge angle (1 < k < 2). For these cases the Kutta condition
states that the flow speed must be zero at both sides of the trailing edge.
Let c+ and ¢ be points at the upper and lower part of the trailing edge.

The Kutta condition is satisfied if:

6" (") » 0 for [¢*-z | » 0,
(4.5.18)
p$*(z7) » 0  for |i;_—ztl + 0,

where D denotes differentiation in the tangential direction. These condi-

tions are used to determine u+ and u . Using (4.5.15) and (4.5.17) we obtain

o7 () = -u(@) forcg e S.

Hence condition (4.5.18) may be replaced by
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Du(z’) + 0  for ]c+—zt| -0,
(4.5.19)
Du(z ) 0 for ]c_—ztl > 0.

Let r = [g-ztl, z € S. The general expansion for the velocity poten-—

tial at the aerofoil is given by:

¢+(r) = cyte rI/k + c

1 2T 03

for r » 0.

The constants c and ¢, need not to be the same at both sides of the

, C
aerofoil. The sgconé term induces infinite velocities if the Kutta condi-
tion is not satisfied. After condition (4.5.18) has been imposed the term
rl/k disappears and the series expansion (4.5.14) also holds for ¢+(r).
From (4.5.15) and (4.5.17) it follows that this expansion must also hold
for the doublet distribution. For the upper and lower part of the trailing

edge we obtain respectively

u+(r) u+ . A+r2/1< + 0(r3/k),

(4.5.20)

v (x) T A-_rZ/k + O(r3/k), for r »+ 0.

Since the contour of the aerofoil does not belong to the class LZ,a
the theorems of the Sections 4.1-4.3 are no longer valid. In particular,
Theorem 4.1.2 about the regularity of the principal value cannot be proven

for the above boundary. To make things worse, we have the following theorem.

THEOREM 4.5.1. Let u be essentially bounded on S. Then this does not <mply
6q € C(S).

PROOF. Let z be a point at the upper part of the trailing edge. We assume
that arg (z-zt) is constant for [Z—zt[ < §. We call this part of the upper

trailing edge A.
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We take the following element of L (S).

1, Z e A,
u(z) =
0, zZ ¢ A.

Let T, € A and t, a point at the lower part of the trailing edge. It fol-

lows that

bqcp) =0

and 7 -¢

- 1 t °2
¢@)=“—am(_ )
d*-2 2w ZA oy

If |c]—;2| > 0 we get

lim 6. (c =0,y = (k-1)/2.
2,2, |+0 ENCS 4|

Hence there exists an element of Lm(S) for which $d ¢ C(s). 0O

As a consequence of.this theorem we cannot prove that the operator K

as defined by (4.1.15) is a bounded mapping from Lm(S) to C(S).

4.5.3. Numerical approach

Application of conditions (4.5.17) and (4.5.19) yields the following

integral equation
+ -_—
(4.5.21)  (I-K)u + B(u -u ) = g,

where B(g) = % arg(zt—g) and g(z) = -2U+z. The operator K is defined by
(4.1.15). As in Section 4.2 we approximate u by Hy € XN. By means of projec-
tion at the collocation points we obtain N equations. However, we have N+2
+ - .
ugknowns uN,l = EN,Z""’“N,N’ My and My with uN,i = uN(gi) and
uﬁ = My (z;z € S7), so that we need two extra equations. Following (4.5.19)
+ - .

we replace By and Hy by uN,N and uN,l’ i.e.

+

UN = UN(CN)’
(4.5.22)

ne = ug(@)),

where Z and gy are collocation points which are closest to the trailing
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edge at the lower and upper part of S. We have to solve the following

equation:
(4.5.23) (I-T®uy + TNB(“N,N'“N,1) = T.8-

The principal aim of this section is to show that equation (4.5.23)
can be solved efficiently by a multiple grid method. As follows from
Theorem 4.5.1 we cannot prove the boundedness of "K"Lw(s)+ c(s)" Problems
with respect to the convergence of the iterative process are found to arise
in the neighbourhood of the trailing edge. Here the high-frequency errors

are not removed by application of K, i.e. by the Jacobi-relaxation, given

by:
@.o5.26) w2 mg e T - TNB(uéY)-uévz).

Inspection of the matrix corresponqing to TNKTN reveals that the cross-
diagonal contains elements of magnitude I-k + 0(1/N) as N + « with

k = (exterior trailing edge angle)/w. This occurrence of off-diagonal
elements of about the same éize as diagonal elements explains why Jacobi-
relaxation does not work well. Therefore we apply another relaxation scheme,
which we call paired Gauss-Seidel relaxation. In order to explain this
scheme we first rewrite (4.5.24) as follows:

N
“éle) =gt Lk “é?i - Bi(uéY% - “éfﬁ) for i = 1(DN.

