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INTRODUCTION.

One of the fundamental problems in models of mathematical
statistics is that of ZdentifZability, that is the occurrence
of observationally equivalent parametervalues. Two parameter-
values are called observationally equivalent if they corres—
pond to the same probability distribution. Clearly, one cannot
distinguish between two such values on the basis of observa-
tions, and any attemptto do so is a priori meaningless. For
example in a cointossing experiment it does not make sense to
say something about the value of the coin (the unknown parame-
ter), on the basis of the outcome head or tail (the observation).
We shall refer to the definition of identifiability given
above as the classical definition in contrast with more recent
concepts of identifiabiiity (for a survey see SCHUNFELD [ 31]).
The problem is often to see whether there exist observationally
equivalent parameter values. In spite of its fundamentality
only little attention had been paid to this kind of problem
until 1950, when KOOPMANS and RIERSOL ( [23] and [27]) tackled
the problem for relatively simple linear relationships. Further
BOSE introduced the concept of estimability ( [3]), a concept
closely related to identifiability, but less fundamental. How-
ever, when the models under consideration became more complica-
ted, the identifiability problems became - from a mathematical
point of view - more interesting, and often more difficult.
Therefore it is not surprising that the most difficult identi-
fiability problems arise in multivariate analysis, as for
example in factor analysis and in econometric models (simul-
taneous equations). It is a remarkable fact, that FISHER, who
treated the latter identifiability problem in 1966 [13], defi-
nes observational equivalence (and thus identifiability) in a
way that is only valuable for the specific model under conside-
ration. This is a dangerous approach as it may suggest that
this definition can be generalized in a trivial way to models
with lagged (dependent) variables (stochastic difference equa-
tions). This, however, is definitely not the case, and one of

our goals is to make this point clear.



Another class of statistical problems where difficult
identifiability problems arise is the statistical analysis of
time series. Most important and widely used are stationary
time series. The special identifiability problems are first
recognized by HANNAN who in a fundamental paper ([18]) in 1968

treats the mixed autoregressive moving average model (ARMA):

where the m-variate random process {gt} is observable. (Through-
out this thesis random variables will be denoted by underlined
(lower case) letters).

In 1971 HANNAN, one of the leading authors in the field of
identifiability in time series, also treated the multiple
equation model with moving average errors ([17]). We also refer
to DEISTLER, who treated models with stationary explanatory
variables. ([ 4] and [ 5].)

Although most authors refer to the fundamental paper of HANNAN,
and consider the ARMA case as completely solved, there is one
important but unrecognized problem unsolved. To see what this
problem is, it should be noted that instead of "probability
distribution" in the classical definition it is more realistic
to read: "probability distribution of the observed sample".

Now the basic tool in the papers of HANNAN and DEISTLER is
unique factorization of spectral densities and in this approach
one has to study the probability law of the whole (observable)
process rather than that of some finite sample. Since in prac-
tice one always has a finite sample, the identifiability pro-
blems have, in fact, only partially been solved. As far as we
know, problems of this kind are not treated in the literature.
Only recently MARAVALL [ 25] proved to be aware of it in the
summary of his thesis. MARAVALL studied Zocal identifiability
in dynamic shock error models in contrast to the classical

definition which is sometimes called global identifiability.



We shall not pay much attention to local identifiability in
this thesis. Furthermore we shall restrict our attention to
stochastic processes in discrete time. Identifiability problems
for processes in continuous time are hardly found in literatu-
re; we refer to WESTCOTT [ 36] .

Fairly general approaches to the theory of identifiabili-
ty have been made by SCHUNFELD [ 31] and more recently by van
der GENUGTEN [ 14] . Following SCHUONFELD one can easily get the
impression that there is a close connection between identifi-
cation and estimation and therefore that identifiability pro-
blems are part of estimation theory. This, however, is rather
misleading. As van der GENUGTEN points out, identifiability
problems may arise in other statistical problems such as hypo-
thesis testing.

In Chapter I we shall present a general abproach to iden-
tifiability, that enables us to recognize identifiability
problems in all kinds of statistical problems, in particular
in statistical prediction problems.

Although we shall not be concerned with Bayesian inference and
statistical decision theory, we shall make one excursion into
those fields, KADANE [ 22] says:

"One general question unresolved in this literature is,

whether Bayesian theory requires a different definition

of identification from the classical one".

Or ROTHENBERG ([ 29] p. 14):
"We leave unanswered the question of an appropriate
Bayesian definition of identification".

MORALES ([ 26] p. 20) reports:

"The concept of identification in a Bayesian context is

not alltogether clear. We shall adopt the view of consi-

dering a structure 'identified' if the posterior density
of the parameters of the model is not 'flat' on a sub-
space of the parameter space. This point of view may not
be entirely satisfactory".

Although the problem is not completely ignored, (as is in fact



done by LINDLEY ([24] p 46, footnote 34)) the only author dea-
ling with this problem is KADANE who presented a Bayesian
approach in 1975 using the classical definition. As this in
our opinion is not quite satisfactbry we present an alterna-
tive approach in § 1.5. KADANE also pays some attention to the
role of identification in statistical decision theory, a topic
hardly treated in literature. However, the question what iden-
tifiability really means in a decision-theoretic setting re-
mains unanswered. A few ideas are presented in § 1.2.

In Chapter II univariate stationary models are treated,
and in Chapter III the corresponding multivariate models. We
treat them separately, not only for sake of clarity but also
because most multivariate problems are essentially more diffi-
cult than the corresponding univariate ones, and the 'obvious'
generalization may be false. The results of these two chapters
may have some interest outside thé probabilistic setting as
they can be seen as results in the theory of matrices with
rational functions of a complex variable as elements.

In Chapter IV we shall deal with dynamic simultaneous
equations with moving average errors, using results of Chap-
ter III.



LIST OF NOTATIONS AND ABBREVIATIONS

) empty set
v© complement of the set V
1V indicator function of the set V
R set of real numbers
® set of positive real numbers
c set of complex numbers
C (m) set of complex m x m matrices
¢+ (m) set of hermitian positive definite m x m matrices
o (m) k-fold cartesian product of €(m) with itself.
z complex conjugate of z
Im m x m unit matrix
A’ transpose of the matrix A
A* complex conjugate transpose of A
tr A trace of the square matrix A
r [ A] rank of the matrix A
A =20 if A € €(m) and A is semi definite positive
ker A nullspace of the matrix A
< A > linear space spanned by the columns of A
Lt orthogonal complement of the linear subspace L
X, Y+ £+... random variables or - vectors
E {.} expectation
v {.} covariance matrix
i.i.d. independently identically distributed
1.i.m. limit in the mean i.e. 1l.i.m. x = x if
n-> o

lim E {|x - x 121 = o

n->w
o euclidean norm of vector or matrix
8¢ Kronecker 6§ i.e. 8§ =1 and 6t =0, t#0
A : =B A is defined by B
iff if and only if

0 end of proof



CHAPTER I
A GENERAL APPROACH TO IDENTIFICATION

1.1 CLASSES OF IDENTIFIABLE STATISTICAL STATEMENTS

In (non-sequential) statistical inference the observatio-
nal material (the sample) is considered to be a realization of
some random vector or process X that takes its values in a
measurable space (X,%) (the sample space). The only thing the
statistician knows about the true distribution of x is that it
belongs to a given class P of probability distributions on
(X, 8 ).

In most statistical problems the class P admits a natural and
simple parametric representation. More precisely, a mapping P
is given from a knowﬁ parameterspace 0 into a given class of
probability distributions on (X, 8 ). The range of this mapping
is P and if Pe denotes the image of 0 € 8 under P then we can
shortly write’ P= {Pe | ® € 8}. The corresponding statistical
problem will be denoted by the triple (x,%, 8). The goal of
a statistician is to know something more about the true para-
metervalue than that it belongs to 6. Thus it is natural to
consider subsets of 8 and to identify them with statistical
statements. This leads to the following definition.

DEFINITION 1.1.1 A statistical statement is a subset

6 C 8.
o

REMARK.A possible interpretation is that a statement is true

iff the unknown parametervalue belongs to it.

The parametric formulation is very attractive because of the
direct interpretation of the parameter. However, it can intro-
duce the problem of i<dentification. Suppose there exist

(o} .
Go € eo and el € 60 with PO = PO . We say that @O and

o 1

0, are observationally equivalent if Py = P, . The statistician
o 1



should then refuse to make the statement @o (oxr eg) because it
discriminates between the observationally equivalent values

95 and Ol while Oo indicates that 80 is true and Ol that it is
false. Therefore a natural concept in statistical inference is

the identifiability of statements.

DEFINITION 1.1.2 The statistical statement @O is called <den-
tifiable w.r.t. P or equivalently X is said to be informative
for @0, if for all el, 01 € 8 we have the implication

0, € 0, 0, € @g =Py # Py -
o 1

It should be noted that observational equivalence is an equi-
valence relation on 8 and therefore induces a dissection of @
into equivalence classes, called observational equivalence-
classes. Thus, if we accept the axiom of choice, it is formally
always possible to avoid identifiability problems by defining

a new parameterépace consisting of one element out of each
equivalence class. Of course such a reduction may be difficult
to perform in practice, but that would not be a fundamental
objection. This reduction is in general not reasonable because
it may destroy the simple and natural form of the parameter-
space in which case the parameter looses its natural interpre-

tation.

From a mathematical point of view it is interesting to

consider classes of statements.

THEOREM 1.1.3 Let J be the class of all identifiable sta-

tements. Then we have

a) @oeJ = @g(_—:J ,
b) @v €J , vENS®= N ®v € J for arbitrary index set N.
v € N

The simple proof is omitted.
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REMARK, a) and b) imply

c) @v €dJ, vEN = U e € J ,
v € N

d) g €J, € J .

In most statistical problems the statistician is not interested
in all statements but merely in a certain class of statements.
If {ev}v e N is a class of statements the statistician is
interested in, which means that he is willing to say whether

@v is true or false for all v € N, then he should also be
interested in all statements that can be formed from them by
taking complements and / or intersections. Thus the statisti-
cian is in fact interested in a class of statements with the

properties a) and b). Therefore we define

DEFINITION 1.1.4 A class of statements with the properties a)

and b) is called an informational class.

REMARK 1. Statéments of an informational class are not necessa-
rily identifiable.

REMARK 2, If Jo is the smallest informational class that con-

tains a given set of statements {@v} then Jo is said to

v € N
be generated by {@v}v e N
Two simple examples will illustrate the ideas.

EXAMPLE 1.1.5 If the statistician is interested in point

estimation he will consider all one-point subsets (singletons).

The smallest informational class that contains all singletons
is the class of all statements.

EXAMPLE 1.1.6 If the statistician is dealing with a hypo-

thesis testing problem, he will consider only two complementa-
ry subsets @O and @g. The smallest informational class that
contains GO (and Bg) is {60, Gg, #, 8} and will be denoted by

J oo
0
o



Both examples are special cases of the more general situation
where the statistician is primarily interested in the value
taken by a given mapping ¢ : 8 - A from 8 into some space A.
In such cases attention is restricted to statements that can

be formulated in terms of ¢. Formally

DEFINITION 1.1.7 A statistical statement @O is said to be in

terms of ¢ ¢+ 8 » A if there exists a subset Ao C A such that
1

80 = 9 (Ao).
LEMMA 1.1.8 The class of all statements in terms of ¢ is

an informational class.

The proof is very simple and will be omitted. The informatio-
nal class is said to be generated by ¢ and will be denoted by
J .

9

EXAMPLE 1.1.9 (see also examples 1.1.5 and 1.1.6)
a) If ¢ : 8 - 6 is the identity map, then J¢ is the class
of all subsets.
b) If ¢ ¢+ = 1@ is the indicatorfunction of a subset 80 of 8,
: le)
- c -
then J(p = {@o, @o, g, a1 = Jeo,

DEFINITION 1.1.10 The mapping ¢ is called identifiable w.r.t.

P, or equivalently x is said to be informative for ¢, if

every statement in terms of ¢ is identifiable.

REMARK., It follows from the remark on theorem 1.1.3 that for ¢
to be identifiable it is sufficient that Q—l({x}) is identi-
fiable for all X € A.

EXAMPLE 1.1.11 (see also example 1.1.9). The statement 80 is

identifiable iff its indicator function 1 is identifiable.

0
o

The following lemma shows that a mapping ¢ is identifiable iff
it is constant on observational equivalence classes and thus

definition 1.1.10 is indeed what we intuitively want it to be.
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LEMMA 1.1.12 x is informative for ¢ : 6 - & iff fcr all €, ,
0, € 8 the implication ¢ (0,) # ¢(0,) = P # P holds.
2 1 2 Ol 02

PROOF. Let x be informative for ¢ and w(el) # m(ez). Then the

statements ¢’1({ 0(0,)}) and ,m—l({ 0(0,)}) are identifiable

since ¢ is and @al({ w(Ol)}) n m-l({m(oz)}) = f since

w(el) # w(ez). Hence Pel # Pez.

Conversely let the implication hold and A € A be such that
w-l({k}) # @ and ¢'l({x}) # 8. It follows immediately that

¢_l({k}) is identifiable and since A was arbitrary the result
follows from the remark following def. 1.1.10 (.

REMARK. From the lemma it follows that x is informative for ¢

iff there exists a P
- 6 i P
mapping o : ¥ > A ;
such that ¢ = a o P. ) /////:/
In particular it follows
A

that x is informative for its moments.
So far the consideration of classes of statements does not
give new results. However it turns out that it is a fruitful
basis for the presentation of new ideas and for extending the
theory to Bayesian statistics and statistical decision theory.

This will be done in the next sections.

1.2 CONDITIONAL IDENTIFIABILITY AND INFORMATIONAL INDEPENDENCE

Let ®o be an arbitrary statement. Then we shall denote

the dissection {80 ’ Og} of 8 by ﬁe . More generally we con-
o

v €N

induces.a dissection i% = {DA}A el of 8 where DA ¢ =9

(Every dissection can be generated in this way by a function).

sider arbitrary dissections {Dv} of 6. A mapping ¢ : 6 » A

L.

Consider the dissection D = {Dv}v c We shall call the

N°



values Ol and @2 -D-equivalent 1f they belong to the same Dv
and write 0, ® 0,- It is often easy to see that for some @,
® ~ equivalent values of @ are not observational equivalent.

Therefore we define

DEFINITION 1.2.1 The statement 8, is said to be identifiable
conditional on the dissection 9, or equivalently x is called
€ 08 the

informative fore1 conditional on 9% if for all 0y @2

following implication holds

The mapping 9y ¢ ® - N is said to be identifiable conditional
on © if every statement in terms of o1 is. The statement 8,
or the mapping 0 is called identifiable conditional on ¢
if = D .,

o

In the same way as lemma 1.1.8 we have

LEMMA 1.2.2 The mapping ¢, : 8 > A is identifiable condi-

tional on 9, ¢ 8 > Q iff for all Ol ' 92 € 0 the following

implication holds

9 (0]) # o (0)
cpz(@l) = (pz(ez)

REMARK. Tt follows from this lemma that X is informative for
0 ¢ ® - A conditional on 0, : 8 > Q iff there exists a mapping

o : @ x P + A such that 9, = @ o y where $: 8 > Q x P is
defined by ¥ (0) = ( ¢,(0), Pe) , © € 8.
e R >0 x P

=

A



THEOREM 1.2.3 (Conditional identification theorem).

. If x is informative for 0y conditional on 0y and x is informa-

tive for Py then x is informative for 0y~

PROOF, Suppose ml(Ol) # cpl(ez)° If mz(el) = @2(92) we have
P . # P®2 by lemma 1,2.2. If @2(91) # @2(62) we have P91 # P92
since x is informative for ¢2.D

0

EXAMPLE 1.2.4 Consider the following simple model

ax=%u+gze,

where E{e} =0 , V{el = 1, and where a € A C 1R+ and

uy € M C Rare unknown constants. The random variable g is unob-
servable and x is observable. If & € Z is a parameter that
characterizes the distribution of & then we may put © : = (a, u,¢g)
and the natural parameterspace is 6 = A *x M x Z .

Let the functions ?1 and 9, be defined by @1(0) =a, 0 €6
and wz(@) =u , 06 €8, since A C DR+, different a-values cor-
respond to different variances of x and therefore to different
distributions of x. Hence x is informative for ¢,. On the other
hand, if a is held fixed, different u-values correspond to
different expectations of x and thus x is informative for o,
conditional on 91 By the conditional identification theorem it
follows that x is informative for ¢,. Note that y; # yu, does

not imply different expectations for x.

Intuitively one could expect that if the mappings 2 and
¢, are in some sense 'independent', conditional identifiability
should imply identifiability. In the next section we develop

such a concept of independence.

Let GO‘C 8 be a statistical statement. Then there surely
exist identifiable statements that have Go as a subset (e.g. 0),
and it is easily seen that there exists a uniquely determined
smallest identifiable statement with this property (take the

union of all observational equivalence classes that have nonempty
intersection with @o). Therefore we put



DEFINITION 1.2.5 The {dentifiable hull H(@O) of 85 is the

smallest identifiable statement that has ®O as a subset

= t = . =
i (8,) {e€e | To, €8, Py POO} Clearly, ¥ (8.) 8

o
iff 8o is identifiable.

REMARK. Since X (@o) n X (8;) is an identifiable statement as
intersection of identifiable statements we always have

o}
I (@O N @l) cx (@o) ¥ (@1).

DEFINITION 1.2.6 The informational classes Jo and Jl are cal-

led informationally independent if for all 80 Eeé and 81 € Jl

we have ¥ (@o N @1) = ¥ (@O) n ¥ (81). Two mappings ¢; and ¢,
are informationally independent if the informational classes

J¢ and J@ are. Two statements @o and 81 are informationally
1 2
independent if J_ and J_ are.

-85 8,

Before we can establish the relation between conditional
identifiability and informational independence we need the

following lemma.

LEMMA 1.2.7 Let x be informative for ¢, conditional on ¢

-1
€ € . =
If @O sz A 8 and 91 : 9 ({wl(el)}) then

o
H(@On @1)0 8, =6, N @

1°

1-
PROOF. One way ( D ) being trivial we only have to prove

H(@o N8y
trivial , so suppose 8, N 8, # @. Let 0, € I (80 n @l) ne,

) N 8, C 8, N 8 - If 8 N 8y = this is

be arbitrary. Then 04 € 8, and thus we have to prove eo € 80.

Suppose 0, € eg. Then by the definition of y (eo al el) there
exists 05 € 85 N el such that Peo = POZ. We also have 9, # 0,
and g ,(0.) = 9, (05) = ¢,(0,) since 6_ , 6, € 8, . But then

we have Py # P@ since 0, (and thus 80) is identifiable condi-

[e} 2
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tional on ¢,. Thus we have a contradiction and the lemma is

proved. [

THEOREM 1.2.8 If x is informative for o, conditional on ¢y

and N and 9, are informationally independent then x is informa-

tive for 9q-

PROOF. Let 8, € J  be arbitrary and 0; € 6. If 0, € @g then

2 1 2
_ -1
we have to prove that POl # Poz. Put 6, : = ¢, ({wl(el)}),
Then Ol € 91 and since x is informative for 95 conditional on

0, we have by lemma 1.2.7

N = N
(1.2.1) ¥ (@o .@l) N @l @o @l .

By informational independence we also have

(1.2.2) I (6N 8,)

= n
o 1 ¥ (80) ¥ (81) ’
and since 81 cC X (61) ; (1.2.1) and (1.2.2) imply
N = N .
i (80 81) 80 81
Thus 80 qu is an identifiable statement with el [S 80 N 81 and
0, € (@o N el)c. Hence P, # P, and the theorem is proved. [

1 2

We shall consider one important case more closely. Sup-
pose @ is of the form § C U x V and let o = (wl(e) ’ wz(O)) ’
© € 8 where u : = @1(9) €U and v : = ¢2(e) € V. Thus ¢l(@)
and ¢2(o) are projections of 0 on U and V, respectively, and
the question arises when 0y and 9, are informationally inde-

pendent. We have

THEOREM 1.2.9 The projections N and 9, are informationally

independent iff all classes of observationally equivalent values



of o are of the form UO x VO ’ UO cu, VO c V.

PROOF. (If) Let U, and Vo be two arbitrary subsets of U and V

respectively. Then we have to prove

JC(UOxVO)=JC(UO><V)ﬂJC(U><VO) .

v H (U x V)
& _....09 >
[ |
: :
| |
i
! I
(- ] . ] . bf,‘
! SR o i
1 : .
Vo ;@1?4" ......... .92 ' ‘ H (U x Vo)
Pt ,
! T
I e s N
b - :OO — - - /1 \ . __V
: l R (UO X Vb)
!
|
| : L
U U
o

One inclusion (C€) being trivial we only have to prove the other

(D). Let 05 € ¥ (U0 x V) N K (U x Vo). Because 0 € X (U x VO)

there exists 61 €U x VO with PO = Pe and since the observa-
o 1

tional equivalence class to which OO belongs is of the form

U;x V, , 0, can be chosen such that ¢l(ol) = ml(eo) and

€ . i €
@1 U x Vo In the same way there exists 92 UO x V0 such

that P02 = Pel and ¢2(®2) = mz(el). But then we have Peo = P®2
and so 0, € ¥ (Uo x Vo).

(Only if) Let oy and Py be informationally independent and
suppose there exists an equivalence class S C @ which is not

the cartesian product of subsets of U and V. Then there exist



(u

[©)
|

, Vl) € S and 62 = (u, , v2) € S such that either

1 2

03 = = (u2 ’ Vl) ¢ S or 0y ¢ = (ul , v2) & S.

Suppose 0., € S.
3 v

(see figure). \s
o, )
Choose UO : = {u2} v peemee e ?
2 /0 !
and V_ : = {v.}. Then / ! 1
© 1 Ol: /'l
‘“-_- I-.__ :__--I
U, x Vg = {93} and so Vyopeeeees 3 T’,,ﬂf 1@3
1
o N = H !
(Uo X Vo) S '] ! : "
. . . u u
since S is an equivalence 1 2
(Uo)

class and 63 & S.
We also have &« (on'V) D S since 02 S (Uo x V) N 8.
Similarly ¥ (U x VO)D S. Hence

SC¥H (U xV)NK (U xV_)
o o
Since oy and 9, are informationally independent we have
N = C
¥ (Uo x V) H (U x VO) ¥ (UO x Vo) and so S ¥ (Uo x VO).

This contradicts ¥ (Uo x Vo) N s = ¢ and proves the theorem.[]

EXAMPLE 1.2.10 Consider the standard univariate linear regres-

sion model
y=X8+¢e , E{g} =0

where y is the n-vector of observations, X is a known n x k
matrix of k explanatory variables, B is a k-vector of unknown
regression coefficients and g is an n-vector of (unobservable)
errors. If g € V is a parameter that characterizes the distri-
bution of ¢ and B € U C Hl% we may put 0 : = (8 , &) and the
natural choice for 6 is U x V. Note that the distribution Pe
of y depends on 8 through E {y} = X g. Thus if o, = (By €1)
and 92 = (82 ’ 52) are observationally equivalent we must have
X Bl = X 82. But then (Bl ,El) and (82 , El) are observatio-
nally equivalent and also (8, . 52) and (82 ’ Ez).



Thus the observational equivalence classes are of the form

Ud X Vo ’ Uo cu , Vo C V and so B and & are informationally
independent by theorem 1.2.9. It follows from theorem 1.2.8
that in order to investigate identifiability of ¢ we may con-
sider y - X B as observable, and for identification of B8 we
may consider Y - & = X B as observable. The latter implies the
well-known results that if 6 = IRk x V , n > k then a necessary
and sufficient condition for identifiability of B is r [X] = k,
and that for identifiability of d'sB , d € ﬂRk a necessary and

sufficient condition is d € < X' > .,

EXAMPLE 1.2.11 (Error in variables model) Let the variables He
and v, be related through

t
ut=(x+8\)t, t=1, 2, ...
Suppose we can only observe My and Ve with observational error,
i.e. we observe at t =1, ... , n
s = + : =
Xt Ve T g 0 Xg Mg Ty v

where E {gt} =E {n.} = 0. Let £ € V be a parameter characte-

rizing the distribution of (Et B ﬂt) , t=1, 2, ... , n.
Put 0 : = (a, B, Vi eeer Voo & ). Obviously, if 8 is such that
Ve is allowed to be constant over time, (o , B) is in general

n+2
x

not identifiable. We shall show that if @ is a subset of R \Y

such that Vi is not constant over time, then (a , B) is iden-
tifiable. The model can be put in the form of a linear regres-

sion model with unknown regressor Ve

Le =0+ B Ve v 0 t=1,2, ..., n
Since vy is not constant over time, it follows from example
1.2.10 that (o , B) is identifiable conditional on (v < vn).
However,(vl cos vn) is identifiable since it is the expecta-
tion of the observable vector (¥, ... x ). Thus it follows by

theorem 1.2.3 that (a , B) is identifiable.
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1.3 IDENTIFICATION AND STATISTICAL PROCEDURES

In this section we present some new ideas on identifica-
tion that, roughly speaking, tell the statistician what statis-
tical procedures should be forbidden in the presence of obser-
vationally equivalent 0's.

Let Jo denote the informational class of statements the
statistician is interested in. Note that since 8 € Jo there
is no value of 0 that is excluded a priori by the statistician
from being the true value. Although not all statements in Jo
need to be identifiable, there exist identifiable statements
in Jo (e.g. 8) and there exists a largest informational class
Jo of identifiable statements in Jo. Suppose Jo is endowed
with a o-field J of subclasses such that jo e .

DEFINITION 1.3.1 A statistical procedure is a measurable map-
ping d : (X, 2 ) ~» (Jo , ) with the interpretation that if x

is observed, then the statistician makes the statement d(x).

Before a statistician answers the question what 'good' statis-
tical procedures are, he should answer the question what pro-
cedures he will consider as a priori meaningless. Intuitively
it seems reasonable to ignore procedures that can produce un-
identifiable statements with positive probability for some

© € 8. This motivates the following definition.

DEFINITION 1.3.2 A statistical procedure d is called <gnorable
if Py {alx) € jo} < 1 for some 0 € 8.

Thus the statistician will only consider statistical procedu-
res d with

Polax) €ed 1 =1 , 0E B .

EXAMPLE 1.3.3 Consider the case where JO is the class of all

statistical statements. This implies that the statistician is




interested in point estimates of © , Then definition 1.3.2
implies that a non-ignorable estimator takes its values almost
surely in one-point observational equivalence classes or,
equivalently, with probability one (V'e) it does not discrimi-
nate between observational equivalent values of 0. In the case
that all observational equivalence classes contain more than
one element (or : there is no identifiable singleton) the sta-
tistician should refuse to produce point estimates. It is
important to mention however, that this does not imply that
every other statistical statement such as region estimates or

acceptation of a hypdthesis, is a priori meaningless.

