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Chapter O

INTRODUCTION

1. The Transport Equation appears in several branches of physics. It
has been and still is a subject of intensive studies [10,65,9,12]. In this
monograph we consider the one-dimensional, linear Transport Equation, which

is an integro-differential equation of the following form

+1
©.1  ugeuw et - J gGLEDVGLED N + £(x,), 0 < x < T,
21
where for —~1 < p,u’ < +1
27
(0.2) gl = m7! f glup' + VT=12 VT=u"Z cos a)da.
0

Here g is the so-called scattering indicatrix or phase functiom, which is
assumed to be given as is the inhomogeneous term f£(x,u). The problem is to
determine the unknown function Y under certain boundary conditions.

If t is finite, one speaks about the finite-slab problem, which is con-

sidered under the following boundary conditions:
(0.3) VO, = ¢, (W) (0= p<+D)y Plr,u) = ¢ (W) (-1 =u<0)
Here ¢ and ¢_ are given functioms on [0,1] and [-1,0], respectively,

In the half-space problem, where t is infinite, one considers either

the boundary conditions

(0.4a) Y0, = ¢, (W) (0 <u<+l)y lim Y(x,u) =0 (-1 s u<0)),
Kepeo

or, for some (small) fixed positive constant k,

0.4) WO, = 4,0 (@ =us ;bW = 0T (-1 2us0).



2. To write Eq. (0.1) with its boundary conditions as a vector equation
one introduces the Hilbert space H := L2[~1,+1] of square integrable func-
tions on the closed interval [-1,+1], endowed with the inner product

+1
<hysh,> = J hl(u)E;TEBdu; h,h, € Lz[—1,+1]e
-1
Further, one introduces the vectors Y(x) € H and f(x) ¢ H, and the operators

T: H~> H and B: H > H by

it

(0.5a) Y(x) (u) E(x,1);
+1 (O<x<1; =lsu<+1)
f g(u,u"yh(u*)du’.

-1

i

Ulx,u), £

il

(0.5b) (Th) (u) = uyh(u),  (Bh) W)

i

Now Eq. (0.1) can be written as an operator differential equation of the

form
(0.6) (TY) " (x) = ~(I-B)v(x) + £(x), O <x<m,

where the differentiation is performed with respect to the variable x.
To rewrite the boundary conditions one uses two projections P, oand P

on H = L2[~15+i]9 namely

h(u), Osus<i; 0 , O<us+l;
0.7) ()W = (P _hy(u) =
0 , =1 <u<0; hip), =t su<0.

With the help of the vectors ¢, € H_:= L2[09I] and ¢_ € H_ := Lz[“l,O]
the boundary conditions (0.3) of the finite-slab problem can be written

concisely as
(0.8) 1im P+w(x) = ¢+? lim P_9(x) = ¢_.
x40 x4+

The boundary conditions (0.4a) or (0.4b) of the half-space problem can be

rephrased as either

(0.9a) 1im P+¢(x) = 9, lim P_y(x) = 0O,
x40 Forboo

or, with the norm taken in the space H = L2[~1,+i}, as



0.9)  LimPy() =4¢,, 1Pyl =0E™) (x+ o).

9
x+0 *

3. In this monograph we employ two approaches to deal with the half-
space problem. One approach, a semigroup method, deals with the operator
differential equation (0.6) directly. With the help of semigroup theory we
obtain formulas for the solutions of the operator differential equation
(0.6) under the boundary conditions (0.9a) and (0.9b).

The second approach, a Wiener-Hopf method, deals with an equivalent
form of Eq. (0.6) (including its boundary conditions), which is a convolu~
tion equation with an operator-valued kernel. To present this comvolution

equation we define the so~called propagator function H(x) by

Tl eV nay; 0 <x < 4w, 0 <<+
(0.10) Hen @ = -1 ¥ ha); = <x<o0, -1 £u<0;
0 H xpu < 0.

The half-space problem in the form of the operator differential equation
(0.6) with boundary conditions (0.9a) can be shown to be equivalent with

the Wiener—Hopf operator integral equation

4o00 00
-1
0.11) Y(x) ~ J H(x~y)BY(y)dy = et ¢, * J H(x-y) £(y)dy
0 o}

(0 < x < +»). We apply a factorization method developed in [2,3], construct
a so~called Wiener~Hopf factorization of the symbol of Eq. (0.11) and find

formulas for the solution of the above Wiener-Hopf equation.

4. To deal with the finite-slab problem we also use two approaches.
Again, the first approach is a semigroup method, with the help of whichwe get
formulas for the solutions of the operator differential equation (0.6)
with boundary conditions (0.8). The second approach deals with an equivalent
form of Eq. (0.6) with boundary conditions (0.8), which is a finite-section
convolution equation of the type (0.11), where the integration is performed
over the finite interval (0,1) and for £=0 the right-hand side has the form
w(x) = E'XT_1¢+ + e(T—X)T”1¢_ (0 < x < 1). Using a method of GOHBERG &
HEINIG [22] we represent the solution ¥ in the form

T
P(x) = w(x) + J Y(x,y)w(y)dy, 0<x <1,
0



and we derive a formula for the resolvent kermel y(x,y).

5. We are now at a stage to acknowledge to the work of others, whose
methods have influenced and stimulated the present study. The Wiener-Hopf
approach has been influenced by the work of FELDMAN on the asymptotics of
the solutions of the Transport Equation (cf. [15] to [19]), the work of
GOHBERG & HEINIG on finite~section matrix Wiener-Hopf equations (cf. [22])
and a factorization method developed by BART, GOHBERG, KAASHOEK & VAN DOOREN
(cf. [2,3]). Of course, the semigroup approach hinges upon the theory of
strongly continuous operator semigroups (cf. [13], for instance). In the
factorization of the symbol a projection operator plays an important
role, which as a projection operator first appeared in [35] and was the

object of study by HANGELBROEK & LEKKERKERKER in [40].

6. In the present monograph we disregard the specific form the opera~
tors T and B have in the case of the Transport Equation and offer an abstract
theory of hermitian admissible pairs (T,B) on an abstract Hilbert space H.

By this we mean a pair of bounded operators T: H » H and B: H - H such that

(c. 1) T is self-adjoint and 0 is not an eigenvalue of T;

(C.2) B is compact and self-adjoint;

(C.3) there exist 0 < a < | and a bounded operator D: H = H such that
B = |T|%D.

If, in addition, A = I~B is a (non-strictly) positive operator, the term
"semi~definite admissible pair" is employed. Under the assumption that the
scattering indicatrix g appearing in (0.2) is real-valued and satisfies

ffi |§(t)|rdt < +o for some r > | the pair (T,B) defined by (0.5b) is,
indeed, a hermitian admissible pair on the Hilbert space H = Lz[-l,+ljs
Often we shall choose the indicatrix § in such a way that the operator

A = 1I-B is positive, but not necessarily invertible (i.e., that <Ah,h>20,
h e H).

In this monograph a genmeral study is made of the operator differential
equation (0.6) with boundary conditions (0.8), (0.9a) or (0.9b) and of
convolution equations like (0.11), where the operators T and B appearing
in these equations form an arbitrary hermitian admissible pair. This gene-
ralization allows us to deal with different versions of the Tramsport Equa-~

tion from one point of view. With these abstract operators T and B the



half~space and finite-slab versions of Egs (0.6) and (0.11) are studied
using the approaches described earlier. As in general in Transport Theory
the equivalence of the two approaches is more or less taken for granted,
a mathematical justification of their equivalence is provided. Fimally,
the theory of hermitian admissible pairs is applied to obtain concrete

results in Transport Theory.

7. We now give a description of the contents of this monograph. The
first two chapters have an auxiliary character. The first chapter deals
with linearization of transfer functions, i.e., of operator-valued functions
of the form

(0.12) W) = 1+ cO-A)" 1B,

It appears that (on the resolvent set of the operator A) the spectral
properties of the operator function W are characterized by the spectral
properties of the linear operator polynomial X~ (A-BC), and therefore
A-BC is called a linearization of W on the resolvent set of A (cf. Section
I.3; see also [23]1). In view of transfer functions we remark that, up to a
trivial change of variable, the symbol of the Wiener-Hopf equation (0.11)
is a transfer function like (0.12).

In the second chapter some terminology on Wiener~Hopf factorization
and Wiener—Hopf equations is introduced. We describe a method taken from
[2,3] to factorize transfer functions of the form (0.12). In this method
projections play a prominent role.