We obtain the paired Jacobi relaxation (PJ) by moving the cross—diagonal
to the left-hand side:

N
(v+1) _ (v+1) _ v _ ™ _ )
N,i o KijMw,y o T8t 221 kip My,p " By y = My, 100

2#]
for i = 1,2,...,N/2 and j = N+1-i. A similar expression is obtained for

i = j. As a result we have to solve iN systems of equations of dimension 2.
Substituting the new values of My s and My i as soon as they are available

s s
we obtain the paired Gauss-Seidel (PGS) relaxation scheme. For i=1,2,...,N/2

and j = N+1-i we define
v for i <8 < 3,

2i
v+l for £ < i and & > j.
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‘We solve simultaneously the following equations:

N v, . - =
éf:l) Ky “éf;l) =gt lzl Kig “;,il) - Bi(“éY; -]
243
and
(v+1) (v+1) N Voi & ®
Myyioo T Ky Mw,i T8t RZI koguy,g " Bl y Ty
L#i

for i = 1,2,...,N/2 and j = N+1-i, with v=wv fori=1andv=v+l for

1 < i < N/2. The matrix elements kij can be easily calculated. Let

Zj—Cl
$.. = - arg ————— .
1] i zj_] ci
Then
¢ij for i # j,
ki = 1 if ¢.. < 0,
. ii
55 *
-1 if ¢.. > 0.
ii

The calculations have been performed for several Kirman-Trefftz aero-

foils (4.4.7) with thickness-parameter § = 0.05 and length-parameter 2= 1.0:

I. k = 1.90 and op 0.0,
II. k= 1.90 and o sin 0.05,
ITI. k = 1.99 and p = 0.0,
0

IV. k = 1.99 and sin 0.05.

The first and third aerofoil are symmetric; the second and fourth are
cambered. The interior trailing edge angle of the testcases I and II is
equal to m/10 and of the cases III and IV it is equal to w/100.
The velocity U of the undisturbed flow is taken to be (cos T, sin t1) with
T the angle of incidence. For the above testcases we give numerical
results for T = 0 and T = w/2.

Using a uniform partition of the circle we obtain the nodal- and
collocation-points in the physical z-plane by conformal mapping as in Sec-
tion 4.4. The successive grids are related by Np = 32%2P, The approximate

solution of (4.5.23) is obtained by the multiple grid method defined in the
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ALGOL-68 program given in TEXT 4.5.1:

PROC mulgrid = (INT p,o, VEC u,g) VOID:
IFp=0
THEN solve directly (u,g)
ELSE TO o
DO relax (u,g); INT n = UPB u;
VEC residue = g—u+Kp*u—Bp* (ulnl-ul11);
VEC um := Op—l’ gm := restrict (residue);
mulgrid (p-1, Y, um, gm);
u := u + interpolate (um);
relax (u,g)
oD
FI

TEXT 4.5.1. Multiple grid algorithm.

On level O the system of equations is solved by Gaussian elimination. In
the above algorithm relaxation is applied both before and after the coarse
grid corrections. Therefore, if we take the Jacobi-iteration scheme as
relax-procedure, we obtain an algorithm that corresponds with the iterative
process (2.4.2) defined by §;6)

of coarse grid corrections (integer y) must be less than 4. Here we choose

. Because of reasons of efficiency the number

Y = 2. The interaction between the grids is defined by the procedures
restrict and interpolate which are a representation of the operator Tp’
mapping X onto X and X

p+l P p-1
follows. Let n be the upper bound of VEC u; then:

onto Xp’ respectively. They are specified as

restrict (u) [Z] 0.5 % (ul2xi-11+ul2xi1), i = 1(1)n/e2,

interpolate (u) [2% <] := interpolate (u)[2*<-11 := ulzl, Z = 1(1)n.

1]
]

The aerofoil does not belong to the class L2,u and therefore the estimate
for the reduction factor of the multiple grid process using Jacobi-itera-
tion (see Theorem 4.3.6) does not hold. The numerical results confirm
that the Jacobi-relaxation scheme is a bad choice for relax (see Table
4.5.1). However, the alternative schemes (PJ and PGS) give acceptable
reduction factors.

We start our algorithm on level O with N, = 32, The interpolation to

0
level p (1 < p < 3) of the approximate solution from level p-1 is used as



104

initial guess of the multiple grid process at level p; termination occurs

when the residual (in the algorithm below a procedure which computes the

maximum of VEC residue as defined in mulgrid) is less than 10~6. Let VEC g

p

denote the restriction of g to the collocation points of level p. In

ALGOL-68 notation this algorithm reads:

solve directly (uo,go);

FOR p TO 3
DO u =
p

interpolate (ua);
TO 25 WHILE residual > 10

6

DO mulgrid (p,l,up,gp) 0D;

“y

oD;

:= copy
“p

In the following table we compare the performance of the multiple

grid processes using Jacobi-, paired Jacobi- and paired Gauss-Seidel-

relaxation. We give the number of iterations to obtain a residual less

than 107°.

Testcase T N = 64 N = 128 N = 256
J PJ PGS J PJ PGS J PJ PGS

1 0 15 4 3 13 3 2 11 3 2
w/2 15 9 9 4 7 5 2 4 2

1 0 15 8 8 13 5 5 11 3 2
w/2 15 10 9 9 7 6 6 4 2

III 0 [ >25 4 3 >25 3 3 >25 3 2
w/2| >25 12 9 19 9 6 9 6 3

v 0 >25 11 8 >25 7 4 >25 6 4
w/2| >25 13 10 >25 10 8& >25 7 3

Table 4.5.1.

Number of iterations of the multiple grid process
to obtain a residual less than 10_6.
J - Jacobi,

PJ - Paired Jacobi,

PGS - Paired Gauss-Seidel.
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From this table we conclude that the multiple grid method using Jacobi-
relaxation is not acceptable (it converges too slowly). The process

defined by paired Gauss-Seidel relaxation turns out to be the most effi-
cient. In Table 4.5.2 we give its averaged reduction factor that is defined

as follows:

- 1/o
R (ISR I e
r(o,) = P P ,

1", 0l

with uj o = T u -1 and o_ the number of iterations needed to obtain
Ps ptp-1,0_
a residual less than 1076, As we see from this table the averaged reduction

factor is less than 0.4 for all numerical examples, which is quite satis-

factory.