1.4 IDENTIFICATION IN STATISTICAL DECISION THEORY

In this section we extend the statistical problem
(x o P , 8) to the statistical decision problem (x ,P,86,n, 1),
where ~A is the épace of actions (or strategies) for the
statistician.

~L is a mapping from 6 x A into a space C, called the
space of consequences. In most cases L takes real values and
is then called the loss function or pay-off function, and |
L (06 , o) is interpreted as the penalty for the statistician

for taking action o if 0 is the true parameter.

Let La(e) : =L (06 , a) , © € 8 denote the section of L at

o € A. Thus La is a mapping from 6 into the space of consequen-—
ces C.

When the statistician has to make up his‘mind whether he shall
take action a or not, he will base his decision on the conse-
quence Lu(e)u This is,however, impossible if Lu(o) is unknown
but he may hope that if x is informative for Lu, he can make a
choice which is not a pure gamble.

Let A denote the set of actions o such that x is informa-
tive for La. Suppose further that A is endowed with a o-field
1 of subsets of A such that AO €A . A measurable mapping
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d: (X ,82 )+ (A ,4) , with the interpretation that action
d(x) is taken if x is observed, is called a decisZion rule.

DEFINITION 1.4.1 A decision rule d is called ignorable if

P, {d(x) € A_} < 1 for some 6 € 8.

Thus the statistician should only consider decision rules d

with Pe {d(x) € Ao} = P identifiable } =1 , 0 € 8.

0 {Ld(gt_)
InAfact, any statistical problem can be considered as a
special case of a statistical decision problem. To see this we
take A = JO ; the informational class of statements the statis-
tician is interested in and for L a mapping into a set consis-
ting of two consequences S and < (cO d cl) to be interpreted

as 'true' and 'false!'! respectively ,

(1.4.1) L (elu) =

A decision rule is now a statistical procedure and the follo-
wing theorem shows that then definitions 1.3.2 and 1.4.1 are

equivalent.

THEOREM 1.4.2 If A is a class of statements and L is given

by (1.4.1), then a decision rule d is ignorable iff it is

ignorable as a statistical procedure.

PROOF, The theorem follows if we can prove: Ld(x) identifiable
a.s. iff d(x) identifiable a.s. Let o € A be arbitrary and
suppose that La is identifiable. Then L;l({co}) = o 1is iden-
tifiable. On the other hand suppose o is identifiable. Then

also Lgl({éo}) is identifiable as the complement of a= L;I({co}).
Thus by the remark following definition 1.1.10 La is identi-
fiable. 0O
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If all actions are statistical statements, then a decision-
rule is a statistical procedure and the question arises for
which loss functions the definitions of ignorability are equi-
valent for all rules d. Thus we are looking for functions
La : 8 » C such that La is identifiable iff o is identifiable.
Necessary and sufficient for La to have this property is

L, (0)) = L(6,) <> (0, , 86, € a v o, , 0,€a")
Thus Ld must be constant on o and on oF.

Hence L>is of the form

(1.4.2) L (6 , a) =

Cl(oz.) ; 0 & a

with Co(a) # Cl(a) for all a € A.

EXAMPLE 1.4.3 " (Estimation) Let ® = A = IR and consider the

usual quadratic loss function

L(O,u):=(@—u)2,068 o € A .

Since Lu is not constant for 0 # o, this loss function is
clearly not of the form (1.4.2).

EXAMPLE 1,4.4 (Hypothesis testing) Let 6 = Elk and consider
the problem of testing Ho : 0 € @o against Hl NGRS @g where

@O is a (measurable) subset of 0.

(o]
Let A : {@o ’ @O }

, and take
L (0 ,a) :=1-1/(o) o €A , 0 € 8,

Obviously it is of the form (1.4.2). Note, that a decision rule
for this problem is not ignorable iff the statement @O is
identifiable.
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1.5 IDENTIFICATION IN BAYESIAN INFERENCE

Let # be a o-field of subsets of 6, and T some measure on
(8 ,JQ),’called the prior measure. Following KADANE [ 22] we
shall interpret 1 as an opintZon on 0 adopted by the statistician
before x is observed. It is clear that subsets of 8 of t-measure
zero cannot play a role anymore and that the classical concept
of identification becomes rather meaningless. Furthermore, when
the statistician has the opinion 1t on (8 ,¢4) this implies that
he will consider only ¢¥-measurable statistical statements. It
should be noted that there exist identifiable statements in ¥
(e.g. 8), and a good Bayesian definition of identifiability is
of course such that these statements are also identifiable in

the Bayesian sense. This leads to the following definition.

DEFINITION 1.5.1 A statistical statement @o €4 is called iden-

tifiable w.r.t: 1t or equivalently Xx is said to be informative
for 8 w.r.t. t, if for some N €A with © {N} = 0 and for all
c

c _ . . fon: e .
01 » 02 0 N we have the implication @l @o ’ 62 € 80¢ Pel#P62
REMARK. By choosing for 1 a measure that assigns positive mass
to all points of 6, identifiability w.r.t. 1t is equivalent to
identifiability. However in most practical situations this
would imply that the measure 7 is not g-finite. Since such
models are analytically not very attractive, the statistician

shall prefer g-finite prior measures.

Obviously all statements of rt-measure (0 and their complements
are identifiable w.r.t. t and the analogue of theorem 1.1.3 is
that the class of all statements which are identifiable w.r.t.
T is a sub o-field of A .

Since functions of 0 are now functions on the measurable
space (8 ,s), it will be clear that the only functions ¢ the
statistician can be interested in, are measurable functions.
Let (A ,L) be some measurable space, where &£ is a o-field of
subsets of A.
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DEFINITION 1.5.2 The measurable function ¢ : (8 ,) » (A ,L)
is called identifiable w.r.t. 1, or equivalently x is said to
1

(a,)

be informative for ¢ w.r.t. 1 if X is informative for 0
w.r.t. 1 for all Ay € L.

Although definition 1.5.2 is the obvious generalization
of def. 1.1.10 it gives rise to a remarkable difference between
classical and Bayesian theory since the obvious analogue of

lemma 1.1.12 does not hold. More precisely we have

LEMMA 1.5.3 If there exists a set N € #l with © {N} = 0
such that for all Ol ’ 92 € 6 - N we have the implication
p(0.) # ¢ (06,) =P #P , then x is informative for ¢
1 2 Ol 92 -
wW.r.t. T.

PROOF. Let A be arbitrary with t {m—l (Ao)} > 0 and

T {w-l (Ag)} > 0. (If m_l(Ao) or ¢—1 (Ag) has t-measure zero,
nothing remains to prove).
-1 -1, c
€ - e -
Let Ol 0 (Ao) N and 92 (0 (Ao) N. Then

. c
m(el) # @(@2) since m(el) € Ao and m(ez) € Ao . Hence

POl # P92 and so X is informative for m_l(Ao) w.r.t. v . 0
That the converse does not hold in general can be seen as fol-
lows. Let A be a non-denumerable set and £ a o-field of
subsets of A that contains all one point subsets. Suppose the
measurable function ¢ : (6 ,Q ) » (A , £L ) is identifiable
w.r.t. some prior measure Tt.

Let A € A be arbitrary and let N, € A be a null set such
that for all o, , 0, € 8 - Nx the implication

1 2
0, € w—l ({r}) , o, € (o_l (xS =p # P holds. Then a
1 2 Ol 02
set N, such that for all Ol , 92 € 6 - N we have

0(0,) # ¢(0,) = P # P_ , is equal to Uu N, .
1 2 Ol 02 rEN A

Since A was non-denumerable, N need not be a null set, or may
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even be nonmeasurable.
In order to obtain the equivalence in lemma 1.5.3 we need

a stronger concept of identifiability of functions w.r.t. T.

DEFINITION 1.5.4 The measurable function ¢ : (8 , %) > (A L)

is called uniformly <dentifiable w.r.t. 1, Or equivalently x

is said to be uniformly <informative for ¢ w.r.t. 1, if there
exists a set N €8 with v {N} = 0 such that for all Ao e L and

61 ' ©

-1 ¢
€ = P # P
O2 ¢ (A:) Ol 02'

2 € 8 - N we have the implication Ol € m_%Ao) ’

The difference between definitions 1.5.2 and 1.5.4. is
that in the former definition the set N may depend on Ao. It
is now easily seen that the function ¢ is uniformly identifia-
ble w.r.t. t iff there exists a null set N € # such that for
all Ol ’ 02 € 8 - N we have w(ol) # @(92) = Pel # Pez.

Although‘the concept of identification introduced in defi-
nitions 1.5.1 and 1.5.2 is different from that in KADANE [ 22]
(who in fact uses the classical concept) the next theorem will
show that the concept of identification introduced in this
section is just what we intuitively want it to be.

For terminological convenience we shall restrict ourselves
to the case where 1 is a probability measure. It is then called
the prior distribution and the identity on (8 ,s4) can be
considered as a random object ©. To avoid problems with con-
ditional probabilities we shall suppose that @ is a random vec-
tor and that x takes its values in a complete separable metric
space. Suppose further that for all X0 € 8 the function
¥ 2 (6 ,4) » ([0,1] , 330) where 330 is the Borelfield on [0,1],
is defined by vy (0) : = Py {Xo} and is ¥ -measurable. (For
details on conditional probabilities see ASH [2] p. 262 - 265)
Then P, can be interpreted as conditional distribution of x
given 0 and we may write down the posterior distribution Ty
the distribution of © conditional on x. It is interpreted as
the opinion on © after x has been observed, and roughly speaking
one could expect the opinion on © (non degenerate) to be
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changed with positive probability if x is informative for ©
w.r.t. tv. Let P denote the joint distribution of X and 9.

We have

THEOREM 1.5.5 If 0 <1 {@o} < 1 for some 8 € fA and if x

is informative for 80 w.r.t. t then P{rx # 1t} > 0.

PROOF., We have t = 1 a.e. (x) iff the random variables x and
6 are independent or equivalently P, =F a. e. (6) where F
denotes the marginal distribution of X. Since X is informative
for 8 w.r.t. 1, there exists a null-set N € A such that

c .
€ - € - i i -
61 N , 92 80 N implies POl # POZ. Since both @o N

and 6~ - N have positive t-measure we cannot have PO = F a.e. (0).
Hence { x | Ty # 1} must have positive probability (unconditio-
nal to 0). 0

oa @®0
o

REMARK 1. If all 6 € ¥ have t-measure 0 ori, 0 is identifiable

w.r.t. t regardless what P, is. Of course such an opinion t is

0
not a very realistic one.
REMARK 2, Conversely , if P {r, # t} > 0 then x and 9
are not independent and so there exist 0, r ©, € 8 with P, # P, .
o 1

Hence there exist nontrivial identifiable statements (i.e.
statements 8_ C @ with 0 # # and @g #@). It is however not
¢lear whether they are R —measurable.

1.6 FINITE INFORMATIVE SAMPLES FROM STOCHASTIC PROCESSES !

AND THE PROBLEM OF MINIMUM INFORMATIVE SAMPLE SIZE

Let {ét i t=1, 2, ... } be a (possibly vector-valued }
observable stochastic process in discrete time. If the distri-
bution of the process is characterized by some unknown parame-
ter © € @ we put pl=) o {Péw) | @ € 8} where Péw) denotes the

(infinite dimensional) distribution of the process { Et}'
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Suppose we observe the process { Xy } att =1, 2, ..., n.

Then our actual sample is (51 I SRR §n). The joint distri-
bution P(n) of this sample is a marginal distribution of P(m).
et M) =g Pé“) | e € 0},

It will be clear now, that inferences about a function ¢ : 6 - A,
based on the sample (x

14
identifiable w.r.t. Tdn),

Therefore the sample must be informative for ¢. Obviously iden-
P(n)

X N En) only make sense if ¢ is

2’ Ta(w).

rather than w.r.t.

tifiability with respect to
P (=)

implies identifiability with

respect to , but the converse does not hold in general.

Although it follows from KOLMOGOROVS extension theorem that

én) , n=1, 2, ... there

need not exist some finite sequence Pél) ) eeer PéN) that
(=)

0

Pém) is determined by the sequence P

determines P uniquely for all 0 € 6. To be more precise;

let 6. , 0. € 8 be such that ™) # p{*) and let N = N (0. , ©
17 9 0, 0, 1
(n)

be the smallest value of n such that Pén) # Pe .

1 2
Since N need not be bounded in el and 62 , it will be clear
ja(m) is an essentially
7

5)

that in general identification w.r.t.
weaker concept than identification w.r.t. (n) for some
finite n., This fact is important because e.g. in estimation
theory it implies that the existence of consistent estimators
for ¢(0) does not guarantee a finite sample to be informative

for ¢(0). The following example may clarify this.

EXAMPLE 1.6.1 Let x, , X, , ... be a sequence of independent
Bernoulli trials with P{ X = 1} = Ot ,  P{ X, = 0})=1 - @t,
0 < Ot < 1 such that the sequence 6 = (@l v Oy s ...) has a well
defined Césaro limit
;0
lim = o, : = ¢(0)
n-+co t=1

Suppose the © are unknown, and the statistician wants to

t
estimate ¢(0). The natural choice for 0 is
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n
- - 1 =
e—{ole—(el,ez...),llmnE@t 9(0)} .
n->o t=1
The obvious estimator based on the sample Xy o1 Xy ees X is
n
- 1
9 == I X .
n N t

It is easily seen to be asymptotically unbiased. Furthermore,for
its variance we have
1 0 L
vig } == 2 o (1-9,) < 7— >0, n-» =,

n n2 =1 t t 4n
Thus § is a (weakly) consistent estimator for ¢(0). Neverthe-
less it is easily seen that no finite sample is informative
for ¢(0).

The previous discussion motivates the following definition.

DEFINITION 1.6.2 The sample size n is called informative for
the function ¢ : 8 - A if for all O, r 04 € 0 we have the

. . . (n) (n)
implication 0(0;) # ol0,) = P@l # Pez .

REMARK. If the proces { x,

sample size n is informative for ¢, then any sample of the

} is strictly stationary, and the
process taken at n consecutive time points is informative for g¢.

If the sample size n is informative for ¢, then any sample
size N > n is informative for ¢ because of the implication

p(n) # P@(n) - Pén+l) " P(n+1)

0 0

’ y 06, € 8 . Therefore an
1 2 1 %2 1 2

interesting but often very difficult problem is to find the
minimum informative sample size, or at least an upperbound for
it. In the case of a sample from a moving-average process the
minimum can be found and in mixed autoregressive moving average
models an upperbound can be found (Chapter II univariate,and
Chapter III multivariate).
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1.7 IDENTIFICATION AND PREDICTION

In this section we consider the statistical prediction
problem, that is the problem of predicting the random variable
(or - vector) y on the basis of the observable vector x where
the joint distribution of x and y depends on some unknown para-

meter 6 € 6. The problem needs some special attention since it

does not fit the framework of § 1.1 - § 1.3 in a trivial way.
Let Pe'denote the joint distribution of x and y and put
P = { P@ | © € 8 }. Then the triple ( (x , y) P , 8) is

not a relevant statistical problem since only X is observable
and not (X , y). The relevant statistical problem is represen-

ted by (x, P, , 8) where T = (P © €98 } and P,
14

1 1,0 l
denotes the marginal distribution of x.

0

If the statistician is interested in prediction of y on the
basis of x,he is, in fact, interested in statements in terms
of the mapping ¥ : 8 »J° defined by v (0) = P, » © € 8. This
leads to the following definition.

DEFINITION 1.7.1 y is said to be predictable w.r.t. x if x is
informative for the mapping V.

Thus y is predictable w.r.t.

x iff we have the following impli-
€ : :
€] ¢] P@ # P@ = p # Pl,@ (see

cation for all © 1.0
2 r~1 2

177 -2

1
lemma 1.1.12).

Two examples may clarify the ideas.

EXAMPLE 1.7.2 Let x and y be independent normal variables

with unknown mean 0 and unit variances. Then for all Ol , 62 S

we have the implications POl # P®2 = Ol # 02 = Pl,el # Pllez'

Hence y is predictable w.r.t. Xx.

EXAMPIE 1.7.3 Let ( X , y ) be binormal with zero means,

unit variances and unknown correlation-coefficient 0. Then we
= e = —

have Pl,el Pl,62 for all el , 02 e [-1 , 1] and so y

8



29

is not predictable w.r.t. x. It should be noted, that if 0 were
known, then y would be predictable in a trivial way. However,

in that case we don't have a real statistical prediction problem,
but merely a probabilistic prediction problem which can be
defined as a triple ( (x , y) . TD , 8 ) for which the condi-
tional distribution of y given x does not depend on © (a.s.
Pl,e Ve ). Clearly observational equivalence of values of 0
is irrelevant for such prediction problems.

Let x = ( x X, --» 1+ X ) be a sample taken from a

e £ 7 t=1, 2, ...} with probability law
P@ » © € 8. Let N > n+l. Then y = XN
sample size n is informative for PéN (def. 1.6.2) or equiva-

lently if for all o

1 ’
stochastic process {x

is predictable if the

17 92 € 8 we have the implication

(N)

(1.7.1) PO

(N) (n) (n)
#pN) o pln) o p
1. &) S5 P

}

Usually the index t represents time; therefore {§n+1 O STYREE
is called the future of the process. Thus the future is predic-
table iff (1.7.1) holds for all N > n+l. In analogy with

def. 1.6.2 we put

DEFINITION 1.7.4 The sample size n is called predictive if
(1.7.1) holds for all N > n+l.

Of course, if the sample size n is predictive, any sample size
m > n is predictive and so the problem of the minimum predie-
tive sample size makes sense. The problem is closely related
to that of minimum informative sample sizes. It differs so far
as in (1.7.1) the set { PéN) | N=n+1 , nt+2 , ... } depends

on n. The relation to the minimum informative sample size (if

it exists) is given in the next theorem.

THEOREM 1.7.5 If N¢ is the minimum informative sample size

for ¢ : 8 >~ A and n, is the minimum predictive sample size
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then we have n_ > N . If ¢ is 1 - 1 then n_ = N .
o— ¢ o ¢

PROOF, Since N@ is minimal informative for ¢ we have for
0 , 0, € 8

1 2
) (Nw) (Nw) (N¢—1) (Nw_l)
p(0,) # o(0,) =P # P # P # P '
1 2 Ol 62 Ol @2
hence n_ > N
o= 9
If ¢ is 1 - 1 we also have for all Ol ’ 02 € 8
(Nw+1) (N¢+1)
Po,’  # R Top#0, > w0 # 00y

which implies that N¢ is predictive and so N(p = ng. a

EXAMPLE 1.7.6 Consider the linear regression model of exam-

ple 1.2,10. We rewrite it as

k
Xt = xé B + Epv t=1, 2, ... , xt € IR .

Suppose the £, are i.i.d variables with common distribution-

function F, + £ € V. We shall prove that y : = (y; -.. y )' is
s . Co s . 1
predictive for Yn+1 iff y is informative for X4 B.

' ] \l
PROOF., (Only <f) Let X'l 81 # X' 82. Then we have also

(n+1) (n+1)
P # P
Ol 92

P(n) 4 P(n)

e 95

(If) Let Pé“*l) # Pén+l)
1

and since y is predictive for y ., this implies

. Hence y is informative for x£+l B (lemma 1.1.12),

. Assume Pén) = P(n)

2 1 2

Then we have

F = F and X B, = X_B where X_ denotes the n x k matrix
El 52 n1 n-2 n

(n+1)

of regressors. Since PO

is completely determined by FE and

Xn+l B , where
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1
Xn+1

] ]
we must have Xn+l 81 # Xn+l 82 and so Xl By # xl 82. But
this implies P n) # p(n) since y is informative for x!' B.
Ol 02 n+l
Thus we have a contradiction proving that y is predictive for
Xn+1‘D

1.8 WEAK CONCEPTS OF OBSERVATIONAL EQUIVALENCE AND STRONGLY

INFORMATIVE SAMPLES

The concept of identification introduced in the preceding
sections is in fact based on the classical concept of obser-
vational equivalence, that is on equality of distributions.

A's SCHUONFELD [ 31] allready pointed out, any other equivalence
relation on P can serve as a basis of a (weaker) alternative
concept of observational equivalence, and so a stronger notion
of informativeness. Let ~ denote an arbitrary equivalence

relation on ® . Then the values Ol € 8 and 0, € 8 are called

2
v P, . It is easily

1 %2

seen , that all results of the preceding sections remain

weakly v-observational equivalent if PO

valid if (in)-equality of distributions is replaced by (non-)
v equivalence.

We shall consider two possibilities for ~n, where the first one
(Mr—equivalence) is the most important (particularly from a
practical point of view) and the second (t-equivalence) is of
some theoretic importance since it enables us to see a link
between the classic concept of identification and sufficient

statistics.

Let Mr(e) denote the set of all moments up to order r of

the distribution PO (r=1, 2, cc. ).
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DEFINITION 1.8.1 If Mr(Ol) = Mr(02) then the distributions

M
P and P are said to be M_-equivalent : P P .
Ol 02 r Ol 02

The values 0, and 0, are then said to be weakly observational

equivalent to the order r. The corresponding concept of infor-

mativeness (identifiability) is called strong r-th order infor-

mativeness (strong r-th order identifiability)

Although the corresponding definitions of (minimum) strongly
r-th order informative sample size and strong r-th order pre-
dictability are obvious, as an example we shall give the defi-
nition of r-th order predictive sample sizes. Let Min)(e)

denote the set of all moments up to order r of the sample

X = (51 ¢ Xy e én) taken from the process {ﬁt , £ =1,2, ...},
Then the sample size n is called strongly r-th order predictive

if for all N > n+l and © 6, € 8 we have the implication

17 72
wl e # mM o, = ™o # ul o, .

Clearly if we are studying weakly stationary processes and
regression models, then r = 2 is the most important case. Of
course, if the observable random vector is normal, informative-
ness is equivalent to strong second order informativeness. The
main advantage however of using definition 1.8.1 rather than
the classical concept is, that it is not necessary to give a
complete specification of the class f).

EXAMPLE 1.8.2 (Continuation of example 1.2.10)
Clearly the function u(0) : =X B = Ee{ y } is strongly first-

order identifiable regardless the distribution of g. Further-
more if (0) : = (B , Q where Q= Q(0) : = EO{ e eg*},

then a sufficient condition for ¢ to be strongly second-order
identifiable is r(X) = k. If 08 = IRk X V then the condition

is also necessary.

In the next section we shall develop the concept of
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t-informativeness. Let (T,7T) be a measurable space, and let
£: (X,8) - (T,T) be a measurable function. Then t induces
the probability distribution P0 t_1 on (T ,7T). The random

quantity t(x) is called a statistiec and is interpreted as a

reduction of the observational material.

DEFINITION 1.8.3 If PO t—l = P tn1 then the distributions

0
t

1 2
P and P are said to be t - equivalent: P % P, . The
1 92 1 92
values 6, and 0, are then said to be t - observationally equi-
valent. The corresponding concept of informativeness is called

t - informativeness.

The function t transforms the statistical problem (x , ?), 8)

into the new statistical problem (t(x) , ﬁ , 8) where

n -1

© = = .

$=1B | B =P, t ,0€8)

THEOREM 1.8.4 X is t - informative for ¢ : 6 »~ A  iff t(x)

is informative for ¢.

PROOF. Follows immediately from def. 1.8.3 and lemma 1.1.12.0

Obviously we have for all Ol r 9y

(1.8.1) P, t T #P, t =P, #P, .

Thus t - informativeness is stronger than informativeness. Of
course, if t is 1 - 1 the concepts are identical but this is
not a necessary condition, and the question arises for what
functions t the equivalence holds. In general the answer is

not very interesting as the following example may show.

EXAMPLE 1.8.5 Let x = (31 7 eee 7 gn) be a random sample
from N(0, ©), 6 € (0, ») and t(x) : = x

1 Then equivalence
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holds in a trivial way.

The point is, that statistics like t(X) in the above example

ignore a lot of information. Sufficient statistics,however, are

not 1 - 1 in general but don't ignore any relevant information.
We have
THEOREM 1.8.6 Let t(x) be sufficient for 6. Then x is infor-

mative for o iff t(x) is informative for o.

PROOF. Let 59 denote the joint distribution of x and t(x).

Then for all © > B # Py -

' # P
1 9y &p) 1 2

Since t(x) is sufficient, the conditional distribution of x

02 € 86 we have P

given t(x) does not depend on 0 and since ﬁe is completely
1

determined by this conditional distribution and PO t " (the
marginal distribution of t(x)). We also have
P, AP, = P, tl#p tTh
1 2 1 2
for all 0, 82 € 8. Combination with (1.8.1) completes the
proof. 0O

1.9 LOCAL IDENTIFIABILITY

So far we considered the identification problem from the
point of view that a fixed parameterspace 8 is given. Therefore
there was no need to refer to it explicitly. However sometimes
it is convenient to consider the problem for subsets ¥ of e.
Since the identifiability then depends on the specific choice
§ c 8, in this section we shall refer to it by saying that a
statement (or a function) is identifiable w.r.t. 8, or equiva-
lently that x is informative w.r.t. § for that statement (or
that function). Thus e.g. a statement 80 C § is identifiable

w.r.t. ¥ if for all OO ;s 0. € ¥ we have

1
(=1 -
% € 8 ¢+ 91 L % = Poo 7 Pelﬂ
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If a topology is given on 6, we have the possibility of consi-
dering the identifiabilityproblem in a neighbourhood of a given
point. Let the statisticican be interested in the function

¢ : 8 » A, where the space A is endowed with a topology T .

Without loss of generality we can assume that ¢ is onto.

DEFINITION 1.9.1 The function ¢ is said to be locally <denti-

fiable for ¢ at Ao € A, or equivalently x is called locally
informdtive for ¢ at Xo if there exists a neigbourhood UA e T

of Ao such that ¢ is identifiable w.r.t. al(UA ). ©

o
The function ¢ is said to be locally identifiable on Ao c A

if it is locally identifiable at all xo € Ao'

REMARK. Local identifiability in all points A € A does not imply
identifiability in the sense of def. 1.1.10.

Obviously local didentifiability is a weaker concept of identi-
fiability. Therefore we shall only use this concept in situa-
tions where non-identifiability can be sharpened to non-local
identifiability or even nowhere local identifiability on some
set Ao C A. We shall shortly say that ¢ is nowhere locally
identifiable if it is nowhere locally identifiable on A. The
following lemma is helpful .

LEMMA 1.9.2 Let D C A be a set that is dense in A and
let ¢ : 8 ~ A be nowhere locally identifiable on D. Then ¢ is
nowhere locally identifiable.

PROOF. Suppose ¢ is locally identifiable in Xo € A. Then there

exists a neighbourhood U € T of Ao such that for all

>‘O
-1 -1
€ €
Ay s Ay U}\o and 0, ) {Al} ¢ 0, € o {Az} we have
A, #Ax, =P # P . However, since D is dense in A there
1 2 ®l 92

exists a doe D with do € U, . But then ¢ is locally identifia-

o



36

ble at d0 which contradicts the fact that ¢ is nowhere locally
identifiable on D. [

By replacing P_ by Mr(e) (the set of all moments up to

order r of PO) we ogtain the definition of Zocal rt@-order
identifiability and local rt@-order informativeness. We could
also define concepts as locally informative sample size etc.
but since we will not use all of these concepts, we shall not
do so here.