In the third chapter we establish the basic ingredients to deal with
Egqs (0.6) and (0.11). First we introduce hermitian admissible pairs (T,B)
on an abstract Hilbert space H. Putting A = I~B a detailed study is made
of the spectral properties of the operator T_IA, which has its spectrum on
the real line. For the operator TﬁlA the spectral subspaces H_, Hm and HO’
corresponding to the parts of its spectrum on (0,+x), (-»,0) and the point
A = 0, are constructed. Similarly for the self-adjoint operator T one has
spectral subspaces H+ and H_, corresponding to the parts of its spectrum
on (0,+») and (-=,0), respectively; for the special pair (T,B) defined by
(0.5b) we have already specified H,_ and H_ by the sentence following for-

mulas (0.7). The following decomposition theorem is derived:



THEOREM 0.1. Let (T,B) be a semi~definite admissible pair on a Hilbert space
H. If the operator A = I~B is strictly positive, then

(0.13) H®H_ = H oH =H

If we only assume the operator A = I-B to be (non-strictly) positive, then
(0.14) Hpe[(HmeH+) nHOJ @ H_ = Hmea [(HpeH_) n HOJ ®H = H.

HP@)@m%s%emﬂw%mome%Hﬁﬂm$mwm@(ww.%@ﬂ%
®H_]r1HOJ) along B_ (H,), then

(0.15) TP = (I-Q)T, TQ= (I-P5)T.

For the isotropic and the degenerate anisotropic case of the Transport
Equation HANGELBROEK has found the decomposition (0.13) using a different
method (see [35,361). The decomposition (0.14) is connected to the Milne
problem and has not been studied by Hangelbroek. For a case when the opera-
tor A= I-B is positive definite, the intertwining properties (0.15) are
due to Hangelbroek too.

In the fourth chapter Theorem 0.1 and the theory of strongly continu-
ous semigroups are employed to get solutions of the operator differential
equation (0.6). Here we state the two main solution theorems for the homo—

geneous version of Eq. (0.6), in which £(x) = 0.

" THEOREM 0.2. Let (T,B) be a semi-definite admissible pair on H. Then for

every 0 < t < +» and every ¢ € H the operator differential equation
(0.16) (T " (x) = (I-B)v(x), 0 <x <,

with boundary conditions (0.8), where ¢, = P.¢ and ¢_ = P_¢, has a unique

solution Y, namely
Y(x) = LI P a-xr"'me v e
x € pPT ¢ te mir ¢ X 0'r 77
In this expression v, 18 the invertible operator, defined by

-1 -1
(0.17) V. =P P +e+TT AP 1+ PP + e—TT AP + P~ TP T_IAP .
T +Hp m -{"m P 0 - 0



Here Pp, P and P, are the spectral projections of 1A corresponding to

the parts of its spectrum on (0,+x), (~=,0) and the point \ = 0, respectively.

Parallel to the present work Hangelbroek has proved the invertibility

of the operator VT for a case when the pair (T,B) is positive definite.

THEOREM 0.3. Let (T,B) be a positive definite admissible pair on H. Then

for every ¢, € H, the operator differential equation
(TY) "(x) = =(I-B)y(x), 0 < x < +oo,

with boundary conditions (0.9a) has a unique bounded solution ¢, which is
given by the formula

-1
xI AP¢+, 0 < x < 4o,

(0.18) U(x) = e
Here P is the projection of H onto Hp along H_, which exists according
to Theorem 0.1.

Theorems 0.2 and 0.3 are existence and uniqueness theorems for the
finite~slab and half-space problem, respectively.

In the fifth chapter we first prove the equivalence of the semigroup
approach and the Wiener-Hopf approach. For a hermitian admissible pair
(T,B) on an abstract Hilbert space H we define a propagator function H(x),
which is a generalization of (0.10). A typical equivalence theorem is the

following

THEOREM 0.4. Let (T,B) be a hermitian admissible pair on H. Then for
every 0 < 1t < +» and every ¢ € H a bounded vector function y: (0,t) - H Zs
a solution of the operator differential equation (0.16) with boundary con-
ditions (0.8), where ¢, =P ¢ and ¢_ = P_¢, if and only if the finite-sec-
tion Wiener-Hopf operator integral equation
i -1 -1
(0.19) P(x) - j H{x~y)BY(y)dy = ewXT ¢+ * e(T-X)T b_, 0 <x <1,
0
has the function ¢ as a solution.
With the help of Theorem 0.2 it is clear that the convolution equation

(0.19) has a unique solution. Using results of GOHBERG & HEINIG [22] we



solve Eq. (0.19) for an arbitrary bounded right-hand side w(x).
The half-space problem is solved in three ways. First we exploit the
equivalence of the semigroup and Wiener-Hopf approach, and obtain the solu-
tion from Theorem 0.3. Secondly we use the so-called projection method
(cf. [24,17]) and obtain the solution of the half-space problem as a limit
of solutions of the finite-slab problem as 1t - +®, The third method
amounts to solving the convolution equation
+oo

(0.20) v(x) - f Hx-y)BU(y)dy = w(x), 0 < x <+,
0

by canonical factorization of its symbol.

As mentioned above, the symbol of Eq. (0.11) has the form of a transfer
function. If (T,B) is a positive definite admissible pair on H, we put
C = A~I~'I, apply a factorization method taken from [2,3] and derive the

following

THEOREM 0.5. For a positive definite admissible pair (T,B) on H, where
C = A-l-I, the symbol of the Wiener-Hopf operator integral equation (0.19)

has a canonical factorization of the form
(0.21) (@-07T-28) = W 0W_(),  Re A =0,

where W, (W_) Zs an analytic operator-valued function on the open right
(left) half-plane, which has a continuous extension up to the extended
imaginary line; further, for Re A 2 0 (Re A < 0) the operator w+(x) W_(A))

1ig invertible. In fact,

W, () =1+ T(T~A)-1(I—P)C;

w0 =1 - e @ - e

1

W_(A) = [I+TP(T-A) ClA;

1 1

= A - ra e T ee.
Here P is the projection of W onto Hp along H_, which exists according to

Theorem 0.1.



With the help of the factorization (0.21) we comstruct a formula for
the unique solution of Eq. (0.20). In particular, if w(x) = e'XT‘1¢+
(0 < x < +») for some ¢+ € H+9 we obtain (0.18) as the solution, which is
in full agreement with the equivalence of the semigroup and the Wiener-Hopf
approach.
In the last section of this chapter we construct unbounded solutions
of Eq. (0.20) using an equivalence theorem. By this we recover the asympto-
tics of the solutions, which have been found before by FELDMAN (cf. [15,161).
In the sixth and final chapter the formal theory of hermitian admis—
sible pairs is applied in Transport Theory. First we prove a theorem that
allows us to apply this theory to the one-speed Transport Equation in a non~

multiplying medium.

THEOREM 0.6. Let the indicatrixz § be real-valued, and let fii Ié(t)lrdt < oo
for some r > 1. On L2[~],+1] we define the operators T and B by
+1
(Th) (W) = wh(u), (Bh)(u) = f gl,uhu™du’'s -1 £y < +1,
-1
where g is given by (0.2). Then (T,B) <s a hermitian admissible pair on
Lz[wl,+1]g Moreover, if § is nomnegative and c = ft: g(t)dt £ 1, then the

patr (T,B) 18 semi~definite.

By Theorem 0.6 the theory of hermitian admissible pairs applies to a
huge class of non-degenerate scattering indicatrices. For the major results
we refer to Theorems 0.1 to 0.5.

Up to now we have only been able to show the existence and uniqueness
of the solution of the half-space and the finite-slab problem. For the more
practical purpose of finding analytic expressions for the solutions of
Eq. (0.1) we need an explicit expression for the projection P appearing in
Theorems 0.3 and 0.5 and the operator V;] (cf. (0.17)). For the isotropic
case of the Transport Equation we provide analytic expressiomns for the
solution. In the derivation of these expressions Wiener-Hopf methods are
heavily used (in fact, we use Theorem 0.5 and the Gohberg-Heinig method).
We also derive an analytic solution of the Milne problem with isotropic
scattering, thereby supplementing results obtained in [42,47]. Also the
corresponding anisotropic transport problems are analyzed. In particular,
the factorization of the dispersion function in Transport Theory is shown

to be a quite trivial corollary of a result of MUSKHELISHVILI [591].



10

Further, for the degenerate anisotropic case we specify the projection P and
establish its connection to the scattering function introduced by
CHANDRASEKHAR [10]. Using this connection a formula derived previously in

a not completely rigorous way by BUSBRIDGE [8] is recovered. The expression
for P recovered here improves upon a result of HANGELBROEK & LEKKERKERKER
(published in [48]). Because in Transport Theory the image of the operator

B contains a cyclic vector of T and B is an operator of finite rank, it is
possible to derive such an expression, indeed. Further applications concern
the symmetric multigroup Transport Equation, which has been analyzed by
other means by GREENBERG [34]. For this equation the analogue of Theorem 0.6

is derived,

8. Let us now make a few remarks about the physical background of the

Transport Equation
+1
©.22)  wFew + v = j guYGoLudn' + G, 0 < x < T
-1

This integro~differential equation plays a prominent role in astrophysics
and in neutron physics. In astrophysics it describes the statiomary trans-—
fer of unpolarized electromagnetic radiation through a homogeneous stellar
or planetary atmosphere. In neutron physics this equation gives a descrip~
tion of the stationary transport of undelayed, mutually non-interacting
neutrons through a homogeneous fuel plate of a nuclear reactor. In both
cases the medium (atmosphere or fuel plate) is taken to be a plane-parallel
layer.

