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INTRODUCTION

In many fields of research numerical mathematical problems are solved

with the aid of computers. Very often the matrices that arise must be stored
entirely or partly in computer memory. There are many possible storage schemes,
and it is often worthwhile to make a detailed study of which storage scheme
can be used best for the matrices at hand. Sometimes, advantage can be taken
of special properties of these matrices.
In this book we will study these aspects in detail for sparse matrices (i.e.,
matrices with many zero elements). The choice of a storage scheme for a sparse
matrix depends heavily on the operations to be performed on the matrix. A bad
choice can lead to a considerable increase in the computing time used. Often
many algorithms are available for one particular operation, one algorithm for
each storage scheme for sparse matrices in computer memory.

For the choice of a storage scheme and the necessary algorithms for sparse

matrices, the following criteria can be used:

(i) Are the scheme and the algorithms suitable for all sparse matrices
or are they only interesting in case of a special distribution of the
non-zero elements over the matrix?

(ii) Are efficient algorithms available for all operations? If not, is it
necessary to design new algorithms or to use several different storage
schemes in the same program?

(iii) If the storage scheme is used, how large is the ratio of the required
computer memory and the number of non-zero elements for the matrix
under consideration?

If an analysis of a storage scheme and its algorithms does not provide sa-

tisfactory answers (e.g., the analysis does not give a decisive answer, a



proof is given that a task cannot be computed efficiently), then it may be
worthwhile to permute the rows and columns of the matrix in order that sa-
tisfactory answers can be obtained with the analyses mentioned before. A
related problem is then:

(iv) Design and analyze algorithms that permute an arbitrary matrix in com-
puter memory such that satisfactory results can be obtained for the
permuted matrix according to the criteria given in (ii) and (iii).

The scientific literature contains many publications already with analyses

of storage methods and algorithms for sparse matrices. Mostly storage schemes
and algorithms are designed such that the stated problem concerning sparse
matrices can be solved efficiently in time (e.qg., [35], [69]). These are ana-
lyses in the sense of (i), (ii) and possibly (iv). As for criterion (iii) com-
bined with (iv) only a few storage schemes have been analyzed. For instance,
in the case of band matrices such an analysis has been made (cf. [28]). In
this book a number of additional storage schemes for sparse matrices are pro-

posed and analyzed.

In 1976-77 S.G. van der Meulen and the author developed a software system
TORRIX (cf. [75]) for matrix-vector computations over an arbitrary field of
scalars in the programming language ALGOL 68. Considering the potential use
of TORRIX, it was reasonable to design next to it a special system TORRIX-
SPARSE geared to the manipulation of sparse matrices and vectors, based on
the ideas of [75]. For this purpose the author made a detailed study of the
operations and data structures which a sparse matrix package should provide
(chapter II). Moreover, he developed and analyzed in detail the following

(new) storage scheme for sparse matrices:

(1) The rowmat storage scheme: store the rows of the matrix separately
such that all zero elements at both ends of each row will not be stored. This
storage scheme is well suited for full triangular matrices. If the columns may
be permuted, the optimality (in the sense of (iii)) of this storage scheme for
other sparse matrices is closely related to the consecutive ones property for
rows of a matrix (cf. [27]). As far as we know the relation of the consecu-

tive ones property to a sparse matrix storage scheme has never before been



explored. The consecutive ones property itself has been studied thoroughly

in the past (cf. [39]) and some results are important with regard to the op-
timality of the rowmat data structure. In chapter III we will review these
results. Booth and Lueker (cf. [11]) presented a linear time algorithm to
determine whether a matrix A has the consecutive ones property for rows, i.e.,
whether the columns of A can be permuted in such a way that A can be stored
in a rowmat data structure without storing any zero element. We will prove
the NP-completeness of the problem of finding of an arbitrary sparse matrix
A a largest permuted submatrix A' of A that does not have the consecutive
ones property for rows while every proper submatrix of A' has. Moreover, we
will present an algorithm that enumerates all permuted submatrices A' of A
that do not have the consecutive ones property for rows while every proper
submatrix of A' has in polynomial time per submatrix.

If we want to store in a rowmat data structure a matrix A that does not have
the consecutive ones property for rows, then zero elements will be stored,
even if we do not store A itself but a column-permutation of it. In [10] the
NP-completeness has been proven of the problem to find an optimum column-
permutation of A, i.e., a column-permutation that can be stored in a rowmat
data structure with at most as many stored elements as any other column-
permutation of A. Knowing this, it is reasonable to try and design an algo-
rithm that finds a near optimum column-permutation of A.

In chapter IV we will prove that near optimum column-permutations for arbi-
trary sparse matrices cannot be found by such simple algorithmic schemes like
the on-line column insertion algorithms. In fact we will characterize a large
class of reasonable algorithms that will never do to find near optimum column-
permutations. We will see that there are matrices for which these algorithms
find column-permutations that are even far from optimal. This provides an
indication that the rowmat data structure is not well suited for arbitrary

sparse matrices if full storage optimality is the ultimate goal.

(ii) The tree storage scheme: partition the matrix recursively into blocks
and subblocks and do not store the blocks obtained by this partition which
have no non-zero element at all. Sparseness of a non-zero block can be ob-

tained in three ways:



(1) a block is represented by one (small) full matrix containing fewer ele-
ments than the block itself,
(2) if the non-zero elements of the block are situated along a (small) number
of diagonals, then only these diagonals need be stored,
(3) a block can be partitioned into smaller blocks.
A further reduction in storage can be obtained in case of equal blocks.
Unlike some other sparse matrix storage schemes the tree storage scheme is
not suited for sparse matrices with a random distribution of the non-zero
elements over the matrix. In most practical problems involving sparse matri-
ces, however, there is no random distribution of the non-zero elements over
the matrix (cf. [69]). The tree storage scheme will be proposed and described
in chapter V. This chapter contains also a proposal for a TORRIX-SPARSE sys-
tem in which this storage scheme can be implemented. A slicing mechanism as
in ALGOL 68 is proposed. With such a slicing mechanism operations induce spe-
cific side effects if applied to a matrix or one of its slices. It simplifies
the programming task of the user considerably. We will describe in chapter V
how it can be implemented in the tree storage scheme in such a way that it
leads, if used, to a decrease in computation time in many applications, at
the cost of only a small increase in storage requirements.
Though in many practical problems it is clear what the recursive partition
of the matrix at hand should be, the problem to find for an arbitrary sparse
matrix a good recursive partition is hard. In chapter VI the question is
studied in detail. The matrix is assumed to be given as a set of (small) full
matrices with mutually disjoint index domains, i.e., the sparsity pattern of
A is viewed as a set of mutually disjoint rectangles. Only elements of these
full matrices are allowed to be stored. We will consider in chapter VI two
optimality criteria for recursive partitions: the binary tree determined by
the recursive partition should be of minimum height or have a minimum number
of vertices, respectively. We will present and analyze algorithms that find
recursive partitions of an arbitrary sparse matrix A that are optimal with
regard to the latter and former criterion, respectively. It will be shown

that there are matrices A with a sparsity pattern such that no recursive



partition of A induces a binary tree with a minimum number of vertices and
of minimum height simultaneously.
In this chapter only a few problems concerning optimal partitions are solved.

More research is needed to solve the problems mentioned in chapter V.

In chapter VII we will test the suitability of the TORRIX-SPARSE system in
case it is used for the problem of solving a linear system of equations.
This problem can be divided into a number of subproblems (cf. [63]) and
TORRIX-SPARSE will be tested on three of them: permuting a sparse matrix to
zero-free diagonal form, permuting a sparse matrix to block triangular form
and performing a symbolic LU decomposition. We will try to formulate and de-
sign algorithms for these three problems that take advantage of the storage
schemes proposed in chapter V. This means that these algorithms should be
block oriented and take advantage of the fact that scalar values are stored
in (small) full matrices or in arrays of diagonals. Especially for the pro-
blem of performing a symbolic LU decomposition without row- and column-

permutations an efficient algorithm will be presented.

An introductory chapter is added for a brief explanation of the basic ideas
and objectives of TORRIX (chapter I). In this chapter and chapter V the reader
is assumed to be familiar with the programming language ALGOL 68, especially
its data structure facilities, its slicing mechanism and the identity decla-
ration. Knowledge about transput is not assumed. For an introduction to ALGOL
68 we refer to [52] and [59]. The other chapters can be read without any
knowledge of ALGOL 68.






CHAPTER I

THE TORRIX LIBRARY SYSTEM

TORRIX is a computational system for finite sequences based on the
mathematical theory of linear algebra. In this chapter we will review the
necessary linear algebra (I.1), state the design objectives of TORRIX (I.2)
and give some remarks on the implementation TORRIX-BASIS (I.3). In I.4 sev-

eral possible extensions to TORRIX-BASIS are mentioned.

I.1 PRELIMINARIES FROM LINEAR ALGEBRA.

This section contains a survey of the main definitions and theorems of lin-~
ear algebra underlying the TORRIX system. We will concentrate on fields,
vector spaces, linear mappings and inner préducts, in this order. Whereas
the concepts are likely to be well-known to mathematical readers, the spe-
cific notations and terminology will lead up to the later representations
in the TORRIX system (see I.2). For a more detailed treatise on linear

algebra, we refer to [20] and [41].

I.1.1 Algebraic systems.

An algebraic system is a set S with a number of (total) operations defined
on the elements of S. There may be nullary operations ¢=SO»S, unary opera-
tions S»S, binary operations SxS-S, etc. In TORRIX only nullary, unary and

binary operations are used.

DEFINITION 1.1. A group (G,O0,n,') is a set G with a binary operation

0:GxG»G, a neutral element n€G and a unary operation ' (inverse) satisfying
the following three conditions:
(i) O is associative: (aOb)Oc = aO(boc) for all a,b,cE€G (1.1)
(ii) aOn = nDa = a for all a€G (1.2)

(iii) 'aba = an'a = n for all a€G.



A group (G,+,0,-) is called additive and, by definition, is commutative
(i.e., atb = b+a for all a,b€G). A group (G,X,l,_l) is called multiplica-
tive and may or may no& be commutative.

In an additive group .. a, means a _+a +...+a if psqg and O otherwise and
TE® 1% p ptl qqp<q

ra (r€ N) means iéla' In a mgltiplicative grgup igpai means aanp+IX...Xaq
if pSqg and 1 otherwise and a(r€ IN) means igla' In an additive group a-b
means a+(-b) and in a multiplicative group %.means aX(b_l). We do not need
to distinguish between left and right inverses of a group, because their
equality and uniqueness are direct consequences of the definition of a group

as given.

DEFINITION 1.2. A ring R is a system (R,+,0,-,x,1) in which (R,+,0,-) is an

additive group and (R,x,1) satisfies (1.1) and (1.2). Moreover, multiplica-

tion in R is to be distributive over addition:

ax (b+c) = (axb)+(axc) and (atb)xc = (axc)+(bxc) for all a,b,c€R.

It is easy to see that ax0 = Oxa = 0 for all a€R. If its multiplication is
commutative (i.e., axb = bxa for all a,b€R), then a ring is called commuta-

tive.

DEFINITION 1.3. A field (F,+,0,-,x,1,"1) is a ring in which (F\{O},x,l,_l)

is a multiplicative group.

A field F is commutative if F\{O} is commutative as a group. Non-commutative

fields are called skew. We shall always assume fields to be commutative.

Examples:
(i) The system IN of natural numbers (including 0) is not a group.

Addition and multiplication in IN both do satisfy (1.1) and (1.2).
(ii) The system Z of integral numbers is a ring.
(iii) The system Zn of integral numbers modulo n is a ring. If n is a
prime number, Zn is a field.
(iv) The systems @, IR and € of rational, real and complex numbers, re-

spectively, are all fields.

1.1.2 Vector spaces.

Next we consider the common algebraic system of a vector space.



DEFINITION 1.4. A vector space V over a field F is an additive group with

a mapping of FxV into V (to represent scalar multiplication) satisfying
(1.3).

o (utv) = outov

(@+B)u = ou+Bu o,BEF, u,vEV (1.3)
(axB)u = a(Bu)
lu=u

The elements of F are called scalars and we shall denote them by Greek
letters o,B,Y,--.- . The elements of V are called vectors and will be de-
noted by the letters u,v,w,... . Given a non-empty finite sequence¥) (ui)=

(u1,u2,...,un) of vectors, we can form linear combinations:

DEFINITION 1.5. Let V be a vector space over F and (ui)=(u1,...,un) a se-

guence of vectors of V.

(i) A vector v of V is a linear combination of (ui) if and only if
n

i=171i i
(ii) The vectors (ui) are linearly independent, if there is exactly one

v =L 0a.u, for some sequence of scalars (ai) over F.

linear combination (i.e., one sequence (ai) of scalars) yielding the

zero vector.

Because the zero vector is a linear combination of each vector sequence

(ui), linear independence of (ui) implies

n
= = <isg
iglaiui 0 = oy 0 (1%isn)
n n
= = S‘S .
and iglaiui iélsiui = o Bi (15isn) N (1.4)

Even for infinite sets of vectors one can define a suitable notion of

linear independence: a set S of vectors is linearly independent if and

only if each finite sequence of different vectors of S is linearly in-

dependent.

*) We explicitly did not use the notion of a set here as we wish to allow

for the possibility that there are equal elements among the u, to u -
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DEFINITION 1.6. A set of vectors B in a vector space V is a basis of V if
and only if B is linearly independent and each vector vE€EV is a linear combi-

nation of a finite sequence of B. V is finite dimensional if it has a finite

basis.

In a finite dimensional vector space V all bases have the same number of
elements, the dimension of V or dim(V) (cf. [20]). The following result is

fundamental (cf. [20]):

THEOREM 1.1. Every finite dimensional vector space V over the field F with

dim(V) = n is isomorphic to .

It follows that elements of V can be represented as singly subscripted se-
quences of scalars relative to a given basis (ui). The sequence of n scalars

(0,...,0,1,0,...,0) with a "1" in the ith coordinate position represents u

and
( n
Oy s az ym———- R an ) represents iélaiui'
n n
+ +B, ,—-———
(ul Bl,az 62, ,an+8n) represents iélaiui + igleiui'
n n
(al-Bl.az—Bz, ————— ,an—Bn) represents iélaiui - 15161“1'
n
( YXO s VX0, == ’ Yxah) represents Yiélaiui'

A subset V'C V may be a vector space on its own with the same addition and
scalar multiplication as V. Such a V' is called a subspace of V. If V is
finite dimensional, then so is V' and dim(V')Zdim(V). If V'#V, then dim(V')<
dim (V). For a set of vectors S € V we define the subspace V'c V spanned by
the vectors of S, as the smallest subspace satisfying the following condi-

tions: wES = wEv'
u1€V', uZEV' = au1+Bu2€V' for all o,BEF.

If S is linearly independent, then S is a basis of the subspace it spans.

I.1.3 Linear mappings.

This section deals with the general concept of a linear mapping. In this

section V, W and X are vector spaces over the same field F.
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DEFINITION 1.7. A mapping L:V-W is linear if an only if

L(ou+fv) = o(Lu)+B(Lv) for all u,vE€V, o, BEF.

There is a zero mapping O which maps each u€V onto OEW. The sum of two
linear mappings is defined as (L+M)u = LutMu and for all o€F (oL)u = o (Lu).
With these definitions the set of linear mappings L:V-W is a vector space

over F, denoted as Hom (V,W).

If V=W, one can say more. First there is a linear identity mapping I with
Iv=v for all vE€V, and second, one can define the Eroduct of two linear map-
pings L,M:V»V as functional composition: (LxM)u = L(Mu). With these defini-
tions Hom(V,V) is a ring. The ring is not necessarily commutative, because
linear mappings usually do not commute. Linear mappings L:V-V are often
called linear transformaticns or operators, but as we will need the word
'operator' in another context, we will keep ourselves to mappings in the

context of linear algebra.

For Hom(V,W) a result exists similar to theorem 1.1 (cf. [20]):

THEOREM 1.2. Let V and W be finite dimensional vector spaces over the field
F with dim(V)=n and dim (W)=m. Then Hom (V,W) is isomorphic to o and hence,

dim (Hom (V,W) ) =mn.

Thus, given a basis of Hom(V,W), a linear mapping A€Hom (V,W) can be repre-
sented as a sequence of mn scalars. For reasons of clarity such a sequence

is usually arranged as an m*n matrix with m rows and n columns:

(o

i) 1<ism,1555n”

Let (Vl""’vn) and (wl,...,wm) be bases of V and W, respectively. Related

to these bases we obtain the standard basis (Eij) of Hom(V,W)

1£ism,153sn
with

{o if j#r
= $is 598
Eijvr W otherwise (15ism,1=j5n) 1.5

Eij (1£ism,15j3n) corresponds to the mxn matrix with 1 in the (i,j)th posi-

tion and 0 in all other positions. If mappings A,BEHom(V,W) are represented
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as (o, .) relative to (1.5), the following

i3 1<ism, 15550 29 By i, 15is
statements can be easily proved:
. % n m m n
(i) A(j=1ujvj) = jél iglujaijwi = igl(jglujxaij)wi,
(ii) relative to (1.5), A+B can be represented by (uij+8ij)1§i§m,1§j§n'
Let dim(X)=p, (xl,...,xp) be a basis of X and CEHom (W,X) be represented by
(Yij)léiép,1§j§m relative to the standard basis of Hom(W,X). Then CoA €

Hom (V,X) can be represented by a sequence (§,.)

13)15i5p,1<5<n WEER

m

= <i<p,183<
Eij kélYikxakj (12igp,15j2n)

Remark 1.1. A linear mapping A:V-V is usually represented relative to one
basis for V:

Av,

= FG RS
3711V (1530

Another basis may give rise to a different representation for the same
mapping.
Remark 1.2. In this section sequence elements were numbered from index 1.
Sometimes it is appropriate to start with another index. For example:
Let A€Hom (V,V) be represented by (aij)léi,jén relative to basis
(Vi)1<i_n' If V'c V is a subspace of V, we define the restriction AIV'
of A as the linear mapping B:V'-sV with Bv'=Av' for all v'e€v' (cf. [20]).
If V' is the subspace spanned by the vectors (vk,...,vm), AIV' can be

represented by (aij)léién,kéjém relative to (vk,...,vm).

I.1.4 Inner products.

Many rings R (for instance %, Q, IR) can be ordered according to the follo-
wing rules:
for all o,B,YER
(i) either o<B or BLo and (hence) oZo
(ii) asB and Ba imply a=f
(iii) o=Bf and BSy imply oSy
(iv) o<f implies o+y < B+y
(v) 02 and OSLy imply yxo £ YXB and (hence) axy < Bxy
Given an ordering of a field ¥, the concept of an inner product in vector

spaces over F becomes significant:
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DEFINITION 1.8. Let V be a vector space over an ordered field F. An innexr

(or scalar) product on V is a function <,>:VxV-F with the following proper-

ties:
(1) <u,v> = <v,u>
(ii) <ou+Bv,w> = ox<u,w> + Bx<v,w>
(iii) 0 £ <u,w> o,BEF, u,v,wE€V (1.6)

(iv) <u,u> = 0 implies u=0

Any vector space V with an inner product is called an inner product space.

From the viewpoint of computations with finite sequences, inner products
are very important. Of course there may be many inner products defined on
a vector space V. For instance, if v=1R": let wl,...,wnEJR and each wi>0;

then for each choice of (wi) we have another inner product:
n
<u,v> = i = . = .
u, iélwiuivi with u (ul, ,un), v (Vl' ,vn)

The inner product with wi=1 (1£isn) is most well-known. In I.1.2 a basis
of a vector space V was defined as a linearly independent set of vectors
that spanned all of V. In an inner product space it is easy to find the
linear combination of a basis yielding a given vector v, provided the right

basis is chosen. The following result (cf. [20]) is fundamental:

Theorem 1.3. Let (V, <,>) be an n-dimensional inner product space over F.

Then there is a basis (ul""’un) of V such that:
(1) (ul,...,un) is an orthogonal set; i.e. <ui,uj> z0 if i=j
=0 1if i#j
n <v,u_>
(ii) if VEV, then v = 2 —t

<u,,u,> 1
i=1 i’

n <v,ui>x<ui TW>

(iii) if v,w€V, then <v,w> = 2 5

i=1 <u,,u.>
i'7i

If we represent vectors v and w by finite sequences (vi) and (wi) of

scalars relative to a basis implied by theorem 1.3, then
<v,ui> <w,u,>

n

v, = ———, W, = ————— and <v,w> =1

i <u,,u,>’ i <u,,u,> ! i=1
i’ i’i

V. XW, .
i i
Remark 1.3. There exists a proof of theorem 1.3 which does not use the

ordering of F and thus the requirement 02<u,w> in (1.6) (cf. [20]). We
have introduced inner products with 0S<u,u>, because this condition is
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assumed in most applications of an inner product space over the real number

system IR.

Remark 1.4. A result similar to theorem 1.3 exists for finite dimensional
vector spaces over € on which a so-called hermitian form has been defined

(cf. [41]).

Conclusion. In section I.1 we have put much emphasis on the concept of a
basis. For computational purposes it is important that vectors and linear
mappings can be represented by finite sequences of scalars (see I.1.2 and

I.1.3). The particular choice of a basis can have a strong effect on how to

compute with these finite sequences (see I.1.3 and I.1.4).

I.2 TORRIX DESIGN OBJECTIVES.

I.2.1 Outline of the objectives.

TORRIX has been designed as a computational system for finite dimensional
vector spaces over a fixed but arbitrary field F. This means that, when
somecne (a "user") wants to apply TORRIX, he has to specify the field F
(or more precisely: a computational system S for the field F). Such a gen-
eral design allows TORRIX to be used in many areas of computation: statis-
tics, curve fitting, differential equations, arithmetic with polynomials
over @, and many others.

TORRIX does not contain the system S of any specific field; it is merely
based on assumptions of how a system S is presented to it. When supplied
with an S, TORRIX yields a computational system T for vector spaces over
F. Two different systems S and S' for the same field F will yield two dif-
ferent systems T and T'. In the sequel we will speak about a TORRIX system
T based on a system S for F. The elements of S will be called §gg£s. TORRIX
assumes that the integers are element of F and moreover that 0,1€ Z coin-
cide with 0, 1€F.

As we stated above, the user has to specify S in order to work with T. We

now arrive at the first objective:

Objective 1.1. Define TORRIX in such a way that the user can write a pro-
gram that is valid for different scal-systems S (possibly for different
fields F).
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Probably this objective cannot be fully met: the transput of a given program-
ming language may require special extra specifications of S. This, however,

is not a mathematical problem of S, but merely a representation problem.

Objective 1.2. Design TORRIX in such a way that it is possible to use vectors
and linear mappings as autonomous objects, without the user having to worry

about how they are stored or represented in memory.

Only for reasons of efficiency it may be appropriate to know how a vector

or linear mapping is stored in memory.

Objective 1.3. Design TORRIX in such a way that it is independent of the

dimensions of a vector space and its subspaces.

I1.2.2 Total-arrays.

Let a user-specified S be given. In the design of TORRIX, the following

two technical concepts were introduced.

DEFINITION 1.9.

(1) An arrayl is a mathematical function, mapping a set of consecutive in-
tegers [m:n] into S; arrayl's are denoted by [vi],[¢i],... . [m:n] is
called the domain of an arrayl and is sometimes denoted by Huiﬂ,ﬂ¢iﬂ,

(ii) An arrayZ2 is a mathematical function, mapping the cartesian product of
two sets of consecutive integers [mi:nllx[m2:n2] into S; array2's are
denoted by [aij]’[eij]"" . [m1:n1]1x[m2:n2] is called the domgin of
an array2 and is sometimes denoted by ﬂaijﬂ,ﬂﬁijﬂ,.. . ﬂuijn1=[m1:n1]
and ﬂaijﬂz=[m2:n2].

Arrayl's can represent vectors (relative to some basis) and array2's can
represent linear mappings (relative to one basis, or possibly two bases).

An array is either of type arrayl or of type array2.

DEFINITION 1.10. Two arrays x and y are equivalent if and only if

(1) x and y are of the same type.
(ii) x and y are equal on the intersection of their domains.

(iii) x and y have zero values outside the intersection of their domains.



The definition of equivalence can be formally stated as follows:

for arrayl's [Ui] and [¢i]: for array2's [aij] and [Bij]:
[ui]s[qsi] if and only if [ocij]s[sij] if and only if
(ii) v =¢, for all i€|IUi]]ﬂ|I¢i]| (ii) °‘ij=Bij for all (i,j)el[aijllnlfsijll
(iii) v;=0 for all iEl[Ui]]\[[q)i]] (1i1) @, ;=0 for all (i,j)€[[aij]]\[[6ij]] (1.7
¢,=0 for all i€|[¢i]]\|IUi]] B; ;=0 for all (i,3)€l Bij]]\[[o‘ij]]

It follows that an arrayl [Um,Um+1,...,Un] is equivalent to the arrayl

[oro"_lorUmIUnH_lI""'"runlolol""‘,o]
¥ Yy ¥ LR ¢ ¥
-t m-1 m n n+l t

for any positive integer t that is large enough. Each arrayl [Ui] with
ﬁUiHE[—t:+t] is equivalent to an element of s?**1. The value of t should
be as large as possible provided that all TORRIX operations could be im-
plemented. Thus, it depends on the programming language, in which TORRIX
will be implemented, and the implementation of this language on an actual
machine. In practice a program will never use domains outside [-t:+t], and
it is allowed to identify the space of equivalence classes of arrayl's as
being isomorphic to SZt+1. In the same way array2's are equivalent to

array2's with domain [-t:+t]x[-t:+t].

+
DEFINITION 1.11. An element of S2t 1 is a total-arrayl. A total-array2 is

(2t+1) x (2t+1)

an array2 that is an element of S

Summarizing, we have:
(i) a total-arrayl is a mapping [-t:+t]-s.
(ii) a total array2 is a mapping [-t:+t]x[-t:+t]-s.
(iii) each array (even an array with empty domain) is equivalent to a
total-array.

(iv) TORRIX is a system implementing total-arrays.

I.2.3 Viability of the design objectives.

Objective 1.1 can be fulfilled when it is possible to use an abstract data
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type on which operators*) like +,-,x,/,t,etc. are available, or can be made
available, in the programming language. In a programming language like
ALGOL 68 this can certainly be realized if F is the field IR, @ or Zn. How-
ever, some problems may arise if the field F itself is a vector space over
another field G. In such a case the user may want to work with two TORRIX-
systems. This puts some demands on the programming language in which TORRIX

is implemented.

As for the second objective, it is not enough to have mode (type) declara-
tions for vectors and linear mappings. The way in which the operators are
defined, plays a role too. In fact, objective 1.2 cannot be met in full

generality by any TORRIX system. We show this by means of an example. Con-

sider a programming problem using two vector spaces V, and V, over the field

1 2
IR (e.g. take V1=]Rn and V2 is the vector space of polynomials of degreesn
on the segment [0,1]E]R. The elements of both V1 and V2 may be represented

by arrayl's with domain [0:n-1]. TORRIX does not distinguish between any
typing for arrayl's and thus does not exclude that the "inner product" of
two total-arrayl's is computed, one of them representing a vector of ﬂ{n
the other representing a polynomial. The result is meaningless but it can-
not be detected by the system.

The situation may become worse in case there are two bases of one vector
space in use in an application. This allows two different arrayl represen-
tations [Ui] and [¢i] of one and the same vector v. Computing the inner pro-

duct <v,v> by means of Zui¢i will give an erroneous result.

Objective 1.3 can be met by means of the concept of a total-array as defined
in I.2.2. All vector spaces and their subspaces are considered to be sub-

2t+
spaces of S t 1.

Conclusion. If a programmer is to compute with vectors of different vector
spaces, he must be careful with the use of general operators. In case of
one vector space, TORRIX assumes, that vectors are represented by arrayl's

relative to one fixed basis. As for subspaces V' of a vector space V,

*) We will always use the word 'operator' in the context of a programming
language. In this context it has much in common with procedures and/or

functions (cf. [52], [77]).
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TORRIX assumes that vectors v'€V' are represented relative to the basis

of V' which is a subsequence of the basis used for V.

I.3 TORRIX-BASIS.*)

Each storage scheme for total-arrays yields another implementation of
TORRIX. TORRIX-BASIS is the system in which each total-array is stored in
one concrete array. For other implementations we refer to I.4 and chapter V.
TORRIX-BASIS has been implemented as an ALGOL 68 standard prelude (cf. [75]).

This section highlights some important aspects of this implementation.

I.3.1 Implemented features.

Obviously TORRIX-BASIS contains features for declaration, addition, subtrac-
tion and multiplication of total-arrayl's and total-array2's. Moreover, it
provides the user with "selectors" on total-arrays, like taking submatrices,
rows, columns, diagonals, subvectors and elements. In some operations total-
arrayl's are considered as polynomials. Other operations can be used to
control the storage used by a total-array. These latter operations may not
be present in other implementations. Finally, there are operations that deal
with sequences of §gg£;, but their number is kept as small as possible.
Operations for which the defining algorithm depends heavily on the choice

of the §gngsystem S, are not implemented. Thus, TORRIX-BASIS does not con-
tain transput facilities, operations to solve a linear system of equations,
etc. Nevertheless, TORRIX-BASIS contains operations that can be used in order
to simplify such tasks considerably (for instance: modes and operations to

record permutations).

I.3.2 Choice of programming language.

TORRIX-BASIS was implemented in the programming language ALGOL 68, as it
provides easy mechanisms that facilitate the creation of general routines
and has gained considerable acceptance among programmers of numerical soft-

ware. More specifically, ALGOL 68 was chosen for the following reasons:

*) Much of the terminology in this section derives from the programming

language ALGOL 68 (cf. [77], [s52]).
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(i) It is better and easier to describe and implement a library system
within an existing language, than it is to define and implement such
a system as a new programming language of its own.

(ii) ALGOL 68 provides mode declarations. Thus, it is possible to write
programs using an abstract data type §gg£.

(iii) It is possible to define generic procedures (called operators in
ALGOL 68). For instance, the operator x can be defined for all data
structures of total-arrays regardless of the underlying §gngsystem
S.

(iv) The modes of ALGOL 68 multiple values are independent of the specific
bounds of each subscript. Moreover, multiple values can easily be
"sliced" and a programmer can easily work with vectors of (sub)spaces
of different dimensions and with submatrices (representation of linear
mappings restricted to subspaces).

(v) The way in which the concepts of variables and pointers are united in
ALGOL 68, could be used to distinguish several kinds of variability

of total-arrays.

I.3.3 Data structures in TORRIX-BASIS.

Total-arrays are implemented in the following manner in the TORRIX-BASIS
system. The value t (recall that the domain of each arrayl is a subset of
[-t:+t]) is too big for all practical purposes to allow an ALGOL 68 multiple
value with bounds [-t:+t]. Very likely t will have the maximum value that
allows all kinds of ALGOL 68 slicing features on multiple values with bounds
like [t:t],[-t:-t],[t:-t],etc. Now we will use the equivalence relation
(1.7): in TORRIX-BASIS a total-arrayl is implemented by one multiple value
with one subscript. We say: a total-arrayl is represented by a concrete-
arrayl. A concrete-arrayl consists of a sequence of §gngvalues, neatly ar-

ranged in memory and a concrete domain [m:n] (a descriptor) with lowerbound

m and upperbound n that describes this sequence of §gg};values. In the same
way a total-array2 is represented by a concrete-grray2 with two subscripts
and a concrete domain [ml:nl,m2:n2].

Given a concrete-grray, one should consider it as the total-array that is

obtained by adding "many" zeros to the ends of its concrete domain.
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In TORRIX-BASIS a clear distinction has been made between operations on total
arrays and operations on concrete-arrays, although both types of operations
act on concrete-arrays. All operations on total-arrays have a clear meaning
derived from the mathematical theory of linear algebra. As a consequence the
result of an operation on one or two total-arrays does not depend on the way
a total-array is stored in memory. Several operations on concrete-arrays can
be interpreted as operations on special total-arrays. The number of opera-
tions in TORRIX-BASIS not clearly derived from corresponding operations in

linear algebra, has been kept as low as possible. Needless to say, it would

be in bad taste to define dyadic operators with a total-array and a concrete-

array operand.

We can make another classification of operations, which is more related to
ALGOL 68. Imagine that at some stage of execution (or elaboration) of a pro-
gram using TORRIX-BASIS, there is a set of gcal-locations in memory described

by a multiset of concrete domains.

Notation:
[m1:n1]c[m2:n2] if and only if mi2m2 and ni1sn2,
[m1:n1,pl:q1]c[m2:n2,p2:q2] if and only if
[m1:nllc[m2:n2] and [pl:qllcip2:q2],

D.=D, if and only if D are concrete domains).

17D, €D, and D& D

2 2 (D1 and D

1 1 2

Each concrete domain D describes a set of scal-locations L (D). Whereas < and
= have only been defined for concrete domains of the same type, = and =, are
defined for concrete domains of possibly different types:

D& P,

Dy=P,

if and only if L(DI)EL(Dz):

if and only if D EiD and D C Dl'

1 2 2-L

In ALGOL 68 it is possible to have D1 and D2 with:

DlnD2=¢ but D1=LD2'

D, =D, but L(Dl)ﬂL(D2)=(ZJ,

1 72
and all situations in between.

For any TORRIX-BASIS program Il at some stage of elaboration we define LH as:

Ly = U{L(D) : D is a concrete domain at this stage of elaboration}.
Now we can make the following classification of operations into different

types:
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(i) operations that neither change a §gngvalue of a location in LH nor
create a concrete domain.
Examples: questions about concrete domains,
the computation of inner products.
(ii) operations that create a concrete domain but neither change LH nor
change the §gg17value of a location in LH'
Examples: slicing,
making a concrete domain describing the main diagonal of an
existing total-array2.
(iii) operations that do not create concrete domains, but change the §gg}f
values of locations in Ln.
Examples: assigning zero to a total-array,
adding a concrete-arrgy to another concrete-array,
multiplying a total-array with a scal.

(iv) operations that change LII by adding a new concrete-array to it; of
course there must be a new concrete domain as well to describe this
concrete-array. In most cases §gg}jvalues will be assigned to this
newly generated concrete-array .

Examples: the sum of two total-arrays,

the result of a linear mapping applied to a vector.

W, th

DEFINITION 1.12. An operation of type i is called an operation of the "i

kind".

Based on this classification, and the features of the reference mechanism
of ALGOL 68, we can distinguish two kinds of variability:
(i) variability at the level of the concrete-array: §£g}—locations

get other ggglfvalues. This is the variability of the first (1.8)
ref-level in ALGOL 68,

(ii) variability at the level of the total-array: a total-array
will be rerresented by another concrete-array with possibly (1.9)
another concrete domain. This is the variability of the second
ref-level in ALGOL 68 and includes variability of type (1.8).

A mapping in the mathematical sense (like +, -, etc.) may have several corre-

sponding TORRIX-BASIS operators. Consider, for example, the problem of sum-

ming two vectors. TORRIX-BASIS provides the user with three operators to

perform the addition. Let # and v be concrete-arrayl variables.
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u+<y assumes the concrete domain of v to be a subset of the concrete domain
of # (in the sense of C); it assigns the sum of % and v to the §§g£—
locations of u; it is an operation of the 3rd kind and an example of
variability (1.8).

U + vV generates a new concrete—arragl containing the sum of ¥ and v; neither
U nor vV is changed or its domain affected; it is an operation of the
4th kind.

u+:=v if the concrete domain of v is a subset of the concrete domain of u,
then #U+<v will be performed; otherwise # will be made to refer to the
newly generated concrete-arrayl u+v; it is an operation of the 3rd or
4th kind and sometimes it shows variability (1.8), sometimes variabil-

ity (1.9).

Finally we will give the two most important mode declarations of TORRIX-
BASIS in ALGOL 68:

mode vec = refllscal,

mode mat = refl,]scal;
A vec is a reference to a concrete-arrayl of scals and a mat a reference to
a concrete-arrayl of scals. A vec (mat)-variable allows variability (1.9)
and a vec (mat) on its own allows variability (1.8). For a complete listing
of modes, operators and program-texts in TORRIX-BASIS, one is referred to
[75].

I.4 EXTENSIONS OF TORRIX-BASIS.

TORRIX-BASIS provides the simplest possible implementation of a total-array.
From here there are two possible ways to proceed. In the first direction one
would try to solve problems arising from the abstract data type §§g2 (see

I.4.1 and I.4.2); in the second direction one would apply alternative stor-

age schemes, especially for total-array2's (see I.4.3. and I.4.4).

I.4.1 Complexification of the field of scalars.

In practice one often has a problem in two vector spaces V and Vc over

fields F and FC' where FC is a complexification of F.
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DEFINITION 1.13. Let F be a field and xxx#-1 for all x€F. The complexifica-

tion FC of F is a field of which each element is a tuple of two elements of
F and in which operations are defined as follows:
(1) (x1,y1)+(x2,y2) = (x1+x2,yl+y2)
(ii) -(x1l,yl) = (-x1,-y1)
(iii) (x,y)+(0,0) = (0,0)+(x,y) = (x,¥)
(iv) (x1,y1)%(x2,y2) = (x1xx2-ylxy2, xlxy2+ylxx2)
W) o)L= mx et TPy T )2 0,0)
(vi) (1,0)x(x,y) = (x,y)x(1,0) = (x,¥)
(vii) x,¥) = (x,-y)

A theory similar to the one developed in I.l1 can be developed for vector

spaces over FC. Instead of an inner product, one needs the concept of an

hermitian form:

DEFINITION 1.14. Let F be an ordered field and VC a vector space over FC.
An hermitian form is a mapping <,>:chvc->Fc satisfying the following condi-
tions:
(1) <u,v> = <v,w> u, VeV,
(ii) <au+Bv,w> = ax<u,w>+Bx<v,w> u,v,w€Vc, a,BEFC
(iii) Let <u,uw>=(x,y); then y=0 and x20

(iv) <u,u>=(0,0) implies u=0

Though these concepts are commonly defined only for F=1R, the theorems can
be easily generalized to arbitrary ordered fields F (cf. [74]).

Problems in the vector spaces V and V_ cannot easily be solved with TORRIX-

C
BASIS since the implementation is based on just one field. In [76] a system

TORRIX-COMPLEX has been defined which is an extension of TORRIX-BASIS. If
TORRIX-BASIS is a computational system for working in vector spaces over an
(ordered) field F, then TORRIX-COMPLEX is a system for working in vector

spaces over F If TORRIX-BASIS is based upon an implementation S of F, then

o
TORRIX-COMPLEX is based on the implementation SC of FC.

From the technical point of view, there are no important new ideas in TORRIX-

COMPLEX.
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I1.4.2 Infinite fields of scalars.

A field F with an infinite number of elements usually cannot be implemented

perfectly on a computer. An implementation S of F will consist of a finite

set SCF and a number of operations (like +,-,%,etc.) which can be taken as

adequate approximations to their mathematical counterparts. During a computa-

tion in such an S two kinds of errors (i.e., deviations from the pure mathe-

matical computation) may occur:

(i) precision errors: operations return a scal s'€S which merely is a good

approximation of the wanted scalar s€F.

(ii) underflow/overflow: the execution halts or the operation returns a EEQE
s'€S that is a very bad approximation of the wanted scalar s€F.

For some infinite fields there may be several finite implementations avail-

able. Consider two finite implementations S and S' of a field F with S € S'c F

Usually it is assumed that a computation in S' will give a better approxima-

tion to the result of the pure mathematical computation than the corresponding

computation in S, but that it requires more time. A user can decide to perform

only crucial parts of the computation in S'.

In [76] an extension of TORRIX-BASIS has been given in which several opera-

tions can be performed in a better implementation of F.

I.4.3 Triangular and band matrices.

In many applications matrices (doubly subscripted finite sequences), as re-
presentations of linear mappings, have a large number of zero elements. For
example:

(1) lower triangular matrices, i.e., matrices (aij) with aij=0 for j>i,

(ii) band matrices (with bandwidths k1 and k2), i.e., matrices (Bij) such

. . ke <ion<
that Bij¢0 implies k2_1 j_kl.

These well-known classes of special matrices allow special algorithms. To
implement any matrix of either kind as a total-array2 in TORRIX, one could

define a primitive type rowmat by:
mode rowmat = refflvee co = refllrefliscal co. (1.10)

Given a rowmat r we can find the corresponding total-array?2 [uij] by:
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o,.=0 if r does not have an ith veec or
+ th
if r[i] does not have a j seal,

= r[i][j] otherwise.

A vec of r corresponds to a row of [aij]'

In the same way we can define a diagmat by:

mode diagmat = refl]vec

and the kth vec of a diagmat corresponds to the kth diagonal of a total-
array2 [Bij] (i.e., all elements Bij with j-i=k).

Observe that the mode rowmat can also be used for representing other than
triangular matrices. Neither is the use of diagmats restricted to band ma-
trices. For many matrices the storage scheme implied by using rowmat or
diagmat requires less computer memory than a concrete-grrayZ would. Of course
there are disadvantages too. A concrete-arragy2 has three kinds of substruc-
tures that are concrete-arrayl's: rows, columns and diagonals. A rowmat and
a diagmat each have only one concrete-arrayl substructure.

There is a third difference between rowmats, diagmats and concrete-arraya's.

Associated with the concrete-arrayZ implementation of total-array2's were
two kinds of variability (see I.3.3). The rowmat implementation (and likewise
the diagmat implementation) has three kinds of variability:

(1) changing the scal-value of a concrete scal-element (a scal-element
(i,j) of the total-array2 [aij] is concrete if the corresponding rowmat
contains a scal-location representing uij)'

(ii) changing the concrete domain of a vec of a rowmat,
(iii) changing the number of vecs or their index in a rowmat.
In chapters III and IV we will give a number of results concerning algorithms

working on a rowmat implementation of total-array2's.

I.4.4 Other sparse matrices.

The approach of I.4.3 gives good results only for matrices in which the non-
zero elements are (will be, can be) situated in a special way. It is only

useful for special sparse matrices.

DEFINITION 1.15(cf. [63]). A matrix is said to be sparse if it has suffi-

ciently many zero elements for it to be worthwhile to use special techniques

that avoid storing or operating with the zeros.
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Moreover, the approach of I.4.3 does not take advantage of the frequently
occurring situation that many parts of a matrix are equal (see chapter II).
In chapters II, V and VI we will propose a data structure for general sparse
matrices to be used in an extension of the TORRIX-BASIS system, that aims at
making the following desirable features explicit:

(i) each sparse matrix (aij) can be represented in this data structure, re-
gardless of the distribution of the non-zero elements over the matrix.
Thus, storing of and operating on zero elements can be avoided.

(ii) if large parts of a sparse matrix are equal, only one of these parts

need to be stored in memory.
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CHAPTER II

SPARSITY PATTERNS AND THE USE OF SPARSE MATRICES

Until now we have mentioned two data structures for matrices:
(i) the ngAdata structure, which can be used for full matrices,
(ii) the rowmat data structure, which can be used e.g. for full triangular
matrices.
The choice of a data structure for a sparse matrix A=(aij)1§i§m,1§j§n in
general should be determined by the following considerations:
(i) what is the sparsity pattern of A, i.e., which elements of A are zero
and which are non-zero and how are the non-zero elements distributed
over A?

(ii) which operations will be applied to A? The simplest operations are
those that require access to each non-zero element of A once without
any specific ordering in these accesses. Other operations can change
values of elements of A and even change the sparsity pattern,

(iii) how "easy" is it to exploit the data structure; for example, is all
software that manipulates matrices of this form available?

(iv) how much computer memory and computation time will be needed to store
the sparse matrix and to perform the required cperations on it?

Many algorithms for sparse matrices are designed for special sparsity pat-
terns; thus it may be useful to change the sparsity pattern of a matrix A to
let it fit one of these special formats. (For example, by using row- and
column-permutations, by ignoring several zero elements and assuming tacitly

that they have a non-zero value.)

In this chapter we will analyze the ways sparse matrices are manipulated in a
variety of applications in order to gain insight into what a software system
to manipulate sparse matrices should provide. We will identify a number of
sparsity patterns that arise in practice and investigate several algorithms

to solve a number of practical problems involving sparse matrices.
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In the sections II.1 and II.2 we will concentrate on sparsity patterns that
arise from solving differential equations and linear optimization problems
with numerical methods. Block patterns like block tridiagonal form and doubly
bordered block diagonal form turn out to be important. The definition of these
two as well as some other sparsity patterns will be given in the appendix at
the end of this chapter. In the sections of this chapter we will not include
the definitions of these patterns once again. We will refer to them by abbre-
viations given in the appendix.

In section II.3 we will review a variety of common algorithms for sparse
matrices. We will discuss methods for the solution of a linear system of
equations and study their behavior for several sparsity patterns. Moreover,
we will give a discussion of the simplex method, methods for the linear least
square problem and the eigenvalue problem in the case of sparse matrices.
Each of these methods gives rise to a number of basic operations that a sparse
matrix package should contain, like the matrix-vector product, the permutatior
of rows and of columns and the selection of a block of a partitioned matrix.
In the conclusion of this chapter we will present a list of important basic
operations for sparse matrices.

A study of specific data structures for sparse matrices will be given in chap-
ter V.

II.1 SPARSE MATRICES RELATED TO DIFFERENTIAL EQUATIONS.

Let L and M be appropriate differential transformations defined on a connecte
domain G g]m?. 9G is the boundary of G. The majority of differential equation:
arising from e.g. physics can be divided in three classes (cf. [02]):
(i) Boundary value problems: find a function u defined on G and satisfying
Lu = £ within G, subject to certain boundary conditions Biu =g, on
the boundary 0G. Very often G will be closed and bounded in .
(ii) Eigenvalue problems: find one or more A€ IR and corresponding functions
u such that Lu = MMu within G, subject to the boundary conditions
Biu = AEiu on 09G.
(iii) Initial value problems. The formulation of initial value problems is

the same as for boundary value problems. However, the last parameter
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-1 .
of u is a time parameter and the projection of G into = is open
(and can vary in time). The boundary conditions for t=0 are called the

initial state.

Two well-known boundary conditions arising in the theory of differential
equations are:

(i) the Dirichlet condition: wu(x) = g(x) for all x€9G,

(ii) the Von Neumann condition: %ﬁ(x) = g(x) for all x€9G, in which %;
denotes differentiation along the normal to the boundary directed away
from the interior of G.

In practice other boundary conditions can occur as well, as can all kinds of

combinations of them.

We say a differential transformation L is linear if
L(ou + Bv) = oLu + BLv

for every o, BE IR and all functions u and v for which Lu and Lv are defined.
One can distinguish two kinds of methods for the numerical solution of differ-
ential equations:

(i) finite difference approximations (FDas),

(ii) stationary and weighted residual methods.
In the following two sections we will identify a number of sparsity patterns
that can occur if one of these methods is used. The numerical aspects of the
methods are not the point at issue here and for these we refer to [02] and

[57]. We always assume that a solution exists for all equations dealt with.

Ir.1.1 Sparsity patterns obtained with finite difference approximations.

In this section we will assume that L and M are linear differential trans-
formations. Consider the following systems of differential equations:
Lu = £ (2.1)

and Lu = AMu (2.2)
on G SZEP.
In a FDA method to solve (2.1) or (2.2) a mesh of N points is laid on the
domain G. Then (2.1) (or (2.2)) is approximated in the meshpoints by means
of finite differences (cf. [02]). with L (and M) linear, a linear system of

the form
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AU = F (2.3)

or AU = ABU (2.4)
is obtained with A (and B) NXN matrices and U and F vectors of length N.
The meshpoints, the FDA and the numbering of the meshpoints are chosen in
such a way that (2.3) (or (2.4)) can be solved adequately (i.e., in a reason-
able amount of space, using a reasonable amount of time and yielding a reason-
able approximation to the exact solution u in the meshpoints). Moreover, the
choice is influenced by the domain G, by L (and M) and by the boundary condi-

tions.