The concepts introduced here, will be used to obtain
strong results in problems of minimum informative sample size
"for moving average processes. The important concept then is

local second-order informative sample size.
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CHAPTER II

INFORMATIVE SAMPLE SIZES IN UNIVARIATE STATIONARY MODELS

2.1 INTRODUCTION AND PRELIMINARY RESULTS

In this chapter we shall derive informative and predictive
sample sizes for a class of weakly stationary univariate pro-

cesses { x, , t =1, 2, ... }. For reasons of mathematical

t
elegance all processes are allowed to be complex valued, and

are defined on t = 0, + 1, + 2, ... (Every weakly stationary
process {Et ,t=1, 2, ... } can be extended to a weakly sta-
tionary process on ... -1, 0, 1, 2, ... ).

We are interested in weakly stationary observable processes
{ Xy } that satisfy a linear stochastic difference equation of
the form

(2.1.1) I a, X = I b_ e
m £

with p, g > o and a, = bO = 1, and where { Epr t=0, +1, ...}
is a (non-observable) white noise process

. - 2 2

(i.e. E { £t Eg } = Gt-s o, t, s=0,+1, ... , d° >0)

with E { g} = 0 for all t.

The integers p and g are supposed to be known.

Ifp=0, g>1, then { §t} is called a moving average process
of order q, if p > 1, g = 0, an autoregressive process of order
p and if p g > 1, a mixed autoregressive moving average Process
of order (p, gq). The usual abbreviations are MA(g), AR(p)
and ARMA(p, g) respectively. The (complex) coefficients

s 8y .. ap ' bl oo bq and 02 are supposed to be unknown.

If £ € Z is a parameter that characterizes the distribution of
the process { g  }, then we write o2 = 6%(¢) and put

0 : = (al, ay ... ap, b, ... bq ; £). In order to describe the

1

parameter space 8 and the spectral measure Fo of { x, } we

t
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introduce the generating functions

z P B(z) : = I b_z , 2z €C
o m=0

p q
A(z) = = I k m
To ensure the existence of a unique weakly stationary solution
{ x, } of (2.1.1) we must restrict the range of (a;, ..., ap)
| S = =
c : = =
to Sp ¢® with Sp : { (ayr ooy ap) | A(z) # 0, |z| 1 3.

(see appendix theorem A.1.4). Thus we must choose 8 such that

8 C Sp'x c¢? x z. Models of this type are frequently used, and
particularly in econometrics, where often only small samples
are available, the question of informative sample sizes is in-

teresting. The function of interest in practice is

¥y () : = (al, oo ap, bl eee b, ozl As X, is linearly expres-
sible in the process { E¢ } (appendix theorem A.1.4), it fol-
lows that Eg{ X, } =0 , 6 € 8. Furthermore we don't make

any assumptions about the type of distributions Pe and there-

fore we restrict our attention to the second order properties
of the process, that is to the covariance function

Yg = Yg(0) : = Eg {x, Et-s} t,s =0, +1, ... Thus the
"natural" concept is second order strong informativeness. From
now on we shall omit the word "strong(ly)".

Note that Yog T Ygo
correspondence between covariance functions and spectral mea-

s=20,1, 2, ... Because of the 1 - 1

sures (concentrated on (-m , w]) of weakly stationary processes
(see [11] p. 633) we could equivalently look at the spectral

measure F_ of { x. }. It is known to be absolutely continuous

C]
with density

t

2 2

=ix
=g )
(2.1.2) fQSX) = 57

B(e
A(e

l}\e("'"l”]

—ik)

(see appendix, the discussion following theorem A.1.4) .

Thus if Rén) denotes the covariance matrix of x, , X, , ... X

for all 0,7 0, € 0 we have the implication
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(n) (n)
(2.1.3) R # R = F # F n=1, 2, ...
; N 0, 0, 0,

Thus a necessary condition for some sample size to be second-
order informative for y(0) is that different ¥ - values imply
different spectral measures. Since the spectral measure depends
on 6 only through the absolute values of the polynomials A(z)
and B(z) on the unit circle it is not surprising that the

following lemma is fundamental.

LEMMA 2.1.1 Let the function P(z) be analytic on |z| < p for
a p> 1, and P(0) # 0. Then there exists a function Q(z),
analytic on |z| < p satisfying

a) Q(z) # 0 . lz| <1

b) laee™) | = [ee™] , ae (-n, 7w
Furthermore, Q(z) is uniquely determined except for a multi-
plicative constant of modulus one. In the special case that

P (z) is a polynomial of degree p, the function Q(z) also is
a polynomial of degree p.

PROOF. Existence (see also RIESZ [ 28]) If P(z) has no zeros
in |z| < 1, we can take Q(z) = P(z). If 0< |zO| < 1 is a zero
of P(z) then we write P(z) = (z - zo) Pl(z) with Pl(z)
analytic on |z| < p. Let Ql(z) : = (z Eo -1) Pl(z). Then,

counting a zero of multiplicity n, as ng Zeros, Ql(z) has

one zero less inside the unit circle than P(z) and since

| e i Eo -1 =lz - e ixi = |z - e_ixl , we have
—ix T s
| Q,(e 4 |e 1A z -1 | lPl(e 1Ay
= |e_ix - zo|l Pl(e-ik){ =| P(e_ix)|, so that
Ql(z) satisfies condition b). The procedure can be repeated

for every zero of P(z) inside the unit circle and since there
are only a finite number of them we can find in finitely many
steps an analytic function 0(z) satisfying a) and b). It
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follows from the construction that if P (z) is a polynomial of

degree p, then Q(z) is also a polynomial of degree p.

Uniqueness Let Q(z) be an analytic function satisfying a)

and b). Then we have to prove Q(z) = Q(z) e'® for some real o
If z, ... 2z, are the zeros of P(z) on the unit circle (if any)
then also Q(z) and Q(z) have these zeros and we can write

m
Q(z) = g(z) 1 (z - z,) with q(z) # 0, |z| =<1
k=1
-~ -~ m ~
Q(z) = q(z) 1 (z - zj) with d(z) # 0 , |z| < 1.
j=1
Hence, it suffices to prove é(z) = q(z) e*®. consider the
function
h(z) : = %i&l vzl < g
q(z)
with  p > 1 such that a(z) a(z) # 0 , |z| < p,. Then both

h(z) and 1/h(z) can be expanded into a powerseries

(2.1.4) hz) = & m P l - 5 n 27

We also have using b) and the continuity of h(z) on |z| < o,

2

. 2 -ix 2
(2.1.5) | ne™*My|" = l ate | - 1im | Q(n) ' _
~, =i -iA ~
qle ™) >e Q(n)
p(n) |?
- B BRI R
—-ix E



41

Hence 1/ n(e™™) = n(e™) and with (2.1.4) for z = e *?

we find
. l—ix = 3 n, et < ne™M = 3 my KA e (—n .
he™*)  j=0 k=0

Since both the Fourier series converge absolutely, it follows

by equating coefficients that nj = ﬁo and n, =m =0, k > 1.

o)
(2.1.5) it follows that Inol = 1, This proves the lemma. [J

Thus h(z) = n_ or equivalently d(z) = ng q(z) ¥ z and from

It follows from the lemma and (2.1.2) that if 8 = S x cd x g

then there exist @l = (a1 ees aP ’ b1 cae bq , &) and

0, = (al one ap ’ bl oo bq ; E£) with Ol # @2 and fOl = f02
, (n) _ L(n) -

Hence by (2.1.3) we have RO = R@ , n=1, 2, ... and so no

1 2
sample size is second-order informative for the coefficients

(a; -e-a b, ... bq). We may hope, however, that it is

P
sufficient to prescribe A(z) and B(z) to have no zeros inside
(or outside) the unit circle. The "natural" choice is no zeros

inside the unit circle. Therefore we define

AR |, _ A(z) # 0, ¥ z
S s = { (al ees @) | (z) ’ | | f.l } ’
and

S

MA
g =1 (by ... bq) | B(z) # 0, V¥ |z|] <11} .

In the next sections we shall derive informative sample sizes

for the case 6 C S?R x SﬁA x Z. The following lemmas will be

needed.

LEMMA 2.1.2 If in (2.1.1) A(z) # 0 for |z| < 1, then the

covariance function Yg 7 S = 0, +1, ... of {§t} satisfies
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(2.1.6)

o

~

0]
Il

g+l , g+t2 , ...

PROOF., Let the process {gt} have the spectral representation

™ .
e, = J et z_tan} £ =0, + 1, ...
=

and so (see appendix, (A.1.7))

_ 2 o R Y .
Bx_ g £ 5 J et (e B(e-ix) e an -
- A(e )
_ g2 s=1 B(2) 3, - ;2 - 0.1.2
= 57 z Ay @z =078, s=0,1,2,...
lz|=1

where the last equality follows from Cauchy's residu's theorem,
since A(z) has no zeros in |z| < 1, and A(0) = B(0) = 1.
Thus multiplying (2.1.1) by gt-s for s =q, g+ 1, ... and
taking expectations gives (2.1.6). O

REMARK. In the case of an autoregressive process (q = 0) equa-
tions (2.1.6) are often called the YULE-WALKER equations.

LEMMA 2.1.3 (FEJER and RIESZ) If

q s
£00) & = = TN S 0, e (er, w
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and f(X) is not identically zero, f£(A) can be represented in

the form
q . 2
£EA) =5 | & a et ,
k=0
g k
where a >0 and £ a, 2z # 0, lz| < 1.
o k=0 k

The representation is unique.

PROOF. see HANNAN [ 20] p. 63 .0

We conclude this section with some conventions for notational
convenience. In definitions 1.1.10 and 1.2.1 the space A is
arbitrary. In particular A is allowed to be a space of measures
or a space of functions. In the first case we shortly call

the measure xe{.} = ¢(0) identifiable if the mapping ¢ is.

In the second e.g. if A is a space of functions of the complex
variable z, we call the function Ag(z) : = ¢(0) identifiable
if ¢ is.

Thus we may speak of informative sample sizes for the spectral
gr or for the functions A(z), B(z), B(z)/A(z) etc.

Clearly a sample is informative for A(z) iff it is informative

measure F

for (al Jooo ap).

2.2 THE MINIMUM INFORMATIVE SAMPLE SIZE FOR MA(g) PROCESSES

Before we deal with the general case, we consider a simple

example .

EXAMPLE 2.2.1 Consider the MA(l) process

X T gt + a L4y v t=0,+1, ... Let Yg s s =0, +1,...

denote the covariance function of {Et}. A simple approach to
finding second-order informative sample sizes is solving the

covariance equations
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2
Yo = 02 (1 + |u|2) and Y, =0¢ .
Even in this simple case one can feel the need of a general
powerful approach; as is easily verified, the equations are in
general not uniquely solvable for o and 02, and it is hard to

see what are reasonable conditions.

Suppose we are sampling from the MA(qg) process

q
X = I bpeg, g ¢ t=0,4+1, ... (b _=1) .
k=0
We have
. MA
THEOREM 2.2.2 If in the Ma(g) case 6 =S x Z then the

sample size g+l is second-order informative for (B(z) , 02).

PROOF, Since.the covariance function Yg vanishes for

|s| > gq+1, for all 0, + 0, € 8 we have the implication
(g+1) (g+1)
(2.2.1) F, #Fy = Ry # Ry
1 2 1 2

This implies that it is sufficient to prove the whole process
to be second-order informative for (B(z) ., 02), or equivalently
to prove the spectral density fO(A) to have a unique decom-

position

. 2
1)\)1

f@()\) =g_’ﬂ l B(e v AE (=1 , 7.

Suppose there exist B(z) and 52 such that

3
N

. 2
l>\)|

|Q

fO(A) = ! B(e I} A€ (=m , 7]

N

m

Since B(z) and ﬁ(z) have no zeros inside the unit circle,

by lemma 2.1.1 we have
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la

o B(z) = g B(z) e, z€C
for a real o. As B(0) = B(0) = 1 , it follows that o = 0,
o = ¢ and so B(z) = é(z), z € €. This proves the sample size

g+l to be second-order informative for (B(z), o2 ). O

If 02 is completely unknown, i.e. if cz(Z) = (0,=) we
can prove that the sample size g is not second-order informa-
tive for (B(z), 02), and therefore that g+l is the minimum
second-order informative sample size. We shall not do this but
we shall prove a much stronger result on nowhere local identi-
fiability. Here "local" is with respect to the Euclidean topo-
logy on ¢q+l restricted to SgA x (0,»). We need the following

lemma.

LEMMA 2.2.3 Let D : = {(b, ... bq) | B(z) # 0, |z| <1}

Then D is a dense subset of SgA.

PROOF. See DEISTLER DUNSMUIR and HANNAN [ 8], Lemma 1.[]

THEOREM 2.2.4 If in the MA(g) case 6 = SgA

completely unknown, then the sample size g is nowhere locally

x Z and 02 is

second-order informative for (B (z), 02).

PROOF, By lemma 2.2.3 and lemma 1.9.2 it follows that it suf-

fices to prove the theorem for 6 = D x Z. Let (B (z), 02) be

arbitrary such that B(z) # 0, |z| < 1. Then the theorem is

proved if we can find a sequence (B(n)(z), oi) converding to
(B(2), 02) (convergence of coefficients) such that B(n)(z) # 0

on |z| < 1 for all n, and such that (B(n)(z), ci) is not

identical with (B(z), 02) but generates the same covariances

vyg for s =0, + 1, ... *+ (g-1).

Introduce the covariance generating function
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G(z) +: = = Y z S , 2z # 0. Using the convention bk =0

s
s=-q

for k < 0 and k > g we can write

_ 2 I = . . H
Yg = O ki_w bk bk+s , s o, +1,. ence
G(z) = 2 g ; b, b 275 = 42 ; b ; b z_s_kzk =
=0 - - k “k+s ’ = k = k+s
s=-q k=-» k== s=-o

o’B(z) By , z#0 .
VA

Note, that G(e_lA) = 02] B(e_l>‘)|2 >0, X € (-7, w], since
B(z) has no zero on |z| = 1. Thus we may define & > 0 by
§ : = min Gle )
AE (~m,m]

1
Let n > 3 and put

(n) — 1 a,1l _-q

G'i(z) = G(z) +qmz- 52 z #0

Then G(n)(e—lx) is also real valued and for all A € (-m, =] .

We have

(n), =ix, _ -ix 1 1
G (e ) = G(e ) + 5n €Os a x> 5 S
Furthermore,
Y |s|] = 0,1,...,g-1
1 T isr _(n),_-ix - 1 =
(2.2.2) == _WJ e G (e THax =4 v+ 7o |s] = g
0 |s| = g+1,q+2,...

Hence by lemma 2.1.3 G(n)(e-lx) can be decomposed into
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qi | B(n)(e

of degree < g without zeros in |z| < 1. Since ¢ is completely

—ix)|2 X € (-7, 7] where B(n)(z) is a polynomial

7

unknown, oi may be chosen to obtain B(n)(O) = 1. We may even

express an(n)(z) explicitly in G(n)(z) as

™ .
ix .
(2.2.3) o 8™ (2) = exp |t J e¥2 109 ¢ (e har|,z € ¢
. -7 e -2z

(see HANNAN [ 20] p. 142 theorem 5). From (2.2.2) and (2.2.3)

it follows that we must have

lim o 3™ (2) = ¢ B(2) , z €T .
n->o n

Taking z = 0 it follows that o, >0 s> and so

B(n)(z) > B(z) , n-»>» , 2z € @. Thus we found a sequence
(B(n)(z) , oi) converging to (B(z) , 02) with the desired
properties.

This proves the theorem , [

REMARK 1,Note that the minimum informative sample size equals
the number of unknown parameters of the model.

REMARK 2, For q > 1 , bq is allowed to be zero.

2.3 INFORMATIVE SAMPLES FROM AR(p) PROCESSES

Suppose we are sampling from the weakly stationary process

{x,} satisfying

P

(2.3.1) ' io a Xy =& + t£=0,%1, ... ,38,=1

We have
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 THEOREM 2.3.1  If in the AR(p) case 8 = S°X x 7 then the

sample size p+l is second order-informative for (A(z), 02),

PROOF. Since A(z) # 0 , |z| < 1 lemma 2.1.2 is applicable
with g = 0 and yields

a Ygo = O § ’ s =0, 1, 2, ...

Using Yig T Ygr the first p + 1 of these equations can be writ-
ten in matrix notation as follows

(2.3.2) (ay -o. ay, o) W+ (g eve 7y) =0

where W is the (p + 1) x (p + 1) matrix given by

Yy Yo ©re Yp-1 Yy
Y2 Y1 ot Yp-2 Y2
(2.3.3) w=|: ¢ : = : (P .
Yo Yp=1 *** Yo o
| -1 0 vee O i _ -1 0 ... 0 ]

Suppose the sample size p + 1 is not second-order informative

for (A(z) , 02). Then there exist pairs (A(l)(z), ci) #
(A(Z)(z), og) that generate the same Vg for s =0, + 1, ... + p.
But then it follows from (2.3.2) that W must be singular and

by (2.3.3) this is equivalent to singularity of R(p). Hence

there exist numbers Cq oo cp—l’ not all zero, such that

p-1
(2.3.4) kio Cp X = 0 (a.s.) t=0,+1, ...
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Since the process {§t} has the spectral density

1
—_— A€ (=7 m] ’
I Ale lA)IZ ' '

Nja
AN

the relation (2.3.4) implies

EE — p;l c, e ikA ’ =0
2‘Ir4| B( -1A)|2 =0 k
a.e. w.r.t. Lebesque measure. As A(z) # 0 on |z| =1, it
p-1 s
follows that I Cy © ikx 0 and so Cp = 0, k=0,1, ..., p-1.

k=0
Thus we have a contradiction and the theorem is proved. [

REMARK. It is not necessary that 02 is completely unknown (com-
pare th. 2.2.1) gince we dit not prove the sample size p + 1
to be minimal. It is not éasily seen how we could prove the
minimality due to the fact that lemma 2.1.3 hasnO analogue

applicable to spectra of autoregressive processes.

2.4 INFORMATIVE SAMPLES FROM ARMA(p,q) PROCESSES

In spite of the remarkable difference in the proofs in
the MA(q) und AR(p) case, combining the methods points the way
to treating the ARMA(p,g) case. However, since the spectral
density (2.1.2) (and so the covariance function) depends only
on the ratio B(z) / A(z), we cannot expect any sample size to
be second-order informative for (A(z) , B(z) , 02) if a(z)
and B(z) are allowed to have common factors. Thus A(z) and
B(z) must have no zeros in common, or,equivalently ,

(a(z) , B(z))# (0,0) , z €€ . Let
Sé?ﬁA : = { (al...ap,bl...bq)|A(z)#0,[z|il, B(z)#0 |z|<1 ,

(ap'bq)ié(O'O) and (A(Z)IB(Z))#(OIO) ¥ 2z }
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clearly
SARMA c SAR % SMA
p/q p g

Notice that the condition (ap ’ bq) # (0 , 0) is automatically
satisfied if p = 0 or g = 0 since a, = b, = 1.
Before we can establish a result on the ARMA(p,g) case we

‘need the following lemma.
LEMMA 2.4.1 Let the function ¢ (z) be analytic on |z| < p for

some p > 1, and ¢(2) # 0, |z|< 1.

™
(2.4.1) J elsA‘]w(e—iA)IZ dr =0 , |s| = aq , g+l,...
™

then ¢(2z) is a polynomial whose degree is at most g-1.

PROOF. From relation (2.4.1) it follows that | o(e %) |?
can be written in the form
g-1 .
b Gy elkA ’ X € (=n , ml
k=-g+1
with o, = E_k , k=0,1,...9-1. Hence by lemma (2.1.3) there

exists a polynomial P(z) of degree at most g-1 such that

2

. . 2
TH = e, ae (=,

| ole
and P(z) # 0, |z| < 1.
But then by lemma 2.1.1 we have o(z) = e ® P(z) , |z| < p for

some real o and so ¢(z) is a polynomial of degree < g-1. [

THEOREM 2.4.2 If in the ARMA(p,qg) case 6 = S x Z then

P./q
the sample size p + g + 1 is second-order informative for

(A(z) , B(z) , o).
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PROOF. The proof consists of three steps; in the first step we
prove the sample size p + g + 1 to be second-order informative
for Aa(z). In the second step we prove it to be second-order
informative for (B(z) , 02) conditional on A(z) (see def.
1.2.1 and lemma 1.2.2). In the third step we apply the condi-
tionalvidentification theorem (th. 1.2.3) to obtain the result.
For q = 0 theorem 2.3.1 applies. Thus suppose q > 1.

1) since A(z) # 0, |z| < 1 it follows from lemma 2.1.2 that

P
(2.4.3) T A Yoo = o, s =g+l , g+2 , ...

Since ag = 1, the first p of these equations can be put into
matrixform '

(2.4.4) (a, .. ap) R

,l q + (Yq+1 °

where the p x p matrix ﬁq is given by

Yq Yg+1 e Yq+p-1
Yq-l Yq o Yq+p—2
R = .
q o ° o
Yg-p+1 Yg-p+2 Yq

Suppose the sample size p + g + 1 is not second-order informa-
tive for A(z). Then there exist a(1)(z) and a(?)(2) % A(l)(é)
that correspond to the same Y for s =0, + 1, ... + (ptq).
Frqm (2.4.4) it then follows that ﬁq must be singular. (Note
that ﬁq is not a principal minor of a covariance matrix if

g > 1 so that the method of proof of theorem 2.3.1 fails.)

We shall derive a contradiction.

Let Cy +++ C be numbers, not all zero such that

p-1
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p-1
(2.4.5) kio Ck Ys_k =0 , s=q , g+l ,... gtp-1 .

From (2.4.3) we have

: p
(2.4.6) Yg = < b a Yo ! s =g+l , g+2 ;... 1
k=1
and in particular
p
(2.4.7) Yq+p-s = - kil ay Yq+p—s-k y, s=0,1, ..., p-1.

Multiplying by Cq summing over s and using (2.4.5) yields

(2.4.8) _E__ (o] io Cs Yq+p—s—k = 0.

Thus the range of validity of (2.4.5) is extended to the value
s = g+p. However the same procedure can be repeated an arbi-
trary number of times, which proves the validity of (2.4.5)

for all s > qg.
Let zt : = I ¢, X , t=0, +1, ...

Without loss of generality we may suppose o # 0. (If

Co = eos = cj_l =0, cj # 0 then we can take
p-j-1 _ .
Y = kio Cp Xy _y Where ¢, = k43 ).
. p-l k
Introducing the generating function C(z) : = kio Cp 2 the

spectral density of the process {Xt} can be written

2

N

C(e_ix) B(e—ix)

a(e Y '

(2.4.9) g(r) =

%; A€ (-1 , 7] ,
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Furthermore, since (2.4.5) holds for all s >

- p-l
(2.4.10) E {Xt+s Et—'} = I c

=0 ,S+j_>_<I.
J k=0

k Ys+ij-k

Multiplying with Ej’ summing over j, and using (2.4.10) gives

_ p-1 _ -
(2.4.11) E (¥, Lp + = Lo o B ¥pyg Xyt =
p-1 _ p-1
=P % T o g =04 S2d.
j=0‘jk=0ks+]k

Using (2.4.9), we see that this is equivalent to

2
Ll aa=o, Is| > gq.

N

c(e”) B~

A(e—il)

T
(2.4.12) = J etsA
-m

By lemma 2.1.1, C(z) can be chosen such that C(z)#0, |z|< 1.
Hence, lemma 2.4.1 is applicable if g > 1 because C(z) B(z)/
A(z) 4is analytic on |z| < p for some p > 1 since A(z) # 0,
|z| < 1. It follows that C(z) B(z) / A(z) is a polynomial
of degree at most g-1. But then it follows that we must have
ap = bq = 0 since A(z) and B(z) have no common factors.

Thus we have a contradiction proving the sample size p + g + 1
to be second-order informative for A(z).

2) We now fix A(z) and put

(2.4.13) z, = 1
k=0 3

b
0

j Egmg, =0 21, ..

p q
I
Then {2z, } is a MA(q) process with unknown coefficients (b, ... bq)

and 02, and according to theorem 2.2.2 a sample of size g+l of

this process is second-order informative for (B(z) , 02).
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Using (2.4.13) it follows that a sample of size p + g + 1 of
the process {x .} is second-order informative for (B(z) , ?)

conditional on A(z) (see also lemma 1.2.2).

3) Application of theorem 1.2.3 to 1) and 2) gives the desired
result.[]

REMARK 1.It follows from the proof that if A (z) and B(z) have
no factor in common and (ap ’ bq) # (0, 0), then the matrix
R ap) by (2.4.4)
explicitly in the first p + g + 1 covariances. This may be

Rq is nonsingular. Hence we may express (a

important to initiate estimation procedures (see HANNAN [ 19]).
In the next section we shall see that as far as identification

is concerned, the condition (ap ' bq) # (0, 0) can be dropped.

REMARK 2.The proof given here is of special interest because
HANNAN proved in [ 19] for the m-variate case a matrix like ﬁq
to be nonsingular. However in chapter III we shall show that
HANNAN'S proof is not correct and even that the result is false
in general, if m > 1.

2.5 INFORMATIVE SAMPLES FOR THE SPECTRAL MEASURE;
PREDICTABILITY

Let X, , X5, s..., X be a sample from a weakly stationary
process {x,} with spectral measure F, , 6 € & . Two fundamental
problems are »

1) finding second-order informative sample sizes for Fe
2) second-order predictability of the future, or equivalently
finding second-order predictive sample sizes.

The following lemma shows that these problems are equivalent.

LEMMA 2.5.1 The sample size n is second-order predictive iff

it is second-order informative for the spectral measure.
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PROOF, Let the sample size n be second-order predictive, and

let ®,,0, € 8 such that F # F, . Since the spectral

1772 Ol 02
measure is uniquely determined by the covariances of the process
(M), o (N)

{x,} there exist an integer N such that R
=t Ol @2

(n)

N # Rén) and if N > n we have

1 2

If N < n it follows that R

(n)

Ro

# Rén) since n was predictive. Thus the sample size n is
1 U2
second-order informative for Fe.

Let the sample size n be second-order informative for Fe .
Then for all el ’ 02 € 8 and all N we have the implications

()

Rg

C] C]

(N) (n) (n)
#RWN) o Fp  2p =R # R ,
1 9 o) 7 "9, 1 2

which proves the sample size n to be predictive. [

Let {Et} be an ARMA(p,q) process. Then it follows from
(2.1.2) and lemma 2.1.1 that the sample size n is second-order
informative for the spectral measure iff it is informative for

o B(z)/A(z) , provided 6 C SQR x SEA X Z.