If Eq. (0.22) concerns radiative transfer, then the unknown fumction
¥ is the intensity of the radiation, x € (0,7t) is the optical depth (really
a position coordinate weighted by the absorption coefficient), t the optical
thickness of the atmosphere, u the cosine of the scattering angle and £(x,n)
is an inhomogeneous term accounting for radiative scurces. The function
g(u,u’) is given by (0.2), where § is the scattering indicatrix or phase
function, which accounts for the scattering properties of the atmosphere,
In this monograph the phase function § includes the albedo (or fraction of
the radiation scattered ) ¢ € [0,1] of the atmosphere as a factor. For more
details we refer to [10,65].

If Egq. (0.22) involyes neutron transport, then the unknown function ¥
is the angular density of the neutrons, x € (0,7t) is the distance from the

surface of the fuel plate (measured by the mean free path of the neutrons



It

as the unit of length), T the thickness of the plate (measured by the same
unit), u the cosine of the scattering angle, f(x,u) an inhomogeneous term
accounting for neutron sources and g(u,u’) is the scattering function, which
describes the scattering properties of the medium. In this monograph this
function includes the average number c¢ 2 0 of neutrons produced by collisions
(with uranium atoms) as a factor. If ¢ > 1, the medium is called multiplying
(a case we hardly consider here). If ¢ = |, we call the medium conservative;
for 0 £ ¢ < 1 the medium is called non-conservative. For more details we
refer to [12,9].

In astrophysics Eq. (0.22) applies to unpolarized radiation. In neutron
physics it is the so-called one-speed approximation of a more general equa-
tion also involving the neutron speed, which is assumed here to be constant.
If one assumes instead that the neutrons can be divided into a finite num-—
ber of groups of particles of constant speed, then Eq. (0.22) is replaced
by a vector-valued version called the multigroup Transport Equation.

In astrophysics the half-space problem (where t = +®») involves an
atmosphere of infinite optical depth: a stellar atmosphere with radiation
coming from the interior of the star, or a very opaque planetary atmos-—
phere. In the former case boundary conditions like (0.4b) are imposed; in
the latter case boundary conditions like (0.4a). Here the function ¢, appear-
ing in the boundary conditions is given and signifies the inward intensity
of the radiation on the surface. The finite-slab problem applies to a
planetary atmosphere of finite optical depth. In this case we impose the
boundary conditions (0.3), which specify the inward intensity of the
radiation on the surface (usually we have ¢_ = 0).

In neutron physics the boundary conditions specify the inward angular
density of the neutrons at the surface(s) of the fuel plate. By the finite
size of the reactor the half-space problem is a less realistic description
of neutron transport phenomena than the finite-slab problem is. For prac~
tical purposes the multigroup Transport Equation, where the neutron speed
is taken into account as an additional (discrete) variable, plays an even

more important role.

9. We conclude the introduction by some terminological remarks.
Throughout this monograph all Banach spaces will be complex and their
norm is denoted by l-l. Similarly, all Hilbert spaces are complex and their
inner product is denoted by <-,¢>. Contrary to the bracket nmotation common

in quantum mechanics inner products have the property <if,g>=i<f,g>= ~<f,ig>.
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If Y is a Banach space, the Banach algebra of bounded linear operators on Y
is denoted by L(Y) and the identity operator om Y by IY. If no confusion is

possible, we shall write I rather than I.,. The direct sum of two Banach

spaces Y and Z is denoted by Y® Z. By YzYwe mean the direct sum of % copies
of Y. The spectrum and the resolvent set of an operator T are denoted by
o(T) and p(T), respectively. If T is a linear operator on a Banach space Y,
then the domain of T is denoted by D(T), the kernel or null space of T by
Ker T and the image or range of T by Im T. For the Riemann sphere we write
€_. The restriction of an operator T to a T-invariant subspace M is denoted
by TlM. The orthogonal complement of a subset M of a Hilbert space is denot-

ed by M.



CHAPTER 1

LINEARIZATION OF TRANSFER FUNCTIONS

In this chapter we recall the basic facts concerning linearization
and realization. For a transfer function a general linmearization theorem is
proved. In the final section we consider the realization problem for mero—
morphic operator functions and for such functions a kind of linearization is

constructed.

1. Preliminaries about equivalence and linearization

Let Q be an open subset of the Riemann sphere €. s and let Y} and Y2 be
complex Banach spaces. Two holomorphic operator functioms W,: +~L(Y1) and

Wys L(Yz) are called equivalent on @ (cf. [23]) if

]:

Wy(A) = EQUW (MFQ), A e @,

where E(A): Y1 +~Y2 and F(\): Y2 - Y1

holomorphically on A in Q. The functions E and F will be called equivalence

are invertible operators which depend

funetions.

Given a holomorphic operator function W: © = L(Y) and a complex Banach
space Z, we define the Z-extension of W to be the operator function on Q
whose value at A € Q is equal to the operator W(A)@IZ e L(¥oz). A linear
operator T € L(X) is called a linearization of W on Q if the linear pencil
AIX—T is equivalent on Q to some extension of W. If Q is a bounded open set,
then W always admits a linearization on Q (see [23,56,5]).

Let W: @ - L(Y) be a holomorphic operator function on the open set Q.
The spectrum L(W) of W is the set of all X € Q such that W()) is not invert-

ible. If T is a linearization of W on Q, then

(1.1) (T) n Q = Z(W).
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For the case when  is bounded one can construct a linearization T of W on
Q such that in additiom to (1.1) one has the following: (1) o(T) c Q,
(2) all limit points of the boundary of the closure of Q are contained in

0(T), (3) an isolated boundary point A, of Q does not belong to o(T) if

0

and only if ), has a deleted neighbourhood on which W(}) is invertible,

while both W gnd W'l have a removable singularity at AO (cf. [52], Theorem
II 4.2; for bounded Cauchy domains see also [23], Theorem 2.3).

We shall employ the term linearization also in a somewhat other context.
Let W: Q@ »~ L(Y) be a holomorphic operator function, and let S and T be bound-
ed linear operators on the complex Banach space X. We call the pencil AS-T
a linearization of W on 9 if some extension of W is equivalent on © to AS~T.
(Thus the operator T is a linearization of W on Q if and only if the pencil
AI-T is a linearization of W on Q.) Any holomorphic operator function (it

does not matter whether Q is bounded or not) admits a linearization in this

more general sense (see [5]).

2. Preliminaries about transfer functionms and nodes

In this monograph we shall often work with an operator fumction W of
the form

2.1) WO =D+ c-a)"" B,

Here At X » X, B: Y > X, C: X > Y and D: Y - Y are bounded linear operators
acting between complex Banach spaces X and Y. The function (2.1) is defined
and holomorphic on the resolvent set p(A) of A and at infinity.

A system 6 = (A,B,C,D:X,Y), where A,B,C and D are as in (2.1), is
called an (operator) node, and the functionm (2.1) is called the (monic)
transfer function of the node 6 (cf. [2], Section 1.1). With the operator
node 6 = (4,B,C,D;X,Y) we also associate the comonic transfer function,
namely the function

Z(A\) =D + xc(IX«AA)”1 B,

which is defined and analytic on the set of all X ¢ € such that IX - A& is
invertible.
Let 8 = (A,B,C,D;X,Y) be a node. The operators D and A are called,

respectively, the external operatbr and the main operator of the node 6.
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The space X is referred to as the state space of 6. If the external operator

IC. The operator A" is called

D of 6 is invertible, one defines A" = A-BD~
the associate operator (cf. [2], Section 5.5); it appears as the main opera-
tor of the associate node ex, which is defined by

0" = .0 ,-07 e, %, Y).

Let we be the transfer fumction of the node 6 = (A,B,C,D;X,Y), and
assume that the external operator D is invertible. Then the X-extenmsion of
W9 is equivalent om p(A) to the Y-extension of A-A%. In fact, one has (cf.
[2], Theorem 4.5):

W, (A 0 0
(2.2) 0 = E(}) R F) s xep(h),
0 I, 0 AN
where
Wy O c(r-a)""! D'Iwe(x) -7l
E(\) = F(A) =

-0 18 O-a)7! ’ (a-0"1g Iy

Note that this implies that the spectrum Z(We) of the transfer function We

is equal to G(AX) n p(A). Further, one easily computes that
_l X
(2.3) WAy 7 = WMD)y 2 e p(a) no(d),

. . . X .
where wax is the transfer function of the associate node 6 . By direct

computation one shows that for A € p(Ax) n p(A) the identity

i i I i I

(2.4) =297 = =a)" - (AT B, (V) cO-a)"
holds true.

