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INTRODUCTION

The questions that are treated in this monograph originated from the

study of [9]. There Siegel considered the theta series

. 2
0(z) = Z et z’ Im(z) > O.
neZ
Clearly limI 6(z) = 1. From the behaviour of 6 under substitutions of
m(z)->» ab
the form z » az+b/cz+d, (c d) € S£(2,Z), one deduces that for a ¢ Z and
c e N with g.c.d. (a,c) = 1.

1lim (cz-a)%B(Z) = Y(%),
zva/c

where Y(%) equals an eigth root of unity or zero. An earlier result of

Siegel implied that for 5 < m < 8

=]

oM(z) =1+ Y(%)m(cz—a) .
a/ceq

However the series on the right hand side does not converge absolutely for

. . . . . 3
m = 1. Following an idea of Hecke, Siegel introduced for s ¢ € with Re(s)>-§

the Eisenstein series

8(z,s) =1 + Z y(i)(cz-a)_%lcz-al_s.
a/ce@ ¢

In [9] Siegel proved that 6(z,s) as a function of s has a meromorphic con-
tinuation to €, is a holomorphic function on {s |s ¢ €, Re(s) > %, s # 1}
and has a first order pole in s = 1. In particular it turned out that

lim (s-1)6(z,s) = ?ﬁ—/i 6(z).

s>1
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Finally he deduced a functional equation relating this and some other Eisen-
stein series.

In this paper I investigate to what extent similar results hold for
other functions that resemble 6, like ZneL nzke_Trirl z, with k €e N and L a
sublattice of Z. To do so, I make use of the translation of such functions
to functions on the homogeneous space SK(Z,k)\MP(A) as given by WEIL in [12].
Here Mp(A) denotes the so-called metaplectic group, a central extension of
S£(2,A) with the unit circle. Weil introduced a theta series 6(p) for every
Schwartz - Bruhat function ¢ of the ad&le ring A. Moreover he showed that one
has a natural representation of Mp(A) on this space S(A). All the examples
given above correspond then to appropriate choices of ¢. In narticular all
those ¢ belong to the K-finite elements of the restricted tensor product of
the even Schwartz-Bruhat functions for a suitably chosen maximal compact sub-—
group K of Mp(A). This subspace of S(A) is a non-degenerate module for the
Hecke algebra # of Mp(A). Since I intend to exploit this #-module structure,
I confine my attention to the functions in that subspace.

For any ¢ as above and s € C with Re(s) > % one can construct an Eisen-—
stein series 6(p,s), using 'the zero-th Fourier coefficient of 6(p) and a
convergence factor. Ho&ever, for fixed s, the collection of 6(v,s) is no
longer invariant under the action of #. The extension of this space to an
H-module requires the introduction of more general Eisenstein series. Their
meromorphic continuation and functional equation will be derived following
some simple ideas, implicit already in [9]. First of all one shows that all
their Fourier coefficients have a meromorphic continuation. Next one proves
that their sum defines the desired meromorphic continuation. As for the
functional equation, it is shown first that the zero—th Fourier coefficients
of the Eisenstein series involved are equal; by using the boundedness of
the other coefficients and the uniqueness of the local Whittaker models one
can prove the same for the remaining ones.

The explicit expression for the Fourier coefficients furnishes us
directly the place and order of the poles at the right of the critical line.
By combining the expression for the residue with some local results and the
well-known formula for the coefficients of a theta series, we obtain the
nature of the residue. It is easy to show then that for all ¢, which trans-
form under K according to an irreducible representation, the residue of
0(,s) in s = 1 is proportional to B(p). This result is not true for general

0.



Some of the results derived in this paper have been announced by GELBART
and SALLY in [4]. However their work is based on results of Langlands, while
the present monograph can be seen as a transcription to the ad&le-setting of
the principles behind the calculations in [9]. Moreover it is essentially
self-contained.

Let me conclude with a short description of the contents of the various
chapters. In the first I recall the properties of the metaplectic group and
make some necessary additional computations. The subsequent chapter gives
the relation with the work of SIEGEL [9] and the framework, inside of which
we will work. The local Hecke algebra modules that turn up there are analyz-
ed in the Chapters 3 and 4. Finally, in Chapter 5, I prove the global results

as stated above.






CHAPTER I

§0. NOTATIONS AND CONVENTIONS

0.1. CONVENTIONS.

(i) Let U and V be open, connected subsets of €, with U c V. Let f be a
holomorphic function U - C. Assume that f has a meromorphic continuation to
V. Then I will denote this continuation also by f.

(ii) Let X be a set and take U and V as in (i). Suppose, we have for every
seU a map £(s): X+ C such that for every xe X the function s » £(s)(x) is
holomorphic on U. Assume, moreover, that all the maps sw» f(s)(x), xe X have
a holomorphic resp. meromorphic continuation to V. Then we will say that f£(s)
has a holomorphic resp. meromorphic continuation to V. £(s) is said to have

a pole of order h, he Z in s,, if all the s»f(s) (x) have a.pole of

>0

order < h in S0 and at least one of them exactly a pole of order h.
(iii) All topological groups should be understood to have a Hausdorff topo-

logy and all representations to be complex.

0.2. Let K be a compact group and let dk be the Haar measure of K for which
K has volume 1. I write A(K) for the space of functions on K, spanned by the
matrix coefficients of the irreducible continuous representations of K. If K
is a closed subgroup of another locally compact group G, then A(K) can be
identified with a convolution algebra of measures on G via f + fdk. In parti-
cular A(K) is a *-algebra of functions on K. Let p be an irreducible contin-
uous representation of K; denote its degree by d(p) and define the function

e(p): K > € by
e(p) (k) = d(p) trace (o (k™ 1)).

Every element of A(K) of the form Z?=l e(pi), where {pi|1siSm} is a collec-

tion of mutually non-equivalent continuous irreducible representations of
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. s m .

K, satisfies Zi=] e(py) * X?=1 e(pi) = Z?=l e(pi) and is called an elemen-
tary idempotent of K. The collection of these elements is denoted by E(K).
When p is the trivial representation of K, I will use the notation ¢

K
instead of e(p).

0.3. For any set X, the identity map: X + X will be denoted by Iy. If g and
f : X+ €, are proportional, then one denotes this also by f ® g. For any

commutative ring R, write R® for its group of units,

If G is a group and £ a function G + €, then I use the notation ¥ for
the function g & f(g_l), g € G, In case G is locally compact and abelian, its
group of characters is denoted by é. If G is a unimodular locally compact
group and D a distribution on G, then the distribution 5 on G is given by
fe D(%). Moreover, for every x € G, I denote the distribution f » f(x) by

S_.
X

0.4, Let k be an algebraic number field. If v is a place of k, kv will de-
note the completion of k at v; v is called real, if kv is isomorphic to R,
imaginary if kv is isomorpaic to €, infinite in both of these cases, and
finite in all other cases. I write P for the collection of places of k, P_
for the set of infinite places of k and @ for any finite set of places of
k, containing P_. If v is a finite place of k, the ring of integers in kv
is denoted by Ov, its maximal ideal by r, and a fixed generator of e, by e
For every v € P, 1et(—,—)V be the Hilbert symbol on k; x k. If a and

v
b are in k:, this symbol is given by

1 if b is a norm of k_(va)
v
(a,b)v={

-1 otherwise

For every a ¢ k:, denote the character b & (a,b)v of ks by hv(a).
Let A be the ring of adéles of k. For a = (av) e A%, n(a) = Hveth(av)
is a character of A” and, if a € k*, h(a) | k= 1, by quadratic reciprocity.

§1. THE METAPLECTIC GROUP

1.1. Notations being as in 0.4, X will stand in this paragraph either for
kv’ v € P, or for A. Let T be a character of X such that X can be identified
with its dual by means of (x,y) - 1(xy); then dx will be the self-dual mea-
sure on X, with respect to this identification. For Y c X, denote

{z|z ¢ X, 1(zy) =1 for all y € Y} by Y.
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Let S(X) be the collection of Schwartz-Bruhat functions on X. Then X

will be equipped with the natural norm |-| given by

J f(x)dx = lal f f (ax)dx for all f e S(X) and a ¢ x*.
X X

The Fourier transform F will be defined as follows on S(X)

F(E)(x) = J £(y) t(xy)dy.
X
1.2, Let T be {z|z ¢ €, |z| = 1}. Define the group A(X) as the collection
X2 x T, equipped with the following multiplication structure: for

(xi,yi) ¢ X° and t; € T, i=1,2,
{(X],Yl),tl} ° {(ngyz),tz} = {(x]+x2’y1+y2), T(le2)tlt2}'

For every s = (2 g) € S£(2,X), one defines as follows a character of the

second degree of X, f(s)

f(s) (x,y) = r(%abxz + bexy + %cdyz).

From [12], section 5, we know that one can define an embedding i: SZ(2,X)
Aut (A(X)) by

i(s) ({(x,y),tH = {(x,¥)s, f(s)(x,y)t}.
Let 4 be the unitary representation of A(X) in LZ(X) given by

AL E,y),tDE)(x) = t t(yr) £(r+x).
According to [12], theorem 1, there exists for every s € S£(2,X), a #(s) €
€ U(LZ(X)), the group of unitary automorphisms of LZ(X), such that for all
h e AX),

-1 .

(1.3) n(s) s(h) n(s) ~ = 4(i(s)(h)).
Moreover such a #(s) is determined up to an element of T. Consequently

{(s,n(s))|s € SL(2,X), n(s) € U(LZ(X)) satisfying (1.3)} is a group, the
metaplectic group, and it will be denoted by Mp(X).



A
1.4, REMARK, For a € X*, let 1 € X be given by x v 1(ax). By starting with
12 instead of T, one can construct another metaplectic group. In §4, I will

show that that one is isomorphic to the one constructed above.

1.5. If S£(2,X) is equipped with its natural topology and U(LZ(X)) with the

strong topology, then Mp(X) inherits its topology from the product topology

on S£(2,X) x U(LZ(X)). In the next paragraphs we will come back to it again.
Throughout this paper, T will be considered as a subgroup of Mp(X) via

. . 10

the embedding t - ((0 l), tlS(X))'

+ S8£(2,X) and H any subset of S£(2,X), then one writes H for the set p_l(H).

If p is the natural projection: Mp(X) -

It will be convenient to introduce notations for certain elements and
subsets of S£(2,X). For x ¢ X, denote (é T) by u(x) and (; ?) by n(x). If
ace X*, then I write d(a) for (8 :—1) and w(a—l) for (2—1_8).
tion U(X) for {u(x)lx e X}, N(X) for {n(x)lx € X} and D(X) for {d(a)|a € X'},
Further, I denote the group U(X)D(X) by P(X) and write Q(X) for
{u(x) w(a) u(y) I x,y € X, a € X'},

I use the nota-

1,6, Let f be in LZ(X). From [12], section 13, we know that n(u(x)), 2(d(a))

and 2(w(a)) can be chosen in the following way:

A(u(x)) (£) (£) = T(%i‘tz) £(t)
(1.7 2@ (E) (6) = ot £(at)
(@) (€) (6) = |o| T (@) (<o l).

Now it is clear from (1.3) that we can make for b = u(x)d(a) resp. w =
u(x) w(a) u(y) the choice n(b) = £ (u(x))n(d(a)) resp. #(w) =
n(u(x)) n(w(a)) 2(u(y)). From now on, I assume that for all g ¢ P(X) v

U Q(X), #(g) denotes the choice given above. This choice defines a section
R : P(X) v Q(X) > Mp(X). Instead of R(d(1)), I simply write e. In §3, ome
can find a choice of #(g) for all g ¢ P(X) u Q(X).

1.8. In order to be able to give the relations that are satisfied by R, I
have to introduce the function Yy : X* > T from [12], section 14, For every

* . .
a € X, y(a) is determined by:

1
v(a) J f(x)dx = ]alz [ ( f f(x—y)T(%ayz)dy)dx, for all f € S(X).
X X X
In the following proposition some results concerning y are collected. The

proofs of them are either straightforward or can be found in [12], in which



case the appropriate section is mentioned between brackets.

1.9. PROPOSITION.

(i)
(ii)

(iii)

(iv)
W)

For all a,b € X*, Y(=a) = Y(ot)—l and Y(abz) = v(a).
If X =k, Ve P, then one has for all a,b € kS:

v(@) v(b) = v(1) v(ab)(a,b) . } (28)

2wilx
e

If X=1R and t(x) = > then vy is given by

eni/4 if £x > 0
yY(x) = { . (26)

e-“i/4 if €x < 0

If X =€, theny(x) = 1 for all x c”. (26)

Assume X =k, v ¢ P_. For every x e k;, choose a t ¢ k: such that

for all y € t.Ov: T(} xyz) = 1, Then

(vi)

1.10,

y(x) = [x|% ’ T(ixzz)dz. 7
t—lx_lol
v
Let X be A and assume that t is such that k- = k. Then

y() =1 for all o € K*. (30)

Let g5 g, and 83 € P(X) u Q(X) be such that 818y = &3¢ The next

proposition gives the relations that are satisfied by R; the first being a

consequence of [12], theorem 3, and the second a direct verification from

the definitions.

1.11,

PROPOSITION.

(i) If g; = u(xi) w(ai) u(yi) for all i, then

R(gl)R(gz) = Y(a]azaB)R(g3) .

(ii) In the remaining cases we have



1.12 REMARK. It may happen at global considerations that, in order to avoid

confusion, we have to provide the local notions with a subscript v.
§2. PROPERTIES OF Mp(kv).

2.1, For every v ¢ P, 5(kv) is open in Mp(kv). According to [12], section
34, a(kv) is homeomorphic to T x kX k: x k, via the map (t,x,a,y) v
# tR(u(x)w(a)u(y)). Hence Mp(kv) is a locally compact group.

For infinite v, one puts, via the map given above, an analytic struc-
ture on Q(kv). By means of right translations this is transferred also to
the rest of the group and one checks directly that, in this way, Mp(kv)
becomes a Lie group. Let g be the Lie algebra of SK(Z,kV). With the aid of
the map o + X & eia R(exw(l)), we identify the tangent space in R(w(1))
with R ® g and by shifting it back to the origin one obtains an isomorphism
of R ® g with the Lie algebra of Mp(kv), m. In particular we get the follow-

ing expression for the exponential map:
o, X
(2.2) exp(a+X) = e R{e"w(1))R(w(-1)), for X e g, o€ R.

2.3, For finite v, there exists an open compact subgroup Gv of SZ(Z,kV) such
that Gv is isomorphic to Gv x T, As I have to make some explicit calcula-
tions that canmot be found in [12], I will recall here shortly its construc-
tion,

Let Gv be a generator of Oi. For every g € S(kv) one decomposes F(g)

in the following way:

Fie)(y) = ) T(g) (x,y)t(xy),
xek
v/ov

where T(g) is defined by

T(g) (x,y) = J g(x+t)T(ty)dt.
0

v
T(g) belongs to the space S(kv,ov) of functions £ : ki + €, with compact

support that satisfy

1
f(x+zl,y+z2) = t(-z;y) f(x,y) for x,y ¢ k> 2 € Ov and z, € Ov'



One can put a scalar product on S(kv’ov) such that T becomes a pre-unitary

isoﬁorphism of S(kv) with S(kv,ov). The inverse of T is given by:

THew = st ] £y .
yek /Ol

L 1 -
Now take G = {glg e SZ(Z,kv), (vaov)g = Ov x Ov’ f(g)lOv x 07 =1} =
_ (,ab 1 -1 1
= {(Cd)l a,d € Ov’ b e Ov’ c e (GV ) and for all x ¢ Ov and y € Ov’
T(iabxz) = T(ﬁcdyz) =
One defines a pre-unitary representation 7% of Gv in S(kv,ov) by

70 (g) (h) (x,y) = h((x,7)g) F(g)(x,y).