In particular , if the sample size n is second-order informa-
tive for (A(z), B(z), 02), it is second-order informative
for the spectral measure thus we may hope that relatively weak
conditions on (A(z), B(z), 02) can lead to predictability

of the future. We have the following result.

THEOREM 2.5.2 If in the ARMA(p,q) case 8 = S?R x ¢ x z

then the sample size p + g + 1 is second-order informative for

the spectral measure, or, equivalently, second-order predic-

tive.

PROOF. Assume the sample size p + g + 1 is not second-order
informative for the spectral measure. Then there exist
0, 6 € 8 with Fj # Fy such that
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(2.5.1) (Yo 7 Yq =ev Y ) = (g 1 oyy e Yp+q) ’
where Yg and ?s denote the covariance functions corresponding

to FO and Fé respectively.

: p ~ p
Let A(z) = I a zk correspond to © and A(z) = I a, z
k=0 X k=0 K

to 8. Since both A(z) and A(z) have no zeros on lz| <1 it
follows from lemma 2.1.2 that

p
z A Yo =0 . s = g+l, q+2, cee
k=0 k "s-k
2.5.2)
| 5 oA g 0 1 2
ZaY_‘——- ’ s = g+l, g+2, ...
k=0 k "s-k
By (2.5.1) it follows
p .
(2.5.3) I 3 Yok = o . s = g+l, g+2, ... , g+p,

We shall prove (2.5.3) to be valid for s = g + p + 1 and so by
induction for all s > g + p + 1.

Since a_ = a_ = 1 we have
nce ag o v

Yg T 7 jgl aj Ys—j , s = g+l, g+2, ...
Hence
§ a, vy = - g a g a. vy .
k=0 k 'p+g+l-k =0 k j=1 j 'ptg+l-k-j
p p
= - jil aj kio ak Yp+q+l-j-k =0

where the last eguality follows from (2.5.3).
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Thus
1% p -

8 Yp+grl-k = ~ . %k VYp+grl-k ~ Tp+q+l !

Y ==
ptg+l k=1

z
k=1
and by induction it follows that we must have Yg = ?s for all s.
But then it follows that the spectral measures Fy and Fy must
be identical which contradicts our assumption, and proves the

theorem. [

Theorem 2.5.2 enables us to prove a slight generalization of

theorem 2.4.2. Let §212A be obtained from giRMA
1

’
the condition (ap ’ bq) # (0,0). Then we have

by deleting

THEOREM 2.5.3 If in the ARMA(p,g) case 6 = §g gﬂ x Z then
14

the sample size p + g + 1 is second-order informative for
2
(A(Z) s B(z) s O ).

PROOF. By theorem 2.5.2 the sample size p + g + 1 is second-or-
der informative for the spectral density which is known to be
of the form

\S]

£(1) = %; w(e_ik) ’ X € (-1 , w] .

Here ¢(z) is rational, nonzero in |z| < 1, and analytic on

|z] < p for some p > 1. Furthermore ¢(0) = 1. Thus by lemma
2.1.1 f()) determines (¢(2z), 02) uniquely. But then 2A(z)

and B(z) are uniquely determined by £()) since they are known
to have no common factor and A(0) = B(0) = 1. This proves

the theorem. [

REMARK. The generalization is possible since we do not need

the condition (ap ’ bq) # (0,0) for the numerator and denomina-
tor of the rational function A(z) / B(z) to have no common
factor. We shall see that in the multivariate case such a gene-
ralization is not possible.
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2.6 APPLICATION TO LINEAR REGRESSION WITH MA—-ERRORS AND

STATIONARY LAGGED EXPLANATORY VARIABLES

The methods used in the preceding sections admit appli-
cations in several kinds of problems.

We give two examples.

a) Linear regression with MA-errors

We consider the regression model
= g + 5 =0 1 b =1
zt =B Xt kio bk _E:_t_k ’ t = ’ i }) eoa o =

02 > 0,

]

where {g,} is white noise with E{g, } = 0 and E{]gt|2}

B € nzk is a vector of (unknown) regression coefficients and
Xy € IRk t=0,+1, ... is a sequence of predetermined
regressors. Since the model is essentially that of example
1.2.10, we may. treat the identification of B in the same way
we did there. Therefore suppose a sample of {Xt} taken at

t=1, 2, ..., n is first-order informative for g. Putting

q

B(z) = I bk zk it follows from theorem 2.2.2 that if
k=0

n > g+l and B(z) # 0, |z| < 1 then the sample is second-

order informative for (B(z), 02) conditional on B.

Hence by (the conditional indentification) theorem 1.2.3 it
follows that we may treat the identification of B and (B(z), 02)
separately, the latter by considering Yy - B'xt, t=1, ..., n

as observable.

b) Linear regression with stationary lagged explanatory
variables and MA-errors

Consider the model

b

q
z
=0

(2.6.1) Yy = o ; i Et—j r £t =0, +1,...
bo =1,

where {gt} is a weakly stationary (observable) process with
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E {§t} = 0 and known absolutely continuous spectral measure
with density f,; {g,} is white noise with E{g. } = 0 and

E {|£t|2} = o2 > 0. (It is not essential that f_known, because
we can treat its identifiability separately). The process {gt}
and {gt} are supposed to be mutually orthogonal.

Let £ € Z characterize the distribution of {g,} and put

6 : = (agr ay ... ag i b, ... bq » £). Since both {y,} and {x.}
are observable, we have, in fact, bivariate observations, and
'sample size' shall be interpreted as the number of points in
time that the bivariate process (zt ' gt) is observed. However,
the model (2.6.1) is essentially univariate and admits a treat-
ment analogous to that of the univariate models in the prece-
ding sections. Therefore the problem is treated at this stage.
As usual, let the generating functions of the a's and b's be

denoted by A(z) and B(z) respectively.

b
Notice that = can be considered as the linear regres-

a, X,_
koo Ok Ttk
ston function of. y,  on (§t ¢ Rpqr e Et—p)' Therefore we may
hope that we do not need any restriction on A(z).
THEOREM 2.6.1  If in the model (2.6.1) 8 = Pl sgp‘ x 7

then the sample size p + g + 1 is second-order informative
for (A(z), B(z), o).

PROOF, Compare the proof of theorem 2.4.2 for the ARMA(p,q)
case. First we prove the sample size p + 1 to be second-order
informative for A (z). Let

s 2= E A §t+s X }

=<
|

Y P T E U ¥y X

Because {x,} and {g,} are mutually orthogonal processes it

follows from (2.6.1) that
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P
Y. = I a, Y__ ’ T
k=0 k 's-k

Put the first p+l of these equations into matrix form

o o
"1 &
(2.6.2) .| =R ;
. x .
) L .
Yp J p
where Rip+l) denotes the covariance matrix of (éo oo ép)'

Suppose the sample size p+l is not second-order informative
for A(z). Then (2.6.2) implies that Rép+l)
and so there exist numbers cO ,...,kcp not all zero such that

) C] X = 0 as.S.
k—O

must be singular,

Since {ﬁt} is weakly stationary this implies

kgo Cp X = 0 a.s , t=0, +1, ...
Thus {§t} satisfies a homogeneous difference equation and so

it must have a spectral measure that is concentrated in a

finite set. (appendix corollary A.l1.3). This contradicts the
absolute continuity and proves the sample size p+l1 to be second-
order informative for A (z).

In the same way as in the proof of theorem 2.4.2 we can now
prove the sample size p + g + 1 to be second-order informative
for (B (z), 02) conditional on A (z) and application of the
conditional identification theorem (theorem 1.2.3) completes

the proof. O

REMARK, (2.6.2) are the normal equations of the regression
problem (2.6.1).
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CHAPTER III
INFORMATIVE SAMPLE SIZES IN MULTIVARIATE STATIONARY MODELS

3.1 INTRODUCTION

In this chapter we treat multivariate analogues of the
problems of informative sample sizes of Chapter II. As in the
univariate case all stochastic processes are supposed to be
defined for t = 0, + 1, ... and are allowed to have complex
valued components. Thus we are interested now in m-variate
weakly stationary observable processes'{gt} that satisfy a

linear stochastic difference equation of the form

(3.1.1)

o
x
I

I ~.Q

where {gt} is a (non-observable) m-variate white noise process

(i.e. = E {gt Eg } 2 = Gt—s Xe' t=0, +1, ..., .2 0) with

E {Et} =0, ¥ £

g are supposed to be known and we shall use the same terminology

As in the univariate case the integers p and

for the cases p=0, g=0 and pg > 1, respectively. The m x m

matrices Al”"’Ap ’ Bl”"’B ' ZE are supposed to be unknown

g9
and are allowed to have complex components. If § € Z is a
parameter that characterizes the distribution of the process

{Et} , then we write = ze(g) and we put

0 = (Al R A2 ;) eeay Ap R Bl Joeoy Bq ;, £). Define the matrix
generating functions
p k q 3
A(z) : = I Ak zZ ' B(z) = £ B. z , Z E€C
k=0 j=0

Matrix valued functions of this type are called matrix
polynomials. If Ap # 0, then p is the degree of A(z) (similarly
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for p(z)).

Let C(m) denote the set of all complex m x m matrices, and

¢™(m) its n-fold cartesian product. Then we can write

(Al Peses Ap) € ¢®(m) and in order to ensure the existence of

a unique weakly stationary solution of (3.1.1), we must restrict

the rahge of (Al yeees AP) to Sp(m) c Gp(m) where

Sp(m) s = {(Al yeoey AP) | det A(z) # 0, [z] =1} .
So 8 should be chosen such that

8 C S, (m) x c9(m) x z

In this case the process {§t} has a spectral density matrix
fO given by

-1 —iny ,=1%, —i)

(3.1.2) fe(ef“)=—2-11;A (e““)B(e"“)zEB*(e )a~ e,

A€ (=m,m]

(see appendix). Here it will become clear why the multivariate
case is essentially more difficult than the univariate case;
in the latter case we could give conditions in terms of zeros
of polynomials; however, one cannot expect to find conditions
purely in terms of zeros of determinants of matrixpolynomials
since the spectra depend explicitly on the matrix polynomials
themselves. It turns out that the zeros of determinants only
partly take over the role of zeros of polynomials in the
univariate case.

Another source of possible trouble is the fact that for
some matrixpolynomial Q(z), det Q(z) may vanish identically,
while Q(z) does not. As a consequence, an m-variate weakly
stationary process satisfying a homogeneous difference equation
does not necessarily have a singular spectral measure (see
theorem A.2.1 appendix).

In the univariate case the singularity was used in the proof
of theorem 2.6.1.
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Finally, we want to mention an intuitive argument for the
separate treatment of univariate and multivariate models. In
the univariate case we proved a sample to be informative when
its dimensionality (i.e. the number of observed random varia-
bles) equals the number of unknown parameters (e.g. theorem
2.2.1 remark 1). However, in the multivariate case this num-
ber increases rapidly with m, and, as we shall see, the num-
ber of observed random variables may be smaller then the num-
ber of unknown parameters and still be informative for those

parameters.

3.2 THE FUNDAMENTAL LEMMA AND SOME SPECIAL MATRIX THEORY

The role of absolute values of polynomials in the uni-
variate case is in the multivariate case taken over by hermi-
tian positive semi~definite quatratic forms. Further the zeros
of determinants, are important, and therefore we have to make
sure that determinants do not vanish identically. Necessary
and sufficient for this to be so is that the matrixpolynomial
is nonsingular for at least one point z € €. In order to
obtain a generalization of lemma 2.1.1 we consider m x m ma-
trices. Their elements are functions that are analytic on

|z| < p for some p > 1. We have

LEMMA 3.2.1 Let the m x m matrix P(z) be analytic on |z| < o
for p > 1, and let P(0) be nonsingular.

If 1 is an arbitrary hermitian positive definite m x m matrix,
then there exists a matrix function Q(z), analytic on ]z{ < pg

and satisfying

a) detq(z) # 0 , |z| < 1,

—-iA A

b) ate™) poxe™y = pey rexe™) ,ae (=n, m

Furthermore, Q(z) is uniquely determined except for a right-~
multiplicative constant m x m matrix H with HEZH* = Z.

In the special case that P(z) is a polynomial of degree p,
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the matrix Q(z) is also a polynomial of degree p.

PROOF. Since & can be decomposed into TT# and the (non singu-
lar) matrix T can be absorbed into P(z) (leaving the degree
invariant), it is no restriction to take I = Im’ the m x m

unit matrix.

Existence. If det P(z) # 0, |z| < 1 we can take Q(z) = P(z).
Thus suppose det P(z ) = 0 for some z, € € with 0 < lzol < 1,
and let ¢; ..., ¢, be an orthonormal basis for ker P(zo).

The matrix with columns Cp reeer Cp is denoted by C.

Let d1 yeoos dm—k be an orthonormal basis for [ker P(zo)]l,

the orthogonal complement of ker P(zo) and denote the matrix
with columns d1 P dm_k by D. Put U=[C ; D] ; then we
have

(3.2.1) Ut U =0UU* = I

m

Since Po(z ) C =0 we can write

P(z) C

(z - zo) Pl(z) , z€C,

where 21(2) is a m x k matrix function. Hence

P(z) U

[(z - z) Pl(z) ; P(z) D] , z €C,

Post multiplying by U#* and using (3.2.1) yields

P(z) = [ (z - z.) Pl(Z) ; P(z) D] U* , z € C .
Put
Qo(z) : =[(z zg - 1) Pl(z) ; P(z) Dlux ,z € C.
Then we have
det Q_(z) = (z 20»1)k det [P, (2z) : P(z) D] det U# =

z Eo—l k
;:;2;— det P(z) vz Fzg .
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Thus, ignoring multiplicities, det Qo(z) has at least one zero
léss than det P(z) in |z| < 1.

Furthermore

. . ) 2
=IA e miA =i it LS DY -ix s (LA
Qo(e >)Qg(e )=|e Zg 1] P, (e )Pl(e )+P (e )DD*P* (e )

. 2 . .
-i) - — -1 o (o
=le™-z | B (7R (e™ M) 4p (e ) DDRRE (e 1)

ol

o
P(e ) px(e™ ) , ANE (=1, o1l

so that Qo(z) satisfies condition b). The procedure can be
repeated for every zero of det P(z) that lies inside the unit
circle and since there are only a finite number of them we can
find in finitely many steps an analytic matrix Q(z) satisfying
a) and b). It follows from the construction that if P(z) is

a matrix polynomial of degree p, then Q(z) is also a matrix

polynomial of degree p.

Uniqueness Let Q(z) be a matrix function, analytic on |z| < p
satisfying a) and b). Then we have to prove Q(z) = Q(z) H
for some unitary (constant) matrix H. Let z, be a zero of

det P(z) with |zol = 1 (if any). Then also det Q(z) and

det Q(z) have that zero and b) implies

ker Q“(zo) = ker Q“(zo) .
Thus we can write as before

Q% (z) = [{(z - z)) Q;(2)}* ;i Q%(z) DJux , z€C
and

Q% (2z) =[{(z - 2) Q,(2)}* ; qQ#(z) DJU* , ZE€EC

where Ql(z) and Qﬁz) are now k x m matrix-functions. Put
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i i Qi (2)
q(z) =
| Db é(Z)J
and
[0, (2)
d(z) =
| D* Q(Z)_
Then we have Q(z) = W(z)q(z)
where

(z - zo) Ik

Thus for all z we have

d(z) = lim W S (n)Q(z)

n-+2
Hence
~ o =i) |

™) gr(e™) = 1im
=ix

n+e

= lim
E+e_iA

Thus we have ker é*(zo)
the zero z_ of det q(z)

the multiplicity of z_ as a zero of det Q(2)

therefore it is no restriction to assume é(z) and Q(z) non

singular on |z| = 1.

(or

y, 2 €EC

;2 €C

and Q(z) =

, a(z) = lim W 1 (£)Q(z).

E>2

-1 . - . - -
Woh(n) Qe pr e ) () )

W) o™y gue™ ) wl(e) e

q(e™) gt ey

det g(z)) is k units less than
(or det @(2z)).

In this way we can remove all zeros from the unitcircle and

W(z)g(z)

, 2 €EC

A€ (=7, m]

]

ker q*(zo) and the multiplicity of
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Consider

v(z) : = Q—l(Z) Q(z) .

Using b) we have

-1 -] - -iA -1 Xa, =i -1, , =iX
vie ™) vie™) = g7t e™) ae™) oxe™h o™ =
-1, - S VDN BRI B
= o tEe™ oe™ ere™ ) Qe ) =1y
or, equivalently, V(z) is unitary on |z| = 1. Furthermore V(z)
is analytic on |z| < p, for some o_ > 1 and nonsingular there.
Therefore both V(z) and v 1(z) can be expanded into a power-
series
Viz) = 1 M 2* , vl = 1 N 2, lz| <o
k=0 k=0
Since both series converge on the unit circle and V(e-lk) is
unitary we have
vie M= N, A Loy = M]’: e KAy (—r,n].
k=0 k=0

As in the univariate case we obtain

S
N, = M5
N, =M =0, k > 1

by simply equating coefficients. It follows that vVv(z) = N, or

equivalently Q(z) = q(z) No with No unitary. This proves the

lemma. [J

REMARK 1. It should be noted that if p(0) is prescribed
(e.qg. Im), then Q(z) is uniquely determined.
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REMARK 2. If P(0) = Q(0) = Im’ if follows from the construc-

_ tion given in the proof, that although det P(z) and det Q(z)

have different zeros, they have the same nullspaces. Furthermore,
if P(z) is a polynomial of degree p, the coefficients

Q1 e

Qp of Q(z) depend continuously on the coefficients
P, ... P_ of P(z).
p

1

In the following section we shall use this lemma to solve the
problem -of minimum informative sample size for the m-variate
MA process. Furthermore it is the basis for finding informative

sample sizes for a range of models with MA errors.

REMARK. In m-variate models "sample size" must be interpreted
as the number of points in time the observable m-variate pro-
cess is observed; when the sample size is k, then mk random

variables are observed.

We conclude this section with some special matrix theory.
Let P(z), H(z) and Q(z) be matrix polynomials. If P(z) =
H(z) Q(z) =z € @, then H(z) is called a left factor (-divisor)
of P(z) and P(z) is called a right multiple of H(z) (similar
for right factors and left multiples). Two polynomials P(z)
and P(z) have a common left factor if they can be written
P(z) = H(z) Q(z) and P(z) = H(z) O(z). The matrix polynomial
H(z) is called a greatest common left divisor (g.c.l.d.) for
P(z) and Q(z) if any other common left factor has H(z) as a
right multiple. If Ho(z) is another g.c.l.d. then we have
Ho(z) = H(z) U(z) where U(z) is unimodular (Mc DUFFEE [ 10] p.35)
A matrix polynomial U(z) is called unimodular if it has constant

determinant. A simple example is

1 Z

U(z) = .
0 2

The following lemma will be useful .

LEMMA 3.2.2 Let v, w € c™ be orthogonal (v# w = 0). Then
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det (I_ + w v* z2)
m

1
—
N
m
a

PROOF. Using v# w = 0 we have

+ & - % = -w & +
(Im w Vv z)(Im w V¥ z) Im v oz Im

Hence (Im + w v# z)_1 = (Im - w v* z), and so

(3.2.2) det (Im + w v® z) = {det (Im - w V¥ z)}_l, z €C .

Since both the determinants of Im + w v* z and Im - w v® z

are either constant or a polynomial in z, (3.2.2) implies that
they must be constant. Taking z = 0 it follows that they must
be equal to 1. ‘D

From (3.1.2) it can be seen that in the ARMA (p,q) case
we can not expect to find second-order informative sample sizes
if the matrix polynomials A(z) and B(z) have a common left
factor. Therefore the factorization of matrix polynomials
deserves some attention. However, it will be clear now that
matrixpolynomials don't factorize as simply as scalar polyno-
mials do; e.g. det A(zo) = det B(zo) = 0 for some zg € € does
not imply that A(z) and B(z) have a (non trivial) common fac-
tor. As the following two lemmas show, the corresponding null-

spaces of A*(zo) and B*(zo) play a role.

LEMMA 3.2.3 Let P, Q € € (m). Then kerP* N ker Q% = {0} iff
r[P; Q =m

PROOF, Wwe have
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r[P;Q =m<> c* [P ; Q] #0, ced®, c#0 =
> ctP#0vctQ#O , ced, c#0 <=
= P* c# 0 v Qtc#0 , c € Qm, c# 0 =
<= ker P* N ker Q% = {0} - 0O

LEMMA 3.2.4 Two arbitrary m x m matrix polynomials A(z) and
B(z) have a non-unimodular common left factor iff

; €
r [A(ZO) H B(zo)] < m for some z, € C.

PROOF. (Only if) Let H(z) be a non-unimodular common left fac-
tor. Then det H(z) is a polynomial and so there exist a zg €EC
with det H(zo) = 0.

Hence there exist a v € ¢m such that v# H(zo) = 0 and &O

E ° = i i i M ) (
v [A(zo) : B(zo)] 0. This implies that r [A(zo) ; B(zo,] < m.
(If) let r [A(z ) ; B(z )] < m. Then by lemma 3.2.3 follows

that the null spaces of A*(zo) and B*(zo) have non-null inter-
section. Let C be an m x c matrix the columns of which are an
orthonormal basis for ker A*(zo) N ker B*(zo), and let D be

an m x (m-c) matrix with columns an orthonormal basis for

(ker A*(zo) N ker B*(zo))l.

Using the same partitioning as in the proof of the uniqueness

part of lemma 3.2.1 we can write

(z - zo) A, (z) (z - zo) B, (z)
U* A(z) = , U% B(z) = ,z2 € C
D%A(z) D*B(z)
where U : = [C ; D] , UU* = U* U = Im .

Hence
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(z - zo) Ic: 0 Al(Z)
A(z) = U ...........E...... , 2 €EC
0 S Im_c D* A(z)
and
(z - zo) IcZ 0 Bl(z)
B(é) =0 ...........E...... , 2 €EC
0 M S D B(z)J

which proves the lemma . [

COROLLARY, The m x m matrix polynomials A(z) and B(z) have In
as a g.c.l.d. iff r [A(z) ; B(z)] = m, for all =z € C.

Let D(z) be a rational m x m matrix function (i.e. a matrix
with rational functions as elements). Then D(z) can be written as
A_l(z) B(z) where A(z) and B(z) are m x m matrix polynomials.

We shall say that D(z) is decomposed into a right numerator
B(z) and a left denominator A(z). Clearly there also exists

a decomposition P(z) Q—l(z) where P(z) is called a left nume-
rator and Q(z) a right denominator, but we shall not consider
such decompositions. The following lemma gives conditions under
which the decomposition of a rational matrix function into a

right numerator and a left denominator is unique.

LEMMA 3.2.5 Let the rational m x m matrix function D(z) decom-

p
pose into the left denominator A(z) = I Ak zk and the right
k=0
e k
numerator B(z) = I Bk z7, with A(0) = I_ , r[A(z) , B(z)] = m
k=1 m
and r [Ap ’ Bq] = m. Then A(z) and B(z) are uniquely determined
by D(z).

PROOF. Suppose there exist an alternative left denominator A(z)
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and right numerator é(z) satisfying the conditions of the theo-

rem. Since A(g) = A(0) = I, the function

Clz) : = % (A(2) - A(2))

is a matrix polynomial of degree < p-1. Furthermore

2 (B(2) - B(z)) ,

C(z) D(z)

B(0) = D(0) the matrix C(z) D(z) is a polyno-
mial of degree < g-1.

and since B(0)

As det A(z) does not vanish identically since A(0) = Im’
det A(z) is a polynomial. Denote the degree of det A(z) by d.
Put

1

K(z) = (det A(z)) A ~(z) -

Then K(z) is a matrix polynomial in z, and so S(z) : = C(z) K(z)

is a polynomial. If s denotes the degree of S(z) we may write

s
S(z) = © S

1) Suppose d < s. Since S(z) B(z) = C(z) D(z) det A(z) is a
matrix-polynomial of degree at most g-1 + d we must have

s

£ s B, , =0, j=q+d,qg+d+1,...
k=0 k 7j-k

Similarly for S(z) A(z) C(z) det A(z) we obtain

S
T Sk.A =0, n=p+d,p+d+1,...

Choosing j =g + s and n = p + s yields
Squ=ssAp=0'

which contradicts «r [Ap ; Bl =m.
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2) If d > s+l there exist at least one zero, say z2g s of
det A(z) such that S(zo) # 0.
Since (det A(z))_1 S(z) B(z) = C(z) D(z) is a matrix-polynomial

it follows that we must have

il
o
.

(3.2.3) S(zo) B(zo)

We also have

(3.2.4) S(zo) A(ZO) C(Zo) det A(ZO) =0 .

Since (3.2.3) and (3.2.4) contradict the condition

r [A(z) , B(z)] = m, the lemma is proved . [

The following lemma gives a usefull criterion for divisibility.

LEMMA 3.2.6 (Generalized BEZOUT - theorem)

Let G(z) = = Gy zk be an arbitrary m x m matrix-polynomial
k=0

and A an arbitrary m x m matrix. Then G(z) is divisible by the
binomial z Im - A on the right (left) iff

g
AT =0 (Gl(A) : = I AT G, =0).

G_(A) : =
r 0 k=0

PROOF. see GANTMACHER [15] p. 81 . [

REMARK. In general we have Gr(A) # Gl(A) since A and Gk need
not commute for k = 0, 1, ..., g. Therefore divisibility on
the right (left) does not imply divisibility on the left (right).
As an application of the generalized BEZOUT theorem we shall

prove a lemma that is important for the ARMA(p,q) case.

LEMMA 3.2.7 Let A and A be two arbitrary m x m matrices. Then
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there exist m x m matrices Co y C; ooy Cm such that

1

m m

Al o Cy a¥ ang A™HL I ¢ Ak,
PROOF, Put

G(z) = {det(z Im - A)}(z Im - A) z €C .

Since det(z I, - A) is a scalar polynomial of degree exactly
m, it follows that G(z) is a matrix polynomial of degree exact-

ly m+l, and so it can be written as

m
(3.2.5) G(z) =1I zm+1 - £ C zk , z €C .
m - k
k=0
We also have
G(z) = (z Im - A) det (z Im - A) =
- - % - - -1 -
= (z Im A) {det (z Im A)} (z Im A) (z Im A)
=(zI -A) { adj(z I -A)} (zI -3 , z€C

where agj(M) denotes the adjoint of M.

Thus G(z) is a matrix polynomial of degree not exceeding m+l
with Im as leading coefficient matrix, that is divisible on the
right by z Im - A as well as by z Im - A. But then it follows
from the generalized BEZOUT theorem that we must have

Gr(A) = Gr(A) = 0.

By (3.2.5) this implies

m
Am+1 = 1 C

m
AT, A = I C_Aa",
k=0 ¥ =

0 k
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and the lemma is proved. [

Finally we state a lemma that is the m-variate generalization
of the theorem of FEJER and RIESZ (lemma 2.1.3) .