Formula (2.2) already suggests that A" may appear as a linearization
of we on p(A). Under certain invertibility conditiomns this is, indeed, the

case, as we shall see in the next section (cf. [2], Sectiom 2.4).
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3. Linearization of transfer functions

THEOREM 3.1. Let W be the transfer function of the node 6 = (A,B,C,D;X,Y),
and assume that B has a left inverse 87, Let z = ker BY. mor yeY, zel
and A € p(A) we define

E(M) (y,z) = By + z + BC(A—A)"z,

FV (v,2) = (A=4)" ! (By+z).

Then E(A),F()): YoZ » X are invertible operators which depend analytically
on : in p(A). Further, for X e p(A)

E(A)[W(A)@Iz] = [A(I+B(D-I)B+)—~(A—BC+B(D—I)B+A)]F(A).
In particular, A(I+B(D—I)B+) - (A—BC+B(D—I)B+A) 18 a linearization of W on
p(A).

PROOF. An easy computation yields that E()A) and F()) are invertible for all
A € p(A) and that their inverses are given by

1

B 'x = (BTx-cO-a) " (1-88T)x1 @ (1-88T)x,

F(A)_lx

st o-mx o (-88") (-m)x.

i

We now compute E(A)[W(\)OL,IF() 'x = rew (B +(1-88") + Be(-a) " (1-88T) 10-a) x.

Using that

W(A) =D + c(AnA)"lBg A e p(A),

we get

E(A)[W(x)eIZ]F(A)"x =

+ 1

r8-1)8 +88 +Bc(1-a) BB+ (-8B Ty +BC(A-0) T (1-BBT) T -A)x =
(B(-1)8 +1+8c O-2) "1 (-4 x.

From this we easily get the theorem. []



For the case when D = I the previous theorem shows that the operator
A-BC is a linearization of I + C(A—A)_IB on p(A). More generally, if D is
invertible, we can apply Theorem 3.1 to the function I*—D_]C(A—A)_IB and
deduce that AX = Af-BD_]C is a linearization of W()\) = Dﬁ-C(A-A)—IB on p(A)
(cf. [2], Theorem 2.6). Note that Theorem 3.1 may be viewed as a slightly
more general version of [2], Theorem 2.6.

Under the extra condition

(3.2) Blo-m AR = 0, 2 e o),

one can prove that the pencil
(3.3) ALI+B(D-T)B'] - (A-BC)
is a linearization of W(A) = D + C(A—A)-IB on p(A). To see this, first note

that (3.2) implies that E (1) = I + B(0-1)BT (A-a)"!
A € p(A). But then it is clear from (3.1) that

A is invertible for all

E](A)E(A)EW(x)@IZJF(A)“ = A[I+B(D-I)B ] - (A-BC),

which proves that the pencil (3.3) is a linearization of W on p(A) (cf. the
second part of Theorem 1.2 in [41]).
By substituting 1/\ for ) in the statement of Theorem 3.1 one easily

shows that the pencil

[I+B(D—I)B+] - A[A—BC+B(D—I)B+A]

is a linearization for the comonic transfer function Z(\) = Di-XC(I~AA)"1B

on the open set
Q={A e €: I~XA is invertiblel}.

If, in addition, ome assumes that

() aB =0, e aq,

then one can show that [I+B(D—I)B+] -~ A(A-BC) is a linearization of

D+ AC(I—AA)_]B on Q@ (cf. the first part of Theorem 1.2 in [41]).



Without proof we state the dual of Theorem 3.1 (cf. [2], Section 2.4).

THEOREM 3.2. Let W be the transfer function of the node 8 = (A,B,C,D;X,¥),
and assume that C has a right inverse ¢’ Put z = Ker C. For veV¥, zel
and X € p(A) we define

EQ) (y,2) = (=A)CTy + (-A)z,

¢ty - a-ctoy o-a) By + 2.

F(\) (y,2)

Then E(A),F(X): YOZ » X are invertible and depend analytically on A in p(A).
Further, for x € p(A)

E)IW()eL,] = Daa+et (0-1)¢) - (a-BoracT -1 IO .

In particular, A(I+C+(D~I)C) - (A—BC+AC+(D—I)C) 18 a linearization of W on
p(4A).

4. Realization of meromorphic operator functions

The problem to determine all operator functioms that can be written in
the form (2.1) is an important one. In Mathematical Systems Theory this prob=-
lem is known as the realization problem (cf. [43]) and concerns rational
matrix functions. In this section we consider the realization problem for
meromorphic operator functions in general.

Let @ be an open subset of € _, and let W be an operator function that
is meromorphic on Q and has values in L(Y). The set of poles of W in Q is
denoted by I. By a realiszation of W on () we mean a representation of W in
the form

WO =T+ cO-0)"'8, e Nz,

where o(A) n Q is a discrete subset ZO of Q. Obviously, the set I of poles

of W is contained in ZO“ The main problem of this sectiom is to construct

a realization for a given meromorphic operator fumction. We shall show that
at least on a bounded domain this is always possible. Together with the
solution of the realization problem we obtain a kind of linearization of a

meromorphic operator function.
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In the proof we use the fact that for holomorphic operator functions on
a bounded domain the realization problem has been solved (cf. [2], Section

2.3; [52], Section II.4; [56], Lemma 3.3).

THEOREM 4.1. Suppose Q is a bounded open set, and let W be a meromorphic
operator function on Q with values in L(Y). Then W admits a realization of
the form

W) =T+ CcO-A)1B, Aea\r,

where 6 = (A,B,C,1;X,Y) is a node, I is the set of poles of W and C is right
invertible. Further, for Z = Ker C there exist invertible operators
FL (A),F,(A): Yoz » X, depending analytically on A in all of Q, such that

o -7 (-a+BC), 2 e o\l

(4. 1) Fz(x)[w(x)eIZ]Fl(x)
THEOREM 4.2. Suppose 9 <s a bounded open set and W a meromorphic operator
function on Q with values in L(Y). Then W admits a realization of the form

W) =1+ C(A-A)_]B, A e Q\I,

where 6 = (A,B,C,I;X,Y) 28 a node, I is the set of poles of W and B is left

invertible. Further, if‘B+B = I, and Z = Ker BT, there exist invertible

Y
operators E](A),EZ(A): Y®Z + X, depending analytically on X in Q, such that

1 1

(4.2) E](A)[W(A)QIZ]EZ(A)_ = (A=A+BC) (A-A) ', X e Q\IL.

The fractional linear operator functions appearing at the right-hand
sides of (4.1) and (4.2) are to some extent "linearizations' of W on Q. If
W is holomorphic on Q, then the set of poles I of W is empty and M-A is
invertible on all of Q. So in that case A-BC is a linearization of W on Q
(in the sense of Sectioms I.! and I.3).

We now give the proof of Theorem 4.1 and mention how to modify it to

get a proof of Theorem 4.2.

PROOF OF THEOREM 4.1. Suppose { is a bounded open set and W a meromorphic

operator function on Q with values in L(Y). By I we denote the set of poles

of W in Q. Then it is clear from the Weierstrass product theorem that there
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exist two holomorphic operator functions Wl’WZ: Q -+ L(Y) such that the spec~-
trum of W2 coincides with I and W(A) = Wz(k)_1 wl(A), Ae Q\I. According to a
realization theorem for holomorphic operator functions on bounded open sets

(cf. [52], formula (II4.4)), there exist nodes Si = (Ai’Bi’Ci’I;Xi’Y) with

Q c p(Ai) and Ci right invertible, such that

- L D=
(4.3) W, () = I+ C(O-A) Bis Aeq,i=1,2.

However, the state spaces X] and X2 appear to be weighted Banach spaces of

Y-valued functions in which only the weighted norm depends on W, and Wos

respectively. On the respective spaces the operators A, and A,, and C

1 2 i
and C2 have the same form, whereas the forms of the operators Bl and B2

differ considerably. An elementary modification of the weighted norms

enables us to get the realizations (4.3) of W, and W2 in such a way that

1
these realizations have the same state space X, the same main operator A,
while C,=¢C=¢C is still right invertible (cf. Section III.2 of [52] for
a more detailed treatment). More precisely, there exist nodes

éi = (A,Bi,C,I;X,Y) with < p(A) and C right invertible, such that
W) =T+ CO-8)7 B Aeq, i= 1,2,

A straightforward computation, using that BZC = (A*A;) -~ (A=A), with

A; = A-BZC as the associate operator of the node 52, yields

1 1

(4.4) WD = [1-CO-A) T 'B,I0T+CO-8) B T = T + CO=Ap) T (B,-8,).
This settles the first part of Theorem 4.1, because G(A;) nas= Z(WZ) = I is
the discrete subset of Q of poles of W.