By means of T, this representation is transferred from S(k ,0 ) to S(k ) and
extended there to a unltary one on L (k_). For convenience sake, this one
is also denoted by 7° . For all g ¢ Gv’ n°(g) satisfies (1.3) and in the
sequel I will derive the relation between no(g) and n(g).

Let h belong to S(kv). If d(a) and u(b) € Gv’ then we have:

2% (d(a)) () = 8, |£ ) J h(ax+t) t(ta ly)dt
yekyi0t 0
v
= h(ax)
2% (u(®)) (h) (x) = lcsvl* ) I h(x+t) T(t(y+bx)) T(ibx>)dt

yEkv/ol 0
v v

= t(3bx?)h(x)

In other words, for all b e G, n P(kv)
(2.4) 20 (b) = n(b).

_ ,ab
Now, let o = (cd) be an element of Gv n Q(kv). Then



no(o)(h)(x) = |5v|% ‘c| 2 f(o0) (x,y). J h(ax+c(y+t))1(tc(bx+dy))dt
yekvlol -1
v c OV
i d 2
rells T 1 weSed | _
vl e ]Ov/()‘l, yeky /gL 2 i h(ax+c(y+z+p) ) f (o) (x,y+z+p)dz =
v 0
v
1 -
= |¢| |5v(2 { ) r(%dpz)} f h(axtcy)f (o) (x,y)dy
pec'lov/ol i
v v

By comparing this expression with formula (16) in [12], we may conclude

that
1
(2.5) 2% () = {lsvc|f I T(-Ei‘ipz)} 1.(c)
: pec Ov/ol
v
2.6. 1f |c| = |6 |7, then this factor equals 1. If |e| < |6 |7, ]a] = 1;

hence, with proposition (1.9), (2.5) becomes
2.7 2% (0) = y(=cd) 1(o0).

. . o o [
Let Rg be the section GV +-Mp(kv) given by Rv(g) = (g,2 (g)). Through RV,
we can consider GV as a subgroup of Mp(kv). From [12], section 36, we know

that the map (t,g) ~ tRﬁ(g) is a homeomorphism from GV x T onto Ev'
§3 PROPERTIES OF Mp(A)

Let T be ﬂrv. It is natural to make the following

CONVENTION. If we speak in a global context of Mp(kv), then it will be
tacitly assumed that this group has been built up from the identification

of kV with its dual by means of (x,y) H-Tv(xy).

3.1. For Einite vand £ € Z, let wv(ﬂ) € S(kv) be the characteristic func-—
tion of e I denote the restricted tensor product of the S(kv)’ with
respect to the {wv(0)|v ¢Plbye S(kv). For g ¢ S£(2,A), take any @ as in
(0.4) such that for all v ¢ @, g, € Gv' Then

&Q(g) = (V?Q &U(gv)) ® (V?Q hg(gv))



is defined on ® S(kv) and can be extended to an element of U(LZ(A)), satis-
fyiﬁg (1.3). Denote this extension also by %,. For the section

Q
nveQ SZ(Z,kv) Hvé I use the notation R..

G, ~ Mp(A) determined by 9o 2

Q

3.2. As for the topology of Mp(A), one knows from [12], section 38, that for
. -1
every § as in (0.4), p (nveQ Q(kv) Hv
T x nveQ Q(kv) nvé
compact group.
If 7 is such that k = k%, (1.9) (vi) and (1.11) (i) imply that S£(2,k)

can be embedded into Mp(A) as a discrete subgroup.

Gv) is homeomorphic to

£Q

2 G, through (t,g) ~ tRQ(g). Hence Mp(A) is a locally

For each v in P, there exists a natural embedding iv of Mp(kv) into
Mp(A). Assume now that one has, for J ¢ P, a collection {gvlve J, gve:Mp(kv)
and g, € Gv for almost all v ¢ J}. Take any @ as in (0.4) such that gy € Gv
for all v ¢ J n (P\Q) and embed (gv)

nv¢Q

in the natural way into

veJn(P\Q)
Gv; then we put

veidy = vanQ ivggv)'RQ((gv)veJn(P\Q))'

If J = P, then I simply write ®g, instead of P &y

3.3. For @ as in (0.4), let i Mp(k ) > Mp(A) be defined by L

Q : HveQ

g—}

€q °v
® L s

ﬁAveQ 8y* Assume now that we have a f : 1Q(HVEQ Mp(kv)) >C,ar e Z, and

a collection {fv‘v € P\Q,fV : Mp(kv) + €}, satisfying:

. _.r . .
(i) f(tg) = t i(g) for all t € T and g ¢ lQ(nveQ Mp(kv)),
(ii) fv(txv) =t fv(xv) for all v ¢ 4, t ¢ T and X, e*Mp(kV);
(iii) For almost all v not in @, £ |G za, witha_ ¢ € ;
v'v v v
(iv) Hav is convergent, where the product is taken over all places for
which (iii) holds.
Then one can define f ® { ® fv} : Mp(A) »> € by
véQ

fe{e £} (®g) =£f(e g) N £ (g).
vég ¥ v ve@ ' wvég ¥V

If fo lQ is decomposable itself, that is to say f o 1Q = HveQ fv’ then one

simply writes ® £, instead of £ @ { ® fv}.

véQ

§4 THE DEPENDENCE ON T

4.1. Take X as in §! and let a be an element of X . Call ﬁp(X) the meta-
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plectic group that one gets by starting with 1% instead of t. As for the
notation of notions that correspond to ones already introduced for Mp(X),

I will use the symbols, used in that context, provided with a ~.

4,2, We consider first the local case. In treating the central extension
Mp(kv) of S£(2,kv), I will follow [8]. First of all we must have a section:
N(kv) U lKkv) -> Mp(kv) that is an isomorphism from N(kv) resp. U(kv) onto
their respective images.

For x € kv, y € k:, put u(x) = R(u(x)) and n(y) = y(-y)R(n(y)). By
proposition (1.9) and the fact that (u,l-u.)v =1 for all u ¢ k;, u# 1, this
section satisfies the required properties. Now, extend it as follows: for
X € k:, define w(x) = g(-x_l)g(x)g(—x_l) and d(x) = y(—x_])g(—l)—l. From
(1.11), one obtains the following relations between this section and R: for
te ks, n(t) = y(-t)R(n(t)), w (t) =y(-t)R(w(t)) and d(t) =y (t)y(-1)R(d(L)).
To this new section is related a Steinberg cocycle c. It is given by
c(a,ble = d(a)d(b)d(ab) " =(a,b) e, for all a,b € k.. Let x: SL(2,k ) +
kz be given by: x(d(t)u(x)) = t_1 and x(u(x)w(t)u(y)) = t for all x,y € kv’
t e ki. Now we know from [8] that the following formula defines a 2-cocycle
a, on SK(Z,kv) with values in T:

o (8,89 = c(x(g),x(g,)) " clx(ge,), ~x(g) 'x(g)))

I use the notation <g,t>, g € SZ(Z,kV), t € T, for the elements of the
central extension Gv of SZ(Z,kV), determined by a,. Let j be the section:
Sﬂ(z,kv) > Mp(kv) given by:

jld@u) = (a,b), d(a)ux), juEIw(a)uly)) = u(®u(a)uly).

According to [8], corollary 5.12, the map J: <g,t> > tj(g) is an isomorphism
from Gv onto Mp(kv). For later use, I introduce still some notations. Put

7% for {¢ 1}. For any closed subgroup H of SZ(Z,kV), one writes N for

Hn J({<g,t>|g « SK(Z,kV), t e To}).

4.3. From the definitions one verifies the following relations: for all

*
X € kv’ b e kv,

Y(b) = y(ba), R(u(x)) =R(u(xa)), R(w(b)) =R(w(ba)) and R(d(b)) = R(d(b)).

Thanks to the results of section 4.2, we know that in the local case an



isomorphism Av(a): Mp(kv) - ﬁp(kv) is given by

@8 A @(REBUE)) = XBXO) Ra@yue) = ta,b), Ra®mum)
y(1)y(ab)
(4.5) Av(a)(tR(u(x)w(b)u(y))) =t 122%) ﬁ(u(x)w(b)u(y)).

Note that for all g € SK(Z,kV), z(g) = n(Int(g ?)(g)). From this and the
fact that (8 ?) normalizes P(kv) and Q(kv), we see that Int(g ?) can be
lifted to an automorphism Iv(a) of Mp(kv) in the following way:

4.6) 1@ (tRE@®uE)) = t@,b RItG D E®uE))
(4.7) Iv(a)(tR(u(X)w(b)U(y))) = tY(b)Y(-ab)R(Int(g ?)(u(X)W(b)u(y)))

1f la|v = 1, then one proves with the aid of (2.4), (2.6) and (2.7)

that for almost all v:

]

o 30 /-
(4.8) Av(a)(RU(g)) Rv(g) for all g € Gv’

“.9  I@®U) = Rant@ N(g) for all g e G, .

These observations allow us to define for each a ¢ A* an isomorphism A(a):
Mp(A) - Mp(A) and an automorphism I(a) of Mp(A) by:

(4.10) A(@) (@ g) =4 (a)(g),

(4.11) I(a)(® g) = © Iv(av)(gv).

Let 1 be such that k = kl.

(vi), (4.4), (4.5), (4.6) and (4.7) that for all g ¢ S£(2,k),

If a € k*, then one concludes from (1.9)

4.12)  A@R@) = R(g) and I(a) R(®) = Rt ) (@)).

4,13, REMARR, Section 45 of [12] implies that there exists a closed subgroup
$2(2,A) of Mp(A) such that p(S2(2,A)) = S£(2,A) and S2(2,A)n T = T°. Such a
group is used for example in [3]. The advantage of the use of Mp(A) is the

reduced number of manipulations with cocycles.

In the light of the foregoing results we make the following
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4,14, CONVENTION, In the rest of this paper, we assume that t, as well in

the global as in the local case, is chosen as in [10].

4.15. For m = 1428, £ € Z, the map <g,t> - <g,t"> is an endomorphism of

G,, for all v ¢ P. Its translation Jv(m) to Mp(kv) is given by

V’
(4.16) 3, (@) (tR(d(a)u(x))) = tm(—l,a)f; R(d(a)u(x))
(4.17) Jv(m)(tR(u(x)w(a)u(y))) = th(a)z’?’ R(u(x)w(a)u(y)).

As before, one proves that for almost all v € P, Jv(m)|Gv = IGV. This obser-

vation allows us to define an endomorphism J(m) of Mp(A) by
(4.18) J(m)(@gv) = ® Jv(m)(gv).

From (1.9) (vi), we see again that J(m) stabilizes S£(2,k).
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CHAPTER 2

§5, THETA SERIES

5.1. Through the action of the second factor one has a unitary representa—
tion w of Mp(A) on LZ(A), that stabilizes S(A). For every ¢ ¢ S(A), one
defines the theta series 6(p): Mp(A) + € by

8@)(g) = ) w(g)@) ().
Eek

According to [12], theorem &4, 6(¢) is a function on SL(2 k)\Mp(A)° Let dx be
- ’
the Haar measure on A/k for which A/k has volume 1., Now, for z € k, its

z-th Fourier coefficient er)z:Mp(A) + € is given by

8(0) ,(a) = [ {Z v(g) @) (&) r(%xzz)} T(-xz)d%

Alk Eek
w(g) (») (0) if z = 02
(5.2) = Julg) @) (E) + w(g) @) (-E) if z = éz-with £ ekt
0 for other z.

In particular, we see that
(5.3) 0()(g) = 8(w)y(e) + 1 | 0(»);(R(A(E))e).
Eek* 2

If one searches.for an analogue of theorem 5 in [13], one would like to form
. . . -1 . .

the Eisenstein series ngsz(z,k)/P<k) eop)O(R(c )g). However this series

does not converge absolutely. Following SIEGEL [9], I will use a convergence-

factor to overcome this difficulty. In our set-up it amounts to the sub-

sequent construction.

5.4, First of all, I choose, for every v ¢ P, a compact subgroup Kv of
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8$£(2,k,). For real v, K, will be SO(2,R); if v is imaginary, take
K, = SU(2,€); finally for finite v, let K be SK(Z,OV). Put M for HvsP K,

Define, for every s € €, the function H(s) : Mp(A) - C by

H(s) (R(d(a)u(x))m) = lals, for a € A*, xehA, me M.

As we will see in §6, one can define, for ¢ ¢ S(A) and s ¢ €, with Re(s) > 3

a function 6(¢,s) : Mp(A) > € by

(5.5) 8(r,8)(g) = ] 80),R(c~ g) H(s)R(c D).
0eSL(2,%) /p (k)

Moreover 68(¢,s) will turn out to be holomorphic on Re(s) > %u Let S(A)e be

{ele € S(A), w(R(A(t))) (@) = ¢ for all d(t) in Z(SL(2,A))}. In [9], Siegel

considers 3 explicit functions 9159, and 93 in S(A)e and proves for each

of them the following results:
(5.6) eﬁpi,s) has a meromorphic continuation to €

(5.7) Sﬁpi,s) is holomorphic on {s|s € C,Re(s) > i, s # 1} and has a

pole of order <1 in s = 1,

(5.8) lim (s-1) 0(p;,8) = A6(¢;), with A e €.

s>l
In the sequel of this paper, I will show for all ¢ belonging to a dense
subspace of S(A)e, that (5.6) and (5.7) are consequences of a more general
phenomenon, It is not difficult to show for those ¢ that (5.8) is not true
in full generality. Nevertheless, one can specify a certain subcollection,

for which (5.8) still holds. This can be found in paragraph 17.
§6, EISENSTEIN SERIES

In [5], the reader can find a representation-theoretic motivation for
the introduction of the spaces C(x(m)) (see section 6.,1) and the construc-

tion later on, of the so-called Eisenstein series,

6.1, Let x be a quasi-character of A*/k* and m an integer. I will use the
notation C(x(m)) for the space of continuous functions f : Mp(A) » C satis-

fying:

2’
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f(tR(d(a)u(x))g) = tmx(a)f(g), for t €T, a ¢ A*, x e A, g e Mp(A).

Write AT for {ala e A, |a] = 1} and put n for the degree of k over Q.
Embed.]Rzo into A” by means of r (rv), where r, = rl/n, if v is infinite,

and r, = 1 for all finite places of k, This map enables us to identify
A*/* wi hIR:o x (AT/k*) and to decompose X uniquely as v(s)xo, with
X, € (AT/k*) and v(s), for s € €, the quasi-character x - |xis of A*. Now

C(x(m)) and C(xo(m)) are isomorphic as vector spaces through the map
(6.2) fr £.H(s) = £(s), with f ¢ C(xo(m))

6.3. Let X be HveP X+ The local analogue of C(x(m)) is the space C(xv(m))

of continuous functions f : Mp(kv) + € satisfying
(6.4) f(tR(d(a)u(x))g) = tmxv(a)f(g), for t € T, a ¢ k:’ X € kv’ g € Mp(kv).