Lemma 3.2.8 If

q s
£V :=2 £ 1. e L0, ae (=1, m
2n - k =

. k=-q
and f£()A) has a determinant not identically zero, then £(X) can

be represented in the form

£0) = 5=

where A is Hermitian positive definite and no zeros of

q

det I Ak zk lie inside the unit circle. The representation
k=0

is unique.

PROOF. See HANNAN [20] p. 64 - 65 for the construction of a

factorization. The uniqueness follows from lemma 3.2.1 [

k . . .
A, z as in the univari-

REMARK, An explicit expression for K

k

I ~1.Q

0

ate case (2.2.3) is not known. However, it follows from the
construction in the first part of HANNAN'S proof, that there
exists a factorization such that Ay .. Aq depend continuously

on Fo e Pq'

By remark 2 on the fundamental lemma 3.2.1 it then follows that
also for the unique factorization AO o Aq depend continuously

on FO [ Fq B
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3.3 THE MINIMUM INFORMATIVE SAMPLE SIZE FOR MULTIVARIATE

MA(g) PROCESSES

Suppose we are sampling from the m-variate MA(g) process

Similar to the univariate case we introduce

MA _
Sq (m) : = {(By seuuy Bq)l det B(z) # 0, |z| < 1} .
Let ¢+(m) denote the set of all positive definite hermitian
m x m matrices. Then DI is said to be completely unknown if

the range of Ze is equal to ¢+(m), i.e. if ZE(Z) = ¢+(m).

THEOREM 3.3.1 If in the m-variate MA(g) case 6 = SgA(m) X Z

and Zs(Z) c G; then the sample size g+l is second-order infor-

mative for (B(z), ZE).

PROCF. let Ts denote the covariance function of the process i.e.

g ¢+ =B {x, x._ .},

t,s=0,+1,...

Since this function vanishes for |s| > g+l, in the same way as
in the univariate case it is sufficient to prove that the spec-
tral density matrix fO(A) has a unique decomposition of the form
-1A) ZE Bx(e—lx)

(3.3.1) £(1) = 3= Bl(e ;A€ (emrow ]

Suppose there exist B(z) and fe such that

(3.3.2) £,(1) = %; B(e 1) EE B* (1Y) AE (emr 7 ]-
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As ZE and I_ are nonsingular there exists a (nonsingular) m x m
matrix V such that

Since det B(z) # 0, |z| < 1 and det B(z) # 0 for |z| < 1, it
follows from lemma 3.2.1 that there exists a matrix H (which

does not depend on z) such that
B(z) VH = B(z) , z € C.

Substituting z = 0 we obtain

B(0) VH = VH = B(Q) = Im
Hence B(z) = ﬁ(z) , z €C and so (by (3.3.1) and (3.3.3))
I, = I . This proves the sample size g+l to be second-order
€

informative. 0O

REMARK 1. It is noteworthy that the distribution of a sample of

size g+1 is in fact an m(g+l)-dimensional distribution, and,

since the total number of unknown parameters equals mzq + lm(m+1),

2
for m > 1 one hase identification e®n though the number of

observations is less than the number of unknown parameters.

REMARK 2. That the theorem does not hold in general if EE is
allowed to be singular, can be seen as follows. Let ZE be
singular and v € ¢™ such that ZE v = 0. Let w € € be orthogo-
nal to v. Then by lemma 3.2.2 we have

det (Im +wvt z) =1 , zedC.

We also have

(3.3.3) (Im + w v* z) ZE = ZE (Im + vwtz)=3 , z€ACQ.
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Put Bq = 0 and ﬁ(z) (Im + w v¥ z). Then B(z) is a matrixpoly-

- nomial of degree at most g, and we have by (3.3.3)

Ble™ Mz _B*(eTM=B(e™M) (1w vie Mz (1 4y wreTT BT (e7T

-iA . -iA
=B(e * )EE B* (e 1) P x € (-7 , 7] -

Thus (B(z) , ZE) generates the same covariances as (B(z) , zg).

The following theorem shows that under the additional condition
that ZE is completely unknown, the sample size g+l is the
minimum second-order informative sample size. As in the uni-
variate case we shall prove a much stronger result on nowhere
local identifiability; Local identifiability here refers to

the Euclidean topology on ¢m2(q+1) restricted to SMA(?Z x ?+(m)
m” {(g+1

i.e. by considering (Bl «es B, ZE) as vector in €

q
As in the univariate case we need a lemma.

LEMMA 3.3.2 let D : = {(B ... Bq)| det B(z) # 0 , z < 1}

MA

Then D is a dense subset of Sq (m) .

PROOF, see DEISTLER, DUNSMUIR and HANNAN [8] , lemma 1. 0O

SgA(m) x Z and

ZE is completely unknown, then the sample size g is nowhere

THEOREM 3.3.3 If in the m-variate MA(g) case 0

locally second-order informative for B(z), ZE).

PROOF, Since D is dense in SgA(m) by lemma 3.3.2, D x ¢+(m) is
. +

dense in SzA(m) x € (m) and so by lemma 1.9.2 it is sufficient

to prove the theorem for 8 = D x Z.

Let (B(z) , ze) be such that B(z) is nonsingular on |z] < 1.

'A)
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Then the theorem is proved if we can find a sequence

3™ (), Z;n)) converging to (B(z) , I_) (convergence of
coefficients) such that for all n one has det B(n)(z) # 0 for
lz| < 1, (B(n)(z) ’ Zén)) is not identical to (B(z) , %.) ,
and (B»n)(z) , zén)) generates the same covariances

rg (s =0, £1, ... % (q-1)) as (B(z) , Z).

As in the univariate case (theorem 2.2.4) we introduce the

covariance generating function
q
G(z) :+ = 1 T_ z , z # 0.

Similar to the univariate case we obtain

G(z) = B(z) I_B*&) , z # 0.
P
Note, that
ce™) =B(e™™) z_Bre™) eactm , A€ (-1 7]
since B(z) is nonsingular on |zl = 1. Thus we may define § > 0
by
% -iX
§ = min at Gle ") a .
Ae(ﬁﬂlﬂl a* a
acC ,a#o

Let n > % and put

(n) _ 1 q_ 1 -q
G (z) = G(z) + a5 Im z* + in Im z , 2 #0 .

Then we have

N ‘
) I cos g A , A € (=1 7]

(n) , —ix, _ -i
G (e ) = G(e 57 In

+

and so for all vectors a # 0 and A € (-7 , ]
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% -1 B & =i °
a G(n) (e l)\)a - aaca{é_c;(?'—_)_a. + 1— cos g )‘} >
a* a 2n -

> a*a (§ - % 5 =1 s a*a > 0.

2

A

Thus G(n)(eml ) € ¢+(m). Furthermore

Fs ,|s|= 0, 1,... g-1

m

1 isx (n), —iA _ 1 —

(3.3.4) > [ e G (e ydx = PS+ZE Im ,]SI— q
-m

0 ylsl= g+1 , 1+2,...

(n)(e-

Hence by lemma 3.2.8 it follows that G l)\) can be decom-

posed into

p(M) (o~1i% zin) p(M ¥~y A€ (=71 ]

where B(n)(z) is a matrix polynomial of degree < g with

det B(n)(z) #0, |zl 2 1. since I_is completely unknown,
Zén) may be chosen to obtain B(n)(O) = Im. Finally, it follows
from (3.3.4) and the remark following lemma 3.2.8 that we must
have
L L

(3.3.5) 1lim B (z) $(M3F  _ g(y) ;2 , zEC

n->o € €

L L

where 2(n)2 and :° denote the (unique) hermitian positive

. . € € (n)
definite square roots of g

. and 3y respectively. Taking z = 0
€

we obtain

lim :™ = ¢,

n->o

and so with (3.3.5)

lim B(n)

n->o

(z) = B(z) ’ z eC .
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(n)(z)

Thus we found a sequence (B Zén)) converging to
(B(z) ., Ze) with the desired properties.

This completes the proof. [

3.4 INFORMATIVE SAMPLES FROM MULTIVARIATE AR(p) PROCESSES

For the case that we are sampling from a process {§t}

satisfying the m—-variate vectorial difference equation

P
(3.4.1) IOA X L TE, t=0, %1, ... ,A =TI
k=0
we introduce
AR
s, (m) : = Ay .ony Ap)|det A(z) # 0 ,|z|< 1} .
we have

THEOREM 3.4.1 If in the m-variate AR(p) case 6 = SSR(m) x Z
and Ze(z) c ¢+(m), then the sample size p+1 is second-order
informative for (A(z) , ZE).

PROOF, Let Ts denote the covariance function of {gt} i.e.

r_.: =E{x

s Yo, t,s =0, +1, ...

£
t Zt-s -
As in the univariate case (theorem 2.3.1) we may write down

the YULE-WALKER equations

D s =0
(3.4.2) 3
4. r AT =
k=0 X sk
0 7 s=l, 2, -..,p.
As T__ = r: , these equations can be written in matrix form as

(3.4.3) (Al' csoy Ap ' ZE) W + (Fo, oo Fp) =0,



82

where W is the m(p+l) x m(p+l) matrix given by

7 To o0 Tom )
I-:': 1—-:': 1—"
2 1o oo 2
(3.4.4) w=| : : =|: R (P)
F' % E3 %
S r
-1, 0 ... 0 | |-rp o0 e 0

Suppose the sample size p+l1 is not second-order informative
for (A(z),I_ ). Then there exist pairs
(A(l)(z) ’ Zél)) # (A(z)(z) ' 222)) that generate the same T
for s =0, +1, ... + p.
It follows from (3.4.3) that in that case W must be singular
and by (3.4.4) this is equivalent to singularity of R(p).
Hence there exist vectors cj e ¢™ , J=0, 1, ... p-1 not all
zero, such that

p-1

’E = =
(3.4.5) 50 cj Et—j 0 (a.s) , t 0, +1, ... .

J

Since the process {gt} has the spectral density matrix

£(A) & = %— a"le™ 3 ATy, e (-1 1
™ €
relation (3.4.5) implies
p-1 . _.. p-1 PR
g ¥ o132 £(A) I c¥e ljx] =0
j=0 J 3=0 J

a.e. w.r.t. Lebesque measure. Since f£(}) is a nowhere singular

matrix it follows that

p-1  _..
2c‘j‘e13>‘=0 , A € (=1 ,7]

j=0
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and soc. =0, j=0,1, ..., p~1. Thus we have a contradiction

and the theorem is proved. [

REMARK.As in the MA-case the theorem does not hold in general
when Zs,is allowed to be singular. To see this, take v, w € ™
orth?gonal such that ZE v = 0 and put Ap = 0.

Let A(z) : (Im - w v¥*¥ z) A(z). Then we have

<=1

i (e—lx

=]

)z A "Iy aTh e

=A 1A)A-P?e—1x)

. —ix o
(e (Im+wv°e )EE(Im+vw=e

-ix

-1 (e

=A—l(e—iA)Z€A ), A€ (=1

and so (A(z) , Ze) generates the same covariances as (A(z) 'Zs ) .

3.5 INFORMATIVE SAMPLES FROM MULTIVARIATE ARMA(p,q) PROCESSES;

PREDICTABILITY.

So far the multivariate generalizations of the results in
Chapter II where straightforward, except for some minor diffi-
culties. However, the multivariate generalizations of theorems
2.4.2 and 2.5.2 for the ARMA case have given some real trouble,
since it turned out that the 'obvious' generalizations are not
true. To be more precise, suppose we are sampling from the
model (3.1.1) with p g > 1. Put

SARMA(m) = ﬁAl...Ap,Bl...Bq) det A(z)#0,z<l;det B(z)#0,z<1

P/qa

r [Ap,Bq] =m and r[A(z),B(z)]l=m ¥z }-

For the exiétence of second-order informative sample sizes for
(A(z), B(z), Ze), the condition r [A(z), B(z)] = m is clearly
necessary as can be seen from (3.1.2) and lemma 3.2.4. In con-

trast to the univariate case we cannot drop the condition
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rlA , B] =meither; if r [A_, B ] < m, there exists v € ¢
- P q P q

with v*Ap = v=’=Bq = 0, v # 0 and choosing w € Gm, w # 0 such

that w*v = 0, by lemma 3.2.2 we see that Im + w v#%z is a uni-
modular left factor that does not increase the degree of A(z)
and B(z). Thus the 'obvious' generalization of theorem 2.4.2
- SARMA(m)
pP:/q
size p+g+l is second-order informative for (A(z), B(z),ZE ).

is: If 8 x Z and ZE(Z) C ¢+(m), then the sample

If Fs s =0, +1, ... denotes the covariance function of the
observable process, then a natural attempt to prove this, would

be to write down the covariance equations similar to (2.4.3)

: p
(3.5.1) E Ak rs—k =0 , s =g+l, g+2 ,...,
k=0
and to prove .the equations for s = g+l1l, g+2, ... g+p to be
uniquely solvable for Al -- Ap' In matrix notation we have

(compare (2.4.4))

[A1 oas Ap] Rq + [Fq+1 Poosey Fq+p] =0,

where ﬁq is now the mp x mp matrix given by

Tq Fq+l oo T g+p-1

T r e o T

g-1 q ptp-2
3.5.2) R_ = . . . .
( ’ Rq : : :

T T T

g-p+l "g-p+2 q

However, proving that ﬁq is nonsingular in a similar way as in
the univariate case is impossible because we © not have the
multivariate analogue of lemma 2.4.1 for vectorvalued functions.
Nevertheless HANNAN stated in 1975 ([ 19]) that ﬁq is nonsingular,
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but the proof given there is incorrect as was pointed out in
TIGELAAR [ 34] . The example we shall present shows, in fact,
that the statement is false. Before doing so we consider the
problem of finding second-order informative sample sizes for
the spectral measure, or, equivalently, second-order predic-
tive sample sizes for the future. The 'obvious' generalization
of theorem 2.5.2 is, that if 6 = SAR(m) X Gq x Z, then the
sample size p+g+l is second-order Enformative for the spectral
measure. It turns out that the same counterexample proves this
statement to be false, and it is instructive to see where the
'natural' attempt to prove it goes wrong. To see this, let
(A(z), B(z), I_) # (A(2), B(2z), I) and let (I s =0,  1,...)
and {FS s =0, +1,...} be the corresponding covariance func-

tions. Then we have to prove the implication

[(r Fp_*_q)]:}[ {Fsls=orilr~--}={Psls=orill-~-}] o

o""rp+q)=(ro""

The m-variate analogues of (2.5.2) and (2.5.3) are

kgo Ak Fs—k =0 s = gt+l, g+2, ...
(3.5.3) b .

kio Ak rs-k =0 s = g+l1, g+2, ...
and

p .
(3.5.4) kio Ak I‘S_k =0 s = q+l, g+2, ... gtp .

When we try to prove the validity of (3.5.4) for s = p+g+l by

the method of the univariate proof we must substitute

k rs—k ’ s = gt+l, g+2, ...

into
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to obtain

- p P P . A
A, Z AT . == I L A, T . N
0 J k=1 k g+p+1l-j-k k=1 =0 j kT g+p+l-j-k

Il >t

(3.5.5) -
3

Since in general the matrices Aj and Ak do not commute, it is not
possible to put the last expression equal to the zero matrix

as in the univariate case. It is, however, not necessary that

the matrices Aj and Ak commute for all j and k. To see this,

let £(1) and f(1) denote the spectral density matrices corres-
ponding to FS and Es respectively.

Substituting for Ps in (3.5.3) and (3.5.5) its spectral repre-

sentation

T isn .
r = f e £(x)dx s =0, +1,...,
we obtain

™
J et *a(e™) F()ar = 0, s = gtl, gt2, ...,
-

and (using ry = fs’ s =0, co., g+p)

™
[ ei(q+P+l)*A(e“i*)(Im-A(e'i*))E(x)dx )
-

If in the last expression i(e—lx) and Im - A(e_lk) may be

interchanged, we obtain

m
J et PFIHN (a7 Ae™MEMar =
-

I mg

m
A [ eH(a¥pHI=k) Az (~1ry :(h) an = o.
1

m
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So it would be sufficient that the polynomials A(z) and A(z)
commute on |z| = 1. However, they do not in general and a
challenging problem arises. Before we try to find informative
sample sizes we now present the counterexample. In fact we
only prove the existence of a counterexample, and therefore we

state the following theorem.

THEOREM 3.5.1 If in the bivariate ARMA(1,1) case 8 = Sy (2) x Z
R ’
and ZE is completely unknown, then the sample size 3 is not

second-order informative for the spectral measure (and so not
for (A(z), B(z), Zs)).

PROOF. Let € and 6§ be positive numbers yet to be chosen. Con-
sider the matrices

1l—ée—ix‘2—256+ee-ix+geik geik—€5+€e_ix
(3.5.6) G(r):=| - )
i ce P sreel? ltee FrAi i?
and _
1+€e—ix+seik—2de+62 eei)\+ee-i)\—5e_i>‘—aeT
(3.5.7) G(Ar):= .
ee—ix+€eik'5elx'5€ lee Pt

Both G(A) and G()A) tend to 12 (uniformly in 1) as €, 6 » 0 and
so they are positive definite for all X € (-m, w] if ¢ and $
are sufficiently small.

Introduce
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I
-

1
e
N

and put = A(z) = I, - Az, i(z)

2
Then det A(z) =1 - &z, det A(z)

may be chosen in such a way that

1, z € (C and so ¢ and §

det A(z) # 0, |z] 1

A

det A(z) # 0, |z] 1

1A

G(A) is positive definite for all A

G(1) is positive definite for all A

hold simultaneously. Thus G(A) and G()) are hermitian positive
definite trigonometric matrix polynomials of degree 1. Hence
by lemma 3.2.8 there exist matrix polynomials B(z) and B(z)

both of degree 1 and hermitian positive definite matrices I

and I such that B(0) = ﬁ(O) = 12 ,
(3.5.8) G(n) = B(e My 3 Br(e”tYy A E (=n , 7
(3.5.9) G(h) = B(e™) § Br(e”tY A€ (=1, 7l

and detB(z) # 0, |z| <1 detB(z) # 0, |z] < 1.
Note, that %, I € ZE(Z) since z. is completely unknown.

+ Bz. We shall first prove

ARMA(
1,1

in (3.5.6) and (3.5.8) we obtain

Let B(z) = I, + Bz and é(z) = I

2
that (A, B) € SA
1,1

Comparing coefficients of e

2
(2) and (A, B) € s

ix

2).

Il
™
[os]

and so r[B]= 2. Similarly from (3.5.7) and (3.5.9) it follows
that r[ B]= 2, and therefore
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r [A, Bl = r[A, B] = 2.
Furthermore r [A(z)] = 2, z € € and so r [Al(z), B(z)]= 2, z € C.
Remains to prove that r[A(z), B(z)l= 2, z € C.

If r[A(z), B(z)] < 2, then by lemma 3.2.4 A(z) and B(z) have

a non unimodular left factor in common, and this can only be

the case if A(z) = B(z), z € € since both have degree 1 and
A(0) = B(0) = I,. But then B = A and so r[ Bl = 1 contradicting
r[B] = 2.

Next we shall prove that (A(z), B(z), ) and (A(z), B(z), I)
generate the same covariances Fs for s = 0, 1, 2. Let £ and £
denote the spectral density matrices corresponding to (A(z),
B(z), £) and (A(z), B(z), I), respectively.

Straightforward calculation yields

B i -2ia . 2iA . . -2ix |
l+ece 1A+6€—§——:Ex +eelx+££§—Ix ee 1k+€elx+6€e Y
1-6e 1-8e 1-3de
1
f()\)=-§?
. . 2ix . .
ce lx+€elx+6e E—“—T— l+ce 1X+€elk
i
L 1-S8e .
and
[ —-iX =-2ix i) 2ia i -ix —2'A-
l+ece © +6ee <t +eel +Sece b cee” " +ece * +8ce +
~ 1
£ =3
ae_lx+eelx+éee2lx l+se—lx+eelk

Calculation of the Fourier coefficients of £ (the covariances)
gives

k=2, 3,...



3 5 11 11 00
To =L, Ty =c¢ , 52 =c 6 ;T = k=3,4...
11 00 00
!
Thus for k =0, 1, 2 (=p+qg) we have T = Ek and since ¢ § > 0
we have Fk # Ek for k = 3, 4,... Hence the sample size 3 is

not second-order informative for the spectral measure. [

REMARK. Since p=g=1 we have éq = T, (see (3.5.2)) which is
singular and so we have indeed a counterexample for HANNAN'S

lemma in [19].

As a first step in obtaining informative sample sizes we
shall restate and prove HANNAN'S classical result on the
ARMA (p,q)-case in the terminology and notation introduced in

the preceding sections.

THEOREM 3.5.2 (HANNAN 1968) If in the m-variate ARMA(p,q) case

8 = SA s(m) x Z and Ze(z) C ¢+(m), then the whole process

P,q
{gt} is second-order informative for (A(z), B(z), ZE).

PROOF. The proof is complete if we can prove the factorization
(3.1.2) of the spectral density matrix to be unique. Suppose
we have an alternative factorization into A(z), B(z) and I.

Then we have from lemma 3.2.1

2 l(z) B(z) 1% = A" (z) B(z) % yolz] 21

i

and as A(0) = B(0) = Im,this implies I = £ and A_l(z) B(z) =
A_l(z) B(z) , lz[ < 1. Since both (A(z), B(z)) and (A(z), B(z))
satisfy the conditions of lemma 3.2.5 it follows that we must

have A(z) = A(z), B(z) é(z). O

Y
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REMARK.In HANNAN'S paper [ 18] the matrix ZE is allowed to be
singular but we already showed in the MA-case and the AR-case

that the result is then in general false.

Intuitively one can feel that there must be some finite
sample size that is second order informative for (A(z), B(z), 26)
(or the spectral measure) and that its minimum value depends
on m. We have

THEOREM 3.5.3 If in the m-variate ARMA(p,q) case
8 = SgR(m) x @d(m) x Z then the sample size g+(m+l)p is second-

order informative for the spectral measure, or, equivalently,
second-order predictive for the future.

PROOF, Let {x,} be the observable process.

Putting

Xt = . 17 t=0,il,... v

§t—p+5

we obtain an mp-variate process {zt} satisfying

o -q -
A A, ... A £ Bye
kEt-K
o2 P k=0
-I_ 0 ... 0
m
(3.5.10) Ye + 0 -Im e 0 Yeq™ 0 ' t=0,+1,...
0 o0 -I_ 0 0
| m L ]

Thus {Xt} is an mp-variate ARMA(1l,q) process that is equivalent
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to {Et} in the sense that prediction of {§t} is the same pro-

blem as prediction of {zt}. Therefore we may restrict oursel-

ves to the case p

1 without loss of generality. The fact

that the error process in (3.5.10) has a singular covariance

. . +
matrix is not important since we did not assume DI € C (m).

Furthermore it is important to note that

ad

sample of size s

from the process {zt} corresponds to a sample of size s + p - 1

from the process {Et} (sample size must as before be interpre-

ted as the number of points in time the process under conside-

ration is observed).

So, consider the m-variate ARMA(1,q)

q
- A X z

X1 = By gpx v

t K

=0

with covariance function Fs,s =0,

specification be denoted by

q
z

k=0

= By Sk »

-1

s =

’

with covariance function Fs 0,

prove the implication

[r
S

From (3.5.2) we obtain

I‘s = A I1s-—1 o Tg = A I‘s--l
or, equivalently,
= S_q T =
(3.5.11) Ty A Fq v Ty

0, + 1,...+(g+m)]

model

1+

IR

l,...

’ S

AST9 ¢

7

and let an alternative

Then we have to

gr S < 0, +1,...].
gtl, g+2, ...,
s = g+l, g+2,...
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Suppose we have I'_ =T_ , s =0, +1,... * (g+m) .
By lemma 3.2.7 there exist m x m matrices Co’ ceoy Cm such that
m . m .
A™l oo Cy a¥  ana A™! - C\ Ak,
k=0 =0

Hence, using (3.5.11) and Fs = fs s=0,+1,..., + (g+tm)
=~ m+l ~m+l m k ~k
Tmbqrl Tmeqer= (B 7R )T kiock(A AT =
m ~
= 3§ C.(r -T =0
k=0 k' gtk q+k)

and so, by induction PS = rs r s=0, £+1,...

Thus we proved for an m-variate ARMA(l,qg) process the sample
size g+m+l to be second-order informative for the spectral
measure; hence for an m-variate ARMA(p,q) process the sample
size g+mp+l+p-1 = g+(m+l)p is second-order informative for the

spectral measure. This completes the proof. [

REMARK, The informative sample size in the theorem has less
intuitive appeal than the previous results, since only for
m=p=1 it corresponds to the result of theorem 2.5.2. For m > 2,
the number g+ (m+l)p - (p+g+l) = mp-1l can be interpreted a penal-
ty for allowing the coefficients to be elements of a non com-
mutative ring. It is, however, not certain that this penalty

is the minimal one.

As an immediate consequence of theorems 3.5.2 and 3.5.3

we have

THEOREM 3.5.4 If in the m-variate ARMA(p,g) case 6 = SgRgA(m)xZ

14

and ZE(z) - ¢+(m) then the sample size g + (m+l)p is second-
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order informative for (A(z), B(z), ZE).

PROOF. let (Al(z), Bl(z), Ze,l) # (Az(z). B2(z), 25,2) corres-

pond to 6, and 02 respectively. If FO denotes the spectral

1
measure and R@ the covariance matrix of a sample of size
g + (m+l)p, then it follows from theorem 3.5.2 that we must

have Fo # F, . Hence by theorem 3.5.3 R, # R, . This proves
1 2 1 2
the theorem. [

REMARK. In the counterexample presented in theorem 3.5.1 we
found that in the case m = 2, p = g = 1 the sample size 3 is
not second-order informative for (A(z), B(z), EE). Theorem
3.5.4 implies that the sample size 4 is second-order informa-
tive for (A(z), B(z), Ze) and so we found in that particular

case the minimum second-order informative sample size.
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CHAPTER IV

DYNAMIC SIMULTANEOUS EQUATIONS WITH MA-ERRORS

4.1 INTRODUCTION

Consider the m-variate ARMA(p,q) model

p
(4.1.1) DBy x - +

As most econometric models of this type contain one or more
identities, i.e., equations with known coefficients and zero
errors, we cannot apply the theory of chapter III to such models
(exept for theorem 3.5.3). Moreover, most model specifications
are such that Ab’# Im. In econometrics such models are called
systems of simultaneous equations. If p > 0, among the equati-
ons there are difference equations, and the model is then cal-
led dynamic.