From Theorem 3.2 (with D = I) we know that the formulas

¢fy+z-a-cto (A-—A)—IB]yg

#

FL 00 (7,2)

F,00 (7,2) = cly+z- (1-cT) -0 '8y,

i

EQ) (y,2) = (-A)C'y + (-a)z,

define invertible operators that. depend analytically on A in Q and act from

Y ® Ker C onto X, where CC+ = IY’ Further, by this same Theorem 3.2 (with
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D = I), we have

E()IW, (A)eT 1= (X-A:)Fi(k); AeQ, i=1,2.

Ker C

Here AT = Af-B]C is the associate operator of the node 51. From this iden-

tity we directly infer that

1 X =1

- X
F,(VIW)SL,  JF ()7 = (=a)7 (A), A e 2\L

Finally, observe that AT = AZ - (BIWBZ)C. 0

With the help of Theorem 2.5 of [2] one can prove that Theorem 4.1
also applies to meromorphic operator functions W on a neighbourhood of
infinity with W(») = I,

The proof of Theorem 4.2 is a modification of the one of Theorem 4.1.
First we apply the Weierstrass product theorem and factorize the given
meromorphic operator function W as the quotient W()) = wl(x)wz(x)"l of two
and W,. Instead of the realization in

1 2
[52], Section II.4, we now use the realizations

holomorphic operator functions W

W) = T+ ci(A-A)_lB; Aeq, i=1,2

(cf. [2], Lemma 3.3). The proof now proceeds along the same lines as the
one of Theorem 4.1 (cf. [52], Sectiom III.2).

For rational matrix functions the realization problem has been solved °
in many different ways (cf. [43] and [2], for instance). For such functions
the identities (4.1) and (4.2) can be replaced by more explicit expressions,

as the next theorem shows.

THEOREM 4.3. Let W be an operator function with values in L(Y) that can be
written as the quotient W(\) = Q(A)—]P(K) of two monic operator polynomials
P and Q of degree %, while the spectrum of Q is a finite set. Write

P(A) = AT+ Zg;é AiPi and Q(A) = AQI + Zi;é AiQi. Then there exist invert—
ible operators FP(A),FQ(A): s YQ, depending analytically on h in €, such
that

-1 1
(4.5) w(x)eaIYg_1 = FQ(A) (A—CQ) (A-CpIFp (M), 2 ¢ Z(Q).
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Here CP (CQ) Zg the second companion operator of the monic polynomial P(Q),
and the operators Fpo (M) and FQ(X) have the form

r.P

AY -
By M) I\ o\‘...g
. N )
0 N N .
N . N N .
FPO\) - ) N ) “ol’
N N
. -1
P N
[By (V) 0 0
Q B -
(B, 0-1 0 0
0 N .
. N N .
Fo(A) = A ~ ]
Q( ) N !
N \
N \'“I
Q N
Ba OV o. . .ol

Here Bg = Bg()\) = I, while for n = 1,2,...,8~1

P _ .0 -1
By(A) = AL+ ATTR, 4L +B
Q _,n |
BL(A) = AL+ AT+t
PROOF¥. Put
X O
«AI T~ 2 .
EP(A)=EQ(>\)- NN : Y ¥, e €

As this operator has the form I- AS with S nilpotent, this operator is

invertible and depends amalytically on )\ in €. Further,

Fp(MIROISL (] = (A-CH)EL (M)
. (A e €)
Fgleyer ;1= (-CoIEg ()



(cf. [26]; see also [2] at pages 60 and 61). From these identities formula
(4.5) is clear. [

23
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CHAPTER I1I

WIENER-HOPF FACTORIZATION OF TRANSFER FUNCTIONS

In this chapter we review the main elements of the theory of Wiener-—
Hopf operator integral equations and Wiener-Hopf factorization. Particular
attention is given to the case when the symbol of the Wiener—Hopf operator

integral equation can be written in the form of a transfer function.

1. Factorization of tramnsfer functions

In this section we describe the basic factorization theorem for func-
tions of the form W()) = D + C(A—A)—IB with D invertible (see [2,3]). We
begin with the notion of the product of nodes (cf. [2], Section 1.1).

Consider two operator nodes Gi = (Ai’Bi’Ci’Di;Xi’Y) (i =1,2). By

definition the product 6 = 8,6, of the nodes 6, and 6, is the node

172 1 2
6 = (A,B,C,D;X,Y) in which X = XIGX2 is the new state space, D = DIDZ’
while the operators A € L(XIGXZ), B: Y » Xlexz and C: X 0K, > Y are given
by
A B.C B.D
(1.1 a= [0 2] 5 2] o le pocon.
L 17172
By

0 A2

Note that G(A]) U o(Az) > 0(A) (or equivalently, that p(Al) n p(Az) < p(A)).

An easy computation shows that

Hg() = Wy (W ), X e o)) 0 oAy,

where We, wel and we2 are the transfer functions of 6, e] and 62. Hence,
the transfer function of the product node 6 = 6]62 is the product of the
transfer functions of 61 and 82.

Suppose, in addition, that the external operators D] and D2 of the

nodes 6, and 0, are invertible. For i = 1,2, put A = A..--B‘D'.—]C.9 and let
1 2 1 1 i1 1

X - - . .
6. = (A?,B.D.]C.,D.I;X.,Y) be the associate node of 0.. Up to the natural
i 17171 TitTd i i
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identification of X1®X2 and XZQX], one has (8162)>< = e;e;ﬁ Further, the
associate operator of the node 0 = 6162 has the form
A 0’
X
A = .
B.D C, A
2 i 2

Therefore, A[le < X, and AX[XZJ c X

1 2° 1
(X2) of the node 8 (62) appears to be invariant under the main (associate)

In other words, the state space X

i

operator of the product node 8§ = 6162.

Conversely, let 6 = (A,B,C,D;X,Y) be a node with an invertible external
operator D and with associate operator A" = A-BD_ICB Assume we have a

decomposition X = X eXz of X into two closed linear subspaces X, and X, such

1
that

X
(1.2) AlX 1 e Xy, ATIX,] e X,

Then the node 6 can be written as a product 6 = 6162 of two nodes e] and 62

which have the form

6, = (A],B,C;.D X0, 6, = (A X,,¥).

29B29C29D2;

Here D, and D, are invertible operators on Y such that D = DD, and

i

1 1= ¢y, o

B o -1
A, = A|X! » B, = (I-mBD,", C 1

A, = ﬁAIX , By =B , C, = Dll c]xy
2

where w denotes the projection of X along X] onto X,. Note that according
to (1.2) the kernel of the projectiom 7 is invariant under A and its image
is invariant under A". A projection m with these two properties is called
a supporting projection for the node 6. As the tramsfer function of the
product of two nodes e1 and 62 is the product of the transfer functions of
6, and 8,, any supporting projection 7 of the node 6 = (A,B,C,D;X,Y) yields
a factorization of the transfer function W(A) = D + C(K—A)mlBe From this

we easily deduce the next theorem (ef. [2]}, Sectiom 1.1).

THEOREM 1.1. Let W(A) = D + COw=A)""

ible operator D. Let A=A~ BD"1

B be a transfer function with invert-

C, and let w be a projection on the state
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space such that
AlKer n] < Ker w, AX[Im 7] ¢ Im 7.

Let D = DD,, where D, and D, are invertible operators. Then

i 2

W) =W, MW, (A, A e p(h),

where
W () =D+ c(A—A)'l(I—n)BD;I,
W,(\) =D, + D lecrO-a)"'8
2 2 1 g
wl(x)"1 = D;l - D;]C(I—n)(A—AX)_lBD-I,
=1 _ =1 =l xa=T o]
W,(\) =D, DT C(-AT) mBD, .

For a given transfer function W the previous theorem can be used to
obtain all possible factorizations of W on a neighbourhood of infinity (in
C_). However, for that purpose one cannot do with a single realization of W,
but one has to consider all possible realizations of W. For this and other

aspects of the factorization theory of transfer functions we refer to [2].

2. Wiener—~Hopf factorization

Let T be a simple closed rectifiable Jordan curve on the Riemann
sphere € . We assume I' to be oriented. The interior domain of T will be
denoted by F, and the exterior domain by F_. Often we shall take T to be
the extended imaginary axis and then (unless stated otherwise) the orienta—
tion of T is chosen in such a way that F, is the open right half-plane.