Mp(kv) acts on C(xv(m)) by means of right translations and we use the nota-
tion Ind(xv(m)) for this representation. Put v(sv) for the quasi-character
s

* o e
X > lxlvv, where x € kv and s, € ¢. For infinite v,
* o %
kv =R, ¢ -
Therefore, one can decompose each Xy uniquely as v(sv)xv,with Xy @ charac-

x {x]x ¢ k* |x|. = 1} and for finite v, k= {(r|rez} x 0.
v ' Tly v v v

ter of {x|x e k;, |x|V =1} and s, € C. As before, one obtains an isomor-

phism between C(x°(m)) and C(x (m)) by
v v
(6.5) £ f.H(sy) o i) = f(s), withf e C(xz(m)).

Furthermore, it is clear from (2.4) and (6.4) that for all finite v such
that Xy is unramified and |2|v = 1, there exists a unique wg € C(xv(m))

satisfying
0 0 _
(6.6) ¢, | RV(GV) = 1.

Write ® C(Xv(m)) for the restricted tensor product of the C(xv(m)) with
respect to the w:(sv). By (3.3), the elements of ® C(xv(m)) can be inter-
preted as functions on Mp(A) and those functions belong clearly to C(x(m)).

6.7. Let C resp. Y be compact subsets of {s|s ¢ €, Re(s) > 2}. resp. Mp(A).

The proof of the following proposition follows a standard method of
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Godement and will therefore be left to the reader.

6.8. PROPOSITION., Let v be an element of C(xo(m)). Then

sup { toup | 9()RE™Hg) 1} <o

seC * 0eSL(2,k) /p(x) €Y

We can define now for ¢ in C(Xo(m)) and Re(s) > 2 the Eisenstein series
E( (s),x(m)) : Mp(A) + € by

(6.9) E@(s), xm)(g) = ] ¢ (s)R(e Dg).
0eSL(2,k) /p (k)

From (6.8) it is also clear that E(¢(s),x(m)) is holomorphic on Re(s) > 2.
Since, for every ¢ ¢ S(A), the function 9(¢)° belongs to C(v(}) (1)),
(5.5) is a special case of (6.9).
By definition, E(¢(s),x(m)) is a function on SK(Z,k)\MP(A) and, if
z € k, its z-th Fourier coefficient Ezép(s),x(m)) : Mp(A) > C is given by

E_(¢(s),x(m) (g) = f E(p (), x(m) R(u(x))g) T(-xz)dk
Alk
Using the Bruhat decomposition for S£(2,k), we get for z # 0

E, (0 (s),x(m)(g) = JMS)(R(W(l)u(X))g) T(-xz)dx
A

and for z = 0,

E @ (s),x(m)) (g) = ¢(s)(g) + I*P(S) Rw(Du(x))g)dx.
A
6.10. If one knows that ZzeklEz(¢(S),X(m))(g)‘ < @, then

E@(s),xm)(g) = ] E_(¢(s),xm)(g).
zek

This fact will be used at the meromorphic continuation of the Eisenstein

series.

6.11, Notations being as above, let f belong to C(x(m)), with Re(s) > 2,
Put
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M(x(m)) (£) (g) = J fRW(1) u(x))g)dx, with g € Mp(A),
A
Clearly, M(x(m))(f) € C(v(2)x_l(m)) and M(x(m)) commutes with right transla-
tions by elements of Mp(A).
Analogously, one can define for all v ¢ P and sy € {sls e €, Re(s) > 1}

a MO @) < Bomg 3 (00, ), (2 @) by

(6.12) M(xv(m))(f)(g) = f f(RV(W(I)u(X))g)dx for f € C(xo(m)), geMp(k ).
k.

v

For ¢ in @ C(xv(m)) of the form ® 0, 9, € C(xv(m)), it is clear that
(6.13) M(x(m)) (¢) = @ M(xv(m))(¢v).

6.14, Let S(x(m)) resp. S(xv(m)) be the subspace of C(x(m)) resp. C(xv(m))

consisting of functions f that satisfy

there is an n € E(I‘N‘I) resp. E(EV) such that £ *x n = £,

Obviously, M(x(m))(S(x(m))) < S(\)(Z)x_l(m)) and for all v e P,
M(xv(m))(S(xv(m))) c S(\)(Z))C’l (m)). Moreover we have

S(xm)) =@ S(xv(m)).

Indeed, suppose ¢ € S(x(m)); then there is a sufficiently large § such that

¢ is invariant under RQ(HvéQ Gv)' Consequently ¢ has the form

. 0
(woi)) @ { @ v (s )}.
vov

q véQ
Now every irreducible continuous representation of Ilv€ 2 'I\(lv has the form
® 0, with P, an irreducible continuous representation of Ev’ and applying
this to the action of “veQ iv ony o iQ gives the desired result.
6.15. Next we pay some attention to the other Fourier coefficients.,

For a e k:_, Re(sv) > 1 and fv € C(x?r(m)) define W(a,xv(m))(fv(sv)):Mp(kv)—>(II
by
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W, @) (£, () (@) = | £,(6) R @(Dut))g) =, (-ax)ax

k
v

Let v € C(x(m)) be as in (6.13). Then we have for Re(s) > 2
(6.16) E (@,x(m)) = W(z,x, (@) ).

For the moment, denote W(a,x _(m)) (£ (s_)) by f; it satisfies
Xy vy

(6.17) f(Rv(u(x))g) = Tv(ax)f(g) for g € Mp(kv), x ek
and
(6,18) f % x = f for some n € E(ﬁv).

In the infinite case one can say moreover that
(6.19) f is a C —-function on Mp(kv) and for all t e k:, with ‘t|V > 1,
2-R
|£(R,@@))] <[]

the first property being a consequence of the fact that the matrix-co-
efficients of an irreducible continuous representation of ﬁv are C -func-
tions on KV and the second an application of the definition.

Now, for finite v, define S(T:) as the space of €-valued functions on
Mp(kv), satisfying (6.17) and (6.18), If v is infinite, then one demands
of each function h in S(Ts), besides (6.17) and (6.18), that it is ¢ and
slowly increasing at infinity, that is to say there is a N ¢ N such that
for all t € k:, with [tlv 21,

IN
v

h(R,(d(t))) £ |t

6.20, From (4.13) one sees that for even m, C(x(m)) corresponds in fact to
a space of functions on S£(2,A) and an E(¢(s),x(m)), with ¢ C(xo(m)), to
an Eisenstein series on S£(2,A). As they are well-known and in view of the
fact that I will apply it only to the situation, described in §5, I will
discuss further only the genuine Eisenstein series on Mp(A) i.e. those with
odd m.
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6.21. CONVENTION. Throughout the rest of this paper m =1 + 2, £ ¢ Z. If
m equals 1, then we simplify the notations and write respectively ¥, X2

Xy and xs instead of x(1), Xo(l), Xv(l) and xﬁ(l).

6.22, It is my intention to show that for all ¢ € S(XO(m)), E(p (s),x(m))
has a meromorphic continuation to €, which is holomorphic on

{s|seC, Re(s) > 1, s%-g-} and has a pole of order < 1 in s = i;’-. To do so,
I prove these assertions first for all the Ez(¢(s),x(m)), z € k. Next I
will show that zzek Esz(s),x(m)) defines the continuation I am looking

for.

In order to carry this out, we have to know first if, for all v ¢ P,
f e S(Xs(m)) and a € k:, M(xv(m))(f(sv)) and W(a,xv(m))(f(sv)) have a

meromorphic continuation to €, and, if so, where the poles can occur,
As for the first property, it suffices to verify it for all

f e S(xS(m)) and all a € k: in the point e, thanks to the relations:

6oy | MONEIEED R @®uG -
6.23 -
= V(2 B, @) (Tnd (@) (0) (£) (s ) Ce,)

W(a,x, (@) (£(s ) R (a(x)d(b))h) =

(6.24) _
= 1 (a0)v(2)x (IW(ab?,x (@) (Tnd (X0 (@)) (0) (£) (s )) (e, )
for b € k:, X € kv and h € Ev' For the remaining local questions, I refer

the reader to the chapters 3 and 4.

6.25. Note that for the infinite places, we have no longer an action of
MP(kv) on S(xv(m)). As a substitute will serve the action of a certain con-
volution algebra of distributions on Mp(kv) the so-called Hecke algebra.
Also in the finite case, one can replace the action of Mp(kv) by that of a
"Hecke algebra". All of them will be defined in the next paragraph.

This algebra structure of S(xv(m)) will play a role at the determina-
tion of the nature of the residue of the Eisenstein series and at the de-

rivation of the functional equation of these series.
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§7. HECKE ALGEBRAS

7.1. THE INFINITE CASE. Denote the complexification of the real Lie algebra

m by m_. The elements of the universal enveloping algebra of Mg U(mm),

C
will be considered as distribution on Mp(kv). One easily checks that

n ~
(7.2) K, = {izl A CE X)) [ e, £, e AR, X, e Ulmg)}

is a convolution algebra of distributions on Mp(kv), the Hecke algebra of
Mp(kv).
Several of the ﬂ;—modules E that play a role in the sequel are non—

degenerate i.e. E = ﬂ;.E. This is equivalent to:
(7.3) For every v € E there exists an n € E(Kv) such that n.v = v.

Thanks to (7.3), we can define on every non-degenerate W;-module E an

action of Ev by:

h.v = (Gh * n).v,

where h € Ev’ v e E and n as in (7.3).
Hence every non-degenerate ﬂ;—module is a (m,Ev)-module in the sense
of [111.

7.4, Examples of non—-degenerate M;-modules are:
(i) S(xv(m)) with the action Ind(xv(m)) defined by

Ind(x,m) (W) (£) = £ B for £ e S(x@), hoed¥
(ii) S(T:) with the action Ind(T:) defined by
Ind(c2) () () = £ * R for £ ¢ S(t2), h e % .

7.5. REMARKS.,

(1) It is clear that M(Xv(m)) € Hoqmv(S(Xv(m)), S(v(Z)X;](m)) and that
W(a,x, @) e Homy (S(x,m)),S(x))).

(ii) Let E be a ﬂ;—module. By a Whittaker model of E with respect to 13

or shortly a W(a)-model of E, I mean the image of a non-zero operator in
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Homy, (E,S(12)).
'

(iii) Assume that M(xv(m))(f(sv)) has, for all f e S(xz(m)), a holomorphic
continuation to an open connected U, with {svlsve m,Re(sv) >1} cUc C;
then M(xv(m)) commutes with the action of K;, for all s, € U. Evidently,
the same property holds if one replaces M(xv(m)) by W(a,xv(m)).

7.6. One has a natural action of Mp(kv) on Lz(kv) and this representation
W, stabilizes S(kv)' For X € m, define wV(X) € End(S(k,)) by:

) w, (%) (8) (w) = ¢ Lo (exp(ex)) (B) W} g

for f € S(kv) and u € kv' This turns S(kv) into a U(mw)—module. The corres-

ponding action of A(Kv) on S(Ev) is given by

(7.8) w, (h) (£) (u) = Jh(k)wv(k)(f) dk,

~

K
v

where h ¢ A(iv), f e S(kv),'u € kv and dk as in (0.3). The composition of
these actions, makes S(kv) intoznlﬂQ—module. Let S(kv)e be the subspace of
even functions in ﬂ;.S(kv). This is another example of a non-degenerate

# -module.
v

7.9. Let v be imaginary in this section. From (1.9) (iv) we know that
Mp(kv) = $£(2,kv) x T, Therefore, one can define, for every function f on
SZ(Z,kV) and every r € Z , a function fr on Mp(kv) by: fr(tRV(g)) = trf(g),
with t € T and g € SK(Z,kV).

Write Co(xv), So(xv) and So(rs) for the spaces that one obtains by
restricting the elements of respectively C(xv(m)), S(Xv(m)) and S(T:) to
RV(SK(Z,kV)). If we replace in (7.2) Kv by Kv and Mg by g @m@, then we
get a convolution algebra ﬂi of distributions on SK(Z,kV). Let Indo(xv)

a . a .
resp. Indo(rv) be the actions of ﬂi on So(xv) resp.SJTv), given by

£ fx ﬁ,with fe So(xv) resp. So(rz) and h € ﬂg.
For f ¢ So(xv), put Mo(xv)(f) for M(xv(m))(fm) ° RV and wo(a,xv)(f) for

W(a,xv(m))(fm) o RV. Clearly, Mo(xv) € Homﬂg(so(xv),So(v(Z)x;l)) and
Wo(a,xv) € Honmg(so(xv),S(Ts)). Furthermore, in order to get a meromorphic
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continuation of M(xv(m))(fm) resp. W(a,xv(m))(fm), it is sufficient to
have one for Mo(xv)(f) resp. Wo(a,xv)(f)-

7.10. THE FINITE CASE. Mp(kv) acts on S(xv(m)) resp. S(T:) by means of

right translations and I denote these representations by Ind(xv(m)) resp.

Ind(Tj). They belong to a type that can be defined for every closed subgroup
H of Mp(kv) and it will be convenient to give this general setting.

First of all, note that for such a H, either H n T is finite or T < H,
so that H possesses always open compact subgroups.

A representation ¢ of H on a complex vector space E is called algebraic
if for v € E and every open compact subgroup HO of H,
{22;1 Aic(hi)(v)|)\i e €, hi € Ho} is finite—dimensional and if the action
of HO on this subspace is continuous. Note that, if H n T is finite, this
definition agrees with the one in [1]. I will use the notation Alg(H) for
the category of algebréic representations of H,

Let ¥(H) be the convolution-algebra of functions f: H - € satisfying
(i) £ has compact support
(ii) there is a Hy, as abo;e, and an n € E(Ho) such that n * £ * n = £,
Take any Haar measure dh on H. Every (o,E) e Alg(H) becomesan #(H)-module,

if we define
o(f)(v) = J f£(h) o(h)(v) dh , for £ e H(H) and v ¢ E.
H

In particular, E is a non-degenerate ¥(H)-module i.e. #H(H).E = E, On the
other hand, every non-degenerate H(H)-module E forms an object in Alg(H).
Indeed, for every v € E, one can take an n € E(Ho), with H0 as above, such

that n.v = v and one defines the action of g ¢ Mp(kv) on v by
oV = § =* n)oV-
g ( .

If H = Mp(kv), then we have to extend ﬂKMp(kV)) somewhat, in order
to be able to define a global Hecke algebra. Let M; be the convolution
algebra W(Mp(kv)) ® A(Gv) of distributions on Mp(kv). I call W; the Hecke
algebra of Mp(kv). Each (0,E) € Alg(Mp(kv)) possesses a natural A(Gv)_

module structure., It is given by
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o(f)(v) = J f(g) o(g)(v)dg for f ¢ A(GV) and v € E.
Gy
Here dg is chosen as in (0.3).

7.11. As before, let W, be the natural representation of Mp(kv) in Lz(kv).
It stabilizes S(kv) and S(kv) is an algebraic Mp(kv)—module. Write S(kv)e

for the ﬂ;-submodule of S(kv) consisting of even functionms.

7.12, REMARKS.

(i) Also in the finite case I will use the terminology introduced in
(7.5) (ii).