In (2.3) the number of non-zero elements in row i of A is equal to the number
of meshpoints used in the FDA of (2.1) for meshpoint Pi (12iSN). From the
viewpoint of error analysis it is needless in most cases to use every mesh-
point in the FDA of every other meshpoint. Moreover, this would lead to a
non-sparse matrix A (and B, in case of an eigenvalue problem) and computing
the solution of (2.3) or (2.4) would require too much time by the sheer size
of the system. Only if the distance between two meshpoints Pi and Pj (possibly
i=j) is very small, can Pj be used in the FDA of the differential equation for

P,.
1

Example 2.1. Let G = {(x,,...,x_) : 1.<x.<u,, 15isn} ¢ ®". Solve
1 n i i i -

n 82u Jdu %1
I, (a, (x).—= + b, (x).5—) + c(x).u = £(x) for all x ={. €G (2.5)
i=1 74 3 2 i 0%,
X, i
i
with u(n) = g(x) on the boundary dG.
u,-1,

Let NE IN and hi = lN = (1£isn). Use a rectangular array of (N+1)n meshpoints

( )

. . .th .
OéjiéN,1§i§n in GUJG, with the iy coordinate of lel---,'n equal
to li+jihi (1£isn). The values of u in meshpoints on 9G are already known, and

P, .
Jgre--3y
we only have (N—1)n unknowns. We will order them in natural columnwise order:

n i -
u(p, ) = U withk = 142 (5.-1) (n-1)+7L,
jl,...,]n k i=1"-"1

If in (2.5) n has value 1, we can use the following approximations:



31

. . _ -
82u . u(11+(31+1)h1) + u(11+(]1 1)h1) 2u(l1 jlhl)
/) 2 -0
"
1 l1 jlhl 1
+(5,+ - +(3, -

5 3 . u(l1 (31 1)h1) u(l1 (31 1)h1)

an Bxl 1+ h 2h1
1791

leading to a system AU=F with A an (N-1)x(N-1) matrix of TDF. For arbitrary

functions a,, b, and ¢, A is not symmetric.

'
If in (2.5)1n=2i and we use the approximations (2.6) in both dimensions, we
have a system AU=F with A an (N—1)2X(N—1)2 matrix of SBTDF. Moreover, the

main diagonal blocks are all (N-1)X(N-1) matrices of TDF and the other non-
zero blocks are of DF.

For arbitrary n in (2.5) A is of recursive SBTDF. For arbitrary functions

a; s bi (1<ign) and c, A is not symmetric but has a symmetric sparsity pattern.
However, if ai(x) and bi(x) (12ign) are not dependent of all coordinates of

X, many non-zero elements of A may have the same value, many non-zero blocks
may be equal and A may be symmetric. For this kind of sparse matrices, special

techniques are designed to solve AU=F (cf. [17] and [18]).

This example is not the only case in which a number of blocks can be equal.
If G can be split up in a number of subdomains G = i§1 Gp with GinGj =0
(izj), such that several subdomains are of the same form, and L gives rise
to the same transformation when restricted to these subdomains, while the
discretizations are the same as well, then this would lead to a number of
equal blocks under a suitable ordering of the meshpoints.

For initial value problems FDAs are used that result in a number of systems
of equations APUP=FP (p=1,2,...). Many of these matrices may have the same

sparsity pattern (&f. [02]).

The natural ordering of the meshpoints and equations is not necessarily the
most optimal for each solution algorithm. Moreover, there are algorithms that,
during their execution, renumber the meshpoints and equations. We shall deal
with renumbering in more detail in section II.3. Here we will restrict our-

selves to two other possible ways of numbering the meshpoints:
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k .

(1) Try to partition the set P = {Pl,...,PN} of meshpoints into P = iglp(l)
i

(k22) such that for any two different meshpoints Pi and Pj (with PiEP(l )

G"

and PjEP ), u(P.) is used in the FDA of L in P, if and only if |i'-3']=1.

- 1
1 (1£i'gk) consecutively, starting with P( ); number

Number the points in P
the equations in the same way.

The matrix A so obtained is of SBTDF, with the main diagonal blocks of DF.
This ordering is important in case the SOR-method (cf. [21]) is used to solve
the system AU = F (see II.3.4). Observe that the required partition of P

does not always exist.

(ii) (Nested dissection, cf. [33]). Try to partition the set P = {Pl,...,PN}

of meshpoints into P = ?Qi P(i) (k22) such that for all points PieP(i') (11!

and PjEP(j') (1s5'sk, i'#3"), u(Pj) is not used inlthe FDA if L in P, nor u(P

in Pj' Apply this partition rule(iicursiviizlso P( ),...,P( ).

If we number the meshpoints of P yeee P (and the corresponding equa-
(1)

tions) consecutively, starting with P , then the matrix A so obtained is of

DBSBDF and the first k main diagonal blocks have this same sparsity pattern.

We conclude that the sparsity patterns of many matrices obtained from FDAs
are some combination of the following two patterns:
(i) the matrix A can be partitioned into A=(Aij) and many blocks of this

partition contain only zero elements,

(ii) many non-zero elements (or blocks) are organized along a few diagonals.
These diagonals are not necessarily consecutive.

Moreover, very often the matrices are symmetric or have a symmetric sparsity

pattern. Many blocks of a partitioned matrix can be equal. In many applica-

tions several sparse matrices with the same sparsity pattern must be manipu-

lated.

I1.1.2 Weighted residuals and stationary methods.

In the stationary methods and methods of weighted residuals the solution u
of (2.1) is approximated by a linear combination of basis functions (ui)

k
u(x) MU = Ic .u (x).

15isk
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Depending on how the boundary conditions are incorporated, one of the (ci)1<i<k

may be fixed. For convenience we will assume that none of the (Ci)1<i<k is
fixed. For many differential equations a variational principle exists, i.e.,
there is a function ¢ : CO

GUQJ
0 .
u of (2.1) (CGuaG is the set of continuous functions on GUOG). (For example,

G»IR which has an extreme value for the solution
u minimizes the energy of a physical system.) All stationary methods have in
common that the extreme value of

{dU(x)) : ciE R}

3¢ (U (x))

is computed by solving the set of equations 3c
i

=0 (125isk).

In the methods of weighted residuals, the set of continuous functions on
GUDG is viewed as a vector space and the solution u is approximated by a

function in the subspace spanned by (ui) . For minimizing u-u we need

15isk
an inner product, norm or seminorm. Let (v,w) be the inner product

(v,w) = [v(x).w(x)dx. (2.7)
G

Several methods exist to obtain good approximations to u (cf. [02]):

the Galerkin methods:

Find ¢ ,...,cp such that (Lﬁ—f,ui) =0 (15i2k), (2.8)
the least square methods: Let [vl=V(v,v). (2.9)
Find ¢ ... 0 such that |Lu-f| is minimal. (2.10)

A stationary method may be used to solve (2.10),

the collocation methods: Let (Pi) be a set of points in GUOG.

15ism
Then we can approximate (2.7) and likewise (2.9) by

o o2 3
<vow> = 3 V(R ) WP, vl = z,v" @0’ (2.11)

Find CyreeeiC such that ]Lﬁ—fl is minimal. (2.12)

k

If L is linear, (2.8) and (2.12) (in case m=k) result in a linear system of
equations Ac=F; if m”k (in (2.11)), (2.12) results in a linear least square

problem. The elements of A=(aij) are defined as:

Q..
1]

i}

(ui,Luj) = éui(x).(Luj)(x)dx in case of (2.8)

i

and aij (Luj)(Pi) in case of (2.12).
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In many practical cases, L is symmetric and positive definite:

(Lv,w) = (v,ILw), (Lv,v)20 for all v,w and (Lv,v)>0 for all v#0.

With a Galerkin method this results in a symmetric positive definite matrix
A. If L is not symmetric, A very often has a symmetric sparsity pattern. All
methods mentioned above give rise to a matrix A which may contain no zero
element at all. Let us consider Galerkin methods in more detail.

In "finite element" methods (cf. [57] and [58]) the basis functions (ui)1§i§k
are chosen such that the resulting matrix A is sparse. The word "element"
refers to the support of one u, - (The support of a function g on G is the set
of points of G in which g has a non-zero value.) G is divided into a finite

set of open subdomains such that the support of each basis function consists

of one or more of these subdomains (possibly except a few points). It often
happens that two different elements have the same form and, if similar basis
functions are chosen, this may lead to a matrix with equal blocks.

Finite element methods are widely used because of their flexibility. If needed,
the derivatives of the solution and the basis functions can be incorporated.
Moreover, knowledge from physical problems can play a role in the choice of
elements and basis functions. Because of this flexibility, all kinds of spar-
sity patterns can occur. In case of rather regular elements (triangles, rec-
tangles, etc.) the sparsity pattern may be as in finite difference approxima-
tion methods. In [32] a choice and numbering of basis functions are proposed
that lead to a matrix of DBSBDF in which all, except the last, main diagonal
blocks have this same sparsity pattern.

Sometimes the solution U obtained for the differential equation is not precise
enough. Then the elements can be refined (i.e., divided into a number of sub-
elements), points added, basis functions replaced and new basis functions
added. For the mat%ix A this implies a change of values of some matrix ele-
ments, and the insertion of new rows and columns. It is possible that rows

and columns must be inserted at every row- and column-position of the matrix.

Summarizing, finite element methods give often rise to matrices with the same
sparsity pattern as matrices derived from finite difference approximation.
Symmetry and symmetric sparsity patterns are important as well as the inser-
tion of rows and columns. The matrix can have equal blocks. Rather arbitrary

sparsity patterns are more likely than with finite difference approximation.
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II.2 SPARSITY PATTERNS IN OPTIMIZATION PROBLEMS.

In the theory of (linear) optimization one often has to solve problems of
the following type:

minimize <c¢,x> subject to Ax=b and xiZO (1£isn) 1

with c,x€:mp,'b€]Rm and A an m*n matrix (msn), f (2.13)

where A may be sparse. Because linear optimization does not provide important
new sparsity patterns, we will only briefly mention a number of them. The
most important difference with matrices derived from differential equations
is that A in (2.13) will never have fewer columns than rows. Frequently oc-
curring patterns are:
(i) Block angular form (cf. [50]) (BAF, see appendix).
(ii) Dual block angular form (cf. [50]) (DBAF, see appendix).
(iii) A combination of block and dual block angular form: A can be partitioned
into A= (Ahk)lgh,k§p+1 such that Ahk=0 if h#k+1, h#1 and k#p+l (cf. [50]).
It is clear that with a simple row-permutation, A obtains the DBBDF.
(iv) Staircase form (cf. [60]), i.e., A is of BBF with bandwidths 0 and 1.
In all these patterns the non-zero blocks can be sparse, even with a rather

irregular pattern.

II.3 NUMERICAL ALGORITHMS AND SPARSE MATRICES.

Numerical methods in linear algebra and optimization theory do not all use
matrices in the same way. Some methods only need a matrix-vector product,
some only change the value of non-zero elements, others change the value

of zero elements and (hence) the sparsity pattern, etc. In this section we
will review a number of methods and will attempt to identify the basic oper-
ations that are applied to sparse matrices. We will deal with linear systems
of equations (sections II.3.1 - II.3.4), matrix eigenvalue (II.3.5), linear
least square (II.3.6) and linear optimization problems (II.3.7). We will see
that many algorithms manipulate sparse matrices in a block-oriented fashion.
Moreover, row- and column-permutations are often used and the matrix is often

viewed as an ordered set of rows or an ordered set of columns.
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II.3.1 Operations on sparse matrices related to LU decomposition.

Methods for solving the linear system of equations

Ax=b A=(aij)1§i,j§n (2.14

are often divided into two classes: direct methods and iterative methods.

DEFINITION 4.1 (cf. [21]). A method to solve (2.14) is direct if (in case we
use exact arithmetic) the solution x is obtained after a finite number of
steps (dependent on the number of rows and columns of A and the values of

its elements). A method to solve (2.14) is iterative if it is not direct.

Iterative methods are often of the form:

A number of approximations x(l),...,x(k) of x are available;

(k+1)

if none of them is good enough, an approximation x is derived from

A, b, x(i),...,x(k)

, which is hopefully a better approximation of x.

The most commonly used iterative methods have the property that they work
with the original matrix and involve no creation of additional non-zeros (cf.
[62]), but there are iterative methods that create new non-zero elements (for
an example, see [56]). We will also distinguish between direct and iterative
parts in methods for the other matrix problems. It is clear that a direct

method cannot contain an iterative part.

The system (2.14) is easy to solve when A is of LTF oxr UTF. In the LU decompo

sition, A is factored as
A=L.U, with L of LTF and U of UTF.

The solution of (2.14) can now be found by (back)solving the following two

linear systems of equations:
Ly=b and Ux=y.

Sometimes, A is factored as A=L.D.U with D of DF and L of LUTF and U of UUTF.
If A is symmetric, U equals the transpose LT of L.
For sparse A, L and U can have non-zero elements in positions where A has
zero elements. Let L= = . s e e i

n e (1ij)1§i,jén and U (uij)lél,jén Assume without loss
of generality uii=1 (15isn). Multiplying L with U leads to the following

equations:
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-1
= - <4Eig
Lig = %y 7kl 153siEe
(2.15)
-1 iil 1<i<s <
and uij = lii.(OLij - k=1likukj) =i<j=n.
From this one can derive:
1,.#0 if and only if o, .#0 or 1, #0 and uk,¢0 for some k with 1
ij ij ik 3
<k<A -
1sksj-1, (2.16)

u,.#0 if and only if o,.#0 or 1, #0 and uk_zo for some k with
1] 1] 1 J

1sksi-1.

k

We will deal only with the general case of (2.16) that subtraction of non-

zero values does not lead to a zero element in L or U. Let

r(a,i) min({i}U{j:aij¢0}):

c(a,j) min({j}U{i:aij¢O}).

If uii¢0 (1£isn), then r(A,i) and c(A,j) are the index of the first non-zero
element in row i and column j of A, respectively. The envelope and fill of A

are defined as follows:
Env(a) = {(i,j) : j2r(a,i) and i2c(a,j)},
£i11(a) = {(i,3j) : a,.=0 and (1,.#0 or u,_.#0)}.
ij 1] 1]

The LU decomposition of A is only of practical interest if fill(A) contains
only a small number of elements. Because numerical cancellation is not taken

into account, we have
fill(a) < Env(A), Env (A) = Env (L+U).

There are matrices A with f£ill(@®) U {(i,3j) : uij¢0} # Env(R).
The envelope of a symmetric matrix or a matrix with a symmetric sparsity

pattern is often called a profile.

How can we keep fill(A) small? The common technique is to permute rows and
columns of A and to factor PAQ as PAQ=LU (for certain nxn permutation ma-
trices P and Q). For a general review of these techniques to keep fill (A)
small, we refer to [35], [37], [63] and [69]. Two of them are the so-called
minimum degree algorithm (cf. [35]) and the related Markowitz criterion (cf.

[63]). These require the following primitive operation:
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Given i and k, find the cardinality of the set {j : j2k, dij¢0} and the
cardinality of the set {j : j2k, uji¢0}.

However, permuting A may be used also to obtain a numerically stable factor-
ization. Unfortunately, these two desires cannot always be fully met simul-
taneously with one permutation of A. For more details we refer to [63]. as
for row- and column-permutations in order to obtain a numerically stable

factorization the following operations are important:

(1) Given k, find the in absolute value largest element (and its indices)
of all elements with both indices at least k.

(ii) Given i and k, find the in absolute value largest element (and its
column-index) of all elements in row i of A with column-index at
least k.

(iii) Given j and k, find the in absolute value largest element (and its

row-index) of all elements in column j of A with row-index at least k.

We conclude that the following operations are important:
(i) selecting a row or a column of a matrix,
(ii) selecting the main diagonal of a matrix,
(iii) changing the value of zero and non-zero elements,
(iv) row- and column-permutations,
(v) adding a part of a row (or column) multiplied with a scalar to the
corresponding part of another row (or column),
(vi) computing the number of non-zero elements in a part of a row or column,
(vii) determining the in absolute value largest element (with its indices)
in a part of a row, of a column or in a submatrix,
(viii) computing the inner product of a part of a row (or column) with a

vector or a part of a column (or row).

I1.3.2 Operations on sparse matrices in block factorization.

A slightly different approach to LU decomposition is block elimination. The

matrix A is assumed to be partitioned into A=(A .), .. ..
ij"12i,jsp

square (15ifp). Hopefully many blocks of A are zero (possibly after row-

such that A,, is
ii

and column-permutations). Each main diagonal block must be non-singular.
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A is factored into A=L.U with L and U of SBLTF and SBUTF. Rewriting (2.15)

gives us:
i-1 .
LigUis T By 7 kBl (15EER)
L= . -5 vy x Tt (1S5<isp) L(2.17)
ij i3~ k=17ik k3 ii =Jmeep :
-1 igl < <
- _ <i<s<
Upg = Byy % By 7 klyByply) (15E<35p)
and the backsolving equations are (with b, x and y partitioned as A):
Ly¥,70y Uo®o Yp
Lya¥y7y Ly, ¥y Upo1,p-1%p-1Yp-1"%-1,p"p
: X : (2.18)
D e :

y =b -.L

I L,
pp'p p j=1 03Y

D
Uy % 7Yy 3850 4%

j
From the viewpoint of programming (2.17) and (2.18) are easy to solve if
each non-zero block of A does contain only a few zero elements. But if a
main diagonal block of A is sparse, special techniques must be applied to
this block. With several sparse main diagonal blocks different techniques

can be used for these blocks depending on their sparsity pattern.

Block factorization does not give rise to many new operations, except that
the operations of II.3.1 must now be applied to blocks. It requires a block
oriented storage scheme in order to allow an efficient selection of blocks,
especially the main diagonal blocks. For more details we refer to [13] and

[31].

I1.3.3 Other direct methods to solve a linear system of equations.

There are direct methods especially designed for matrices with a specific
sparsity pattern. Their behavior is rather bad for general matrices or cannot

be applied at all to matrices with other sparsity patterns.

Example 2.2. Marching algorithms and odd/even reductions are designed for
banded or block banded matrices (cf. [04], [17], [18] and [64]). These are
closely related to LU decomposition or block LU decomposition. The matrix

is accessed along diagonals or block diagonals.
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Example 2.3. In tearing and capacitance methods the matrix A is written as
A =B+ C

where By=z is easy to solve and B differs from A in only a small number of
rows and columns (cf. [14], [16]). For example, B is symmetric, B is block

diagonal, or B can be solved with marching algorithms or odd/even reductions.

Conjugate gradient methods (cf. [03] for a review) are not very interesting
for the design of a data structure, because the matrix A is only used for
matrix-vector products. We conclude that the following operations are impor-
tant:

(i) matrix-vector product,

(ii) matrix product of blocks,
(iii) selection of a diagonal,

(iv) selection of a block diagonal,

(v) deletion of a block of a sparse matrix.

I1.3.4 Operations on sparse matrices in iterative methods to solve a

linear system of equations.

Iterative methods are rather popular because they are easy to implement and,
if convergence has been proven, no problems occur with rounding errors during
the computation. Sometimes each step requires a linear system Kx=y to be
solved, but K has always a rather simple sparsity pattern. Thus solving this
system of equations does not require much time. Often matrix-vector products
are involved and this operation allows a simple data structure for the matrix
Iterative methods have a disadvantage in case (2.14) must be solved for many
different right hand sides. To illustrate all this, we will give three exam-
ples. Many iterative methods to solve (2.14) use a splitting of A:
A=K-R  with K non-singular. (2.19)
Equation (2.19) leads to the iteration scheme:
P41 .
ke ) 2 pe Mg, (2.20)

How can K be chosen?
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Example 2.4. Successive overrelaxation (SOR, cf. [21]) solves the slightly

different system

Ax=b with £=wA, b=ub for a suitable wE IR.

Let E = i+ﬁ+ﬁ with B of DF, i and ﬁ of SLTF and SUTF. Then i = ﬁ+ % and
R = 5(% —1)-ﬁ and we have the iteration:
~ D i+ ~ ~ i ~
@ D _ G d - s (2.21)

However, SOR does not work with A but with A: L=E, D=g, U=g. Substituting
this in (2.21) leads to

o+on)x ) o (1-w)p-wm x ) 4up.

i+
Observe that D+WL is of LTF and each successive x(l b

(1)

can be easily deter-
mined from x
Block versions for this method are available: D is then of SBDF, L and U
of strictly SBLTF and SBUTF. The block versions often converge faster at
the cost of some complication in the computation of each iteration step (cf.

[oz2]).

Example 2.5. Alternating direction methods (cf. [02]) are designed for ma-
trices derived from finite difference approximations of boundary value prob-
lems in Eg:

(i+1) (1)) (2.22)

(B+V4E) x =b - (H—E)(B+H+D)—1(b—(V—D)x

with A = B+H+V and E and D some suitable matrices. B+V+E can be chosen in
such a way that it consists of a full band or is of SBDF with each main di-
agonal block a full band. B+H+D can be permuted to this same sparsity pattern.

(2.22) is a special case of (2.20) with
E=B+V+E to solve the system

Ax=b with A = A - (H-E) (B+H+D) ‘A,

b = b - (H-E) (B+H+D) 'b.

Example 2.6. Meijerink and Van der Vorst (cf. [56]) use a splitting as in
(2.19) such that the L and U of the LU decomposition K=LU have only non-zero
elements in positions where A has them. Moreover, R has non-zero elements

only in those positions where fill could occur if A itself was factored. They
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prove that this splitting exists if A is an M-matrix (i.e., aijéo (1%i,j=n,

i#j) and A_l exists and has no negative elements).

We conclude that the following operations are important:
(i) selection of the main diagonal,
(ii) selection of the main block diagonal,

(iii) operations involved in LU decomposition,

(iv) changing the value of non-zero elements of a matrix.

I1.3.5 Operations on sparse matrices related to the matrix eigenvalue

problem.

Methods for solving the matrix eigenvalue problem

Ax=ABx
must be iterative if one can compute with the operations +, -, x and / only.
Except for Householder and Givens transformations (which will be dealt with

in II.3.6) they do not add new aspects concerning sparsity patterns and oper-

ations. For a bibliography we refer to [67].

II.3.6 Operations on sparse matrices related to the linear least square

problem.

There are many classes of methods to solve the linear least square problem
minimize lax-bll,, A=(uij)1§i§m,1§jgn’min. (2.23)

For a review we refer to [09]. We will only deal with direct methods based
on orthogonalization. For any mxn matrix A of which the columns are linearly

independent, A can be factored as

A = QT.U with Q an mxm matrix QT.Q=Q.QT=I
(2.24)

and U an mxn matrix of UTF.
Then (2.23) reduces to the linear system of equations

U'x=b"
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in which U' consists of the first n rows of U and b' consists of the first n

elements of Qb. The columns of QT provide an orthonormal basis of Ep.

In the Gram-Schmidt method, the first i columns of QT span the same subspace
as the first i columns of A (1%i%n). Column i of QT is a linear combination
of the first i columns of A. In the same way, column i of A can be seen as a
linear combination of the first i columns of QT and these coefficients form
the upper triangular matrix U. This method can create many non-zero elements
(c£. [70]). However, if A is of BAF, QT is of BAF and U is of UTF and BAF.
For computational convenience the last m-n columns of QT do not need to be

calculated.

If Householder transformations are used, Q (in (2.24)) is written as

Q=Q +Q _1-Q _pe cer Qs ]
W, .W,

J__J
<W.[I1]I W,[,1]>
J J

Qj(léjén) orthonormal and of the form Qj =I-2

with Wj an mx1l matrix.

Let Ag=A, A;=0 A,

suitable choice of Wj can be made satisfying

(155%n), An=U. To obtain Aj[i,k]=0 for all i>j2k, a

Wj[i,1]=0 if i<jy,
=0 if i>j and Aj_l[i,j]=0,
#0 otherwise.
This method can create many non-zero elements in the Aj. However, if A is
of BAF, it may be necessary to permute A such that qii¢0 (1£ifn). In case
this can be done with row-permutations only, only the blocks of the Aj that
correspond to the non-zero blocks of A, will contain newly created non-zero

elements (cf. [38]).

In the Givens method, Q is written as

Q=9 .0 10t 9
' -1 -2 §-2

QL Q%

and each Q, =
QJ QJ J J

e e Q§ (1<j<n), with Q; orthonormal
for 15igj-1.

The Q; are chosen such that multiplying A with Q; means that row i and j

of A are replaced by two linear combinations of these rows, creating a zero
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at position (i,j). If A is of BAF, creation of new non-zero elements is re-
stricted to the non-zero blocks. Row-permutations may be needed to obtain

o, ;%0 (1sisn) (cf. [38]).

These three methods of orthogonal factorization change the sparsity pattern
by means of adding non-zero elements to a column (row) if another column (row)
has a non-zero in a corresponding position provided that there is at least

one position where they both have non-zero elements.

We conclude that the following operations are important:
(i) operations related to LU decomposition,

(ii) Givens transformation.

II.3.7 Operations on sparse matrices in the simplex method.

When applied to the linear program (2.13) the simplex method solves a se-

qguence of linear systems
zB=d, By=a and Bw=b (2.25)

in which B consists of m linearly independent columns of A, w and d vectors
of the corresponding coordinates of x and ¢ and a is a column of A not in
B determined by z. B is called a EEEEE of A. If z, y and w are determined
and <c,x> is not small enough, another basis is chosen such that <c,x> will
be less with the new values of w inserted in x. The successive bases of A
chosen differ only in one column: a column of B is exchanged with a. Let

B and B be two successive bases with corresponding linear systems
zB=d, By=a and Bw=b, (2.26)
zB=d, By=a and Buw=b. (2.27)

It is important to solve (2.26) in such a way that a solution of (2.27) can
be easily obtained from the solution of (2.26). We will investigate a number
of methods to solve (2.26) and determine how the sparsity pattern is exploit-

ed. For a general review we refer to [55].

Methods based on inverting the basis. Write B—1 as a product of elementary

INEEREE .E1 (n.b. an elementary matrix is the identity matrix

except for one column), and for all 15jSism

matrices E .E
m m
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(Ei.E.

FEPRERPRIS % : ] £.3%

1 if k=3,
=0 if k#j.

~ . ~=1 .
Then Em. ... .E, .B is an elementary matrix and B can be written as

1

~-1
B =E_,-E . .- ;.

The computation of the inverse of each successive basis adds an elementary
matrix to the list. From the viewpoint of computing time it may be necessary
to reinvert the current basis (if the list becomes too long). When this re-
inversion must be done depends on the sparseness of the elementary matrices
of the list. It is clear that row- and column-permutations of the bases are
allowed to obtain a numerically stable inversion and/or to retain sparseness.
Hellerman and Rarick (cf. [42] and [43]) permute B such that the elementary
matrices remain sparse: B becomes of SBTF with many main diagonal blocks

of LTF; the other main diagonal blocks (bumps) are of LTF except for a few
columns (spikes). The most right upper element of a bump is always non-zero.
Each time a reinversion is needed the algorithm of Hellerman and Rarick can

be used.

Methods based on triangular factorization of the basis. The basis B of (2.26)

can be factored into B=L.U with L and U of LTF and UTF. Commonly L—1 is writ-
ten as a product of elementary matrices, interspersed with permutation matri-
ces. For permutations to lower the fill, we refer to II.3.1 and II.3.2. To
obtain a decomposition of E, several strategies may be used for inserting

the new column v=L-1a in U. In general v will not be sparse.

(i) method of Bartels and Golub (cf. [06]): delete column r from B, move
columns r+l,...,m one place to the left and a will be the new column m.
Then L—lﬁ is of UTF except for the positions (r+1+i,r+i) (0£ism-r). The
decomposition of B can be computed by decomposing L—iﬁ and adding m-r
elementary matrices to the already obtained list. These new elementary
matrices are very sparse: they are all identity matrices except for one
diagonal and one off-diagonal element. New non-zero elements may occur
in U.

Givens transformations (see II.3.6) may be used to decompose L-lB.
(ii) Forrest and Tomlin (cf. [25]) propose a variant of the strategy of

Bartels and Golub: after inserting the new column, row r of B is placed
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at the bottom of the matrix, moving m-r rows upwards. If L—lﬁ is permu-
ted in the same way, yielding ﬁ', U' is of UTF except for row m. The

decomposition of U' will give fill in the last row only. Hence, the up-
per triangular factors of the successive bases retain éparsity, except

for the inserted columns.

Methods based on orthogonal factorization(cf. [38]1, [55]). B is factored as

B=Q.R with QT.Q=I and R of UTF. This factorization has already been discussed
in IT.3.6. To obtain a factorization of 5, insertion strategies can be used

as mentioned with the methods based on triangular factorization.

Many other insertion strategies can be used. Some examples:

(i) saunders (cf. [66]) proposes to permute all spikes obtained with the
Hellerman and Rarick algorithm to the last columns of B (and permuting
the rows likewise). The insertion can be done as in the methods based
on triangular factorization of the basis.

(ii) In case of a staircase system (see II.2) and use of LU decomposition, L
and U have the same sparsity pattern and the new column can be inserted

such that this sparsity pattern is retained in U (cf. [55]).

In this section one extra sparsity pattern was mentioned: bumps and spikes.
Also this pattern is block oriented. Basic operations for the simplex method
are:

(i) row- and column-permutations,

(ii) cyclic row- and column-permutations,
(iii) operations related to the LU decomposition,

(iv) operations related to orthogonal factorization.

Conclusion. In this‘chapter we have reviewed a number of applications in-
volving sparse matrices. We have seen that many sparsity patterns are block
and/or diagonal oriented. Nevertheless, more arbitrary sparsity patterns

can occur also. Symmetric matrices and matrices with a symmetric sparsity
pattern are impbrtant. In many applications the sparse matrix can have equal
blocks. As for operationé on sparse matrices we have found that the following

primitives are important:
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(i) matrix-vector product,
(ii) matrix product of two blocks of a sparse matrix,
(iii) selecting a row, a column, the main diagonal or a block of a matrix,
(iv) changing the value of zero and non-zero elements, '
(v) row- and column-permutations,
(vi) cyclic row- and column-permutations,
(vii) adding a part of a row (or column) multiplied with a scalar to the
corresponding part in another row (or column),
(viii) Givens transformation,
(ix) computing the number of non-zero elements in a part of a row or column,
(x) determining the in absolute value largest element (with its indices)
in a part of a row, of a column or of a submatrix,
(xi) computing the inner product of a part of a row (or column) with a
vector or a part of a column (or row),
(xii) insertion of rows and columns,

(xiii) deletion of a block.

APPENDIX.

SOME COMMON SPARSITY PATTERNS.

Here we will list a number of sparsity patterns and their abbreviations.
Most patterns are identified by the zero elements rather than by the non-
zero elements. We will follow the characterization of Tewarson (cf. [71])

to a certain extent.

Let A=(045) ) ci<m,159n

symmetric sparsity pattern if aij¢0 implies aji¢0. Sometimes it is worthwhile

. We say that a square matrix A (i.e., m=n) has a

to assume that A hab a symmetric pattern by tacitly assuming that a number of

zero elements are non-zero. The symmetric sparsity pattern can be combined

with several, but not all, of the sparsity patterns listed below. Let A be
iti d into A= . that thi iti is

partitioned into (Ahk)léhép,lékéq We say tha his partition is square

if and only if A is a square matrix (15hSmin(p,q)). Thus the main diago-

hh
nal blocks are square. However, the off-diagonal blocks are not necessarily

square. Even for a non-square partition we say that the A (I<h&min(p,q))

hh
are main diagonal blocks.
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DF
BF

TDF

LTF

LUTF

SLTF

UUTF

SUTF

BDF
BBF

BTDF

. BLTF

BUTF

SBBDF

DEBDF

BAF

DBAF

Diagonal form: aij=0 for all (i,3j) with i#j,
Band form with bandwidths W, and Wyt
ui.=0 if i—j<—w2 or i—j>w1,
Tridiagonal form: bandform with bandwidths 1 and 1,
Lower triangular form: aij=0 if j>i,
Lower unit triangular form:
aij=0 if 3>i and uii=1 (1£igmin(m,n)),
Strictly lower triangular form: aij=0 if j2i,
Upper triangular form: aij=0 if i>j,
Upper unit triangular form:
aij=0 if i>j and aii=1 (1€ismin(m,n)),
Strictly upper triangular form: uij=0 if izj,
Block diagonal form: Ahk=0 for all (h,k) with h#k,
Block banded form with bandwidths W, and Wyt
Ahk=0 if h—k<—w2 or h—k>w1,
Block tridiagonal form: block banded form with bandwidths 1 and
Block lower triangular form: Ahk=0 if k>h,
Block upper triangular form: Ahk=0 if b>k,
Singly bordered block diagonal form:
P=q, Ahk=0 if h>k and Ahk=0 if h<k<q,
Doubly bordered block diagonal form:
p=q, Ahk=0 if h#k and h#p and k#q,
Block angular form:
p=g+1 and Ahk=0 for all (h,k) with h#k and h<p,
Dual block angular form:

a=p+1, Ahk=0 for all (h,k) with h#k and k<qg.

All these block patterns have a square-version in which the partition is

square. The "S" of "square" is inserted just before the "B" of "block"” in

all abbreviations if this is the case.
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CHAPTER III

COMPLEXITY RESULTS FOR THE CONSECUTIVE ONES PROPERTY

If we store a matrix A in a rowmat data structure of TORRIX, then this
will not prevent that zero elements are stored in memory (see fig. 3.1).
For many matrices more zero elements than non-zero elements will be stored.
However, in many applications it is allowed to permute the columns of the
matrix. Thus we can look for a column-permutation such that the permuted
matrix can be stored in a rowmat without storing any zero elements. Unfortu-

nately there are matrices for which such a column-permutation does not exist.

0.0 0.0 0.0 2.0 3.0
-1.0 0.0 1.0 0.0 0.0
A=(aij)= 0.0 0.0 3.0 -2.0 0.0 can be stored in
0.0 0.0 -3.0 1.0 5.0
0.0 3.0 0.0 -1.0 -2.0
2.0 concrete domain [4:5]

- »-1.0 } 0.0 | 1.0] " " [1:3]
»[ 3.0 " " [3:4]
»-3.0 ] 1.0 | 5.0} " " [3:5]
» 3.0 | 0.0 [-1.0 |-2.0 | " " [2:5]

Mo

bounds [1:5]
fig. 3.1. Storing a matrix in a rowmat data structure.
In analyzing the rowmat data structure, we are not interested in the exact

value of a non-zero element, but only in the fact ;hat it is non-zero. There-

fore we will only consider {0,1}-matrices in the chapters III and IV.
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DEFINITION 3.1 (cf. [27]). An mxn {0,1}-matrix A has the consecutive ones

property for rows (COR-property) if and only if there is an nxn permutation

matrix P such that the ones of B = AP = (Bij)léiém,léjén

i i i (184S = =1 i =
in each row, i.e., for each i (15ism) Bij 1 and Sik 1 imply Bip 1 for all p

occur consecutively

with j<psk.

In this chapter we will consider algorithmic aspects of the COR-property
and several related problems. First of all we are interested in complexity
results. For this purpose we need some terminology and results from graph
theory (III.1.1) and from the complexity theory of algorithms (III.1.2). Then
we will review the characterization of matrices without the COR-property in
terms of submatrices (III.2). In section III.3 we will analyze the (often
hard) problem of finding these submatrices in an arbitrary {0,1}-matrix A:
we will prove several NP-completeness results and present algorithms that
enumerate all these submatrices of A. In III.4 we will see how the COR-
property can be exploited for two storage schemes for arbitrary sparse ma-
trices; the rowmat data structure is one of them. We will present some com-
plexity results for optimization problems related to these two storage

schemes.

Further applications of the COR-property occur e.g. in the study of storage

schemes for data bases (cf. e.g. [36]).

III.1 PRELIMINARIES.

III.1.1 Graph theory.

A graph G=(V,E) consists of a finite set V of vertices and a set E of un-
ordered pairs (u,vf of vertices with (u,u)¥E for all u€V. The elements of
E are called edges. Two vertices u and v are adjacent if (u,v)€EE. The set

N{v) of neighbors of v contains all vertices u adjacent to v. The degree of

v is the number of neighbors of v. An edge (u,v) is incident to a vertex x
if x=u or x=v; an edge (u,v) is incident to a subset V'C V if either uor v

is a vertex in V'. A path ﬂ=(v1,v .,vn) (n21) is a sequence of vertices

P

such that vy is adjacent to Vi for all i with 15isn-1. We say: T is a

path from v, to v of length n-1. A cycle of length n is a path (v1,v

1 greer
vn,vl) with n22. A path (vl,...,vn) is called simple if it contains n dif-
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ferent vertices. A cycle (Vl""’vn’v1) is simple if the path (Vi"“'vn) is

simple. A simple path (Vl""'vn) in G has a chord if there are i and j>i+l

such that (vi,vj)EE. A simple cycle (v ..,vn) has a chord if (vl,...,v )

1" n-1
or (v2,...,vn) has a chord. A simple path (cycle) without a chord is called

chordless.
Let V' be a subset of V. The subgraph G(V') of G is the graph (V',E(V')) with

E(V') = {(u,v)EE : u€V' and vEV'}. G is connected if there is a path from
each u€V to each v€EV with v#u. A subgraph G(V') is a connected component of

G if G(V') is connected and for all vEV\V' the subgraph G(v'U{v}) is not con-
nected.

A graph G is bipartite if V can be partitioned into V1 and V2 (i.e., V=V1UV2
and V10V2=¢) such that for all (Vl'VZ)EE we have leV1 and v2€V2. A bipartite
graph will subsequently be denoted as G=(V1,V2,E). G is a clique if for all
u and v in V (v#u) we have (u,v)€E.

If we number the vertices of G from v, to Vo G can be represented uniquely

1
by an nxn {0,1}-matrix M(G)=(mij) defined by:

mij=1 if and only if (vi,vj)EE.

M(G) is called the adjacency matrix of G. M(G) is symmetric (i.e., mij=mji

1%i,3j%n). If we number the vertices of a bipartite graph G=(V1,V2,E) in the

following way: V1={v1,...,vn}, V2={vn+1,...,vm}, then M(G) can be partitioned
into
04 N
M(@G) = [-=--t---
Ti
N ; O

where N has n rows and m columns and NT is the transpose of N. N (and not
M(G)) is called the adjacency matrix of the bipartite graph G. Moreover,
for each {0,1}-matrix A there is a bipartite graph G such that M(G)=A.

III.1.2 Complexity of algorithms.

In this section_we will briefly review the pertinent notions from the com-
plexity theory of algorithms. For a more complete introduction we refer to
[01] and [29]. In the complexity theory of algorithms one distinguishes be-
tween a problem and an instance of that problem. An algorithm to solve a
problem must return the right answer if it is applied to any instance of that

problem. The input for an algorithm is a description of an instance of the
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problem to be solved with this algorithm. Each input describes exactly one
instance of the problem. Inputs are sequences of symbols. The length of an
input is the length of this sequence of symbols. We assume that the descrip-
tion of instances is kept as short as possible. E.g. integral numbers are
always described in binary or decimal (etc.) notation and certainly not in
unary notation.

In the study of algorithms four aspects are important: the problem, an algo-
rithm for the problem, an implementation of this algorithm and an assesment
of its efficiency. We will consider only two types of problems. Problems that

require a yes-or-no answer, are decision problems; problems in which a goal-

function must be optimized (i.e., maximized or minimized) are optimization
problems. For each optimization problem in which some integral number must

be optimized, there is a natural correspondence to a decision problem.

Example 3.1.
LONGEST CHORDLESS PATH (optimization version):
Instance: a graph G.

Question: what is the length of the longest chordless path of G?

LONGEST CHORDLESS PATH (decision version):
Instance: a graph G; an integer k.

Question: is there a chordless path in G with length 2 k?

If one has an algorithm for a decision version, it can be used in an algo-
rithm for the optimization version and vice versa.

The complexity of an algorithm is measured by investigating the performance
of an implementation of it on a sufficiently accurate computing model*). We

will call such a computing model "the hypothetical machine".

DEFINITION 3.2.

(i) An algorithm X for a problem Y has a time (space) upperbound f(n), if

there is a ¢>0 and an implementation Z of X on the hypothetical machine

such that each instance of Y with input length n can be solved within

*) Usually the Random Access Machine (RAM) with the limited instruction set
as in [01] is chosen. In the theory of NP-completeness the Turing machine
is normally used, but if RAMs were used the results would remain essen-

tially unchanged (cf. [01], chptr. 10).
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time (space) c.f(n), often denoted by O(f(n)).

(ii) An algorithm X for a problem Y has a time (space) lowerbound f(n), if

there is a ¢>0 such that for all implementations Z of X on the hypo-
thetical machine and for all n>0 there is an instance I of Y with input
length n and Z requires at least c.f(n) time (space) to solve I, often
denoted by Q(£f(n)).

(iii) An algorithm X for a problem Y has time (space) complexity f(n), if X

has upperbound f(n) and lowerbound f(n), often denoted by O(f(n)).

We say X is a polynomial time (space) algorithm, if it has upperbound p(n)

for some polynomial p and X is an exponential time (space) algorithm, if it
ga(n)
f(n)
p. 6). Observe that the complexity as well as the upper and lower time and

has a lowerbound f(n) with liminf = 0 for each polynomial g (cf. [29],

space bounds deal with the asymptotic behavior of an algorithm as n—. In

general exponential time algorithms will be problematic in practice.

DEFINITION 3.3(cf. [29], p. 35).

(i) A problem Y has a time (space) upperbound f(n), if there is an algorithm

X for Y with upperbound f(n).
(ii) A problem Y has a time (space) lowerbound f(n), if each algorithm X

for Y has time (space) lowerbound f(n).

(iii) A problem Y has a time (space) complexity f(n), if it has upperbound

f(n) and lowerbound f (n).

A problem can be solved in polynomial time (space), if there is a polynomial

time (space) algorithm for it.
ITI.1.2.1 NP-complete problems.

NP-completeness is a classification of problems rather than of algorithms.
Only exponential time algorithms are known to solve NP-complete problems at
present, but the proven lowerbounds are all polynomial in the length of the
input. Moreover, the set of NP-complete problems is defined in such a way
that, should one discover a polynomial time algorithm for one NP-complete
problem, there would be polynomial time algorithms for all NP-complete pro-
blems. And the other way round: if one could prove an exponential lowerbound
for one NP-complete problem, then none of the NP-complete problems can be

solved in polynomial time.
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Essential for the theory of NP-completeness is the distinction between deter-
ministic and nondeterministic algorithms. An algorithm is assumed to be deter-
ministic unless it is explicitly stated to be nondeterministic. The state of ‘
a (deterministic or nondeterministic) algorithm consists of the current values
of all its variables and the next instruction of the algorithm tc be executed
(on the hypothetical machine). An algorithm is deterministic, if the next
state is uniquely determined by the current state and, if an input symbol

must be read, this input symbol. The next state may be the termination of

the algorithm. An algorithm is nondeterministic if the current state and the

input symbol (if the instruction to be executed is a read-instruction) allow
a bounded number of states to be the next state. With each execution of an
instruction a guess will be made as to which of the possible next states will
actually be the next state. Nondeterministic algorithms thus allow many dif-
ferent computations on a single input. The deterministic algorithms can be

considered as a special instance of the nondeterministic algorithms.

DEFINITION 3.4.

(1) A nondeterministic algorithm X solves an instance I of a decision pro-
blem Y in time t if there is a computation according to X such that X
returns "yes" if and only if I has answer "yes", and a yes-answer can
be obtained in at most t computation steps.

(ii) X is a nondeterministic polynomial time algorithm to solve a decision

problem Y, if there is a polynomial p such that, for all n€ N and all

instances I of Y with length n, X solves I in time p(n).

Notation 3.1. P is the set of all polynomial time decision problems. NP is
the set of all decision problems that can be solved in polynomial time with

a nondeterministic algorithm.
1

Clearly P < NP.

DEFINITION 3.5. A problem Y1 is polynomially transformable to a problem Y

2'
if there is a transformation that transforms each instance 11 of Y1 in poly-
nomial time (in the length of the input of YI) into an instance 12 of Y2 such

that I1 has a solution if and only if I2 has a solution.

DEFINITION 3.6. A problem Y is NP-complete if YENP and if each problem Y'ENP

is polynomially transformable to Y.



55

Cook has proven that the set of NP-complete problems is not empty (cf. [29]).

Proving a problem Y NP-complete can often be done in two steps:

- prove that YENP,

- take a suitable NP-complete problem Y'; find a polynomial transformation f
that maps instances I' of Y' to instances of Y such that for all instances
I' of Y': I' has a solution if and only if f£(I') has a solution.

With the second step it is proven that each problem QENP is polynomially

transformable to Y. An example of an NP-complete problem is (cf. [29]):

LONGEST PATH: (3.1)
Instance: a graph G; an integer k=20.
Question: does G contain a simple path of length 2 k?
Remark: remains NP-complete if we ask for a simple cycle of length 2 k

(LONGEST CYCLE) .

III.2 CONSECUTIVE ONES PROPERTY AND SUBMATRICES.
We recall the definition of the COR-property:

DEFINITION 3.1. An mxn {0,1}-matrix A has the consecutive ones property for
rows (COR-property) if and only if there is an nxn permutation matrix P such

that the ones in each row of AP occur consecutively.

DEFINITION 3.7. Let A=(dij) be an mxn matrix and B=(Bij) a pxq matrix (psm,
gsn).
B is a permuted submatrix of A, if there are sets I={i1,...,ip} and J={j1,

for all h,k with 15hsp,15ksq.
3
h'k
If I={il,i1+1,...,ii+p-1}, J={j1,j

...,]q} such that Bhk=ai

1+1,...,j1+q—1}, we say B is a submatrix
of A and we write B=A[il:il+p—1,j1:j1+q—1].

The following results are straightforward:

Lemma 3.1. Let A=(uij) be an mxn {0,1}-matrix.
(i) If A has the COR-property, then each permuted submatrix of A has the
COR-property;
(ii) Let P be an mxm permutation matrix. A has the COR-property if and only

if PA has the COR-property;
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(iii) If the mth row of A contains only non-zeros or at most one non-zero,
then A has the COR-property if and only if A[1:m-1,1:n] has the COR-
property;

(iv) If amj=am—1,j for all j with 15j5n, then A has the COR-property if and
only if Al1:m-1,1:n] has the COR-property;

(v) Let P be an nxn permutation matrix; A has the COR-property if and only
if AP has the COR-property;

(vi) If ain=ai,n—1 for all i with 15ism, then A has the COR-property if and
only if All:m,1:n-1] has the COR-property.

As we have seen above (III.1.1), each {0,1}-matrix A is the adjacency matrix

of a bipartite graph G=(VR,VC,E). A permutation of the columns (rows) corre-

sponds to a reordering of the vertices of Vc (VR). Permuted submatrices of A

correspond to subgraphs of G and the COR-property for A corresponds to the

Vc—consecutive arrangement for G:

DEFINITION 3.8 (cf. [72]). Let G= (VosV.,E) be a bipartite graph. G has a V-

consecutive arrangement if the vertices of V_ can be arranged as VC={V1""’

(e}
vn} such that for each w€VR we have

(w,vi)EE and (w,vj)EE imply (w,vk)EE for all k with isksj.

Convention 3.1. In all following figures of graphs vertices are denoted by
circles and edges by lines. In case of a bipartite graph G=(VR,VC,E) vertices
of VR are denoted by blackened circles and vertices of VC by open circles.
The relation between matrices with the COR-property and special kinds of
graphs as well as characterizations of matrices with regard to the COR-
property have been studied thoroughly in the past (cf. [39]). We will only
give the result needed in this chapter.

THEOREM 3.1 (Tucker, cf. [72]). A bipartite graph G=(Vg, Y E) (a {0,1}-matrix
A) has a VC-consecutive arrangement (the COR-property) if and only if G (A)

contains none of the subgraphs (permuted submatrices) given in fig. 3.2.

If a matrix A contains a permuted submatrix Mi’ then we shall refer to A as

simply "containing an Mi“.
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I11.3 ALGORITHMIC ASPECTS OF THE EXISTENCE OF FORBIDDEN PERMUTED
SUBMATRICES.

In this section we will deal with the problem of detecting the forbidden per-
muted submatrices (see fig. 3.2) in an arbitrary {0,1}-matrix A. The follo-
wing questions arise:

(i) does A contain a forbidden permuted submatrix? This question can be
solved in polynomial time with an algorithm of Booth and Lueker (cf.
[11]).

(ii) does A contain a forbidden permuted submatrix with at least k rows?
We will prove that this problem is NP-complete.

(iii) 1list all forbidden permuted submatrices of A. We will give algorithms
for each of the types of forbidden submatrices that are polynomial in
the size of A and the number of forbidden submatrices that will be lis-
ted.

II1.3.1 The existence of a forbidden permuted submatrix.