Test- N = 64 . N = 128 N = 256

case - " = = — = Notes

T 9, (o) (=) o, r(o,) r(=) 0y r(og) r(=)

1 0 3 .11 (-1) - 2 .64 (-2) - 2 .33 (-2) - No lift
w/2l 9 .33 .57 5 .16 .67 2 .99 (-2) -

I 0| 8 .29 5715 .17 .67 | 2 .14 (-1) - | cambered
w/2| 9 .33 .57 6 .20 .67 2 .88 (-2) - |aerofoil

1 O 3 -13CGD - 13 .99(=2) - 2 .59 (-2) - |No lift
w/2f 9 .35 .59 6 .23 .68 3 .56 (-1) -

v 0 8 .29 591 4 .99 (1) - 4 .10 - cambered
w/2| 10 .37 .59 8 .30 .68 | 3 .53(-1) - |aerofoil

Table 4.5.2. Numerical results of the multiple grid method with
paired Gauss-Seidel relaxation.
o : number of iterations to obtain a residual
less than 10~6,
;(c): averaged reduction factor,
;(w): estimate for the spectral radius

(-: not available).

Furthermore, we draw the following conclusions:
1. the number of iterations (op) decreases as N increases,

2. on the highest level (N=256) only few iterations are necessary.

In the following table we discuss the convergence of the numerical

solution to the analytical solution. As in Section 4.2 we obtain a continuous
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numerical solution by:
(4.5.25)  uy(e) = g@) + B (uy y=uy ) + Kuy(@).

The tangential velocities v(g) and vN(c) are given by the derivatives of

the doublet strength:

v(z) = Du(zg), analytical,
VN(C) = DuN(C), numerical,
Let SE be a small part of the aerofoil consisting of the intersection of §

with a disk with radius € > 0 and centre at Z,. For ¢ € S_ the behaviour

of y is given by (4.5.20), so that the velocity v satisfies

__] ——

1
vi(r) = Birk ’ + O(r )’ r = |§_Zt

.

Since for practical aerofoils k is close to 2, this behaviour of v causes
the numerical approximagion to the velocity vy to converge slowly in

the uniform norm <l _. In the following we disregard the vicinity of the
trailing edge. Suppose that the aerofoil is sufficiently smooth except .

for a small region near the trailing edge. Taking into account Remark 4.2.2
we obtain a once continuously differentiable numerical solution vN(;) for

T e S\Sa by (4.5.25). By numerical experiments we study the convergence of

the tangential velocity in the following metric:

Il , = esssup [u(@)],
’ geS\SE

}

with € chosen as follows. Let HN = {ZO=Zt’Z]""’ZN=Zt} and Xy = {c],...,;N

be the set of nodal-points and collocation-points, respectively. We define

€ to be the distance between zt and the closest nodal-point of H32, i.e.:
g = m1n(|z]—zt|,|23]—zt|).

The absolute value of the tangential velocity is obtained by pointwise

numerical differentiation:

iy, 31 ~ iy,

e, = 0,0, 8,
j

v.(z.)| =
lNJI j+1
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with Zj € HN and Cj € XN'
For the testcases I - IV the results are given in Table 4.5.3. For
N > 32 the results have been obtained by the multiple grid method using

paired Jacobi-relaxation. This table suggests that

- <
v lelm,E < Ch,
where C depends on lvl_ and the shape of the aerofoil. For some testcases
the convergence is somewhat faster; this may be explained by Theorem 4.2.7

The magnitude of l|v||°° explains the size of the errors of testcase IV.

el
Testcase T s N = 32 N = 64 N=128 N= 256
S_
o ® |68 (-2)| .66 (-2)| .63 (-2) .59 (-2)
. w,e | .68 (=2) | .23 (-2) | .35 (-3)| .10 (-3)
jp | 65 1| .23 (1) .70 (-2) | .19 (-2)
T w,e | .65 (-1)| .23 (1) | .70 (=2) | .17 (-2)
o ® | -56 (=1)| .16 (=1) | .64 (-2)| .66 (-2)
w,e| .56 (=1)| .16 (=1) | .46 (-2)| .13 (-2)
I o= |72 D)2 () L7322l (-2)
i wye| W72 (-1)| .24 (1) | .73 (-2)| .18 (-2)
o ® |12 (-2)| .89 (=3)| .56 (=3)| .36 (-3)
wye | .12 (=2)| .89 (-3) | .56 (-3)| .30 (-3)
1t wp |17 .69 (-1) | .25 (-1)| .83 (-2)
w,e| .17 .69 (-1) | .25 (-1)| .83 (-2)
o © |17 (D] 12 G| .64 .31
v we| .17 (+1)| .12 (+1) | .64 .31
w | .27 14 .59 (1) | .24 (-1)
LS 14 59 (1) | .24 (1)

Table 4.5.3. Errors between the numerical and analytical
tangential velocity, i.e.

lv=—y Il -
vyl and v VN“w,e
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4.5.4. Conclusions and final remarks

The problem of calculation of potential flow around an aerofoil has
been formulated as a Fredholm equation of the second kind. Both the colloca-
tion method (4.5.23) (to approximate the solution of this equation) and the
multiple grid process (to solve the algebraic system of equations) are
robust in the sense that no use is made of special transformations and that
it can be extended to 3-D problems (see WOLFF [21]). For aerofoils with
small interior trailing edge angle the collocation method (4.5.23) has the
drawback that many elements (N large) are necessary to obtain a reasonably
accurate solution. This leads to a large system of algebraic equations,
that may be solved efficiently by a multiple grid method. Asymptotically
for N - » only a few multiple grid iterations are necessary.