Let Y be a complex Banach space, and let W: T -+ L(Y) be a continuous
operator function whose values are invertible operators on Y. By a left
Wiener—Hopf factorization of W with respect to the curve T we mean a facto-

rization of W of the form
(2.1) W(A) = w+(x)n(x)w_(x), e T,

where Wl > L(Y) is a continuous operator function whose values are

invertible operators on Y and the function W, and its inverse W:] have a
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continuous extension to F_uT which is analytic on F_ . Further, the so-called
diagonal factor D has thenform B
T A-A+\Kj
(2.2) D(A) = By + Z <W} Pj, Ae T.
3=1 -

Here A e F_and A_ e F_ are given points, Pl""’Pr are mutually disjoint
one~dimensional projections and PO is the projection given by
PO = I - P1 - eee = Pr' The numbers KyseeesKos which are non-zero integers
such that € Z ... 2 K., are called (the) left indices of W with respect to
the curve T.

It can be proved (cf. [20]) that the left indices of an operator func-
tion W with respect to the curve I' do not depend on the choice of the fac-
tors W+ and W_ in (2.1) nor on the choice of the projections PO’P1’°““’P

T
in (2.2) and the points A, and A_. Therefore, the indices Kyseoesk, are
called the left indices of W with respect to I'. The sum of the left indices
of W is called the left sum Zndex of W with respect to T.

If all left indices of W vamish, then (2.1) takes the form
(2.3) W(A) = w+(x)w_(x), AeT.

The factorization is then referred to as a left canonical (Wiener-Hopf)
factorization of W with respect to I'. The factor W, (W) in (2.3) is unique=
ly determined up to a constant invertible factor at the right {(left).

If the roles of the factors W+ and W_ in (2.1) and (2.3) are inter-—
changed, one gets a so-called right Wiener-Hopf factorization. Right
indices, right sum index and right canonical (Wiener-Hopf) factorization
of the operator function W with respect to T may be defined in the same way
as for left Wiener~Hopf factorization. We remark that the right indices of
the operator function W with respect to T may be different from its left
indices.

From (2.1) and (2.2) we see that a necessary condition for the exis~
tence of a left Wienmer-Hopf factorization of an operator functionm W: I'~> L{Y)
is that W is continuous and all its values are invertible operators. But
this is not a sufficient condition: already for scalar continuous functions
and T' the unit circle a counterexample can be provided (ef. [21], Section
1.5).

The general definition of a Wiener-Hopf factorization for operator

functions first appeared in [20] and is a generalization of similar definitions
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given in the finite-dimensional case (cf. [70,21,20]). In the finite-
dimensional case a left (and right) Wiener-Hopf factorization of We T~ L(e™)
always exists, provided det W(A) # O (A € T') and, for example, W is Holder
continuous (see [20,21,29,61] for further results in this directiom). For
operator functions that are compact perturbations of the identity a thorough
study of the existence of Wiener-Hopf factorizations has been made by
GOHBERG & LEITERER (cf. [29,30,31,461). In [30] it is proved that such oper-
ator functions admit a left and right canonical factorization whenever, in
addition, the number

max |W(A)-Il
AeT

is sufficiently small.

3. Wiener-Hopf operator integral equations

Let Y be a complex Banach space. For each 1 < p < +» and each subinter-
val (a,b) of R we denote by Lp((a,b);Y) the Banach space of strongly measur—

able vector functions y: (a,b) - Y, endowed with the norm

2 (eI a3 P, 1< p < v,
Hwﬂp: ess sup Iy ()l , p = 4o,
O<t<+o

In this monograph by strong measurability we mean measurability with respect
to the Lebesgue measure as exposed in [71], and (unless stated otherwise)
integrals of vector and operator functions will always be Bochmer integrals
with respect to the Lebesgue measure (cf. [71], Section VI 31).
By E+(Y), E_(Y) and E(Y) we mean one of the Banach spaces LP((a,b);Y),
where (a,b) denotes the interval (0,+=), (~~,0) and (~»,+®), respectively.
Suppose that k € Ll((—W,+m);L(Y)). Then the operator K, defined by
+oo
3.1 (Ky) (£) = f k(t=s)y(s)ds (0 < t < 4=),
0
is a well-defined bounded linear operator on E+(Y) whose norm is bounded
above by ﬂk"] = ft: Ik (e)lldt. By the Wiener—Hopf operator integral equation

with kernel k and right-hand side w we mean the convolution equation
400

(3.2) p(e) - [ k(t-s)y(s)ds = w(t), 0 < t < +o,
0
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where w belongs to one of the spaces E+(Y). If w e E+(Y), then we shall solve
this equation in the same space E+(Y). T.e., we ark for a vector functiou

v e E+(Y) such that
(3.3) (I-K)y = w.

In the theory of Wiener~Hopf operator integral equations of the form (3.2)
an essential role is played by an operator function W: ilR- L(Y), which is
defined on the imaginary axis by the formula

400
(3.4) W) =T - J M K (n)ae.

oo
We call this operator function the symbol of Eq. (3.2). Since
k e Ll((-w,+w);Y), it is clear that W is continuous in the norm on the
extended imaginary line; its value at infinity is the identity operator.
Note that we are deviating from the common practice in the theory of Wiener—
Hopf operator integral equations by using the Laplace rather than the
Fourier transform.

For the one-~dimensional (or scalar) and finite-dimensional (or matrix)
case the method to solve Eq. (3.2) with the help of a (left) Wiener-Hopf
factorization of its symbol (3.4) has been discovered by WIENER & HOPF (cf.
[701). However, they imposed rather heavy assumptions on the kernel k. These
assumptions have been alleviated subsequently (for a concise historical
account see the end of the introduction of [24]). The final results for the
finite~dimensional case are due to GOHBERG & KREIN (see [24], where it is
only assumed that k e Ll((-"f>°5,+oo);L(Y))),a FELDMAN [17] studied Eq. (3.2) and
the asymptotics of its solutions in the infinite dimensional case under the
hypothesis that the kernel k is compact operator-valued and belongs to
Ll((-m,+w);L(Y))e In [ 18] FELDMAN also gave an account of Wiener-Hopf inte-
gral equations on a separable Hilbert space with a weakly integrable compact
operator-valued kernel.

In its present, infinite dimensional form, the next theorem is due
to FELDMAN (cf. [171).

THEOREM 3.1, Let the kernel k take its values in the closure in L(Y) of the
operators of finite rank, and let k € Ll((ww9+w);L(Y))s Then the operator
1-K <8 a Fredholm operator on the Banach space E (Y) Zf and only if the
symbol of the Wiener~Hopf operator integral equation (3.2) admits a left
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Wiener~Hopf factorization with respect to the imaginary axis of the form

(2.1), where for some function x, € Ll((0,+m);L(Y))

+

400
(3.5) Wi(k) =1 + j e
0

If this is the case and KpsewosK  are the left indices of the symbol, then

A x, (£)dt, Re A = 0.,

dim Ker(I-K) = = ] «,, codim Im(I-K) = ] «,.
k.<0 * k>0
i i
Hence, the operator I-K 1s invertible on the Banach space E + (Y) Zf and
only 1f the symbol has a left canonical factorization with respect to the
imaginary line with factors of the form (3.5).

In the rest of this section we suppose that the symbol (3.4) of Eq.
(3.2) has a left canonical factorization with respect to the imaginary axis.
Then the inverse of the operator I-K (or equivalently, a formula for the

unique solution of Eq. (3.3)) can be deduced. In fact, we have

THEOREM 3.2. Let the symbol of Eq. (3.2) admit a left canonical factoriza-

tion with respect to the imaginary line of the form
(3.6) W) =W, (MW_(0), Re A =0,

where W (=) = W_(=) = I. Suppose that for certain operator functions
X € L}((O,+m);L(Y)) and y e L, ((==,0);L(Y)) we have

Fo0 0
(3.7 RO I Mxryae, wm =1+ J e y(t)dt, Rer=0.
(4] w0

Then on the Banach space E, (Y) the operator 1-~K is invertible and its
inverse is given by

eco
(3.8) (@0 () = w) + f y(t,s)u(s)ds (0 < t < +w),

0

In this expression the resolvent kernel y(t,s) has the form

x(t~s) + fg x(t-r)y(r=s)dr, 0 < s < £ < +o,
(3.9) y(t,s) =
y{t=-s) + fg«x(t—r)y(rms)dr9 0 <t < g < 4w,
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PROOF. Let ¢: (0,+~) -~ Y be a solution of Eq. (3.2) in the Banach space
E+(Y), and let the symbol W have a left canonical factorization with respect
to the imaginary axis of the form (3.6), where the factors W_ and W_ are
given by (3.7). For the sake of convenience we consider the case E+(Y) =
Ll((0,+w);Y) only, because for other spaces E_(Y) the proof is similar. Put
Foo
(3.10) P(t) = [ k(t-s)y(s)ds, -0 < £ < 0,
0
Since formula (3.10) defines a bounded linear operator from E+(Y) into
E_(Y) whose norm is bounded above by ﬂkﬂI = ft: lk(e)lde, it is clear that
this extension of Y to (~«,0) belongs to E_(Y).