Let A be an mxn {0,1}-matrix. By Tucker's theorem the existence of a forbidden
permuted submatrix is equivalent to A not having the COR-property. Booth and
Lueker (cf. [11]) gave an algorithm to test whether A has the COR-property
in O(m+n+f) time (f is the number of non-zeros in A). The algorithm is on-
line: the rows of A are processed one by one. It starts with the set S of
all column-permutations of A. Processing row i means that from S all permu-
tations are eliminated which, when applied to row i, do not place the ones
in row i in consecutive order. If S gets empty before all rows of A are pro-
cessed, then A does not have the COR-property. Observe that this algorithm
actually finds the largest p such that A[1:p,1:n] has the COR-property. In
case p=m A has the COR-property.

The fact that S starts out as a set with an exponential (in the number of
columns) number of elements, is not contradictory to the linear time bound
of the algorithm. Booth and Lueker designed in their algo?ithm a data struc-

ture for S with only linear (in the number of columns) space.
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1 1 0 0 O
1 1 1 1 0

a ap a) 0O 0 1 1 0
1 0 0 1 1

a5 az
MV
y ag z
GV

fig. 3.2. Minimal bipartite graphs and matrices not having a Vc—consecutive

arrangement or COR-property, resp.

I11.3.2 The largest forbidden permuted submatrix.

Suppose A does not have the COR-property. To store A efficiently, a relevant
question is how many rows the largest forbidden permuted submatrix of A has.
It is easy to see that the question whether A contains an MIV or MV' can be
answered in polynomial time: generate all 4x6 and 4x5 permuted submatrices
of A and check whether one of them is an MIV or MV. We will see that finding
the largest MI in arbitrary {O,l}—matrices A is an NP-complete problem. The

same holds for finding the largest MI and MI . In this section we will give

I II
these results in terms of bipartite graphs. As we have seen (III.2, fig. 3.2)
the matrices MI' MII’ MIII' MIV and MV correspond to the graphs GI’ GII' GIII'
GIV and GV. We will prove the NP-completeness of the following 6 problems:
LONGEST CHORDLESS CYCLE (INDUCED CYCLE) :

Instance: a graph G; an integer k23.

Question: does G contain a chordless simple cycle of length 2 k?

LONGEST CHORDLESS PATH (INDUCED PATH) :
Instance: a graph G; an integer k22.

Question: does G contain a chordless simple path of length 2 k?
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MAXIMUM GI SUBGRAPH:

Instance: a bipartite graph G; an integer k21.

Question: is there a p2k such that G contains a GI subgraph (a chordless |
E— |

simple cycle of length 2 2k+4)? p ‘
MAXIMUM GII SUBGRAPH:
Instance: a bipartite graph G; an integer k21.
Question: is there a p2k such that G contains a GII subgraph?
p
MAXIMUM GIII SUBGRAPH :
Instance: a bipartite graph G; an integer kz21.
Question: is there a p2k such that G contains a GIII subgraph?
p
MAXIMUM FORBIDDEN SUBGRAPH:
Instance: a bipartite graph G; an integer k21.
Question: is there a p2k such that G contains a GI GII or a GIII sub-
r
p p P

graph?

The first two problems are already mentioned in the literature and are attri-
buted to M. Yannanakis (cf. [29]). However, as far as we know, the proofs
have remained unpublished. We will provide proofs in this section.

We can always assume in the proofs of these 6 problems that k is greater than
a fixed number (for example k24, k27, etc.) without loss of generality. The
subgraphs GI ’ GII and GIII have in common that they contain a chordless
simple path gf 1en§th 2 2p+2? In the NP-completeness proofs we make use of
this property. We will use a basic transformation BT from a graph to a bi-

partite graph (see also fig. 3.3):

Given a graph G=(V,E) with V={v1,...,vn}, E={e1,...,em}. (3.2

BT (G)=(W,F,D) with W={w1,w2,...,wn}, F={f1,f ,...,fm},

2
D={(f,,w.): e. is incident to v.!}
J 1 J 1

v, v, . , w, w,
i 4_1' will be transformed into i i'

fig. 3.3. The transformation BT.
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In the sequel we will often speak of the w-vertices and f-vertices of a trans-

formed graph BT(G). Without proof we state:

Proposition 3.1. Let G=(V,E) be a graph.

(i) BT transforms G into BT(G) in polynomial (in the length of a description
of G) time;
(ii) Each f-vertex of BT (G) has degree 2; (3.3)

(iii) BT(G) does not contain a cycle of length £ 5.

Proposition 3.2. Let G=(V,E) be a graph as given in (3.2).

(i) G contains a simple path of length p if and only if BT(G) contains a
chordless simple path of length 2p.
(ii) G contains a simple cycle of length p if and only if BT(G) contains a
chordless simple cycle of length 2p.
Proof: The proof of (ii) is less complicated than the proof of (i), though
the same arguments are used in both proofs. Therefore, we will only give the

proof of (i).

=: Suppose G contains a simple path 1T=(vi reeeaVy ) with edges ey =(vi '
0 P J j-1
Vi.)' 1£jSp. Then ﬂ'=(wio,fh1,wi1,...,fhp,wip) is a path in BT(G) of length

2p. All vertices of T' are different, because T is a simple path. 7' will
not have a chord, because, with the fact that BT(G) is bipartite, it would
contradict (3.3). Thus 7' is a chordless simple path of length 2p.

<«<: Suppose BT (G) has a chordless simple path ﬂ=(x0,x y.-.1X, ). There are

1 2p
two cases:

. _ << . _ <i< .
0 is a w-vertex. Then XZi (0%isp) is a w-vertex and X2i—1 (12igp) 1is

an f-vertex. The corresponding vertices and edges in G form a simple

(i) x

path of length p.

(ii) x, is an f-vertex. Then there is a unique vertex x_,#x, in BT(G) adja-

0 1771
cent to Xq- Because T is chordless, X_4 is unequal to X1 (25isp).
Moreover, X_y is not adjacent to any X, (12i%p-1) because of (3.3).

Thus the path ﬂ'=(x_1,x0,...,x ) is a chordless simple path of length

2p-1
2p in BT(G) and with the same arguments as given for case (i), we con-

clude that G contains a simple path of length p.
o

The NP-completeness proofs we give (theorem 3.2, 3.3, 3.4 and lemma 3.2, 3.3,

3.4) have the structure suggested in III.1.2.1 and all use a similar argument.
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THEOREM 3.2. THE LONGEST CHORDLESS PATH problem is NP-complete.

Proof:

a) Given a graph G=(V,E) and an integer k, the following nondeterministic
algorithm proves that LONGEST CHORDLESS PATH is in NP. Guess a vertex and
with each step guess a next vertex that is adjacent to the previous vertex,
and check that it is not adjacent to the other previous vertices., If G
contains a chordless path of length k, the algorithm will find it with
k guesses in polynomial time.

b) Recall LONGEST PATH is NP-complete (cf. (3.1)). Using proposition 3.2(i)
the transformation BT easily establishes that LONGEST PATH is polynomially
transformable to LONGEST CHORDLESS PATH.

Corollary 3.1. The LONGEST CHORDLESS PATH problem for bipartite graphs is
NP-complete.

THEOREM 3.3. The LONGEST CHORDLESS CYCLE problem is NP-complete.

Proof: The proof is similar to the proof of theorem 3.2, this time using pro-
position 3.2(ii) to transform the LONGEST CYCLE problem (which is NP-complete
by (3.1)) to the LONGEST CHORDLESS CYCLE problem.

Lemma 3.2. The MAXIMUM GI SUBGRAPH problem is NP-complete.

Proof: This proof is equal to the proof of theorem 3.3.

Lemma 3.3. The MAXIMUM GII SUBGRAPH problem is NP-complete.

Proof: Let a GII graph have the labelling as given in fig. 3.2.

p
a) MAXIMUM Gq SUBGRAPH is in NP:

Let G=(VR,VC,E) be a bipartite graph. Guess a number pE€ IN with
képémin(lVR|,|Vc|)—3. Generate with 2p+6 guesses a subgraph G' of G with
2p+6 vertices. Locate for G' the vertices x, and x, (x, and x, are the

1 2 1 2

only two vertices in G' with degree p+2); locate X and check whether

the remaining vertices of G' from a chordless path with:

(i) no vertex adjacent to x

o

(ii) the first vertex adjacent to %, and not to Xy
(iii) the last vertex adjacent to X, and not to X

. d _th

(iv) the 3r 5 7 ,... vertex adjacent to both x, and x.,.

1 2
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If G contains a GII subgraph with 2p+6 vertices, the given nondeterministic
algorithm will find it in polynomial time.
We will show that LONGEST PATH can be polynomially transformed to MAXIMUM

GII SUBGRAPH.

Let H be an arbitrary graph with vertices v ,...,vn and edges el,...,em.

1
We extend BT(H) with the following vertices and edges:

vertices edges
t1 (tl'fj) for all j (15jsm),
t2 (t2,fj) for all j (15jsm),
t, (tl'to) and (t2,to),

Yl""'yn (wi,yi) and (tl’yi) for all i (1%isn),

Yyreeo¥y (w,,y]) and (t,,y;) for all i (1Sisn).

We call this graph H'. Claims concerning H':

(i) H' is bipartite, (3.4)
(ii) each f-vertex has degree 4, (3.5)
(iii) t1 and t2 have degree m+n+l; degree(t0)=2, (3.6)
(iv) each Y, and yi has degree 2, (3.7)

(v) let (wi ,ul,wi ) and (wi ,u2,wi ) be two paths between two

0 1 0 1

w-vertices; then u1=u2 and u1 is an f-vertex, (3.8)
(vi) degree(wi) = degree(vi)+2 for all i (1%isn). (3.9)

We will prove that H has a simple path of length p2k if and only if H'
has a GII subgraph.

=: Suppose H has a simple path (vi reeeaVy ) with edges ej y.-+,e, . Then

0 P 1 p
wi ,...,wi ' fj ""'fj B Yi . yi ’ to, t1 and t2 determine a GII sub-
0 p 1 p Y p P
graph in H' i? which wio,...,wip are ao,...,aP and f_l,...,fjp are

bi""'bp (see figure 3.2).

<: Suppose H' has a G subgraph. We have to show that a ..,aP are

0'"

P -
w-vertices and bl""’b are f-vertices (see fig. 3.2). We assume that

II

p2k23, thus degree(xl) = degree(xz) = p+225. With (3.5) neither X, nor

x, is an f-vertex. With (3.6) and (3.7) neither X, mor x, is to, y; or

y5 for some i or j.
There are at least p+124 distinct paths in H' of length 2 from %y to Xy.

This means that (using (3.8)) X, and x, are not both w-vertices. There

remains that %, and x, are t1 and t2 or only one of them is a w-vertex.

Claim: Neither x1 nor x2 is a w-vertex.
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Proof: Suppose x =w. for some i, with 1£i_<n. Then x, must be t, or t,.

0 0 0 2 1 2

Without loss of generality we assume x2=t2. Now we look at y in the

1

GIIP subgraph.

case 1: y=yY; i then a_.=t,. bl""’bp are adjacent to x, (a w-vertex)

0 01

and with p>3 we have that at least two of them must be f-vertices and

1

therefore a. is adjacent to at least two vertices of b

0 ..,bp. Contra-

1"
diction.

case 2: y is an f-vertex. With x =t2, x, should have been adjacent to

2 2

y. Contradiction.

case 3: y=yi . With the argument of case 2, we have a contradiction.
0
There are no other possibilities for y and we have a contradiction to

the assumption that x =wi .

0
Now we have x1=t1 and x2=t2. t0 does not occur in bl""’bp because its
degree is too small. All this means that bl""'bp must be f-vertices and

1

aO,...,aP must be w-vertices. The corresponding vertices in H' determine

a simple path of length p2k.

So, we conclude H' has a G

1T subgraph if and only if H has a simple path
p

of length p2k and LONGEST PATH is polynomially transformable to MAXIMUM GI'

SUBGRAPH.

Lemma 3.4. The MAXIMUM GIII SUBGRAPH problem is NP-complete.

Proof:

a)

b)

Analogous to the proof of lemma 3.3 we have that MAXIMUM GIII SUBGRAPH

is in NP.

To prove that MAXIMUM G SUBGRAPH is NP-complete, we use a transformatiol

IIT
from LONGEST PATH. Given a graph H and an integer k, we construct a bipar-

tite graph H' by adding the following vertices and edges to BT(H):

vertices edges
ty (t3,t4)
; <9<
t4 (t4,fj) for all j (1£jm)
|- (z, ,w.) for all i (1£isn).
1 n i’ i
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Claims concerning H':
(i) H' is bipartite,
(ii) each f-vertex has degree 3,
(iii) t3 has degree 1 and t4 has degree m+l,
(iv) for each i (15isn) degree(zi)=1 and degree(wi) = degree(vi)+1,

(v) let (wi ,u,wi ) be a path between two w-vertices; then u is
0 1
an f-vertex and unique.

We will show that H has a simple path of length p2k if and only if H' has

a GIIIp subgraph.
=: Suppose H has a simple path (v, ,...,v, ) with edges e, ,...,e. . Then
i i J J
0 P 1 p
wi ,...,wi ' fj ,...,fj ’ zi ’ zi v t4 and t3 determine a GIII subgraph
0 P 1 p Y P P
in H'.

<: Suppose H' has a G subgraph (see fig. 3.2). Assume kz23. Because

III
P
degree(x4)24, X, must be t4 or a w-vertex. With k23, it is impossible that

x4 and a1 are both w-vertices or that x4 and a2 are both w-vertices, and

therefore x4=t4. With x4=t4, bl""’bp are all f-vertices and ao,...,a

are all w-vertices. The corresponding vertices in H determine a simple

p

path of length p2k.
We conclude that LONGEST PATH is polynomially transformable to MAXIMUM GIII
SUBGRAPH.

THEOREM 3.4. The MAXIMUM FORBIDDEN SUBGRAPH problem is NP-complete.

Proof:

a) With lemma 3.2, 3.3 and 3.4 we have that MAXIMUM FORBIDDEN SUBGRAPH is in
NP.

b) To prove that MAXIMUM FORBIDDEN SUBGRAPH is NP-complete, we use a trans-
formation from LONGEST PATH which is a combination of the transformations
used in the proofs of lemma 3.3 and 3.4. Given a graph H and and an inte-
ger k25, we construct a bipartite graph H' by adding the following verti-
ces and edges to BT(H):
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vertices edges
t (tl.fj) for all j (159%m)
t ) (t2,fj) for all j (15j%m)
to (tO'tl) and (to,t2)
i <is
Yyreees¥, (wi,yi) and (tl’yi) for all i (1=isn)
Yi,--vryﬁ (wi,yi) and (tz,yi) for all i (1%isn)
t, (tyr£) for all j (15£j%m)
t, (tyrty)
Zyreeer2y R for all i (1%iSn)

Claims concerning H':
(i) H' is bipartite,

(ii) each f-vertex has degree 5,

(iii) degree(tl) = degree(tz) = m+n+1, degree(to)=2,

(iv) each ¥y and yi has degree 2,

(v) each z; has degree 1,

(vi) degree(t4)=m+1, degree(t3)=1,

(vii) degree(wi) = degree(vi)+3 for all i (1%isn),

(viii) if (wi ,u,wi ) is a path in H', then u is an f-vertex and is unique.
0 1
Recall that k25. We will show that H has a simple path of length p2k if

and only if B' h G .

nly 1 as a G, , GII or GIII subgraph:

P P p
=: if H has a simple path of length p2k, then H' has a GII and a GIII
p p
subgraph. (See the proofs of lemma 3.3 and 3.4.)
<: We will deal with three cases:
case 1: H' contains a GIII subgraph (see fig. 3.2). The only possibilities
p

for x, are that x, is a w-vertex, tl' t2 or t4 (because degree(x4) =

p+126) . Then bl"":bp can only be f-vertices, Yl""’yn’ yi,...,yé. How-
ever, with degree(bi)23 we have that each bi (15isp) must be an f-vertex.

The vertices ao,...,ap are w-vertices, tl' t2 or t4. Because each bi is ad-

jacent to tl’ t, and t4, each a, (0£isp) must be a w-vertex. The vertices

2
in H corresponding to ao,...,ap determine a simple path of length p2k.

case 2: H' contains a GII subgraph (see fig. 3.2). degree(xl) = degree(xz)

= p+2>5 and therefore %y and x, are w-vertices, t1 5 OF t4; and bl""’

b _must be f-vertices. Because each f-vertex is adjacent to t

, t

17 t2 and
t4, each ai (0£isp) is not tl’ t2 or t4, but a w-vertex. The vertices
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in H corresponding to aO,...,aP determine a simple path of length p2k.

case 3: H' contains a GI subgraph (see fig. 3.2). With k25, this subgraph

P
contains at least 14 vertices. If the subgraph (which is a chordless cycle)

contains tl’ t, and t4, then it contains at least two f-vertices adjacent

2
to t4 and therefore is not chordless (contradiction).
If the subgraph (as a chordless cycle) contains t1 and t2 but not t4, then

it contains at most one of the Yqre--s¥, s One of the yi,...,yé and to;
thus the other 2 9 vertices are all w- or f-vertices with at least 4 f-
vertices (contradiciton).

If the subgraph contains t, and not t

1 2
6 f-vertices (contradiction).

and t4, then it contains at least

If the subgraph does not contain t, and t2, but does contain t,, then it

1
contains at least 6 f-vertices (contradiction).

4

We conclude that the subgraph contains neither t1 nor t2 nor t4 and there-
fore contains only w- and f-vertices. The graph H contains a simple cycle

of length p+2 and therefore a simple path of length p2k.

Hence LONGEST PATH is polynomially transformable to MAXIMUM FORBIDDEN SUB-
GRAPH.

II1.3.3 Enumerating all forbidden permuted submatrices.

In this section we consider the enumeration of all forbidden subgraphs of
a bipartite graph G=(VR,VC,E). According to [73] an enumeration problem is
P-enumerable if all solutions can be listed in time N.p(n) where N is the
number of solutions found, p a polynomial and n the length of the input. In
this section we will present an algorithm to enumerate all forbidden sub-
graphs of a bipartite graph G in time O(IEIZ.N+p(n)), thus proving that this
problem is P-enumerable. We will make no distinction between a chordless
path T in a graph G and the subgraph of G determined by the vertices of Tm.
We will first prove that the number of solutions to be enumerated can be
exponential in the size of G.
Fact 3.1. There is a sequence (G,).., of bipartite graphs such that each G,
(i+2) (i+5) i'ie3 +

2

it il
least 5 GII subgraphs and at least 5 G

has vertices and each Gi contains at least (i-1)! GI subgraphs, at

1T subgraphs.
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Proof: Let Ci be the clique with i vertices. Gi is the graph generated by

applying to C, the transformation used in the proof of theorem 3.4. So Gi has
1Eigléiiél vertices. To each simple cycle in Ci corresponds a GI subgraph and

to each simple path in Ci corresponds a GII and a GII subgraph in Gi and
il

2

I

vice versa. Ci contains (i-1)! simple cycles of length i and simple paths
of length i-1 (for iz24).

o

To detect all forbidden subgraphs in a bipartite graph we use a subroutine
ENUMCHORDLESSPATHS that finds all chordless paths between two specified ver-

tices. The following result is essential for the design of this subroutine.

Lemma 3.5. Let G be a graph and T=(x=x ,xl,...,xn=y) be a chordless path

from x to y. Then: °
(i) for each j (05jsn) and k>j, X is not adjacent to XO""’xj—l' (3.10)
(ii) Let T' be another chordless path from x to y; then there is an i
(1£isn-1) such that xiﬁﬂ'.
(iii) Let ﬂ'=(x=qo,q1,...,qm=y) be a chordless path from x to yi; let iO
be the least index with xiogﬂ'; then q1=xj for all j with Oéjéio-l.
Proo :
(i) Immediate from the definition of a chordless path.
(ii) Suppose T' contains KyreeerX . m' is different from T, so two possibi-

lities arise:

(a) T' contains also a vertex z¢m. Then two adjacent vertices of T are
at different sides of 2z in T'. Thus 7' is not chordless. Contra-
diction.

(b) m' is a permutation of the vertices of T. Then there is an iO
(léioén—l) such that xio is in T' adjacent to xj with j¢io—1 and

j¢io+1. But then neither T nor T' is a chordless path. Contradictior
(iii) Similar to the proof of (ii).

o

Let N(x)={a1,...,ak} be the set of neighbors of x; let G—x—N(x)+ai denote
the graph obtained from G by deleting x and N(x) except a, from G. The sub-
routine ENUMCHORDLESSPATHS finds all chordless paths from x to y (x?Zy) as
follows:

for i=1,...,k generate all chordless paths from ai to y in the 5

graph G—x—N(x)+ai; add x to all these paths T (denoted by x+mT). (3.11)
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Lemma 3.6. Procedure (3.11) finds all chordless paths in a graph G=(V,E) from
x to y (x,y€V, xzy).

Proof: We have to prove that each detected path is chordless and that each
chordless path in G from x to y will be found by this procedure.

(1) Suppose ﬂ=(ai,x2,...,xn=y) is a chordless path of length n-120 in
G-x—N(x)+ai for some i (15iSk). By the construction of G—x—N(x)+ai,
(x,ai,xz,...,y) must be chordless in G.

(ii) Suppose ﬂ=(x=xo,x1,...,xn=y) is a chordless path in G from x to y.
Then %y
path in G—x—-N(x)+ai of length at least O.

=ai for some i (15ifk). With (3.10), (xl,...,xn) is a chordless

o

Fact 3.2. Let G=(V,E) be a graph and x,y€V (x2y). If y is a neighbor of x,
then (x,y) is the only chordless path from x to y.

Fact 3.3. Let G=(V,E) be a graph and x,y€V (xzy). If x and y are connected
then there is a chordless path from x to y.
Proof: A shortest path connecting x and y is always chordless.

u]

In view of these facts it is reasonable to let ENUMCHORDLESSPATHS make use
of the following stopcriteria with regard to a recursive call:

(i) y is a neighbor of x, (3.12)
(ii) there is no path from x to y. (3.13)
As long as neither (3.12) nor (3.13) is satisfied, the subroutine will call
itself recursively and will find a chordless path. It returns a ﬁmwily*) of
subsets of vertices. Each returned subset constitutes another chordless path

from x to y.

algorithm 3.1.
proc ENUMCHORDLESSPATHS = (graph G, vertex x,y)family:

¢o let G=(V,E) be a graph. ENUMCHORDLESSPATHS returns

a family of chordless paths from x to y. co
1f yEN(x) then return ({x,y}) (1)
elif the connected component of G containing x does not contain y (2)

*) family is neither an ALGOL 68 nor a TORRIX concept.
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then return @ (3)
else family s := @; (4)
for all a€N(x) (5)

do family T = ENUMCHORDLESSPATHS (G-x-N(x)+a,a,y); ) (6)

for all m€T do S := sU{x+m} od (7)

od; (8)
return S (9)

hil

Observe that when a family S is returned in line (9), it will not be empty.
If each path TES is represented as a linked list and a family as a linked
list of subsets of vertices, line (7) uses an amount of time linear in the
sum of the lengths of the paths found, when considered over all recursive
calls of ENUMCHORDLESSPATHS. Line (2) can be performed in time linear in
the number of edges in E (cf. [68]). If in line (6) integers are assigned
to the vertices in G-x-N(x)+a, denoting the depth of recursion, computing
the parameters requires at most O(IVI) time (x and N(x) are not actually

deleted from the data structure for G). Hence:

Lemma 3.7. Let G=(V,E) be a graph and xo,yOEV (x0¢y0). Algorithm 3.1 executes
in time O(IE!Z.N), where N is the number of chordless paths found.

Proof: If N=0, then the algorithm halts in line (3) without any recursive
call in time at most O(|E!). For each occurrence of a vertex v¢yb on a de-
tected path, there was a call of ENUMCHORDLESSPATHS with x=v. In this call
O(IEI) time was needed for line (2). If line (6) was executed, then at least
one WEN(v) is a vertex on a detected path. As for v, line (6) can be executed
at most degree(v)-1 times without finding a path from v to Yo+ The total time
needed for this occurrence of v in a detected path (without counting line (7))
is bounded by O(|E|) + (degree(v)—l).O(lEi). The total time needed by this

’
algorithm can now be estimated at

2 O(IE]).degree(v) + z length () s
all occurrences of vEV TES
in a detected path

< o(le)).] ) degreetwy s o(|E[SH.J1 = o(eld.N
TES VvET TES
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Given ENUMCHORDLESSPATHS, it is easy to generate all forbidden GI' GII and
GIII subgraphs of a bipartite graph G=(VR, C,E). We will use the word
biggrggh to denote a data structure for a bipartite graph. Algorithm 3.2

generates all chordless cycles of length at least 6 in a bipartite graph:

algorithm 3.2.
proc GI = (bipgraph BG)family:
co let BG = (VR,VC,E); GI returns the family of all subsets V'C VRUVC

such that BG(V') is a GI subgraph with at least 6 vertices.

co
(family s:=@; (1)
while E#Q (2)
do let (v,w)€E; E:=E\{(v,w)}; (3)
S := S U ENUMCHORDLESSPATHS ( (VRUVC,E),V,W) (4)
od; (5)
for all m€s do if length(m)<é then s := s\{n} fI od; (6)
return S (7)
)

Note that, when (v,w)€E, a chordless path from v to w in the graph
(VRUVC,E\{(V,W)})(cf. line (4)) is a chordless cycle in the bipartite graph

BG, and vice versa.

Lemma 3.8. Let G=(VR,VC,E) be a bipartite graph. Algorithm 3.2 enumerates
all its G subgraphs in time O(lEl2.(N+[VR|2.IVC]2)).

Proof: Let N(v w) be the number of subsets resulting from the call of
’

ENUMCHORDLESSPATHS in line (4). The number N of chordless cycles in G is

N N(v,w) - I{ﬂ4 : ﬂ4 is a cycle in G of length 4}1.

’

The amount of time needed for a call of ENUMCHORDLESSPATHS is o(|‘r:|2).N(V

_(V,W)EE

W)t

Hence the total amount of time of proc GI is at most
AL

cl -

Y o(|e|®)N = o(el®). o + [v
(v,w)€EE (v,w) R o

Algorithm 3.3 generates all GII—subgraphs of a bipartite graph G=(VR,VC,E).

The X vertex of a GII—subgraph is in VC (see fig. 3.2).
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algorithm 3.3 (see fig. 3.2).
proc GII = (bipgraph BG)family:

o let BG=(Vp,V,,E), G=(V UV ,E), VR={w1,...,wn}, vc={v1,...,vm};
GII returns the family of all subsets V'EZ.VRUVC such that BG(V') is

a GII subgraph with xo,y,ZEVC

co
(family s := @; (1)
for i to m (2)
do co find all Gy subgraphs with Vv =X CO (3)

) . <
for all Wy and wy in N(vi) with j<k (4)

do co find all G;p subgraphs with v =x., WiTKys WX, co (5)
set B = (v )W )\v }; ©
set A = {w€VR : 3vEB with (v,w)EE}\N(vi); (7)
for all y € N(wj)\N(wk) (8)

do for all z € N(wk)\N(wj) (9)
do graph G' = G(aUBU{y,z}); (10)
amily T = ENUMCHORDLESSPATHS (G',y,z); (11)
for all meT do s := sU{m{v W, w} )} od (12)

od

od
od
od; return S

)

Lemma 3.9. Let G=(VR,VC,E) be a bipartite graph. Algorithm 3.3 enumerates
the Gy subgraphs with XOEVC in time O(]E|2.N + n.|E].(n+m+|E|)) with N the
number of GII subgraphs of G.

Proof: O(|E|2.N) time is used for all calls of ENUMCHORDLESSPATHS together.

O(n.

EI.(n+m+!E|)) time is used to perform all loop-clauses without line (11)

a

Lemma 3.10. Let G=(VR,VC,E) be a bipartite graph. The GIII subgraphs of G
(see fig. 3.2) with x3€Vc can be enumerated in time o(|E|2.N+]E|2.m2)

where m=|VC| and N is the number of G subgraphs of G.

III
Proof: An algorithm similar to algorithm 3.3 can be used. It consists of a

number of nested loop-clauses in which four vertices are chosen as x3, x4,
y, z of GIII' Then (as in algorithm 3.3) a suitable subgraph G' of G is
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determined and G' is searched for all chordless paths from y to z in G'.
0(|E[2.N) time is used for all calls of ENUMCHORDLESSPATHS together and
O(lE{z.mz) time is used to perform the loop-clauses and the computation of

all subgraphs G'.
o

Lemma 3.11. Let G=(VR,VC,E) be a bipartite graph. The GIV subgraphs of G
(see fig. 3.2) with XEVC can be enumerated in time O(|El4.|VC|).
Proof: In the algorithm to be used, every four edges of G are chosen as

(x,a4), (y,a6), (as,ao) and (z,a2). Thus, all vertices except a, and a, are

chosen. By computing N(ao)ﬂN(a4) and N(ao)ﬂN(az) in G all possibilities for
ay and a, are determined. To check whether the adjacency matrix of the sub-

graph of G determined by the chosen vertices of G, equals MIV can be done

in O(|VC|). This check must be performed partially before all possibilities

for ag and a, are enumerated. Thus, this algorithm runs in time O(IE|4.|VC|).

=]

Lemma 3.12. Let G=(VR,VC

,E) be a bipartite graph. The GV subgraphs of G with
x€Vc can be enumerated in time 0(|E|4.

Vcl).

Proof: Use an algorithm similar to the algorithm explained in lemma 3.11.

=]

Theorem 3.5. Let G=(VR,VP,E) be a bipartite graph. The forbidden subgraphs
of G (see fig. 3.2) can be enumerated in time 0(|E|2.N+f) where N is the
number of forbidden subgraphs of G and
2 2 2 3
£ max (|2 v |2, [V |2, [vyl lvgl+lv l+Iel), |2l 1v,1%, |21 lv D.

Proof: Apply the above algorithms subsequently to enumerate the forbidden
subgraphs.
o

Observe in theorem 3.5 that f=0(|VR]4.|VC|5), hence polynomially bounded.

Corollary 3.2. Let G=(VR,VC,E) be a bipartite graph. The problem to enume-

rate all forbidden subgraphs of G is P-enumerable.
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III.4 MINIMIZATION PROBLEMS RELATED WITH COR.

In this section we will investigate the consequences for the optimization
of storage if a {0,1}-matrix does not have the COR-property.- If we want to
store such a matrix in a rowmat data structure, then we shall have to com-
promise and store embedded zero elements. In the following sections we will
deal briefly with two minimization problems. For related minimization pro-

blems we refer to [10], [36] and [49].
III.4.1 Augmentation.

DEFINITION 3.9. Let A=(aij) and B=(Bij) be mxn {0,1}-matrices. B is a
k-augmentation (k€ IN) of A if aij=1 implies Bij=1 and moreover there are
exactly k different pairs (ip’jp)' 15psk, such that oy Vi =0 and Si 5 =1
(15p<k) . PP PP
AugO(A) = {a}, Augk(A) = {B : B is a k-augmentation of A}.

Suppose there is a BEAugk(A) that has the COR-property. Let P be an nXn per-
mutation matrix such that the ones of BP occur consecutively in each row.
Then, if we store AP in a rowmat data structure, at most k zero elements

of A will be stored. Moreover, if k is the least integer such that Augk(A)
contains a matrix with the COR-property, then AP requires k zero elements

to be stored. This leads to the following problem:

CONSECUTIVE ONES MATRIX AUGMENTATION:
Instance: a {0,1}-matrix A; an integer k20.
Question: is there a p (0Spsk) such that Augp(A) contains a matrix with

the COR-property?

THEOREM 3.6 (Booth, cf. [10]). The CONSECUTIVE ONES MATRIX AUGMENTATION pro-

blem is NP-complete.

This means that it will be very difficult to design a practical algorithm

to find the column-permutation that is optimal with regard to the number of
stored zero elements. In the next chapter we will prove negative results con-
cerning the existence of simple schemes for even finding near optimal column-
permutations. Observe that for every fixed k one can determine whether a
{0,1}-matrix has a k-augmentation with the COR-property in polynomial time.

There is only a polynomial number (in the size of the matrix A) of k-
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augmentations of A, and each k-augmentation can be tested in linear time

(cf. [11], III.3.1) for the COR-property.

IIT.4.2 Storing a number of (permuted) submatrices.

If an m*n {0,1}-matrix A does not have the COR-property, then we may try to
divide A into a minimum number of submatrices A[l:pl,lzn], A[p1+1:p2,1:n],
..., such that each submatrix has the COR-property. Each submatrix has its
own column-permutation such that the ones in each row of the submatrix occur
consecutively.

If it is not allowed to permute the rows of A, this problem can be solved in
polynomial time (apply the algorithm of Booth and Lueker (cf. [11], III.3.1)
several times), but if the rows of A can be permuted, then this problem is
NP-complete (cf. [49]). Even to find a maximum set of rows of A that has the
COR-property is NP-complete (cf. [10]). Nevertheless we will show that the
following problem can be solved in polynomial time (in the size of A):

Let A have rows r,,...,r . Partition R={r PR o } into sets R s+ R
1 m 1 m 1 P

such that:
i 2 <5 Spm
@ Ir 2[R, | (sisp-1), (3.14)
(ii) each Ri (12i%p) has the COR-property, (3.15)

(iii) for each i (1%2isp-1) and for each row rERj with j>i the set
RiU{r} does not have the COR-property. (3.16)
The following algorithm will solve the problem.

algorithm 3.4.
(initialize Ri::{ri} (1%i2m) ;
while there is a j and an rERj such that for some i<j
RiU{r} has the COR-property
do R, := R \{r}; R, := rR,U{x};
— 3 J i i
sort the sequence (Ri)léiém according to decreasing number of rows
od;

let p be the greatest index such that Rp¢¢
)

If this algorithm terminates, R
(3.16).

1,...,Rp satisfy the requirements (3.14)-

Proposition 3.3. Algorithm 3.4 terminates and does so within polynomial time.
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Proof: Define:

m
f(Rl""'Rm) = iéllRil'l (]Ril is the number of rows in Ri)

f can only have nonnegative integer values. With each action consisting of
a deletion, an addition and an ordering, the value of f decreases. The algo-

rithm has to terminate otherwise f should get negative values. When the

+
algorithm has processed the first line, f(Rl""’Rm) = Ei%~ll and the outer
+
loop will be executed at most Ei%—ll times. It requires at most polynomial

time to perform the instructions in the loop-clause. Thus the algorithm will

halt within polynomial time in the size of A.

o

Conclusion. We have studied the COR-property of {0,1}-matrices as it is of
interest for the storage efficiency to be achieved in TORRIX. The theorem

of Tucker, characterizing the COR-property in terms of forbidden permuted
submatrices, is important in the mathematical sense, but can hardly be used
to design efficient algorithms: finding the largest forbidden permuted sub-
matrix is proved to be NP-complete. (Indeed, the COR-test of Booth and Lueker
(cf. [11]) does not rely on Tucker's theorem.) Unfortunately many optimiza-
tion problems related to the COR-property are NP-complete as well. In this
chapter we have not given any indication that the rowmat data structure is
an economical storage scheme for each sparse matrix. Even if a sparse matrix
may be permuted, it is hard to find an appropriate column-permutation to
store a minimum augmentation matrix, or to find a suitable row-permutation
to split up the matrix into a minimum number of permuted  submatrices, each

with the COR-property.



77

CHAPTER IV

APPROXIMATION OF THE CONSECUTIVE ONES MATRIX AUGMENTATION PROBLEM

In chapter III we saw that not every sparse matrix can be stored in a
rowmat data structure without storing any zero elements, even if the columns
are permuted. Moreover, the problem to find a column-permutation such that a
minimun number of zero elements would be stored, turned out to be very hard:
the problem is NP-complete. However, these results do not justify the con-
clusion that the rowmat data structure should not be used in practice. For
such a conclusion there should be negative results in the following four
directions:

a). We restrict ourselves to a special class C of matrices (which reflects
the matrices used in practice) and try to design a polynomial time algo-
rithm that finds for each matrix of C a column-permutation such that a
minimum number of zero elements will be stored.

b). We try to design a probabilistic ("usually efficient") algorithm that
finds for each matrix a column-permutation such that a minimum number
of zero elements will be stored. For most matrices such an algorithm
should run in polynomial time, but for a (hopefully small) number of
matrices it may need exponential time.

c). We try to design a polynomial time algorithm that finds for each matrix
a column-permutation such that a (hopefully) small, but not necessarily
minimum, number of zero elements will be stored. These algorithms are
called polynomial time approximation algorithms.

d). Some combination of a), b), c).
In this chapter we will concentrate only upon approximation algorithms. The
main result is given in section IV.2 (theorem 4.3 and 4.4) and states that
any algorithm from the class of on-line column insertion algorithms must give
arbitrarily bad approximations for an infinite number of matrices. This means
that no on-line column insertion algorithm can guarantee a bounded error fac-
tor with regard to the number of stored elements of a minimum augmentation.

Section IV.1 serves as an introduction for this theorem; in section IV.2 the
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theorem will be proved and in section IV.3 we will extend the result to much

wider classes of approximation algorithms.

Iv.1 INTRODUCTION AND PRELIMINARIES.

Each sparse matrix A can be stored in a rowmat data structure without per-
muting its columns. To lower the number of stored zero elements we allow
that columns are permuted.
DEFINITION 4.1. Let A=(aij) be an mxn {0,1}-matrix.

m n
ones (A) = iél j§1 aij (the number of non-zero elements of A),

m
store(d) = .1, (max{j:aij¢o} - min{j:aij¢o} +1) with max(#)=0 and min(@)=1,

optstore (A) = min{store(AP):P is an nxn permutation matrix}.

An mxn matrix B is a column-permutation of A if B=AP for some nxn permuta-

tion matrix P. B is an optimum column-permutation of A if store(B) =

optstore (a).

DEFINITION 4.2. Let A=(aij) be an mxn {0,1}—matrix and B a column-permutation
of A. Let column i of A be column p; of B (15isn). We say that o of A

o7
is stored in B if there are j] and j2 with 0

p. Sp. , p, 2Zp, and O, , =0, _ =
J1 730 32 0 tord1 torI:

As we have seen in III.4.1, the problem to find for each matrix A an optimum
column-permutation B of A, is NP-complete. But we may be content if we have
a polynomial time algorithm that finds a column-permutation B of A (for each

A) such that e.g.

store (B) .
ones ()

for some fixed constant c, because otherwise there are other more appropriate

data structures for sparse matrices.

Proposition 4.1. If such an algorithm exists, then c%%.

Proof: Consider the special case of MI (cf. III.2).
n
optstore(MI ) = store(MI ) = 2(n+l1)+n+2, ones(MI
n n n
Therefore, for every column-permutation Bn of MI we have
n

) = 2n+4,.



79

t M
store(Bn) optstore ( I )

S n__ 3nt4
ones(MI )y ones(MI ) 2n+4°
n n
3 stcre(Bn)
1= s —_— ..
Note that for each c > there is an n such that ones(MI ) c
n
Hence cé%.

o

However, it is more realistic to compare store(B) with optstore(A) than with
ones (A). If store(B) is close to optstore(A), then B is considered a "good"
column-permutation of A. Therefore, to analyze an algorithm X, we will use
as a criterion the magnitude of the ratio

store (B)

—— i ~ i f A found by X. (4.1)
optstore () with B a column-permutation o ound by

Moreover, we are interested in the asymptotic behavior of X:

DEFINITION 4.3. Let f: N IR be a mapping. Let X be an algorithm that takes
{0,1}-matrices as input and that returns a column-permutation of its input.

X is an f-approximation algorithm (for the CONSECUTIVE ONES MATRIX AUGMENTA-
TION problem) if there is an NEIN such that for all m*n {0,1}-matrices A

(m,n2N)

store (X(3a))

<
optstore (A) - f (optstore(a)).

As we have seen, we are only interested in c-approximation algorithms with
Cc some constant. It should be nice if there are algorithms of that kind that

have a running time that is polynomial in the length of their input.

DEFINITION 4.4. Let A be a {0,1}-matrix. A is said to be clean if the follow-
ing five conditions are satisfied:

(1) each column of A contains at least one non-zero element,

(ii) each row of A contains at least two non-zero elements,
(iii) each row of A contains at least one zero element,

(iv) no two rows of A are equal,

(v) no two columns of A are equal.

DEFINITION 4.5. Let A be an mXn, B an m*p, C an mx(n+l) and D an mX (n+p)
{0,1}-matrix and let u be a {0,1}-sequence of length m.
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Q
L}

A concat u if ¢l ,1:n] = A and ¢[ ,n+1] = u.

A concat B if D[ ,1:n] = A and D[ ,n+1:n+p]l = B.

Now we will give two examples of straightforward approximation algorithms

that are not c-approximation algorithms for any c2l.

algorithm 4.1.
proc BESTFIT = (matrix A)matrix:

Co let A be an mXn {0,1}—matrix co

( initialize B as the mx0 {0,1}-matrix;

for x from 1 to n

ég initialize C as the mXk {0,1}—matrix with only non-zero elements;
for 3 from 1 to x
do matrix D = BI ,1:3-1] concat Al ,k] concat B[ ,j:k-11;
if store(D) < store(C) then c:=D fi
od; B:=C
od;
return B

)

BESTFIT processes the columns of A one by one; processing column k means
that it will be inserted in B such that the current columns of B do not loose
their relative order; column k is inserted in B just there where it causes

the least number of elements of B (including column k) to be stored.

Proposition 4.2. BESTFIT is not a c-approximation algorithm for any cz2l.

Proof: We have to prove that for each NE N and each c€ R (c2l1) there is a

{0,1}-matrix A with at least N rows and N columns such that

store (BESTFIT (4))

' > c.
optstore (a)
Let NE N, c€E IR (c21); let
Ocevnnnn 0 1.......1 1.......1
Tleeeeaal . 0.......0
: I I . +
Ap k= . I P . pt+2 p*2 rows

R . oo .. s
: Dol 4 0.......0 Zp*k+2 columns
| S 1 0.......0 1.......1 k22, p21
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optstore(AP k) = store(AP k) = (p+1)2 + (p+1) (p+2) + 2k. If BESTFIT is applied
’ 4

to Ap X' it returns
4

1.......1 1...... .1 0.......0

: . 0....... 0 1....... 1

BESTFIT(A ) = : o oo :

P,k . o« . .. .

loieeen. 1 0.......0 ¢ .

Ovevennn 0O 1.......1 1...... .1

—>e > 4— »

ptl k ptl
+1 k
2.L + ——
store(BESTFIT(Ap'k)) 2(p+1)2 +  (p¥2)k B ) o+l p+2
and optstore (A k) = ( +1)2 + (p*l) (p+2) +2k - p+l e 2k ~ 2
e i PrP pr2 1T ) (p92)

if k large compared with p. Thus, with p and k large enough, we have p+22N,
2p+2+k2N and E%£>c. We conclude that BESTFIT is not a c-approximation algo-
rithm for any c€ IR.

o

Observe that the columns of Ap,k are sorted by non-increasing number of non-
zero elements. BESTFIT has a rather bad performance because one column u
can occur many times and u can have less zero elements than a few columns
together with many non-zero elements per column. Thus algorithm 4.2 below

in which the columns are ordered by increasing number of non-zero elements,

may perform better. As for identical columns we have the following lemma.

Lemma 4.1. Let A be an mxn {0,1}-matrix. Then there is an optimum column-
permutation B of A such that identical columns of B are consecutive in B.
Proof: Let C be an optimum column-permutation of A and suppose not all iden-
tical columns of C are consecutive. Thus there are jO,jl,jZEJN (j0<j1<j2)
such that the columné j0 and j2 of C are identical and the columns jO and

j1 of C are not identical. Without loss of generality we can assume that

the number k of stored elements of column jO is not greater than the number
of stored elements of column j2. If we delete column j2 and insert it just
beside column j0 (thus obtaining a {0,1}-matrix C') then exactly k elements

of column j2 of C are stored in C'. Then:
store(C') = k+store(c[ ,1:j2-1] concat cl ,j2+1:n]) < store(C).

Because C was assumed to be an optimum column-permutation of A, we have

store(C') = store(C). Thus we can permute the columns of C in such a way
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that the number of stored elements will not increase and identical columns
will be consecutive. This gives us another optimum column-permutation of A.

o

DEFINITION 4.6. Let A be an mxn matrix. We say that A has a row-partition
r r r_ Y
= =k <k, <
X (0 ko k1 k2

if A can be written as (A

01
(see fig. 4.1) such that for each

<...<k;=m) and a column-partition K* = (O=kc<kc<...<k;=n)

ij)léiép,léjéq

. <i< . << . r.r c_,c . .
i (12isp) and j (1Sj2q) Aij is a (ki ki—l)x(kj kj—l) matrix. In this case

rowstrip(a,i,K’) = A[k§_1+1:k§, ] and colstrip(a,j,K°) = al ,k§_1+1:k§].
4 *
Byg | Bp Big
Bo1 | P Ao
A=(Aij)1§i§p,1§j§q = \\\ fig. 4.1.
N A partitioned
N
\\\ matrix.
A A A
\ P! p2 Pq

DEFINITION 4.7.

(1) Let A=(A;.) i< 1595

The i block of A is the submatrix Aii (1Sismin(p,q)).

be a block diagonal matrix (cf. II. Appendix).

(ii) Let A=(aij) be an m*n matrix. A is a permuted block diagonal matrix

with k blocks if there are mxm and nxn permutation matrices P and Q
such that PAQ can be partitioned into a block diagonal matrix with

k blocks.

Without proof we state:

Lemma 4.2. Let A be an mxn {0,1}-matrix with row-partition K* = (kg,...,k;).
Then:

store(A) = igl store(rowstrip(A,i,Kr)).

If A is a block diagonal matrix with row-partition K and column-partition
k° = (x5,...,k°), then

0 q
(i) for each i (1<ismin(p,q)):

. R o . .
store (rowstrip (A,i,K ")) = store(colstrlp(A,l,Kc)) = store(Aii),
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P
(ii) optstore (A) 'iél optstore(rowstrip(A,i,Kr))

~uQ

‘optstore(colstrip(A,i,Kc))

i=1
min(p,q)

1% optstore(Aii).

algorithm 4.2.
proc BESTFITDECR = (matrix AJmatrix:

( let B be a column-permutation of A such that the number of zero elements
per column in B is non-increasing. Moreover, identical columns of A are
consecutive in B.

Then perform BESTFIT(B) with the modification that identical columns are
inserted simultaneously and are kept in consecutive order in the result

of BESTFIT (B)

)
BESTFITDECR processes the matrices Ap X (p22) of the proof of proposition
1
4.2 very well:
store (BESTFITDECR (A )) store (A ) store (A )
Pk - _ P,k p.k
optstore (A optstore (A store (A :
o ( p.k) P ¢ p.k) ( p,k)

BESTFIT works rather well for a block diagonal matrix A: the columns of each
columnstrip of A remain consecutive in BESTFIT (A). However, BESTFIT can have
a bad performance for permuted block diagonal matrices, which will not neces-

sarily be improved by BESTFITDECR.

Proposition 4.3. BESTFITDECR is not a c-approximation algorithm for any cz2l.

Proof: We have to prove that for each NE N and each c€ IR (c2l) there is an

mxn {0,1}-matrix A (m,n2N) such that

store (BESTFITDECR (4))
optstore (A)

> c

Let NEIN, c€ R (c2l). Let Ak be a block diagonal matrix with 2k blocks and
each block equal to

01
A,, =M_ ={10 (1£i22k).
11

1

O -

Let Bk=(Bij) be the 6kx7k {O,l}—matrix with Bk[ ,1:6k] = A and for each

k
q <3< = = i C=
i (15isk) 83(i—1)+1,6k+i B 1 (see fig. 4.2). Let K
(0,3,6,...,6k,7k).

3k+3(i-1)+1,6k+i
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h
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fig. 4.2.

Bk is a permuted block diagonal matrix with k blocks. All columns of Bk are
different and each column contains two non-zero elements. BESTFITDECR returns

the columns of Bk in, the ordering:

colstrip(Bk,2k,Kc), B [ ,7x], colstrip(Bk,2k—1,Kc), B [ ,7k-11, ...,
B [ ,6k+2], colstrip(Bk,k+1,Kc), B [ ,6k+1], colstrip(Bk,k,Kc),
colstrip(Bk,k—l,Kc), ey colstrip(Bk,l,Kc).