The use of multiple grid methods is of course not restricted to the
collocation method (4.5.23). Using a higher order approximation for the
doublet distribution (e.g. cubic splines as used by BOTTA [2]) one can also
apply the multiple grid approach. In order to obtain comparable results for
a higher order method a coarser partition of the aerofoil suffices then
for method (4.5.23). This reduces the dimension (N) of the resulting
algebraic system of equations, making the multiple grid method less effi-
cient, but for large values of N it may be applied efficiently. It should
be remarked that a higher order approach has the following disadvantages:
1. the cost to generate the algebraic system increases as the order of
approximation increases, and 2. the higher order accuracy only occurs if the
approach takes into account the singular behaviour of the doublet distribu-—
tion by means of a special transformation which, in general, affects the
robustness of the method. In engineering practice a computational method
should be both robust and produce sufficiently accurate results (cf. [191]).
Recently SLOOFF [19] has proposed a new technique (i.e. a clustering scheme
using coarse grids too) to reduce the work involved in the computation of
the matrix corresponding to TNKTN. By means of this technique the numerical
approach (4.5.23) can be made more efficient. Our final conclusion is, that
the multiple grid method for integral equations is a promising technique
for the computation of potential flow around two- and three-dimensional

bodies.
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CHAPTER 5

OSCILLATING DISK FLOW

This chapter deals with the rotating flow due to an infinite disk
performing torsional oscillations at an angular velocity @ sin wt. The study
of this type of flow is of considerable importance since it offers the pos-
sibility of calculating an "exact" solution to the Navier-Stokes equations.
Von Karmdn found in 1921 that the equations of motion allowed similarity
solutions, in which the radial and tangential velocities vary linearly with
radius r, whereas the axial velocity depends only on the distance z to the
disk. This chapter is restricted to discussing this category of solutions.

Analytical solutions are found in the literature in the form of series
expansions. RILEY [4], BENNEY [1] and ROSENBLAT [5] have developed a solu-
tion in the form of a power series in terms of the dimensionless parameter
€ = Q/w. Rosenblat and Benney examined the high-frequency flow (e <« 1);
Riley also studied the low-frequency case (e » 1).

In this chapter we show that the periodic solution can be obtained by
implicit finite difference schemes taking the state of rest as an initial
condition. The transient effects are eliminated by calculatinga sufficiently
large number of periods. In the high-frequency case (¢ « 1) there is an
oscillatory inner layer near the rotating disk. Outside this layer there
is a secondary flow which slowly converges to the periodic solution. For
e = 0.1 we have to integrate over 74 periods. In this chapter we reformu-
late the problem of oscillating disk flow as a non-linear operator equa-
tion, that is solved by a multiple grid method. For € = 0.1 the computa-
tional work agrees with the calculation of 7.4 periods of simulation of the
physical process. Hence, the amount of work has been reduced by a factor
10. For smaller values of € the gain of efficiency is even more signifi-
cant.

The following subjects will be discussed. In Section 5.1 the differen-
tial equations and boundary conditions are presented. It is shown that the

time-periodic conditions lead to a non-linear operator equation of the
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second kind. In Section 5.2 we give some results obtained by ROSENBLAT [5]
and BENNEY [1]. Moreover, we extend the work done by Benney. Section 5.3
deals with computational methods which are based on ZANDBERGEN's & DIJKSTRA's
numerical approach [6]. Numerical results are given in Section 5.4.

The stimulus for the present study came from the interest of Philips

Research Laboratories in an industrial application of oscillating disk flow.
5.1. INTRODUCTION

The basic equations for incompressible, viscous flow are the Navier-—
Stokes and continuity equations. By means of the Von Kdrmadn similarity
transformations the velocities (u,v,w) in a cylindrical coordinate system

(r,¢,z) can be written as:

. 1
u = Qrf(z',t"), v = Qrg(z',t'), w = -2(2vw)?h(z',t"),
2. 1
where v is the kinematic viscosity, z' = (EGZQ z and t' = wt. Substituting
these similarity solutions in the Navier-Stokes and continuity equations

and omitting the primes, we obtain:

W _Q _ g2 2 _

o ft = Eahfzz + 2hfZ £f7 + g7 -k,
(5.1.1)

g = 2 g . + 2hg - 2f

Q "t 2w ®zz &z &
(5.1.2) h_ = f,

where k is a measure of the radial pressure gradient. A fourth equation
serves to determine the axial pressure gradient after the velocity compo-
nents have been found. This equation has been omitted.

The boundary conditions are given by the no-slip conditions. Assuming

that an infinite disk oscillates in the plane z = 0, they are:
(5.1.3) £(0,t) = h(0,t) = 0, g(0,t) = sin t.
Furthermore, we need conditions at infinity. Assuming that the radial and

azimuthal components of the velocity tend to zero (hence, only axial in-

flow is possible), we get
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(5.1.4) f(z,t) - 0, g(z,t) 0 for z - o,

It can be shown that k(t) = %ig gz(z,t); hence, in our application k = O.
This problem involves two relevant length scales: 1. Von Kiarman layer
thickness (\)/Q)é and 2. the Stokes layer thickness (v/m)%. Apparently, the
oscillating disk flow is characterized by the parameter e = Q/w, which
determines the ratio of the Stokes layer thickness to the Von Kirmidn layer
thickness.
In this chapter we discuss two computational methods to find the

periodic solution, i.e. the solution that satisfies
(5.1.5) h(z,0) = h(z,2m), g(z,0) = g(z,2m).