In the sequel we shall frequently use partitioned matrices and
vectors. If necessary for the sake of clarity, we shall indi-

cate the dimensions of the partition as follows:

() (n))

s 00 or oo 0 a .

s 000

ceo0vevcon

(n,) (n,)
2 2
(k) (k)

We shall make the following assumptions.
a) The last mg equations in (4.1.1) are identities ,

(0 < my < m-1), i.e., £, can be written as

t



96

£

¢ | (m=m)

0 (mo)

We shall assume that {Et} is (m—mo)—variate white noise with

E{e,} = 0 and £_ : = E{g
€
unknown. Hence

N é:} > 0 which is supposed to be

0 (m—mo)

™
I
.
.
.
.
.
B
o
.

......

o
cesnne
o
—~
=
—

(h-mo) (mo)

We shall use a similar partitioning for Ak and Bk'

| (11) L (12) (1) _
Ay ¢ By Ay (m=m,)
N T R R P ,  k=0,1,...p.
(21) © _(22) (2)
Ak : Ak Ak (mo)

(m-mo) (mo)

The matrices Bk are supposed to be of the form

(o) = _
Bk : 0 (m mo)
Bk= --....g-.o..- 7 k=0, 1, ceey dy
0 : 0 (mo)
(m—mo) (mo)
with B(°) = 1 .
o m-m
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p k q 3
For A(z) : = I A, z and B(z) : = I B. z° we can now
. =0 k 3=0 J
write
Al z) 1 a2y |aW )| @em)
(4.1.3) B(Z) = | iieeereootoneonneoe| = | cennaan , z € ¢,
2PV () a2 (2P @] )
(m-m ) (m)
8% ¢ o | @y
(4.1.4) B(Z) = | everenanatnnnnnnn, , zec .
| 0 0 (mo)
(m-mo) (mo)

Since the last m, rows of A(z) correspond to the identities,

A(2)(z) is a known matrixpolynomial.

b) Ao is nonsingular. In econometrics the model is then said
to be complete. Obviously we need this assumption if we want
A(z) to be nonsingular on |z| < 1.

o) A(22)

o
to interpret the identities as definitions of the last m, com-

is nonsingular. This assumption makes it possible

ponents of X, and enables us to substitute them into the first

t
m-m equations.

d) degree {A(
This assumption states, roughly speaking, that for p > 1 the

2)(z)} : = p, 2 max (0, p-1).

identities do not contain components of x for the maximum

t-2
time—-lag &=p. Of course the assumption is not restrictive if

p=0.

e) A(ZZ)(Z) is a proper matrix polynomial (i.e. a matrix-
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polynomial with nonsingular leading coefficient matrix).

Let & € Z be a parameter characterizing the distribution

of the process {ét}' Then we can write = ZE(E) and ©_ = z_(g).
€ €
' 1 1
We can take 0 : = (Aé ),...,Aé ) ; Bio),...,Béo) 7 E).
Putting
s = {(Aél),...,Aél))]det A(z) # 0, |z| =1},

then the parameterspace @ is supposed to satisfy
6 csxe? (mm) xz .
In econometrics (4.1.1) is called the structural form of the

model. Premultiplying with A;l yields the so called reduced

form,
(4.1.5) b P B Q t 0 1
.1. .z X, . = I Ne_y ¢ =0, +£1,...,
koo K Ttk T 2o Tk ek
-1
where Po = Im v Pk : = Ao Ak’ k=1, 2, ..., p,
o :=atg a k=0, 1, 2
k o k “o ’ ’ ’ y e d,
and : = A_l t =0, +1
n, o £t ' =0, + 1,00 .
Let P(z) : = A;l A(z) and Q(z) : = A;l B(z) AO denote the gene-
. ) S| -1%
rating functions of (Pk) and (Qk) and let En : Ao ZE AO .

A sample is called (second-order) informative for the structu-
ral form if it is informative for (A(z), B(z), ZE), and it is
called informative for the reduced form if it is informative

for (P(z), Q(z), Zn).

It should be noted that in order to find informative sample
sizes for the reduced form we cannot apply theorem 3.5.4 to
(4.1.5) since Zn is allowed to be singular. We can however apply

theorem 3.5.3 to find informative sample sizes for the spectral
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measure and we may hope that prior knowledge on (A(z), B(z), EE)
enables us to identify it.

In section 4.2 we shall find informative sample sizes for the
reduced form.

In section 4.3 we shall consider the structural form.

4,2 INFORMATIVE SAMPLES FOR THE REDUCED FORM

Consider the model (4.1.1) under the assumptions a) - e).

The spectral density matrix fe of the process {§t} is given by

1
b
(0]

I
-
>

w
(0]
I

(4.2.1) £,00 =2t ) I B (et AT (e,
N € (-m, w]

or, equivalently,

(4.2.2) fe()‘) - P—l(e—i)\) Q(e-iA) E.ﬂ Qn(e—l)\) P—l::(e—l)t)’

A E (-7, ©] .

Although the sample size g+(m+l)p is second-order informative _
for the spectral measure by theorem 3.5.3, it is not necessarily
second-order informative for (P_l(z) Q(z), Zn) since Zn is
singular (see the MA case § 3.3). But even if prior knowledge
enables us to identify P—l(z) Q(z) we have a problem, since

the conditions of lemma 3.2.5 under which rational matrix func-
tions uniquely decompose into a left denominator and a right
numerator are not realistic for most simultaneous equation
models. To see this, note that the condition r [Pp, Qq] =m is
equivalent to r [Ap, Bq] = m and since Bq ?as zeros in the last
m, rows (and columns) this implies that A

is almost never fulfilled in practice. Therefore we shall prove

2) has rank mo, which

the following modification of Lemma 3.2.5 for partitioned ma-
trices.
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LEMMA 4.2.1 Let the rational m x m matrix function D(z) decom-

pose as
_ =1
D(z) = A ~(z) B(z),
with a(0) = AO, and where A(z) is of the form (4.1.3) satisfying
assumptions b) - e), B(z) is of the form (4.1.4) and
r [A(z), B(z)] = m, for all z € ¢. Moreover, suppose degree
(12) (11) (o), _ -
A" (z)} < Py and r [Ap , Bq ] =m m-

Then A(z) and B(z) are uniquely determined by Al A(z)(z) and
D(z).

PROOF. For p = 0 nothing remains to prove so let p > 1.

Suppose there exist an alternative decomposition
.._1 ~
D(z) = A (z) B(z),

satisfying the conditions of the theorem, such that A(0) = A(0)
and A(z)(z) = A(z)(z) for all z € ¢. Then the funtion

C(z) : == (A(z) - A(z))

N =

is a polynomial of degree < p-1, and can be partitioned as

¢z 1 c@) | @)
(4.2.3) C(z) = ........E........ ’
0 0 | (mo)
(m—mo) (mo)

where degree {C(z)(z)} < p.-l.

We also have

C(z) D(z) = = (B(z) - B(z)),
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which is a polynomial of degree < g-1 since B(0) = B(0) = A;l D(0).

Let d denote the degree of the polynomial det A(z). As in the

proof of Lemma 3.2.5 we introduce the matrixpolynomial
S(z) : = C(z) A Y(z) det A(z),

with degree {S(z)} = s. From (4.2.3) it follows that S(z) can

be partioned into

(1) (g : 5@z | (mem)
(4.2.4) S _
] 0 g 0 (m)
(m-m ) . (m,)
Suppose d < s. Let s(!)(z) = k§0 s{tzX  ana
s(2)(z) = k§0 521X We shall first prove that s{!) # 0. 1f

Sél) = 0 then we must have Séz) # 0.

From S(z) A(z) = C(z) det A(z) we obtain using (4.1.3), (4.2.3)
and (4.2.4)

s (2) a022) 4y 4 52 (5) a(22) 5y = (2 (4) get A(2).

The first term on the left has degree < s=1+p s since Sél) =0

and degree {A(lz)(z)} < Py The second term has degree s + Py
since Séz) # 0 and A(zz)(z) is proper by assumption e). Hence

C(Z)(z) det A(z) has degree s+po. But we also have
degree {c?)(2) det A(2)} < p_-1+d,

and since d < s we have a contradiction, proving Sél) # 0.
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Since S(z)B(z) = C(z)D(z)det A(z) is a matrix polynomial of
degree at most g-1+d, and has the same degree as S(l)(z) B(O)(z),

we must have

s
: s g@ _ o g=q+d, q+d+l, ... .
- k =k
k=0
Similarly for S(z) A(z) = C(z) det A(z) we obtain
s (1) <(2)
b [Sk , S ] A =0,n = p+td, p+d+l, ... .
k=0 k n-k

Choosing &=g+s and n=p+s yields

(1)

(4.2.5) s(1) glo) _ o (1) (20 4 _ o,
s q s s

p

From degree {A(z)(z)} 2 Py 2 p-l it follows that the second

relation in (4.2.5) is equivalent to

g(1) 1) _
s P

which together with the first relation in (4.2.5) contradicts

(11) B (0)]

r [A = m-m_.
p

q o
Now suppose d > s+l. Then we obtain in a similar way as in

Lemma 3.2.5 a contradiction to r [A(z), B(z)] = m. This proves
the Lemma. [J

REMARK 1. For m, = 0 and AO = Im we obtain the result of Lemma

3.2.5, thus we have a genuine generalization.
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REMARK 2. If A(z) in (4.1.1) does not satisfy degree{A(12)(z)}i
p,, then one can always , by means of substitutions, obtain
an equivalent model specification that does satisfy this con-
dition, since A(zz)(z) is proper. Therefore it is a rather natu-
ral condition for identifiability.

Put
DSE 1 1
s = (Aé )...Aé );B{O)...Béo)) det A(z) # 0, |z| < 1;
det B9 (z) #0, |2z] <1 ; [Aéll),Béo)] = m-m
- (12) .,
r [A(z), B(z)] =m ¥z and degree {A (z)} < p L.
Since AéZZ) is nonsingular we can (by substitution of the my

identities into the first m-m equations) rewrite (4.1.1) as

P q
(4.2.6) T A x .= % B e, _.r t=0,+1, ...,
oo Ok Fe-x T I P Seek
where
~(11) .
Ao : 0 (m—mo)
A = ceocceseesens R
o :
(21) =« (22)
Ao L » (mo)
(m—mo) (m,)

Since the reduced form of (4.2.6) is equal to the reduced form
of the original model (4.1.1), it is sufficient to prove the

identifiability of the reduced form under the extra assumption

that Aélz) = 0. In that case Aéll) is nonsingular. Let §DSE be
the set obtained from SDSE by adding the condition A(lz) = 0.

(o]
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LEMMA 4.2.2 Let S be a nonsingular mxm matrix, and A and B

“arbitrary mxm matrices. Then r [A,B] = m iff r [SsA, ses™! = m.

11 = v [a, Bs7Y).

PROOF. Since S is nonsingular we have r [SA, SBS

1

Moreover, {r [A, BS "] =m} <= {y* A # 0 v y*BSml #0 vy € ¢™o}

= {y*Aa#0vy™B#£0 vy €c"\No}= {rla, Bl =m}. O

LEMMA 4.2.3 Consider an arbitrary sample size for the model

(4.1.1), and let @ = §DSE x Z with ZE completely unknown.

Then the functions §(e) : = A and ¥(e) : = (P(z), Q(z), L)

are second-order informationally independent.

PROOF. Put v(0) = (¢(0), ¥(0)). We shall first prove that
v(8) = §(8) x V¥(8). Let A_ € ¥(8) and (P(z), Q(z),f ) =

(A;1 A(z), A;l B(z) Ao, A;l ze A;lx) € ¥(8) be arbitrary. Then

we have to show that (Ao , P(z), Q(2), Zn) € v(8), or, equiva-

lently, that

PR | -l ~DSE
AP ,AQ ;eeer BQA) €8 ,

KX

and that the last m, rows and columns of Ao Zn Ao
_ A -1 A—lfc ~ %
(= ° AO Ze ° Ao) are zero.

1

AéIZ) = 0, the matrix A; has the form

Since

0 (m—mo)

ceveoses o0

(mo)

(m“mo) (mo)

and since the last m, rows of Al and Ao are equal (assumption a)),

it follows that A_ A;l has the form
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T E 0 (m—mo)
~ =1l _ |eceieeescesacans
A A= : (det T # 0).
0 : Im (m )
L ° ]
(m-m ) (mo)
So . -
o _ .
r 8% (z) 771 0
~ ~=1 :
T €
Ao Q(z) Ao ............... . ,y 2 C
0 . 0
and
T 5 T* : 0
g gt 1 E :
(4.2.8) AO En Ao = | teeeoe ceecss e EEEERRR
0 . 0

Furthermore Lemma 4.2.2 gives

~ ~ ~=1 _
r[Ag P(z), Al Q(z) Al =m zeC,
and
(11) (o) =1, _ __
r [T Ap , T Bq T 7] =m mo.
We also have
c o al12) () (mem_)
Ao P(z) = |eeuenn E ........... ’
: ()
(m-mo) (m,)

and so degree {T A(lz)(z)} = degree {A(lz)(z)} < Poe
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Finally, det{io P(zﬁ>and det A(z) have the same zeros and

det{T B(o)(z) T-1}= det B(O)(z), z € €. Thus we proved (4.2.7),
and from (4.2.8) together with the fact that EE is completely
unknown it follows that (Ao' P(z), Q(z), Zn) € v(e).

We recall that two values vy and v, are second-order obser-
vationally equivalent if they generate the same covariance
structure for the sample. From the second-order version of
theorem 1.2.9 it follows that it is necessary and sufficient
to prove the equivalence classes to be of the form UO x Vo,
where U C ¢(8) and vV, < ¥(8). This follows immediately from
the facts that v(8) = §(8) x ¥(8) and that the spectral measu-
re (and hence the covariance structure of the sample) only
depends on Y (0). O

THEOREM 4.2.4 1If in a dynamic system of simultaneous equations
DSE
8 =8 x

informative for the reduced form.

Z,.then the sample size q + (m+l)p is second-order

PROOF. Without loss of generality we can take 6 = éDSE x Z

and assume Zg completely unknown. Let 91 and 0, €8 correspond
to (A(z), B(z), ZE) and (i(z), ﬁ(z), EE), respectively, where
A(0) = A(0) = AO. Let RO denote the covariance matrix of a
sample of size g+(m+1)p, and suppose RO = RG .
1 2
3.5.3 it follows that then the spectral measures also coincide

From theorem

i.e.
A—l(e_l)‘)B(e_D‘)z€ B"(e_lA)A_lh(e_lA) =

—1A)~ e-lx)g é“(e—lA)A—lx(e—lA)

°

Putting W(z) = A(z) A_l(z), from (4.2.9) we obtain
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-1 f -1 - ~ a3 ~ e e g -
B(e™™ Mz BT = w(e™?) B(e 1*)28 B* (e Myt e 1Ny

X € (-7, w].
Let W(z) be partitioned in the same way as A(z) and B(z) as

Wi ) w2 () | (oem)

W(Z) = | eemverenatennannnns )
w2y 2w () | (my)
(m—mo)‘ (mo)

Since B(z), B(z), ZE and Ze have zeros in the last m, rows and

(o)(e_lx) 56 is nonsingular a.e. it follows from

columns and B
(4.2.10) that W(Zl)(z) =0, z € C. (Since A(Z)(z) = 5(2)(2),
z €C and r [A(z)(z)] =m for almost all z € €). It now follows

from W(z) i(z) = A(z) that we must have W(zz)(z) = Im . But then

o
it follows from (4.2.10) that
(4.2.11)
B(0) (e—ix) Zg B(O)*(e-i)\) - W(11) (e_“)ﬁ(o) (e_i)‘)fgé(o)"‘(e'i")

wll) (oiry

11 . .
As W( )(z) is analytic on |z| < p for a p > 1 (because A(z)
~=-1 .
and A “(z) are), it follows from (4.2.11) and the fundamental
Lemma 3.2.1 that

zg - ig and B(O)(Z) = W(ll)(z) é(o)(z), z € ¢.

But then we also have B(z) = W(z) é(z) and so A_l(z) B(z) =

A-l(z) é(z), z'G C. Since Ao = io and A(z)(z) = A(z)(z) it
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follows from Lemma 4.2.1 that A(z) = A(z) and B(z) = é(z), z € C.
Thus we proved the sample size g+(m+l)p to be second order
informative for (A(z), B(z), EE) conditional on Ao. But then
the sample size g+(m+l)p is also second order-informative for
(P(z), Q(z), Zn) conditional on Ao, and since AO and (P(z),
Q(z), Zn) are second-order informationally independent by
Lemma 4.2.2, it follows by theorem 1.2.8 that the sample size

g+ (m+1l)p is second-order informative for (P(z), Q(z), Zn)- o

We shall show by an example that we cannot drop the condi-
tion degree {A(lz)(z)} < Pge It is a slight modification of an
example from KOOPMANS, RUBIN and LEIPNIK (see THEIL [32] ,

p. 494).

EXAMPLE 4.2.5 Consider the following simple two-equation system

X1 1 ¥e-1,1 T By Eo1,2 T
(4.2.12) =0, +1,...

+ oy

Z¢2 X1

where y is a known non-zero constant. Thus we have p=1, g=0,

p0=0 and
1+ 612 . B2z
Afz) = | screrrreteeeees .
% .1
Hence
1 + Blz Bzz
(4.2.13)... a ' a(z) = .
-y Blz l—Yﬁzz

When we lag the second equation in (4.2.12) and add the result

to the first equation, we obtain a system with coefficient ge-
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nerating function

1+(81+Y)z (82+l)z

The corresponding reduced form is

1+(Bl+y)z (82+1)z
(4.2.14) i;l A(z) = )

=Y(B +Y)z 1-Y (B, +1)z

Clearly, (4.2.13) and (4.2.14) are indistinguishable.

Note, that if we replace the second equation by Kig ¥ VX = Eio
then the argument does not apply, because in that case the
bivariate AR(1) model would become a bivariate ARMA(1,1) model.

4.3 INFORMATIVE SAMPLES FOR THE STRUCTURAL FORM.

Intuitively it is clear that in general under the condi-
tions of theorem 4.2.4 we do not have identifiability of the

structural form, or, equivalently, of the functions

6(6) : = (A(z), B(z)) , ©€ 8

and Ze. On the other hand in most systems of simultaneous equa-
tions there is prior knowledge, which is usually restricted to
A(z), such as zero-restrictions and Ao having unit diagonal
elements. Therefore we may hope that certain functions of §(0)

can be identified.

Throughout this section we assume 6 = A x 2 where A : = §(8) is
DSE

an open subset of S .

Let

¥(s(0)) =+ = (P(2z), Q(z)) p 0 E B
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and let 6 : A > A be an arbitrary function. Since the sample
size g+(m+l)p is second-order informative for voé by theorem
4,2,4, a sufficient condition for this sample size to be second-
order informative for ¢°6, is the existence of a function

v ¢ ¥(A) » A, such that ¢o§ = yoV¥of, We shall see that, if
EE is completely unknown, this condition is also necessary.
REMARK. In order to obtain necessary conditions, one sometimes
meets the condition that the ét are i.i.d. and that the class
of distributions of ét is closed under nonsingular linear
transformations, i.e. if ét has~distribution P and_? € C(m) is
nonsingular, then there exists & € Z such that Pg T = PE'
Since we consider second-order identifiability, it is more

natural to assume I. completely unknown.
€

Let Rén) denote the covariance matrix of a sample of size
_ a1 -1%
n, and Zn(e) = AO ZE AO . We have
LEMMA 4.3.1
Rén) 4 Rén)
1 2
= ¥(8(0,)) # ¥(8(0,)) oy 0, €8 .

zn(el)=zn(ez)

PROOF. Follows immediately from the fact that the spectral mea-

(n)
)

sure, and so R ;, is uniquely determined by ¥ (§(0)) and Zn. |

THEOREM 4.3.2 If ZE is completely unknown, then the sample size
n >q + (mtl)p is second-order informative for §os iff there

exists a function v such that §o8 = vovo§,

PROOF. The "if" part being trivial,we shall only prove the
"only if" part. Suppose the sample size g+(m+l)p is second-

order informative for §o§ . Let §, = (A(z), B(z)) and



§, = (A(z), é(z)) be such that @(61) # @(62). Let further
51,6 Z be arbitrary and put

@) A1) glo)

(o)
@1 = o o 1 ...Bq 'El)’
Since'io‘Agl can be written as
fT: v |1 (mm)
! : © :
Ao Ao all EERETERRR (det T # 0),
0 :1I (m_)
Domg o
(m—mo) (mo)
it follows that
T Zg T : 0 (m—mo)
A a7ty AT At e |, .
(o] (o] € o o .
0 : 0 (mo)
(m-m ) (mg)

Since T is nonsingular and ZE is completely unknown, there

exists £, € Z such that T I, T = I.(g,). Let I, correspond to D=
€
-1 -1% -1 & =1% .
EE(EZ). Then wehave A "I A ™" = A" I_ A7 . Putting .
= (32(1) (1) =(o) z(0)
0y = (A7 ...A 77, By ...Bo U, Ey)

we obtain Zn(Ol) = Zn(ez).

(n) (n)
# R
9y 9

size gq+(m+l)p is second-order informative for ¢o§. Thus by

We also have R for n. > g+(m+l)p, since the sample

Lemma 4.3.1 it follows that we must have W(&(Ol)) # ¥(8(0,)).
Thus we proved the implication

§, € A

$(6,) # 3(8,) = ¥(8)) # ¥(8,), 8;s 8,
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which in turn implies the existence of a function v such that
$o8 = vo¥os. []

The practical value of this theorem is limited, since the
condition is difficult to verify. More tractable conditions
can be obtained by considering the equations separately. We

shall make the following assumption.
ASSUMPTION. The matrix AO has unit diagonal elements.

First we introduce some notations and conventions. Let aii
denote the i*P row of the matrix A (k=0,...p). Clearly, if
aéi is identifiable for all i=1,...,m—-mo then Ao is identifia-
ble and therefore (A(z), B(z), Ze), since the reduced form is
identifiable by theorem 4.2.4. Therefore we do not care about

the error part for the moment and define

DEFINITION 4.3.3 A sample (size) is said to be second-order

informative for the ith equation, if it is second-order infor-
mative for [a , ... a_.l.

oi pi
Let i be fixed. For notational convenience we re—order the

equations in such a way, that aéi takes the form

aéi =(1, a'. , 0 ) .

(1) (mi) (m—mi-l)

Thus (1, aéi)' is the (mi+l)—vector of coefficients of the non-

lagged variables that occur in the ith equation. Then AO can be

partitioned as

.o
1, ali - 0 (1)

L D S .

o M
arest o oa (m-1)
o1 o1l

(mi+l) (m—mi-l)
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Let kih denote the number of variables with lag h occurring
th

in the i equation (h=1,2,...,p) and let Oy denote the kih—
vector of coefficients. Then (after re-ordering) the matrix

A, can be written as

h
L.
i : O (1)
Ah = .....E...... , h=1,2,...,p.
rest.
Ahi . Ahi (m=1)
(ki) (mkyp)

Let the matrix Ph be partitioned as

™i  : "hi - (1)
b= | My T, . (m,) _
h = i : hi i, h=1,2,...,p.
rest . Trest
Thi ¢ Thi (m-m,;-1)
L ° .
(kih) (m-kih)

Thus ﬂﬂi is the kih—vector of coefficients in the ith equation

from the reduced form, of the variables that occur in the ith

structural equation, etc. The relation Ao Ph = Ah can now be
written as

v ) « 1] °
L %oi 0 ™i : "hi “hi 0
(4.3.1) . . = . ;
rest . M rest.
Aot s Poil |Thi : Twy Api Png
rest. ~rest
["hi ¢ Thi
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which implies

1 — -
(4.3.2) Thi + a s Hhi =0, h=1,...,p,
and

[ ~
(4.3.3) i + @04 Hhi =0 , h=1,...,p.

LEMMA 4.3.4 r [Hli,..., i i]+m—mi—l =r [Aoi,...,A .]

p pi’ -

PROOF. From (4.3.1) we obtain

(1) "hi
seeee . 0 (1)
(4.3.4) (mi) hi = AO
ceeene ce ’ h=1,2,...,p.
I ~rest A, . (m=1)
(m m. 1) Hhi hi
We also have
(1) [0 ]
0 (1)
_ a=1
(4.3.5) (mi) 0 =3, .
o seacee . 1)
(m mi 1) _Im_mi_{ oi

Combining (4.3.4) and (4.3.5) yields

0 ¢ "hi .
S 0 :o0
(4.3.6)|0 . = A;l ieeviiewead r h=1,...,p.
I . ﬁrest Aoi . Ahi
m—mi-ll hi ‘ -
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From (4.3.3) it follows that ?hi is linearly expressible in

the rows of Ehi and so (4.3.6) implies

~
(4.3.7) r [Hhi] + m—mi-l =r [Aoi ’ Ahi] r h=l,...,p,

which implies the result. [

We can now prove the rank condition for the reduced form.

THEOREM 4.3.5 Let the sample size n be second-order informative

for the reduced form of a dynamic system of simultaneous equa-

tions. Then a sufficient condition in order to be second-order

.th

informative for the i structural equation is

~

r [ﬁli,...,n ] =m, , 0 € 8. If g=0 and I. is completely
€

pi i
unknown, then this condition is also necessary.

PROOF. If r [Hli,...,npi] =m; © € 8, then the equations

(4.3.3) can be solved uniquely for Goir and so a are

li""'api
uniquely determined by (4.3.2). Hence by theorem 4.3.2 the
sample size n is second-order informative for a .,...,a or

th oi pi
equivalently for the i structural equation.

Suppose g=0, that I. is completely unknown and that
€ m
A~ A . i
r [Hli,...npi] < mg. Then there exists s € € ~, s # 0 such that

s’ M; = 0, h=1,2,...,p. Since the function § defined by §(8(0))=

(o ,...,api), © € 6 is continuous and A is open, $(A) is also

oi
open. Hence there exists e > 0 such that (&oi""'&pi) € ¢ (b))
where »
@oi T 054 + e s ’
and
aﬁi 2= ooy toe s' Hhi , h=1,2,...,p.

Since also (aoi""’&pi) solves (4.3.2) and (4.3.3), and g=0,
it follows from theorem 4.3.2 that the sample size n is not
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second-order informative for (aoi""'api)' ]

COROLLARY 4.3.6 (order condition) If g=0 and Ze is completely

unknown, a necessary condition for identifiability of the ith

structural equation is
p
mp > m, + hil kih'
PROOF. Follows at once from the fact that [ﬁli,...’ﬁpi] is an

(m—kih) matrix which can only have rank m; if

In practice the following theorem is more efficient than
theorem 4.3.5, since it does not require calculation of the
reduced form.

THEOREM 4.3.7 (rank condition for the structural form) Let the

sample size n be second-order informative for the reduced form

of a dynamic system of simultaneous equations. Then a sufficient
condition for that sample size to be second-order informative
e ] = m- €06.
oi’ ’Ap1] m-1, O€EB
If g=0 and . is completely unknown, then the condition is also
€

for the ith structural equation is r [A

necessary.