Thus store(BESTFITDECR(Bk)) =

k 2k
) store(a, ) + ] (store(a;;)+1) + omes(B [ ,6k+1:7k]) +
i=1 i=k+1

X k
+ ) (3(k-1)+i-1) = S (Tk+27).
i=1
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2k
On the other hand, optstore(Bk) = 2k + igloptstore(Aii) = 2k+14k = 1le6k.
With 6k2N and k large enough we have

Store(BESTFITDECR(Bk)) B 7k2+27k N

optstore (B, ) T 32k

Hence, BESTFITDECR is not a c-approximation algorithm for any c21.

DEFINITION 4.8. Let A be an mxn {0,1}-matrix, u a {O,l}—sequence of length

m and B an mx (n+1) {0,1}-matrix. B is an insertion matrix for u in A if for

some y€ IN (0sysn)

B = A[ ,1:y] concat u concat Al ,y+1:nl.

DEFINITION 4.9. Let X be an algorithm that takes {0,1}—matrices as input
and that returns a column-permutation of its input. X is an on-line column

insertion algorithm if for each mx (n+1) {0,1}-matrix A, X(A) is an insertion

matrix for A[ ,n+1] into x(a[ ,1:n]).

Proposition 4.4. BESTFITDECR is not an on-line column insertion algorithm.

Proof:

Let A = . BESTFITDECR (A) =

OO0 OrF I, I
O r»O0O0O0O
aleoNeoNoNeNe
- O 00O+
O == 00O
O O O = = =
ol eNoNoNeN S
= O 0000

BESTFITDECR (A[ ,1:3]) = and therefore, BESTFITDECR (3)

coor e~
orr~ro0o0O
~ooo0oo

is not an insertion matrix for A[ ,4] into BESTFITDECR(A[ ,1:3]).

]

We could have defined the notion of an on-line column insertion algorithm

in another way:
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DEFINITION 4.10. Let X be an algorithm that takes {0,1}-matrices as input

and that returns a column-permutation of its input. X has property P if for
every mxn {0,1}-matrix A and every k€ N with 1<ksn, X(A) and X(a[ ,1:k])
satisfy (4.2):

let column i (1£isn) of A be column Py of X(A); let column i (15isk)

of A[,1:k] be column q; of x(a[,1:k]); for all i and j (15i,j5k) we p(4.2)

have

< . . <q ..
pi pj if and only if a; qj

Lemma 4.3. X iIs an on-line column insertion algorithm if and only if X has
property P.

Proof:

<: Suppose X has property P. Let A be an mXn {0,1}-matrix and k=n-1. Let
(pi)léién and (qi)lﬁién—l as in (4.2) and P =Y for some y. Then for all i
with qiéy—l we have p.=q, and for all i with qizy, pi=qi+1. Thus X(A) is an
insertion matrix for Al ,n] into X(A[ ,1:n-1]). This holds for every matrix

A and therefore, X is an on-line column insertion algorithm.

=: Suppose X is an on-line column insertion algorithm. Let A be an mxn
{0,1}-matrix and k€ N (15ksn). Consider A[ ,1:h] with kshSn. Let column
i (15ish) of A[ ,1:h] be column P, ; of x@al ,1:n).

X(A[ ,1:h+1]) is an insertion matrix for A[ ,h+1] into X(A[ ,1:h]), thus:

for all i,j (15i,jsh) Py i<P if and only if Py
’ ’

<
h,3 i Pnt1,5°

With induction it is easy to prove that
.o <4 4< < . . < .
for all i,j (15i,jsk) pk,i pk,j if and only if Pn,i pn,j
Hence, X has property P.

o

Using this lemma, one can for every mxn {0,1}-matrix A determine X(A[ ,1:k])
from X(A) for every ksn, since the relative ordering of columns of A [ ,1:k]

as they appear in X(A) is inherited.

Corollary 4.1. Let A=(aij) be an mxn {0,1}-matrix and X an on-line column
. S'__ gé —
0’30 (1_105m, 1 g k) aio'jo (con

sidered as an element) of A[ ,1:k] is stored in X(aA[ ,1:k]), then o

insertion algorithm. If for some k2n and i

']
(considered as an element) of A is stored in X(A). 070
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Iv.2 APPROXIMATION WITH ON-LINE COLUMN INSERTION ALGORITHMS.

Now the question arises whether there is some on-line column insertion algo-
rithm that is a polynomial time c-approximation algorithm for the CONSECUTIVE
ONES MATRIX AUGMENTATION problem. In theorem 4.3 we will answer this question
negatively. But corollary 4.3 states more. To obtain a negative answer, it
will be sufficient to show that for each on-line column insertion algorithm

X and each c21 and each NE IN there is an mxn matrix Ax N (m,n2N) such that
1Cy

ol
s ore(X(Axlc,N))

optstore (A
X,

> c
c,N)

which proves that, in fact, no on-line column insertion algorithm can be a

c-approximation (for some fixed c) at all. Theorem 4.3 states that AX c N
14 7
can be chosen to be of arbitrary size (for fixed X and c) and corollary 4.3

states that for fixed c and N AX N can be chosen such that the two follow-
1 1

ing conditions are satisfied:

(i) the number of rows and columns of Ax c.N does not depend on the on-line
I 1
column insertion algorithm X,
(ii) let X and X' be two on-line column insertion algorithms. Then AX e N
’ ’

and AX' oy are equal possibly except for their last columns.
’ r

THEOREM 4.1. For all NEWN and for all €>0 (e€IR) there is a clean square

{0,1}-matrix B with n2N rows such that for each column-permutation B of A

we have:
. store(B) . 13 _ X
if EEEEESEETKT == € then there is a {0,1}-sequence uB of length n such
that for every nx (n+l) {0,1}-matrix C that is an insertion matrix for Uy
. store (C) 13
> =2 .
into B optstore (A concat uB) 7 "€
. 8 13k-6 13
P : N 2] > > == -
roof: Let kEIN with 3k2N, k Te and TRTB 5 —€. (4.3)
Let A be the block diagonal matrix with k blocks Ml""’Mk and Mi=MI (15isk)
1
(for MI , see section III.2). Let K = (0,3,6,...,3k) be the corresponding
1
row- and column-partition of A.
With lemma 4.2: optstore(A) = kXoptstore(MI ) = Tk.
1

Let B be any column-permutation of A and let column i of A be column =5 of B.
Then for all i (1£isk):
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store (rowstrip(8,i,K) = 3+ |py-py; | + Ipg; y-py; ol + Ipy; o-pyl

= 3+ 2max(py;ipy; g ePy; 50 - minteyy by g ipy; o)) (4.4)

Let pmax (i) = max{p3i } 1<i<k and

P3i_1/P35-2
min{p3i,p3i_1,p3i_2} 12i2k.

n

pmin (i)

Let S and Sy be such that pmin(so)=1 and pmax(sl)=3k. Thus the first and

last column of B come from colstrip(A,s.,K) and colstrip(A,sl,K). Now we

0
look at the position in B of the other columns of these two column-strips.

We distinguish three cases:

Case 1: Sg=Sy -

store (B) 13

; . > 22
Claim 1: optstore (A) 7 €.

Proof of claim 1: In this case the first and last column of B are from the

same column-strip of A. Then (with (4.4)):
k

store (B) = store (rowstrip(B,s ,K)) + iél store (rowstrip (B,i,K))

0

i*#s
0

2 3+ 2(pmax(so)—pmin(so)) + 7(k-1) 2 13k-6

and with (4.3): 2 2

store (B) 13k-6 5 13 _
optstore (A) 7k 7

Al

. . Soym §
Case 2: so¢sl, but pmax(so) pmln(sl).

store (B) N 13

optstore (A) 7 "€

Claim 2:

Proof of claim 2: With (4.4) we now have:

store(B) =

k
store(rowstrip(B,sO,K)) + store(rowstrip(B,s, ,K)) + iél store (rowstrip (B,i,K))

1
1#50,51
26 + 2(pmax(so)—1) + 2(3k—pmin(sl)) + (k-2)7 2 13k-8,

store(B) , 13 8 13
: # < i
Case 3: S9™Sy and pmax(so) pmln(sl).

Claim 3: There is a {0,1}—sequence uy of length 3k such that for each {0,1}-

matrix C that is an insertion matrix for ug in B
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store (C) > ié-—e
optstore (A concat uB) 7 :

Proof of claim 3: As in the proof of proposition 4.3, define uy to be the

sequence that "connects" the blocks MS and Ms in A:
0 1

uB[i] =1 if 3s0—2§i§3so
=1 if 351-2§ié3sl
= 0 otherwise.
A concat uy is a permuted block diagonal matrix with k-1 blocks. It is easy
to see that optstore (A concat uB) = 7k+8. Now we look at matrices that are
insertion matrices for u_ in B. Let the columns of colstrip(A,sO,K) and

B
colstrip(A,sl,K) be located in B as below

(| I 1 1 1

i 1 i 1 I

| R et |

1 1 | 1

! 4 |} columns S ! 3k-gq-r-s—-t columns
columns

pmax(so)=q+r

pmin(sl)=q+r+s

N
///////’ k\\\‘\ q22, rzl, s21, t21

columns of columns of
colstrip(A,sO,K) colstrip(A,sl,K)
Let C be an insertion matrix for ug in B, i.e., there is a y€ N (0Sy<3k)
such that
cl ,1:y] = B[ ,1l:y]
cl[ ,y+1] = uy

+c[ ,y+2:3k+1] = B[ ,y+1:3k].

Now we distinguish 7 cases: y=0, 0<y<q, qSy<qg+r, g+rSy<g+r+s, g+r+sSy<qg+r+s+t,
¢+r+s+tSy<3k and y=3k. In each of these 7 cases we have: store(C) 2 13k-6.
And with (4.3):

store (C) 5 13k-6 N 13 €

optstore (A concat uB) = 7k+8 7

Thus, claim 1, claim 2 and claim 3 have been proved and hence, theorem 4.1

has been proved.
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In the above proof we used a block diagonal matrix A with k 3x3 blocks. We
can prove more by using matrices A that have k mxm blocks. The number of
elements in a block is bounded from above by m2 and in a row-strip by kmz.

In the proof of the next theorem we will use a block diagonal matrix A with

k mxm blocks that all have an optstore value bounded by 3m, but which is such
that for each column-permutation B of A it is possible that many elements of

a row-strip of B will be stored if one extra column is inserted in B.

Theorem 4.2. For all NEN and for all c2l1 (c21R) there is a clean square
matrix A with n2N rows such that for each column-permutation B of A we have:

1'1.‘-———53"—9—3-@—(—Bl < ¢ then there is a {0,1}-sequence u

optstore (A) of length n such

B

that for each matrix C that is an insertion matrix for uy into

store (C)
B, > c.
optstore (A concat uB)

Proof: Let NEIN and cE R (c21). Let f: IN»IN be any function such that

(i) 1lim £(k) = @
k=0

(ii) there is a ¢'>0 and a K'€ N such that for all k2K' E%El <% -c'
For example: f(k) = Fg], £(k) = [?log k], etc.
Choose k'€ N (k'23) such that for all k2k' we have
1 2 k-3f (k)
>c, = + Lf(k)> Aot i) >
£ (k)>c, 3 + 3f(k) c and 3K (1+2f£ (k)) c.
Such a k' exists. Let k2k'.
Choose m'€ N (m'23) such that for all m2m' we have
2
k(3m-2)+m+m"f (k) c.

mk2N and 5
k (3m-2)+m -m+2

Let m2m'. Thus:

k(3m—2)+m+m2f(k) N

mk2N, m23, k23,

7

k(3m—2)+m2—m+2

(4.5
1+2f (k) 1 £ (k)
—_—— > - - —=1 >
3 c and (3 X )(2f(k)+1) c.
Let A be a block diagonal matrix with k blocks Ml""'Mk and Mi=MI (4.6
m-2
(12isk). Let X = (O,m,2m,...,mk) be the corresponding row- and column-
partition. Then we have:
optstore(Mi) = 3m-2 (15iskx), optstore(A) = (3m-2)k. (4.7

Let B be any column-permutation of A with column j of A column pj of B

(15jsmk) .
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Let pmin(i) = min{p. : (i-1)m<jSim}, (1$igk) and

|

pmax (i) = max{pj : (i-1)m<jim}, (15isk). (4.8)
Then we have:
store (rowstrip (B,i,K)) 2 m+2(pmax(i)-pmin(i)) for all 1Sisk. (4.9)
As in the preceding proof we are interested in the values of pmin(i)-pmax(3j).
Let q = min{pmax (i) : 1<isgk}, q = max{pmin(i) : 1<igk}.

There are three cases:

. < g -
Case 1: q, =49, m. £ (k).

Claim 1: With m and k satisfying (4.5) and a4 < qo—m.f(k) we have

store (B)
optstore (A)

Proof of claim 1: a4 < qo—m.f(k). Thus:

for all i pmax(i) 2 pmin(i)+m.f (k) (18igk) .
Using (4.9) this results in store (rowstrip(B,i,K)) 2 m+2m.f(k) so that (with
(4.5) and (4.7)):

store (B) ., mk+2mk.f(k) , m+2m.f(k) _ 1+2f(k) |
optstore (&) - (3m-2)k - 3m T3 c-

Hence claim 1 is proved and case 1 satisfies the theorem.

Case 2: lql—qol < m.f(k).

Claim 2: With m and k satisfying (4.5) and |q1-q0| < m.f (k) we have

store (B)
optstore (A)

Proof of claim 2: First assume m.f (k) < min(qo,ql) < max(qo,ql) < mk-m.f (k).

We divide B in five parts:

R1 R2 R3 R4
B = <+ » R5
m. £ (k) m. f (k)
- columns i ) columns'
)
\ ) /
Sn. £ (k)

min(q,,q,) columns max (qg.,q,)
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B[ ,1 : min(qo,ql)—m.f(k)—l],

1]

B[ min(qg,q,)-m-£(k) : min(qo,ql)—ll,

1
2
3 = B[ /min(qy,q,) : max(q,,q,)],

4 = B[ ,max(qo,q1)+1 : max(qo,q1)+m.f(k)],

B - I - B~

5 = B[ ,max(qo,q1)+m.f(k)+1 : mk].

R2, R3 and R4 together contain at most 3m.f (k) columns. B contains mk columns
so that R1 and R5 together contain at least mk-3m.f (k) columns. Each column-
strip of A has m columns; thus there are at least EQS:%%LELEL different column-

strips of A that have a column in R1 or RS' More formally:

= i - 3 i < i =
Let IMIN {i : pmin(i) mln(qo,ql) m.f (k)} and
= i . 1 >
IMAX {i : pmax(i) max(qo,q1)+m.f(k)}.

. . - ) . ANG
Then: IIMINUIMAX|_k 3f (k). For each i€r, UT - : pmax(i)-pmin(i)2m.f (k).

With (4.9) this gives the result:

. . . . > mt+2m. .
for all 1€IMINUI : store (rowstrip(B,i,K)) m+2m. £ (k)

Hence: store(B) 2 2 store (rowstrip (B,i,K))

1€IMINUI

2| _ U |.m+2m.£(k)) 2 (k-3£(k)). (m+2m.£(k)).

MIN ~MAX
, ) store(B) 5 (k-3f(k)) m+2m.£(k)) o (k=3f(k)) (1+2£(k)) »
With (4.5): o rore(a) - (3m-2)k g 3 c.

Now we have proved claim 2 for the general case that m.f(k) < min(qo,ql) <

max(qo,ql) < mk-m. f (k).

Next assume min(qo,ql) S m.f(k) or max(qo,ql) 2 mk-m.f (k). The two special
cases (min(qo,ql) S m.£f(k) and max(qo,ql) 2 mk-m.f(k)) are similar; thus we

will only deal with min(qo,ql) S m.f(k). Now we divide B in 4 parts:

R2 =Bl ,1 : mln(qo,ql)—l],
R3 = B[ ,mln(qo,ql) : max(qo,ql)],
= +1 -
R4 Bl ,max(qo,ql) 1 : max(qo,q1)+m.f(k)] and
R = Bl /max (q,,q,)Hm. £ (k)+ mkl.

R2, R3 and R4 together contain at most 3m.f (k) columns, and therefore R5

contains at least mk-3m.f (k) columns and there are at least k-3f(k) column-

strips of A with a column in R Let

-
Tyax = {i: pmax(i)>max(qo,q1)+m.f(k)}.

Then IIMAXIZk—3f(k). For each i€l : pmax(i)-pmin(i)>m.£(k). With (4.9):
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store (B) 2 2 store (rowstrip(B,i,K)) 2 (k-3f(k)). m+2m. £ (k))
i€1

store (B)

=P\
optstore (A7)

and with (4.5):

Now claim 2 is proven, and hence case 2 satisfies the theorem.

: 2 . .
Case 3: q, 2 q0+m £ (k)

Claim 3: With m and k satisfying (4.5) and q1 2 qo+m.f(k) there is a {0,1}-

sequence uB of length mk such that for each matrix C that is an insertion
store (C)
optstore (A concat uB)

matrix for uB into B, > c.

Proof of claim 3: Let q,-9, 2 m.f(k). With the definition of 9, and a, there

are s, and s, (1§soék, 1§slék) such that q0=pmax(so) and q1=pmin(s]). For o
and s, we have: so¢s1 and pmin(sl)—pmax(so)Zm.f(k). Let us divide B as follows:
r . \
i
|
1 .
R1 } R2 1 R3 rowstrlp(B,sO,K)
- T T
B ! (4.10)
Lo
i .
R4 RS _-{ R6 rowstrlp(B,sl,K)
| ]
i
L L 2m.f(k)-1 ! J
///} columns
9o 94

Because of (4.8) and the choice of s. and Sl’ R2, R3, R, and R_ are all zero

0 4 5
matrices. Let ug be a {0,1}-sequence of length mk defined by:

uB[j]=1 if (sg-1)m<jSs .m

=1 if (sl—l)m<jésl.m (4.11)
=0 otherwise.
A concat uB is a permuted block diagonal matrix with k-1 blocks. (4.12)

It is easy to see that
m+1
optstore (A concat uB) < iéloptstore(rowstrip(A,i,K)) + 2(m+1+i§3 i)

i#s _,s

0’71

(k-2) (3m-2) + m2+5m—2. (4.13)
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Let C be an insertion matrix for ug into B. Thus, there is a y€E N (0OSysmk)

such that

B[ ,1:y] cl ,1:y]
uy cl ,y+t]

B[ ,y+1:mk] = c[ ,y+2:mk+1].

1}

If yéqo then all zero elements of R. are stored in C though they are not

5

stored in B. R5 contains at least m2.f(k)—m zero elements.

if ygql—l then all zero elements of R, are stored in C though they are not

2

stored in B. R2 contains at least m2.f(k)—m zero elements.

If q0<y§q1, then the same number of zero elements will be stored in C, but
now they are distributed over R2 and RS' None of these zero elements are
stored in B.

Thus:

store(C) 2 optstore(B) + ones(uB) + l{elements of R2 and R5 stored in C}l

2 k(3m—2)+2m+m2.f(k)—m = k(3m—2)+m2.f(k)+m.

With (4.13) and (4.5), this gives:

store (C) s K(Gn-2)tmm’. £ () 5 _
optstore (A concat uB) k(3m—2)+m2-m+2

This ends the proof of claim 3 and the proof of theorem 4.2.

As a direct consequence we have:

THEOREM 4.3. Let X be an algorithm that takes {0,1}-matrices as input and that
returns a column-permutation of its input. Suppose there is a c€ R such that
X is a c-approximation algorithm. Then X is not an on-line column insertion

algorithm.

However, theorem 4.2 states more about c-approximation algorithms:

Corollary 4.2. Let X satisfy the conditions of theorem 4.3. Then for all NENN
and for every algorithm Y that takes {0,1}-matrices as input and that returns
a column-permutation of its input, there is an mxn matrix B with m,n2N such

that X(B) is not an insertion matrix for B[ ,n] into Y(B[ ,1:n-1]).

Corollary 4.3. Let NEIN and c€ R (c2l1). Then there are m,n2N and an mXn matrix
A such that for every two on-line column insertion algorithms X and X' there

are mX (n+l) matrices B and C with
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store (X(B)) > c store (X' (C))

> :n) = 1:n] = A.
optstore (B) '  optstore(C) c and B[ ,1:n] =c[ ,1:n]

Theorem 4.3 is the special case of corollary 4.2 with X substituted for Y. Ob-
serve that corollary 4.2 holds even if Y finds the optimum column-permutation
of its input. With this corollary we have described a large class of approxi-
mation algorithms that does not contain any c-approximation algorithm for any

c€ IR.

Iv.3 EXTENSIONS TO OTHER CLASSES OF APPROXIMATION ALGORITHMS.

In the previous section we saw that many approximation algorithms can pro-
vide bad approximations to the optimal storage (in a rowmat data structure)
of a column-permutation of a matrix. In particular this bad result is ob-
tained for some permuted block diagonal matrices. Knowing this, one can try
to design more sophisticated approximation algorithms. In this section we
will extend theorem 4.2 and, consequently, theorem 4.3 and the corollaries
4.2 and 4.3, and will describe larger classes of approximation algorithms

that still do not contain a c-approximation algorithm for any c€ IR.

Iv.3.1 Preprocessing to block diagonal form.

The class of matrices used in the proof of theorem 4.2 merely consists of
block diagonal and permuted block diagonal matrices (see (4.6) and (4.12)).
For each block diagonal matrix there is an optimum column-permutation that
is block diagonal too. Moreover, as we have seen before (algorithm 4.1),
there is an on-line column insertion algorithm that preserves this block
diagonal structure if applied to a block diagonal matrix. Thus, it seems
reasonable to permute the rows and columns of a permuted block diagonal ma-
trix to block diagonal form before applying any on-line column insertion
algorithm. Theorem 4.2 can be proven using matrices A X which are not block

7

diagonal with p22 blocks. A can be chosen in such a way that it will be-

m,k
come block diagonal by deletion of two columns. To prove negative results
concerning more sophisticated algorithms, we introduce the concept of a se-

parator of a matrix.
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DEFINITION 4.11. Let pE N and A an m*n {0,1}-matrix with p<n.

(i) A set of p columns of A is a separator of A if the matrix A with the
separator columns deleted, is a permuted block diagonal matrix with
at least two blocks.

(ii) Let S be a smallest separator of A. A is in connected order if the

deletion of the columns of S from A results in a block diagonal matrix.

The next theorem states that if an on-line column insertion algorithm is
combined with a preprocessing algorithm that permutes matrices in connected

order, this will not give rise to c-approximation algorithms for any c€IR.

THEOREM 4.4. Let NEIWN, €,c€IR (c21, €>0). Then there is an n€ N and a square

{O,l}—matrix A such that for each column-permutation B of A:
store(B) . . 1+
EEEEES;ETKT S c then there is a {0,1} sequence uy of length n such
store (C)
optstore (A concat uB)

if

that

> ¢ for any matrix C that is an insertion ma-

trix for uB into B. A and A concat ug satisfy the following conditions:
(i) they are clean,
(ii) they have n1+€zN rows,
(iii) they are in connected order,
(iv) they do not contain a separator of size <n1-E.
Proof: Because the proof of this theorem is similar to the proof of theorem
4.2 and uses the same kind of arguments, we will only give an outline.
Let f: N»IN be a function with f(n)=0(n) and there are 6>0 and KEIN such

that for all kzx k)=l 1 .4

3k 3
1 1....1
.\\ \\ 1
1\ ‘~\ w \‘i I a-1
Let M = . N
n,d N .. an nXn {0,1}—matrix in which each
N N
2 SN row and column has exactly d non-
R | zero elements,
-—>
d
oen
N I a-1
\\1 -
U = .
n,d an nXn {0,1}—matr1x,
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M 1P 8 iU
and A g™ |Y2iM! e g with M, = M (15 k)
¢ U N T ﬂ 1 n,d
31 T~ i U, = U .. (15isk).
a ﬂ <o N o ﬂ 1 n,d
g @ [/ Uk Mk

Then we have:

(i) The smallest separator of A contains 2d-2 columns,

n,k,d
(ii) nd = optstore(Mi) £ (d-1)n+(n-da+1)4d,

2
sl a d(a-1)
< - — = - - - - —
,k,d) < k{3nd > + > 2n}-n(da-1) 5

Let B be a column-permutation of An k.4 pmax (i) and pmin(i), 12igk, are
I ’

(iidi) kd(g%l +n) £ optstore(An

defined as in (4.8). Without proof we state:

Claim: store(rowstrip(B,i,K)) Z d(pmax(i)-pmin(i)+1) for all i (15isk).

Let q, = max{pmin (i) :2<isk}, q = min{pmax (i):25igk}.

The rest of the proof is quite the same as the proof of theorem 4.2, except

that it requires more calculations. We only show where the connected order

plays a role. An x.d does not have a separator of size less than 2d-2. Dele-
’ 14
tion of the last d-1 columns of the first and last column-strip of An k.4’
! I

results in a block diagonal matrix with two blocks. Moreover, the sequence

uB that is defined will not have non-zero elements in the first n positions,
because pmin(1l) and pmax(l) do not play any role in the values of 9, and qq-
Therefore, deletion of the same (2d-2) columns of An,k,d concat uB once again
results in a block diagonal matrix with two blocks.

n]

Remark 4.1. Theorem 4.4 even holds if we put the additional restriction on
A (and A concat uB) that the columns of a smallest separator are consecutive

in A (and A concat uB).

Thus, preprocessing a matrix into connected order does not help us to find a
c-approximation if we use an on-line column insertion algorithm. Of course,
it is impossible to prove negative results for all combinations of prepro-
cessing and on-line column insertion algorithms: one of these combinations
gives for each matrix the optimum column-permutation. But each preprocessing
algorithm that does not change the column number of uB if applied to A concat

uB (see (4.11)), does not improve the performance of any on-line column in-
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sertion algorithm.

Iv.3.2 Mixers and on-line column insertion algorithms.

Another kind of more sophisticated approximation algorithms can be obtained
by incorporating a "small mixer" in an on-line column insertion algorithm.
On-line column insertion algorithms often can be formulated in such a way
that the columns are processed one by one. The columns that are processed
do not loose their relative order with the insertion of a next column. If
we incorporate a "small mixer", we allow that the columns already processed

are permuted slightly just before column i will be inserted.

DEFINITION 4.12. Let A be an mxn {0,1}-matrix, u a {0,1}-sequence of length

m and s: N> IN a function with s(k)sk for all k€ N. Let B be a column-
permutation of A concat u and column i of A concat u is column p; of B
(1Sisn+1).

B is an s-mixl insertion matrix for u in A if there are n-s(n) numbers il<

i, <...<i <n such that
2 n-s (n)

i,<i, if and only if p, <p. (15jsn-s(n), 15kSn-s(n)). (4.14)
j 'k lj lk
B is an s-mix2 insertion matrix for u in A if for all j (15jSn) we have:

i < -3l i > -1-51&
if Pj P+t then |pj jl_s(n) and if pj P41 then ij 1 Jlns(n).

DEFINITION 4.13. Let X be an algorithm that takes {0,1}-matrices as input

and that returns a column-permutation of its input. Let s: N»IN be a function

with s(k)Sk for all kEIN. X is an on-line column s-mixl (resp. s-mix2) in-

sertion algorithm if for each mxn {0,1}-matrix A, X(A) is an s-mixl (resp.

s-mix2) insertion matrix for A[ ,n] into x(al ,1:n-1]).

In an on-line column s-mixl insertion algorithm at most s(n-1) columns may

be deleted from X (Al ,1:n-1]) and inserted somewhere else in this matrix
before inserting the nth column. In particular, an s-mixl insertion algorithm
allows that the first column of X(A[ ,1:n-1]) will be the last column of X(A),
in case s(n-1)21. The way these s(n-1) columns are mixed and once again in-
serted, will have to depend on the nth column, otherwise corollary 4.2 states
that we do not have a better approximation algorithm.

In an on-line column s-mix2 insertion algorithm all columns of X(aA[ ,1:n-11])

are allowed to be permuted, but the new column number will differ at most
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s(n-1) from the old column number. With s(n-1)<n-2, this means that the first
column of X(A[ ,1:n-1]) will never be the last column of X(A). For the same
reason as above we are only interested in mix2 algorithms that depend on
column n of A.

Unfortunately, if s(n) is not large enough, no on-line column s-mixl or

s-mix2 insertion algorithm is a c-approximation algorithm:

THEOREM 4.5. For all NEIN, c€E IR and €€ IR (€>0) there is an n€ N and a clean
+£ ;
square {0,1}-matrix A with n1 2N rows such that for each column-permutation

B of A we have:
store (B) 1+€

[ f —2E0LeAD) < { -
if store (A) - c then there is a {0,1} sequence u_ of lengthn such
1-€ (k22)
22),

that for every function s: N+ IN with s(k)sk
store(C) > ¢ for every matrix C that is an s-mixl insertion

optstore (A concat uB)

matrix for ug in B.
THEOREM 4.6. Theorem 4.5 with "mix1" replaced by "mix2".

We will only sketch the proofs of these theorems, because they are similar

to the proof of theorem 4.2.

Sketch of proof of theorem 4.5:

Use the matrix A given in (4.6), with Mi an nxn matrix. Let B be a column-

. €
permutation of A. Let k=n .

store(B) . _ . . :
optstore () - c in which we have to provide

uB. Define uB as in (4.11). Let B be divided as in (4.10).

We only have to look at the case

1+€
Because s (n )<n, there is at least one column of each column-strip of A

of which the column number is one of the il""’ of (4.14). Let us

1+€ 1+€
n -s(n )

delete all columns Pi of B of which i does not occur in 11,...,1n1+e S(n1+€),

resulting in a matrix B'. Then there surely is a column of colstrip(A,SO,K)
in the left part of B' and one of colstrip(A,sl,K) in the right part of B'.
Inserting ug in B' causes at least n(n.f(k)—s(n1+€)—1) zero elements to be
stored. Inserting the deleted columns can make things only worse. With suit-

able £ and n large enough, ratio (4.1) is violated.
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Sketch of proof of theorem 4.6:

Let A, B and u, as above in the proof of theorem 4.5. After the mixingliz

B has been done (resulting in B'), column pmax(so) ?faB is at most s(n )
positions to the right and column pmin(sl) of B s(n ) to the left. Thus
inserting uB causes at least n(n.f(k)—2s(n1+€)—1) zero elements to be stored.
With suitable f and n large enough, ratio (4.1) is violated.

a

Corollary 4.4. Let there be an NEIN, a c€ IR and a c-approximation algorithm
X for all matrices with more than N rows and N columns. Then X is neither
an on-line column s-mixl nor an on-line column s-mix2 insertion algorithm

1_
for any €€ R (€>0) and s: N> IN with s (k)sk 8.

Corollary 4.5. Let X satisfy the conditions of corollary 4.4. Then for every
algorithm Y that takes {0,1}-matrices as input and that returns a column-
permutation of its input, there is an mxn matrix B with m2N and n2N such
that X(B) is neither an s-mixl nor an s-mix2 insertion matrix for B[ ,n] into

Y (B[ ,1:n-1]) for any €€ R (£>0) and s: N> with s (k)sk' °.

Conclusion. In this chapter we have given negative results concerning the
existence of approximation algorithms of the CONSECUTIVE ONES MATRIX AUGMEN-
TATION problem. No algorithm of a wide class of algorithms, containing e.g.
all on-line column insertion algorithms can guarantee a c-approximation for
any c€ IR and for all matrices. Even the addition of a small mixer does not
help.

In all these algorithms we looked at a matrix as a set of columns. Further
research can be done on approximation algorithms that are row-oriented.
Needless to say that research in the direction of probabilistic algorithms
(see the introduction of this chapter) will perhaps give positive results,
even for on-line colﬁhn insertion algorithms. Thus, it remains open whether
the rowmat data structure could be used for arbitrary sparse matrices. This
chapter has only provided one more indication that this data structure may
not be suited for this purpose if full storage optimality is the ultimate
goal.

The results presented in this chapter have also appeared in [78].
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CHAPTER V

DATA STRUCTURES FOR SPARSE MATRICES

In this chapter we will design TORRIX-SPARSE, a system of primitive opera-
tions to manipulate sparse matrices. Implicit in this venture is the design
of one or more data structures for sparse matrices. Unfortunately most com-
monly used data structures for sparse matrices are rather simple and not
geared to the sparsity patterns and desired operations mentioned in chapter
II. In this chapter we will review a number of data structures for sparse
matrices and propose a new one. The new data structure is obtained by an
extension of the hypermatrix approach (cf. [26]), in which a sparse matrix
is considered a block and each block is either stored as a full matrix or
as a zero matrix, or is partitioned into smaller blocks (that may be parti-
tioned also). New features of the data structure presented in this chapter
are:

(i) sparseness of a non-zero block can be obtained in three ways:

(1) a block is represented by one (small) full matrix containing fewer
elements than the block itself,

(2) if the non-zero elements of the block are situated along a {small)
number of diagonals, then only these diagonals need be stored,

(3) a block is partitioned into smaller blocks.

(ii) a slicing mechanism similar to that of ALGOL 68 and TORRIX-BASIS (cf.
[77] and [75]) is implemented in TORRIX-SPARSE. It prescribes which
side effects must occur if operations are applied to a sparse matrix
or slices of it. Obviously this puts some demands on the data structure
used in TORRIX-SPARSE.

(iii) the user can specify which blocks of a matrix are structurally equal
such that only one of them will be actually stored. This may save
storage as well as computation time.

This chapter consists of five sections. In section V.1 we will state the

design objectives of a TORRIX-SPARSE system. In section V.2 we will investi-
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gate briefly several common data structures for sparse matrices and see to
what extent they satisfy the design objectives. In V.3 we will propose and
explain the general features of the new data structure and in V.4 we will
explain the slicing mechanism of TORRIX-SPARSE. The large section V.5 is a
technical explanation of the TORRIX-SPARSE system and contains e.g. the mode
declarations for the implemented data structure. In an appendix at the end
of this chapter a table of operations will be given of all operations of
TORRIX-SPARSE used in this chapter. A short description of these operations
is part of this table. Because TORRIX-SPARSE is an extension of TORRIX-BASIS,
we will freely use terms of ALGOL 68 and TORRIX-BASIS (cf. chapter I, or [77]
and [75]).

v.1 DESIGN OBJECTIVES.

In stating the design objectives of TORRIX-SPARSE we will try to make a
difference between design objectives for the data structure and design ob-
jectives for the software system. Possibly the latter objectives cannot

be fully met with each data structure satisfying the first objectives. Data
structure design objectives only deal with sparsity patterns to be implemen-
ted and operations to be performed and their efficiency, whereas software
system design objectives deal e.g. with the provision of a slicing mechanism,
the occurrence of side effects and the need of a garbage collector.

Each software system for sparse matrices contains one or more data struc-
tures for a sparse matrix and a number of operations. The user of such a
system can access the data structures only by means of these operations.
There may be operations hidden from the user, which only the system manager
can apply. Often these operations are hidden from the user because they are
not fully safe, i.e., there might be a syntactically correct application
returning a wrong answer. However, if applied in the right way, these oper-
ations may do their task in a more efficient way than a syntactically safe
equivalent. In proposing the software system this difference between the
instructions available to the system manager and the user is important,

especially with regard to the control of the side effects.
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v.1.1 Design objectives for the data structure for sparse matrices.

Each data structure for a (sparse) matrix consists of storage for values

of matrix elements and storage for pointers, bounds, indices, etc. (admin-
istration) (cf. [30]). The total amount of storage needed should be as low

as possible without preventing an efficient use of the data structure. The
data structure mat for full matrices contains very litle administration.

Data structures for sparse matrices are designed to decrease the amount of
storage for values of matrix elements considerably at the expense of a (small)
increase in administration. There are data structures in which only the non-
zero elements are stored and for which the ratio of the number of stored
elements and the amount of administration is independent of the number and
the distribution of the non-zero elements in a matrix (see V.2.2). In chapter
II we saw that non-zero elements often occur in (combinations of) blocks and

(block) diagonals. From this we deduce the first design objective:

Objective 5.1. Design a data structure for sparse matrices that allows the
storage of every sparse matrix, such that advantage is taken from the block
patterns and the (block) diagonal patterns of these matrices (i.e., the ad-

rministration should be rather small, if these patterns occur in the matrix).

As TORRIX-SPARSE is to be an extension of TORRIX-BASIS, a good interface
between TORRIX-BASIS and TORRIX-SPARSE is necessary. Thus, it may be needed
that a matrix stored in a mat must be considered as a sparse matrix. If de-
sign objective 5.1 can be met, the administration to be added to a mat to
view it as a sparse matrix, may be very modest and of a size that is hope-

fully independent of the size of the mat.

In chapter II we mentioned the following commonly occurring properties of
sparse matrices:

(i) often matrices are symmetric or have a symmetric sparsity pattern, (5.1)
(ii) several blocks of a matrix may be equal, (5.2)

and we identified the following important operations on sparse matrices:

(i) matrix-vector product, (5.3)
(ii) matrix product of two blocks of a sparse matrix, (5.4)
(iii) changing the value of zero and non-zero elements, (5.5)
(iv) row- and column-permutations, (5.6)

(v) cyclic row- and column-permutations, (5.7)
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(vi) adding a part of a row (or column) multiplied with a scalar to
the corresponding part in another row (or column), (5.8)
(vii) multiplying a matrix with a Givens transformation, (5.9)
(viii) computing the number of non-zero elements in a part of a row or
column, (5.10)
(ix) determining the in absolute value largest element (with its
indices) in a part of a row, of a column or in a submatrix, (5.11)

(x) computing the inner product of a part of a row (or column) with

a vector or a part of a column (or row), (5.12)
(xi) insertion of rows and columns, (5.13)
(xii) deletion of a block. (5.14)

Objective 5.2. Design a data structure for sparse matrices such that proper-
ties (5.1) and (5.2) can be taken into account and that operations (5.3) ...

(5.14) are implemented easily and efficiently.

v.1.2 Design objectives for a TORRIX-SPARSE software system.

TORRIX-SPARSE is meant to be a software system containing a number of primi-
tive operations involved in the manipulation of sparse matrices. Thus, the
user will write programs using the primitives defined in TORRIX-SPARSE.

This leads to the following objective:

Objective 5.3. Each algorithm for sparse matrices can be implemented by

the user.

Each algorithm acting on a sparse matrix can be formulated in such a way
that the access to the matrix is performed as a number of accesses to indi-
vidual matrix element§. Thus, every algorithm can be implemented provided
the system contains operators to change the value of an arbitrary matrix
element and to return to the user the value of an arbitrary matrix element.
Of course we cannot prevent that an algorithm implemented by the user and
applying only operations on single matrix elements, runs rather slowly.
However, the use of some operators defined in TORRIX-SPARSE (for example

slicing operators) could reduce computation time in such a case.

In chapter II we have seen that many sparse matrices in one program have

the same sparsity pattern. This leads to:
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Objective 5.4. Design a software system TORRIX-SPARSE for sparse matrices
in which it is taken into account that many sparse matrices in one user

program have the same sparsity pattern.

In our view TORRIX-SPARSE is an extension of TORRIX-BASIS. Therefore, we
have:

Objective 5.5. Design a software system TORRIX-SPARSE for sparse matrices
such that the user can freely apply operators and use data structures from
TORRIX-BASIS and TORRIX-SPARSE in one program. Moreover, he can write pro-
grams in TORRIX-SPARSE in the same style as he was used to with TORRIX-BASIS.

The latter part of this objective is rather vague and we shall indicate
what we consider essential aspects of TORRIX-BASIS programming style in

four refinements of objective 5.5.

Objective 5.5.1. The software system should make no assumptions about the

field of scalars used and (thus) provide a mode scal for the user to specify,

as in TORRIX-BASIS.

ALGOL 68 contains a slicing mechanism with which the user can select rows,
columns, submatrices and elements of a matrix and subvectors and elements
of a vector. In addition to these selections, TORRIX-BASIS contains the
selection of a diagonal. Users of ALGOL 68 or TORRIX-BASIS can apply these

features e.g. to reduce computation time.

Objective 5.5.2. The software system should contain a slicing mechanism and

provide means such that ascription of a slice to an identifier reduces compu-

tation time if the sljice is used several times in the user program.

This objective leads into the occurrence of side effects. Unexpected (and
therefore undesired) side effects should be avoided. On the other hand,
it should be impossible for side effects not to occur when the user expects

and desires them.

Objective 5.5.3. Design the slicing mechanism in TORRIX-SPARSE in such a way

that the occurring side effects are similar to the side effects of ALGOL 68
and TORRIX-BASIS and moreover, that they occur in similar situations as in

ALGOL 68 or TORRIX-BASIS user programs.
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Objective 5.5.4. The user does not need to program the garbage collector

for (parts of) the data structure in TORRIX-SPARSE. As soon as storage gene-
rated on the (ALGOL 68) heap cannot be used anymore during the elaboration
of the user program, this storage should be available for the garbage col-

lector of the ALGOL 68 implementation.

Of course design objectives 1.2 and 1.3 of TORRIX-BASIS (see chapter I)
also hold for TORRIX-SPARSE. Obviously a clear distinction must be made

in TORRIX-SPARSE as well between operations with a meaning derived from
linear algebra and operations with a meaning related to the data structure.
For operations derived from linear algebra we can use the same operator
symbols as in TORRIX-BASIS.

The slicing mechanism is not the only feature of TORRIX-SPARSE that leads
into the occurrence of side effects. TORRIX-SPARSE is designed in such a
way that storage may be saved in case of equal blocks because, if specified
by the user, only one of them will be actually stored (see (5.2)). This
gives rise to side effects for which no equivalent exists in TORRIX-BASIS.
We will provide a solution for this side effect problem, not by excluding

side effects, but by controlling them.

v.2 A REVIEW OF SPARSE MATRIX DATA STRUCTURES.

Most data structures for sparse matrices are built of linear arrays. The
reason is the rather poor data structure facility of FORTRAN and ALGOL 60
(in which most software for sparse matrices is written). In this section
we will review a number of data structures for sparse matrices, provide
ALGOL 68 mode declarations for them and see to what extent our design ob-
jectives are met. In V.2.1 we will mention two data structures for special
sparsity patterns, in V.2.2 we will deal with data structures suitable for
arbitrary sparsity patterns and in V.2.3 we will deal with block patterns.
We will see that none of them provides a good slicing mechanism nor has

the possibility for more economic storage in case of equal blocks.
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v.2.1 Band and profile data structures.

A full nxn band matrix A with bandwidths wl and w2 is often stored in a doubly
subscripted array a with bounds [1:n,-wl:w2]. The rows of a correspond to

the rows of A and the columns of a correspond to the diagonals of A. The ra-
tio between administration overhead and the number of stored elements is
quite good, even for large wl and w2. It is clear that this data structure
should not be used for matrices with arbitrary sparsity patterns. It provides
efficient row and diagonal access, but column access is rather poor. No ad-

vantage can be taken of the equality of blocks to reduce storage.

For the case of symmetric matrices Jennings (cf. [46]) proposed to store
only the lower triangle of the profile of the matrix. There is one array
containing the elements of the profile and one array of pointers, one for
each main diagonal element, to offset the row-indexing (see fig. 5.1).

In ALGOL 68 a more appropriate data structure for Jennings' method is the
rowmat data structure (see (1.10)). Most of our design objectives cannot

be met even with a modest change of this data structure.

vV.2.2 Data structures for arbitrary sparsity patterns.

A data structure for general use has been mentioned in [47]. Many other data
structures are restrictions, extensions or adaptations of it (cf. [30], [631]).
In this data structure a matrix is viewed as a set of elements, each one
uniquely determined by two integers: the row-index and the column-index.
Each non-zero element is stored as a 3-tuple (its value, row- and column-
index) and two pointers, one referring to the next non-zero element in the
same row and the other to the next non-zero element in the same column. In
most applications of sparse matrices it is very improbable that some column
or row of the matrix to be stored, does not contain any non-zero element.
Thus, the pointers to the first stored elements of the rows and columns can
be stored in arrays. We can implement the structure with the following ALGOL

68 modes:

mode element = struct(int rowind, colind, scal value
sref element right, down
)5

mode spmat = struct(refl(lref element rows, cols);

(5.15)
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fig.,5.1. The Jennings' storage scheme.

The bounds of the matrix are the bounds of the rows- and cols-fields. Selec-—

ting a row of an spmat a is very easy:
(rows of a)[i]

However, the size of the administration overhead can be too large (cf. [63]).
In [23] other disadvantages are mentioned and it was tried to avoid them by

storing the non-zero elements of each row in an array with deletion of the
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row- and column-pointers. Thus column access becomes time consuming and it
will require more time to insert newly created non-zero elements in this
restricted data structure.

If diagonal access is needed, data structure (5.15) can be easily extended

by adding to each element a pointer to the next non-zero in the same diagonal.
The above mentioned disadvantages can be partly avoided if a number of stored
elements in a row have consecutive column-indices. These elements can be
stored in one array. Column-pointers will be retained and no problem arises

with the insertion of new non-zero elements (see fig. 5.2).

Non-compacted form.

:
1

¥ []1scal

—|
v

] k

ERENNN |1

TIIT [Jomees

Compacted form.

fig. 5.2. Compaction of stored elements with consecutive column-indices.
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The mode declarations (using TORRIX-BASIS) can be:

mode rowelem = struct(int colind, scal value, ref node down);

mode rowcomp = struct(vec values, refllref node downs);

mode node = struct(int rowind

,union (ref rowelem, ref rowcomp) rowpart ¢ (5.16)
,ref node right
); )

mode spmat = struct(ref[]ref node rows, cols);

Compared with (5.15), k-j column-indices and k-j row-pointers are not stored
in this compaction. Obviously (5.16) can be easily adapted to allow column
or even submatrix compaction. Efficient cyclic row- and column-permutations
are not possible with data structure (5.15).

In order to implement a slicing mechanism with side effects as mentioned in
objective 5.5.3, a severe modification of (5.15) (or (5.16)) is required, in
particular if additional efficiency requirements for the use of slices are
stated. It is not difficult to obtain a reduction in storage in case of equal
blocks, but a reasonable solution (as presented in V.5.3.3) with regard to
the occurrence of side effects due to the equality of blocks cannot easily
be implemented. It is not surprising indeed, that slicing mechanisms or fea-
tures for a reduction in storage in case of equal blocks are not implemented
(as far as we know) in sparse matrix packages using data structures related

to (5.15) (cf. [23], [34] ana [82]).

V.2.3 Data structures for block patterns.

A sparse matrix with only full and zero blocks can be stored as an array of

blocks (cf. [26], [12]):

mode spmat = struct(refl]lint rowpartition, colpartition
»refl,Imat blocks (5.17)
)s

A zero block is represented with zeromat.
In case of a block diagonal pattern with only full and zero blocks, one can
use a ref[Jref[imat blocks in (5.17). If some non-zero blocks are sparse,

other mode declarations are needed; a block is an spmat itself:



mode matrix = union(mat, spmat);

mode spmat = struct(ref(]int rowpartition, colpartition
sref[,Imatrix blocks
)3

In more recent publications (cf. [30], [62]), this latter data structure is
only mentioned without any reasoning about advantages or disadvantages. The
data structure has been used for Gaussian elimination of symmetric positive
definite systems (cf. [26]) and QR decomposition (cf. [12]). We will modify
it in the next sections in such a way that our design objectives can be met

rather well.

Conclusion. In this section we have reviewed a number of data structures for
sparse matrices. None of them provide facilities for an economical storage
of equal blocks. This is left to the user and it seems that the pattern of
equal blocks will only be reflected in his program. Several data structures
allow a slicing mechanism. However, no attention has been given to the side

effect problem.

V.3 A NEW DATA STRUCTURE FOR SPARSE MATRICES.

In this section we will present a new data structure for sparse matrices.

It allows a reduction in storage in case of equal blocks. If this reduction
is not required, this data structure is a rooted tree with leaves that are
mats or diagmats (see chapter I) and its subtrees correspond to blocks of
the matrix. If a reduction in storage in case of equal blocks is required,
only one of the corresponding subtrees will be actually stored. This iden-
tification of two subtrees leads to a data structure that is an acyclic
directed graph.

Section V.3 consists of two subsections. In V.3.1 we will give basic defi-
nitions and briefly explain the rooted tree data structure for sparse matri-
ces. In V.3.2 we will see how a reduction in storage can be obtained in case
of equal blocks. We will give no definitions for rooted trees and related

notions. These can be found in [01].
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v.3.1 Sparse matrix storage trees.