The first method is based on simulation of the physical process by taking
the state of rest as an initial condition and eliminating the transient
effects by integration in time. In mathematical terminology this process
can be interpreted as Picard's method for computing a fixed point. Let the

velocity vector be:
v = (fyg’h)-

Denote by (v(z,t);vo) the solution of the usual initial-value problem
(5.1.1) = (5.1.4) with initial data:

(5.1.6) v(z,0) = vo(z).

Assume that the initial data Yo belong to a suitable class L. Define a map

of L into itself by the equation

(5.1.7) Kev t= (v(-,2m) v

0 0)’

being the solution of (5.1.1) - (5.1.4) and (5.1.6) at t = 2w. Since (5.1.1) -
(5.1.2) is a parabolic system, Ke may be expected to have a smoothing
influence, just as the integral operators of the Fredholm equations studied
in the preceding chapters. In operator notation simulation of the physical
process is written as the Picard sequence

(5.1.8) Ui+1 = Keui’ with VO = 0.
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The periodic condition (5.1.5) can be rewritten as
(5.1.9) v = Kev, vel.

We remark that equation (5.1.9) is a non-linear operator equation of the
second kind. For € < 1 (5.1.8) converges slowly. Therefore, we will devise
another method. Since equation (5.1.9) has a superficial resemblance with
a Fredholm equation of the second kind, we will try to apply a multiple

grid method to (5.1.9).
5.2. ANALYTICAL RESULTS

The oscillating disk problem has been studied by ROSENBLAT [5], BENNEY
[1] and RILEY [4]. Rosenblat and Benney have given solutions in the form of
asymptotic expansions for the high-frequency case, while Riley considers
the low-frequency case too. This section only deals with the high-frequency
flow. We give some results of the above papers and extend the work dome by
Benney. .

Rosenblat has shown that the steady part of the radial component of
velocity persists outside an inner boundary layer of thickness O(v/m)% to
which the azimuthal component of velocity and the unsteady part of the radial
component are confined. In particular he shows that the outer boundary layer
is of thickness 0(8_1) times the thickness of the inner layer. The basic
equations (5.1.1)-(5.1.2) were obtained by means of the dimensionless coor-

dinate

(5.2.1)  x' =2/d, d=¢c v/t

It is clear that d is a measure for the thickness of the outer Von Kirman

layer. To study the inner flow we introduce
-1
(5.2.2) n=z"%, G(n,t) =g(z"',t), H(n,t) =e h(z',t).

From now on the primes will be omitted. After substitution we obtain

2

2
2e6h,

H 1H + e(2HH__ - H
nt 2 nmm e( nn

(5.2.3)
=1 -
G 2Gnn + ZE(HGn HnG).
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The boundary conditions for H and G are

H=H =0, G=sin(t) atn =0,
(5.2.4)
H - 0, G0 for n » =,

These equations are identical with those of Rosenblat, Benney and Riley.
Rosenblat has given a solution of (5.2.3) - (5.2.4) for small e in the form
of the following series expansions:

(5.2.5)  H(n,t) = ] € H (n,£) and G(n,t) = ] €" G (n,0).
n=0 n n=0

He shows that HO = G] = 0 and

(5.2.6) Gy(n,t) = e " sin(t-n),

(5.2.7) H](n,t) = —%(I—Zn—e_Zn) +T%{(2—J7)cos(2t+ﬂ/4) +

+ 2e-_‘/§‘n cos (2t=V2n+w/4) - VZ e_2n cos(2t—2n+ﬂ/4)}.

From (5.2.7) it can be seen that for large values of n the axial velocityA
increasés linearly with n and the radial component of velocity Hn is not
zero, so that the boundary condition Hn(w) = 0 is not satisfied. Riley has
shown that the series expansions (5.2.5) are suitable for describing an
oscillatory inner layer near the rotating disk. Outside this layer there is
a secondary flow. Using matched asymptotic expansions Riley was able to
find a steady solution representing the first term of an outer expansion.
The second time-dependent term can easily be resolved with the multiple
scaling technique that Benney used for this problem. He determined series
expansions valid uniformly throughout the region of flow. The coefficients
in the series expansions (5.2.5) are not only dependent on n and t, but also

on z = en. Benney shows that
2
H(n,z,t) = Hy(z) + el (n,z,t) + 0(e).

It is found that Ho has to satisfy
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- 2m!? + 4H CHY

0 0 070 0,

-(5.2.8)

HO(O) =0, Hé(O) 1/4, Hé(W) =0,

where the primes denote differentiation with respect to z. In particular,

Benney and Riley have calculated:
HS(O) = -0.207 and Ho(w) = 0.265.