(ii) The properties, as stated in (7.5) (i) and (iii), are also valid for

finite places.

7.13. THE GLOBAL CASE. Let the global Hecke algebra ¥ be the restricted

tensor product of the ﬂ; with respect to the €Gy* One can define for each
X as in (6.1) and every r € Z an action of ¥ on S(x(r)) by

V .
(®@h).(@y ) = ®(o, * b ), with ® h ¢ % and @ ¢ e S(x(r)).
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CHAPTER 3

For convenience sake, I will leave out in the chapters 3 and 4 all sub-

scripts v,

§8 THE DECOMPOSITION OF S(x(m)) IN THE REAL CASE

6.1, Tor ¢ ¢ Tomm, ut @) = (G 25303

characters, that are non-trivial on T9, have the form

v . . .
). K is commutative and its

igw
<r(p),;>» ce ™ forcre TO, ¢ e [-m,m), rel+2Z,

By (4.2), I can define the characters y(r,m) of K by

. T
t™ y(sin())™ &*2? if (@) € (k)

V(r,m) (tR(x(p))) = .

.r
t®(y(cos @Y=" '2?  if r(p) e P(K)

Write x = v(s)xo as in (6.3). Since the elements of S(x(m)) are

completely determined by their restriction to ﬁ, we get:

(8.2) There exists a g(r,m) € S(xo(m)) such that

I
g(r,m)lK = y(r,m) if and only if y(—l)zm e z xo(—l).

We will write Z(x°,m) for {r|r € 1+2Z and g(r,m) exists}. The following

notations for certain elements of 4£(2,C) will be used in the sequel:

i 01 00 10
s %= G 0), X_= (l 0) and Z= ( _]).

1 -1 1
v= (Y, v= ¢} i

-1 + G Vo=
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With (2.2) one computes that for all r ¢ Z(xo,m) and s € €
N4 . T
(8.3) g(r,m)(s) * U = -i 5 g(r,m)(s)

_2' .
As Ad(R©))) (V) = ¢ 22V, and Ad(R(())) (V) = e*¥V_, a reasoning,
like in [6], page 166, yields that for r and s as above

(8.4) g(r,m(s) ¥V, = (s - §) glr-4,m) (s)

(8.5) g(r,m)(s) * V_= (s + 3) g(r+4,m) (s)
Sincean J~submodule of S(x(m)) is spanned by the g(r,m)(s) contained in it,

we may conclude from (8.4) and (8.5)

8.6. THEOREM.
(1) S(x(m)) <s Zrreducible if s ¢ § + Z,
(ii) If s = + g, with r e 2(x°,m), S(x(m)) has a unique non-trivial H-sub-

module. For s = -2—, it is equal to

n ,
P(x,m,r) = {izl Xi g(ki,m)(g)hi € C, ki e 2(x°,m), ki > r}

cmdfors=—-lzc—to

n
r
N(x,m,r) = {]'_Z] )\i g(ki,m)(- E) I-Ai e C, ki e 2(x°,m), ki < rl.

8.7, Next, we determine Honb,.(S(x (m)) S(xz(m))) and deduce from it some
relations between the P(yx,m,r) and the N(y,m,r). Let D be XX+ XX_+2Z /2
D belongs to the center of U(mm) and as in [6] one computes that for all

f e S(x(m))

(8.8) £xd = ES%:Zl £,

From (8.8) it is clear that, if Xo ¢ x,v(2)x } HomJC(S(x(m) S(xz(m)) ={0}.
If x, € (62X } and A(x,m) € Homﬁ(S(x(m)) S(xz(m))), then there
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exists for each r ¢ Z(xo,m) an ar(x,m) € € such that

X

v@)y !

g(r,m) (s) if x,
(8.9) A(x,m) (g(r,m)(s)) = ar(x,m){

g(r,m)(2-s) if x,

On the other hand, any sequence {ar(x,m)lr e 2(x°,m)} determines by formula
(8.9) an A(x,m) € Homﬁ(S(x(m)),S(xz(m))). This A(x,m) will belong to
Honl:}C(S(x(m)),S(xz(m))), if it commutes with the action of V+ and V_.

If x = Xps this condition yields for all r ¢ Z(xo,m):

r r r
(8.10)  (s-3)a (m) = (s-3)a,(m) and (s+3)a (m) = (s+3)a (xm.
Since either s # g or s # - % for all r ¢ Z(xo,m), (8.10) implies for all

X and m that HomM(S(x(m)), S(x(m))) = {aIS(x(m))l“ e C}.
If Xy = \)(2))(_'1, then the ar(x,m) have to satisfy

r-4 r
(8.11) ~(s+=Da (m) = (s-3)a__, (x,;m), for allr e Z(x°,m).
For s ¢ }+7Z, this relation leaves the freedom to choose one ar'(x,m)
arbitrarily. If s = g, then it implies that an(x,m) =0 for all n 2 r, and,
for s = - ’—:, all the an(.x,m) with n £ r have to be zero. For reasons of

2
reference, we summarize these results in a

8.12, PROPOSITION. Let x, belong to {x,v(Z)X_l} and let A(y,m) be an
element of Homy(S(x(m)),S((X " ())). Then

(i) Homx(S(x(m)),S(xz(m))) 18 one-dimensional.

(ii) If s = g, with r € 2(x°,m), and A(x,m) # 0, then

Rer (A(x,m)) = P(x,m,r) and Im(A(x,m)) = N(W(2)y | ,m,r-4) .
(iii) If s = - %, with r e Z(xo,m), and A(x,m) # 0, then

Rer(A(x,m)) = N(x,m,r) and Im(A(x,m)) = P(w(2)x ',m,r+4).

8.13, In this section we determine the meromorphic continuation of

M(x(m)) (£(s)) for £ ¢ S(x°(m)). Since t(x) = e-Z“ix, dx is the usual
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Lebesgue measure on R, Thanks to (6.23), it suffices to continue the follow-—

ing functions:

irlr _§+£ bd ';--E
M(x(m)) (g(r,m) (s))(e) = y(D™ e * J (1-ix) 2 *(1+ix) dx
R
ir 2-s
_ Y(l)m o 4 w2 T'(s-1)
ST s . r
rGprEy
ird T(1-3+7)
= y()™ e 4 22_Sr(s-1)sin(n(%—§)) 2 4
T §+£)
2%

Clearly, we can speak now for all s € C\Z of M(x(m)) and M(v(2)x_1(m)). By

combining the expression above with (8.2) we get for all s e C\Z:
..] i _ _ _ _
(8.14) M(v(2)x (m)) o M(x(m)) = |2|x( Dr(s-1)r( s)cos(ns)Is(X(m)).

8.15, We focus our attentiop now on the irreducible #H~submodule of
S(v(})h(a)(m)). Notations being as in (7.6), I define L«sHoqn(SCR)éS(v(i)))
by:

(8.16) L) = w(g) ) (0) for v € S(R)e » 8 € Mp(R)).
L is an injection as one can see from

waﬂwankm@»)=fww>uhw%w
R

0

= I"’(i_) t(itx)dt.
0 vt

From proposition (8.12) and the fact that w is unitary, we may conclude that
L(S(R)e)g S(v(})). Using (4.6) and (4.16), we can state now for all a ¢ k"

and m € 1+2Z:

8.17. PROPOSITION., The map ¢ v L(p) o I(a(—l)t) o J(m) 28 an H-module <iso-
morphism between (u o L(a(-1)%) o I(m), SR)) and the irreducible sub-
module of S(v(3)h(a)(m)).
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§9 WHITTAKER MODELS IN THE REAL CASE

9.1. Let f be an element of S(x°(m)). I want to show here that for all a e R
W(a,x(m)) (£(s)) has a holomorphic continuation to €. Thanks to (6.24) we
have to consider only the W(a,x(m))(g(r,m)(s))(e), for all a e R® and

T e Z(xo,m). Now

W(a,x(m)) (g(r,m)(s))(e) ® f (1+ix) 2 A(I-ix)
R

S
24 olmiaxy

An easy way to obtain the analytic continuation of this integral is to con-

sider the contour

and to make the substitution u = ix, if a < 0, and u = -ix, if a > 0. One

verifies that for Re(s).> 1 and a < 0,

SI _S,r
lim f (14u) 2 4(l-u) z4 e2Trau du=0
R
K (®)
and, for a > 0,
S.I 8r
lim J (14u) 24 (1=-u) 2 4 e—2nau du = 0.

300
1?1 (R)

Let KZ be "1lim KZ(R)"' Then
Ry
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( I -S,Ir
{ (14u) 2 4(l—u) 2 4e2ﬂaudu if a<0
_kz
(9.2) W(a,x(m)) (g(r,m)(s))(e) = { .
_S,I _Ss.r
l (1+u) 2 4(1-u) % 4e72mav ifa>0
L
_kz

Since the 2 integrals in (9.2) define holomorphic functions on €, the asser-

tion has been proved.

9.3. One can find on page 431 of [7] that

| [ r(zn 3 (Wa)%(s—l)wr 1(1 )([ma) if a>0
-4+ = +,=(1-s
8, sr 2 4 472
J (1-ix) 2 4(1+ix) 2 4e21r1axdx -
R .
. zﬂ - ('ﬂa)%(s_l)w r1 (-4ma) if a<0
i G- ~z03(1-s)

with wu o? HsV € €, a so-called Whittaker function. Now, for all a e R" and
b
U e €, the function s - W‘J s(Ia‘) is holomorphic on €. Furthermore the
’

functions Wu N do not vanish identically on (0,~). Hence the formula above
E

implies that for all a e R" and all x as in (6.3), W(a,x(m)) is non-zero.
r

. r . .
Moreover, if s = 5 resp.— 3, with re Z(xo,m), then it allows us to conclude:

9.4) W(a,x(m))(P(x,m,r)) = {0}, for a < 0, and W(a,x(m)) (P(x,m,r)) # {0},

if a < 0.

(9.5) W(a,x(m)) N(x,m,r)) {0}, for a > 0, and W(a,x(m)) (N(x,m,r)) # {0},

if a < 0.

From (9.2) and (6.24) one derives the following asymptotic behaviour of
the functions in W(a,x(m)) (S(x(m))).

9.6. PROPOSITION. Let C resp. Y be compact subsets of € resp. Mp(k) and let
£ belong to S(x°(m)). Then we have:
(i) For every N € N,
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lim IaIN{ sup lw(a,x(m))(f(s))(R(u(y))g)I} = 0.
|a]+w veR, geY,
seC

(ii) There exists a No € N such that

=N
sup [W(a,x(m)) (£(s)) Ru(yNe)| £ |a| ©.
yeR, geY
seC

9.7. In this section we prove the uniqueness of the W(a,x(m)), for a ¢ k*,
m e 142Z and x as in (6.3). For £ e S(t?), define £:R,_ + Cby £(t) =
f(R(d(t))). Let f' be the derivative of f. Then the following relations hold:

(9.8) £ X, (6) = -2miac® £(8) £ x ¥(6) = ££'(O).
Moreover, if £ * y(r,m) = f, then f * I\ﬁ(t) = -ig f£(t).

Let {¢ (r)|r € Z(Xo,m)} be a collection of slowly increasing ¢ -func-

For every r ¢ Z(xo,m), define ¢ (r,a) € S(Ta) by

tions on R
>0.

¢ (r,a) (R(u(y)d(t))h) = t(ay)v (r) (t)¥(r,m) (h)

jod n n
forye R, t ¢ ]R>O, h € K. Then the map Ei=1 )\ig(ri,m) (s) » Xi___lki(p(ri,a)
defines an operator V(a,x(m)) € HomfR-(S(x(m)),S(-ra)). It belongs to
HomJC(S(x(m)),S(ta)) if it commutes with the actions of V_ and V_. This

condition puts the following restrictions on the ¢ (r):

9.9 (s—2—§)‘p (x)(t) = tp(x+4)'(t) - (2+§—4wat2)¢ (r+4) (t).

(9.10) (S+§)‘P(r+4) (t) = to(r)'(t) + (%-Matz)w(r) ().
In particular one has for all r e Z(x°,m):

(9.11) 2 (X)"(t) - t o(r)'(t) + (hrart’-16m2a2t® - s(s-2))0(r)(t) = 0.

For any g(r,m), such that W(a,x(m))(g(r,m)(s)) # O abbreviate
W(a,x(m)) (g(r,m)(s)) by ¢ - 1f ¢, is yet another solution of (9.11) that

is slowly increasing at infinity, then %_];E {wl(t)¢2'(t) - ¢1'(t)¢2(t)} =0,

as both 2, and wl' are rapidly decreasing at infinity. From [2], page 83,
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we know that
P (D)0, (6) =0 ()0, (1) = Sto (o)) - o] (v, )}

v _ [ - ~
for t,u e R Consequently PPy TP 0 and SAPY

0.
By applying the foregoing to a suitably chosen g(r,m), we get with the
help of (9.9) and (9.10):

9.12. THEOREM. Let x,m and a be as above. Then
Hom (S(x(m)),S(x%)) = DW(a,xm) |r € €.

Thanks to (8.12), (9.4) and (9.5), this theorem has the following

9.13. COROLLARY. Notations being as in (8.6), then

1 if a>0
dim Homy(P(x,r,m), S(t%)) {
' 0 ifac<o

0 if a >0
dim Hqu(N(x,r,m), ) {

1 if a <0

§10 THE IMAGINARY CASE

10.1. The notations will be as in (7.9). Let k € Z be such that for all

zZ € ¢*, with |z| =1, x(z) = 2%, From now on I will write X instead of xo.
For every t € Zzo, I denote the irreducible representation of SU(2,C)

on the homogeneous polynomials of degree t by Pee Put So(x,pt) for

{f|f € So(x), f * Z(pt) = f}. The following results are contained in theorem

6.2 of [6]:

10.2. THEOREM.

(i) Ifsé{—!f—‘—rrez }U{2+‘—E-l+rrez},then3(x)isan
2 20 2 >0 o

irreducible H°-module.
r
(ii) If s = - H?-— T, T € Zzo’ then %0 So(x’pIK|+Zi) is the unique non—
trivial ¥°-submodule of S, (-
(iii) If s =2 + r + I; , T € Zzo, then ® el So(x’p|K|+2i) 18 the unique

non—-trivial ¥C-submodule of So(x).



33

10.3. In order to carry out the meromorphic continuation of Mo(x) (£(s)) and
wo(é,x) (£(s)) for £ € so(XK)’ we need a collection of functions that span

So(x). It will be left to the reader to verify that the subsequent one does.

10.4. For b,t,p € Z_, such that 0 < t < IKI +band 0 < p < b one defines

0
y(b,t,p) € SO(XK) as the function that is given on K by

V(b,t,p) (d(a)r(0)d(B)) =

e (X e y(B) if k<0
= XK(aB)(sin(e))t+p(cos(e))2b+|Kl t-pJ*2(t-p)

X (poty B if k> 0

Thanks to (6.23) it is sufficient to prove the assertion for the functions
s > M (v(s)x ) (W(b,t,p)) (e) for all b,t and p, as above. They are equal to

2w .
et ® e DV e <o

r -s=b- | 0
{ f (l+r2) 2 r2b+‘Kl—t_p2r dr}. .
0 2

‘ [ el (e Py, if k>0
‘ 0

Thus we are left to check still only the case t-p = |k|. In that case

M, (%) B 0,p# k,2) () () = 2| (o) HETIKI 2070
0

F(S+p—]+l£J)F(b—p+])
= 27 2

P(2+b+IEJ)
2
and the assertion is obvious now.

k] _ |«
10.5. CONCLUSION. For all s ¢ {{1— > r|r e Zzo} v {1+ §-+r|r € Zzo}}
we can speak of Mo(x) and Mo(v(2)x'l).