Let a scalar field F and a computational system S for F be given. Thus, if
we speak about total-arrays, we mean total-arrays over S. In order to relate
trees to matrices, we have to define precisely what is meant by blocks, par-

titions, etc.

DEFINITION 5.1. A block with bounds (bnds) [mlznl,m ~n2] is a total-array2

ot
[aij] with aij=0 for all (i,j) € [—t:t]X[—t:t]\[ml:nl]XImzznz]. Its lower-

bounds are m1 and m2; its uEEerbounds are n1 and n2.

Observe that each total-array2 is a block with bounds [-t:t,-t:t]. Moreover,

a block does not necessarily have lowerbounds 1.

DEFINITION 5.2. Let B=[Bij] be a block with bnds(B)=[m1:n1,m2:n2]. Let
R=(rh) B C=(ck) be strictly increasing sequences over % satisfying

0<hsp 0sksq

p,q921, pxq22, r,=m -1, ¢.=m_-1, ¥ =n, and c_=n (5.18)

1 0 2 p 1 q 2°
A partition of B according to R and C consists of a doubly subscripted se-

X _rphk _ .
quence of blocks (Bhk)1§h§p,1§k§q with Bhk—[Bij] and bnds(Bhk)—[rh_1+1.rh,
+1:
gt ck] such that o
Bij;Bij if (1,])Ebnds(Bhk).
We say that any Bhk (15hsp,15ksq) is a direct subblock of B and that the size

of the partition of B is pq.

DEFINITION 5.3. Let B be a block. If B is not partitioned, we say that B is

recursively partitioned with depth 0. B is recursively partitioned with depth

§_(s€jm,s>0) if B is partitioned into (Bhk)léhép,lékéq (in the sense of defi-
nition 5.2) and its direct subblocks satisfy the following two conditicns:
(i) each direct subbiock of B is recursively partitioned with depth at
most s-1,
(ii) there is at least one direct subblock of B that is recursively parti-
tioned with depth s-1.

The size of a recursive partition P of B with depth s equals:

1 if s=0

size (P) =
1% g9

r, .z size(Ph

L+ 2y gy

. S .
k) otherwise (s>0) with Phk the

recursive partition of Bhk'



DEFINITION 5.4. Let B and B' be blocks. Let a recursive partition of B be
given. B' is a subblock of B if there are blocks B=B0,B1,...,Bn=B' (n20)
such that Bi is a direct subblock of Bi—l (1ign).

Obviously, if B#B' and B' is a subblock of B, then we can define another
recursive partition for B in which B' is a direct subblock of B. However,
this can lead to a considerable increase in the size of the partition or

the sizes of the mats and diagmats representing non-partitioned subblocks
(see proposition 5.1) and, hence, to a considerable increase in the storage
required for the (non-empty) blocks of the given matrix. Now we will see how
non-partitioned blocks can be represented with mats and diagmats (as defined
in I.4.3).

DEFINITION 5.5. A diagarray is an ALGOL 68 multiple value of vecs. The kth

vec is considered to represent one diagonal of a total-array?2 [aij] (i.e.,

—£<i . i+k<
all elements ai,i+k (-tsi,i+kst)).

Because each total-array2 has a domain [-t:t]lx[-t:t], each diagarray d must
satisfy the following conditions:
(1) -2t<lwb d and upb ds2t,

(ii) for each k (Iwb dsksupb d) we have

if k<0 then -t-kslwb d[k] and upb d[k]st and

if k20 then -t<lwb d(k] and upb d[k]st-k.
In the remainder of this chapter we will seldom speak of concrete-arrqyl's
and diagarrags, but only of mats (i.e., references to concrete-array?2's)
and diagmats (i.e., references to diagarrays (see I.4.3)). Without proof we

state (see also I.3.3):

Proposition 5.1. Let B be a non-partitioned block with bnds(B)=[m1:n1,m2:n2].

Then B can be represented by a mat or a diagmat d. The concrete domain D of
the mat satisfies D < bnds(B) and d satisfies: zgéhdzmz—nl, gg@_dénz—ml and
for all k (lwb dsksupb d) we have

wb d[k] 2 max{ml,m

-k}, upb d[k} < min{nl,n -k}.

2 2

DEFINITION 5.6. Let B be a block and let a recursive partition of B be given.

Moreover, let each non-partitioned subblock of B be represented by a mat or

diagmat.



(1) A mat m has a concrete element with indices (i,j) if and only if
1 wb msisl upb m and 2 lwb m$3is2 wpb m (c£. [75]).
(ii) A diagmat d has a concrete element with indices (i,j) if and only if

Iwb d<j-isupb d and lwb d[j-i]Sisupb d[j-i].

(iii) B has a concrete element with indices (i,j) if and only if there is

a non-partitioned subblock B' of B, represented by a mat or diagmat
with a concrete element with indices (i,j).

(iv) An element is virtual if it is not concrete.

DEFINITION 5.7. Let T be a tree with leaves that are mats or diagmats. Let
A be a matrix or block; let a recursive partition P of A be given and let
each non-partitioned block of A be represented by a mat or diagmat. T is a

sparse matrix storage tree for A if

(i) there is a unique correspondence between vertices of T and subblocks
of A,
(ii) the sons of an internal vertex N precisely correspond to the direct
subblocks of the block associated with N,
(iii) each leaf of T is equal to a mat or diagmat that is a representation

of a non-partitioned block of A, and vice versa.

The block B corresponding to a vertex of T will be completely determined by

associating with the vertex the four integers 11, u 12, u, such that

'
bnds(B)=[11:u1,12:u2]. Note that, if B' is a subbloik of B znd their corre-
sponding vertices in T are N' and N, respectively, then N' is a descendant
of N. Because each partitioned block has at least two direct subblocks, each
internal vertex of T has at least two sons. Thus, the number of vertices in
a sparse matrix storage tree for A is equal to the size of the recursive
partition of A. Observe that even a block represented by a mat (or diagmat)
without any concrete element requires a vertex in the storage tree. Thus, if
storage should be minimized, blocks with all zeros should not be partitioned.
With definition 5.7 several notions related to sparse matrix storage trees
correspond to notions related to recursive partitions. A rather important

concept is given in the following definition:
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DEFINITION 5.8. Let A be a block and let a recursive partition P of A be

t
given. The sequence (A=B Bl,...,Bn) is a search path for the (i,]) h ele-

OI
ment of A if Bp is a direct subblock of Bp—l (1£psn), Bn is not partitioned
and (i,j)Ebnds(Bn).

In a sparse matrix storage tree T for A the vertices corresponding to BO,
...,Bn constitute the path in T from the root of T to the leaf containing
the (i,j)th element (possibly virtual). Observe that the search path of

every element of A is uniquely determined.

v.3.2 An acyclic directed graph storage scheme.

In this section we introduce a modification of sparse matrix storage trees
that gives a reduction in storage in case of equal blocks. First we will re-
view some necessary concepts of graph theory.

A directed graph G=(V,E) consists of a finite set V of vertices and a set

E € VxV with (u,u)€E for each u€V. The elements of E are called edges. The
indegree of a vertex v is the size of {u€v : (u,v)EE} and the outdegree of

v is the size of {u€V : (v,u)€E}. A path ﬂ=(v1,v2,...,vn) of length n-1 (n21)

is a sequence of vertices such that (vi,vi+1)€E (12isn-1). A cycle of length

n is a path (vl,...,v ’Vl)' A directed graph G=(V,E) is acyclic if it does

n
not contain a cycle.

For acyclic graphs we use the following notions: a vertex v is a root if in-
degree (v)=0; a vertex v is a leaf if outdegree(v)=0; a vertex v is a son of
a vertex u if (u,v) is an edge; a vertex v is a descendant of a vertex u if

there is a path from u to v.

DEFINITION 5.9. Let A be a block and let a recursive partition P of A be given.

Let B and B' be subblocks of A with bnds(B)=[11:u1,l :u.] and bnds(B')=[l£:u',

2°72

[P ] 1 3 P TN B | -1 =11'-1"?

12.u2]. B and B' are equal blocks if wy l1 u, 11, u2 12 u2 l2 and the value of
element (i,j) of B equals the value of element (i+l'—11,j+l'-l2) of B' for all

1 2
(i,j)€bnds (B).

Let A, P, B and B' be as in definition 5.9. Let T be a sparse matrix storage
tree for A according to P. Suppose B and B' are equal (B#B') and let N(B) and
N(B') be the vertices of T corresponding to B and B', respectively. Let N(B)
and N(B') be sons of F(B) and F(B'), respectively. Consider T as an acyclic

directed graph. Then a reduction in storage (in the size of T) can be obtained



by deleting N(B') and all its descendants from T and adding the edge (F(B'),
N(B)). Moreover, the bounds of B' must be added as a label to N(B) (more pre-
cisely: 11'—11 and 12'-12 must be added as labels to the edge (F(B'),N(B)). In
this way, B and B' are made structurally equal. Obviously, this deletion and

addition of vertices can be done for all equal blocks of A, starting with the
larger ones. Suppose this is done for a number of equal blocks and we obtained
an acyclic directed graph G. G satisfies the following properties:
(i) G has exactly one root r,
(ii) for each vertex x in G, there is a path from r to x. If for each x,
this path is unique, then G is a tree and the matrix A does not contain
structurally equal blocks.
Observe that the search path for each element of A is uniquely determined if

A is stored in an acyclic directed graph.

Above we have given the general way in which equal blocks can be made struc-
turally equal. Many questions are not solved. For instance, how to deal with
the situation in which one of the deleted vertices had indegree >1? For this

kind of details as well as many others, we refer to V.5.

Conclusion. In section V.3 we have presented a new data structure for sparse
matrices based on a recursive partition of the matrix. This leads to a stor-
age scheme that is represented by a tree. A reduction in storage in case of
equal blocks can be obtained by identifying vertices and thus transforming
the tree into an acyclic directed graph in which several vertices have in-

degree >1.

V.4 SLICING IN TORRIX-SPARSE.

In this secfion we will explain in more detail what, in our view, a slicing
mechanism should contain and what the requirements are concerning the occur-
rence of side effects that come with a slicing mechanism. For this purpose
we need a short survey of how values of modeé for sparse matrices as defined
in TORRIX-SPARSE can be manipulated. This survey is given in section V.4.1.
In section V.4.2 we will discuss the typical properties of the ALGOL 68 slic-
ing mechanism and see what the slicing features are in ALGOL 68 and TORRIX-
BASIS. Then, in V.4.3, we will present the slicing operators as defined in

TORRIX-SPARSE.
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v.4.1 Types of variability and operations in TORRIX-SPARSE.

In TORRIX-SPARSE several modes will be declared to represent sparse matri-
ces in computer memory (see V.5). Because we do not need to distinguish be-
tween these modes in this section, we will denote them all by simply the word
sparmat. To manipulate sparmat-values the user can only use the following in-
structions:

(i) operations defined in the software system. We will not distinguish be-
tween procedures and operators. In ALGOL 68 an operation can be imple-
mented with an operator or a procedure. The word 'operand' in V.4 and
V.5 will sometimes denote 'parameter'. All this will not lead to am-
biguities,

(ii) an ALGOL 68 assigmment involving sparmats,
(iii) an ALGOL 68 identity declaration involving sparmats. This also includes

the parameter mechanism of procedure calls.

Note that, although a sparmat is an ALGOL 68 structured value, the user can-
not select its separate fields.
All data structures used in TORRIX-SPARSE are based on a recursive partition
of the matrix to be represented in memory. Therefore, we can distinguish four
types of variability of sparmats:

(i) changing the value of concrete §ggljelements, (5.19)

(ii) replacing mats or diagmats of non-partitioned blocks by other mats
or diagmats, (5.20)

(iii) changing the recursive partition of a block or replacing a block by

another block with the same bounds, (5.21)

(iv) changing the bounds of the sparmat. (5.22)
The mode declarations for sparmat are chosen in such a way that a change in
a sparmat is always of type (5.19), (5.20) or (5.21). A change of type (5.22)
cannot be performed on sparmats. For (5.22) ref sparmats are necessary.
Observe that variability (5.22) in TORRIX-SPARSE corresponds to variability
(1.9) in TORRIX-BASIS. Operations for the modes sSparmat can be divided into

three types:



I Queries:
(i) Operations of which the result is determined by the total-array of
the operand.
Examples: the sum of the values of all elements;
generating a (vec-)copy of row i.
(ii) Operations of which the result is determined by the storage scheme.
Examples: the number of concrete elements;
queries about the recursive partition. N
II Operations to generate new sparmats.
Examples: the sum of two sparmats;
generating a sparmat without concrete elements, but with the
same recursive partition as the operand.
III Operations that change the total-array, the recursive partition or the

concrete domain(s) of a mat or diagmat of a sparmat. (5.23

TORRIX-SPARSE contains type III operations that are examples of variability
(5.19), (5.20) and (5.21) simultaneously (for instance, permutations of rows,
cyclic row-permutations). However, none of the operations is an example of
variability (5.22). This variability is left to the user. As a consequence,

no operation provided in TORRIX-SPARSE has an operand of the mode ggi sparmat.

v.4.2 Slicing in ALGOL 68 and TORRIX-BASIS.

In this section we will use concepts like submatrix, row, diagonal, §£ng
element, etc. of a matrix with the usual meaning. Clearly submatrices, rows,
etc. are involved in a slicing mechanism. Merely defining a number of opera-
tions that act only on parts (i.e., on a submatrix, a row, etc.) of a matrix
does not necessarily provide a slicing mechanism. If a software system con-
tains a slicing mechanism then the user is able to apply an operation (pos-
sibly defined by himself) defined on a vector, to a row(, column or diagonal)
of a matrix or to a subvector of a vector. Thus the user can freely use rows
and columns of a matrix and subvectors of a vector without the obligation to
distinguish between a vector that is part of another data structure and an
autonomous vector. We describe a slice of a data structure for a matrix or
vector as the selection of a part of it, of which the elements may have quite
different indices compared with their indices of the matrix or vector. Exam-

ples: selection of a submatrix, the lower triangle, the elements of a vector



with even index, etc. Moreover, a slice can be sliced again. It is important
to note that a change in a slice constitutes a change in the original matrix
or vector. And vice versa: if the original data structure has been changed

in an element selected by a slice, then the slice is changed accordingly.
Observe that a slicing mechanism is not introduced because of the efficiency
with which operations can be performed, but primarily as a part of the inter-

face between a software system and its user.

ALGOL 68 provides four kinds of slicing of references to doubly subscripted

multiple values:

(i) submatrix slicing: a[hl:kl gf_hl, h2:k2 at h2],
(ii) revised lowerbound: a[hl:kl gz'pz, h2:k2 g}_pz],
(iii) vector slicing: row slicing alt, 1,
column slicing al .41,
(iv) element slicing: alt,jl.

TORRIX-BASIS contains two new kinds of slicing a mat:

(v) transpose slicing: trnsp a,
(iii) vector slicing: diagonal slicing k diag a.

Similar kinds of slicing exists in ALGOL 68 and TORRIX-BASIS for references
to singly subscripted multiple values: subvector slicing, revised lowerbound
and element slicing. An important aspect of the slicing mechanism in ALGOL 68
and TORRIX-BASIS is, that slices have fixed bounds (fixed at execution).
Slices in TORRIX-BASIS do not allow variability (1.9).

v.4.3 Slicing operators in TORRIX-SPARSE.

It is often the case in a program that a slice must be used several times.
It is rather easy to design a slicing mechanism in such a way that with each
use of the same slice, the whole data structure of the original matrix or
vector is searched for the elements contained in the slice (even if the slice

has been ascribed to an identifier). Thus we have a new objective:

Objective 5.5.5. Design a slicing mechanism such that, if a slice is

used several times and the original data structure has not been changed (5.24)

between these usages, then the original data structure will be explored

only once (namely when the slice is created).
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In TORRIX-SPARSE we have the following slicing operators:

(i) the operator ? for submatrix, row and column slicing (see TORRIX-

BASIS), (5.25)
(ii) the operator diag for diagonal slicing, (5.26)

(iii) af(Z?j): if (Z,J)€bnds(a) then a reference to the (possibly newly

generated) concrete (i,j)th element of a will be returned; otherwise

a fatal error will be reported, (5.27)3
(iv) a newlwb h is equivalent with the ALGOL 68 A[ : at h, ], (5.28)
(v) k newlwb a is equivalent with the ALGOL 68 A[ , : at K], (5.29)

(vi) a symslice(h//k) is equivalent with the ALGOL 68 A[h:k at h, h:k at h]
but can only be applied to a symmetric matrix or a matrix with a sym-
metric sparsity pattern. (5.30)

Moreover, two new modes are declared:

Spvec  to represent sparse vectors,

scalel to represent a reference to an element of a sEarmat or an sSpvec.
An spvec is not necessarily a slice of a sparmat. It represents a total-
arrayl and is recursively partitioned according to rules similar to those
for matrices (see V.3). The recursive partition of a submatrix or vector
slice is the restriction of the recursive partition of the original matrix.
spvecs can be sliced also, with the following operations:

(i) the operator ? for subvector slicing (see also TORRIX-BASIS), (5.31)

(11) u newlwb h, equivalent with the ALGOL 68 U[ : at A]J, (5.32)

(iii) u!Z: if 7€bnds(u) then a reference to the (possibly newly generated)
concrete ith element of U will be returned; otherwise a fatal error
will be reported. (5.33)
Observe that the indices determine whether an element belongs to a slice.
Which elements belong,to a slice depends neither on the recursive partition
nor on the.concreteness of elements. In V.5 we will see that the operations
(5.25)-(5.33) form a slicing mechanism in TORRIX-SPARSE, i.e., TORRIX-SPARSE

satisfies the following criterion:
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Let T be a TORRIX-SPARSE user program. Let, at some stage of the elabo- ]

ration of M, v be a sparmat- or spvec-value and sl be a value that is

just created as a result of an application of one of the operators
(5.25)-(5.33) applied to v. Let SL be the set of indices of elements
selected by sl. Let after the elaboration of an arbitrary number of
TORRIX-SPARSE operations applied to sl and/or v, a value tl be cre-
ated with an identical application of the operator with which sl was [(5-34)
created. Then sl and tl are of the same mode and if sl is a scalel,

sl and tl have the same scal-value. If sl is an Spvec or sparmat, then

the following four conditions hold:
(i) the total-arrays of sl and tl are equal,
(ii) the recursive partitions of sl and tl are equal,

(iii) the bounds of sl and tl are equal,

(iv) the ith (or (i,j)th) element of sl is concrete if and only if the

ith (or (i,j)th) element of tl is concrete.

J

Thus, if a and u are sparmat- or spvec-variables, and u refers to a slice

of a, then during the elaboration of T, u continues to refer to this slice

of a, until a or u is the destination of an assignment.

Conclusion. In this section we have discussed the properties of a slicing
mechanism. Operators that form a slicing mechanism must induce specific side
effects in the matrix (or vector) and its defined slices, if other operations

are applied to this matrix (or vector) and its slices.

V.5 TORRIX-SPARSE: MODES AND ALGORITHMS.

In this section we wi%l give a rather detailed description of the operators
and data structures TORRIX-SPARSE provides. We will develop TORRIX-SPARSE

in five stages (SPARSEI, SPARSEII, SPARSEIII, SPARSEIV and SPARSEV (which

is the complete TORRIX-SPARSE system)), because otherwise the explanation

of TORRIX-SPARSE would become too complicated. Moreover, we can show in each
stage what additional problems arise for the implementor. Each SPARSE system
is an extension of a former one. The separate SPARSE systems can be considered
sparse matrix packages on their own, but in each (except in SPARSEV) a number
of the design objectives (see V.1) are not met. In table 5.1 one can find

which objectives are met in each of these systems.
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SPARSEI is a system merely using the sparse matrix storage tree data struc-
ture for sparse matrices (see V.3.1). It has no additional features like pro-:
visions for structurally equal blocks or a slicing mechanism. In SPARSEII

the "shift" will be incorporated in order to allow the insertion of rows and
columns and to have efficient cyclic permutations. SPARSEIII incorporates the
feature of structurally equal blocks. In SPARSEIV a slicing mechanism is im- |
plemented but structurally equal blocks are not possible. SPARSEV (i.e.,
TORRIX-SPARSE) contains both a slicing mechanism and a feature to reduce stor-
age in case of equal blocks.

In each SPARSE system (except SPARSEI) we will only deal with the problems
caused by the new features added by the extension. Thus, for instance, to
comprehend SPARSEIII, one has to read the sections V.5.1-V.5.3. In an appen-
dix to chapter V, a table is given containing a formal description of all
operator symbols used in this section. TORRIX-SPARSE contains more operators

and procedures than described in this appendix.

system extension of design objectives that are met

SPARSEI objectives 5.1, 5.3, 5.4, 5.5.1, 5.5.4 and
(5.1), (5.3)-(5.6), (5.8)-(5.12), (5.14)

SPARSEII SPARSEIL objectives 5.1, 5.3, 5.4, 5.5.1, 5.5.4 and
(5.1), (5.3)-(5.14)

SPARSEIII SPARSEII objectives 5.1, 5.2, 5.3, 5.4, 5.5.1 and 5.5.4

SPARSEIV SPARSEII objectives 5.1, 5.3, 5.4, 5.5 and (5.1),
(5.3)-(5.14)

SPARSEV SPARSEIITI objectives 5.1, 5.2, 5.3, 5.4 and 5.5.

and SPARSEIV

table 5.1. Organization of V.5.

TORRIX-SPARSE provides the user with three modes to represent sparse matri-
ces: the mode spsym is used for sparse symmetric matrices, sympat for matri-
ces with symmetric sparsity pattern and spmat for other sparse matrices. If
we do not want %o distinguish the modes of the various systems, we will use

spsym, sympat and spmat; otherwise we will use modes like spsymi (in SPARSEI),

spsymiv (in SPARSEIV), sympatii (in SPARSEII), spmati (in SPARSEI), etc. If

we do not want to distinguish between spsym, sympat and spmat, we will use
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sparmat (or sparmati, sparmatii, etc.). These distinctions are only used in

V.5. The user can only manipulate spsyms, sympats and spmats. Depending on

the system used, these modes are declared differently. In all SPARSE systems
the identifiers zerospsym, zerosympat and zerospmat are declared to denote

a block with bounds [t:-t,t:-t] having no concrete element at all.

Remark 5.1. Obviously all operations (5.3)-(5.14) acting on a part of a ma-
trix can be implemented (and objective 5.3 be met) by using the slicing me-
chanism. However, we will provide in TORRIX-SPARSE procedures for them, so
that the user can avoid the generation of a slice in case such a slice of

the matrix would be used only once.

In this section V.5 we will present a number of ALGOL 68 programs for TORRIX-
SPARSE operations. These are meant to illustrate how the data structures can

be manipulated.

The slicing mechanism is not the only cause of the occurrence of side effects.
In V.1 we have already mentioned a second cause: structurally equal blocks.
Moreover, the reference mechanism of ALGOL 68 provides us with side effect
problems also. In order to control the occurrence of side effects, we have
hidden from the user a number of operations and modes defined in TORRIX-

SPARSE.

Before we start the explanation of TORRIX-SPARSE, we will define a number of

concepts that we will use frequently.

DEFINITION 5.10.

(i) A block B with bnds (B) = [mlznl,m :n2] is square if m,=m, and n,=n..

172 172
) is square if

2

(ii) A partition of a square block B into (Bhk

for each i Bii is square (1%ismin(p,q))-

15hsp,15ksg

(iii) A recursive partition of a square block B is symmetric if B contains

a subblock B, with bndS(Bl) = [mlznl,mz:nz] if and only if B contains

a subblock B, with bnds(Bz) = [m2:n2,m1:n1].

DEFINITION 5.11. Let B be a block, partitioned according to (5.18). Then

T (0%i%p) resp. cj (05j%q) is a direct horizontal resp. vertical partition

line of B with endgoints m2 and n2, resp. m1 and nl. Moreover, ri (05isp)
and cj (02j%q) are horizontal and vertical partition lines with endpoints

m, and n,, resp. m

5 and nl, of all blocks of which B is a subblock.

1
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DEFINITION 5.12. Let @ be a Sparmat. A rectangular subdomain of @ consists

of a four tuple [pl:ql,pzzqzl with

1 lwb bnds asp,st, -tsq,s1 wb bnds a, 2 Wb bnds asp,st and
—t§q2§2 upb bnds a.

For reasons of clarity we repeat all modes declared in TORRIX-BASIS:
value modes: mode scal = ¢ a user specified mode C;
mode vec = ref[]jscal,
mat = ref[,]scal;
modes concerning indices and bounds:
mode indes = ref[]int,
air = struct(int rowsub, colsub),

trimmer = struct(int lower, upper);

Each SPARSE system contains the modes
mode matbnds = struct(trimmer rowbnds, colbnds);
mode diagmat = ref[]vec co = ref[]refllscal co;

The mode matbnds serves for bounds of matrices, submatrices and blocks. In

case of spsyms and sympats, trimmers suffice. Contrary to TORRIX-BASIS,

TORRIX-SPARSE does not contain operators concerning bounds that have an op-

erand of the mode sparmat. This kind of operation acts on matbnds.

v.5.1 The SPARSEI system.

v.5.1.1 Mode declarations in SPARSEI.

The SPARSEI system provides the user with three modes (Spsymi, sympati and

spmatil) and operators for them. Their declarations are given in fig. 5.3.
First we will develop the mode Spmati and then adapt it such that the data

structures for sympati and Spsymi can be easily defined.

We have already stated (V.3.1) that a block is either a mat, a diagmat or
that it is partitioned. The direct subblocks of such a block can be stored
in rectangular or diagonal form. Thus we arrive at the following declara-

tion of a blocki:

mode thlocki = union(ref mat, ref diagmat, ref rectblocki, ref bandblocki);

The symbol T is used to denote that this mode, identifier or operator cannot
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be applied by the user. A ref mat (ref diagmat) is incorporated in a blocki
instead of a mat (diagmat) in order to avoid problems in the applications of

operators with respect to the union-mechanism of ALGOL 68.

mode trectblocki = struct(index rowpartit, colpartit
,ref[, Jblocki subblocks
)3

mode tbandblocki = struct(index rowpartit, colpartit
sref[jref[]blocki subblocks
H

In the routine-texts of the operators a rectblocki b is assumed to satisfy
the following conditions:
(1) Zwb rowpartit = lwb colpartit = 0 and
1 lwb subblocks = 2 lwb subblocks = 1,
(ii) 1 upb subblocks = upb rowpartit, 2 upb subblccks = upb colpartit,
(iii) with m = rowpartit(upb rowpartit], n = colpartitlupb colpartit]
bnds (b) = [rowpartit[0]+1:m, colpartit[0]+1:n], (5.35)
(iv) the bounds of the direct subblock subblocksli,jl are
bnds (subblocks[i,j]) = [rowpartit[i-1]+1:rowpartitlil]
,colpartit[j-11+1:colpartit(j] 1. (5.36)
Similar assumptions hold for a bandblocki. With (5.35) and (5.36) the bounds
of a blocki can be computed, except when this blocki is not partitioned and
is not a direct subblock. This exception will only occur if the blocki is

the root of the stored sparse matrix:

mode spmati = struct(matbnds Thounds, ref blocki Troot); (5.37)

The bounds of the root-field of an spmati are given with the bounds-field.
Observe that, in order to change a non-partitioned into a partitioned matrix,
a ref bZockf—field is needed in (5.37) instead of a blocki-field. If a blocki
is neither partitioned nor contains any concrete element, it is assumed to

be a reference to zeromat (defined in TORRIX-BASIS).
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Example 5.1. The routine-text of the procedure genspmat is rather simple:

proc genspmati = (int lwbl, upbl, lwb2, upb2)spmati:

co returns an spmat? A with bnds (8) = [Iwbl:upbl, lwb2:upb2] without any

concrete element

Cco

if wbl>upbl or lwb2>upb2 then zerospmati
elif lwbi<-t or upbl>t or lwb2<-t or upb2>t

then co error co  stop

co or any other action that halts the program co

else ( ( (lwbl,upbl), (lwb2,upb2) ) , heap blocki := heap mat := zeromat)

hick

As for spsymis it is assumed that their recursive partition is symmetric.

Only the lower triangle of a symmetric matrix will be stored in an sgsymi,

except for square mats

(that are on the main diagonal of the matrix). The

declaration of the mode spsymi is simple:

mode spsymi = struct(trimmer tbounds, ref blocki tsymroot)

Each mat, diagmat or blocki of an spsymi that is not on the main diagonal,

represents two submatrices of the matrix stored with this Sgsymi. The row-

partit- and colpartit-fields of a partitioned square blocki b of an spsymi

are assumed to be equal as indexes, i.e.,

refl]int (rowpartit of b) is colpartit of b returns true. (5.3

For a square blocki b we can distinguish four cases:

(i) b is a reference
upper triangular

(ii) b is a reference
upper triangular

(iii) b is a reference
direct subblocks

(iv) b is a reference

to a mat m. Then m will be square and the strictly
part of m will never be used by any SPARSE operation,
to a diagmat d. Then upb d<0 and thus, no strictly
element of the matrix will be stored,

to a rectblocki rb. Then the strictly upper triangula:
of rb are ref mat(nil) values,

to a bandblocki bb. Then upb(subblocks of bb)<0 (5.:

and thus, no strictly upper triangular direct subblock of bb is stored.

The mode sympati can be used to store a sparse matrix with a symmetric spar-

sity pattern. As with sgsqmis the recursive partition of a symgati is sym-

metric and, in order to decrease the need for administration overhead, each
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mode thlocki = union(ref mat , ref diagmat ‘

sref struct(mat m,trnspm), ref struct(diagmat m,trnspm)
sref rectblocki , ref bandblocki
s
mode trectblocki = struct(index rowpartit, colpartit, ref[,]blocki subblocks
N
struct (index rowpartit , colpartit
srefliref[Iblocki subblocks
)5
mode spmati = struct (matbnds thounds, ref blocki troot);

mode spsymi = struct(trimmer tbounds, ref blocki tsymroot);

mode thandblocki

mode sympati = struct(trimmer tbounds, ref blocki troot);

fig. 5.3. Mode declarations in SPARSEI.

off-diagonal blocki of a sympati represents two submatrices of the matrix.

However, each mat or diagmat of a sympati can only represent one submatrix.
This cannot be fulfilled with the mode declarations given above, so we have

to adapt them (see fig. 5.3). All we have said about spmatis and spsymis is

still valid with the declarations of fig. 5.3. In SPARSEI their blockis will
never be a reference to structured values with mats or diagmats. Partitioned
blockis of a sympati satisfy (5.38) and (5.39). The symmetric sparsity pattern
puts some demands on the bounds of the mats and diagmats of a non-partitioned

blocki of a sympat<.
Vv.5.1.2 Interface between SPARSEI and TORRIX-BASIS.

Obviously SPARSEI contains a number of operators with mat or vec-operands.
Otherwise, even a matrix-vector product of a sparmat and a vec could not be
computed. Moreover, in order to build up a sganwat, the user should be able
to insert a mat or diag@at in a sparmat. To avoid side effects later on in
the user program, such a mat or diagmat itself will not be inserted but a
reference to a copy of its concrete-array(s) will. This means that the stor-

age cells used for the concrete-arrays of mats and diagmats in a sparmat are

neither generated (with a Zoe or hegg—generator) in the user program nor are
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they generated by the user himself with generating operations on TORRIX-
BASIS.

Vv.5.1.3 SPARSEI operations and recursive partitions.

In V.4 we have divided operations in three types: queries, generating opera-
tions and operations that change a sparmat. Most operations in SPARSEI are
rather easy to implement, because one can declare recursive operators in
ALGOL 68. In program 5.1 an ALGOL 68 program is presented for the matrix-
vector product of an sgmati and a vec, using TORRIX-BASIS. In this program
the advantage of design objective 1.3 of TORRIX (see I.2) is clear: as soon
as computations with scgl-elements are involved, an operator of TORRIX-BASIS
is applied. Almost all lines deal with manipulating values of the administra-
tion of an spmatt.

The meaning of query operations will be clear from the short description in

a table of operators (see the appendix of this chapter).

The meaning of operations of type (5.23) that deal only with the recursive
partition and the concrete domains of mats and diagmats (but do not change
the to£al—array of the sgarmat), will be clear from the specification. We
must be more explicit about operations that may change both the total-array
and the recursive partition. Except for the operators <:=, assigndel and
plusabdel none of these operators changing the total-array2, will delete
partition lines of the left (first) operand. Depending on the recursive par-
tition and concrete domains of mats and diagmats of the other operand(s),
new partition lines may be added. Among these operators we have +< and —<.
The assign operation a<:=b (with a and b sparmats) assigns a copy of b to
a. Thus a obtains the recursive partition of b and a copy of the §gg}fvalues
of'b. It is an important operator in SPARSEIV and SPARSEV.

Making copies of mats and diagmats in the operations a<:=b and a+<b

may be very inefficient. Thus we have delete-versions of these operations

(assigndel, plusabdel) in which the right operand will have virtual elements

only after the elaboration. In a<:Zb the tree of @ is replaced by a copy
of the tree of b, whereas in a assigndel b the tree of b is deleted from
b and assigned to a. Thus, a assigndel b needs a constant amount of time,
while the amount of time to elaborate a<:=b depends heavily on the number

of concrete elements of b. A similar distinction exists between a+<b and
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op bnds = (int k, spmati a)trimmer:

case k in rowbnds of bounds of a, colbnds of bounds of a esac;
prio bnds = 8;

op * = (spmati a, vec u)vec:
if emptyt(2 bnds a meet bnds u) then zerovec
mp rhen

else op x = (blocki b, vec u)vec:
case b
in (ref mat mm): mmxu
s (ref diagmat dd): ddxu
» (ref rectblocki rr):
(index colp = colpartit of rr; loc int lwb:=1, upb := upb colp;
to upb while colpl[lwb]<lwb u do Iwb+:=1 od;
to upb-lwb while colplupb~1]12upb u do wupb-:=1 od;
Loc vec result := zerovec;
for j from lwb to upb
do for © to 1 upb(subblocks of rr)
do result +:= (subblocks of rr)li,jlxu od
od; result
)
» (ref bandblocki bb):
(index colp = colpartit of bb; loc int lwb := 1, upb := upb colp;
to upb while colpllwbl<lwb u do Iwb+:<1 od;
to upb-lwb while colplupb-112upb u do wupb-:=1 od;
Lloc vee result := zerovec;
for k from lwb subblocks of bb to upb subblocks of bb
do refl]blocki blockdiagk = (subblocks of bb)[K];
for j from (lwb-k)max Iwb blockdiagk
to (upb-k)min upb blockdiagk
do result +:= blockdiagkljlxu od
od; result
)
esac;

(root of a)xu

Fich

program 5.1. Matrix-vector product in SPARSEI.
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a plusabdel b. In a plusabdel b subtrees of a may be replaced by subtrees
of b and then the former subtree of a is added into the new subtree. This
prevents large mats (diagmats) of b to be copied. Because in a+<b a copy

of b will be added into a, no partition lines of a will vanish (see fig. 5.4)

Fig. 5.4 also reveals one way in which redundant partition lines may arise.
We distinguish two kinds of redundant partition lines:
(i) partition lines that separate blocks without any concrete elements, (5.4
(ii) partition lines that separate blocks of which the mats (or diagmats)
could be added without making virtual elements concrete (this type
may arise after a+<b as in fig. 5.4). (5.4
To delete redundant partition lines, two operators are available (see also

the appendix): clear and cleargen.

As for the generating operations, these are designed in such a way that two
operands will not be changed and a new sparmat will be generated. In general,
it is clear from the TORRIX point of view what the total-array of the resul-
ting Sparmat is. Only the recursive partition must be specified as well as

which elements are concrete. Of each generating operation with two sparmat-

A
J Bl
|
I
i
|

™\

WY | Y 23 x
|

fig. 5.4. The additions A+<B and A plusabdel B.

In this case with A+*<B four @gﬁs Bl11, B12, B13 and B14 of Bl according to
the partition of A are added to Al, A2, A3 and A4, whereas in A plusabdel B
the @gﬁs Al, A2, A3 en A4 are added into Bl, then Bl is deleted from B and
A is made to refer to Bl (thus deleting Al, A2, A3 and A4 from A).
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operands, two versions are available: one version (proc¢) in which the recur-

sive partition of the result sparmat is determined by the user and one ver-

sion in which the recursive partition will be determined dynamically. Among
these operations we have the sum, difference and product of two sparmats.

As for the dynamically determined recursive partitions of the results of the

operations a+b, a-b, axb, etc., we will present here only a few heuristics.

Because a+b and a-b do not differ with respect to the choice of the recur-

sive partition, we will only deal with a+b and axb.

(i) let each partition line of a and b be a partition line in a+b and axb.
This will often give rise to many redundant partition lines in a+b,

(ii) as in (i), but now followed by a call of cZeargen. This of course can
be implemented more efficiently by performing the cleargen operation
during the addition or multiplication,

(iii) let each direct partition line of the roots of a and b be partition
lines of a+b. Determine the other partition lines with a strategy simi-
lar to the one used in plusabdel,

(iv) let each direct horizontal partition line of the root of a and each
direct vertical partition line of the root of b be partition lines of
axb. Determine the other partition lines with a strategy similar to
the one used in plusabdel.

Other heuristics are certainly possible. In chapter VI we will once again

deal with recursive partitions. One of the problems concerning the choice of

recursive partitions is the contrast between dynamically created and user
specified recursive partitions. In an operation like a+tb (a and b sEanwats),
the recursive partitions of a@ and D may be (partly) specified by the user and

the question is to what extent these recursive partitions appear in the result

sparmat of atb.

There are a mumber of monadic operators that return a sparmat with the same
recursive partition as the operand. For example: copy a and conercopy a
(in copy a a copy is made of all mats and diagmats of a). These operations
can be coded such that the Zndexes rowpartit and colpartit are equal (in

the sense of the identity relation £s) to rowpartit- and colpartit-fields

in the operand. Thus, one []igf_can serve as the row-partition and/or column-

partition of many Sparmats. This was already the case with spsyms and sympats.

In this way storage can be saved if in one user program several matrices with
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the same sparsity pattern will be manipulated (see objective 5.4). However,
in order to avoid the occurrence of side effects, a new []222 must be gener-
ated with each change in a row- or column-partition. These (or this) new
[]int (s) will contain the new partition(s). This will be done automatically
in all TORRIX-SPARSE operators. Observe that this kind of storage optimi-
zation is not necessarily confined to monadic operators like copY » but can

occur also in many other operators.

In SPARSEI the user can access a sparse matrix storage tree T only by its
root. Moreover, if he has access to the root of T, then he is allowed to
access each vertex of T. Thus, if the user has access to the root, then no
vertex can be given to the garbage collector of the ALGOL 68 implementation.
On the other hand, as soon as the user has lost access to the root of T, he
cannot access any other vertex of T. Therefore, all storage for T can be
given to the garbage collector. This is automatically done in SPARSEI and

the implementor does not need to write a garbage collector for SPARSEI.

This concludes the description of SPARSEI. Clearly the data structure under-
lying a sparmati-value, is a tree. An important feature is that two sgarmati—
values in SPARSEI have a §gg£fstorage cell in common if and only if these
sparmati-values are equal. For two equal sparmati-values a change in one of
them will occur if and only if this change will occur in the other. Another
important feature is that if a Sparmati-value @ contains in its underlying
data structure a @gﬁ_or diag@at with a concrete element (i,j), then this ele-
ment is the only fggz representing the (i,j)th element of a. Moreover, if

the (i,j)th element of a is concrete, then @ contains in its underlying data
structure exactly one mgf_or diagmat with a concrete element (i,j).

In SPARSEI the user does not need to write his own garbage collector. As

soon as (parts of) a sparmati cannot be used in the further elaboration of

a user program, these parts will be given to the garbage collector of the

ALGOL 68 implementation.

v.5.2 The SPARSEII system.

To allow efficient cyclic row exchange, block exchange and insertion of rows

and columns, we extend the mode blocki with a shift. In terms of TORRIX-BASIS:
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mode thlockii = struct(pair shift , shblockii block);
mode tshblockii = union(ref mat , ref diagmat

» ref struct(mat m, trnspm)
» ref struct(diagmat m, trnspm)
s ref rectblockii , ref bandblockit
s
mode Trectblockii = struct(index rowpartit , colpartit
> refl,lblockii subblocks
)5
mode tbandblockii = struct(index rowpartit , colpartit
, refliref[]blockii subblocks
J);
mode spmatii = struct(matbnds tbounds , ref shblockii troot);

mode spsymii = struct (trimmer Tbounds , ref shblockii Tsymroot);

mode sympatii = struct(trimmer thounds , ref shblockii troot);

fig. 5.5. Mode declarations in SPARSEII.

op shift = (mat a, pair shift)mat:
afat 1 Wb a + rowsub of shift , at 2 lwb a + colsub of shift] (5.42)
Thus, the mat a itself is not considered, but the slice as given in (5.42).
In order to allow efficient cyclic exchanges it is not enough that only mats

and diagmats can be shifted. A block can be shifted also. The mode declara-
tions in SPARSEII are given in fig. 5.5. We say that a shblockii of a blockii

is shifted if and only if the shift-field is unequal to (0,0). The total-
array2 of a shblockii and blockii can easily be defined. The user can make

all shifted shblockiis of a sparmatii unshifted with the operator unshift:

the shifts are incorporated in the mats and diagmats. No other operators,

except for clear and cleargen, make shifted shblockiis unshifted. Program

5.2 is an implementation of the matrix-vector product.
Block exchange means subtree exchange and changing the shift-fields of the
roots of both subtrees. Cyclic exchanges can now be performed by deletion

of a number of rows (columns), shifting and insertion of rows (columns).
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op x = (spmatii a, vec u)vec:
if emptyt(cbnds bnds a meet bnds u) then zerovec

else op x = (shblockii b, vec u)vec:
case b
in (ref mat mm): mmxu
, (ref diagmat dd): ddxu
» (ref rectblockii rr):
(index colp = colpartit of rr; loc int lwb:=1, upb
to upb while colp[lwb]<lwb u do lwb+:=1 od;
to upb-lwb while colplupb-1]2upb u do upb-:=1
loc vec result := zerovec;
for j from lwb to upb
do vee usl = u?((ecolplj-11+1)//colpljl);
for © to 1 upb subblocks of rr

do result +:= (subblocks of rr)Ii,jlxusl od

od; result
)
, (ref bandblockii bb):
(index colp = colpartit of bb; loc int lwb:=1, upb
to upb while colpllwb]<lwb u do 1lwb+:=1 od;
to upb-lwb while colplupb-1]2upb u do upb-:=I

loc vec result := zerovec;

:= upb colp;

od;

:= upb colp;

od;

for k from Twb subblocks of bb to upb subblocks of bb

do refl]blockii blockdiagk = (subblocks of bb)[k];

for § from (lwb-k)max lwb blockdiagk
to  (upb-k)min upb blockdiagk

do result +:=

blockdiagklj]l x u?((colplj+k-11+1)//colp(j+k])

od
od; result
)
esac;
op x = (blockii b, vec u)vec:

if vec result =

if colsub of shift of b = 0 then (block of b)xu



135

else (block of b) x ulat lwb u - colsub of shift of bJ]
icH

rowsub of shift of b

then result
else resultlat lwb result + rowsub of shift of bl

FicH
(root of a)xu
fis

0 or 3zero result

program 5.2. Matrix-vector product in SPARSEII.

Obviously the recursive partition of an sparmatii can change if shblockiis
will be shifted. With deletion and insertion of rows and columns partition
lines may be deleted, others may be created. Suppose we have to insert k
columns at column-position jo in a block B. These k columns are represented
as an mxk block M (see fig. 5.6). The columns at the right of jo will be
shifted to the right. If k is small, the partition of B will not change with
the insertion, though partitions of subblocks of B can change. The row-
partition of B will not change with the insertion. Ik k is large it may be
worthwhile to create two new vertical partition lines in B at jO and (with
the insertion) at jo+k. We will present here only an heuristic. Let B have

th

bj columns in the j column-strip Bj (see fig. 5.6). Let min(B)=min(bj),
J

max (B)=max (b, ).
j J

Case 1: k2min(B).

(1) 1f climin(B) and c,2min(B), then two new partition lines will be cre-

2
ated.
(ii) If clzmin(B) and cz<min(B), then a new partition line will be created
at jo.
(iii) If c22min(B) and c1<min(B), then a new partition line will be created
at jo+k.

(iv) 1f cysC <min (B), then the row-partition of B is laid on M and the

2
separate rowstrips of M are inserted in the corresponding direct sub-

blocks of B.
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Case 2: k<min(B).

(1)

(ii)

(iii)

If cléc2 and climin(B), then one new partition line of B will be cre-
ated at jo.

If czzc1 and CZZmin(B), then one new partition line of B will be cre-
ated (with the insertion) at j0+k.

If cl,c2<min(B), then no new partition line will be created in B: the
row-partition of B is laid on M and the direct subblocks of M are in-

serted in the corresponding direct subblocks of B.

The strategy attempts to avoid a huge increase in the ratio E%%%%%.
Bl B2 B3
s e
! | »
! |
! 1
! I
__..._%. ______ I~ -
i m M =
B = b e e m e — - - - — - ]
| ]
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! -
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1 2
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fig. 5.6. Insertion of columns and recursive partitions.

Observe that an Spmatii is a tree data structure. Creating a new partition

line in a shblockii means that the number of sons of this tree vertex in-

creases or that a leaf is changed into an internal vertex. With the shift-

feature more operations can be performed on subtrees, whereas all tree ver-

tices must be accessed in case such an operation would be implemented in

SPARSEI.
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V.5.3 The SPARSEIII system.

v.5.3.1 Mode declarations in SPARSEIII.

Compared with SPARSEII, SPARSEIII contains only one new feature: the user

can specify structurally equal subblocks in one sSparmat. More precisely, he
can specify structurally equal submatrices, and automatically a (new) recur-
sive partition is derived such that the bounds of each of these submatrices
equal the bounds of a subblock. Moreover, he can specify several finite sets

of (structurally) equal submatrices. Only the concrete elements of one sub-
matrix of a set of structurally equal submatrices will be stored actually.

However, there are restrictions. Let

s, ={p,,...0_}, s,=1{p yo..D_ Y, ..., s_=1D ,e-.,D_} (5.
1 1 Pl 2 p1+1 p2 k pk_1+1 pk

be a family of sets of subdomains. Suppose the user specifies that all sub-
matrices (corresponding to these subdomains) of an spmatiii a should be
structurally equal. Then {Sl""’sk} must satisfy the following conditions:
(i) for all i (1§i§pk) D, <€ bnds (a), (5.
(ii) for all h (15hSk) and all i, j (ph_1+1§i,j§ph), the submatrices of
a corresponding to Di and Dj have the same number of rows and
columns, (5.
(iii) for all h (15hsk) and all i, j (ph_1+1§i,j§ph, i%j) DinDj=¢, (5.
(iv) for all i, j (1§i,j§pk, i#j) we have
DinDj =g, Di i Dj or Dj i Di. (5.
Unfortunately there are families of sets of subdomains satisfying (5.44)-
(5.47), that do not allow a corresponding recursive partition. For details
we refer to chapter VI. Equal submatrices as they occur in practice (see
chapter II) are already related to a recursive partition so that these cases
can be implemented with the SPARSEIII and SPARSEV systems. Obviously, these
systems contain operators to detect whether a family of sets of subdomains
satisfies (5.44)-(5.47) and whether a recursive partition can be found such
that the bounds of each subdomain of the family equal the bounds of a sub-
block.

We will adapt the data structure of SPARSEII such that a number of internal
vertices in the tree have a subtree in common. For all these internal ver-

tices (except at most one) this common subtree is shifted, with a different

43)

44)

45)
46)

47)
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mode tblockiii = struct(pair shift , ref comblockiii cblock);
mode teomblockiii = struct(int refcount , intmem , scal scalmem
» shblockiii shblock
);
mode tshblockiii = union(ref mat , ref diagmat
» ref struct(mat m, trnspm)
, ref struct(diagmat m, trnspm)
» ref rectblockiii , ref bandblockiii
)5
mode ‘trectblockiii = struct(index rowpartit , colpartit
» refl,]blockiii subblocks
s
mode tbandblockiii = struct(index rowpartit , colpartit
» refliref[]blockiii subblocks
s
mode spmatiii = struct(matbnds tbounds , ref shblockiii troot);

mode spsymiii = struct(trimmer tbounds , ref shblockiii tsymroot);

mode sympatiii = struct(trimmer tbounds , ref shblockiii troot);

fig. 5.7. Mode declarations in SPARSEIII.

shift for all these internal vertices. The mode declarations for SPARSEIII
are given in fig. 5.7.