Instead of (5.2.7) Benney finds the following solution for Hl(n,z,t):

- —2n
H](n,z,t) =a,+ae + a, cos (2t + w/4) +
-
+ age V2n cos (2t - VIn+m/4) +
-2n
+ e cos(2t - 2n+7w/4),

where ag,...,a, are fungtions of z = en for which Benney derived appropriate
differential equations and boundary conditions. For verifying our numerical
results we are only interested in Hl(w,t). From Benney's paper it is easily
seen that a, E-%g(z-/f) and we extend his work by determining the function

agys which follows from

"m "o 1,0 " =
(5.2.9) ay + 4Hoa0 4H0a0 + 4H0a0 0
and
1
(5.2.10)  ag(0) =-5, ay(0) = ap(x) =0,

where HO is equal to the solution of (5.2.8). Two independent solutions of
(5.2.9) are

aél)(z) = ZHé(Z) + Ho(z) and aéz)(z) = Hé(z),

which may be verified by substitution into (5.2.9) and using (5.2.8). The
latter solution decreases exponentially to zero for large values of z. The
former solution goes exponentially to the constant value Ho(w). A third

solution increases linearly if z tends to infinity. This can be seen from

the representation of (5.2.9) for large values of z:
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m "o
ag + 4H0a0 0 for z » o,

The general solution is a linear combination of these three independent
solutions. Taking into account the boundary condition aé(m) = 0, the third
solution is not acceptable for our problem. The solution of (5.2.9) - (5.2.10)

becomes:
— " ' - it
ao(z) - HO(O){ZHO(Z) +H0(z)} zHo(z)-
In particular the axial inflow at infinity is found to be:

(5.2.11)  H(»,t) = Hy(=) + e{Hj(0)Hy(=) + —1—1—6—(2—/?)cos(2t+ﬂ/4)} + 0(82)-

5.3. NUMERICAL APPROACH

This section is divided into two parts: 1. the numerical solution of
the initial-boundary value problem (5.1.1) - (5.1.4) with the initial data
(5.1.6) and 2. numerical methods for finding periodic solutions satisfying
(5.1.9).

5.3.1. Discretization of the initial-boundary value problem

Consider the partial differential equations (5.1.1) = (5.1.2) with the
boundary conditions (5.1.3) = (5.1.4) and the initial data (5.1.6). To this
problem we apply implicit finite difference techniques in combination with
an appropriate stretching function for the construction of the computational
grid. In calculations the boundary conditions (5.1.4) are applied at a finite

value z = &:
(5.3.1) f(e,t) = g(o,t) = 0.

In Section 5.2 it was shown that the high-frequency flow (e < 1)
consists of a Stokes layer near the rotating disk and a secondary outer

layer. The azimuthal component of velocity follows from (5.2.5) - (5.2.6):

(5.3.2) g(z,t) = e_Z/E sin(t-z/e) + O(EZ) for € > 0.

We want to resolve the flow structure near the disk with a limited number
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of mesh-points. Taking into account (5.3.2) we transform the z-coordinate

by
(5.3.3) z = ¢(x) = l(exi-(l—e)XB), x € [0,1].

We denote the inverse function of ¢ by y. The computational mesh covering
the range 0 < x £ | is chosen uniform with the stepsize Ax = 1/N. The
equations (5.1.1) are integrated in time by means of the Euler-backward

formula: at mesh-point xj = jAx and at the time t, = kAt (At = 27/T) we

k
approximate ft by:

£ 55 k-1

ft(xj,tk) ~ X .

The first and second order spatial derivatives are discretized by central
differences at t = tk' The left- and right-hand sides of (5.1.2) are
integrated by means of the mid-point and trapezoidal rule, respectively.
In this way we obtain a system of finite difference equations for the

quantities hj,k’ gj,k aqd fj,k' For convenience we introduce:
P(x) =9,(z(x), Q& =1y, (zx).

From (5.1.1) = (5.1.2) we thus obtain:

Ax .
(5:3.4) By (hgmh ) - SHEHE ) =0 for § = L(DN,
At e 2
G330 8507 Byen T, 20 Py By B0
AX e 2
+ —(=Q. + 2P.h. . -g. - 2Ax"f. . =0
7 GO 23Ry ) (B 17 85y 1) T 20X E u8s )
for j = 1(1)N-1,
At e 2
(5.3.6) fj Jk fj,k—l €A—X2(2Pj (fj"'l,k ij,k+ fj—],k) +
2.2 2 2

Ax € _
+ T(2Qj + ZPjhj,k) (fj+1,k fj—l,k) - Ax fj,k+ Ax gj,k) =0
for j = 1(1)N-1.

A method of solving this system of 3N-2 non-linear algebraic equations by
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means of Newton iteration has been given by ZANDBERGEN & DIJKSTRA [6]. This
approach leads to a linear system of equations for the Newton corrections.

The bandwidth of the system is seven and the matrix routine takes advantage
of this property. The Newton iterative process is terminated if the residual

is less than 10_6.

5.3.2. Numerical methods for computing periodic solutions

Using the above finite difference approach we define the discrete

counterpart of the operator Ke by K . Let gg be the following grid-

e3N, T,
function:

g = ( )s
k go,k’g],k""’gl\],k H

N N
fk and hk

In discrete operator notation the periodic condition reads:

are similarly defined.

(5.3.7) vy = Ke;N,T,SL e

_ N N . N _ N N N
where vy = (fo,go,ho) = (fT’gT’hT)'

In this section we propose two computational methods to solve (5.3.7):
(1) simulation of the physical process by Picard iteration and (2) a mul-
tiple grid method, as discussed in Chapter 2. In the first method the param-—
eters g€, N, T and & are fixed. In the second method the parameters N and T
are taken from a sequence {(NP,TP)} such that with p = L we have
N, =N, T. =T and with p <q <L we have N_. <N , T < Tq (i.e. a smaller

L L P~ ap
p corresponds with a coarser discretization).

p=0,1,...,L

A. Simulation of the physical process

We take the state of rest (v

éO) = 0) as an initial condition. The

transient effects are eliminated by Picard's method:

(i+1) _ (1)
(5.3.8) vy = Kein,1,0 Y

The iteration index i counts the number of periods that is calculated. This
process is truncated if the residual ﬂv(l)—K . vl is less than