10.6. For s, as in 10.5, I want to compute Mo(v(Z)x_l) ° Mo(X)’ To do so,
I make use of a well known trick to construct elements of So(x).

Consider the following action of S£(2,€) on 3(«2):
(g.9) (x,y) = 2((x,y)g),

where g ¢ S£(2,C), ¢ € S(mz) and (x,y) € GZ. Let & ~ 3 be the automorphism
of $(¢%) defined by
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-~

é(a,b) = J f o (x,y) t(bx—ay)dxdy.
¢2
It commutes with the action of S£(2,C) and equals its own inverse. Now,

for Re(s) > 1 and ¢ ¢ S(Gz), one can define an I(®,Y) € So(x) by

-1
1(e,x)(g) = f x(t) (g.@) (0,t) |t| "dt.
Call ¢ ¢ $(¢%) K-finite, if {J}_ A, (h;.®)|); € €, h; € K} is finite-

dimensional. For 7 e Z,,, let @E e S(€°) be given by

K+T=7 .
Tt if «k < 0.

¢§(X’z) = 3—2"(|XI+|Z|) { k+i 7
X z if ¢« > 0.

One verifies that ¢; transforms under K according to and that

0.
I(QE,X) # 0. This implies that So(x) = {I(@,x)l@ a K—f?ﬁ:l:lelement of S(Gz)}.
From [10] we know that for every ¢ € S(Gz), I(%,x) has a meromorphic
continuation to € and is analytic on G\{- %J—rlr € ZZO}' We will denote the

local zeta-functions as in [10]. Take any non-zero f in S(€) and write p(Y)
for (£,x). T(F(E),v()x 7!

dent of f, meromorphic on € and holomorphic on m\{-lg-—rlr € Z>0}. Now,

; then we know from [10] that p(x) is indepen-

for Re(s) > 1, we have

M (0 (1(2,%)) (8) = f J (g.9) (t,0)x(t) | £] dtdx

C - -
and for 1 < Re(s) < 2 this equals p(x(v(-1)))I(®,v(2)x ‘)(g)-

10.7. CONCLUSION. For all s ¢ {{1—| ‘-rlrezzo} u {1+‘§J+r|r6220}}

<
MO 00 = P DT VANTg (-
Obviously this implies for all odd m:
M@ @) o Mx@) = p 1K VAN g o)y

10.8. Notations being as in (7.6), define L ¢ Hqu(S(ﬁ)e,S(v(i))) by

L(E) (g) = w(g) (£)(0),
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with f € S(E)e and g € Mp(€). L is an injective map, as one can see from:

L(E) RGw(Du(e)) = | £(y) t(ity>)dy

f(/;)lx|-% t(itx)dx.

as-——— ar———

By theorem 10.2, So(v(%)) is irreducible. Therefore L is an isomorphism and

in particular (w,S(G)e) is irreducible.

10.9. In this section I will show that for all a € ¢* and all b,t and p, as
in (10.4), Wo(a,x)(w(b,t,p)(s))(e) has a holomorphic continuation to C.
Put a = aelwo, with a € R>0' For Re(s) > 1, Wo(a,x)(w(b,t,p)(s))(e)

equals

0

@ || © 2w

-s=b- % . .

f(l+r2) s 2 r2b+|;<|—t—p2r.{ J elsgn(K)(t—p—IKl)we4ﬂ1arcos(w+¢o)dw}dr
o1 LA 2b+ |k | -t=p+1

~ J(l+r ) r P

0

, J‘t_p_|K|‘(4ﬂur)dr = [ f(r,s)dr

Here Jn’ neZ denotes the usual Bessel function. It satisfies

>0°?
IJn(r)l <1, for all r ¢ (0,») and n 2 0. Hence Ié f(r,s)dr is analytic on
C. As for IT f(r,s)dr, note first that for all b,t and p as in (10.4)
2b + |k| -t - p 2 |t-p-|k||. Furthermore, the Jy» 0 20, satisfy the

following recurrence relation: jL(xn+]J
dx n+l

r-times partial integration with respect to the Bessel function, one arrives

(x)) = Xn+1Jn(x). By applying

at an integrand that is holomorphic in s and absolutely integrable for all

s with Re(s) > 1 - r. This proves the assertion.

10.10. Next I derive an expression for the functions in wo(a,x)(so(x)) that
will be convenient for asymptotic considerations. Let & v+ 3 be the isomor-
phism of S(mz) given by
¥(a,b) = I ¢(a,y) t(-by)dy ,

4

For Re(s) > 1, we have
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n

W (a,%) (1(2,%)) (g) f f (g.9) (t,x) x(t)ltl_z t(-at 'x)dtdx

@2

J &) (t,at™) x| 2 at

()

Since fm W(t,at—l)x(t)dt is holomorphic on € for all a ¢ ¢ and Vv S(Gz),
we may conclude from (10.9) that, for all y, thefunctions in wo(a,x)(So(x))

are of the form

~/ —] -
g'r*f (g-0) (t,at ) x(t)|t] 23¢
T .
for some K-finite ¢ ¢ S(mz). From this formula, one easily derives the

following asymptotic behaviour of the functions in W(a,x(m)) (S(x(m))):

10.11. PROPOSITION. Let g belong to S(xK(m)) and let C be a compact subset
of €. The following properties hold then:
(i) PFor every N € N,

lim |a|¥  sup  |W(a,x(m)(g(s)) RGu(y))h)| = 0
| 2] seC, yeC
hekK
(ii) There exists a Ny e N such that
N

o
syp {lal [|w(a,xm))(g(s)) Ry |} < =
aeC ,yel
seC, hekK

We end this chapter with a result that is a consequence of theorem 6.3

in [6].

10.12. THEOREM. If S(x(m)) Zs irreducible, then it has a unique W(a)-module,
for all a ¢ ¢,
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CHAPTER 4

§11 GENERALITIES ABOUT ALGEBRAIC REPRESENTATIONS

11.1. Let H and H0 be as in (7.10). For the time being (¢,E) denotes an
object in Alg(H). (0,E) is called admissible if for each n ¢ E(HO)

dim(o(n) (E)) < . Let o* be the natural representation of H on the dual
space E* of E. As in (7.10), o* induces a natural action of A(HO) on EX.
Denote the subspace of E* consisting of all v ¢ E*, satisfying o*(e)(v) =v
for some e € E(Ho), by E; it is H-stable and the algebraic representation

o of H on E is called the contragredient representation of o. Put <,> for
the natural pairing of E and E. By a matriz coefficient of (0,E) I mean a

function on H of the form

h+ <o(h)v,v> = c, s,

’

where h ¢ H, v ¢ E and v € E.
One verifies easily that the contragredient representation of an ad-

missible (0,E) can be characterized by

11.2. LEMMA. Let (p,V) € Alg(H) be admissible. Assume that there exists a

non-degenerate H-invariant bilinear form on E x V. Then (p,V) = (o,E).
~ N R
11.3. COROLLARY. Let (0,E) e Alg(H) be admissible. Then (o,E) = (0,E).

Let E' be the space E, equipped with the complex-conjugate C-module

structure. Then (11.2) has yet another consequence:
11.4. COROLLARY. Let (0,E) be admissible and pre-unitary. Then (g,E) = (0,E").

Call (o,E) Zrreducible if {0} and E are the only H-stable subspaces of E.

In case that H has a countable basis for its topology, Schur's lemma
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holds. For a proof I refer to [1], proposition (2.11).
11.5. LEMMA. Assume (o,E) <8 Zrreducible. Thexn
Homy, (E,E) = {AIE | A e e}

11.6. Starting with a (0,E) ¢ Alg(H), one can induce it to an algebraic
representation of Mp(k). Indeed, let S(o) be the space of functions

f:Mp(k) -~ E satisfying
(1) f(hx) = o(h)(f(g)) for all h € H, g € Mp(k).

(ii) There exists an open subgroup K' of G such that
f(gRo(y)) = f(x) for all y € K', g € Mp(k).
(iii) There exists an n € E(T) such that

f(tg) = n(t) F(x) for allte T, g e Mp(k).
Then S(o) is stable under right translations with elements of Mp(k) and this
representation is denoted by Ind(c). Induced representations have the follow-

ing property:

11.7. LEMMA. (Frobenius reciprocity). Notations being as above, let (p,V)
be any object in Alg(Mp(k)). Then

HomJC(V,S (o)) = Homx(H) (V,E).

PROOF. For A ¢ Hqu(V,S(o)) the corresponding operator V -+ E is given by
v A(v)(e). O

11.8. Let x be a quasi-character of k" and r an integer. If we write x(r)

for the algebraic representation of P(k) which is defined by
tR(d(a)u(x)) » tF x(a) for t e T, a ¢ k" and x € k,

then our notations are consistent. Since Mp(k) = §(k)ﬁ, S(x(r)) is an
admissible ¥ -module. Moreover every irreducible p € Alg(i), which occurs
in Ind(x(r))|§, does that only once.

The following lemma shows that the contragredient representation of

Ind(x(r)) is of the same type
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11.9. LEMMA.(Tnd(x(r)), S(x(r))) = (Ind(v(Z)x_](-r)), S(v(Z)x_l(-r))).

PROOF. For f ¢ S(x(r)) and g ¢ S(v(Z)X_l(—r)), I define

B(f,g) = f ER(k)) g (R(k))dk.
K
Now, B is a non-degenerate Mp(k)-invariant bilinear form on

S(x(r) x S(v(Z)X_l(—r)). Hence the assertion is a consequence of (11.2). [

11.10. From now on, (0,E) will denote an object in Alg(Mp(k)). Let § be a
character of k. Then E(y) is defined as

r
{iZ] Xi{G(R(u(xi)))(vi) - w(xi)vi}lkie €, x; ek, v, €E, i=1,...,r}.

It is easy to see that this equals

{v|v € E, for somen ¢ Z P(-x)o(R(u(x))) (v)dx = 0}.
. p n
E¢ = E/E(y) is the greatest duotient of E on which N(k) acts according to V.
Following BERNSHTEIN [11, I call (o,E) quasi—cuspidal if E, = {0}.
Let Z(y) be B(k), if y = 1, and T.{R(d(a))[a2 =1}, if ¢ # 1. Then we

denote the canonical algebraic representation of Z(y) on E, by Resw(o).

v

a direct verification one proves the following

11.11. LEMMA. (0,E) » (Res¢(0)’E¢) 18 an exact functor from Alg(Mp(k)) to
Alg(z(¥)).

11.12. I want to show here that the matrix coefficients of a quasi-cuspidal

representation have compact support. Let A be {R(d(ﬂk))lkZO}. Then

Mp(k) = GUA K6K and this union is disjoint. For every © ¢ W, put
K? = {h|h € K,h = d(1) mod P “}. One verlfles that
K = {n(x)d(a)u(y)[x,y € p ,ael + pp } For each v e E there ex1sts an

Z € N such that K < G and U(R (h)k YX) = c(k )(v), for all h ¢ K* and
kl ¢ K. Further one can find, for each veE, aje N such that for all
k2 e K

I U(R(u(x))kz)(v)dx = 0.
p‘J

Now,
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J < oR@(M)kY) (v), TR (u(x)Ik)) (W)>dx =
Pi . 5 5
vol(p*) < a(R(A(M)Mk,) (v), 5(k)) (V)>,

but it also equals

|"|2r J <0(R(d(ﬂr)u(x))k2)(v), E(kl)(;) > dx.
pi-Zr

Hence <y o has compact support. This enables us to prove:
b

11.13, LEMMA. Let (o,E) be quasi-cuspidal and irreducible. Then (o,E) s
admissible.

PROOF. Thanks to (11.5) it suffices to prove for all Ki < G that O(GKi)(E)
is finite-dimensional. Take any v ¢ E, v # 0, and assume that

o(egd) (B) = {Z§=1 ) c(gj)(v)lxj €€ g« Mp() for j = 1,...,r} is
infinite-dimensional. Then one can find a linear independent collection
{o(eKi)o(gj(v)ljelﬂ such that g. € E R(d(nnj))i, with nj < nj+l for all

j € N. Next we complete it with {ntlt € I} to a basis of G(EKi)(E) and
define the linear form ¥ on °(EKi)<E) by: V(o(eKi)o(gj)(v)) = l for all
Ki) belongs to E, but
has no compact support, which contradicts (11.12). 0O

j e N and ;(nt) =0 for all t € I. Now V © o(e
,¥ o olegd)
1f(0,E) is quasi-cuspidal and irreducible, then it can be made pre-

unitary. One simply takes a Haar measure dg on Mp(k), chooses any non-zero

w in E and defines a Mp(k)-invariant scalar product on E by

(11.14) (v],vz) = J <6(g)vl,w> <o(g)v2,w>dg for v,,v, € E.
Mp (k)
We can state now:

11.15. LEMMA. Let (o,E) be as above. Then there exists a constant dc #0
such that

~ —] ~ - ~
<c(g)vl,v1> <o(g )vz,v2>dg = dol <V 5V
Mp (k)

27 VpeVy?

~

for all vl,v2 e E, VisVy € E.
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PROOF. First fix a v, s € B, v, # 0. Then the left-

hand side is a Mp(k)-invariant bilinear form on E X E. From (11.13), (11.14)

€ E, v, # 0, and a v

and (11.4), one sees that it is non-degenerate. Since ¢ is irreducible, this
form differs only by a non-zero constant A(vz,;]) from (VI’;Z) > <v1,$2>. By
defining A(O,vl) = A(VZ,O) = A(0,0) = 0, we have in (v,v) - A(v,v) a non-
degenerate Mp(k)-invariant bilinear form on E x E. Hence A(v,v) = d;l<v,5>
for allve E, Ve E. 0O

Finally we will need the fact that an irreducible quasi-cuspidal (o,E)

is projective:

11.16. THEOREM. Let (p,V) belong to Alg(Mp(k)) and let P be a non-zero

element of Hqu(V,E). Then there exists a F € HoqR(E,V) such that P o F==IE.

PROOF. Take any non-zero w, in E, and choose w. € E such that <w0,§ > = do'

0 0 0
There exists a Vg € V such that P(vo) = Wye Define F:E > V as follows:

F(w) = f ce i (87 p(e) (vp)de
Mp (k) :

Then we have for all w e E

~ -1
<P o F(w),w> I cw’ao(g ) cwo’w(g)dg

Mp (k)

~
= <W,Ww>

Hence P o F = IE' 0

11.17 Let (o,E) be irreducible and not quasi-cuspidal, that is to say

E, # {0}. Then E, is a finitely generated P(k)-module, for it is irreducible
and Mp(k) = P(k)K. Consequently E]’ as a P(k)-module, has an irreducible
quotient of the form x(r). In other words, by (11.7) E is isomorphic to

a Mp(k)-submodule of S(x(r)). In order to determine the Mp (k) -module
structure of S(x(r)) I will make use of the following

11.18. THEOREM. The map W - W, from the collection of Mp(k)-submodules of
S(x(r)) to the collection of D(k)-submodules of S(x(r))1 8 injective.