Two blockiiis are structurally equal if and only if their cblock-fields

are equal: these refer to the same comblockiii. The refcount-field in a
comblockiii counts the number of references referring to this comblockii<.
The fields <ntmem and scalmem are used for an efficient implementation of
many algorithms (see V.5.3.2).

Because no advantage can be taken from equal blocks in the algorithm for the
matrix-vector product, only the modes and selections from structured values
in program 5.2 must be adapted in order to make it valid for SPARSEIII.

Therefore, we will not present the SPARSEIII version here in detail.

An Spsymiiil can have structurally equal subblocks also. The user has to spec-

ify only the subblocks in the lower triangle and on the main block diagonal.
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As for sympatiiis there is an extra restriction in order to make the data

structure of sympats not too complicated.

DEFINITION 5.13. Let D=[m1:n1,m2:n2] be a subdomain. The transpose of D is

q T- . .
the subdomain D —[m2.n2,m1.n1].

The additional restrictions for sympats on the family of sets of subdomains
(5.43) are given by:
<< R <i =< . _ ) .
(v) for all h (1shsk) and for all i, j (ph_1+1=1,3_ph) with Di [ml.nl,m2 n2]
3773

i > i > =] =
if m1 n2 then either m3 n4 or m3—m4 and n3 n4,

i > i > =) =
if m2 n1 then either m4 n3 or m3—m4 and n3 n4,

(vi) for all h (15hsk) we have that if there are i, j

i#j, then there is an h'#h such that Df,D§€S

and Dj=[m :n ,m4:n4] we have:

(p,_,+151,3%p,) with

h'”

Obviously SPARSEIII contains an operator to test whether these restrictions
are valid and to test whether a family of sets of subdomains allow a symmetric
recursive partition such that each subdomain is equal to the bounds of a sub-

block.
V.5.3.2 Operations in SPARSEIII.

In this section we will deal with the question how structurally equal blocks
are involved in several operations. We will justify the fields intmem and
scalmem in a comblockiii and show how these fields can be used to design al-
gorithms for operations.
In the matrix-vector product no advantage can be taken from structurally
equal blocks. The common subtrees have to be explored several times. In an
operation like Sigmabs a (returning the sum of the absolute values of the
elements of a) each common subtree may be explored several times, but it will
require less computation time, if a common subtree will be explored only once.
In an operation like ax<2.14 (multiply each scal-element of a with 2.14) it
is even forbidden that the multiplication will be performed on one common sub-
tree more than once. Moreover, there is an operator unskare available to the
user that changes the equality structure of a sparmatiii:

given a blockiii-operand B; after performing unshare applied to B, the

equality structure of the spmatiii containing B must satisfy the follow-

ing conditions:
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(i) There is no subblock B' (B'#B) such that B and B' are structurally

equal, i.e., refcount of chlock of B has value 1. (5.48)
(ii) 1f B1 and B2 are structurally equal blocks and B1 is a subblock of
B, then B2 is a subblock of B. (5.49)

Program 5.4 is an implementation of the operation that tests whether these
two conditions are satisfied.

In all other operations the way in which common subtrees are involved, is
similar to one of the above examples.

Now we will see how these operations can be implemented. As for the matrix-
vector product we refer to the last sentence of V.5.3.1. As for sigmabs a
and ax<n we can explain them simultaneously. In the routine-text of each
SPARSEIII operator it is assumed that all Zntmem-fields have value 0. During
the elaboration these values can change, but if the elaboration halts in the
right way, these values are 0 once again. Thus in the routine-text this field
can be used to record the number of times this comblockiii has been explored.
If a scal-value obtained with the exploration of a comblockiii, must be used
several times, then it can be assigned to the scalmem-field (see program 5.3).
In the routine-text of shared an additional array has been declared, of which
each element will contain information about one shared comblockiii. The
intmem-£field of a comblockiii (with refcount-field >1) contains, if it has
been accessed, the index of the array element containing information about
this comblockiii. Such an array element can contain information like the
number of blockiiis with this comblockiii that are a subblock of B, a list

of pointers to these blockiiis, a pointer to the involved comblockiii, etc.
Such an array makes efficient algorithms possible (for example, see program

5.4).

Remark 5.2. The only additional information stored with each block is the
refcount. For some operations global information (like "does this block con-
tain a subblock with refcount>1?") seems appropriate. However, if the equal-
ity structure changes (for example with unshare) with the application of an
operation on a part B of the spmatiii, it requires this global information
to be adapted, even outside the part B (recall that the path from the root
to a vertex in the directed graph is not necessarily uniquely determined).
Thus an extensive search on the whole spmatiii is necessary or the data

structure must be extended with still more information.
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op sigmabs = (spmatiii a)scal:

(op sigmabs = (shblockiii b)scal:

case b

in (ref mat mm): sigmabs mm
, (ref diagmat dd): sigmabs dd
, (ref rectblockiii rr):

(loc scal sum := widen 0;
for © to 1 upb subblocks of rr
do for j to 2 upb subblocks of rr
do sum +:= sigmabs(cblock of(subblocks of rr)[i,jl) od

od; sum
) N
» (ref bandblockiii bb):
(loc scal sum := widen 0;

for i from Iwb subblocks of bb to upb subblocks of bb
do ref[]blockiii blockdiagi = (subblocks of bb)[1];
for § from 1lwb blockdiagi to upb blockdiagi
do sum +:= sigmabs(cblock of blockdiagilj]) od
od; sum
)
esac;

op sigmabs = (ref comblockiii b)scal:

(scal sum = if intmem of b = 0 then sigmabs(shblock of b)
else scalmem of b

fi;
if refeount of b > 1
then  if (intmem of b +:= 1) = 1 then scalmem of b := sum
elif intmem of b = refcount of b then intmem of b := 0
il
fi; sum
)5

sigmabs (root of a)
Js

program 5.3. Computing the sum of the absolute values of the elements of

an spmatiii in SPARSEIII.
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op shared = (ref blockiii b)bool:
co returns false if b satisfies (6.48) and (5.49).

Otherwise it returns true. co

(mode info = struct(int locrefcount, ref comblockiii this);

op extend = (refllinfo row, info nextelement)ref[]info:
(heap [lwb row : upb row +1]info newrow;

newrow [upb newrow] := nextelement;
newrow [lwb row : upb row at Iwb row] := row;  newrow
)3 prio extend = 1;
Loc refilinfo count := heapl1:0]info;
proc fillecount = (ref comblockiii cb)void:
if intmem of c¢b > 0

then co this block has already been explored; count this visit. co

locrefcount of count[intmem of cb] +:= 1

elif co cb is not explored; we will do it now. co
fillent(shblock of eb); refcount of eb > 1
then co cb itself is a common block; record this first visit. co

count := count extend info((1,ecb));
intmem of eb := upb count
fis
proc fillent = (shblockiii b)void:

case b
in (ref rectblockiii rr):
for i to 1 upb subblocks of rr
do for j to 2 upb subblocks of rr
do fillcount(cblock of (subblocks of rr)[i,j]) od
od
» (ref bandblockiii bb):
for © from 1lwb subblocks of bb to upb subblocks of bb
do for j from lwb(subblocks of bb)[i] to upb(subblocks of bb)I[i]
do fillcount(cblock of (subblocks of bb)[L][j]) od
od

esac;
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fillent (shblock of cblock of b);

loc int i := 1;

to upb count while locrefcount of count[i] = refcount of this of count[i]
do i+:51 od;

for j to upb count do <intmem of this of count[j] := 0 od;

upb count 2 1

)3

program 5.4. Test whether a block B contains or is a subblock that is shared

with other blocks outside B.

Remark 5.3. Instead of generating an additional array in the routine-text
of an operator containing information about structurally equal blocks, a
linked list or even a search tree can be generated to avoid that the appli-

cations of the operator extend requires too much time.
v.5.3.3 The occurrence of side effects in SPARSEIII.

Obviously, structurally equal blocks give rise to the occurrence of side ef-
fects. A value can only be assigned to a (virtual or concrete) §gg}felement
of one of two structurally equal subblocks if it is assigned also to a scal-
element in the other subbloék. In SPARSEIII and TORRIX-SPARSE this "multiple"
assignation will automatically be performed. However, in other operations ap-
plied to a subblock that is structurally equal to another block, it would be
a matter of bad design to allow the occurrence of all kinds of uncontrolled
side effects. The actual change in the sparse matrix could have no counter-
part in linear algebra. For example, the exchange of two rows could lead to
a bunch of exchanges of or/and assignations to rows of many subblocks of the
matrix. Therefore, for many operators it will be checked at runtime whether
it can be applied, depending on the equality structure. Important is the con-
cept of an active domain of an application of an operation. It consists of
all virtual and concrete elements cf the matrix that can be changed or (if
the operator involves only changes in the recursive partition) the virtual
and concrete elements of the smallest subblock in which all changes will
occur. For example, the active domain of a permutation of row h and row k

of an spmatiii a consists of
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{(i,3) : i=h or i=k and 2 Iwb bnds a < j < 2 upb bnds a}

if 1 Zwb bnds a sh,ks 1 upb bnds a.

Unfortunately we have to make a distinction with regard to the occurrence

of side effects between operators in which blocks may be shifted and oper-
ators in which blocks will not be shifted. As for the occurrence of side
effects in applications of the latter operators, we have the following rules:
Let such an application have an active domain E of an spmatiii a; suppose a
has an equality structure as specified in (5.43);

(i) for all i (1§i§pk) DiﬂE = g. (5.50)
Then after the elaboration of the operation, there is no change in the
equality structure of a,

(ii) there is an i (1§i§pk) such that E < Di' (5.51)
Then after the elaboration, the equality structure of a has not been
changed. Thus a change in the subblock B specified by Di is a change
in all subblocks structurally equal to B,

(iii) there are h (1shsk), i and j (ph_1+1§i,j§ph) such that
DjﬂE = @ and Di g E. (5.52)
Then after the elaboration, Di and Dj are disconnected and the block
specified by Dj has not been changed. Whether two subblocks with
bounds Di and Dj both in E will remain structurally equal to each
other, depends on the total-array2 of @ and the other operands,

(iv) there is an i (15iSp ) with Di\E¢¢, E\Di¢¢ and EZD, . (5.53)
Then a fatal error will be reported and the elaboration of the user
program will halt.

Observe that a can have an equality structure such that (5.51) and (5.53)
occur simultaneously.

Clearly (5.50)-(5.53) must be adapted in order to hold for spsyms and
sympats.

As a consequence of the rules mentioned above, many operators change the
equality structure of its Sganwat—operand. Subblocks that are structurally
equal before elaboration are possibly not structurally equal after the elab-
oration : they are disconnected. For instance, in a#<b structurally equal
subblocks in @ will be disconnected if the corresponding submatrices in b
are not structurally equal and if these submatrices in b have concrete ele-
ments. It will not happen that subblocks in a are made structurally equal by

an application a+<b. For all operations (except <:=, assigndel, plusabdel
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and a number of generating operators) holds that no subblocks will be made

structurally equal.

In generating operators the result sparmat will have as many structurally equal
blocks as possible. However, which blocks will be structurally equal depends
on only four aspects:
(i) two blocks will not be structurally equal if the corresponding subblocks
in one of the operands are not structurally equal,
(ii) the total-array2 of the result sparmat,
(iii) the set of virtual elements of the operands,
(iv) will the recursive partition of the result sparmat be dynamically deter-—

mined or is it specified by the user?

How the equality structure changes if an operator is applied in which a shift

can be performed, must be clear from the description in a table of operators.

Conclusion. The increase in administration overhead to implement SPARSEIIIL
(compared with SPARSEII) is only linear in the number of stored subblocks.
We have tried to control the occurrence of side effects related to structur-

ally equal blocks. Several operations disconnect structurally equal blocks.

V.5.4 The SPARSEIV system.

v.5.4.1 Mode declarations in SPARSEIV.

In the SPARSEIV system a slicing mechanism is implemented. There is no possi-
bility to specify structurally equal blocks. In V.4 we have explained what a
slicing mechanism provides and what side effects must occur if operators are
applied to slices, matrices or vectors (see (5.34)). Because of this require-
ment it is not allowed that an operation like a!/(Z?j) returns a ref scal to
the (i,j)th element (that will be (made) concrete) of a. Suppose it does, then

the following program part would be a violation of (5.34).

ref scal atj = al(i?j); aij := widen 1; (1)
a <:= gerospmativ; (2)
print(a?(1?23)); (3)
print(aij) (4)

With the tree terminology, the following happens during the elaboration:

with line 1 a pointer is made to refer to (a part of) a leaf of a; with line
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2, a is replaced by the tree of zerospmativ, but this is not recorded in azj
with a?(7?j), the new tree of a is searched for the value of the (i,j)th ele
ment of a, returning value O; with line 4, aij still refers to the leaf of
the former tree of a, thus printing value 1.

Another implementation of af(7?j) could be to store the values 7 and J
together with a pointer to the root of a. Each time aZj is used, a would be
searched for its (i,j)th element. However, now the efficiency requirement
(5.24) is violated.

Our solution is a combination of these rejected implementations: we store
with a!(7?j) the slice information (containing e.g. the values 7 and J
and a pointer to the root of a) together with a Eéf.ﬁfﬂl to the concrete
(i,j)th element of a. Let the following program part be given (with a, b
and ¢ of the mode spmativ and Z, j of the mode Znt):

scalel aitj = al(i?j); (1)
a +< b; (2)
a +< ¢; (3)
print(a?(22j)); (4)
print(aij); (5)
aij <:= widen 0 6)

With our implementation this program part will be elaborated as follows. In
line 1 a scalel is ascribed to the identifier aij, containing slice informa-
tion as indicated above; in line 2 and 3, a may change dramatically; as for
atj, these changes are not important until line 5 will be elaborated. Thus,
it does not matter whether, after the elaboration of line 3, atj actually
refers to the concrete (i,j)th element of a. We will use the concept 'up to

date' ('out of date') for a slice at some stage of the elaboration of a user

program, if this slice actually refers (does not refer) to the involved ele-

ment (s) of the original sparmativ or spvec. As a consequence of (5.32), a

slice must be checked automatically whether it is up to date, before it will
be used. If a slice turns out to be out of date, then it must be updated.

Therefore, line 5 is elaborated behind the screens as

(Zf not uptodate aij then wupdate aij fi;
scal value = ¢ scalar value of aij c;

print (value)
)
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The uptodate test, possibly followed by an update must be performed before

every operation using a slice. Line 6 will be elaborated as

(if not uptodate aij then update aij fi;
value of aij := widen 0
)

Because of (5.24) the elaboration of uptodate aij in line 6 must return
true, requiring a small amount of computation time.

Observe that the application of an operation of type (5.23) does not neces-
sarily make slices out of date. Slices can be made out of date only by a

change in the sense of (5.20) and (5.21). These kinds of changes we will call

ref-changes.

The mode declarations of SPARSEIV are given in fig. 5.8. Here we briefly
mention for what purposes several fields and modes are used (see also fig.
5.9):
(i) eventent and allent in a dateblockiv will be used to record ref-
changes and are needed in the uptodate test,

(ii) an @§Z§ng_is used to store slice infomation about a submatrix slice:
slbnds denotes the indices in the original matrix of the elements
contained in the slice, birth is used in the uptodate test, origin
refers to the original matrix, roottype denotes the type of the orig-
inal matrix: O for an spmativ, 1 for an spsymiv and -1 for a sympativ.

(iii) an mroot contains a pointer to the slice information which is ﬁiz
in case this mroot belongs to an original sparmativ and root refers
to the tree or subtree data structure.

(iv) a ref[]ref scal in a vblockiv will only be used for a "row" or "column"

slice of a diagmat.
(v) eventbirth and allent in a dvblockiv have the same purpose as eventcent
and allent in a dateblockiv.

(vi) a vslinfom contains slice information of a vector slice of a sparmativ:
sltype denotes the slice type (0 for rows, 1 for columns and 2 for
diagonals), Znd denotes the indth row (column, diagonal); the other
fields are clear from mslinfom.

(vii) a vslinfov contains slice information of a subvector slice of an spvecit
(viii) an scslinfom and an scslinfov contain slice information of element

slices of sparmativs and spvecivs.
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Modes for sparse matrices:

mode tshblockiv = union(ref mat , ref diagmat

» ref struct(mat m, trnspm)
, ref struct(diagmat m, trnspm)
» ref rectblockiv , ref bandblockiv
)5
mode tdateblockiv = struct(int eventent , bool allent , shblockiv shblock);
mode tblockiv = struct(pair shift , ref dateblockiv dblock);
mode trectblockiv = struct(index rowpartit , colpartit
, ref[,]blockiv subblocks
)5
mode tbandblockiv = struct(index rowpartit , colpartit
, refliref[]blockiv subblocks
s
mode tmslinfo = struct(matbnds slbnds , int birth , roottype

s ref mroot origin
)3
mode tmroot = struct(ref mslinfo slicinfo , ref blockiv root);

mode spmativ = struct(matbnds thounds , ref mroot troot);

mode spsymiv = struct(trimmer tbounds , ref mroot tsymroot);

mode sympativ = struct(trimmer thounds , ref mroot troot);

Modes for sparse vectors:

mode tvblockiv = union(ref vec , refliref scal , ref vblockrowiv);
mode tdvblockiv = struct(int eventbirth , bool allent , vblockiv vblock);

mode tvblockrowiv = struct(index partit , ref[]dvblockiv subblocks);

mode tvslinfom = struct(int sltype , ind , trimmer slbnds

, int roottype , ref mroot origin
);

mode tvslinfov = struct(trimmer slbnds , ref vroot origin);

mode tvroot = struct(int birth , union(ref vslinfom , ref vslinfov) slicinfo

, ref dvblockiv root
)3
mode spvectiv = struct(trimmer thounds , ref vroot troot);
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Modes for element slices:

mode tscslinfom = struct(pair index , ref mroot origin , int roottype);

mode tseslinfov = struct(int ind , ref vroot origin);

mode scalel = struct(ref int thirth
, unton(ref seslinfom , ref scslinfov) tslicinfo
, ref scal telem
)5

fig. 5.8. Mode declarations in SPARSEIV.

In the next section we will deal with element and submatrix slices and the
uptodate test on these slices. In V.5.4.3 we will deal with vector slices

of sparmats, slices of spvecivs and their uptodate tests.
v.5.4.2 The uptodate test on element and submatrix slices.

An element slice consists of slice information and a pointer to a (part of a)
leaf of the tree T of a sgarmativ. A submatrix slice consists of slice infor-
mation and a pointer to the smallest subtree of T containing all (virtual
and concrete) elements of this slice. Before we can explain the algorithm
for the uptodate test, we have to say how ref-changes are recorded in the
tree. For this we need a distinction between two kinds of zgi}changes. A
ref-change is a leaf change if a mat, diagmat or a vec of a diagmat is re-
placed by another mat, diagmat or vec. Any other ref-change is a subtree
change. Leaf changes are recorded in the eventcnts, subtree changes are re-
corded in allents and eventents. If a leaf change occurs in leaf X, then

the eventent of the root R of the tree T is raised with 1 and the eventents
of all other vertices on the search path to X are set to the eventcent of R.
If an operation of type (5.23) constitutes several leaf changes, then the
eventent of R is raised only once. If no subtree change is performed on T,
then the eventcnts of the vertices on the search path of any leaf X form a
non-increasing sequence of integers.

Subtree changes occur with changing the recursive partition or a shift or

an assignation of a subtree. A subtree change could be recorded in the right
way by adapting all eventcnts in all vertices of this subtree. However, this

would take too much time and therefore, each vertex N contains a boolean
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value allent with the following meaning: if allent (N) has value true then
the eventents of all descendants of N should be considered to have value

eventent (N), though actually they may have another value.

Proposition 5.2. Let R be the root of a tree T of a sparmativ and let X be

any vertex in T. Let (R=X Xl,...,Xn=X) be the search path of X. If aZZent(Xi)

OI
(02isn) has value [alse, then (eventcnt(xi))oéién is a non-increasing se-

quence of integers.

If an element or submatrix slice 8L is created, its birth-field obtains the
value of eventent of R. As long as eventent (R) £ birth of sl, the slice sl is
up to date. If eventent(R) > birth of sl, then in the uptodate test there
will be a search along the path from R to the root of the subtree containing

sl, for a vertex N with
eventent (N) £ birth of sl

taking into account the value of the allent-fields. If such an N exists,
then the ggi}changes recorded in R have not occurred in the subtree N con-
taining sl. Thus sl is up to date. If such an N does not exist, sl will be
created once again before use to ensure that it is up to date at the moment
it will be used. With each uptodate test (and update) applied to s, the
birth-field of sl is assigned the current value of eventent (R). Program 5.5
contains an ALGOL 68 implementation of the uptodate test. In order to make
this program valid, zgﬁ—changes arising with the application of an operator
on a slice must be recorded in all vertices on the path from the root R to
the vertex of this slice.

Observe that we do not record the "birthdates" of slices but actually the

last time that a slice turns out to be or had been made up to date.

In the remainder of this section we will concentrate on the operations a<:=b
and a assigndel b with respect to the uptodate question. a and b can be
slices of other sparmativs A and B (see fig. 5.10). In a<:=b copies of the
mats and diagmats of b replace mats and diagmats of a. Thus all leaves of

the (sub)tree of a must be explored at least once, and all ref-changes can

be recorded with eventents without use of the allents. In a assigndel b,
however, subtrees of a may be replaced by subtrees deleted from b. Subtree
changes, therefore, can occur in both @ and b (see fig. 5.10). In case the

slices @ and b coincide with two blocks only the eventents on the paths from
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op unshift = (trimmer t1, int h)trimmer:

(lower of t1 -h)//(upper of t1 -h); prio unshift = 6;
op unshift = (matbnds bnds, pair shift)matbnds:

(rowbnds of bnds unshift rowsub of shift

scolbnds of bnds unshift colsub of shift

H

proc lowsearch = (index row, int here)int:

co assumes that 1wb row < upb row, row[i]>row[i-1] for all
Iwb row <i< upb row, row‘[@ row]<heresrow [upb row].
returns the largest h such that row[h-1]<here co
(loc int h := lwb row +1;
to upb row - Ilwb row -1 while rowl[h]<here do h+:=1 od; h
)5
op uptodate = (spmativ a)bool:

co returns true if, since the last use of a, no ref-change has

oceurred affecting a. co
if ref mslinfo(slicinfo of root of a) is nil
then co a is an original sparmativ co true

else ref mslinfo slicinfo = slicinfo of root of a;

int birthdate = birth of slicinfo, type = roottype of slicinfo,

Loc matbnds slbounds := slbnds of slicinfo,
loc ref dateblockiv pntr := dblock of root of origin of slicinfo,
Loc bool result := true;

case type+a

in co enclosed-clause for the case a is a slice of a sympativ co

skip
, (while if eventent of pntr <= birthdate then false
elif allent of pnir then result:=false

else




case

shblock of pntr

in (ref mat): result:=false
» (rvef diagmat): result:=false
, (ref rectblockiv rr):

esac

if index rowp = rowpartit of rr;
int h = lowsearch(rowp, lower of rowbnds of slbounds);
rowp[h] < upper of rowbnds of slbounds
then result:=false
elif index colp = colpartit of rr;
int k = lowsearch(colp, lower of colbnds of slbounds);
colplkl < upper of colbnds of slbounds
then result:=false
else blockiv newbl = (subblocks of rr)ln,kl;
slbounds := slbounds unshift shift of newbl;
pntr := dblock of newbl;  true
fi
(ref bandblockiv bb):
if index rowp = rowpartit of bb;
int h = lowsearch(rowp, lower of rowbnds of slbounds);
rowplhl < upper of rowbnds of slbounds
then result:=false
elif index colp = colpartit of bb;

int k = lowsearch(colp, lower of colbnds of slbounds);

colplkl < upper of colbnds of slbounds
then result:=false

elif k-h < b subblocks of bb or k-h > upb subblocks of bb

then pntr:=nil; result:=false

elif refllblockiv blockdiag = (subblocks of bb)I[k-hl;
h < lwb blockdiag or h > upb blockdiag

then pntr:=nil; result:=false

else slbounds := slbounds unshift shift of blockdiaglhl;
pntr := dblock of blockdiaglhl;  true

Nl
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b
do skip od;
if result=true
then birth of slicinfo :=
eventent of dblock of root of origin of slicinfo;
result
elif ref dateblockiv(pntr) is dblock of root of root of a
then birth of slicinfo :=
eventent of dblock of root of origin of slicinfo;

true

else result

hik
)
» co enclosed-clause for the case a is a slice of an spsymiv co
eki

esac

fis

program 5.5. The uptodate test of an spmativ that is a slice of an spmativ.

these blocks to r(A) and r(B) must be adapted as well as allent of these

two blocks. However, if g and b do not coincide with two blocks (i.e., the
bounds of @ and the block to which a refers, are different) all eventcnts
and allents of all blocks in A that are partly part of the slice a, must be
adapted also. The same holds for b. The subtree of the block to which a refer
must be split in order to delete the slice a. Because sons of a tree vertex
are stored in rectangular or diagonal arrays, this splitting may involve muct
more leaves than those two denoted in fig. 5.10. Thus, the time to elaborate
a assigndel b depends on the number of blocks of the (sub)tree of a (and b)
of which the bounds have a non-empty intersection with but are not included

in the bounds of a.

Remark 5.4. The uptodate test uptodate sometimes returns false while the
slice is actually up to date. However, this is not an error because ggtodate

is not available to the user and occurs only in the choice-clause
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r(A)

a b r (B)
I y
before a assigndel b
a r (R) b

after a assigndel b

fig. 5.10 The operation a agssigndel b in case a and b are slices.

if not uptodate slice then update slice fi

Therefore, after the elaboration of this clause, the slice certainly is up
to date. Moreover, it is better to have a fast operator ugtodate that in a
few cases returns false while the slice is up to date, than to have an un-

efficient ggtodate returning always the right answer,
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v.5.4.3 Sparse vectors.

Row, column and diagonal slices could be implemented in a way similar to
submatrix slices: slice information, a pointer to the original matrix, a
birth date and a pointer to the smallest subtree containing all (virtual and
concrete) elements of the slice. However, in many cases this smallest sub-
tree would be the root of the tree of the original matrix. Thus for each

use of the slice a search must be done in the sganﬂativ to see which of its
sons contain §ggzjelements of the slice, and objective 5.5.5 can hardly be
met. Therefore, we have chosen another implementation of vector slices of

a sparmativ: a new tree will be built of which the leaves (vecs) are part

of the leaves of the tree of the original sparmativ. In principle each block
of the sparmativ containing elements of the slice corresponds to an internal
vertex in the slice tree. This can lead to a degenerated tree for the slice

in two ways (see fig. 5.11):

R o
1 | A = | I
]
c---N B e B
L -
-_-.’_ _____ - —

TT. ] :

. ]

j i

block B contains only one small slice elements (virtual and concrete)

. s < 2 LT
mat m with J lyé-m he block The slice is contained in the subblock

th
in t t t j
in the tree of the j colunn B of A. The vertex in the slice tree

. a tai . le-
slice would contain virtual ele corresponding to block A would have

ments only.
onty only one son that corresponds to

block B.

fig. 5.11. Slices that give rise to degenerated slice trees.
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(i) there are leaves in the slice tree that do not contain a concrete
scal-element,

(ii) there are vertices in the slice tree with only one child.
Thus we can implement a more efficient data structure for vector slices
by reducing the slice tree as explained above in the following way:

(i) delete all leaves without any concrete §gglfelement, (5.54)
(ii) if a vertex p has only one son g (with a son r), then r is made a

son of p and g is deleted. (5.55)

Each vertex in the slice tree contains an event counter (eventbirth). It
will be used for the uptodate test and has the same purposes as both birth
and eventents in sparmativs. When a vector slice is created the eventbirths
in the slice tree obtain the value of eventcnt of the root of the original
sganwativ. Observe that the shift feature has not been implemented for sparse
vectors. Shifts are not needed for vector slices or slices of vectors. An
spveciv can be sliced. If u is a vector slice of a sparmativ a, its slices
are considered to be slices of q. If u is not a slice, its slices are imple-
mented in a way similar to submatrix slices: slice information, a birth date,
a pointer to the root of u and a pointer to the smallest subtree containing
the slice. The allent-fields in vertices of the tree of an gpveciv u are
only used in case u is not a slice of a sparmativ. As for operators of type
(5.23) applied to an spveciv u that is a slice, these are actually not ap-
plied to u but to the original sparmativ in the right way. Thus, u can be
made out of date. This does not matter for the user, because ©# will be made
up to date if a query or generating operator will be applied to u.
As for the uptodate test for vector slices we can be rather short. In fact
a number of search paths in the tree of the original sparmativ must be com-
pared with the corresponding (possibly shorter) search paths in the slice
tree. The comparison must be done between eventent and eventbirth (proposi-
tion 5.2 also holds for spvecivs (if terms concerning sparmativs are replaced
by the corresponding terms for spvecivs)). Observe that updating an out-of-
date vector slice does not necessarily result in a new creation of fhe whole
tree of the slice. Only those subtrees that are out of date should be re-
newed.

As for the efficiency of the use of slices we have the following result:
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Proposition 5.3.

(i) Updating a slice will not require more time than creating this slice
once again.

(ii) Let a be a sparmat in SPARSEII and b an original sparmat in SPARSEIV
(with the same recursive partition, bounds, concrete ggg}felements, E

total-array2 as a). If an operation applied to a requires time 't, then%

this same operation applied to b requires time at most c.t for a con- i

stant c€ IR independent of a, b and the applied operation.

The only additional work in operations in SPARSEIV applied to an original
sparmativ (compared with SPARSEIV) consists of an extra dereferencing during

the visit of a block and of setting allents and eventents.

Remark 5.5. With the implementation of slices a new problem arises. We will
illustrate it with an example. SPARSEIV contains an operator =:= to exchange
scal-values of spvecivs. These two spvecivs can be slices, say, a column
and a diagonal slice. In writing the routine-text for =:=, the system manage
must be careful not to change the value of an element before it is used or

preserved. Fortunately, checking whether sparmativs, spvecivs or scalels

contain a common element can be done rather efficiently. This can be decided
from the slice information.

For the user an operator slalias is available: sl1 slalias sl2 returns
the smallest slice of sll (if slI is not a scalel) containing all elements
of sll (virtual or concrete) that are element of s12 also. If no element

of sl1 is element of sl2, then zerosparmat (or zerospvec) will be returned.

If sl is a scalel a boolean will be returned.

Remark 5.6. Unfortunately design objective 5.5.4 concerning garbage collectic
is not fully met in SPARSEIV. Because of the slicing mechanism in SPARSEIV
the user can have access to a (part of a) sparse matrix storage tree T not
only by the root but by any other vertex of T. On the other hand, if slices
have been created in the user program, there are pointers from these slices
to the root of T. Thus, the whole tree T remains in memory even if the user
can access a very small part of T only. By means of the system routines of
SPARSEIV the user is prevented from accessing the other parts of T.

This situation can occur if slices of a gparmat a are assigned to variables
declared in a range containing the range of a. After leaving the range of a

the user can still access the slices of g, though he cannot access a itself
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(see example 5.2). The whole storage tree for a remains allocated. However,
if before leaving the range of a, the user assigns zerospsym (with assigndel)
to the parts of a not being one of the slices, then only a small amount of

storage will remain allocated which the user cannot access.

Example 5.2.
loc spvec at;
begin spmat a = genspmat(1000,1000);
e
at := a?i
end;

ces s

Conclusion. A slicing mechanism can be implemented such that the problem
of side effects is solvable in the sense of (5.34). The implementation in
SPARSEIV requires only a modest increase in storage. Also objective 5.5.5
is satisfied. Unfortunately, the user must take care of garbage collection

but does not need to program a garbage collector.

V.5.5 The SPARSEV system.

The SPARSEV system contains both a slicing mechanism and the feature of struc-
turally equal blocks. The data structures in SPARSEIII and SPARSEIV seem dif-
ficult to combine. In the former each vertex of the directed graph obtained
only local information (i.e., information about this very vertex). Storing
"global" information was rejected because it could cause that this informa-
tion had to be adapted in the vertices on all paths from the root to a given
vertex. In the SPARSEIV data structure global information was added to every
vertex in order to have a fast uptodate test.

Suppose we add an eventent and allent to all vertices of the SPARSEIII data
structure. What kind of information should be stored with each slice and what
is the algorithm for the uptodate test? To answer these two questions we first
have to explain how fgf}changes in a sparmatv are recorded. If a ref-change
occurs at a vertex X in the directed graph of a sparmatv a, then X has been
found by searching along the search path T of an element of the matrix. Ob-
serve that there may be a submatrix slice Sl in the user program pointing to
X, while the search path of sl is unequal to T. The ref-change in X will be

recorded in the vertices on T only. Thus proposition 5.2 is not valid in
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SPARSEV. However, a weaker form of this proposition does hold in SPARSEV:

Proposition 5.4. Let R be the root of the directed graph T of a sparmatv

and let X be a vertex of T. Let(R¥XO,X1,...,Xn=X) be a path from R to X.

e < <igk- [ 1 1 .56)
Let Xpl,sz, ,xpk (pi pi+1,1 igk-1) be the vertices of this path with ¢ (5 6?
refecount>1 and let p0=0.

If aZcht(Xi) has value false (0<isn), then eventcnt(xj))p is a

<4< —1
i79°Pi 4 !
non-increasing sequence of integers for each i (0sigk-1).

No problems arise with allents on other paths from R to X with value true.
Such an allent does not exist because of (5.52) except in case it is set

true with a shift. However, a shift at another vertex than X ,...,Xn does

0
not involve the blocks of the matrix corresponding to XO,...,xn. Thus we

have the following fact:

Proposition 5.5. Let T be the directed graph of a sparmatv. Let R be the

root of T and sl a slice of T pointing at vertex s. Let s' be the vertex of
T to which sl has to point if sl is up to date. Let b be the value of birth
of sl and R=XO,X1,...,Xn=s' be the search path (according to the slice sl).
If there is an i (12isn) such that

eventont(xi)éb and

aZcht(Xj)=faZse (1£jsmin(i,n-1)) and (5.57)
eventcnt(xp )Sb for all j with pj>i and pj as in (5.56)
J

then sl is up to date (i.e., s=s').

Each operator of type (5.23) affecting sl could only be performed along a

path that contained X, with i as in (5.56) or one of the XP (with pj>i).

i .
J
Thus if a re[—change has affected sl, one of these vertices has eventent>b.
With proposition 5.5 we arrive at the data structure for submatrix and

element slices of a sparmatv: the corresponding data structure in SPARSEIV,

extended with a list of pointers to the vertices X ,...,X as in (5.56).
1 k
The algorithm for the operator uptodate for submatrix and element slices

should now be clear:
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algorithm 5.1. UPTODATE (in SPARSEV) for an element or submatrix slice sZ.
if initialize pointer pntr := root of origin of sl; int b = birth(sl);
eventcnt (pntr) b
then true
else while while if eventcnt(pntr)h or allent (pntr)=true then false

else pntr has a direct subblock b' with

slbounds (1) € bnds(b') co pntr isnt s' co
fi
do pntr :=b' od;
if pntr has not a direct subblock b' with
slbounds (sZ) € bnds(b') co pntr is s' co
then false
elif allent (pntr)=true and eventcnt (pntr)>b
then false

elif there is no pointer y in the additional list of sl with
eventcnt (¥)>b and slbounds (s1) g bnds (¥) $ bnds (pntr)

then false

else let y have maximal bounds; pntr:=y; true

do skip od;
1if pntr has not a direct subblock b' with slbounds(sl) € bnds (b')

then co pntr is s' co pntr is s

elif eventcnt (pnir)>b then false
else co eventent (pntr)<h co true
I

73

Vector slices of a gparmatv can be implemented as an spvec of SPARSEIV to-
gether with a tree of pointer nodes. Each node of this additional tree con-
tains two pointers: one points at a vertex in the original tree (that con-
tains, let us say, part [p:q] of the vector slice) with refeount>1 and the
other at the vertex (block) in the slice tree with bounds [p:q]. Because of
the reduction (5.54) and (5.55) two pointers in two nodes of this additional
tree may refer to one vertex in the slice tree. As a consequence, this addi-
tional tree may require more space than the slice tree itself. Observe that

we have implemented neither a feature of structurally equal blocks nor a
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shift-feature for spvecvs. By its very nature a vector slice of a sparmatv

can have equal leaves. All this yields the mode declarations for SPARSEV as

given in fig. 5.12.

Modes for sparse matrices:

mode tshblockv = union(ref mat , ref diagmat

» ref struct(mat m, trnspm)
» ref struct(diagmat m, trnspm)
» ref rectblockv , ref bandblockv
)3
mode teomblockv = struct(bool allent , int eventent , refcount , intmem

» scal scalmem , shblockv shblock
);
mode tblockv = struct(pair shift , ref comblockv cblock);
mode trectblockv = struct(index rowpartit , colpartit
» refl,lblockv subblocks
s
mode tbandblockv = struct(index rowpartit , colpartit
> refllrefliblocky subblocks
)5
mode tcomnode = struct(ref comblockv thiscom , ref commode next);

mode tmslinfo = struct(matbnds slbnds , int birth , roottype

s ref comnode comlist , ref mroot origin
)3
mode Ttmroot = struct(ref mslinfo slicinfo , ref blockv root);
‘mode spmatv = struct(matbnds tbounds , ref mroot troot);

mode spsymv = struct(trimmer tbounds , ref mroot tsymroot);

mode sympatv = struct (trimmer tbounds , ref mroot troot);
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Modes for sparse vectors:

mode tvblockv = union(ref vec , refliref scal , vblockrowv);

mode tdvblockv = struct(int eventbirth , bool allent , vblockv vblock);

mode tvblockrowv = struct(index partit , refildvblockv subblocks);

mode tvslinfov = struct(trimmer slbnds , ref vroot origin);

mode tveomnode = struct(ref comblockv thiscomorig , ref dvblockv thiscomslice

» refliref veomnode nexts
)s
mode tvslinfom = struct(int sitype , ind , trimmer slbnds , int roottype

, ref veomnode comtree , ref mroot origin
H .
mode tvroot = struct(int birth , ref dvblockv root
, unton(ref vslinfom , ref vslinfov) slicinfo
);
mode spvecv = struct(trimmer tbounds , ref vroot troot);

Modes for element slices:

mode tscslinfom = struct(pair index , int roottype

,» ref commode comlist , ref mroot origin
)3
mode tseslinfov = struct(int ind , ref vroot origin);
mode scalel = struct(ref int tbirth , ref scal telem
» union(ref scslinfom , ref seslinfov) tslicinfo
s

fig. 5.12. Mode declarations in SPARSEV.

Remark 5.7. In the slicing mechanism as explained in V.5.4 element slices

could not be implemented as g'gi Ms. As a consequence many operations for
ref scals and scals must be defined for scalels also. A similar consequence
arises with the row and column slices of diag@ats: many operators of TORRIX-
BASIS must also be defined for ref[Jref scal. This will lead to a consider-

able increase in the number of operators to be defined.
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Remark 5.8. In the programs 5.1 and 5.2 for a matrix-vector product axu a
result vector result has been declared with each recursive call. These vec-
tors are added with the operator +:= . Thus, this may lead to the generation
of many concrete-arrayls. There are at least two methods to increase the ef-
ficiency. Moreover, they can be combined.

(i) Only one result vector will be declared and is passed as parameter to
all recursive calls. This single result vector will be the only left
operand in +:= in the whole program.

(ii) The sequence of recursive calls is permuted such that the result vector

will be large after a few recursive calls.

Remark 5.9. In the data structures proposed in V.5 the scals of a sparse ma-
trix are organized in mats and diagmats. It is not difficult to extend these

data structures with other storage schemes for scals. For example,

mode melem = struct(pair indices , scal value)

can serve as a representation of a block with only one concrete Egngelement.

Of course, the mode declaration for an Spvec and a scalel must be adapted too.
Such other storage schemes for §gg}§ may decrease the amount of administration
overhead of a sparse matrix, but it certainly increases the length of the rou-

tine-texts of the operators.

Remark 5.10. Sparse total-array3's, sparse total-array4's, etc. can be stored
in a way similar to sparse total-array2's. A tree data structure can be used
of which the leaves consist of arrays of §gg£s with 3 (4, 5, ...) subscripts;
sons are organized in arrays with 3 (4, 5, ...) subscripts. Slices can be
implemented with slice information and a pointer to a subtree or a tree of

newly created internal vertices.

Conclusion. In this chapter we have proposed a new data structure for sparse
matrices based on a recursive partition of the matrices. With this data struc-
ture an arbitrary number of slices of a sparse matrix can be maintained with-
out problems concerning side effects. We have solved the side effect problem
by stating in which situations what side effects occur (see (5.34) and (5.50)-
(5.53)). Side effects that occur with respect to the slicing mechanism in
TORRIX-SPARSE, are similar to the side effects based on slicing in ALGOL 68.
Moreover, the proposed data structure allows an efficient storage scheme for

sparse matrices with equal blocks.
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Both features can be implemented with an increase in administration that is
linear in the number of blocks of the matrix. A submatrix or element slice
requires an amount of administration that depends linearly on the number of
structurally equal blocks containing this slice. As for vector slices, we

have proposed a tree data structure in which each slice requires an amount of
administration that depends linearly on the number of blocks of the matrix
containing §£glfelements of this slice. This is an upperbound and there are
vector slices for which this administration is far less in size. The data
structure has been designed in such a way that, if slices of a sparse matrix
are created, the operations applied to the matrix require hardly more compu-
tation time than in the situation that no slices are created. In the same way,
if an operation in which no advantage can be taken from possible equal blocks,
is applied to a matrix with structurally equal blocks, then it will hardly
require more computation time than in the case that this matrix was stored

without structurally equal blocks (but with the same recursive partition).
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APPENDIX. TABLE OF OPERATORS.

This appendix contains only those operators of TORRIX-SPARSE that are mention
ed in chapter V or are needed in the description of other operators. We will

use the notion sparmat to denote an spsym, sympat or spmat. The mode Sparmat

is not declared in TORRIX-SPARSE. If one operand of an operator in this table
is a sparmat. then in fact there are three operators, one for each choice of
a sparmat. If both operands are sparmats, then there are 9 operators.

Each sparmat and spvec is determined by its total-array, its bound, its re-

cursive partition, its set of concrete elements and its equality structure.
As for the occurrence of side effects with the application of operators, it
is important to describe their effect on equality structures. Because no
operator in this table has an operand of the mode ref sparmat or ref spvec,
the side effects due to slicing have already been described precisely in
(5.34). In the description of the meaning of operators, we will only des-
cribe their effect on the total-array, the bounds and the equality struc-

ture of a sparmat or spvec. As for the recursive partition we have mentioned

a number of problems, but left open how it could be determined (see V.5.1.3).
Operators of type (5.23) applied to sparmats, spvecs or scalels that are

slices of sympats or spsyms do not disturb the symmetry in the sympats or

spsyms of which they are slices. Thus, it is possible that elements of a

sympat or spsym that are not element of the slice, are changed by an appli-

cation of these operators.

In the descriptions of the operators we will often state that an application
of an operator is equivalent to a short ALGOL 68 routine-text. This is only
an equivalence with regard to total-arrays, equality structure and bounds,
but certainly not with regard to the recursive partition. Thus, we describe
only what happens with the total-array, the bounds, the equality structure
and the slices. This is very important for operators of type (5.23) with two

spvec- or sparmat-operands, because the operands can be slices of the same

sparmat and have elements in common. For example, what happens with the spmat

a in the elaboration of
(a?(1//10))plusabdel (a?(3//11)newlwb 1)

Describing the meaning of an operator by means of a short ALGOL 68 routine-

text does not mean that in an implementation of TORRIX-SPARSE this operator
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is coded by this routine-text. Often, much more efficient codes are possi-
ble. If in the description of an operator we use the concept "generates a
new sparmat" (or spvec) we mean that a new sparmat-value and all its scal-
locations are allocated with each elaboration of an application of this op-
erator. Only []Zﬁfs of its operands can be used for the row-partition and

colun-partition of this new sparmat (or spvec).

We reserve specific modes for several identifiers in order to shorten the

description:
i, J, h and k are ints,
s is a scal or scalel,
r is a scalel,
trl and tr2 are trimmers,
mb, mbl and mb2 are matbnds',
U is a vec or an spvec,
v is an spvec,
a is a spaymat or a diagmat,
b is a sparmat.
x and y are sparmats or spvecs,

mb consists of four integers: [ml:nl,mz:nz],

a has bounds [m1:n1,m2:n2] (if a is an spsym or sympat, then m,=m, and

n1=n2),

trl and tr2 have values [mlznl] and [m2:n2], respectively

The following identifiers will be declared in TORRIX-SPARSE:

trimmer zerotrim = c (t,-t) (see I.2.2) ¢,
matbnds zerobnds = (zerotrim,zerotrim),
spvec zerospvec = ¢ the zerovector with bounds zerotrim c,

spsym zerospsym the zeromatrix with bounds zerobnds e,

sympat zerosympat

h
Ke)

the zeromatrix with bounds zerobnds c,

n
Lo}

spmat zerospmat the zeromatrix with bounds zerobnds ¢;

1
1Q

The identifier zerosparmat will sometimes be used in this appendix to denote
one of them. Which one it actually is, can be determined from the result

mode of an operator or its operand.
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procedure parameter result
emptyt trimmer bool
emptym matbnds bool
left right
operator prio operand operand result
? 9 int int air
meet 8 trimmer trimmer trimmer
span 8 trimmer trimmer trimmer
matbnds matbnds matbnds
fitsin 5 trimmer trimmer bool
matbnds matbnds bool
// 5 int int trimmer
Twb 10 trimmer int
ub
Lwb 8 int matbnds int
upb
rbnds 10 matbnds trimmer
cbnds
brnds 10 spvec trimmer
vee trimmer
sparmat matbnds
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emptyt(tl) returns true if and only if mq>nq.

emptym(mb) returns true if and only if my>n; or my>nj;.