For imaginary X we put

0 +e
b, = f My, ) = j My (eyar;

(.11 :: ;l
o)) = f AMu)de, k) = f Mi(e)de,

0 0O

where w ¢ E+(Y) is the right-hand side of Eq. (3.2). Since ke Ll((mw,+m);
L(Y)), the function k is continuous. The functions @+, @m and © are analytic
and continuous up to the boundary of the open right, left and left half-
plane, respectively, and vanish at infinity. From (3.2) and (3.10) we obtain

the equation
WOOU_(0) + §,(0) = 6(0), Re A = 0.
Inserting (3.6) we get the Riemann-Hilbert problem

1

G2 w0 s u, W0 =, T80y, Re = o0.

With the help of (3.7) and (3.11) we get

0 4w
W, B0 = f et { y(t=s)w(s)ds +
o 0
00 400
+ f ekt{w(t)+-[ y(t—s)w(s)ds}dt, Re X = 0.
0 t

With the help of the above identity we obtain the unique solution of the
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Riemann~Hilbert problem (3.12), namely

4-co 00
W_(A)&_(A) = J ekt{w(t) + J y(t—s)w(s)ds}dt, Re X = 0.
0 t
Using (3.7) we eventually get
00 +co
-~ At
y_(A) = J e {m(t) + J y(t—s)w(s)ds}dt +
0 t
o t oo
" f et J x(t—r){m(r) + J y(r—s)m(s)ds}dr dt =
0 0 r
00 00 t o0
= J extw(t)dt + J ext{J x(t-s)w(s)ds + J y(t-s)w(S)dS}dt +
0 0 0 t
+oo min(t,s)

+ [ ext{ J x(t—r)y(r—s)dr}w(t)dt, Re A = 0.
0

Hence, for 0 < t < 4= the vector function P(t) is given by the right-hand
side of (3.8), where the resolvent y(t,s) has the form (3.9). So we estab-
lished the theorem in case E, (Y) = L]((0,+w);L(Y)), |

For the finite-~dimensional case this theorem has appeared in [24] (see
also [21]); an infinite dimensional result has been stated by FELDMAN [17],
who assumed that, in addition, the kernel takes its values in the closure
in L(Y) of the operators of finite rank. The proof given above follows the

method exposed in [24].
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CHAPTER I1I

SPECTRAL THEORY OF HERMITIAN ADMISSIBLE PAIRS

In this chapter we consider transfer functions of the form

W) = (1-B) - TO-T) .

Here T and B are self-adjoint operators on an abstract Hilbert space H,
which are related in a special way. Transfer functions of this type appear
in a natural way in Transport Theory as symbols of Wiener-Hopf integral
equations. The pair (T,B) is called a hermitian admissible pair on H. In
this chapter we develop a little theory for hermitian admissible pairs. In
particular, the spectral subspaces of T and the associate operator (I—B)_lT
are described and in terms of these subspaces canonical decompositions of H
are constructed. Special attention is paid to the case when the transfer

function W is symmetric with respect to inversion.

I. Preliminaries about self-adjoint operators

Let H be a Hilbert space with inner product <-,->, Given a self-
adjoint operator T e L(H) we denote by m(T) and M(T), respectively, the

infimum and supremum of the numerical range of T, i.e.,

m(T) = inf <Tx,x>, M(T) = sup <Tx,x>.
=<y Ixlh<t
The interval [m(T),M(T)J]is the smallest convex set containing o(T). For
every continuous function f£: o(T) + € with only a possible jump discontin-

uity at 0, we define

(1.1) £(T) = J £()E(dt),
o(T)

where E is the resolution of the identity of T (see [13] for the definition
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of this integral). As known (cf. [131),

(1.2) T£(r)l = sup JE(T)|.
teo (T)

We now derive four propositioms that will play an important role in

what follows.

PROPOSITION 1.1. For 0 < w < im, let Qw = {0#X e €C: |tir—arg A| < w}. For

every self-adjoint operator T with resolution of the identity E we have

(1.3) Lim  T(T-A)"

A0, e
w

x = [I~E({0})Ix, x € H.
PROOF. By (1.1) we have
(-2 "% = f E%E(dt)x.

a(T)

Because of the estimate

|5 | L
t=A cos W

iA
+

(Ae, teo(cR),

we may apply the theorem of dominated convergence for vector-valued measures

(ef. [13], Theorem IV 10.10) and obtain

lim T(-0"'x = J [1-x( t )JE(dt)x, x e H.

A+0,A€Qw o (T)

Here x denotes the characteristic function of the set {0}. From this,

formula (1.3) is clear. []

PROPOSITION 1.2. For every nonnegative (self-adjoint) operator T with

resolution of the identity E we have

(1.4) lim  T(T-0)"!

A0, Re A<0

x = [I-E({0})Ix, x € H.

This proposition is proved in the same way as the first proposition.

PROPOSITION 1.3. For 0 < w < im, let Q, = {0#X ¢ C: |xir-arg A| < w}., If

0 <a< 1, then
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(1+ cos w)u |

lu—l
cos W :

(1.5) -0~ < A
PROOF. For y € H and 0 < o < | it follows from Holder's inequality that

11|Tl°‘y|l2 = f Itlza<E(dt)y,y> <

o(T)
” o 1-o
(1.6) < [ f lel <E(dt)y,y>] '{ J <E(dt)ysy>] =
o (T) o(T)

it

Dyl 22 gn 2170

Tnserting y= (T—A)—lx, "T(T—A)_IH <1 + (cos w)_] (see the proof of Proposi-

tion 1.1) and n(T—A)°]H -1

< |Im Al_l < (cos w)—! |A] we obtain

HlTIu(T~A)-1x" < (1 + (cos w)—])a(cos w)a—llkla_lﬂx“, A€ -

From this estimate the proposition is clear. []

A curve T that contains the point A, € R is called non-tangential at

0

AO if there exist € > 0 and 0 < w < im such that

(1.7) {xeT: 0-<IA—AO] <gl e {AO¢ xe C: Ei%ﬂ-—arg(x—xo)] < w}

and the left-hand side of (1.7) is either a circle arc or a straight line
broken at AO. We remark that the requirement that near AO the curve I' is of
special type is not essential.

PROPOSITION 1.4. Let T be a self-adjoint operator with resolution of the

identity E, and suppose that the real numbers a and b (with a < b) are no
etgenvalues of T. Let T be a positively oriented simple closed rectifiable
Jordan contour that is non-tangential at a and b and whose inner region ¥,
contains o(T) n (a,b). Assume ¢ is a scalar function that is analytic and

uniformly Hlder continuous up to the boundary of F,. Then

b
(1.8a) (2ri)”! J 6O (A-1) " Txdr = f o(£)E(dt)x, x ¢ H.
T a

In particular, taking ¢(A) = 1 one has
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(1.8b) (2ri)”! f O-1)"'xdr = E((a,b))x, x ¢ H.

T
PROOF. For e > 0 let FE be the curve obtained from ' by omitting all points
A € T for which either |A-al < e or |A-b| < e, and let FE inherit its

orientation from I'. Then, by Fubini's theorem,

2ni t
c o (T) FE

Since a and b do not belong to the eigenvalue spectrum of T, we have

5%; J o) (-1) Txdr = f [—l- f if?) dA]E(dt)x, x e H.

E({a}) = E({b}) = 0. If one would simply apply the theorem of dominated

convergence for vector-valued measures ([13], Theorem IV 10.10), one would

obtain
b
5%; f o) (A=) xdr = f o()E(AE)x, x ¢ H.
T a

It remains to justify the application of the principle of dominated
convergence. This would require a proof of the boundedness of the set of

integrals

(1.9) sho f P r (t e R\{a,blie > 0).

T
3
By the non~tangentiality of T at a and b there exist € > 0 and

w e (0,ir) such that
(1.10) {AeT: 0< IA—AOI <2} c {0#Xx e €: |£in~ arg(k—ko)[ < w} (AOS a,b)

and for AO = a,b the left-hand side is either a circle arc or a straight

line broken at AO’ Now we choose points A+(a), x_(a), A+(b) and A_(b) on
the curve I' such that la—ki(a)[ = [b—Ai(b)|= e, A, (a) and A+(b) are in the
upper half-plane and A_(a) and A_(b) are in the lower half-plane. Further,
we suppose that e < (b-a)(4sin w)_1 so that for XO = a,b the left-hand sides
of (1.10) do not intersect.