PROOF. Follows immediately from (4.3.7) and theorem 4.3.5. [

4.4 THE NON-HOMOGENEOUS CASE

In this section we shall treat the case where the system
of simultaneous equations is allowed to contain a deterministic
component He € ¢™. consider the system

P q
(4.4.1) hEOAh-}Et-h g = I Bper g t=0, + 1,... .
= =0
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We shall suppose that the homogeneous system satisfies assump-
£ t=0,+1,... where u, € Gk is a
known sequence of non-random regressors. Furthermore, we assume

that

tions a) - e) and that Wy = Ccu

(1)
Cc (m—mo)
c = e .
(2)
c (mo)
(k)

(1)

With C(z) known and C unknown. In econometrics u, is called

the vector of exogenous variables (and X the vector of endo-
genous variables). First of all we have to define the process

{§t} properly.

DEFINITION 4.4.1 The sequence {ut} is said to be non-exponen-

tially <increasing as t+—e, if for all p>1 we have

lim pt u, = 0.

t+— oo

From now on we shall assume that {ut} is non-exponentially
increasing as t+-«=, Note that then also {ut} is non-exponential-
ly increasing.

Suppose det A(z) # 0, |z| < 1. Then A"1(z) can be expanded into
a power series

alz)y = v, 29, lz| < »
for a Po > 1, and so we have

lim v, pJ = 0.
jre 300

Hence, "Vj" =M p;J for some M, > 0. For 1<p<po we also have

1

3
hug gt < My 0

So
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j
I, A< MvLlly, L1 o< MMy (8-
which implies that I Vj ut—j is convergent.
3=0
Put
(4.4.2) Ye = X - jio Vj Weey v t=0, + 1,... .

Then {zt} satisfies the homogeneous system of equations. There-
fore we define the process {Et} by (4.4.2), where {xt} is the
unique weakly stationary solution of the homogeneous system.
Then it is easily seen that {ét} is the unique covariance sta-

tionary solution of (4.4.1).

Let
(1) ,,(1) (1), L(o) (o), (1)
) GO ...Ap i By ...Bq i &1 C ) ’
and
8 = SDSE xZ xW ,
(1) m—mo k
where W (the range of C ) is some subset of (C ) .
At first we consider the reduced form i.e.
(4.4.3) @ a~t 3 t=0,+1
.4, T Px, .+ Cu,. = £ Qmn,._, =0,+1,... .
h=0 h=t-h o t h=0 h—t-h

A sample is called second-order informative for the reduced

form if it is second-order informative for (P(z), Q(z), Zn, A;lc).
We shall assume that the model is non-collinear i.e. that there
exists n, € N such that



(B]

THEOREM 4.4.1 If in a non-homogeneous dynamic system of simul-
DSE

taneous equations 8 = S x Z x W, then the sample size max
(no+1+p, g+(m+1)p) is second-order informative for the reduced

form.

PROOF. Since the covariance function of the process {§t} is
generated by the spectral measure of the process {zt} defined
by (4.4.2), it follows at once from theorem 4.2.4 that the
sample ‘'size g+(m+l)p is second-order informative for

(P(z), Q(z), Zn).

Let s, & = hEOPh Xy _pr t=0%l,... Then it follows from (4.4.3)
that a sample of size n +1 from the process {§t} is second-
order (even first-order) informative for A;lc. Hence a sample
of size n_+l+p from {§t} is second-order informative for A;1C
conditional on P(z). By theorem 1.2.3 then the sample size
max (no+l+p, q+ﬂm+l)p) is second-order informative for A;lc.

This proves the theorem. [

As in §4.3 we shall now consider the ith structural equa-

tion. After re-ordering the equations we may partition the

matrix C in a similar way as A

h ’
0 0 (1)
c=  |eee-s ceteseen .
rest .
Ci : Ci (m-1)

(c;) (k-c;)

So ci is the number of exogenous variables in the ith equation.
Now the relation AO (A;IC) = C plays exactly the same role as
the relation A0 Ph = Ah did in %4.3. Therefore we can immedia-
tely generalize the results of 4.3 to the non-homogencous casc

and obtain the followiny theorcms.

THEOREM 4.4.2 (order condilion). 1f g=0 and ». is complotely
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unknown, a necessary condition for identifiability of the ith

structural equation is

p
mp >m, +c, + I k. .
i i h=1 ih

THEOREM 4.4.3 (rank condition for the structural form). Let
the sample size n be second-order informative for the reduced

form of a non-homogeneous dynamic system of simultaneous equa-
tions. Then a sufficient condition for that sample size to be
second-order informative for the ith structural equation is

r [Aoi""’Api’ Ci] =m-1, 0 € . If g=0 and ZE is completely
unknown, then the condition is also necessary.

The proofs of tHese theorems are similar to the proofs of
corollary 4.3.6 and theorem 4.3.7 and are omitted.

To illustrate the results, we shall give an example from

econometrics.

EXAMPLE 4.4.4 Consider the following system of simultaneous

equations
Xep = So1 * Sy1 Eeoy,3 t O ez toEey Yoy g,
Xep T %02 T G2 Ee3 t Epp T op Epog,2
ez = Xpg T X T Ve
where
X1 = consumption in period t ,
X., = net investments in period t ,
§t3 = national income in period t ,
v = other expenses in period t .
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In the notation of the preceding sections we have
p=g=1, m=3, mo=l, po=0 and

1 0 . (621+allz)
0 1 : 612 ©) 1+alz 0
A(2) T | eeveeoacoccsscananns , B (z) = .
;—1 -1 E 1 | 0 1+a22_
. N (12) -
First of all we see that degree {A (z)} =1 > p,s SO we can-

not apply theorem 4.4.1. Therefore we substitute
Xe1,3 = Ze-1,1 + Xeo1,2 " V-1 into the first equation and
obtain a model with coefficient generating function

1=6112 =632 ¢+ T8y
A(z) : = .
0 1 : 812
-1 -1 : 1
. .l

Note, that there is a 1-1 correspondence between the coeffi-
cients of A(z) and A(z). Hence, identifiability of A(z) is
equivalent to identifiability of A(z). It should also be noted
that the substitution introduces Vo1 into the first equation.
Therefore we have to take

1 %91 O 85
ut = Vt y C = '502 0 0 .
Vi1 0 1 0

Note, that the model is non-collinear iff the sequence {Vt}
does not satisfy a first-order linear difference equation. We
shall suppose that no=2, i.e. that
2
SE

%
r[ u, u;] = 3, In order that 6 € SD x Z x W, we must have
t=0
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1) det A(z) # 0, |z| <1 or, equivalently

|511|<|1—6 -8

12 21I -

2) det B(O)(z) # 0, |z|] < 1 or, equivalently

lajl < 1A Jo,| < 1.

1

- -5 . a 0 ]
: 11 11 ¢ 1
3) r [A(ll),B(o)]= : =m-m_= 2.
p q . o

| o 0 I 0 a,

Hence , (611 #F 0V oy # 0) v a, # 0 .
1—6112 —5112 -621 E 1+alz 0 0

4)  r[A(z),B(z))= r s =

0 1 12 ° 0 1+a22 0

-1 -1 1 0o o0 oJ

for all z. This is the case iff
Ay 8p F 17615785V oy 8y F 165785, -

Thus by theorem 4.4.1 we obtain that the sample size

max(no+l+p, g+(m+l)p) = max (4,5) = 5 is second-order informa-
tive for the reduced form, if the conditions 1) - 4) are satis-
fied.

Finally we shall consider the rank condition for the
structural form (theorem 4.4.3).
For the first equation we have

1
r Ay, /R,0C]
-1

2]
-
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and for the second equation

11

r [AOZ’A12’C2] =r =2=m-1 .,

IEEEEERERY
EEEEEEEK

Thus the sample size 5 is second order-informative for both

equations if the coefficients satisfy conditions 1) - 4).



124
APPENDIX
A,1 UNIVARIATE SPECTRAL THEORY AND STOCHASTIC DIFFERENCE

EQUATIONS

Let A be a finite dimensional Euclidean space and let
@B(A) denote the Borel field of A. Suppose we have a o-finite
measure u on (A,iE(A)) and a stochastic process {z{s}, s€ @(A)}
such that

(A.1.1) z{s,Us,} = z{s;} + z{s,} if s;Ns, = @,

(A.1.2) E{z{s;}z{s,}} = u{s Ns,} , 5,,5,€R(N)

Such processes are called random measures with orthogonal incre-
ments. From (A.l.1) and A.1.2) it follows that for disjoint sj

with

Il o~ 8

u{sj} < =, we have

j=1

nCs
0]
—
I
o8
N
-
0
—
o
.
0]

z{ .
=1

where the convergence of the series on the right is in mean

square.

Let L2(u) denote the (Hilbert) space of functions £ : A » € that

are square integrable with respect to p. We shall give a brief

exposition how we may define stochastic integrals of the type

[ £(x)z{dr}, £ € Lz(u), or J f dz , for short.
A A
We follow GRENANDER and ROSENBLATT [ 16]p. 25-27. If s € ié(A)
with u{s} < =, then we define

1_dz : = z{s},
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where 1s stands for the indicatorfunction of s. Similarly, for

n
simple functions £ = ¢ o,1 we put
k=1 Kk s(k)
n n
(A.1.3). J I a,l dz = © o,z{s(k)}.
k=1 K s(k) k=1 X

A

It is not difficult to see that the integral (A.l1.3) does not
depend on the specific representation of f. From (A.1.1) and
(A.1.2) it follows, that for disjoint s(k) we have

2 n 2 2
(A.1.4) E{|| fdz|“} = = iak| wi{s(k)} = | |£]“an .
k=1

A . A
For arbitrary f € Lz(u) we can find a sequence of simple func-

tions fn n=1, 2, ..., such that fn converges to £ in the norm
of L2(u), i.e.

. 2.
lim I |f-fn| dpy = 0.

n->o

Then we have

2 2
E{[J £ dz - J £.dz|7} = I|fn—fm\ du>0, n,mre .

A A A

Hence there exists a random variable y with

l.i.m. [ f dz =
n->co n-= z'

A

and

E{|y|%}= lim E{If £ dz|%) = [|f|2du .
nN->w

A A
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It is not difficult to see that y does not depend on the parti-

cular sequence fn' Therefore we may define

J fdz : = l.i.m. J f dz.
n->o n

A A

The integral is now defined for all f € Lz(u) and has the fol-

lowing properties .

(A.1.5) J (af+Bg)dz = o J fdz+8 J gdz , f,gELZ(u) ’

A A A o, BEC

(A.1.6) l.i.m. J f dz = f fdz < lim [ | £-£ |2du =0
n->o n n->o n
A A ‘ A
£,£ €L? (u)
14 n 4
(A.1.7) E{I fdz [ gdz} = I fgduy f,gELz(u) p
A A A

in particular
E{]I faz [2} = [lfl2du . ger®(y) -
A A

The proofs are straightforward and will be omitted (see e.q.
[33]). Finally, we define [ fdz as J 1. fdz for all s< D[(r) and

£e1? (u) .
Consider the stochastic process {z,{s}, s€ B(A)} defined
by
El{S} : = deg ’

S
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for some fixed fGLZ(u). Then gl{s} is also a random measure
with orthogonal increments since (A.l.1) is trivially satisfied
and by (A.1.7)

—_— 2
Blz,ls,)z,{sy}) = I g ng |E17 du =
1 °2
A
= Ifl2 du = u,{s.Ns,}
H 151 =27
$17s;

where uy is the measure on (A, B(A)) which is absolutely con-
tinuous w.r.t. u with density |£|2. Using the usual differen-
tial formalism we write du,= |f|2 du, and in analogy to this
formalism we shall write dz,= fdz.

From now on we specialize to the case where A = (-7, 7]
and for u we take a finite measure F. Thus we have F{(-m,7] }<=
and in particular we have eltx € L2(F) for all t € R.

Consequently we can define a stochastic process {Et’ t=0,il,..‘}

by

(A.1.8) x, & = J I zrany t=0, +1,... .
(-m,m]

By (A.1.7) we obtain

(A.1.9) Ef{x, gs} = [ el(t_s)AF{dx} , tys =0, +1,...

(=, 7]

Hence the process {§t} is weakly stationary. It can be shown
that every weakly stationary process can be represented in the
form (A.1.8) and that this representation is unique (see e.g.
GRENANDER and ROSENBLATT [ 16] p. 27-29). It is then called the
spectral representation of the process and (A.1.9) is then cal-

led the spectral representation of the product moment function
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(or the covariance function if E{Et}= 0, t=20, +1,...). The

- measure F is called the spectral measure of {x.}, and z{.} is
called the random measure with orthogonal increments assocZated
with {x }. A theorem due to HERGLOTZ ([ 11l] p. 634-635) states
that a finite measure F on (-m,m] is uniquely determined by the

sequence of its Fouriercoefficients Yg i.e. by

Y, = J M Franr, s =0, 4+ 1,... .

(=m |

Hence by (A.1.9) we have a 1-1 correspondence between covariance
functions of weakly stationary processes and finite measures
concentrated on (-wv,n] . We shall use the notations Fx and Ex{'}
for the spectral measure and random measure with orthogonal
increments associated‘with the weakly stationary process {5t}’
and use a similar notation when other weakly stationary proces-
ses are involved.

A linear operation that transforms the process {x } into
{y,} such that (in mean square)

zt= z ckﬁt—k ' t=0,+1,...

is called a (time invariant) Il<near filter. It follows from
(A.1.5) and (A.1.6) that

Y. = eltx( I ¢ e-lkx) z {dx}, t =0, +1,...
t k=0 k =X -
(=m,7]
where the convergence of I Ck e_lkA is in the norm of LZ(FX).
k=0
The function ¢(A) : = I Cy e 1KY 55 called the frequency res-
k=0

ponse function of the linear filter. The following theorem on
linear filters is fundamental in the theory of stochastic linear
difference equations.
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THEOREM A.l.1 Let {§t} be weakly stationary and let

zz:xc_}s_ t=0,i1,...-If(P()\)=Zce

A € (-n,n] then 1/¢ € LZ(Fy).

-ikx
’

Furthermore there exist weakly stationary processes {%t} and

{Et} , mutually orthogonal, with

Y¢ T E Cx Et—k L t =0, +1,... .

X

eltA
£ = J FYENE gy{dx}

(=m,m]

PROOF. Define 1/¢ constant, (for measurability) on the set

E, = {(Ale(r) = 0}.

. _ _ 2 -
Since dz, = ¢dz,, we have daF, = lo] dF  and so Fy{Eo} = 0.
Hence,

5 dFy I 5 dFy J de FX{EO} < .
o] ! el )
(=m, 7] EO Eo
Thus 1/¢ € L2(Fy) and we may define
. oith
X = [ o (1) gy{dx} ' t=0, +1,... .
(=, 7]
We have
. Sith oith
Ft 7 I gy Zyldrd = [ ey 9 2 ldrd =
gC &€
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= J ez tany t=0, +1,... .
C

E
o]

If EO =@ we can take u =0, t=20, +1,... and the theorem

t
is proved. If Eo #@§ we put

£
u, = J etz tarr t=0, +1,... .

E
(o}

Then {Et} is weakly stationary, orthogonal w.r.t. {2t} and

u, +*x =x as. t=20,4+1,... Furthermore,

r o = [ o) eitr z(ar} = o t=0, +1

2o Ck=t-k ¢ Zx ’ A A

k=0

E
o

Hence

I C X, ., = I CX, _, - I cu .= % cx .=y, .0

olo Otk T T ke T 20 SkBeek T 20 Sk T Xe

Consider the homogeneous difference equation

©

(A.1.10) I a
k=0

kzt_k=0 r t=0,il,..- ’

©

where I |ak| < =, We are interested in nonzero weakly statio-
k=0
k

nary solutions. Let A(z) = = ez, z € €. By the bounded con-
k=0

vergence theorem of Lebesgue, it follows that A(z) is continuous

©

on |z| < 1, and so for all finite measures Fon (-m,7] we have
ae™ e ’m) .

THEOREM A.l.2 The stochastic difference equation (A.1.10) has
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a nonzero weakly stationary solution iff the set

Ej: = {A!A(e_lx) = 0} is nonempty. All weakly stationary solu-

; : c, _
tions {x,} satisfy F {E]} =0 .

PROOF. (=) Let {x, } be a nonzero weakly stationary solution.
Then we have

)% F tant = o,

A

which implies that A(e *") = 0 F.-a.e., or equivalently FX{E§}=O.

Thus, since {x, } is a nonzero solution,
FA{E} = F {(-n,7} = E{|x,|%} > 0
X o X ! =t !
and so E, must be nonempty.

(<) 1If Ao S EO and z is an arbitrary random variable with

0 < E{Ig[z} < », then a weakly stationary solution of (A.1.10)
is given by

X, =z e ’ t=0, +1,... ]

COROLLARY A.L.3 If A(z) is analytic on |z| < p for some p > 1,

there are at most finitely many zeros on |z| = 1 and so every

weakly stationary solution has a spectral measure concentrated
on a finite set.

Next we consider the non homogeneous difference equation
that corresponds to (A.1.10),
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X

k= t =0, +1l,...

(A.1.11) Ioayk =¥ o

where {Xt} is a given weakly stationary process. We have

THEOREM A.1.4 The stochastic difference equation (A.1.11) has

a weakly stationary solution {gt} iff A'l(e—ik) € LZ(Fy), where
A"l (e™) is defined to be = on the set E_ : = {A|A(e_ik) = 0}.
EVery weakly stationary solution {§t} can be written in the
form
eit)\
X, = (T gy{dy} tu o, t=0,+1,....

(=m,7]

where the process {Et} is a weakly stationary solution of the

corresponding homogenous equation, which is orthogonal to {§t}.

PROOF. (<) If A_l(e—lx) € Lz(Fy) then we must have Fy{EO} = 0.
Define
I eltl
X, = — z_{dx} , t=0, +1,... .
t Ale 1A)
(_7" r'"']
Then
) N _')\
itd A(e ™M)
I a X, ., = I e — z {dx} =
k=0 k=t-k Ale 1A) Yy
(- l'"]
_ it B ita _ _
= I e Ey{dk} = J e Ey{dx} =¥, t=0,%+1,....
EC (=7,

(=) If the weakly stationary proces {Et} satisfies (A.1.11),
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it follows from theorem A.1.1 that we have A l(e %) € L2(Fy),
and that x, is of the form stated in the theorem. [

It follows from theorems A.1.2 and A.1.4 that if A(z) # 0,

z| = 1, then the process {u,} vanishes identically (a.s.) and
-t
( eitk
X, = —— 2z _{dx} ’ t=0, +1,...
t A(e l>‘) Y
(=m,m]

is the unique weakly stationary solution of (A.1.11). The spec-
tral measure is then absolutely continuous w.r.t. Fy and is
given by
= :
F_{d\} = ———F———= F_{d)} ' X € (=m,m].
X |a(e 1A)‘2 y

If in addition F& is absolutely continuous with spectral den-

sity fy' then FX is absolutely continuous with spectral density

£ (2)
fx(A) = —z——:IX——f ’ X € (-m,m] .
|ate =) |

In particular, if {Xt} is a moving average

oo

£~ 2, CkEt-k

0,+ 1,... ’

with {g,} white noise and E{|et|2} = 02, we find

2

2 -iA)
’ A € (-m,m] [

_c B(e
AL T s vey

A(e—ix)

where the function B(e—lx) is defined as the limit in Lz(u)

norm (p = Lebesdue measure),
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n
: = 1lim I Db
n+» k=0

B(e 1% e kA A€ (=m,1]

k

It is easily seen to exist iff = lbkl2 < o,
k=0

A.2 SOME MULTIVARIATE SPECTRAL THEORY

As in the univariate case, let A denote a finite dimensio-
nal Euclidean space and B(A) its Borelfield. Suppose we have
a o-finite measure p taking values in the set of Hermitian po-
sitive semi definite m x m matrices. If {z{s}, s €e&R(N)} is an

m-variate stochastic process with

(A.2.1)  z{s,Us,} = z{s} + z{s,} if s;Ns, =4
(a.2.2)  Elz{s} 2%(s,}} = u{s;Ns,} ,  s;, 5, €BW) ,

then z{.} is called an m-variate random measure with orthogonal
increments.

Consider the real measure p:=tryu. Obviously the components of

u are absolutely continuous w.r.t. u and so there exists a

semi positive definite matrix valued function f with du=£fdn.

If ¢ is some nxm matrix function on A such that ¢ £ m*is inte-
grable w.r.t. p (componentwise) then we shall say that

¢ € L2(u),and we denote: ¢dug#* = ¢%¢*dﬂ. Similar: ¢duw*:=¢%w*dﬁ.
In a way similar to the univariate case we may now introduce
stochastic integrals w.r.t. the random measure z for functions
in Lz(u). The properties corresponding to (A.1.5) - (A.1.7) are

(A.2.3) J(Af + Bg)dz = AdeE + BIng £, g€’

A A A A, B E€ C(m)
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(A.2.4) l.i.m Ifndg = [fdg <= lim I(f—fn)du(f—fn)“ =0
- n->o n-»>o

A A A 2

£, £, € L7 (W)

(A.2.5) E{deg(fgdg)*} = ffdug ' £, g € L2(y)

A A A

As in the univariate case it can be shown that every m-variate

weakly stationary process {Et} has a spectral representation

x, = I ez qary , =0, x1,...,
(=m,m]
and
Elx,x2) = J el (t=s)2 FAdA}, €,8 =0, + 1,... ,
(=m,m]

where z  is now an m-variate random measure with orthogonal
increments and the spectral measure Fx takes semi positive
definite mxm matrices as values. If tr Fx is absolutely conti-
nuous w.r.t. Lebesgue measure, Fx is said to be so and we can
write dFX = fxdk. The mxm matrixfunction fx is called the spec-
tral density matrix of the process. For details on multivariate
spectral theory we refer to HANNAN [ 20].

Consider the process {Xt} obtained from {§t} by the linear
filter

Y. = I C X, _ t=0, +1,... ’
t k=0 k=t-k
where Cor Cl,... are nxm matrices. Then {Xt} is an n-variate
weakly stationary process. Putting C(z):= = Ckzk we can
k=0

write
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¥, = { M ce™z tary . =0, 1,

(=m,m]
and by (A.2.5) it follows that
(a.2.6) F (@} = cle™Mr tanyct (e

The multivariate generalizations of theorems A.1.1, A.1.2 and
A.l1.4 are now straightforward. As an example we shall prove

the generalization of theorem A.1l.2.

THEOREM A.2.1 Consider the m-variate stochastic difference

equation

0

IAX . =0, t=0,+1,... P
k=0 K-tk

are mxm matrices such that 3 A I < ». Put

where A , A
[¢] k=0 k

[EARE

A(z):= I Akzk. Then there exist a non-zero weakly stationary
k=0 .

solution iff the set EO:={A!det aA(e”™) = 0} is nonempty. All

weakly stationary solutions {§t} satisfy Fx{Eg} = 0.

PROOF. () Let {§t} be a nonzero weakly stationary solution.

Then we can write

eMae™Mz tary =0, £=0, +1,... .
(=m,m]

Hence

f A(e_iA)Fx{dA}A*(e_ix) =0 .

(=m,7]
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Putting Qx = tr FX and dFX = fxdcbx this can equivalently be
written

-iA,z %, =i _
A(e )fX(A)A (e )@x{dl} = 0.

(=m,m]

Since A(e—lx)%X(A)A“(e_lk) is semi positive definite this im-

plies

-iry; -y _ 3
A(e )fX(K)A (e )y =0 , a.e.-d_.

Thus for almost all A € Eg (a,e.—®x) we must have %x(x) =0,

and so

C, _ - p -
FX{EO} = [ FX{dA} = J fx(k)QX{dx} =0 .
EC EC
o o
Hence
F {EJ} = FX{(-w,ﬂ]}= E{§t5E} #0 ,

which implies that EO is nonempty.

(¢) 1If Ao € ES and z € ™ is some arbitrary random vector with
0 < E{"g“z} < », then a weakly stationary solution is given by

itko
x.i=ze ’ t=0,+1,... &« |

REMARK. If A(z) is analytic on |z{ < p for some p > 1, the
spectral measure is, in contrast to the univariate case, not
necessarily concentrated on a finite set since det A(e_ix) may
vanish identically without A(z) being identical to the mxm
zero matrix. As a concequence, a weakly stationary process
satisfying a homogeneous difference equation can have an abso-
lutely continuous spectral measure.
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Finally we consider the m-variate ARMA(p,q) model (3.1.1).

q
_ Putting y, = I Bse

3=0 J=t-3 t=0,+1,... , we can write

Yp = { etth B(e_ix) ge{dk}, t=0, +1,... .

(=m,m]

Hence gy{dx} = B(e_ix)ge{dk} ;, A€ (-m,m]. If det A(z) # 0,]|z|=1
it follows from the multivariate generalization of theorem A.1l.4
and theorem A.2.1 that the unique weakly stationary solution

of (3.1.1) is

= { Aql(e—ix)gy{dy} = J A-l(e—ix)B(e_iA)ge{dk},

(_'"r'"] (=m,m]
t=0, +1,...

and has a spectral density matrix given by

1

£.(0) = A (e‘“)B(e'“)z8 ¥ (e”Ma 1" (e71Yy, e (-, n].



139

REFERENCES

1. ANDERSON, T.W., (1958), The statistical analysis of time series, Wiley,
New York.

2. ASH, R.B., (1972), Real analysis and probability, Ac. press New York,

San Francisco London.

3. BOSE, B.C., (1950-1951), Least Squares Aspects of the analysis of variance,

Mimeographed series, No. 9 North Carolina University.

4. DEISTLER, M., (1975), z-Transform and identification of linear econome-

tric models with autocorrelated errors, Metrika 12, 13-25.

5. DEISTLER, M., (1976), Linear models with autocorrelated errors: struc-—
tural identifiability in the absence of minimality assumptions,
Res. Memo. Dept. econometrics, University of Bonn.

6. DEISTLER, M., (1978), The structural identifiability of linear models
with autocorrelated errors in the case of cross—equation restric-—

tiong, Journal of econometrics 8, 23-31.

7. DEISTLER, M. & H.G. SEIFERT, (1978), Identifiability and consistent esti-

mability in econometric models, Econometrica 6, 969-980.

8. DEISTLER, M., W. DUNSMUIR & E.J. HANNAN, (1978), Vector linear time
series models: corrections and extensions, Adv. Appl. Prob. 10,
360-372.

9. DOOB, J.L., (1953), Stochastic processes, Wiley, New York.

10. MACDUFFEE, C.C., (1956), The theory of matrices, Chelsea publ. comp.
New York.

11. FELLER, W., (1971), An introduction to probability theory and its appli-
cations, Vol. II, Wiley, New York.

12. FERGUSON, T.S., (1967), Mathematical statistics, a decision theoretic

approach. Ac. press, New York, London.

13. FISHER, F., (1966), The identification problem in econometrics, Mc.Graw
Hill, New York.

14. GENUGTEN, B.B. v.d., (1977), Identifiability in statistical inference,

Statistica Neerlandica 2, 69-89.