127 returns the pair (Z,J).
trl meet tr2 returns [max(ml,mz) : min(nl,nz)]. However, if this is an

empty trimmer, then zerotrim will be returned.
trl span tr2 returns [min(mq,my) : max(nq,np)].
trl fitsin tr2 returns true if and only if my2my and ny=n,.
h//k returns zerotrim if h>k, otherwise [4:k] will be returned.

wb t1 returns mj .

wpb t1 returns n, -

k lwb mb returns my (15k<2).
k EEE mb returns ny (15ks2).

rbnds mb returns [mq:nq].
cbnds mb returns [mp:n,l.

mbl span mb2 returns [rbnds mbl span rbnds mb& , cbnds mbl span cbnds mb2].
mbl fitsin mb2 returns true if and only if
rbnds mbl fitsin rbnds mb2 and cbnds mbl fitsin cbnds mb2.

bnds x returns the bounds of x.
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left right

operator prio operand operand result

x 7 sparmat vec vee
sparmat spvec _spvec

sparmat sparmat spmat

diagmat vee vec

+ } 6 spmat sparmat spmat

- sparmat spmat spmat
spsym spsym spsym
spsym sympat sympat
sympat spsym sympat
sympat sympat sympat

copy 10 spsym spsym
concreopy sympat sympat
spmat spmat

unshift 10 spsym spsym
sympat sympat

spmat spmat

clear 10 spsym spsym
cleargen | sympat sympat
spmat spmat

sigmabs 10 sparmat seal
? 9 spvec int scal
sparmat air scal

? 9 spvec trimmer spvec
sparmat trimmer spmat

trimmer sparmat spmat




a+b
a-b

copy a

concrcopy

unshift a

clear a
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returns a newly generated spvec or vec v containing the result of
the matrix-vector product. Moreover, bnds v fitsin rbnds bnds a.

returns a newly generated sparmat ¢ containing the sum (difference)
of @ and b. The bounds of ¢ are bnds a span bnds b.

returns a newly generated sparmat with the same bounds, total-
array2, recursive partition and set of concrete elements as a.

a returns a newly generated Sparmat with the same bounds, recursive
partition and set of concrete elements as a, but its total-array2
is the zero total-array2.

sets all shifts of all subblocks of a (except a itself and sub-
blocks of a that are structurally equal to any other block) to

zero by incorporating these shifts in mats and diagmats. a will

be returned. The recursive partition, the bounds, the total-array2,
the equality structure and the set of concrete elements of a are
not changed.

deletes all partition lines of a that are redundant according to
(5.40). If possible, partitioned blocks will be replaced by non-
partitioned blocks. There is no change in the bounds, the total-
array2, the equality structure and the set of concrete elements
of a. a will be returned.

cZearQen a deletes all partition lines of a that are redundant according

sigmabs a
u?i
a?(i?j)

u?(h//k)

a?(h//k)

(h//k)?a

to (5.40) or (5.41). If possible, partitioned blocks will be re-
placed by non-partitioned blocks. There is no change in the bounds,
the total-array2, the equality structure and the set of concrete
elements of a. a will be returned.

returns the sum of the absolute values of all scal-elements of a.
returns the scal-value of the <th element of u ((Z,j)th element of

a). This is not a slice operator. If ©7 (or (Z,f)) is out of the
bounds of u (or a), 0 will be returned.

returns the slice v of ©# containing all elements of # with index
i (hSifk). bnds v = (h//k)meet bnds u. The ith element of v is the
ith element of u (i € bnds v).

returns the slice b of @ containing all elements (i,j) of a with
h€isk and j€ebnds bnds a.

bnds b = [(h//k)meet rbnds bnds a, cbnds bnds al. 1f b has empty
bounds, then b is zerospmat. The (i,3)tR element of a is the
(i,3)th element of b ((i,j) € bnds b).

returns the slice b of a containing all elements (i,j) of @ with
h<jsk and i€rbnds bnds a.

bnds b = lrbnds bnds a, (h//k)meet cbnds bnds al. If b has empty
bounds, then b is zerospmat. The (i,j)tR element of @ is the
(i,3)th element of b ((i,j) € bnds D).




left right

operator prio operand operand result

? 9 sparmat int spvec

int sparmat spvec

diag 8 int sparmat spve¢
! 9 spvec int scalel
sparmat pair scalel

newlwb 9 spvec int spvec

spmat int spmat

int spmat spmat

symslice 9 spsym trimmer spsym
sympat trimmer sympat

symnew lwb 9 spsym int spsym
sympat int sympat
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a?’ returns the slice v of a containing all elements in row Z of a;

bnds v = cbnds bnds a.

J?a returns the slice v of @ containing all elements in column j of

a; bnds v = rbnds bnds a.

k diag a returns the slice of a containing all elements in the kth diagonal
of a.

ult returns the slice of u that is element 7 of #. This element will
be concrete after the elaboration of u!/7. Therefore, a change in
the recursive partition of u# can be made.

a!(1?j) is equivalent with (a?Z)!j.

u newlwb K returns a slice v of u containing all elements of u and
bnds v = [k : upb bnds u - lwb bnds u +k] and the ith element of
% is the (i+k-lwb Dnds u)th element of v; if u is zerospvec then
v is u.

a newlwb k returns a slice b of a containing all elements of a and
bnds b = [k : 1 upb bnds a - 1 lwb bnds a+k, cbnds bnds al; the
(i,j)th element of a is the (i+k - I Iwb bnds a ,j)th element of b;
if a is zerospmat then b is zerospmat.

k newlwb a returns a slice b of a containing all elements of a and
bnds b = lrbnds bnds a , k : 2 upb bnds a — 2 lwb bnds a +kl; the
(i,3)th element of a is the (i , j+k - 2 lwb bnds a)th element of
b; if a is zerospmat then b is zerospmat.

a symslice(h//k) returns the slice (h//k)?a?(h//k) with this difference that
the result is of the same mode as a.

a symnewlwb k returns the slice Xk newlwb a newlwb k with this difference
that the result is of the same mode as a.
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left right
operator prio operand operand result
slalias 4 scalel scalel bool
scalel spvec bool
scalel sparmat bool
spvec scalel spvee
spvee spvee spvee
. spoec sparmat spvec
i sparmat scalel spmat
| sparmat spvec spmat
. spsym spsym spsym
sympat sympat sympat
sparmat spmat spmat
spmat sparmat spmat
delete 10 spvec spvec
spsym spsym
sympat sympat
spmat spmat
<:= 1 scalel seal scalel
scalel scalel scalel
spvec spvee spvec
spsym spsym spsym
sympat spsym sympat
sympat sympat sympat
spmat sparmat spmat
assigndel 1 spvec spvee spvec
spsym spsym spsym
sympat spsym sympat
sympat sympat sympat
spmat sparmat spmat
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r slalias s (i) if » and s are not slices, true will be returned if and

only if r and § are the same scalels,
(ii) if exactly one of » and $ is a slice, false will be returned,
(iii) if r and s are slices and there is an spvec, spmat or
sympat x and integers i or i and j such that r and s are
both the ith or (i,j)th element of x, then true will be
returned,
(iv) if r and s are slices and there is an spsym a and integers

i and j such that r and s are the (i,j)th of (j,i)th ele-
ment of a, then true will be returned.

Observe, that » slalias s is not dependent of the equality struc-

ture of a sparmat.

If »r slalias s returns true, we say that r (s) has a slalias with s (resp.

r).

r slalias x returns true if r has a slalias with an element of x.
x slalias s returns the smallest slice x?(h//k) (if x is an spvec) or

(h2//k2)?x?(h1//k1) (if x is a sparmat) containing all elements
of ¥ (in the lower triangular part of & if & is an spsym) that
have a slalias with s.

x slalias y returns the smallest slice x?(h//k) (if x is an spvec) or

delete x

r<:=g

x<:=zy

(h2//k2)?x?(h1//kl) (if x is a sparmat) containing all elements
of & (in the lower triangular part of x if x is an spsym) that have
a slalias with an element of y.

returns an spvec of sparmat y with the same bounds, total-array,
set of concrete elements and equality structure as x before the
elaboration of delete x. All elements of X are made virtual or

zero. As for the equality structure of ax if x is a slice of ax,

delete x satisfies (5.48)-(5.51) with active domain all elements

of ax selected by x. The result of delete x is not a slice.
assigns the scal-value of s to r.

requires that bnds y fitsin bnds x; if x slalias y returns
zerosparmat, then y is assigned to x, otherwise x<:=y is equivalent
with x <:= copy y. Structurally equal blocks in y will lead to struc-
turally equal blocks in x. Elements in & with indices outside the
bounds of y are . made virtual or zero. If & is a slice of ax, the ac-
tive domain of x<:=y consists of all elements of ax selected by x.
x<:=y satisfies (5.48)-(5.51).

x assigndel b is equivalent to (x <:= delete y).
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left right

operator prio operand operand result
== 1 spvec spvec spvec
blockexch 1 spsym spsym spsym
sympat sympat sympat

spmat sparmat spmat

x< 1 spmat scal spmat
sympat scal sympat

spsym secal spsym

+< 1 spsym spsym spsym
—< sympat spsym sympat
plusabdel sympat sympat sympat
spmat sparmat spmat

unshare 10 spmat spmat
sympat sympat

spsym spsym
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U=V is equivalent to (spvec w = delete v; v<:=u; u<:=w).

a blockexch b requires that a and b are slices of the same sparmat ¢ and that
there are blocks A and B of ¢ that have bounds equal to the bounds
of a and b, respectively. It exchanges A and B and returns d. As
for structurally equal blocks C and C' of ¢ we have:

(1) if neither C nor C' is a subblock of A or B, then C and C'
will remain structurally equal.

(ii) if exactly one of C and C' is a subblock of A or B (suppose
C), then C' will be structurally equal to the block obtained
by shifting C in the same way as A (resp. B) is shifted.

(iii) if both C and C' are subblocks of A and B, then C and C' will
be shifted and there shifted blocks will be structurally e-

qual.
ax<s performs rx:=s for each scal-element (virtual or concrete) r of a.
x+<y adds the value of the ith (or (i,j)th) element of ¥ to the ith (or

(i,j)th) element of & and returns &. It is required that

bnds y fitsin bnds x. As for the equality structure of ax (if x is

a slice of ax), x*+<y satisfies (5.48)-(5.51) with active domain the
elements of ax selected by x. If C and C' are structurally equal sub-
blocks of & and are both outside (cbnds bnds y)?x?(rbnds bnds y),
then C and C' will remain structurally equal. It is left to the im-
plementor what happens with other structurally equal subblocks of X.

x-<y as x+<y but now with subtraction.

x plusabdel y is equivalent with
sparmat z = delete y; x+<z) or (spvec z = delete y; z+<z).

unshare a disconnects all structurally equal blocks of which only one is a
subblock of a; structurally equal blocks that are both subblocks
of a, will not be disconnected; a will be returned.
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CHAPTER VI

OPTIMAL PARTITIONS OF A SPARSE MATRIX IN TORRIX-SPARSE

In chapter V we have developed a data structure for sparse matrices
based on recursive partitions. We assumed that the recursive partition of
the matrix was determined by the user or dynamically by the supporting sys-
tem. However, in the latter case we left open how the recursive partition
could be determined. In this chapter we will deal with the problem of deter-
mining an optimal sparse matrix storage tree T (a recursive partition) for a
matrix A in case its sparsity pattern is given as a set of mats and diagmats
S. We will consider two criteria for optimization:

(i) the sparse matrix storage tree T for A should have a minimum number of
leaves,
(ii) the sparse matrix storage tree T for A should be of minimum height.
With (i) the administration overhead in the storage scheme for A is minimized
and with (ii) we have a minimum upperbound for the time required to access
the (i,j)th element of A. We will see that there are matrices A for which a
sparse matrix storage tree T does not exist unless mats and diagmats of S

are splitted into smaller ones. There is a set S such that each sparse ma-

trix storage tree T for the sparse matrix represented by S has at least %u S]
leaves.

In this chapter we will present several algorithms to determine a sparse ma-
trix storage tree of minimum size or height and we will prove that criteria
(i) and (ii) cannot always be satisfied simultaneously. The chapter contains
three sections. In the first section we will introduce the concept of a stor-
age tree for a set of concrete domains. In VI.2 we will consider storage
trees with a minimum number of leaves (i.e., the optimization criterion (i)).
We will deal briefly with the problem of finding a recursive partition of a
sparse matrix, given a family of sets of concrete domains of which the corre-
sponding submatrices must be structurally equal (cf. chapter V). In VI.3 we

will deal with storage trees of minimum height (i.e., the optimization cri-
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terion (ii)) and prove that both criteria cannot be satisfied simultaneously
for each sparse matrix.

Throughout this chapter we will assume that the sparsity pattern of A is
given as a set of rectangular concrete domains. We will not deal with the
problem to find a minimum number of concrete domains that represent the
sparsity pattern of a matrix. For this we refer to [54] and [53]. In this
chapter the concept of a concrete domain can often be replaced by the con-

cept of a rectangle as used in literature (cf. e.g. [08]).

VI.1 STORAGE TREES AND SETS OF CONCRETE DOMAINS.

DEFINITION 6.1. A concrete domain B is a 4-tuple (11(B),ul(B),l2(B),u2(B))

of integer numbers. The index set ind(B) of B is {(i,j)€ z° - 1, (B)Sigu, (B)

and 12(B)§jéu2(B)}. B is non-empty if ind(B) is non-empty. Two concrete do-

mains B1 and B2 are disjoint if their index sets are disjoint.

DEFINITION 6.2. Given a concrete domain B, we define short hand notations
for the following subdomains. Let h, k, p, g€ Z.

Blh:k,p:q] = (max{h,ll(B)}, min{k,ul(B)}, max{p,lz(B)}, min{q,uz(B)}),
Blh:k, ] = B[h:k, 1,(® :uz(B)],

B[ ,p:q] = B[1 (B):u (B), p:al,

B[h: , 1= B[h:ul(B), 1,

Bl :x, 1=38l1®:k, 1,

B[ ,p: ] =38[,pmu,®],

B[, :q]l = B[, 1,(B):ql.

Each sparse matrix A can be considered a set of mats with mutually disjoint
concrete domains. These mats may consist of only one Egngelement. As for
the sparsity patterns and the recursive partitions the values of the ele-
ments of mats are not important. It suffices to know the concrete domains.
Thus, we restrict ourselves to sets of mgzs, though the matrix can contain
also diagmats. However, all results we will present, still hold if dZagmats
are incorporated. In this chapter we will deal with finite sets of concrete
domains. We assume that all concrete domains in such a set are non-empty and

mutually disjoint unless it is explicitly stated otherwise.
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DEFINITION 6.3. Let S
equivalent if

1 and S2 be sets of concrete domains. S1 and 52 are

U ind(B) = U ind(B).
B€S1 BES2

Thus, S1 and 52 are equivalent if they represent the same sparsity pattern.

DEFINITION 6.4. Let 81 and 52 be sets of concrete domains. 81 is splittable
into 52 (SZ>Sl) if the two following conditions are satisfied:

(i) S, and S, are equivalent,

2
(ii) for each B682 there is a B'€S1 such that ind(B) € ind(B').

Obviously, if S,>5, then [Sz|zlslland the concrete domains of S, can actually
be split by finitely many cuts to obtain the concrete domains of S2.
DEFINITION 6.5. Let S be a set of concrete domains. Then
1,(s) =min{1 (B) : BES} (min(@)=>) 15122,
w, (S) = max{u, (B) : BES}  (max(f)=-=) 1sis2,
slr: , 1=1{B[r:, 1 : BEs and Blr: , ]
sl :r, 1 =1{8[ :r, ] : BES and B[ :r, ] is non-empty},
sl ,c: 1 = {B[ ,c: ] : BES and B[ ,c: ]

is non—empty},

is non-empty},
s[ , :c] = {B[ , :c] : BES and B[ , :c] is non-emptyl,
s[ ,r:cl =sl ,r: 1 , :cl,
slr:c, ] =slr: , 1[ :c, 1.
DEFINITION 6.6. Let S1 and 82 be sets of concrete domains. S1 includes 52
if S1 and 52 satisfy the following two conditions:
(i) for each B2€S2 there is a B1€S1 with ind(B2) [ ind(Bl),
(ii) for each B1€S1 there is at most one B2€S2 with ind(Bz) c ind(Bl).

Proposition 6.1. Let S be a set of concrete domains and r and c€ %Z. Then

(i) S includes sl :x, 1, slr+1: , 1, sl , :c]l and sl ,ctl: ]
(ii) sl :x, TUslr+t: , 1>s, sl , :clUs[ ,c+q1: 1>s.
Proof: trivial.
o
A set of concrete domains will be stored at the leaves of a rooted tree T.

There may be more leaves resulting from the construction of T, but they will

be limited in number (see proposition 6.2) and are easily interpreted as
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"empty" concrete domains. For each vertex v of T, T(v) is the subtree of T

with root v and leaves (T (v)) is the set of non-empty leaves of T(v).

DEFINITION 6.7. Let S be a set of concrete domains and T a tree with leaves
that are (possibly empty) concrete domains. T is a storage tree for S if the
following four conditions are satisfied:
(i) each non-leaf v of T has at least two sons and at least two sons of v
have non-empty concrete domains as descendants,
(ii) the leaves of T are mutually disjoint concrete domains,

(iii) for each vertex v of T there are m, n, h and k in Z such that
leaves(T(v)) = {BES : ind(B) < [m:n]x[h:k]}.

(iv) for each non-leaf v of T with

leaves (T (v)) = {BES : ind(B) < [m:nlx[h:k]}

1 ) 0

there are m—1=r0<r <...<r_=n and h-1=c.<c <.. .<cq=k (6.1
such that v has pxqg sons wij (12i%p,15j<q) with

leaves (T(w,; ;) = {B€s : ina(®) < [r,  +1:r Ixlc,_

1+1:cj]}.

Fact 6.1. There is a set S of concrete domains for which no storage tree

exists.

Proof: see fig. 6.1.

fig. 6.1. A set {A,B,C,D} of concrete

domains for which no storage

tree exists.

Observe the difference between a sparse matrix storage tree and a storage
tree for a set of concrete domains. The latter determines a recursive parti-

tion whereas the first is determined by a recursive partition.
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Proposition 6.2. For each set S of concrete domains there is an S'>S for

which a storage tree exists.

Proo:

Let s' = {(i,i,3,j) : i,3€ = and there is a BES such that (i,j)€ind(B)}.
Clearly S' is finite, S">S and a storage tree for S'exists.

u]

It is obvious that, if a storage tree exists for a set S of concrete domains,
then a storage tree exists for each S' < S and each S' included in S.

If a storage tree T is stored in computer memory, the numbers r, (0£isp) and
cj (0$j%g) in (6.1) will be stored for each non-leaf. The leaves are stored
as four integers. With each non-leaf v a rectangular array with the sons of
v will be maintained. Thus, storing T requires O(lTI) space with ITi the num-

ber of vertices of T.

Remark 6.1. In the literature several other data structures for storing con-
figurations of objects in the plane are studied. For example, quad trees and
k-d trees (cf. e.g. [24], [07]). Each quad tree has leaves that correspond

to concrete domains and thus is a storage tree with p=g=2 in (6.1) for each
non-leaf. In a similar way each k-d tree is a storage tree. Thus, the set of
quad trees and k-d trees with leaves that are concrete domains is a subset

of the set of storage trees. As a consequence, a number of results presented
in this chapter also hold for the cases in which we would restrict ourselves

to quad trees or k-d trees to represent sets of concrete domains.

Fact 6.2. For each k24 there is a set S of concrete domains with |S|=k such
that no storage tree exists for S, but for each BES a storage tree exists
for s\{B}.

Proof: For k=4, let S be the set as denoted in fig. 6.1.

Let k€ N, k5. Then S={A_,,A;,A ,...,A _,} with

Ai = (i,i+1,4i,1) 15isk-2
AO = (k-1,k-1,1,2)
A, = (1,1,2,k-2) (see fig. 6.2).

-1

It is easy to see that there is no r€ Z and no c€ Z such that

L1}

s =s[:xr, JUuslr+1:, ] with s[:r, 120 and s[r+1:, ]1=¢g

or S =8[ ,:clUsl ,c+1:] with s[ ,:c]#@ and s[ ,c+1:]=@.

Thus no storage tree for S exists.
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a o1
1
A2 fig. 6.2. A set of 7 concrete domains
for which no storage tree
A3 exists, but whose proper sub-
A sets all allow a storage tree.
4
A
A 5
0

Let S,=S\A, (-1%i%k-2). If i21 then s, =s [:i, JUs [i+1:, ] with a_€s_[:i, ]
i i i i i -1"71

and AOESi[i+1:, ]. It is easy to see that storage trees exist for Si[:i, 1

and s, [i+1:, ].

Sg = So[ ,:11usl ,2:] with sO[ ,:1]#2@ and so[ ,2:12@. Obviously so[ ,:11 and

SO[ ,2:] have storage trees.
Sy =5, [ ,:x-3] ana
s_j[ sk-2:].

[ ,:k—3]US_1[ ,k-2:]. Storage trees exists for S_4

VI.2 FINDING A STORAGE TREE WITH A MINIMUM NUMBER OF LEAVES.

In the previous section we have seen that a storage tree does not exist for
each set of concrete domains S, but, on the other hand, that for each S there
is an S'>S with a storage tree. In this section we will concentrate on find-
ing an S' for which a storage tree exists with a minimum number of leaves. We
will present lower and upperbounds for the number of leaves in a storage tree
for S'. Moreover, we will present a polynomial time algorithm that, given S,

finds an S'>S that has a storage tree with a minimum number of leaves.

Proposition 6.3. There is a sequence (SP)p>2 of sets of concrete domains with

|Sp|=p such that for every storage tree Tp with leaves(TP)>~SP

|Leaves(r ) | 2 L%.|5P|J—1. (6.2)
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Proof: We define the following sets (Si)i22 of concrete domains. Let iz2l;

then S_,. and S are defined with:

2i 2i+1
= : 159221 = . 189521+
S,y {Aj : 155223} S,i41 {Aj 15952i+1}
A2j =(1,23-1,25-1,23) 15jsi-1 A2j =(1,2j-1,23-1,23) 1535
A2i =(1,2i-1,2i-1,2i-1) Al =(3,2i+3,1,1)
Al =(3,2i+1,1,1) Azj_1=(2j+1,2i+3,2j—2,2j—1) 25351
Azj_1=(2j+1,21+1,2j—2,2j—1) 25351 A21+1=(2i+3,2i+3,21,2i)
lAz R ‘ A2 | A
4 4
— —
A
A6 6
A
A8 8
L9 P B0
|/
»]
By Ao
A
A3 1
A
AS 3
A7 | A5
A9 A7
All A
J A
11 __]
& Pis
N/
fig. 6.3. 512 and 813 as used in the proof of proposition 6.3.
Without proof we state the following properties concerning S2i and SZi+1

(IEWN, i21):

(i) ]Szil=21 and 1521+1]=2i+1.

(ii) For each r€IN (1=5r£2i+1):

S2i[:r, ]USzi[r+1:, ] contains 3i-1 concrete domains with r<2i.

SpierLiTe WSy,

[r+1:, ] contains at least 3i concrete domains.

(6.3)
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(iii) For each even c€ IN (25cs$2i-2):

s..[ ,:c] includes s

2i c+l’

S..[ ,c*1:] includes S.. (if s.. is shifted right and downwards
2i 2i-c 2i-c
in the plane over c positionms),
S2i+1[ ,:c] includes Sept” (6.
S2i+1[ ,c+1:] includes 52i+1—c (if SZi+1—c is shifted right and
downwards in the plane over c positions). (6.
(iv) For each odd c€ IN (15cs2i-1):
SZi[ ,:c] includes SC+1,
1 - 1.1 i . . .
SZi[ ,C 1.]\Ac+1[ ,c+1:] includes Syi-ooq (If Sy, 4 is shifted
right and downwards in the plane over c positions),
sZi+1[ ,:c] includes S 417 (6.
1. P . . .
S2i+1[ ,C 1']\Ac+1[ ,ct+1:] includes S2i—c (if SZi-c is shifted
right and downwards in the plane over c positions). (6.

Let T_be a storage tree for some S'>S . We will prove by induction on p
that |leaves(TP)12L%|SP]J—1. The proposition holds for p=2 and p=3 (52 and

S3 have storage trees). It is easy to see that there is an S£>S4 with IS&|=5

and Si has a storage tree. Suppose (6.2) holds for p=2,3,...,2i. Let T21+1
' . .
be a storage tree for some 52i+1>521+1' Without loss of generality we may

has exactly two sons t, and t,. There are two

assume that the root of T 1 5

2i+l
cases:

Case 1: There is an r€ N (15rsS2i+2) such that T (tl) is a storage tree for

2i+1
1 - . 1 ) -
Szi+1[.r, 1> SZi+1['r' ] ana T2i+1(t2) is a storage tree for SZi+1[r+1" 1>
52i+1[r+1:, 1. Then with (6.3):
3
23i=|= -
|leaves(T21+1)l_31 L2|SZi+1lJ 1.
Case 2: There is a c€ N (15c<£2i) such that T21+1(t1) is a storage tree for
) - - 1 ' -
SZi+1[ ,:c] > S2i+1[ ,:c] and T2i+1(t2) is a storage tree for SZi+1[ ,c+1:] >
52i+1[ ,c+l:]. For odd c we obtain with (6.6), (6.7) and the induction hypo-
thesis:
= 2
Ileaves(T2i+1)| lleaves(T2i+1(t1))l + lleaves(T2i+1(t2))| 2

3

3 3,5
2 S(et)-1+1+4|J(2i-0) -1 = |5 ]s,, [ ]-1.

For even c we obtain with (6.4), (6.5) and the induction hypothesis:
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| Leaves (T )| = |1eaves (T (tl))] + Ileaves(T2i+1(t2))] 2

2i+1 2i+1

3 3., 3
LE(c+1)J-1+[5«21+1—c)J-1 = [§.|szi+1lj-1.

Thus, if (6.2) holds for p=2,3,...,2i, then it holds for p=2i+l. In a simi-
lar way it can be proven that (6.2) holds for p=2i+2, if it holds for p=2,3,

cee 2141,

DEFINITION 6.8. Let S and S' be sets of concrete domains. S' is a minimum
split of S if it has a storage tree, S"™S and for every S">S that has a stor-

age tree, ]S‘]éls"]. The function minsplit is defined as:
minsplit (S)=|S'|, with S' a minimum split of S.

. . . : 2
Proposition 6.4. For each set S of concrete domains mlnspllt(s)élsl .

Proof: Let S be a set of concrete domains. Let (xi)i>1 be the ordered se-

quence of numbers of the set {ul(B):B€S} and let x =11(S)—1. Let (yj)j>1 be

0

the ordered sequence of numbers of the set {uz(B):BES} and let y0=12(s)—1.
i <

Let (Xi)izo and (yj)jgo have p and q elements respectively, p,q_]sl. For

each i,j (12i%p,15j5q) we define

Sij = {B[xi_1

b q
and S'=,U, .U,s. ..
i=1 j=171ij

1

+1:
1-xi,yj_ 1

+1 - . +1 . +1 - : -
l.yj] : BES and B[Xi— 1.xi,yj_1 1.yj] is non-emptyl,

Obviously ISijlél (1£i2p,15j5q). With this choice of S' we have that S™S

and S' has a storage tree.

; ; < < : .3 < < 2
minsplit(s) S |[s'| ='i§1 jélisijl < p.q < |s]|”.

A better upperbound can be shown.

Theorem 6.1. For each €e€ IR (0<e€<l) there is a d€ N such that for each set S

-+
of concrete domains minsplit(s)éd.lsl1 g.

Proof: Let g(n)=max{minsplit(S) : S is a set of concrete domains, [S|=n}.

+
Let e€E R (0<e<l). Let c€ IR, c>0, 2c€+c1 €<1.
Let £0=le.x™8] pem).
Let S be a set of concrete domains and |S|=n. Let i _[Zn—l].

max ' f(n)
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Without loss of generality we can assume that for all
' "y . F3 ' Z ' -1# '
B,B'€S (B*B'): 1,(B)*1,(B'), u,(B)*u,(B') and 1,(B)-1%u,(B'). (6.8)

Let x be the ordered set of elements of

0’ "¥on-1
{12(3)-1 : BES} U {uz(B) : BES}.

Now we split S into smaller sets S; (15isi ):

max
= . i <isi -
S =SLlvx i ) gy * Figm)]  ME SIS
= + : if i=i .
and §; = shil4xy 4 ) * %pp ] T
Imax
If S™S, has a storage tree for each i (15isi ), then _U,S!™S has a stor-
i7i max i=171

age tree.

- . S
Let B; = {BES : Ttx(y 4y ¢y <1y BISuy By ¢ )
B, = {BEs\a, : X1y e ) ST B)3X £y OF
<
My ) S BV ey
- . < 2
c, = {B€s : LyB)SI+x o 4y £y and uy(B) Xi.f(n)}'
D, = s\(a,Us.Uc,).
i i 7i i

Observe that Si = Ai U Bi[ ,12(Si):u2(si)] V] Ci[ ,12(Si):u2(Si)] and
Isil = ]Ail + |Bil + Icil. (6.9)
All blocks BECi[ ,12(Si):u2(si)] satisfy 12(B)=12(Si) and uz(B)=u2(Si).
Thus :
minsplit(S;) = minsplit(s,\c;[,1,(s;):u,(s)]) + ]Ci[,lz(si):uz(si)]|. (6.10)

For each BES there are at most i -2 i's with 25iSi -1 such that BEC, and
max max i

hence
el s s)1l £ @ -2).]s] = nu
i=2 i’ 2( i)'u2( i) = (lmax— )- 18] = n(lmax_z)'
Moreover we have ICll,ICi |§1 and therefore
. max
e 1 1] < ¢ 2’
N : s i =-2)+2 = . .
12 Ci ,12(Si) u2(Si) n(lmax 2)+2 ) (6.11)

For each B€AiUBi there is a j ((i-1).f(n)+15jSi.f(n)-1) with

X = =
1 xj 12(B) or xj u2(B).
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With (6.8) and the definition of Si we conclude that
IAiUBi] £ i.f(n)-1-((i-1).f(n)+1)+1 = £(n)-1 and hence
: < - <isi
]AiUBi[ ,12(Si).u2(si)]| S f(m)-1 (1Sisi )
By the definition of g, this leads to
i i . < - .12
mlnspllt(AiUBi[ ,12(Si).u2(si)]) < g(f(n)-1). (6.12)

If we substitute (6.9), (6.11) and (6.12) in (6.10), we obtain

2 i 2
2n~ max 2n 2n
. . < - < -
minsplit (s) £ ey + iglg(f(n) 1) £ ey + (ET;3+1).g(f(n) 1).

This holds for every set S and hence,

2 2
2n 2n 2n 2n 1-€
g(n) £ e + (—f(n)+1>.g(f(n)-1) < C nl—e + (c nl_E+1>g([c.n h.

If we have a monotone function h: IR» IR such that

(i) g(n)sh(n) for all n€ N, nsN for some NE IN,

2
(1) 2 — +( 231’_€+1).h(c.y1'€>§h(y) (6.13)
c.y c.y

1+€
then g(n)sh(n) for all n€ N. Let h(y)=dy with d large enough such that
+
g(n)sh(n) for small n and d;—2~.—————é——1€. with 2c5+c €<l this leads to
1-2¢c -c
+ + €
§+20€d+c1 E.déd and for all y %yl e+2c€dy1+€+cl+€dy1+€ < d.y1+ - Hence

€2 —g2
%}y1+€ + gye.d.cl+e.y1 € + dc1+€.y1 € < d.yl+z~: and

C
2
2y 2y 1-gy 1+€ _ 1+€
Tt < 1_€-1)d.(c.y ) <d.y
c.y c.y

+
Thus h(y)=d.y ¢ satisfies (6.13) and g(n)<d.n ' for all n€ m.

In order to test whether a set of concrete domains has a storage tree, the

following lemma is important.

Lemma 6.1. Let S be a set of concrete domains with |s|22.
(1) If S has a storage tree then there is an r€Z (ll(S)§r<u1(S))such
that for all BES either l1 (B)2r+1 or u, (B)Sxr or there is a c€Z
(12(S)§c<u2(s)) such that for all BES either 12(3)zc+1 or u2(B)§c.
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(ii) Let Y€ Z (11(S)§r<u1(s)) such that for all BES either 11(B)Zr+1 or
ul(B)ﬁr. Then S has a storage tree if and only if sl:x, 1 and
s[r+l:, ] both have storage trees.

(iii) Let c€ Z:(lz(s)§c<u2(s)) such that for all BES either 12(B)Zc+1 or
uZ(B)ﬁc. Then S has a storage tree if and only if sl ,:c] and
sl ,c+1:] both have storage trees.
Proot:
(i) Let T be a storage tree for S. Without loss of generality we may as-
sume that the root of T has exactly two sons t, and t, and for some r€ Z

1 2
(1, (S)Sr<u, (s)) .
leaves (T(t,)) = {B€s:u1 (B)Sr}, leaves (T(t2)) = {BES:ll(B)._>.r+1}.

Because S=leaves(T(t1))Uleaves(T(tz)), either ul(B)ér or 11(B)Zr+1 for each
BES.

(ii) Let r€ Z (11(S)§r<u1(s)) such that for all BES either ll(B)Zr+1 or
ul(B)ér.
=: Suppose S has a storage tree. S[:r, ] and Slr+l:, ] are subsets of S and
hence have both storage trees.
<: Obvious.

(iii) Similar to the proof of (ii).

[m]

Using lemma 6.1 an algorithm can be designed that, given a set of concrete

domains, determines whether it has a storage tree.

algorithm 6.1.
proc TREETEST = (set S)bool:
co returns ftrue if and only if S has a storage tree co
if |s|$3 then true
elif there is an r (11(S)§r<u1(s)) such that for all BES
either ul(B)ér or ll(B)2r+1
then if TREETEST(S[:r, 1) then TREETEST(S[r+l1:, 1) else false fi
elif there is a c (12(S)§c<u2(s)) such that for all BES
either u2(B)§c or 12(B)Zc+1
then if TREETEST(S[ ,:c]) then TREETEST(S[ ,c+1:]) else false fi
fi
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Proposition 6.5. With a suitable data structure for S, algorithm 6.1 will

run in time 0(|S[2).

Proof: We assume that there are four doubly linked lists containing the con-
1’ 12 and u, respectively.
Then in each recursive call r (or c) can be determined in linear time and

crete domains of S ordered with respect to 11, u

i four lists for S[:r, ] and S[r+l:, ] (or S[ ,:c] and S[ ,c*l:]) can be built
in time linear in |S[. Thus, each call (without its recursive calls) can be
performed in linear time. We can charge a constant time portion of the costs
to each concrete domain in the parameter of this call. For each concrete do-
main BES there are at most is]-2 subsets S|Sl—2 < SIS]—3 c ... E-Sl=s con-
taining B that will be a parameter of a (recursive) call. Thus, the total
time needed per concrete domain is at most cl.(|S|—2) for some c1€im. Hence,

.(sl-2) = o(s|?.

the total time used by the algorithm is c1.|s
o

The algorithm TREETEST can be used as a subroutine in an algorithm to test
whether a recursive partition of a sparse matrix exists such that the concrete
domains of a user specified family of sets of concrete domains are equal to the
bounds of blocks obtained by the recursive partition. Then blocks correspond-
ing to the concrete domains of one set of the family can become structurally
equal (see chapter V). Suppose sets Sl""'sn of non-empty concrete domains

. n
are given. Whether the concrete domains of S _‘Ulsi satisfy the conditions

(5.44)-(5.47) must be checked first. If theyod;, then for all Bl,B2€SO (B1¢Bz)
we have either ind(Bl)nind(B2)=¢, ind(Bl) ? ind(Bz) ox ind(Bz) g ind(Bl).
Then S0 must be partitioned into non-empty subsets Tl""’Tp such that the
following three conditions are satisfied:
(i) Ti (15i2p) is a set of mutually disjoint concrete domains.
(ii) T1 is the maximum subset of SO such that for each BQSO\T1 there is a
B'ET1 with ind(B) € ind(B').
(iii) For each i22 there is a BETj (j<i) such that for all B'€Ti,
ind(B') € ind(B). Moreover, if for some B“ETk, ind (B") < ind(B),
then either k>i and ind(B") € ind(B') for some B'ETi, or k=i.
A suitable partition of the sparse matrix A exists if an only if TREETEST(Ti)

returns true for all i (15isp).

Given a set S of concrete domains, we will now present an algorithm to find

the cardinality of the smallest set S'™S that has a storage tree. The algo-
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rithm can easily be modified such that an actual storage tree for S' can be
constructed. Thus, this algorithm finds the first of the two optimizations

mentioned in the introduction of this chapter.

Proposition 6.6. Let S and S' be sets of concrete domains and S' a minimum

split of S.
(i) There is an rOE Z (ll(s)ér
that

0<u1(s)) or a coE /4 (12(S)§c0<u2(s)) such

minsplit(S) = minsplit(S[:rO, I + minsplit(S[r0+1:, 1 or
+1:1).

minsplit(S) = minsplit(s[ ,:cO]) + minsplit (S 1S

(ii) For all v€ Z and all cE Z
minsplit(S) £ minsplit(sl:r, 1) + minsplit(slr+l:, 1) and

.

minsplit (S) £ minsplit(S[ ,:cl) + minsplit(s[ ,c+1:1).

(iii) r. (or co) as defined in (i) can be chosen such that r =u1(B) (or

0
C0™%2
Proof: (i) and (ii) are consequences of the definition of minsplit and lemma

0
(B)) for some BES.

6.1. The proof of (iii) is as follows. Let S'>S be a minimum split of S.

Without loss of generality we assume that
minsplit (s) = |s'| = |s'[:x, 1| + |s'[x+1:, 1]

for some r€ Z (ll(s)§r<u1(s)). Let BES such that ul(B)ér and for all B'€S,

either ul(B')éul(B) or ul(B')£r+1. Such a B will certainly exist. Let

ro=u1(B). If ry=r, we do not need to prove anything. If r0<r, then
minsplit(S[:ro, 1) £ minsplit(sl:x, 1). (6.14)
Moreover, |slr+1:, 1| = |S[r0+1:, 1] and slr+1:, ] is included in S[ro+1:, 1.

Let T be a storage tree for S'[r+l:, ]. Replace each leaf D of T with
1, (D)=r+1 by B'[ 2y (D), 12(D):u2(D)] where B'€S[r0+1:, ] and ind (D) < ind(B')
It is easy to see that after this modification T is a storage tree for

leaves(T)>s[r0+1:, ]. Thus
minsplit(S[rO+1:, 1) £ minsplit(slr+1:, 1).
With (6.14) this yields

minsplit(S) = minsplit(S[:ro, I + minsplit(s[ro+1:, .
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Proposition 6.6. can be used to design an algorithm to compute minsplit (S)

by means of a dynamic programming approach (cf. [45]). If the values of
minsplit (S[:x, 1), minsplit(S[x+1:, 1), minsplit(s[ ,:cl) and
minsplit (S[ ,c+1:1]) (6.15)

are known for each r=u1(B) (BES) and each c=u2(B) (BES), then minsplit(S)

can be computed (using proposition 6.6). In order to compute all values

(6.15) with proposition 6.6, many more minsplit-values are needed. However,

a recursive algorithm would consume too much time because many computations

will often be repeated. Therefore, we will store the required minsplit-values

in an array with four subscripts. This array will be initialized with zeros

and ones.

algorithm 6.2.
proc MINSPLIT = (set S)int:
co returns the value minsplit (S) co
if s=@ then 0
{ll(S)-l}U{ul(B):B€S} and X=(x0<x1<x2<...<xp);
{lz(S)-l}U{uz(B):B€S} and Y= (y <y <¥,<- .- <y,)s

n

else let X
let Y

1}

let ms be an array with 4 subscripts and bounds [0:p-1,1:p,0:q-1,1:q];
co ms[i,j,h,k] will become minSplit(sijhk) with
.. = Alix, :
S ink S[x$ 1 X0 10 DAt yk] co
initialize ms with 0;
for all BES

. L. < _ -
do let 1B=max{1 : Xi_ll(B) 1}, ul(B)’

J
hB=max{j : yjélz(B)—l}, kz=u2(B);
for all ©,j,h,k with 1B§i<j§jB and hB§h<k§kB
do msli,f,h,kl:=1 od
od;
for sI from 1 to p
do for s2 from (if s1=1 then 2 else 1 fi) to g
do for i from 0 to p-s1
do for h from 0 to a-s2
do  if ms[i,i+s1,h,h+s2]=0
Eﬁfﬁ ©co compute minsPlit(si,i+31,h,h+32) co
int minim:=-+eo;
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for r from i+l to i+sl-1

do int subminams[i,r,h,h+s2]+ms[r,i+s],h,h+s2];
if submin<minim then minim := submin fi

od;

for ¢ from h+l to h+si-1

do int submin=ms[i,i+sl,h,cl+ms[i,i+sl,c,hts2];
if submin<minim then minim := submin fi

od;

msli,i+sl,h,h+s2] := minim

od;
ms[0,p,0,q]

Vil

Proposition 6.7. The time used by algorithm 6.2 is bounded by O(IS[S).

Proof: Let S, p, g and ms as in the algorithm. The initialization of mS re-
quires at most o(|s|4) time. For each i (05ifp-1), j (i<jSp), h (0shsg-1)
and k (h<k=zq) ms[i,j,h,k] must be computed. Thus the value of BﬂiBiillﬁill
elements of ms must be computed. The computation of one of these values
takes at most time O(p+q). Thus the time used by the algorithm is bounded
by O(p.p2q2+q.p2q2)=0(lsls).

o

Remark 6.2. Algorithm 6.2 is a ‘general application of the dynamic programminc
method. For a number of dynamic programming problems a more efficient algo-
rithm is possible (cf. [48] and [81]). The accelaration is based on a proper-
ty of the function to be minimized. Minsplit would need to satisfy the fol-
lowing property (as well as the similar property for "vertical slices"), in
order that the acceleration as proposed in [79] could be incorporated in al-
gorithm 6.2:

Let S be a non-empty set of concrete domains and u'=u1(s)—1. Let r, be

0
the smallest number such that

minsplit (sl:r , 1) + minsplit(S[r0+1:, 1) <

Ol
£ minsplit (sl:r, 1) + minsplit(slr+1:, 1)
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for all r (ll(s)§r<u1(s)). Let Sy be the smallest number such that for

all s (ll(s)§s<u1(s[:u', 1

A

minsplit(s[:so, 1) + minsplit(s[so+1:u', ID)
< minsplit(S[:s, ]) + minsplit(S[s+l:u', ]).
<
Then so=r0.
However, the function minsplit does not have this property. For example, let
S be the set of concrete domains as given in fig. 6.4, with ul(s)=10 and

11(S)=1. Then ro=3 and s.=4.

0

fig. 6.4. The set used in remark 6.2.

O W O 3 6O U B W N =

M

-

1 2 3 4 5 6 7 8 91011

VI.3 SPARSE MATRIX STORAGE TREES OF MINIMUM HEIGHT.

In the preceding section we saw that an optimum recursive partition of a
sparse matrix A can be obtained in polynomial time. The criterion of opti-
mality used here concerns the number of mats (diagmats) in a sparse matrix
storage tree for A as given in V.3. However, we will see that the "optimal-
ity" of a recursive partition of A in this sense does not mean that each
(virtual or concrete) element of A can be retrieved efficiently. Because
the number of direct subblocks of a block of a sparse matrix storage tree
for A can be arbitrarily large (i.e., the degree of branching in a sparse

matrix storage tree is not bounded by a fixed constant), the retrieval time
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of the (i,j)th element aij of A is not really linﬁarly dependent on the
length of the search path of aij' Therefore, it is more realistic to mea-
sure the retrieval time of the leaf containing aij in a sparse matrix stor-
age tree for A in which each vertex has at most two sons (a binary tree).
Obviously, if there is a sparse matrix storage tree T for A, then there is
a binary sparse matrix storage tree for A with at most as many leaves as T.
The retrieval time of aij is then linearly dependent on the length of its
search path in such a binary sparse matrix storage tree T and therefore,

is bounded by the height of T.

In this section we will deal with the following problem:

Given a set S of concrete domains. Find an S'>S and a binary storage
tree T for S' such that for each S">S and for each binary storage tree

T" for S" we have height(T)Zheight (T").

We will see in theorem 6.2 that there are sets S for which a tradeoff ex-
ists between the height of a storage tree for an S'™S and the cardinality
of S' and hence a tradeoff between the maximal retrieval time and storage

requirements of sparse matrices with a sparsity pattern represented by S.

DEFINITION 6.9. Let S be a set of concrete domains and T a storage tree
for S. T is a binary storage tree for S if each vertex of T has either two

Or zero sons.

DEFINITION 6.10. Let S be a set of concrete domains. Then the functions

minheight and mmh are defined as follows:
minheight (S) = min{height(T) : T is a binary storage tree for S},
mmh (S) = min{minheight(s') : s'>s}

with minheight (#)=-1 and min (@)=+%,

Note that mmh(S) may well be smaller than minheight(S). Observe that for an
S"™S with mmh(S)=minheight (S') a storage tree T for S' with minheight(S')=
height (T) determines for a sparse matrix A with a sparsity pattern repre-
sented by S a recursive partition P that minimizes the length of the longest
search path in A over all recursive partitions of A. Thus, P yields a sparse
matrix storage tree for A that is optimal according to the second criterion

of optimality mentioned in the introduction of this chapter.
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Proposition 6.8. Let S be a non-empty set of concrete domains. Then
\
mmh (S) 2] 210g|s]|].
Proof: Let S'"™S be as defined in the proof of proposit{sn 6.4. Obviously

S' can be stored in a binary storage tree of height at most

[zloglsl]+[zloglsl]. Therefore:

mmh (S) <€ minheight(s') £ 2[%log|s|].

=]

Now we will develop an algorithm that, given S, computes mmh(S). Without

proof we state:

Proposition 6.9. Let S be a set of concrete domains.

(i) For each S' € S minheight(S')Sminheight (S), mmh(S"')Smmh(S).
(ii) For each S' included in S minheight (S')Sminheight (S), mmh(S"')Smmh(S).

DEFINITION 6.11. Let S be a set of concrete domains.

(1) r0€ Z is a minimal horizontal split line of S if for all r€ %z
max{mmh(s[:ro, h, mmh(s[ro+1:, DY € max{omh(sl:x, 1), mmh(slr+1:, D}.
(ii) cOE Z is a minimal vertical split line of S if for all c€ Z

+1:1)} € max{mmh(s[ ,:cl), mmh(s[ ,c+t1:1)}.

max{mmh (s [ ,:co]), mmh (S[ /<

DEFINITION 6.12. Let S be a set of concrete domains. For i=1,2 we define

glb, (s) = max{li(B):BES} max (@) =-
lub, (S) = min{ui(B):BES} min (@) =+e.

For minimal horizontal and vertical split lines one can prove a number of
completely similar propositions. We will state and prove them only for

minimal horizontal split lines.

Proposition 6.10. Let S be a set of concrete domains. Let ¥, and rlzr be

0 0
minimal horizontal split lines of S. Then each r€ z (roérérl) is a minimal

horizontal split line of S.
Proof: Let r€ Z with roérérl.
Let h = max{mmh(s[:ro, h, mmh(s[r0+1:, Dl
Then h = max{mmh(S[:rl, h, mmh(S[r1+1:, 3. sl:x, 1 and slx+1:, ] are in-
cluded in S[:rl, 1 and S[r0+1:, ] respectively. Then
max{mmh(sl:r, 1), mmh(sir+i:, 1)} <
< max{mmh(s[:rl, 1, mmh(S[r0+1:, 1} £ max{n,h} = n.

a
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Proposition 6.11. Let S be a set of concrete domains. Let I, be the smallest

integer that is a minimal horizontal split line of S. If such an T, exists,

then there is a BES such that r =u1(B).

0
Proof: Analogous- to the proof of proposition 6.6 (iii).

a

In the same way the largest integer r, that is a minimal horizontal split

line equals r =11(B)—1 for some BES, if r, exists.

1 1

Proposition 6.12. Let S be a set of concrete domains.

Let S, = sl :glb, (S)-1, 1, s, = S[lubl(s)+1: , 1. Let r, and r, be the

smallest and laréest integers that are minimal horizontal split lines of

Sl' and let s, and s, be the smallest and largest integers that are minimal

horizontal spgit linis of 52, respectively. r0=—w and r1=+oo if each x*€ Z is
a minimal horizontal split line of Sl' and so==-oo and sl=+oo if each s€ % is
a minimal horizontal split line of S2’
Let h = max{mmh(s,[:xy, 1), moh(s [x+1:, D} 20 and
h, = max{mh(s,l:s;, 1), mmn(s,[s+1:, D} 2 0.
(i) Suppose h1=h2 and —m<sO§r1<m. t is a minimal horizontal split line of
S if and only if soétgrl.

(ii) Suppose h,zh r . t is a minimal horizontal split

15727 70
line of S if and only if roﬁtérl.
1Zh2 and mmh(sz)émmh(sl)=h1. If there is a c€ Z such that

max{mmh (S[ ,:c]), mmh(s[ ,c+1:1)} = h1—1

>—00 <
and mmh(52)=h1

(iii) Suppose h

then each t€ Z is a minimal horizontal split line of S, otherwise t is
a minimal horizontal split line of S if and only if lubl(s)ﬁtéglbl(s)—l

(iv) Suppose h1=h2 and s0>r1. If there is a c€ Z such that

max{mmh (S[ ,:cl), mmh(s[ ,c+1:1)} = h,

then each t€ Z is a minimal horizontal split line of S, otherwise t is

a minimal horizontal split line of S if and only if lubl(s)étéglbl(s)—]

Proof:
(i) «=: Let t€ Z with soétérl. Then
mmh (S[:t, 1) émmh(S[:rl, h =mmh(sl[:r1, 1) < h,

mmh (S[t+1:, 1) émmh(s[so+1:, D =mmh(52[so+1:, 1) £ h,

and thus max{mmh(s[:t, ]), mmh(s[t+1:, 1)} £ h,.
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With proposition 6.9, t is a minimal horizontal split line of S.