PROOF. Let V and W be Mp(k)-submodules of S(x(r)) with v, = W, . By passing

from V,W to V, V + W and by using (11.11), one sees that we may assume
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V cWand Wy is a finitely generated Mp(k)-module. Since (W/V)] = {0}, W
has, if W/y # {0}, an irreducible quasi-cuspidal quotient. By (11.16), it
occurs also as a submodule of W, but that is impossible, since, by (11.7),
S(x(r)) does not have any non-trivial quasi-cuspidal submodules. Hence
V=W. 0O
§12 THE D(k)-MODULE STRUCTURE OF S(x(m)),
12,1, For every f € S(x(m)) define G(f) : k >~ € by

G(f) (%) = £(R(w(u(x))).
G(f) determines f completely. By (l1.11) we know for all x € K"

) -1 -1

Rw(u(x)) = R@d(x Hu(-x))R(nlx )).

If n(x*]) € G, then by (2.7),
-1 (] -1

R 1)) = y&R (ax ).
This implies that G(f) satisfies the following property:
(12.2) There exists a N > O such that for all x'e k', x| > N,

G(£) (x) Y(-x)"x(x) = £(e).

On the other hand, if g is a locally constant function on k, satisfying

(12,2) then one defines é(g): Mp(k) » € by
G(g) (tR(d(a)u(x))) = t™x(a)c,
G(g) (tR(A(a)ux)w(Du(¥))) = t7x(a)g(y),

where ¢ = lim g(x)x(x)y(—x)m, teT, ac K* and x,y € k.
X | >
The subsequent calculations will show that G(g) is invariant under an

open compact subgroup of G. Hence é(g) € S(x(m)).
Put q = lnl_l. First of all I choose a r ¢ N such that
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(i) k' <g¢

Gi) x| (1+p%) = 1 and 1 + p° < &2

(iii) g(x) = x(x)_l Y(x)mc for all x € k*, with |x| > qr.
(iv) g(x+y) = g(x) for all x e k and y € pr.

I claim now that é(g) is invariant under K3r. To prove this, it is sufficient
to show for all h, belonging to a set of generators of K3r, that
¢(2) (R%(h)) = c and &(g) RM(Dux)IR’(h)) = g(x), for all x ¢ k.

First take h = d(a), a ¢ 1+p°F. Then R%(h) = R(h) and by (ii)
é(g)(Ro(h)) = c. Since xa—2 - X € pr, for all x ¢ p_r, the properties (ii),
(iii) and (iv) imply the other equality. Next let h be of the form u(b),

b e p3r. Again Ro(h) = R(h) and the assertions follow from the definition
and (iv).

Finally, take h = n(t), with 0 < |t] < q_3r. Then we have
E(@) ROM)) = v(-0® x(t™H) g™ = ¢, by (iii). If x = -t then
é(g)(R(W(l)u(X))Ro(h)) = Y(—t)mx(—t)c = g(x). Assume, from now on, X # -t_l.

For those x, we have .
&(g) RW(DuE)IR (M) = v(0)™ y(t(1+tx)) X (1+tx) g (x(1+tx)).

If x € p_r, then 1+tx € l+p2r and x(1+tx)—1~x € pr. Hence in that case the
desired result is a consequence of (ii) and (iv). Consider now the case
|x| > q. Since Ix(l+tx)_1| > |x|, if |x| < |t|_1, and

|x(l+tx)—1| = Itl-l, if |x| > §t|_l, we see from (iii) that in both cases
&(®) R@(DuIR' M) = (xt,1+tx) y(1+0) Py (-1 Mg () = g(x).

This completes the proof of the desired invariance.

The foregoing implies that for every x and m there is a unique
f(x(m)) € S(x(m)) such that G(f(x(m)))(x) = 0, if |x| <1, and
GIE(X@mM)) () = Y™™, if |x| > 1.

12.3. Let D : S(x(m)) » € be given by D(f) = f(e), f ¢ S(x(m)). It is
clear now that Ker(D) = {flf € S(x(m)),G(f) € S(k)} and that
Ker(D) > S(x(m))(1). Let P(0) : Ker(D) + € be defined by

P(0)(£) = I G(f) (x)dx
k
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Clearly Ker(P(0)) o S(x(m))(1). On the other hand, if f ¢ Ker(P(0)) and the

support of G(f) is contained in p*, then

f Ind (x(m)) R(u(x))) (£)dx = 0

r

P
in other words Ker(P(0)) = S(x(m))(1). As for the action of E(k), one veri-

fies that the following relations hold:
D(Ind (x(m)) (R(d(a))) (£)) = x(a)D(£)
P(0) (Ind(x(m)) (R(d(a))) (g)) = x(a)_]lal2 P(0)(g)-

Hence S(x(m))1 as a 5(k)—modu1e, has a Jordan-Holder sequence of length 2
and its irreducible components are x(m) and v(Z)X—I(m).

If XZ + v(2), S(x(m))lcan be diagonalized as a D(k)-module. Assume now
that x2 = v(2). Then, by local class-field theory, x = v(1)h(§), for some
£ e k*. From section (12.1); it is clear that S(x(m))]can be diagonalized

if and only if for every a e K"
(12.4) Ind(x(m)) (R(d(2))) (£(x(m))) - x(a)£(x(m)) € Ker(P(0)).

Since
0 if |x|<]a|?
G(Ind(x(m)) (R(d(a))) (£(x(m)))) (x) =
x(@y@©® x(x 1) if |x| > |a]?

we see that it is sufficient to prove or disprove (12.4) for a = w, and in
. m -1
that case it amounts to Iq'2<lx|51 vy(x) x(x )dx = 0.

Now the left-hand side of this equation is equal to

v(l)”-{l

*

“ L
v (@) ((-1)E,a)da +J ¥ (am) ((=1) a,an)da}

*

Y(I)ZKY(I)Y((-1)£+IE)'{J vy (ag)da + J 'Y(awi)da}-
O* *
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As we will see in (13.8), one of the integrals in this expression is zero

- . 2,4 - .
and the other one is equal to |E[2(l~q 1). Hence, if XZ = v(2), S(x(m))
cannot be diagonalized. By (11.7) and (11.18), we can summarize the obtained

results as follows:

12.5. PROPOSITION. Let X12%y be quasi-characters of k* and m;,m, odd integers.
(1)  If there exists an H-submodule E of S(xl(m.)) such that

{0} cEg S(Xl(m )), E <s trreductble and E, is one-dimensional.

(11) If' x](m) ¢ {Xz(mz) \)(2))(2 (m )1, HOme(S(X @), S(xz(m ))) = {0}.
(iii) If xl(m ) € {xz(m ) \)(2))(2 (m IR Hqu(S(x](m ), S(Xz(m ))) Zs one-
dimensional.

12.6. REMARK. For those ¥ such that Ind(x(m)) is pre-unitary, proposition
(12.5) implies that S(x(m)) is irreducible. This is, for example, the case
if x = v(s)xo, with Re(s) = 1. A Mp(k)-invariant scalar product on

S(x(m) is then given by

(f£,8) = B(f,g),

with £,g € S(x(m)) and B as in (11.9).

12.7. Let E be as in (12.5) (i). From (11.3) we see that E is also irre-
ducible. Further we know by (11.17) that there is a non-zero

A e Hoqx(S(v(Z)x_l(m)),E). By applying (12.7) (i) and (11.11) one concludes
that ¥ is not a quasi-cuspidal #-module. Therefore there exists a xz(mz)
such that E is an #-submodule of S(Xz(mz)) Since

Hqu(E S(xz(m2))) = HomJC(S(\)(Z)x2 (-m )),E), E is a quotient of

SO

kernel of this projection is an irreducible submodule of S(X2 v(Z)(—m M.

(2)<( mz)) and by (12.5) xz(m ) has to equal x(-m). Furthermore, the

We have arrived now at the following criterion for irreducibility of

S(x(m)):

12.8. PROPOSITION. For every x(m), let C(x(m)) be a non-zero element of
Hom (S(x(m), S(w(2)x ' (m))). Then we have

(i) S(x(m) is irreducible «> C(v(2)x ‘@) o C(x(m)) # 0.

(ii) If S(x(m)) Zs reducible, the image of C(v(Z)x~1(m)) 18 equal to the
kernel of C(x(m)) and is the unique non-trivial H-submodule of S(x(m)).

In the next paragraph I continue first the operators M(x(m)) to a
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sufficiently large open connected subset of € and next I compute
-1
M(v(2)x " (m)) o M(x(m)).

§13 COMPUTATION OF M(\)(Z)x_l(m)) o M(x(m)).

13.1. First we show that all the M(x(m))(f(s)), £f € S(xo(m)), have a mero-
morphic continuation to €. Thanks to (6.23) we can restrict ourselves to
that of M(x(m))(£(s))(e), for all f e S(x°(m)). Since for all f e S(x°(m))
with f(e) = O the function s + fk G(£(s)) (t)dt is holomorphic on €, we have
to consider still only M(x(m)) (£(x(m))) (e). Now,

f G(E(xm) (Bt = (1-g77 2%y (1) g1
{q“s Jy(w(—l,a)ﬂx"(a“‘)dw (—umqv(m)<-1,a)‘p’x°(a_l>da}
0* 0*
and therefore we can draw the following

13.2. CONCLUSION. For all f ¢ S(xo(m)), the function M(x(m))(£(s)) has a
meromorphic continuation to € and is holomorphic on V = ¢\{l+iz%%aylr € Z}

and, in particular, M(v(s)xo(m)) # 0, for all s ¢ V.

13.3. REMARK. Thanks to (12.6), it poses no problem that M(x(m)) is defined

only for s € V.

13.4. By using (4.16) one sees that, for all x and m, the map £ >~ £ o J(m)
is an isomorphism between S(xh(—l)z) and S(x(m)). Moreover we have for all
s € V and every f ¢ S(xh(-l)z)

MG @) (£ o I@) = v~ MGa -5 (6 o 3.
Hence it will be sufficient to compute M(v(Z)X-l) o M(x) for all s € V.

13.5. There is a unique function fl e S(x°) such that G(fl) = ¢(0). In the
sequel I will compute M(v(2)x_1) ° M(x)(fl(s))(R(w(l))), for all s € V.

First of all we have for all x ¢ k~ and y ek

R (uGN)R@(MDuly)) = y@Ru(-x HNdx Hw(huy-x 1)).
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This implies for Re(s) > ! and all £ € S(x):

J X(X_I)Y(X)G(f)(y—x_l)dx
k

GM(x) (£)) (¥)

J X (x)v(-2) (x)7(x)G(£) (y-x)dx.
In particular,

J x(©)v(=2) (£)y(t)dt = e(x) for |y| <1,
GG) (£, ()N () =
g x(y+2)y(y+z)dz for Iy[ > 1,

Now e€(x) is easily seen to be equal to

2-2s,-1 1-
(1-¢°7%%) { J y(@)x(a)da + q ° J Y(aﬂ)x(a)da}.
0* . 0*
Clearly, e€(x) is analytic on V. Since s JO x(y+2)y(y+z)dz is analytic on
€, the expression for G(M(x)(fl(s))), given above, is valid for all s ¢ V.

For Re(s) < 1 we have again that

CIw(2)x™ 1) (100 (£, ()))) (0 = J x(£™Hy (D600 (£, (1)) (-D)at
k
= e(x)s(V(Z)x_l) + [ X(‘t)_ly(—t)v(—Z)(t)Jx(t+z)Y(t+z)dzdt
[t]>1
Denote this last integral by A(x). Later on, we will see that A(Y) does

not depend on s; by analytic continuation we know then that for all s e V
M@ MO0 = ECOO@YXT) + 10T Ig -

Before giving the explicit computation of e€(x) and A(x) I recall first

some well-known results.

13.6. For z € k, we have
0 if |z| > q|8]
t(za)da = { -q '|8|7? if |z| = ql8] .
o (1-q"H 8|2 if |z] < |s|

I
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In case that xo is non-trivial with conductor pn, I write G(B) for
IO* x°(a)T(aB)da, with B ¢ k™. It satisfies:
G(Ba) = xo(a)_lG(S), for all a « 0°, and G() = 0, unless l8] = q"|s].

13.7. Next I will compute e(x) explicitly. Choose any u ¢ k" such that
ul? < |26]q”%, and pu

BI(XO) = ( Y(@)x°(0)do = { f T(%acz)xo(a)dadc
é* u-lol 0*

BZ(XO) = J Y(an)xo(a)da = q-i I f T(%ancz)xo(a)dadc.
0* wly=19L 0*
From (13.6) one concludes that Bl(xo) = Bz(xo) = 0, unless (Xo)Z =1, and
in that case x° = h(g) for some E ¢ k. As Bl(h(E)) = Y(E)Y(—l)fo* y(&a)do
and B2(h(£)) = y(E)y(-1) IO* y(arg)da, it suffices to compute Bl(l) and Bz(l).

'

3 ) L
B, (1) = |§| { 1817 a-a™h f ag - 8|75 f dg }
Bel 2 Re0
2,2 2 2u°
lel“<|5 | l81°=125
- - - - =1
B,(1) = q *.|§1 { (- Hyls J g - q |82 [ dB}.
gel 9 Rel
2.2 2, 12
|81 "<155 18%1=1-
™8

From these expressions one deduces:

If v(26) is even, Bl(l) = ]%[% (]—q-l) and BZ(]) = 03
(13.8) -
if v(26) is odd, B,(1) = 1%15(1-q ') and B,(1) = 0.

(13.8) implies the following results for e(h(g)):

v@vD 1HEa-gTh -2

y@vD 13- e -2

If v(§)-v(28) € 2Z, e(h(E))

(13.9)

if v(&)-v(28) ¢ 2z, e(h(¥))

13.10. In this section we focus our attention on A(YX).



AY) = x(-l){ 1 cr,x) + § C(2r+1,xh(n))} ,

r=1 r=0

where C(n,X), for n ¢ N, is given by

y(-1) f { J (a,S)x(S)Y(B)dB}da

0%  l1+pn
2 2mg+1
-m, +1
If |2] = q © with my € N, then it is known that (4 0"y =14 p S
Hence, if |2| =1 or n > 2m),

R a 817 ama™ha ™, ig x°p1ep” = 1.
C(n,x) = q (1-q )|8] [ x(1+7 z)dz = { . N
0 0 sif X |l+p # 1.

In order to be able to calculate the resulting C(r,x), I make use of

(13.11)  For a € 0%, h(a)]0* = 1 e a ¢ (052 v 0(0%)2,

where 0 ¢ 1+p2m0 is such that i+p2m0 = (1+pm0)2 U e(l+pm0)2. To prove this
it is sufficient to show for all l+u € l+}02m0 that h(l+u)|0* =1, It is no
restriction to assume v(28) to be even, since being ramified or not does

not depend on tT. Now, we have for all o ¢ O*, u € p2m0

|34 sz T(§052ﬂ—v€26)(cz-xz-uxz))dcdx
4

= |g1 f f T(%aﬁzﬂ_v(za)(cz—xz))dcdx = 1.