140

15.

17.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

GANTMACHER, F.R., (1959), The theory of matrices, Vol. I Chelsea publ.

comp. New York.

. GRENANDER, U. & M. ROSENBLATT, (1957), Statistical analysis of stationary

time series, Wiley, New York.

HANNAN, E.J., (1971), The <dentification problem for multiple equation

systems with moving average errors, Econometrica, 39. 5.

. HANNAN, E.J., (1969), The identification of vector mixed autoregressive

moving average systems, Biometrika, 57.

. HANNAN, E.J., (1975), The estimation of ARMA models, Ann. Math. Stat.

4. 975-981.

. HANNAN, E.J., (1970), Multiple time series, Wiley, New York.

HANNAN, E.J., (1980), Personal communication with TIGELAAR.

KADANE, J.B., (1975), The role of identification in Bayesian theory,

Studies in Bayesian econometrics and statistics, 175-191.

KOOPMANS, T.C.. & O. RIERSOL, (1950), The dientification of structural
characteristics, Ann. Math. Stat. 21, 165-181.

LINDLEY, D.V., (1971), Bayesian statistics: a review, Philadelphia, SIAM.

MARAVALL, A., (1979), Identification in dynamic shock error models,
Springer, Berlin.

MORALES, J.A., (1971), Bayesian full information structural analysis,
Springer, Berlin.

RIERSOL, 0., (1950), Identifiability of a linear relation between vari-

ables which are subject to error, Econometrica 18, 375-389.

RIESZ, F., (1923), Uber die Randwerte einer analytischen Funktion, Math.
Zeit. vol. 18, 87-95.

ROTHENBERG, T., ( - ) The value of structural information: a Bayesian
approach, Unpublished.

ROZANOV, YU.A., (1967), Stationary random processes. Holden-Day,

San Francisco.



31.

32.

33.

34.

35.

36.

141

SCHBNFELD, P., (1975), A survey of recent concepts of identification,

CORE discussion paper no. 7515, Leuven.
THEIL, H., (1971), Principles of Econometrics, Wiley, New York.

TIGELAAR, H.H., (1975), Spectraalanalyse en stochastische differentie
vergelijkingen, Reeks ter discussie 75.001.

TIGELAAR, H.H., (1980), Personal communication with HANNAN.
TOLSTOV, G.P., (1962), Fourier series, Prentice-Hall Inc. New Jersey.

WESTCOTT, M., (1970), Identifiability im Linear processes, Zeitschr.
Wahrsch. Theorie u. verw. Geb. 16, 39-46.






autoregressive process

143

SUBJECT INDEX

37

closed under nonsingular
linear transformations

11

0

complete econometric model 97

conditional identifiability

11

conditional identification

theorem 12

conditional informative
decision rule 20

endogenous variables 1
error in variables mode

exogenous variables 11

Fourier coefficiénts 1

17
1
7

28

11

17

frequency response function

128

future of a process 29

generalized Bezout theorem

identifiability 7
identifiable hull 13
ignorability 18 , 20

informational class 8

informational independence

informativeness 7

informative sample size

left denominator 71
left factor 68
linear filter 128
local identifiability

35

26

73

13

matrix polynomial 61

minimum informative sample size
27

minimum predictive sample size
29

mixed autoregressive moving
average process 37

moving average process 37

m-variate random measure with
orthogonal increments 134

non collinearity 118

non exponentially increasing
sequence 117

nowhere local identifiability
35

observational equivalence 6
opinion 22
order condition 116 , 119

pay-off function 19
predictability 28
predictive sample size 29
prior measure 22

probabilistic prediction
problem 29

proper matrix polynomial 97

random measure with orthogonal
increments 124 ’

rank condition for reduced
form 115

rank condition for structural
form 116 , 120

reduced form 98
right multiple 68

right numerator 71



144

r-th order informativeness

r-th order predictive sample
(size) 32

AR MA

S S 41

p’' g

SARMA 49

P:q

GARMA 54

P9

sBR(m) - 49

P

M) 76

q

sARMA ) 83

P,g

SDSE , gDSE 103

spectral density matrix 135

spectral measure 128

32

127

statistical prediction problem
28

statistical statement 6
98

spectral representation

structural form

t-informativeness 33

uniform identifiability 24
unimodular matrix 68

weak observational equivalence
32

white noise 37 , 61

YULE-WALKER equations 42 , 81



TITLES IN THE SERIES MATHEMATICAL CENTRE TRACTS

(An asterisk before the MCT number indicates that the tract is under prep-
aration).

A leaflet containing an order form and abstracts of all publications men-
tioned below is available at the Mathematisch Centrum, Kruislaan 413,
1098 SJ Amsterdam, The Netherlands. Orders should be sent to the same
address.

MCT

MCT
MCT

MCT

MCT

MCT
MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT

MCT
MCT

1

o]

T. VAN DER WALT, Fized and almost fixed points, 1963.
ISBN 90 6196 002 9.

A.R. BLOEMENA, Sampling from a graph, 1964, ISBN 90 6196 003 7.

G. DE LEVE, Generalized Markovian decision processes, part I: Model
and method, 1964. ISBN 90 6196 004 5.

G. DE LEVE, Generalized Markovian decision processes, part II:
Probabilistic background, 1964. ISBN 90 6196 005 3.

G. DE LEVE, H.C. TIJMS & P.J. WEEDA, Generalized Markovian decision
processes, Applications, 1970. ISBN 90 6196 051 7.

M.A. MAURICE, Compact ordered spaces, 1964. ISBN 90 6196 006 1.

W.R. VAN ZWET, Convex transformations of random variables, 1964.
ISBN 90 6196 007 X.

J.A. ZONNEVELD, Automatic numerical integration, 1964.
ISBN 90 6196 008 8.

9 P.C. BAAYEN, Universal morphisms, 1964. ISBN 90 6196 009 6.

15
16

E.M. DE JAGER, Applications of distrubutions in mathematical physics,
1964. ISBN 90 6196 010 X.

A.B. PAALMAN-DE MIRANDA, Topological semigroups, 1964.
ISBN 90 6196 011 8.

J.A.Th.M. VAN BERCKEL, H. BRANDT CORSTIUS, R.J. MOKKEN & A. VAN
WIJNGAARDEN, Formal properties of newspaper Dutch, 1965.
ISBN 90 6196 013 4.

H.A. LAUWERIER, Asymptotic expansions, 1966, out of print; replaced
by MCT 54.

H.A. LAUWERIER, Calculus of variations in mathematical physics,
1966. ISBN 90 6196 020 7.

R. DOORNBOS, Slippage tests, 1966. ISBN 90 6196 021 5.

J.W. DE BAKRKER, Formal definition of programming languages with an
application to the definition of ALGOL 60, 1967.
ISBN 90 6196 022 3.
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31

32

33

34

35
36
37

R.P. VAN DE RIET, Formula maniputation in ALGOL 60, part 1; 1968.
ISBN 90 6196 025 8.

R.P. VAN DE RIET, Formula manipulation in ALGOL 60, part 2, 1968.
ISBN 90 6196 038 X.

J. VAN DER SLOT, Some properties related to compactness, 1968.
ISBN 90 6196 026 6.

P.J. VAN DER HOUWEN, Finite difference methods for solving partial
differential equations, 1968. ISBN 90 6196 027 4.

E. WATTEL, The compactness operator in set theory and topology, 1968.
ISBN 90 6196 028 2.

T.J. DEKKER, ALGOL 60 procedures in numerical algebra, part 1, 1968.
ISBN 90 6196 029 0.

T.J. DEKKER & W. HOFFMANN, ALGOL 60 procedures in numerical algebra,
part 2, 1968. ISBN 90 6196 030 4.

J.W. DE BAKKER, Recursive procedures, 1971. ISBN 90 6196 060 6.

E.R. PAERL, Representations of the Lorentz group and projective
geometry, 1969. ISBN 90 6196 039 8.

EUROPEAN MEETING 1968, Selected statistical papers, part I, 1968.
ISBN 90 6196 031 2.

EUROPEAN MEETING 1968, Selected statistical papers, part II, 1969.
ISBN 90 6196 040 1.

J. OOSTERHOFF, Combination of one-sided statistical tests, 1969.
ISBN 90 6196 041 X.

J. VERHOEFF, Error detecting decimal codes, 1969. ISBN 90 6196 042 8.

H. BRANDT CORSTIUS, Exercises in computational linguistics, 1970.
ISBN 90 6196 052 5.

W. MOLENAAR, Approximations to the Poisson, binomial and hypergeometric

distribution functions, 1970. ISBN 90 6196 053 3.

L. DE HAAN, On regular variation and its application to the weak con-—
vergence of sample extremes, 1970. ISBN 90 6196 054 1.

F.W. STEUTEL, Preservation of infinite divisibility under mixing and
related topies, 1970. ISBN 90 6196 061 4.

I. JUHASZ, A. VERBEEK & N.S. KROONENBERG, Cardinal functions in
topology, 1971. ISBN 90 6196 062 2.

M.H. VAN EMDEN, An analysis of complexity, 1971. ISBN 90 6196 063 O.
J. GRASMAN, On the birth of boundary layers, 1971. ISBN 90 5196 064 9.

J.W. DE BAKKER, G.A. BLAAUW, A.J.W. DUIJVESTIJN, E.W. DIJKSTRA,
P.J. VAN DER HOUWEN, G.A.M. KAMSTEEG-KEMPER, F.E.J. KRUSEMAN
ARETZ, W.L. VAN DER POEL, J.P. SCHAAP-KRUSEMAN, M.V. WILKES &
G. ZOUTENDIJK, MC-25 Informatica Symposium 1971.

ISBN 90 6196 065 7.
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38

39
40

41

42

43

44

45

46

47

48

49
50

51

52
53

54
55

56

57

W.A. VERLOREN VAN THEMAAT, Automatic analysis of Dutch compound
words, 1971. ISBN 90 6196 073 8.

H. BAVINCK, Jacobi series and approximation, 1972. ISBN 90 6196 074 6.

H.C. TIJMS, Analysis of (s,S5) inventory models, 1972.
ISBN 90 6196 075 4.

A. VERBEEK, Superextensions of topological spaces, 1972.
' ISBN 90 6196 076 2.

W. VERVAAT, Success epochs in Bernoulli trials (with applications in
number theory), 1972. ISBN 90 6196 077 O.

F.H. RUYMGAART, Asymptotic theory of rank tests for independence,
1973. ISBN 90 6196 081 9.

H. BART, Meromorphic operator valued functions, 1973.
ISBN 90 6196 082 7.

A.A. BALKEMA, Monotone transformations and limit laws 1973.
ISBN 90 6196 083 5.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 1: The language, 1973. ISBN 90 6196 084 3.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-
lation systems, part 2: The compiler, 1973. ISBN 90 6196 085 1.

F.E.J. KRUSEMAN ARETZ, P.J.W. TEN HAGEN & H.L. OUDSHOORN, An ALGOL
60 compiler in ALGOL 60, Text of the MC-compiler for the
EL-X8, 1973. ISBN 90 6196 086 X.

H. KOK, Connected orderable spaces, 1974. ISBN 90 6196 088 6.

A. VAN WIJNGAARDEN, B.J. MAILLOUX, J.E.L. PECK, C.H.A. KOSTER,
M. SINTZOFF, C.H. LINDSEY, L.G.L.T. MEERTENS & R.G. FISKER
(eds), Revised report on the algorithmic language ALGOL 68,
1976. ISBN 90 6196 089 4.

A. HORDIJK, Dynamic programming and Markov potential theory, 1974.
ISBN 90 6196 095 9.

P.C. BAAYEN (ed.), Topological structures, 1974. ISBN 90 6196 096 7.

M.J. FABER, Metrizability in generalized ordered spaces, 1974.
ISBN 90 6196 097 5.

H.A. LAUWERIER, Asymptotic analysis, parf 1, 1974, ISBN 90 6196 098 3.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 1: Theory of
designs, finite geometry and coding theory, 1974.
ISBN 90 6196 099 1.

M. HALL JR. & J.E. VAN LINT (eds), Combinatorics, part 2: Graph
theory, foundations, partitions and combinatorial geometry,
1974. ISBN 90 6196 100 9.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 3: Combina-
torial group theory, 1974. ISBN 90 6196 101 7.



MCT 58 W. ALBERS, Asymptotic expansions and the deficiency concept in sta—
tistiecs, 1975. ISBN 90 6196 102 5.

MCT 59 J.L. MLINHEER, Sample path properties of stable processes, 1975.
ISBN 90 6196 107 6.

MCT 60 F. GOBEL, Queueing models involving buffers, 1975. ISBN 90 6196 108 4.

*MCT 61 P. VAN EMDE BOAS, Abstract resource-bound classes, part 1,
ISBN 90 6196 109 2.

*MCT 62 P. VAN EMDE BOAS, Abstract resource-bound classes, part 2,
ISBN 90 6196 110 6.

MCT 63 J.W. DE BAKKER (ed.), Foundations of computer science, 1975.
ISBN 90 6196 111 4,

MCT 64 W.J. DE SCHIPPER, Symmetric closed categories, 1975. ISBN 90 6196 112 2.

MCT 65 J. DE VRIES, Topological transformation groups 1 A categorical approach,
1975. ISBN 90 6196 113 0.

MCT 66 H.G.J. PIJLS, Locally convex algebras in spectral theory and eigen-—
function expansions, 1976. ISBN 90 6196 114 9.

*MCT 67 H.A. LAUWERIER, Asymptotic analysis, part 2, ISBN 90 6196 119 X.

MCT 68 P.P.N. DE GROEN, Singularly perturbed differential operators of
second order, 1976. ISBN 90 6196 120 3.

MCT 69 J.K. LENSTRA, Sequencing by enumerative methods, 1977.
ISBN 90 6196 125 4.

MCT 70 W.P. DE ROEVER JR., Recursive program schemes: Semantics and proof
theory, 1976. ISBN 90 6196 127 0.

MCT 71 J.A.E.E. VAN NUNEN, Contracting Markov decision processes, 1976.
ISBN 90 6196 129 7.

MCT 72 J.K.M. JANSEN, Simple periodic and nomperiodic Lamé functions and
their applications in the theory of conical waveguides, 1977.
ISBN 90 6196 130 O.

MCT 73 D.M.R. LEIVANT, Absoluteness of intuitionistic logic, 1979.
ISBN 90 6196 122 X.

MCT 74 H.J.J. TE RIELE, 4 theoretical and computational study of generalized
aliquot sequences, 1976. ISBN 90 6196 131 9.

MCT 75 A.E. BROUWER, Treelike spaces and related connected topological
spaces, 1977. ISBN 90 6196 132 7.

MCT 76 M. REM, Associations and the closure statement, 1976.
ISBN 90 6196 135 1.

MCT 77 W.C.M. KALLENBERG, Asymptotic optimality of likelihood ratio tests
in exponential families, 1977. ISBN 90 6196 134 3.

MCT 78 E. DE JONGE & A.C.M. VAN ROOLJ, Introduction to Riesz spaces, 1977.
ISBN 90 6196 133 5.



MCT
MCT
MCT
MCT
MCT

MCT

MCT

MCT

*MCT
MCT
MCT
MCT
MCT
MCT
MCT
MCT
MCT
MCT

*MCT

MCT

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95
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M.C.A. VAN ZULJLEN, Empirical distributions and rank statistics,
1977. ISBN 90 6196 145 9.

P.W. HEMKER, A numerical study of stiff two-point boundary problems,
1977. ISBN 90 6196 146 7.

K.R. APT & J.W. DE BAKKER: (eds), Foundations of computer science II,
part 1, 1976. ISBN 90 6196 140 8.

K.R. APT & J.W. DE BAKKER (eds), Foundations of computer science II,
part 2, 1976. ISBN 90 6196 141 6.

L.S. BENTHEM JUTTING, Checking Landau's "Grundlagen' in the
AUTOMATH system, 1979. ISBN 90 6196 147 5.

H.L.L. BUSARD, The translation of the elements of Euclid from the
Arabic into Latin by Hermann of Carinthia (?) books vii-ziti,
1977. ISBN 90 6196 148 3.

J. VAN MILL, Supercompactness and Wallman spaces, 1977.
ISBN 90 6196 151 3.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix I, A programming system
for operations on vectors and matrices over arbitrary fields
and of variable size. 1978. ISBN 90 6196 152 1.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix II,
ISBN 90 6196 153 X.

A. SCHRIJVER, Matroids and linking systems, 1977.
ISBN 90 6196 154 8.

J.W. DE ROEVER, Complex Fourier transformation and analytic functionals
with unbounded carriers, 1978. ISBN 90 6196 155 6.

L.P.J. GROENEWEGEN, Characterization of optimal strategies in dynamic
games, 1981 ., ISBN 90 6196 156 4.,

J.M. GEYSEL, Transcendence in fields of positive characteristic,
1979. ISBN 90 6196 157 2.

P.J. WEEDA, Finite generalized Markov programming, 1979.
ISBN 90 6196 158 0.

H.C. TIJMS & J. WESSELS (eds), Markov decision theory, 1977.
ISBN 90 6196 160 2.

A. BIJLSMA, Simultaneous approximations in transcendental number
theory, 1978. ISBN 90 6196 162 9.

K.M. VAN HEE, Bayesian control of Markov chains, 1978.
ISBN 90 6196 163 7.

P.M.B. VITANYI, Lindenmayer systems: Structure, languages, and
growth functions, 1980. ISBN 90 6196 164 5.

A. FEDERGRUEN, Markovian control problems; functional equations
and algorithms, . ISBN 90 6196 165 3.

R. GEEL, Singular perturbations of hyperbolic type, 1978.
ISBN 90 6196 166 1.
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117

.K. LENSTRA, A.H.G. RINNOOY KAN & P. VAN EMDE BOAS, Interfaces

between computer science and operations research, 1978.
ISBN 90 6196 170 X.

.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings

bilcentennial congress of the Wiekundig Genootschap, part 1, 1979.
ISBN 90 6196 168 8.

.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings

bicentennial congress of the Wiskundig Genootschap, part 2, 1979.
ISBN 90 6196 169 6.

. VAN DULST, Reflexive and superreflexive Banach spaces, 1978.

ISBN 90 6196 171 8.

. VAN HARN, Classifying infinitely divisible distributions by

functional equations, 1978. ISBN 90 6196 172 6.

.M. VAN WOUWE, Go-spaces and generalizations of metrizability, 1979.

ISBN 90 6196 173 4.

. HELMERS, Edgeworth expansions for linear combinations of order

statistics, 1982. ISBN 90 6196 174 2.

. SCHRIJVER (ed.), Packing and covering in combinatorics, 1979.

ISBN 90 6196 180 7.

. DEN HEIJER, The numerical solution of monlinear operator

equations by imbedding methods, 1979. ISBN 90 6196 175 0.

.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer

science III, part 1, 1979. ISBN 90 6196 176 9.

.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer

sctence III, part 2, 1979. ISBN 90 6196 177 7.

.C. VAN VLIET, ALGOL 68 transput, part I: Historical review and

discussion of the implementation model, 1979. ISBN 90 6196 178 5.

.C. VAN VLIET, ALGOL 68 transput, part II: An implementation model,

1979. ISBN 90 6196 179 3.

.C.P. BERBEE, Random walks with stationary increments and renewal

theory, 1979. ISBN 90 6196 182 3.

.A.B. SNIJDERS, Asymptotic optimality theory for testing problems

with restricted alternatives, 1979. ISBN 90 6196 183 1.

.J.E.M. JANSSEN, Application of the Wigner distribution to harmonic

analysis of generalized stochastic processes, 1979.
ISBN 90 6196 184 X.

.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 1,

1979. ISBN 90 6196 185 5.

.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 2,

1979. ISBN 90 6196 186 6.

.J.M. KALLENBERG, Branching processes with continuous state space,

1979. ISBN 90 6196 188 2.
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P. GROENEBOOM, Large deviations and asymptotic efficiencies, 1980.
ISBN 90 6196 190 4.

F.J. PETERS, Sparse matrices and substructures, with a novel imple-
mentation of finite element algorithms, 1980. ISBN 90 6196 192 0.

W.P.M. DE RUYTER, On the asymptotic analysis of large-scale ocean
cireulation, 1980. ISBN 90 6196 192 9.

W.H. HAEMERS, Eigenvalue techniques in design and graph theory, 1980.
ISBN 90 6196 194 7.

J.C.P. BUS, Numerical solution of systems of nonlinear equations,
1980. ISBN 90 6196 195 5.

1. YUHASZ, Cardinal functions in topology - ten years later, 1980.
ISBN 90 6196 196 3.

R.D. GILL, Censoring and stochastic integrals, 1980.
ISBN 90 6196 197 1.

R. EISING, 2-D systems, an algebraic approach, 1980.
ISBN 90 6196 198 X.

G. VAN DER HOEK, Reduction methods in nonlinear programming, 1980.
ISBN 90 6196 199 8.

J.W. KLOP, Combinatory reduction systems, 1980. ISBN 90 6196 200 5.

A.J.J. TALMAN, Variable dimension fixed point algorithms and
triangulations, 1980. ISBN 90 6196 201 3.

G. VAN DER LAAN, Simplicial fixed point algorithms, 1980.
ISBN 90 6196 202 1.

P.J.W. TEN HAGEN et al., ILP Intermediate language for pictures,
1980. ISBN 90 6196 204 8.

R.J.R. BACK, Correctness preserving program refinements:
Proof theory and applications, 1980. ISBN 90 6196 207 2.

H.M. MULDER, The interval function of a graph, 1980.
ISBN 90 6196 208 O.

C.A.J. KLAASSEN, Statistical performance of location estimators, 1981.
ISBN 90 6196 209 9.

J.C. VAN VLIET & H. WUPPER (eds), Proceedings international confer-—
ence on ALGOL 68, 1981. ISBN 90 6196 210 2.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M.J.B. STOKHOF (eds), Formal
methods in the study of language, part I, 1981, ISBN 906196 211 O.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M,J.B. STOKHOF (eds), Formal
methods in the study of language, part II, 1981. ISBN 906196 213 7.

J. TELGEN, Redundancy and linear programs, 1981.
ISBN 90 6196 215 3.

H.A. LAUWERIER, Mathematical models of epidemics, 1981.
ISBN 90 6196 216 1.

J. VAN DER WAL, Stochastic dynamic programming, successive approx—
imations and nearly optimal strategies for Markov decision
processes and Markov games, 1980. ISBN 90 6196 218 8.



MCT 140 J.H. VAN GELDROP, 4 mathematical theory of pure exchange economies
without the no-critical-point hypothesis, 1981.
ISBN 90 6196 219 6.

MCT 141 G.E. WELTERS, Abel-Jacobi isogenies for certain types of Fano three-—
folds, 1981.
ISBN 90 6196 227 7.

MCT 142 H.R. BENNETT & D.J. LUTZER (eds), Topology and order structures,
part 1, 1981.
ISBN 90 6196 228 5.

MCT 143 ﬁ. J.M. SCHUMACHER, Dynamic feedback in finite— and infinite dimensional

linear systems, 1981.
ISBN 90 6196 229 3.

MCT 144 P. EIJGENRAAM, The solution of initial value problems using interval
arithmetic. Formulation and analysis of an algorithm, 1981.
ISBN 90 6196 230 7.

MCT 145 A.J. BRENTJES, Multi-dimensional continued fraction algorithms,
1981. ISBN 90 6196 231 5.

MCT 146 C. VAN DER MEE, Semigroup and factorization methods in transport
theory, 1982. ISBN 90 6196 233 1.

MCT 147 H.H. TIGELAAR, Identification and informative sample size, 1982.
ISBN 90 6196 235 8.

MCT 148 L.C.M. KALLENBERG, Linear programming and finite Markovian control
problems, 1983, ISBN 90 6196 236 6.

MCT 149 C.B. HUIJSMANS, M.A. KAASHOEK, W.A.J. LUXEMBURG & W.K. VIETSCH,
(eds), From A to Z, proceeding of a symposium in honour of
A.C. Zaanen, 1982, ISBN 90 6196 241 2.

MCT 150 M. VELDHORST, An analysis of sparse matrix storage schemes, 1982.
ISBN 90 6196 242 0.

MCT 151 R.J.M.M. DOES, Higher order asymptotics for simple linear Rank
statistics, 1982. ISBN 90 6196 243 9.

MCT 152 G.F. VAN DER HOEVEN,Projections of Lawless sequences, 1982.
ISBN 90 6196 244 7.

MCT 153 J.P.C. BLANC, Application of the theory of boundary value problems
in the analysis of a queueing model with paired services, 1982.
ISBN 90 6196 247 1.

MCT 154 H.W. LENSTRA, JR. & R. TIJDEMAN (eds), Computational methods in
number theory, part I, 1982.
ISBN 90 6196 248 X,

MCT 155 H.W. LENSTRA, JR. & R. TIJDEMAN (eds), Computational methods in
number theory, part II, 1982.
ISBN 90 6196 249 8,

MCT 156 P.M.G. APERS, Query processing and data allocation in distributed
database systems, 1983.
ISBN 90 6196 251 X.



MCT 157

MCT 158
MCT 159

MCT 160

MCT 161

MCT 162

MCT 163

MCT 164

MCT 165

MCT 166

MCT 167

MCT 168

MCT 169

H.A.W.M. KNEPPERS, The covariant classification of two-dimensional
smooth commutative formal groups over an algebraically closed
field of positive characteristic, 1983.

ISBN 90 6196 252 8.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer science
IV, Distributed systems, part 1, 1983.
ISBN 90 6196 254 4.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer science
IV, Distributed systems, part 2, 1983.
ISBN 90 6196 255 O.

A. REZUS, Abstract automath. 1983.
ISBN 90 6196 256 0.

G.F. HELMINCK, Eisenstein series on the metaplectic group, An alge-
braic approach, 1983.
ISBN 90 6196 257 9.

J.J. DIK, Tests for preference, 1983.
ISBN 90 6196 259 5

H. SCHIPPERS, Multiple grid methods for equations of the second kind
with applications in fluid mechanics, 1983.
ISBN 90 6196 260 9.

F.A. VAN DER DUYN SCHOUTEN, Markov decision processes with continuous
time parameter, 1983.
ISBN 90 6196 261 7.

P.C.T. VAN DER HOEVEN, On point processes, 1983.
ISBN 90 6196 262 5.

H.B.M. JONKERS, Abstraction, specification and implementation
techniques, with an application to garbage collection, 1983.
ISBN 90 6196 263 3.

W.H.M. ZIJM, Nomnegative matrices in dynamic programming, 1983.
ISBN 90 6196 264 1

J.H. EVERTSE, Upper bounds for the numbers of solutions of diophantine
equations, 1983.
ISBN 90 6196 265 X.

H.R. BENNETT & D.J. LUTZER (eds), Topology and order structures,
part II, 1983.
ISBN 90 6196 266 8.

An asterisk before the number means '"to appear"