=: Suppose t is a minimal horizontal split line of S. Then

max{mmh (s[:t, ]), mmh(s{t+1:, 1)} = h1

and therefore, t is a minimal horizontal split line of both S1 and SZ'
<tir, .

Thus so_t_r1

- <y <r < - i <

>-0, thus lub1(52)=ro=r1=glb1(s) 1. With mmh(s2)_h1, lubl(s) is a

=lub1(S) and

)

minimal horizontal split line of S and therefore rO

mmh(Sl)=h1+1.

<: Suppose roétéri. Then

max{mmh (S[:t, ]), mmh(S[t+l:, 1)} £
< max{mmh(sl[:t, 1, mmh(S2)} < max{hl,hl} =h,.

Thus t is a minimal horizontal split line of S.

=: Suppose t<ro. Then mmh (S[t+1:, ]) 2 mmh(sl[t+1:, 1). Because
t<1ub1(81), mmh(Sl[t+1:, 1 = mmh(S,) = h +1. Thus t is not a minimal
horizontal split line of S.

. Then mmh(S[:t, 1) > h,. Thus t is not a minimal horizon-

Suppose t>r 1

1
tal split line of S.

Let hlzh2 and mmh(SZ)émmh(Sl)=h1. If there is a c€ Z with

max{mmh (s[ ,:c]), mmh(s[ ,e*1:1)} = n -1,

1
then mmh (S)=h
of S.

1 and clearly each t€ Z is a minimal horizontal split line

If such a ¢ does not exist, mmh(S)=h1+1 and t is a minimal horizontal
split line of S if and only if lubl(S)étéglbl(S)-l.
h,=h, and s >r1. Then r1<+w and s.>-®. Thus

1772 0 0
mmh (S, ) =mmh (S,)=h, +1 and clearly h +1§mmh(s)§h1+2.

1
Suppose there is a t€Zz with

mmdmmﬁ[m,]lehwhﬁh,])}éhr

Then so.ﬁ_tés1 and roétérl. Contradiction. Then for each t€ Z with
lUbl(S)§t§glb1(s)—1 we have max{mmh(s[:t, ]), mmh(S[t+1:, ])}=h1+1- 1f

a ¢ exists with max{mmh(s[ ,:c]), mmh(s[ ,c+1:])}=h1, then mmh(s)=h1+1

and (iv) is proved. Otherwise mmh(S)=h1+2 and t is a minimal horizontal
split line of S implies t>-» and t<+® thus lubl(s)étgglbl(s)—l.

n]
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Corollary 6.1. Let S, Si (1si22), Yos Tyr Sgr Sy hl’ h2 as in proposition
6.12. In the four cases equal to those of proposition 6.12 mmh(S) has the
following value:
(i) mmh(S) = mmh(Sl) = mmh(Sz),
(ii) mmh(S) = mmh(S, ),
(iii) if each r€ Z is a minimal horizontal split line of S, then mmh(S)=
mmh(sl), otherwise mmh(S)qnmh(Sl)+1,

(iv) equal to (iii).

Now we will sketch an algorithm to compute mmh(S).
PATERRS 1 {11(B)—l:BES}U{ul(B):B€S},

{y0<y1<...<yq} = {12(3)—1;B€S}U{u2(5):BES}.
Let Sijhk
For each Sijhk (0£i<j<p, 05h<kZq) we will compute and store the following
labels:

]

Let {xo<x

=S[xi+1:xj, 1[ ,yh+1:yk].

(i) iglbl, ilubl, iglb2, ilub2 defined as

¥igipr Tt T 9P Sigpde X1 T Sy gy

1 = glb, (s

ijhk hk

+ =
¥ig1p2 s Y5 1up2 T2 S5 5k v

(ii) the sets of integers that are minimal horizontal and vertical split

ijhk

lines of Sijhk' These can be stored by means of four integers r

0’

rl, cO and Cl'
(iii) mmh (Sijhk) ’
(iv) a boolean EMPTY to denote whether Sijhk is empty or not.

Initialize all labels with a proper value. For each BES give proper values

to the labels of S, . with
ijhk

2 - < 2 - < .
xi_ll(B) 1, xj_ul(B), yh lz(B) 1 and yk u2(B)
Then assign the right values to the labels of si,i+1,h,k and Si,j,h,h+1
for all i, j, h, k. Observe that the concrete domains of these sets have the

natural linear ordering because they are mutually disjoint.
Then, using the same order as in algorithm 6.2, the labels of all other

Sijhk can be computed from the labels of Si,iglbl(Sijhk),h,k'

S, and S, . . by means
1lub1(Sijhk hk) 1,j,llub2(Sijhk),k

of proposition 6.12, corollary 6.1 and (6.16).

. S, . .
)r]lhlk' 1,j,h,1glb2(sij
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iglbl (S, ) = max{iglbl (85,5 n,n+1) 7 ig]bl(si’j'hﬂlk)},

iglb2(Sijhk) = max{iglb2(Si,i+1'h'k), iglb2(Si+1,j'h'k)}, 6.16)
ilubl (sijhk) = min{ilubl (si'j'h'hﬂ), ilubl (Si,j,h+1,k)}' :
1lub2(S; 4y 0) = minlilub2(s; Loy o), 110208, 5y )

Proposition 6.13. Let S be a set of concrete domains. Then mmh(S) can be

, , 4
computed in time O(IS] ).
Proof: The initialization takes time at most O(]S]4). To compute the labels

of one S,
ijhk P

stant time. There are at most O([SI ) S..
ijhk

will be performed. Thus, the total time used by this algorithm is bounded
by o(|s|%).

using proposition 6.12, corollary 6.1 and (6.16) requires con-

's for which this computation

a

In proposition 6.8 we saw that mmh(S)éZleogISl]. The question arises how
large the cardinality can be of some S'>S with minheight(S')=mmh(S). As al-
ready stated (see VI.1) the storage requirements of a storage tree for S'
are linear in the cardinality of S'. The following theorem states that there
are sets S such that there is a small difference in the cardinalities of two
sets S',S">S if and only if there is a small difference of minheight(S') and
minheight (S"). A consequence of this theorem is that the cardinality of an
S'>S with minheigth(S')=mmh(S) can be rather large compared with the cardi-

nality of S.

Theorem 6.2. There is a sequence (Sk) of sets of concrete domains with

k22
|Skl=3k (k22) such that for each k22 and s20

min{minheight (S') : S'>Sk and [S'lélsk|+s} 2 k+2-s.

Proof: Let Ai = (2k-2i+1, 2k-2i+2, 2k-2i+1, 2k-2it+2) 1%isk
Bi = (2k-2i+2, 2k-2i+2, 2k-2i+4, 2k+2) 15isk

Ci = (2k-2i+4, 2k+2 , 2k-2i+2, 2k-2i+2) 15isk

k
Let SO=¢. For S7, see fig. 6.5.

Let S, = {Al,A2,...,Ak,Bl,BZ,...,B 'C1’C2""'Ck} k21.

k

We define

mh(sk,s) = min{minheight (S') : S‘>Sk and ]S‘]§|8k|+s}.

Claim 1: mh(Sk,s)th(Sp,s) for all 15psk.
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Proof of claim 1: Let 13psk. Sp is included in S)- From S};>Sk with

|st|<|s, |+s an s'>S_ can be derived such that
k k P P
(1) minheight(S')éminheight(si),
(ii) |s'|s|s_|+s.
) Islsls, |
Then mh(sk,s)imh(sp,s).

Claim 2: mh(Sk,s)imh(Sk,s+1) for each k21, s20.

Proof of claim 2:

Trivial because {minheight(S') : S'>'Sk and IS'I§|Sk|+s} is a subset of
{minheight (S') : $'>5, and |S'l§|Sk]+s+1}.

A, -
.
A -
6
A -
5
a, .
4
a
c 3
7 B
3
Ce
A
cs 2 B,
c
4 a,
C3 By
C,
¢

fig. 6.5. Sk for k=7 as used in the proof of theorem 6.2.
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Claim 3: mh(Sk,0)=k+2 for each k22. (6.17)
Proof of claim 3: Clearly mh(Sk,O)qninheight(Sk). We will prove this claim

by induction. For k=1, mh(Sk,O)=2 whereas mh(sk,0)=4 for k=2. Suppose (6.17)

holds for k=2,3,...,m. Let ’I‘m+1 be a binary storage tree for Sm . Obviously,

+1

such a T exists. Let the root of T have two sons t, and t,. Because of
m+1 m+1 1 2

symmetry we can assume that there is a c€ Z such that Tm+1(t1) is a binary

+1:).

storage tree for Sp+1 + +1[ ,e+l:]

1)=Sm+1' c must be equal to c=2. Then 1eaves(Tm+1(t2)) in-

[ ,:c] and T 1(t2) for S,

Because leaves(Tm+
cludes Sm (if Sm is shifted right and downwards in the plane) and therefore

we have:

. S .
helght(Tm+1)=1+mh(Sm,O) for each binary storage tree Tm for Sm

+1 +1

Thus mh(Sm+1,O)21+mh(Sm,0) and by induction mh(Sm 0)2 (m+1)+2. Moreover,

+17

there is a binary storage tree for Sm with height m+3. Hence claim 3 is

+1
proved.

To prove the theorem we will induct on k and s. The theorem holds for k22
and s=0 (claim 3). Clearly it holds for k=2 and s20. Suppose it holds for
s=0,...,9-1 (g21) and k=2,...,m (m22). It suffices to prove now that
mh(Sm,q)Zm+2—q.
Let T be a binary storage tree for some Sn'l>Sm with |SA[§|Sm|+q. If such a
T does not exist, mh(sm,q)=+m. Thus we assume that T exists. Let the root
of T have two sons t1 and t2; let T1=T(t1) and T2=T(t2). Without loss of
generality we can assume that there is a c€ Z such that leaves(T1)>Sm[ ,:cl
.-and leaves(T2)>sm[ ,c+l:]. With a reasoning as in the proof of proposition
6.11 we can assume that c=2,4,6,8,..., i.e., c=u2(Aj) for some j (15j5m).
Then Sm[ ¢:c] includes S__. and 5 [ ,c+1:] includes S._,- Because

Ileaves(T)lélSm|+q we have Ileaves(T )i+|leaves(T2)|§ Sm|+q. Moreover,

1
[1eaves('r2)|;m+2(j—1) and lleaves(Tl)|g3m—3(j—1)-1. Thus m+2 (§-1)+3m-3(§-1)-15

3m;q and we have
m-j<q.

If for some p (0Spsg-m+j), |leaves(T2)|=|Sm[ ,ct1:]1]|+p then leaves(Tl)Ié

}sm[ ,:c] |+g-m+j-p. Because Sm[ ,ct1:] includes sj—l’ we have that

height(Tz)Emh(Sj_l,p)- (6.18)
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s [ ,:c] includes S_ . and hence
m m-j

height(Tl)imh(sm_j,q—m+j—p)- (6.19)
(6.18) and (6.19) lead to
height (T) = 1+max{height(T2), height(Tl)} 2
Zl+min{min{max{mh(sj_1,p), mh(Sm_j,q-m+j—p)}: 0Sp<g-m+j}: 159%m and q-m+3j20}.
This holds for every binary storage tree T with at most ISm|+q leaves and

leaves(T)>Sm. Thus:
mh(sm:‘I) 2

21+min{min{max{mh(sj_1,p), mh(Sm_j,q—m+j—p)}: 0Spsq-m+j}: 15j%m and g-m+j20}

and by induction:

mh(s_,q) 2 1+min{min{max{j+1-p, 2m+2-q+p-23j}: OSpSg-m+j}: 15jSm and j2m-g}.

Now we will find a lowerbound for

v, = min{min{max{j+1-p, 2m+2-g+p-2j}: 0Spsg-m+j}: 1<j<m and j2g+1 and j2m-q}

With j2g+1 we have 3j+g-2m-122g-2m+2j. With 2p<2g-2m+2j this leads to
3j+g-2m-122p and thus j+1-p22m-gq+p-2j+2. Then

v min{min{j+1-p : 0Spsg-m+j} : 15jSm and j2q+1 and j2m-q}

1

= min{j+1-g+m-j : 15jSm and j2q+1 and j2m-q}
= min{m+l-q : 15jSm and j2gq+1 and j2m-q}

2 m+l-q (if min (@)= +).

Next we will find a lowerbound for
v, = min{min{max{j+1-p, 2m+2-g+p-2j} : 0Sp=g-m+j} : 15j<m and m-q$j<q}.

With j<g+1, 3j+g-2m-1<2(g+j-m).
If 2p<3j+g-2m-1 then j+1-p22m+2-g+p-2j.
If 2p>3j+g-2m-1 then j+1-p<2m+2-g+p-2j. Substituting this in V2 yields
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<
1l

min{min{min{j+1-p : 052p<3j+gq-2m-1}
,min{2m+2-q+p-23 : 3j+g-2m<2p<2g-2m+2j}
} : 1$jsm and m-qS$isq}

I

: i +q-2m- j+g— .
min{min{j+1-[§l:1§%£—lj, 2m+2—q—2j+F§lJ%—gE]} : 159%m and m-q$jsq}

e »
min{min{m+1-|2 3 L, m—q+2+[-q2—3]} : 159%m and m-qSisql}

v

min{min{m+1—[ggéij, m-q+2} : 153%m and m-q$jsql

min{m+1-(g-1), m—q+2} = m+2-q.

Then mh(Sm,q) 2 1+min{V1,V2} 2 mt+2-q.
Thus the theorem holds for s=q and k=m and by induction it holds for every

s20 and k22.

Corollary 6.2. Let (Sk)kZZ be as in theorem 6.2. Let Tk be a binary storage
tree for §'>5 such that height (Tk)§2r210g|sk|].
Y
k 2
Then |51'<|3|Sk]+"3— +2-2 1og|sk[].

Proof: Suppose there is a k22 and a binary storage tree Ti for Sl'(>-Sk such

. is, |
that he1ght(Té)§2[zlog|Sk|] and |S£l§i8k|+| 2' +2—2f210g|Sk|1—1.
Then by theorem 6.2:
N ookl |5 | 2
mlnhelght(Sk); 3 +2- —3 -2+1+2[ longk|]

and by definition

height(T£)21+2[Zlog]Sk|]. Contradiction.

Conclusion. In this chapter we have considered several problems concerning
optimal sparse matrix storage trees. We have shown that there are sparse ma-
trices A of n mats of which each sparse matrix storage tree has %n @gzs.
We have presented three polynomial time algorithms:
(1) one to test whether an arbitrary sparse matrix A of n ﬂgﬁs has a
sparse matrix storage tree of n mgzs,
(ii) one to find for an arbitrary sparse matrix a sparse matrix storage

tree with a minimum number of leaves,
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(iii) one to find for an arbitrary sparse matrix a binary sparse matrix
storage tree of minimum height.

These algorithms run in time O(nz), O(ns) and O(n4), respectively, for sparse

matrices consisting of n mats. The exponents of these polynomial time bounds

are rather high. It should be interesting to design more efficient algorithms;

or to prove that no better time bounds can really be achieved. }

In theorem 6.2 we have shown that there is a tradeoff between the number of
vertices and the height of a binary sparse matrix storage tree: there are ma-
trices A for which a decrease in the height of a sparse matrix storage tree
for A can only be obtained by an increase in the number of vertices of the

tree.

The results presented in this chapter will also appear in [79].
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CHAPTER VII

SUITABILITY OF TORRIX-SPARSE FOR SYMBOLIC LU DECOMPOSITION

In chapter V we have designed a system TORRIX-SPARSE for manipulating
sparse matrices. In this chapter we will test the suitability of TORRIX-
SPARSE in case it is used to manipulate sparse matrices in the typical nu-
merical application of LU decomposition. In chapter II we explained the LU

decomposition of a matrix A as a direct method to solve a linear system

Ax = b A=(q, .) (7.1)
ij

1€i,jsn”
For additional details concerning the LU decomposition we refer to [78] or
any other treatise on numerical linear algebra.
In case the matrix A is sparse the process of solving (7.1) can be built up
in five stages (cf. [63]):
(i) Find permutation matrices P and Q such that PAQ has a zero-free main
diagonal.
(ii) Find a permutation matrix R such that RPAQR—1 is of block lower tri-
angular form.
(iii) Perform a symbolic LU decomposition of RPAQR_l, i.e., create matrices
L' and U' in computer memory such that L' and U' have the following

properties

lij¢0 if and only if the (i,j)th element of L' is concrete,

uijzo if and only if the (i,j)th element of U' is concrete.

Thus the fill (as defined in II.3.1) is determined and matrices are
built up in computer memory containing locations for all non-zero
elements of the factors L and U. In order to lower the size of the
£fill the matrix RPAQR_1 may be permuted. Then permutation matrices
S and T can be found such that SRPAQR_lT and RPAQR-l have the same
block lower triangular form. The symbolic LU decomposition will be
performed on SRPAQR—lT.
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(iv) Perform a numerical LU decomposition of SRPAQR_lT and assign values
to the concrete elements of L' and U' such that these matrices will
become L and U. If this LU decomposition is numerically unstable,
additional row- and column-permutations may have to be performed and
it may be necessary to perform the preceding stage once again. As for
the problem how to determine and to control numerical unstability we
refer to [80] and [63].

(v) Backsolve the systems
Ly = b and Ux = y.

In case A is symmetric and positive definite, each main diagonal element of
A is positive and P=Q=I in stage (i).

Observe that in the stages (i), (ii) and (iii) one does not compute with the
scalar values of A; in these stages only the sparsity pattern of A is in-
volved. The symbolic LU decomposition and the determination of the permuta-
tion matrices S and T in stage (iii) may be done simultaneously, depending
on the algorithm used to solve the latter problem.

This division into stages is suited well for the case that (7.1) must be
solved for several matrices with the same sparsity pattern: P, Q, R, S and
T can be used in these three stages for all matrices. Often stages (iii)
and (iv) are performed simultaneously for the first matrix. Thus, permuta-
tion matrices V and W are obtained such that for this matrix A the LU de-
composition of VRPAQR_lw is numerically stable. For the subsequent matrices
these same five permutation matrices are used and the stages (i) and (ii)

will be skipped.

With the data structure provided by TORRIX-SPARSE we are interested in algo-
rithms for the stages (i) to (v) that exploit the block-structured storage
scheme as well as the fact that non-zero elements are stored in mats and
diagmats. As for the stages (i) to (iii) this means that we are interested
in algorithms that are block oriented and in which the sparsity pattern of
the matrix is considered a set of concrete domains rather than a set of non-
zero matrix elements. Hopefully the time complexity of such algorithms does
not depend on the number of non-zero elements but on the number of mats,
diagmats and the size of the recursive partition of the matrix A. In VII.!
we will deal with algorithms for stage (i), in VII.2 with algorithms for
stage (ii) and in VII.3 with algorithms for the symbolic LU decomposition
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in stage (iii). We will not deal with the other stages. Block methods are
straightforward from the programming point of view and are already studied
well in the literature (cf. [13] and [35]). In all sections we assume that
A is non-singular and stored in an spmat without structurally equal blocks
and that all concrete elements of A are non-zero. It is not necessary to
take structurally equal blocks into account because in general they cannot

be retained during an LU decomposition.

VII.1 APPLICABILITY OF TORRIX-SPARSE FOR PERMUTING A MATRIX TO ZERO-FREE
MAIN DIAGONAL FORM.

In stage (i) (see the introduction of this chapter) permutation matrices P
and Q must be found for the given matrix A such that PAQ has a zero-free
main diagonal. This problem reduces to the well-known maximum matching pro-
blem in bipartite graphs, which has already been studied in literature (cf.
e.g. [19], [44] and [51]). Although each algorithm on matrices can be im-
plemented in TORRIX-SPARSE, the implementations are not necessarily efficient
(see V.1.2). Therefore, we will present modifications of the algorithm ex-
plained in [51] ch. 5 sect. 5 to fit it to the TORRIX-SPARSE system, i.e.,
the modified algorithm uses the block-structured storage scheme as well as
the fact that non-zero elements are stored in mats and diagmats. First we
will review the necessary preliminaries and explain the algorithm of [51]
ch. 5 sect. 5, then we will present the modifications and finally we will

analyze the modified algorithm.

DEFINITION 7.1(cf. [63]). Let Aa=(n,.), . .. be a matrix of scalars. A
ij’1si,jsn
transversal of A is a set of elements {a, . eee O } such that
1791 p'p
(i) ai . 20  (12gsp) and
ql
ii) i #i d § 27 15g<rsp) .
(ii) il and 323, (1=g<rsp)

Every two elements of a transversal of A are in different rows and different

columns of A. Thus:

Lemma 7.1. Let A have a transversal of p elements. Then there are permutation
matrices P and Q such that the first p elements of the main diagonal of PAQ

are non-zero.
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Lemma 7.2(cf. [22]). Let A be an nxn matrix of real numbers. If A is non-
singular, then A contains a transversal of n elements.

Assuming that A is non-singular, the problem of finding a transversal of n

elements can also be formulated as a matching problem for bipartite graphs.

DEFINITION 7.2(cf. [19] and [51]). Let G=(V,E) be a graph. A set F C E is a
matching if for all f,g€F (f#g) there is no x€V such that f and g are both {

incident to x. F is a maximum matching if for all matchings F' in G, |F'|<|F|

The maximum matching problem for a bipartite graph G=(VR,VC,E) is to find

a maximum matching of G (cf. [51]). If G is the bipartite graph for which
M(G) has the same sparsity pattern as A (for the definition of M(G) we refer
to III.1.1), then a (maximum) transversal of A determines a (maximum) matchin
in G and vice versa. There are several algorithms to find a maximum matching
in a bipartite graph (see e.g. [19], [44] and [51]). We will concentrate on
the algorithm in [51] ch. 5 sect. 5 that reduces the maximum matching problem

for bipartite graphs to the maximum network flow problem.

DEFINITION 7.3 (cf. [51]). Let G=(VR,VC,E) be a bipartite graph and M C E a

) in G is an augmenting path relative

matching in G. A path 1T=(xo,...,x2m+1

<5< s s s
’x2i)€M (15ism) and no edge of M is incident to XO or Xyt

to M if (x2i__1

THEOREM 7.1 (cf. [51]). Let G= (Vg:Vo/E) be a bipartite graph and MC E a

matching. M is a maximum matching if and only if G does not contain an aug-

menting path relative to M.

The algorithm presented in [51] ch. 5 sect. 5 consists of a number of steps

such that in step k a matching M, with |Mk|=k will be found. The algorithm

k
starts with the empty matching. In each step k three cases can be distin-

guished:

Case 1. There is an edge e€E such that M, ,U{e} is a matching.

k-1
Case 2. There is an augmenting path ﬂ=(x0,x1,...,x2m+1) (m21) relative to

Mk—l' Then:
= . 11 . 0<iS
M M NTy, gex, ) tsismd) U {(xy, %, ) = 0Sism}
is a matching and IMk|=|Mk_1|+1.
Case 3. Neither case 1 nor case 2 is satisfied. Then M, ., is a maximum

k-1
matching and the algorithm terminates.
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With proper algorithms for the first two cases this algorithm is a polynomial
time algorithm (cf. [51]).

To find a maximum transversal of a matrix A we shall reformulate the matching
algorithm for the associated bipartite graph in terms of A.

DEFINITION 7.4. Let A=
PL i b EAS A, S ©5)151,9%n

aii¢0 (12ip). A p-augmenting path T of A of length m (m2l1) is a sequence

be a matrix of scalars, p€IN (05psn) and

(o, . ,0, . ,...,0, . ) such that
*ordo t103y tom-2792m-2
(1) o, . #0  (0Sg<2m-2)

1 ,]

a'’q .
Ly e E . o2
(1) 353p<3g and i, P,
(0Sg<m-2)

0

2q+17 7 2gq+1
(iv) iq=ir and g<r imply g=r-1 and

(iii) i

L <y i .
]q iy and g<r imply g=r-1

(V) 3o ™oget

(05q<m-2) and (15gsm-1).

<32q_1=32q
For an example of an ll-augmenting path of length 5, see fig. 7.1. 1If

aii¢0 (1%isp) then A has a transversal of p elements. If in addition, A has

X < } X
! |
X
x—x < I fig. 7.1. BAn ll-augmenting path
X€—X of length 5 in a sparse
* matrix.
Kt X |
X
X
x|
X
v
] I

a p-augmenting path then A contains a transversal of p+l elements and (with
lemma 7.1) A can be permuted so as to have non-zero values in the first p+il
positions of the main diagonal.

Now we will reformulate the matching algorithm in terms of the matrix A
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(which we assume to be non-singular). The matrix obtained in step k (15ksn)

(k)

will be denoted as A . It is a permutation of A and it has non-zero elements

0 k k
in the first k positions of its main diagonal. Let A( )=A and A( )=<uij)1<i j<r
<i,jsr
with a§i¢0 (1£isk). In step k (12ksn) we distinguish the following two cases:
Case 1. There is an (i,j) with i,j2k and a571¢0. Then this element can be per- |

muted to position (k,k), obtaining A(k).
Case 2. If A(k_l)

path in A(k_l). Thus A contains a transversal of k elements and therefore can

(k)) such that the main diagonal of A(k) has non-zero

does not satisfy case 1, then there is a (k-1)-augmenting

be permuted (obtaining A
values in its first k positions.
This algorithm is a polynomial time algorithm because it is a reformulation

of the polynomial time matching algorithm.

In [40] several heuristics are proposed to postpone the necessity of explor-
ing case 2. These heuristics involve the choice of a non-zero element in

A(k_l) (1€ksn) if A(k_l) contains several non-zero elements with both indices

greater than k-1. The heuristics were designed with the purpose of yielding

an A(k) with many non-zero elements with both indices greater than k. With A

stored in an spmat a as defined in TORRIX-SPARSE we propose the following
two heuristics that may be more suitable for this storage scheme:

(k-1)

(i) Heuristic H. If A contains an element with both indices greater than

k-1, then this element is a concrete element of a mat m or diagmat d. If m

contains r rows and c columns and all elements of m have both indices (with

-1
respect to A(k )) greater than k, then it is worthwhile to permute m to the
main diagonal of A(k—l)
-1
of A(k ) are non-zero, then the first p+min(r,c) elements of the main diag-

(k) (k-1)

onal of A are non-zero. Permuting A

. Thus, if the first p elements of the main diagonal

such that m will be in the right
position, hardly requires more computation time than exchanging two columns
and two rows, because block exchanges can be applied. A similar action can

(k-1)

be performed if A contains a diagmat in its right lower part.

(ii) Weight heuristic. Suppose the spmat a is a block B partitioned into

B3 1<isp, 155"
and can be searched for transversals. If each block Bij (1£igp,15j<q) con-

Each block Bij can be considered a sparse matrix by itself

tains a transversal of at least wij elements, then we can try to find a

transversal of the matrix (w,.), . . with maximum sum. This problem
ij’1€isp,155%q



is called the weighted bipartite matching problem and a polynomial time

algorithm for it has been given in [51].

Lemma 7.3. Let A be a matrix partitioned into (Aij)1§i§p,1§j§q' Let Ai,

J
<4< <4< -
(1£igp,1£j5q) have a transversal of wij elements. Let W (wij)léiép,léjéq
have a weighted matching (or transversal) with sum w. Then A has a trans-
versal of w elements.

Proof: Let {wi 3 A 5 } be the transversal of W with maximum sum w.
1771 r'“r

Then the union of the transversals of A, , (15hsr) is a transversal of A
h'’n
and contains w elements.

u]

The algorithm for the weight heuristic can now easily be explained. After

step k (k20) the first N, elements of the main diagonal of the spmat a are

k
non-zero (with N >N (k21)). Suppose after step k a contains a block B

with bounds [Nk+?:n%N;+1:n]. Then compute the weight Wy of B bottom-up

using the weighted matching algorithm. The weight of a mat m equals

t4min(I upb m - 1 wb m, 2 upb m — 2 Iwb m); the weight of a diagmat d

is at least max{upb d[i] - b d[i] +1 : lwb d $i< upb d}, but a better

approximation of the cardinality of a maximum transversal could be used also

(provided for example by the matching algorithm); the weight of a partitioned

é}gg&_can be computed with the weighted matching algorithm applied to the

matrix of weights of its direct subblocks.

Let wB be the weight of B. If wB=0, then B does not contain any non-zero

element and one must search for an augmenting path in a. If wB¢0, then with

a number of cyclic row-permutations, cyclic column-permutations and block

exchanges, wB non-zero elements of B can be permuted to the main diagonal

of B such that Nk+1=Nk+wB. With this heuristic we may obtain the following:

(i) The search for an augmenting path in a is postponed until absolutely

necessary. Of course the weighted matching algorithm uses augmenting
paths, but in the way we applied this algorithm, these are "paths" of
direct subblocks. Given a Q}ng, its direct subblocks can efficiently
be accessed.

(ii) Hopefully not too many mats and diagmats are split into smaller ones

(i.e., replaced by slices). This may also be of importance for finding

the block lower triangular form of an spmat (see VII.2).
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How large can the subsequent numbers Nk of non-zero elements on the main
diagonal be? In this heuristic algorithm the computation time of the weight
of a é}ggk‘B depends only on the size of the recursive partition of B and

of the number of vVecs in diag@ats contained in B. Given a recursive partition
of the matrix the total running time of the weight heuristic will be low if

the sequence (Nk) increases fast.

k21

THEOREM 7.2. For each €>0 there is an n€IN and a non-singular nxn matrix A
, . s <en.
which can be stored in an spmat a in such a way that N1 €n

Proof: Let €>0, c€EWN\ {0} and p€IN with _%:T<€' Let M be any non-singular
2

cxc matrix with non-zero main diagonal elements. Let A be the matrix defined
by (see also fig. 7.2):
- A is of size c.2¥ «x c.2p,

- A is partitioned into A=(A,.)

. <i s<oP .
190124, §<0P with each Aij (121,352%) of size

cxc,
. . p-1 s
- A, =M if 1£i22 and j=2(i-1)+1,
+J -1 -1
=M if 2P7'<ig2P ana j=2(i-227Y),

=0 otherwise.

fig. 7.2. A as used in the proof
of theorem 7.2 with p=3.

A can be stored in an spmat a as follows: each non-partitioned block of a
corresponds to one Aij and each partitioned block B of a has four direct
subblocks and the number of rows and columns in B are equal. Without proof

we state:

Let B be a subblock of a or a itself; then there are pl, p2 and g€IN
such that the bounds of B are:
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bnds (B) = [c.p1.2q+1 : c(p1+1).2q , c.p2.2q+1 : c(p2+1).2q] (7.2)
with 0§p1<2P‘q, 0§p2<2p_q and 05q<p.

Claim: Let B be a subblock of a. If B is unequal to a, then weight (B)Zc.
Proof of claim: We will prove this claim by induction on the size of B. Let
B have bounds as given in (7.2). Because B is unequal to a, gq<p.

For p=0, B is not partitioned and is either M or does not contain any non-
zero elements. Thus, weight (B)Sc. Suppose (by induction) that the claim
holds for all subblocks of a with size at most c.2q"1><c.2q_1 (g2l). We have
to prove the claim for B with size c.ZqXC.Zq. There are two cases: P1'2q<2p—1
and p1.2q22p-1. We will only deal with the first case. The second case can be

dealt with in a similar way. Thus, let p1.2q<2p—1. Then B contains the sub-
matrices A, (p1.2q+1§i§(p1+1).2q, p2.2q+1§j§(p2+1).2q). Let B be partitioned

into (Bij)1§i,j§2

]
1

Bir | B

B= |~ = = - - -

(]

B : B2
1

We will prove now:

If B or B contains an M then B and B do not contain any concrete

11 12 21 22
element. Assume B11 contains an M. Thus there are
.o < 5 o<d7l A, _ _ q,.
i34 (1=lo,jo=2 ) with 2(91.2 +10 1)+1 92.2 +30. (7.3)

- 2
with (7.3): 1-29 £ 5 -2i = (2.p.-p.)2%1 < 297122 and therefore -1+ 2= <
0 0 172 4
1 1

-p. £= - —= 2 <2p. -p. S
2.p1 p2 =5 2q' Because pl,pZEHN and g21, we have O_Zp1 p2 0 and thus
j0—210=—1. Assume B21 or B22 contains an M; thus, there are

(i,9) with 155529, 2971415129 ang 2(p1.2q+i—1)+1=p2.2q+j.

Then (with 2p1=p2) we have 2i-1=j. (7.4)

On the other hand §<2%+1=2.297'42-1<2i-1 and hence 2i-1#j, contradicting

(7.4). Therefore, neither B21 not B22 contains an M.

In a similar way it can be proven that if B contains an M, then neither

12
le nor B22 contains an M. Then

weight (B) = max{weight(Bij) : 151,322} S c.

This ends the proof of the claim.
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If each subblock of a has a weight less than or equal to c, then the weight

of a itself is at most 2c. The submatrices All and A b .p can be chosen to
27,2

be diagonal blocks of the permuted a. Thus after the permutation a contains

2c non-zero elements on its main diagonal. The values of c¢ and p where chosen

in such a way that

2c <
number of rows of A

€.

For the matrix A of the proof of theorem 7.2 we have only found an upperbound

for N, . Whether k.2c is an upperbound for N, (k22) for this matrix A depends

on thi change in the recursive partition ofka after the permutation by which
a obtains N1 non-zero elements on its main diagonal. The required permutation
is not unique and, moreover, we have not indicated in which way a permutation
changes the recursive partition.
In the weight heuristic we have separated clearly the execution of the permu-
tations and the part in which the weight of a Q}ggkAwill be computed. If
during a permutation the recursive partition of a é}ggkAchanges, it may be
worthwhile to perform once again the weighted matching algorithm for this
QEQEE- If this leads to an increase in its weight and it was chosen as one
of the blocks in the "block"-transversal, then the weight of the spmat will
increase. This, for example, holds for the spmat used in the proof of theo-
rem 7.2.
The matrix A and its representation in the spmat a as used in the proof of
theorem 7.2, is possible in the TORRIX-SPARSE system. However, it would be
in bad taste to search for a transversal of an spmat with so many redundant
partition lines. We can make each partition line to a useful one if each
submatrix Aij (except those that equal M) contains a 1x1 magt. Then the weight
M Pezezc
c.2f c.2f

of a will be 2P-2+2¢ and with p and c¢ large enough we have <e.

Conclusion. In this section we have proposed two heuristics to find a maximum
transversal of a sparse matrix. Heuristic H is only a minor modification of
the maximum matching algorithm of [51] ch. 5 sect. 5. The weight heuristic

is block oriented. There are matrices A for which only an arbitrarily small
portion of the main diagonal becomes zero free after the first part of the

weight heuristic, even if A contains no redundant partition lines. For the
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later part the results may depend severely on how the recursive partition

will be changed as the result of row- and column-permutations.

VII.2 APPLICABILITY OF TORRIX-SPARSE FOR PERMUTING A MATRIX TO SQUARE
BLOCK TRIANGULAR FORM.

i matrix A=(q, . A
Given a matrix A (alj)lél,jén

with aii¢0 (1£isn) we will test the iuitability
of TORRIX-SPARSE for finding a permutation matrix R such that RAR is of
square block triangular form with as many main diagonal blocks as possible.
For this purpose we will present in this section a block-oriented algorithm

to find R.

For the explanation of this algorithm we have to review some definitions con-
cerning directed graphs (see also V.3.2).

Let G=(V,E) be a directed graph. G is strongly connected if there is a path

from v to w for all v,w€V. Let V'C V. The subgraph G(V') of G is the graph
(V',E(V")) with E(V')={(v,w) : v,wE€V' and (v,w)€EE}. G(V') is a strongly

connected component of G if and only if G(V') is strongly connected and

G(V") is not strongly connected for each V"c V with V'G V". Let P={V1,...,Vp}
be a partition of V. The quotient graph (cf. [35]) G/P=(W,EP) consists of p
vertices wl,...,wp and edges EP={(wi,wj) : i#j and there are v,w (vEVi,wEVj)

with (v,w)€EE}.

As for (undirected) graphs (see III.1.1) one can define the adjacency matrix

M(G) of a directed graph G=(V,E). With V={v1,...,vn} M(G) is the nxn {0,1}-

matrix (mij)lgi,jén with

= <ig
mii 1 (1£isn),

mij=1 if (vi,vj)EE,

=0 i i#5.
if (vi,vj)QE and i#j
In [68] an algorithm is given to determine the strongly connected components
of an arbitrary directed graph G=(V,E) in time O(]V]+|E|). Observe that this
bound is the complexity of this problem: in order to explore every edge and
every vertex of G at least O(IV[+|E|) time is required.
Let A=(a,.), .. .. be a matrix with o,.#0 (12isn). If we do not take into
ij’12i,jsn ii

account the numerical values of the elements of A but only its sparsity

pattern, A can be considered the adjacency matrix of a directed graph GA'
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Moreover, if A is represented in an spmat a of which all main diagonal block
are square, then each main diagonal block b of a represents the adjacency ma:
trix of a subgraph Gb of GA' The problem of finding a permutation matrix R
such that RAR'-1 is of square block triangular form with a maximum number of
main diagonal blocks, is equivalent to the problem of determining the strong-
ly connected components of GA (cf. [69]). The main diagonal blocks of RARn1
are the adjacency matrices of the strongly connected components of GA' If

we formulate the algorithm of [68] in terms of the representation a of GA wei

do not obtain a block-oriented algorithm. For such an algorithm the following

two lemmas can be used. Without proof we state:

Lemma 7.4. Let G=(V,E) be a directed graph. .Let {Vl,...,vn} be a partiti?n
of V. Let each \A (1£isn) be partitioned into {Vi,..., ?i} such that G(Vz)
is a strongly connected component of G(Vi). If W< V and G(W) is a str?ngly
connected component of G then for all i (1£isn) and j (1§j§pi) either V3 W

X i
J A=
or VinW—ﬂ.

Lemma 7.5. Let G, V,, vi be as in lemma 7.4. Let P={v1,...,v51’1,v;,...,vrll,

...,Vﬁn}. Let G/P have vertices (wi) corresponding to

1§i§n,1§j§pi

J . ,
(vi)1§i§n,1§j§p.' A strongly connected component of G consists of the verti-
ces of Vil,...,vik if and only if wil,...,wzk form a strongly connected

1 k 1 k

component of G

22
These lemmas lead to the following recursive algorithm to permute the spmat a

to square block triangular form:

algorithm 7.1. (Square block triangular form)

algorithm BTF = (block b):

€0 it is assumed that b has bounds [h:k,h:k] and that all main diagonal
elements of a are non-zero; b is a block of a and each partitioned square

block of a has a square partition. co
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case b
in (ref mat): co all elements of D are non-zero and therefore b is already
of square block triangular form. co
» (ref diagmat):
¢ apply some algorithm to permute rows and columns of a such that b is
in square block triangular form
<
, (ref rectblock bb):
(for © to 1 upb(subblocks of bb)
do BTF((subblocks of bb)[i,7]); let the partition of
(subblocks of bb)[i,1] correspond to the partition of
(subblocks of bb)[Z,7] in square block triangular form.
od;
¢ form the quotient graph G according to the partitions of the main
diagonal direct subblocks of b;
perform the algorithm of [68] to G;
permute a such that the partition of b gives a square block
triangular form to b
c
)
» (ref bandblock):
¢ similar to the case that b is partitioned rectangularly ¢

esac

In order to have an efficient implementation of this algorithm we introduce

the following concept:

DEFINITION 7.5. Let a be an spmat. The bounds tree of a consists of a copy
of the tree of a in which the leaves contain the concrete domains (and not
the concrete-arrays) of the mats and diagmats of the corresponding leaves

in the tree of a.

Thus a bounds tree represents the spafsity pattern of an spmat.

Using bounds trees quotient graphs can be created efficiently. All changes
in the recursive partition of a bounds tree can be performed as efficiently
as on the corresponding spmat and even more efficiently if deletion of

(redundant) partition lines are involved by which mats and diagmats are
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replaced by their sum(s). Thus algorithm BTF can be implemented using bounds
trees. The permutations obtained with each recursive call must be retained
and when the application of BTF has finished, the overall permutation can
be applied to the spmat.

Actually the weight heuristic (see VII.1) can also be implemented for a

bounds tree.

Given a graph G and a partition P of its vertices the time used to determine

the quotient graphs G in algorithm 7.1 is at most quadratic in the number of

/P

vertices of G A reduction in time used by BTF (compared with the time used

/P’
by the algorithm of [68] can be obtained if the subsequent quotient graphs G/P

as they occur in BTF have far less vertices than G. Unfortunately there are

spmats a of which the subsequent quotient graphs G P do not differ from G. For

/

example, if all main diagonal subblocks of a are lower triangular matrices.

Conclusion. In this section we have presented a block-oriented algorithm

to permute a matrix to square block triangular form. The worst-case time
analysis is somewhat disappointing, though for many matrices this proposed
heuristic will not behave so badly as in the case of (permuted) lower trian-

gular matrices.

VII.3 APPLICABILITY OF TORRIX-SPARSE FOR COMPUTING THE FILL IN LU
DECOMPOSITION.

Let A=(uij)1§i,j§n

A cannot be permuted to square block lower triangular form with more than

be a non-singular matrix with aii¢0 (1£isn) and assume

one main diagonal block. Then A can be factored into
A=L.U (7.5)

with L=(1; )¢5, 950 2 U500 145 5<n

respectively. Row- and column-permutations may be needed in order to obtain

of lower and upper triangular form,

a numerically stable factorization or to decrease the number of non-zero
elements in L and U. We assume that the permutations to decrease the number
of non-zero elements in L and U have already been performed (cf. e.g. [35],
[63] and [69]). Usually the data structure for A is overwritten with the
elements of L and U while decomposing A (cf. [35] and [63]). Thus it may be

appropriate first to make concrete those elements uij of A for which either
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1ij or ui, will be non-zero (the fill). In this section we will show how
advantage can be taken from the specific storage schemes of TORRIX-SPARSE
in case the fill must be computed. Numerical cancellation cannot be taken
into account except in case the numerical factorization is performed at once.

We assume that all stored elements of A are non-zero.

We have the following equations for the elements of L and U (see also II.3.1):
isl
=0 -
lij ij kgllikukj

=1 e - Ny (1%i<in). (7.7)

Y4 11 %9 7 kB17ik %k

(12j%isn) (7.6)

Without loss of generality we assumed uii=1 (1£isn). (7.6) and (7.7) lead

to the following sparsity pattern of L and U:

1,.#0 if and only if o, .#0 or 1, #0 and uk.¢0 for some k with 15k&$j-1,
ij ij i j

k

u, .#0 if and only if o, .#0 or 1, #0 and u .#0 for some k with 1sksSi-1.
ij ij ik kJ

and for the spmat a:

if the (i,k)th and (k,j)th element of a (15ksmin(i,j)) are concrete 1 (7.8)

then the (i,j)th element of a must be concrete
We say that in (7.8) the elements (i,k) and (k,j) of a are combined to ele-
ment (i,j) of a. Obviously this combination does not need to be performed
if element (i,j) of a is already concrete. Thus, as a first design, we have

the following method to generate the fill:

for ©i to n
do for k to i-1
do if asg is concrete
then for j from k+1 to n
do © a5 is concrete
— J
then perform the combination of a., and a, .
— 7k kj
Iz
od
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Now assume that @ is partitioned into blocks (bij)1<i j5p and that the block:
— £i,3% —
bii (12i2p) are square. Then we can make the above algorithm suitable for

blocks:

algorithm 7.2. (generating the fill in a square block b)
for i to p
do for k to i-1
do if bik contains a concrete element
then if bik contains a virtual element and
bkk contains a concrete element in its strictly upper trian-
gular part
then perform all combinations of elements of bik and elements
of the strictly upper triangular part of bkk
hicH
for j from k+1 to n
do if bkj contains a concrete element and bij contains a virtual
element
then perform all combinations of elements of bik with elements
of bkj
Ii
od
fi
od;
perform all combinations of two concrete elements of bii;
if bii has concrete elements in its strictly lower triangular part
then for j from i+1 to »
do if bij contains virtual and concrete elements
then perform all combinations of elements of bij and elements
of the strictly lower triangular part of bii
i
od

od;

If the sgmat a does not contain (during the elaboration of this algorithm)
redundant partition lines, the question whether a block contains concrete

and/or virtual elements can be answered in constant time: if a block is
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partitioned, then it contains both concrete and virtual elements; if it is

not partitioned the question can be decided from the bounds of the mat
(diagmat) and the block.

Besides this, we can also take advantage from the fact that §gg}; are orga-
nized in mats and diagmats. An implementation of this algorithm will of course
be organized recursively according to the possible levels of partitions of the
spmat a. Deep in the recursion the algorithm will encounter non-partitioned
blocks. One can arrive at two mats, a mat and a diagmat and at two diagmats.
The combination of all elements of two mats causes that all elements of a
rectangular subdomain of the spmat a must be (made) concrete. The bounds of
this subdomain can be determined solely from the bounds of the two mats.

The combination of all elements of a mat m and one vec v of a diagmat causes
that all elements of a rectangular subdomain must be (made) concrete. The
bounds of this subdomain can be determined solely from the bounds of m and v
the index of v in the diagmat.

A diagonal subdomain of an §2@g§_a with index p and bounds [h:k] is the set

{(i,i+p) : nSigk} N {(i,3) : i and j within the bounds of a}.

The combination of all elements of two Vecs of two diagﬁats causes that all
elements of a diagonal subdomain must be (made) concrete. The index and the
bounds of this subdomain can be determined solely from the bounds and the
indices of the two vecs.

Thus, algorithm 7.2 can be implemented in such a way that it will only deal
with bounds of mats, diagmats, vecs of diagmats and blocks. This means that
its time complexity is not dependent on the number of non-zero elements in
a but primarily on the number of mats, diagmats, vecs of diagmats and the

size of the recursive partition of a.

Conclusion. In this section we have given a formulation of symbolic LU de-
composition (without additional row- and column-permutations) that is appro-
priate for the TORRIX-SPARSE data structure. This formulation results in a
block-oriented algorithm which can be implemented in such a way that it deals
only with rectangular and diagonal subdomains and not with the separate non-

zero elements of the spmat.
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SUMMARY

In this book a study has been made of the storage optimality of data
structures for sparse matrices. We have considered the rowmat data structure
in which a sparse matrix is stored as a sequence of rows and each row is
stored in such a way thaf all zero elements at both ends will not be stored.
We have investigated algorithmic problems that arise if not the sparse matrix
A itself but some column-permutation B of A that will lead to "fewer zeros",
will be stored in a rowmat data structure. The NP-completeness has been
proven of the problem of finding the largest permuted submatrix A' of A for
which no column-permutation exists that can be stored in a rowmat data struc-
ture without storing any zero element, while for each proper submatrix of A'
such a column-permutation does exist. In [ 10] the NP-completeness was proven
of the problem to find an optimum column-permutation of A, i.e., a column-
permutation B of A that can be stored in a rowmat data structure with no more
elements than any other column-permutation of A. In chapter IV we have proven
that even near optimum column-permutations of A cannot be found for each A by
such simple algorithms like the on-line column insertion algorithms. In fact
a much wider class of algorithms was characterized of which no algorithm can
find near optimum column-permutations for all sparse matrices. Therefore, we
have provided an indication that the rowmat data structure is not well suited
for arbitrary sparse matrices if full storage optimality is the ultimate goal.
In chapters V, VI and VII another approach was followed. Sparse matrices are
partitioned recursively and stored in a tree data structure according to their
recursive partitions. We have designed a sparse matrix package (TORRIX-SPARSE)
for general use based on this tree data structure. A reduction in storage coulc
be obtained in case of equal blocks. Moreover, a slicing mechanism as in ALGOL
68 was incorporated. With such a slicing mechanism operations induce specific
side effects if applied to a matrix or one if its slices. In chapter VI we

have designed algorithms for the problem of finding for an arbitrary sparse
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matrix A recursive partitions that lead to a binary tree for A with a minimum
number of vertices or minimum height, respectively. It was shown that sparse
matrices exists for which no recursive partitions are possible that lead to

a binary tree with a minimum number of vertices and minimum height simulta-

neously. In chapter VII we have tested the suitability of TORRIX-SPARSE in
case it is used to solve a linear system of equations by means of LU decom-
position. For the following three problems we designed algorithms that take
advantage of the specific data structures of TORRIX-SPARSE: permuting a sparse
matrix to zero-free diagonal form, permuting a sparse matrix to block lower

triangular form and performing a symbolic LU decomposition.
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