2
0
and applying this to (1.9) (ii) gives the desired result.

v (a)y (o (l+u))

For the resulting C(r,x), (13.11) implies:

c(2f,x) = {1+Y('|)Y(3)X(9)}(l—q—l)|5|—% f x(t)dt
(1+pf)2

- -1
C(2£+1,xh(m)) = {I=y(-1)y(8)x(8)}(1—q 1)|5| : I x(t)dt
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k
Let ky = 1 be minimal such that x2l1+p 0 -1, 1£ kg > mg,

C(r,x) = C(r1§h££)) = 0, for all r < my + kg, and AQY) = X(—1)2r2k0+m0c(r,x)=
x(-D[2] [8] q 0. If K, < my» Cy(r,x) = 0 for all r < k;, and
C(2r+l,xh(w)) = 0 for all r < ko—l. Further
) c2r,x) + ) C(2r+1,xh(m))
2m>2r22k 2m 22T +122k -1
is equal to
m m
0 1 0 b 11 P g o
- - -1 -1 -1
2(1-q ‘)lsl : ) J at = 2(1-q )|s]72 } % 0" 1s]72,
r=k0 ( l+pr) 2 ]_’=k0

so that we get for all x:

-k
-1 0
A0 = 2] 8] x(-Dq

Summarizing the foregoing results, we have for all s ¢ V and m ¢ 1+27Z:

13.12. PROPOSITION.
(i) Let x2 be unramified. Then

-2 2
M(v(Z)X—l(m)) o Mlx(m)) = X(‘])‘%{ (l-v§3)x (n))(l—v(-l)zz(ﬂ))Ig( )
(1-x"v(=2) (M) (1-v(2) " “(m)) "X

k
(ii) Let x2 be ramified and p 0 be its conductor. Then

-1 _ 12 -ko
M(v(2)x (m)) o M(x(m)) = x(-l)ig q IS(x(m))'

Thanks to (12.6) and (13.12) we can state now for all quasi-characters ¥

and m € 1+27Z.

13.13. THEOREM. Let x be equal to v(})h(E) or v(%)h(&), for some & e K",
Then S(x(m)) Zs reductible. For all other x, S(x(m)) zs Zirreducible.

13.14, We end this paragraph with the determination of the irreducible sub-
module of S(v(})h(a)(m)). For f € S(k)e define L(f) € S(v(})) by

(13.15) L(£f) (g) = w(g)(£)(0).
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Clearly L € Hqu(S(k)e,S(v(é))) and L is injective: suppose mnamely that
L(f) = 0 and £ # 0. There exists a b ¢ k* and a n e N such that f(b) # 0
and for all t pn, f(b+t) = £(b). Since G(L(f)) = 0, one has for all

T el

f t(-4b%%) G(L(E)) (x)dx = f £(y) f t(bx(y2-b?))dxdy = 0.
r k r

P P

Now, choose r so small that
2 .2 r n n,.
V(r) = {y||ly™b°| < |28|q"} < {b+p } u {-bHp"}s
then we have f(y) = f(b) for all y € V(r). However, for such r

I T(3xb D) G(L(E)) (x)dx = f(b)q-r|6|_% f dt # 0

pr ' v(r)

and we have arrived at a contradictionm,

By (12.10) and (13.13), S(v(})) has a unique non-trivial submodule.
This and the fact that w is pre-unitary imply L(S(k)e) S S(v(3)). Combining
the foregoing with (4.4) and (4.16) we get

13.16. PROPOSITION. For any a € k™, m € 142Z, the map £ » L(£) o I(a) o J(m)
18 anH-isomorphism between (w o I(a) °J(m),S(k)e) and the ivreducible sub-
module of S(v(%)h(a(—l)z)(m))-

§14 WHITTAKER MODELS

14,1. We start by showing for every a ¢ k* and f € S(xo(m)) that
W(a,x(m)) (£(s)) has a holomorphic continuation to €. Thanks to (6.24), we
have to prove this only for the functions W(a,x(m))(£(s))(e). If f(e) = 0,

. * .
then it is clear that for all a € k the function

f G(£(s)) (t)t(-at)dt
k
is holomorphic on €. Further W(a,x(m)) (£(x(m))) (e) equals

Y(l)u{ 7 206, 0r, xm 10D + (1,0 E y(mv(-D).
r=1

f q(2r+l)(1_S)G(a,2r+]’Xh(-l)zh("))}°

r=0
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Hereby G(b,d,xl), for b ¢ k*, d e Z,, and X; @ quasi-character of k*, is
given by

(14.2)  6(,dpxp) = | ¥(@)x; @ t(-abr Hdo

| O

-1 c2 -d
J X; (o) t(a(Z ~bm 7))dade
wlot o
. . *
for all 1 € k* with |u2| < |26|. From (13.6) follows that, for a fixed aek ,

only a finite number of the G(a,d,xh(-1)") and G(a,d,xh(—l)zh(w)), d e Zzo’

are non-zero. Hence W(a,x(m)) (£(x(m)))(e) is analytic on €.

14.3. CONCLUSION. For every a € k*, me 142Z and x as in 6.3, we can

speak of W(a,x(m)) and in particular it is non-zero.

14.4. Next we pay some attention to the asymptotics of W(a,x(m)) (g(s))(e),
for fixed g ¢ S(xo(m)), s rynning through a compact subset C of € and |a|

tending to zero or infinity. Assume first that g(e) = 0. Since

G(g(s)) € S(k), the same is true for its Fourier transform and one easily

sees that

sup _ |W(a,x(m)(g(s))(e)| < =-
seC,ack
As for W(a,x(m)) (£(x(m)))(e), observe first that there is a N > 0, indepen-
dent of s, such that W(a,x(m)) (£(x(m)))(e) = 0 for every a € k* with [al > N.
Moreover, if |a| is sufficiently small, one notes that G(a,n,x) = 0 for all
n > 2v(a) and this enables us to estimate W(a,x(m)) (£(x(m))) (e) as follows:

there is a N, > O such that for all a € k"

0
_No
sup |W(a,x(m) (E(x@))(e)| < min(1,la]) " .

seC

By combining these results with (6.24), we get

14.5. PROPOSITION. Let g and C be as above and let Y be a compact subset of

Mp (k). Then
*
(i) ‘there is a N ¢ N such that for all a e k, |a| > N

sup |W(a,x(m))(g(S))(X)| =0,
seC,xeY
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(ii) there exists a No e N such that

N
sup  |a| OW(a,x@) (g(s) @] < =
seC, xeY
aek*

14.6. We proceed showing the uniqueness of the W(a)-models for S(x(m)).
*
14.7. THEOREM. For every a € k , Homx(S(x(m)),S(ta)) 18 one-dimensional.

PROOF. By (11.7), this assertion is equivalent to: S(x(m))Ta is one-dimen-
sional. Let q(a) be the projection: S(x(m)) - S(x(m))Ta. For all z € k and
f € S(x(m)) it is clear that Ind(x(m)) (R(u(z)))(f)(e) = £(e) and

q(a) (Ind(x(m)) (R(u(z))) (£)-£f) = (t(az)-1)q(a)(f). This implies that

q(a) S(x(m))) = q(a) (Rer(D)) with D as in (12.4). Define P(a):Ker(D) = € by

P(a) (f) = f 1(-ax)G(f) (x)dx
k
Then one proves analogously to (12.4) that Ker(P(a)) = Ker (D) n S(x(m))(tH).
Since P(a) # 0, this completes the proof of the theorem. [

In the reducible case we have

14.8, THEOREM. Let (o,E) be the non—-trivial JC-submoduZe of S(v(})h(a)(m)).
Then (0,E) has a W(b)-model <f and only <f b e 3(-1) a(k ) Moreover, it is

unique then.

PROOF. By analytic continuation we have for all x and all b € K
2L L
Wb,x(m)) (£ e J(m) = y(1)TW(b,xh(-1)7) (£) ° I(m),

with f € S(xh(—l)t). Therefore, we can restrict ourselves to the case m = 1.
Assume first that b ¢ ia(k*)z. Then there is a r ¢ N such that

{b+pr} n %a(k*)2 = ¢. From (13.16) and the proof of (14.7) one sees that

it is sufficient to prove for all f € S(k)e with £(0) = 0, that

L(f) o I(a) e Ker(P(b)). Choose E L, e Z such that the support of

G(L(f) » I(a)) is contained in p 0 andq O> l&lqr. Then

2
P(b) (L(f) ° I(a)) ~ [ £(y) [ r(x(f%—-b))dxdy =0,

kol
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2 L
since |E%—-b| > |8]q O for all y e K*.
2

Now take b of the form 3%— , t o€ k*, and n ¢ N such that q_n < I2t|.
Clearly, it is sufficient to show q(b) (L(f) o I(a)) # O for some f ¢ S(k)e.
Put ¢ for the characteristic function of {t+p"} u {-t+p"}. As ¢(0) = 0, the
support of G(L(¢) o I(a)) is contained in pr for some r € Z and

P(b)(L(p) o I(a)) is proportional to

2 2
J j T(axtz(l+;z))dzdx + f f T(—axtz(l-gz))dzdx =
pt " Pt p"
- 2F|s|? I dz #0
n

zep
|atz|s|6|qr
Finally the last assertion is a consequence of (14.7) and (11.11). O

14.9. We end this paragraph with the calculation of W(b,x(m))@po(s))(e) in
the case that X is unramified and |2| = |§]| = 1. We will need it in the

global case. Now,

0 if |b| > ¢\ 72T
c(b,2r,xh(-1)Y) = J t(-bt Fa)da = {-q 1 if |b| = ¢ 72T,
0* 1_q_1 if |b| < q—Zr
G(b,2r+1,xh(ﬂ?h(-l)£)r= j (ﬂ,u)r(-bn—zr_la)du.
0*
4 r 2r

By (13.6), G(b,2r+1,xh(mh(~=1)") = 0, if |b| # q'z . If |b| = ¢ °F,

Y Hem, 2001, xa(Mu-1Y = gl 20) [
v

lm(é%(cz-l))dadc
0
v

0

at(m,20) (=g (1-2¢7Y) + 247 (1-g71y 3

q_%(n,Zb).

it



By using the expression in (14.1), we obtain for W(b,x(m))(¢o(s))(e)

(14.10) ¢

0

(=qx (1)) (

(1-qx(n2)){

for |bl > 1
T2 2.t -2r-1
Y @ x@NO) for |bl =q , T >0,
t=0
Iooaoa e ¢, ety xm !
Y@ x(@)) "+ T 7
t=0 1-q2 (m, (-=1)72b) x (m)

for |b| = q-2r, r=>0

55
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CHAPTER 5

§15 THE MEROMORPHIC CONTINUATION OF THE FOURIER COEFFICIENTS

15.1. For x as in (6.1), let P(x) be the complement in P of
vlveP,v¢P,, |2|V = |6v|v =1 and x, is unramified}. In this chapter,
Q, as in (0.4), will always be taken such that @ > P(x). I write S(x(m),Q)
for the subspace of S(x(m)) spanned by the elements ® wv,wv = wi(sv) for
all v ¢ @, and Mp(A,Q) for the subgroup {® gvlgv € Gv for all v ¢ Q} of
Mp(A).

15.2. For Re(s) > 1 I will denote nvéQ(l_Xv(“v))—l by CQ(x). From [10] we
know that EQ(x) has a meromorphic continuation to €, that is holpmorphic_on
€ \ {1} and has a pole of order < 1 in s = 1. This pole occurs if and only
if x = v(s).

For all v ¢ P(x) and s € € with Re(s) > 1, we have

MO, m) (@ (s ) = {1+ f Y™ %, & Hdx} (275 ) =
|x[ >1
2
El:}vv(-l)(nv)) 0

v (2-s).
a-x>v=2)( ) v Y
v v

For v € S(x(m)),Q) of the form ® wv(sv), this implies

cQ(xzv(-Z))

(15.3) M(x@) @) = ——5——
CQ(X v(-1))

0
-{ng M(xv(m))(wv(sv))} ® {V§Q¢V(2-sv)}

By combining this expression with the local results from the paragraphs

8, 10 and 13, we obtain the following
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15.4. THEOREM.

(i) PFor all ¢ € S(x (m)), M(x(m)) (w(s)) has a meromorphic continuation to
€, holomorphic on {s]s € C, Re(s) > 1, s # —} and with a pole of order < 1
ins = %u This pole occurs if and only if Xo = h(a) for some a € K , and
we write R (cp( 5)) for its residue in s = 5

(ii) {ROG#(—J)IW € S(X (m))} Zs spanned by the ey, « S(v(%)x (m)) with vy,
belonging to the trreduczble submodule of S(v(l)hv(a) (m)) for all v € ‘P

15.5. The results of this section are needed in the proof of the functional
equation for the Eisenstein series. First of all, we note that formula
(15.3) and the local results in (8.13), (10.5) and (13.2) allow us to

conclude:

15.6. PROPOSITION. For every @ as in (15.1), there exists an open comnected
U(Q) in €, with discrete complement and invariant under s - 2-s, such that
(1) For all v e @ and s € U(Q), M(xv(m)) is defined and S(xv(m)) 8
irreducible.

(ii) M(x(m)) (¢ (s)) and M(v(sz_l(m))ﬁi(z-s)) are holomorphic on U(Q), for
all ¢ e S(x,(m,a).

Our goal in this section is to prove

15.7. THEOREM. Let the notations be as in proposition (15.6). Then, for all
s € U(Q) and v e S(x (m),q):

M(v(Z)x-z(m)) o M(x(m)) (@ (s)) = ¢(s).

I already proved in (8.12), (10.7) and (13.12) that for all v € @ and
s, € U(&)

_] »
MW ()] @) ° My, m) = A(XV)IS(xV(m))

Therefore the assertion of the theorem is equivalent to:

=2 2
g, (v3)x Dz, (v (=1)) -
4 4 = 1 oG (D)

N A(y) = —
@ " cQ(xzv(-Z))cQ(v(Z)x 2y veq

with p(xv) the local factor as defined in [101].
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By comparing the expressions fork(xv) and p(x ), it will turn out that
X(Xv) 12] v (-Dpx v(-2))p(v(2)x ) for all v in @. This completes the
proof of the theorem since [2] =1 and x(-1) =

In the imaginary case the desired equality is a consequence of (10.7)
and p(va('l))o(v(l)x;l) = 4xv(~1). p(xiv(—Z))p(v(Z)x;z). If v is real, then

one merely has to combine (8.12) and

. T(s=1)T(1-s)
T(3/2-38)T(s-1/2)

p (v(25-2)p (v(2-2s)) =

-cos(ms)T (1-s)T(s-1).

For finite v such that xi is unramified, the assertion is clear, thanks to
(13.12) (i). Finally, if xs is ramified and the conductor of (xg)2 is pi,

then we have

9 v(6 )-£
plx,) = v(s ) )Iv(-s £) I P COLMCL )da
0*
. .
- v(s_)-f
0 OV (D)o VXD = f xi(t){J r B0, ¥ dsfar
* * .
OV OV
-1 -f
- |(Svlv 9 -

Comparing with (13.12)(ii) gives the desired expression.