2 : N e;N,T,aVN
0.5 10 ". Here
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lvl = max J|g. | + max |h, ,|.
N ogjen 300 ogjew 390

B. Multiple grid method

We introduce a sequence of grids with NP = 20 2P and Tp = 8% 2P. The

integer p is called level. We replace the subscript Np by p:

Uy = vp and KE;NP’TP’Q = Ks;p'

By Up[j] we denote the velocity at grid-point x; on level p:

v [j1= (f. .,g. ~,h. .
p-J (J,O gJ,O’J,O)
The addition vp[j] + Vp[kJ and the multiplication c * up[j] are defined as
usual (element by element). The interaction between the grids is defined by
piecewise linear interpolation:

v [j/2] s J =0,2,...,N

interpolate(v-)[j] = { P . .
P Ehdl =17y
0.5% (v [55=]+v [55D, j

i
w

b

.
N

S
i
.

and by injection

restrict(vp)[j] = vp[Zj], j=0,1,...,IN

N

p-

We use a multiple grid method, that starts on level 0 with simulation
of the physical process (method A). For small values of & we apply continu-
ation. Suppose we have the following e-sequence: {s;2 I €0 €1 > - > By
with €g = 1}. At each stage of this continuation process we approximately
solve the equation v
0.5 1073
stage (e = 92_1). For € = gy Ve take the state of rest, Denote the
solution of this continuation method by vo(eo,el,...,e ).

0= KEQ;O Yo by (5.3.8) until the residual is less than

. As initial guess for (5.3.8) we take the solution of the previous

Since (5.3.7) is a non-linear equation it is only solved approximately.
Let Up be an approximation to the solution Up of (5.3.7) on level p. We

define the defect of Up by
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The multiple grid method is given by the ALGOL-68 program in TEXT 5.3.1,

where VELO is a mode for the vector of unknowns:
MODE VELO = STRUCT(VEC f,g,h).

The structure of this multiple grid algorithm has been proposed by
HACKBUSCH [3] for the numerical solution of general time-periodic parabolic
problems.

On level 0 of multigrid we use overrelaxation for extremely small
values of e. The parameter w; takes the values 1, 2 and 4. Initially we
put w, = 1. If the axial inflow converges slowly it is multiplied by a fac-

tor 2. As soon as the residual increases the value w, = 1 is restored.

PROC compute periodic solution = (#to level¥# INT %) VOID:
(UO 1= vo(so,el,...,eM);
FOR § TO 2 ,
Do dj—l = uj—l - Ke;j_luj_lg
Uj := interpolate(U;_;);
multigrid(j,l,uj,Oj)
oD ‘
)s

PROC multigrid = (INT m,o,REF VELO U, VELO y) VOID:
(IFm =0
THEN FOR © TO 50 WHILE residual > §
€
DO VELO n =y - U + K U;
esm
residual := lal;
Ui=U+uw,*xn
Z
oD
ELSE TO ¢
pou:=y+ Ke;m u;
VELO d = dm_l—restriat(y-U+K€;m u;
VELO v := COPY U_ _;
m—1
multigrid(m-1,2,v,d);
U := U + interpolate(U ,-v)
oD
FI

TEXT 5.3.1. Multiple grid algorithm for the computation of
periodic solutions of parabolic equations.
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5.4, NUMERICAL RESULTS

From ZANDBERGEN & DIJKSTRA [6] it is known that Von Kirmin's rotating
disk solution can be represented sufficiently accurate with £ = 12, hence
we fix infinity at this value. We give numerical results for the following

values of €:
€ = 1, g = 0.5, €y = 0.1, €g = 0.05.

This sequence is also applied in the continuation process that is used to
find an approximation Uo of the multiple grid method, e.g. for € = 0.1 we
have UO =V, (1, 0.5, 0.1). For N = 160 and T = 64 (i.e. Ax = 1/160,

At = w/32), we compare the performances of simulation of the physical
process (method A) and the multiple grid method (B). On the coarsest grid
the latter method needs 20 stepsizes in space and 8 stepsizes in time; hence
it uses four levels: 0,1,2 and 3. The corresponding grids are given by the
sequence

{(NP,TP)} = {(20,8),(40,16),(80,32),(160,64) }.

p=0,1,2,3

The numerical results contain the following errors:

(i) iteration error, caused by the above iterative methods A and B,

(ii) cut-off error, arising from the use of (5.3.1) instead of (5.1.4).
In our experiments this error is small as compared with:

(iii) discretization errors, introduced by the approximation of (5.1.1) -

(5.1.2) by means of (5.3.4) - (5.3.6).

Let a work unit be defined by the computational work needed for calculating
one Picard iterate with N = 160 and T = 64. In the table below we compare
the computed axial inflow at infinity (i.e. hN,O) with the value of its
asymptotic approximation (5.2.11) for € -+ 0. Between parentheses we give
the number of work units and the iteration error U _-K ull, where

N e;N,T,% N °

UN is the final solution.

On level O of the multiple grid method we used Picard iteration
(i.e. wi = 1) for € 2 0.1. The iterative process was terminated when the
residual was less than 66 = 0.5 ]0_4. For € = 0.05 we have applied

overrelaxation (1 < w, < 4) and we have put § = 10-7. That is the

0.05
reason why the computational work increased for this case.
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€ Method A Method B (5.2.11)
0.2014 0.2014 0.2360

1.0 s 7

(8, 4.4 10 7) (6.8, 9.3 10 %)
0.1177 0.1178 0.1253

0.5 s 6

(17, 4.7 10 7) (7.0, 3.9 10 )
0.0236 0.0271 0.0262

0.1 s -

(74, 4.9 10 7) (7.4, 1.6 10 7)
0.0083 0.0137 0.0132

0.05 5

(72, 4.9 107°) | (12.5, 3.3 1079

Table 5.4.1. Axial inflow

(number of work units, residual).