15.8. For z € k" and g =89 ¢ S(xo(no) we will derive now a useful
expression for Esz(s),x(m)). First choose a sufficiently large @ such that
9 € S(xo(m),Q). For a € A*, xehA, o g, € Mp(A,Q) and Re(s) > 2,
EZGP(S),x(m))(R(u(x)d(a)) {e gv}) is equal to

(15.9)  w(@)v2)x (@) n W(zaZ,x, (@) (0 H(s) » 5 ) (g )

I W(za ,xv(m))(w H(s) o1 )(e,).
vEQ

We claim that for all v ¢ @ and every t ¢ k: there exists a fv(t) € S(kv)
such that

(15.10) W(t,x, @) 02(s ) = (=gl (r )T (£, (6),x v(-Dh, 2e-1D5)
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Here and in the rest of this paper, the local and global zeta functions are
denoted as in [10]. By using (14.10), one verifies directly that the sub-
sequent choice is a right one. For lt}v > 1, take f (t) = 0. If v(t) = 2r+1,
r 2 0, then we choose fv(t) as follows: fv(t)(x) |x| 2(2t( 1) ,x) if
v(x) = 220, 0 < LO < r, and fv(t)(x) = 0 for all other x. Finally, 1f
v(t) = 2r, r 2 0, then fv(t) is defined by

v(-%) (%) for v(x) = 2£, 0<fysr
£(0) ) =4 for |x| < [e], ]
0 elsewhere

In order to have a fv(t) for all v € P and all t ¢ kz we complement the
choice made above. For infinite v, we take f_(t) equal to the function used
in [10] for the calculation of D(th (2t(-1)")), and for all finite v in 4,
the function f (t) is deflned by: f () (x) = 0, if ]xl # 1, and
£,(6)(x) = (2t( 1) ,x)xv(x hy, it [x[ =1,

For a € A" , let FQ(a) € S(A) be ® fv(av). Then (15.9) equals

(VX @) 1y0P T I € (5, (ol e v (-bb 22D
(15.11)
J WGzl @) 6 i) 0 1) (8) - t(Fg(e?), n2a(-1 ) xv(-4)).

From this expression and the results, obtained in (9.2), (10.9) and (14.3),

we may draw the following conclusion.

15.12. THEOREM. Let ¢ be in S(x (m)) and z in k. Then

(i) E, (w(s),x(m)) has a meromorphw continuation to €3 it <s holomorphic

on {s|s € €, Re(s) > 1 and s # —J and has a pole of order < 1 i = 3/2,
This pole can occur only if X, = h(2z(-1)7) and we write R, G#(—)) for the
residu 1in s = %u

(ii) Assume X, h(2z(-l)£) and that for all v € @,a,=1 and x, = 0.

Then we have for ¢, as in (15.8):
R (0 D) Ru@d@){og ) » 1@ (@) FE ") ©.

J Wz @) @ 1) 1) ()
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§16 THE CONVERGENCE OF THE SUM OF THE FOURIER COEFFICIENTS

16.1. ge keep to the notations of (15.8). Let C resp. Y be compact subsets
of C\{QJ resp. Mp(A,Q). This paragraph will be devoted to the proof of the

following results:

16.2. PROPOSITION.
(1) For every g ¢ Mp(A,Q)

3
) X IR,6GN (@] <= .

zek

(ii) For c € '.IR: put ]R: for {t|t e R < A, t = c}. Then

0’

sup { ) sup |CQ(xzv(-l))Ez(w(S),x(m))(R(d(t))y)[}
yeY | ‘zek* seC :
1:6]R.C

First of all, we note that by (14.10) only the z belonging to an ideal

a of the form “veQ\Pm

|z|w for maxvepmlzlv, and |

Ly . . * .
(pvnk) .play a role in this sum. For z ¢ k , write

for I then we have for all z € a4 n k*:

zlq Vélelv;
]zr: } Izlél and Izli } |zl;l, for v € @ and r the number of infinite places
of k. By applying this and the local estimates from (9.6), (10.11) and (14.5)
to formula (15.11), one sees that, in order to prove (16.2)(ii), it suf-

fices to find an N ¢ N such that for all z € a n k*

(16.3)  sup |c(F,(2), hz(-DO -] < [z|7V.
seC Q 9
The analytic continuation of ;(FQ(z),h(ZZ(-l)t)xv(—i)) to € is given

by the sum of the following 3 expressions:

(16.4) I £572 { I FQ(z)(xt)h(Zz(—l)t)(x)xo(x)d*x}d*t
l *
1

3

(16.5) f t3/2's{ J F(FQ(z))(xt)h(ZZ(—l)t)(x)xo(x_l)d*x}d*t

1 A

(16.6)  F(ry(e) (@) (s- ' f n(2z (-5 oy e
AT /"
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with all the measures taken as in [10]. Before starting the estimates, we
remark that by adjusting @ we may assume that k* has a compact fundamental
domain X in A%, with 1 e X and X < {ala € A%,c_ < |o_|_<d_, for all

1 — v v'iv v
v e P,cV = dv =1 for all v ¢ Q}.

_l . .
For all v ¢ @, |fv(z)| < [z|v§¢v(0). Since, moreover, for all finite v

|£,(z3| < ¥, (0), we get

|F (2)] < IzI%.{ e |f (z)|le{e y (0)}
Q Q veP_ v v

v¢P

[

and this clearly implies the desired estimate for (16.4).

Next, the Fourier transforms of the fv(z) demand our attention. For
infinite v, lF(fv(z))l = {fv(z)l; if v € @ is finite, then there exists a
n_ £ 0 such that for all z ¢ k*, x e k_and u € k*, with ¢_ < |u| <d_,

v v v v v v v
IF(fV(z))(xu)l < wv(nv)(x).vol(ov). Finally, for v ¢ @, we distinguish the

cases v(z) is odd resp. even. If v(z) = 2£o+l,£0 > 0,

L
0
F(E, 2N () = [ a" I (a,2) TV(-aW§ny)da
n=0 «
0
v

n 2n .
q, (z,a)v Tv(—anv y)da, if v(y) =-2n-1, OSnSKO

0 otherwise

If v(z) = 28, £, 2 0,
£, :
= n, -2n -2n-1
F(E () = | apla, ™ (-20) (1)-q, " ¢ (-20-1) ()} +
n=0
—,Ko-l
+q, b, (=2£5-1) (¥)
1 if |y| =1
-l
=3lyl,? if v(y) = -2n, L2n21.
0 otherwise

In both cases, IF(fV(z))| <y (-v(2)) and IF(fv(z))(xa)|= |F(fv(z))(x)i
for x € kv and a € 0;.

For z e a n k*, let a(z) be the ideal



63

Ty -v(z)
n (pvr1k) n (pvrﬁk) .

veQ\P véQ
* - ©
Put n = |k:Q| and o = Re(s); further, for £ ¢ k , denote ZVEPwEVEV by |g| .
Now, the calculations, made above, imply that one can find a p > 0 and a

L € N, both independent of z ¢ a n k*, such that

2/n)
|F (2)) (tx) |d"x £ H(t,z) = |€|Le-ut le]
Q (<]

A Eea(z)nk”™

On ]R:O we have H(ulz]én,z) < H(u,1). Hence

3/2-0 * -n r: 1o
[ t H(t,z)d t < Ile [ H(u,)u? “du
1 IZln
Q

Since on [lzlg,l],

W 2/ny
L - -2nL
P Lt L e
ea
le1%] ] ;"
and
lglL e-utZ/nlElm< 1’
gea(l) "
622t

we obtain the desired estimate for expression (16.5).

As for (16.6), it can occur only if Xy = h(a), a ¢ k*, and
z e {%(—l)z(k*)z n a}.

For those z, F(FQ(z))(O) is constant and (16.6) is bounded on C. This com-

pletes the proof of (16.3). At the same time this last observation, combined

with the estimates (9.6), (10.11) and (14.5), proves assertion (16.2) (i).
Thanks to (16.2) and (6.10) we can state now

16.7. THEOREM. Let ¢ belong to S(xo(m)). Then EzﬁkEsz(s),x(m)) defines a
meromorphic continuation to C of E(p(s),x(m)); <t s holomorphic on

Re(s) > 1, s # —;—, and has a pole of order < 1 in s = % This pole can
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occur only if X, = h(a) for some a ¢ k*, and we write R@p(%)) for its

residue.
§17 THE RESIDUE OF THE EISENSTEIN SERIES IN S = 3/2

17.1. From the foregoing paragraphs, it is clear that we have to consider
only the case X, = h(a(-1)"), a ¢ K*. Furthermore, for z ¢ k" and ¢ € S&),

we have
(17.2) E (voI(a)e J(m),v(S)h(a(—l)Z) @) = E, -1,v(s)) > I(a) ° J(m).

Therefore it is sufficient to calculate the residue in the case X =1,
m = 1. This implies that only z ¢ k" of the form z = %E will play a role.
In particular we get for every ¢ ¢ S(Xo) and g € Mp(A)

(7.3 RO = REEI@ +3 I R eI REE)D).

Eek*
From (8.14), (10.7) and (13.16) we know that ® S(kv)e is an irreducible
H-module and that the map ¢ - 6@#)0 in an injective H-module homomorphism of
® S(kv)e into S(v(})).

17.4. For every v € P and wv € S(kv)e’ define W(wv):Mp(kV) »> C by
W) () = (8) (w) (D).

One verifies easily that wv »—W(wv) is a W(})-model of S(kv)e. By applying
This and the local results in (9.13), (10.12) and (14.8) to (15.12)(ii),
one concludes that {0} & {R%GP(%))| v e S(N} ¢ {6(¢)1| Y e ®S(kv)e}'

2
Moreover, since ®S(k ) is an irreducible ﬂ#module, equality must hold here.
From express1on (5. 3) we see that e(w)l = R%G#(—)) implies 6(y) - RGp(—J)
e(w) R (w( )) By Theorem (15.4) 9(¢) - RGQ_)) = 9(p- w])o. Hence
8y - wl)o is a function on SE(Z,k;\}m(A) S1nce clearly the same holds for
h.e(w-wl)o for each h € ¥, the assumption Y # ¥, would lead to the conclu-
sion that {e(wz)l wz € @S(kv)e} consists of functions on Sﬂ(s,k)\Mp(A)'

This is easily seen not to be true, so that we get

REE) [v e S} = (6w | ¥ e 88 ) ).
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17.5. For ¢ € ® S(kv)e, let ©(y) be the residue in s = 1 of 6(Y,s). O(Y)
belongs to {e(«p)!w €® S(kv)e} and the map ¥ > O®Y) is a ﬁ—isomorphism.
This last fact is a consequence of the following observations. For every

v € P and any b, € S(k ) o? the ﬁ -action on by is isomorphic to that on
L(xp )H (1). As every contmuous 1rreduc1b1e representation of K occurs at
most once in Ind(xv)IK and M(v( ))(S(v( 5))) = LS (k,) ), we may conclude
that ¢_ - M(V(—J)(L(¢ JH (1)) is a K —1somorphlsm from S(k ) onto the
1rreduc1b1e submodule of S(\)(&)). Since the map ¥ + 08(y), w1th v in ®S(kv)
clearly commutes with the action of M, we arrive at the following generali-
zation of (5.8):

17.6. THEOREM. Let { € ® S(kv)e be such that ¢ * \é(p) = ¢ for some contin—

uous irreducible representation p of M. Then there is a A(p) e ¢* such that
o) = A(p) 6(¥),

17.7. We end this paragraph with giving an example of a Y in 033(kv)e such
that 6(y) and ®(y) are not proportional to each other. Take k = Q. Choose
¢ =®¢_and ¥ = &) in &S(k ) as follows: in the f1n1te case ¢ =y =1V 0,
\'4 v v __n_xz -x v v
and y_(x) = , for x ¢ R. From
[9], one can see that ©(¢) = pé(¢). In particular, ®(xp)0(e) # 0. As

@(‘JJ)o(e) = 20(p) () with ) equal to

and in the infinite one, ww(x)

2

. 2
{Jy e""(H-lx)y dy}(l+x2)—£dx f (l+ix)_2(l—ix)—%dx

. 2
{ e-n(1+1x)y dy}(l+x2)-%dx f (1+ix)—](1—ix)_%dx r(_Z-)

He— |B—

J
R
J
R

9(‘1’)0(6) # 0, but S(w)o(e) = 0. This proves the assertion.
§18 THE FUNCTIONAL EQUATION OF THE EISENSTEIN-SERIES

18.1, Our aim in this section is to prove for every ¢ € S(xo(m)):
18.2. THEOREM. For all s € €, E(¢(s),x(m)) = E(M(x(m))(w(s)),v(2)x_l(m)).

First we choose a @ as in (15.1) such that ¢ € S(xo(m) ,Q) and
Mp(A) = SL(2,k)Mp(A,Q). It suffices then to show that the two functions are
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equal on Mp(A,Q). It is no restriction to assume that ¢ = ®¢v. Let U(Q) c¢
be as in (15.6). From the uniqueness of the Whittaker models, we may conclude
that for all v € @ and all s € U(Q) there is a Av(s,z) e €* such that

(18.3) Wz, @) o MO @) = A (s,2)W(z,x, @),

Since W(z,xv(m)) is injective for all s € U(Q) and W(z,xv(m))(w) holomorphic
on C for every y € S(xv(m)), Xv(s,z) is holomorphic on U(Q).

Theorem (15.7) says that EOGp(s),x(m)) = EO(M(x(m))Op(s), v(2)x_1(m)),
for all s € U(Q). Hence this equality holds on €. By reduction theory,
there exists a ¢ > 0 and a compact Y < Mp(A) such that
Mp(A) = {R(0d(t))y|o € SL(2,k), t € L
in proposition (16.2) show then that E(¢(s),x(m))—E(M(x(m))Gp(s)),v(Z)X_l(m))

is a bounded function on Mp(A). Clearly the same holds for its Fourier co-

t >cand y € Y}. The estimates

efficients. From formula (15.11) and theorem (16.7) we obtain
E, (¢ (s),x(m)) (®gv?-Ez(M‘(x(m)) @ (s))) (va)=>\Q(Z,S)v1€10 W(z,x,m) @ (s))(g)

with vae:Mp(A,Q), ¢V(s) = v, H(s)oiv and AQ(z,s) a holoﬁorphic function
on U(Q). .

For sg € U(Q),Awith Re(so)> 2, choose a 60, 0‘<60~<Re(so)—2, such that
B(s),8y) = {r|r e €,|r-s,] < §,} < U(Q). Next we take for all ve qa
g, € Mp(kv) such that for finite v,

sup [W(z,x, ) (s))(g )| >0
seB(sO,SO) X v &
and for infinite v,
sup IM(x_ (@) (0_(s)) (g )| > 0.
seB(sO,Go) o v v
For those g, and s € B(so,Go) we have then
lim| T W(z,x (@)@ _(s)) R@()g) M  W(z,x_ (m)_(s))(g )] = =.
t+0 vst v v v VEQ\Pm Xy v o

This contradicts the boundedness of the Fourier coefficients, unless
AQ(z,s) = 0 for all s € B(so,GO). Hence XQ(z,-) = 0 on U(Q). This completes
the proof of theorem (18.2).
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18.4. Theorem 18.2 enables us to compute the value of 6(y¢,s) in s = 0.

Namely it says that
8(2,5) = EQ(v(s+1) (8(9) A (s)), v -5)) .

By making use of the explicit expressions (15.3) and (15.11) one sees that
the right hand side is holomorphic in s = 0. From (17.4) we know that
8(v,0) ¢ ® S(kv)e. Applying now (15.3) and (15.7) to the zero-th Fourier

coefficient of 6(¥,s), we obtain

18.5. THEOREM. For all ¢ € ® S(kv)e, 0(p,0) = 06().
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