From Table 5.1 we conclude that the multiple grid method becomes more
efficient as ¢ decreases. For € = 0.1 the computational work has been
reduced by a factor 10. For € = 0.1 and € = 0.05 the numerical results of
method A still contain a low-frequency error. In this case the test for
termination of the physical process is not adequate. This process converges
slowly, as can be seen From Figure 5.4.1, in which we have displayed the
axial inflow as a function of the number of periods. For € = 0.05 the axial
inflow is still increasing after 72 periods. The same phenomenon occurs on
the coarsest grid of the multiple grid method. Therefore we have applied

overrelaxation.

0.3 ol 1 L 1 ! S R
. ). 265
Figure 5.4.1. c=0.5 o
€ /=WO. 1
Dependence of the T 02 A4/~ e=1.0
axial inflow on the h(@,211) /e - o
number of periods. / o €=0.05
3.1 A / 7
/7
T ! o T Ao T T T e
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The results of our analysis are given in Figures 5.4.2-5.4.3. The
profiles of the variables f/e, g and h/e are displayed in Figure 5.4.2.
We see that there is an oscillatory boundary layer. For smaller values of
e (see Figures 5.4.2(c-d)) the azimuthal component of velocity (g) is con-
fined to this boundary layer and the radial and axial component of velocity
(f and h, respectively) persist outside this layer. The results for the
quantities egz(O,t), fz(O,t) and h(»,t)/e are displayed in Figures
5.4.3(a-d). Comparing these figures we see that the fluctuations in h(e,t)
decrease as € + 0. This means that outside the boundary layer the fluid
motion becomes stationary (i.e. the outer flow does not depend on t).
These numerical results are in agreement with the analytical solutions of

ROSENBLAT [5].

IS [ NS Y OO NN U SHNU SRS S— — I 1 1 L i 1 i L | I 1

i
[
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) fle
I/
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——z
(b) € = 0.5
1 I 1 1 1 1 1 1 - 1 1 L ! 1 1 1 1 —
3 = 0.3 .
-g o E— -g o —_—
h/e / h/e
2 N 0.2 / -
/
.- 0.1 / L
£/ / \\\f/E
€ p
| : \\——a.‘
A T T i 8 T T
— az —z
(© ¢ = 0.1 (@ e = 0.05

Figure 5.4.2. Velocity profiles.
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(c) € = 0.1 (d) € = 0.05

Figure 5.4.3. Axial inflow and shear stresses.

In this chapter we discussed two computational schemes for the calcula-

tion of oscillating disk flow in an Znfinite medium. These schemes can also

be applied to the rotating flow due to a disk oscillating in a finite

medium, i.e. at z = % there is a second infinite disk. For this two-disk

problem numerical results of method A have been reported in [2]. In this

paper we encountered the problem that also the low-frequency case sometimes

converged slowly. Considering the numerical results of Table 5.1, we also

recommend the use of multiple grid methods to compute this type of flow.

Finally, from the results just presented we conclude that for the

computation of periodic solutions of the single disk problem for e < I the
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multiple grid method is preferable, whereas for € > 1 simulation of the

physical process may be employed.
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SUMMARY

Multiple grid methods are studied for solving algebraic systems of
equations that occur in numerical methods for Fredholm integral equations
of the second kind. In general, the algebraic systems are non-sparse and
in practice the dimensions are large, so that iterative schemes are needed.
In Chapter 2 various iterative schemes (a.o. four multiple grid methods)
are analysed.

Multiple grid methods are iterative schemes that work with a sequence
of computational grids of increasing refinement. The solutions of different
but related problems on these grids interact with each other to obtain an
approximation to the continuous solution of the integral equation. On each
grid in a multiple grid process a system of equations is approximately
solved by some relaxation scheme (for example: Jacobi relaxation) reducing
the oscillating error vectors with short wavelength, compared with the
scale of the grid. The compdnents with long wavelength are reduced by a
coarse grid correction. Such multiple grid iterative methods have recently
received increased attention for solving partial differential equations of
elliptic type. In this thesis it is shown that they can also be used
advantageously for Fredholm integral equations of the second kind. Theore-
tical and numerical investigations show that the rates of convergence of
the presented multiple grid methods increase as N - «, with N the dimension
of the finest grid. The multiple grid algorithm that appears to be the most
robust one is described in Chapter 3, where it is implemented in an auto-
matic program. This program has been written in the algorithmic language
ALGOL 68.

The fast convergence of multiple grid methods for integral equations
is established for the following problems from fluid mechanics: (1) calcula-
tion of potential flow around aerofoils and (2) calculation of oscillating
disk flow. Problem (1) is reformulated as a boundary integral equation of
the second kind that is approximated by a first order panel method result-
ing in a full system of equations. This method is in widespread use for
aerodynamic computations. Problem (2) is described by the Navier-Stokes
equations. By means of the von Kidrman similarity transformations these equa-

tions are reduced to a nonlinear system of parabolic equations which are
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approximated by implicit finite difference techniques. From the periodic

conditions in time one obtains a nonlinear operator equation of the second

kind.
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