By EE we denote the oriented curve composed of the four oriented seg-
ments from a+ ie cosw to A+(a), from A_(a) to a~iecosw, from b-iecosuw
to A_(b) and from k+(b) to b+ ic cos w. The total length of the four segments
marking up Ee does not exceed 4e sinw. By A€ we denote the oriented union of
the oriented segments from a-iecosw to b-iecosw and from b+ ie cosw to

a+iecosw. A close inspection of the orientations of FE, A€ and g, reveals
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the identity

A-t

A 2
€ € €

For t ¢ R and ) € Ee one has [A-t| = € cos w. Since the length of E€ does

1 a1 dx 1 da )
. J _gA o __T.f Tt T f o te R\{a,b}.

not exceed 4e sin w, we get the estimate

(1.11a) 2ri A=t s

! J —é&~1 < 2 tan w.

[#3]

€
Another useful estimate is

b
1 dr | _ e du = 1 b-t _ a-tl
(1.11b) QEI'J A—-t, == J —55 Tr{arctan = arctan = } < 1.
A q (umt) e

€
By the uniform Holder continuity of ¢ on F, there exist 0 < o < 1 and a

constant K1 such that

o —
(1.11c) |¢(t1)—¢(t2)| < Klltl—tzl (tl,tz € F+).

Finally, for t # a,b and Ii%w-arg(lnko)l < w (AO = a,b) the sine rule
applied to the triangle with vertices XO’ A and t yields

9
t - A

1

£ —,
cos Y

A=A
(1.11d) ’ '

Next, we apply the estimates (1.11) to find an upper bound for the

integrals (1.9). For t € (a,b) we have

1 [ e _
TWIJ cu|~

A=t

T

€

I d(M)-¢(t) 1 ¢ (t) 1 6 (t)

mf ATt ‘”*‘z‘ﬁfx-t‘”*m r-t S
€ AE :E

1 dlA 2
< K, z?f—‘l—ll“:a" 16() 1+ (1+ 2 tan w),
J el
€

where we have used (1.1lc), (1.11b) and (1.11a). Now we exploit the esti-
mate (1.11d) and the boundedness of ¢ on (a,b) and construct an upper bound
of the integrals (1.9), which does not depend on € > 0 and t ¢ (a,b).

Similarly, for t < a we have
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L[ e _
mf X-t dxl
T
€
= 1 o (A)-¢(a) d(a) 1 fL(.t_.)_ .
Tl ) TREe YT J%t‘”*zwifx—t‘““
€ € c
1 A-a|  dlAl 2
=K Z?J li’-’t"‘*l‘_g"‘“ |¢(a)lw(1+; tan w),
T I>\—’3I

where we have employed (1.1lc), (1.11b) and (l1.1la). Now we use the inequal-
ity (1.11d) and comstruct an upper bound of the integrals (1.9), which does
not depend on € > 0 and t < a. An analogous upper bound is derived for

t > b. Hence, the set of integrals (1.9) is, indeed, uniformly bounded in

t € R\{a,b} and € > 0. In this way the non-tangentiality of T and the
Holder continuity of ¢ at the points a and b have been essentially used to

justify the application of the principle of dominated convergence. []

For ¢(A) = 1 Proposition 1.4 yields an expression for the resolution
of the identity of a self-adjoint operator related (but not identical) to a
well-known formula of STONE (cf. [66]; also [13]). Formula (1.8a) is related

to Stieltjes' inversion formula and has not been found in literature.

2., Hermitian admissible pairs and their symbol

Let H be a complex Hilbert space with inner product <-,->. A pair (T,B)
of bounded linear operators on H is called a hermitian admissible pair on H
if
(C.1) T is a self-adjoint operator with Ker T = {0};
(C.2) B is a compact self-adjoint operator;

(C.3) there exist 0 < a < | and an operator D ¢ L(H) such that
B = |T|%.

As we shall see later (see Proposition 2.2), in Conditiom (C.3) one can
always take D to be compact.

The operator I-B will be denoted by A. If A is invertible, we call
the pair (T,B) regular; otherwise, the pair (T,B) is called singular. I1f
the operator A is nonnegative (i.e., <Ax,x> 2 0 for all x ¢ H), then we

call the pair (T,B) semi-definite; otherwise, (T,B) is referred to as an
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indefinite pair. If A is strictly positive, then the pair (T,B) is called
positive definite and the operator

c=at-1=808""

is compact. Observe that in [53] positive definite admissible pairs have
been introduced as self-adjoint admissible pairs.

With a hermitian admissible pair (T,B) on H we associate the operator
function W: p(T) » L(H) given by

(2.1) W) = (-0 = 1 - a0-T) B,

The function W is called the symbol of the pair (T,B). Observe that in [53]
the symbol has been defined for positive definite admissible pairs only,
but in a slightly different way. Note that W()) may also be written in the
form

(2.2) WOD = (I-B) - TO=-T)"'B, 2 e o(T),

and hence the symbol W(A) may be viewed as the transfer function of the
node (T,B,-T,A;H,H). Obviously, the symbol is continuous (even analytic) at
infinity. The next proposition shows that the symbol is Holder continuous

on the imaginary axis.

PROPOSITION 2.1. Let W be the symbol of the heymitian admissible pair (T,B).
Then W is uniformly HSlder continuous on the imaginary axis. Further, if
Qm = {0 # X e € |tin-arg A < w}, then

(2.3) lim W) = I
A+O,A€Qw

in the norm of L(H).

PROOF. Assume B = [TluD, where 0 < o < 1. We shall prove that on the imag-
inary line the symbol W is Holder continuous of exponent 0 < B < a. This

requires an investigation of W(A) for A in a neighbourhood of the point at
0. Let E be the resolution of the identity of the self-adjoint operator T.

By (1.1) we have
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l~a, o =1 e e e ‘
A [T (T-2) % = B E(dt)x, x € H.
o (T)

With the help of (1.2) and (1.5) (with w = 0) we derive that for imaginary
A#0

1-a o
—l%——l—;—lTszu, t e o(T) © R,
(e7+x%)?

(2.4)
and therefore the operator ])\IIWOLITFOL(T—A)”1 is uniformly bounded in X on
the non-zero part of the imaginary line. So for all imaginary X # O and

0 < B < o we have

i

D Brwoo-1t = B T %= "ol > 0 (>0, ReA=0).

1

Here we used that W(A) = I = -A(A=-T) B = HTIOL(T—)\)-1

D. Since, because of
o(T) ¢ R, the function W is analytic on the cone {0# e C: |+im ~arg Al <w}
(0 < w < §w) and at infinity, it follows that for every 0 < B < a the sym-
bol W is Holder continuous of exponent B on the extended imaginary line.

Finally, we establish (2.3). It suffices to prove that

(2.5) lim 1A 0-1)7'BI = 0.
A»O,Aeﬂw

1 1

According to Proposition 1.1 we have AO-T) 'y =y = T(T=A) 'y + 0

(A >0, A ¢ Qw; v € H). But this identity holds true uniformly in y on
compact subsets of L[(H). Since the image under the compact operator B of
the closed unit ball in L(H) is relatively compact in H, formula (2.5) is

clear. This settles (2.3). [I

PROPOSITION 2.2. Let (T,B) be a hermitian admissible pair on H. Then

B = |T|%D for some 0 < a < | and some compact operator D on H.

PROOF. According to Condition (C.3) there exist 0 < o < 1 and a bounded
linear operator Da on H such that B = ITIuDa. For 0 < B < a put D, =

8
= [T[a BDa. Then B = ITlBDB. We shall prove that D, is compact.

B8
+ . s s
Let (An)n:O be the sequence of eigenvalues of the compact self-adjoint
. .. + .
operator B counted according to multiplicity, (¢n)n:O the corresponding
orthonormal set of eigenvectors of B, and suppose that IXO[ > IXII > ...

Then
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b= ]

A<y >0 .
nso D n ‘n

Put P, =
linear span of T FPRREL while ”B~BPk“
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k . R .
K Xn=0 <=,¢n>¢n. Then Pk is the orthogonal projection of H onto the
= Sk+1(B) is the (k+1)-th

approximation number of B (cf. [25], Chapter II). Then HB—BPk“ + 0 as

k > 4o,
Let E be the resolution of the identity
T. For 0 < B < o and x ¢ H we apply Holder's

mate

I xl? = 112085 ae)p =02
g o
o (T)
|8
< { [ [t[zaHE(dt)Duxﬂz}
o(T)
and therefore
B
Ip.xl < IBxl %D «1B/% i«
8 o

of the self-adjoint operator

inequality and get the esti~

in

HE(dt)DaxHZ

9

]B/u

1]

o(T)

0 < B <a.

Substitute x = (I_Pk)y and use the estimate "Du(I~Pk)xH < HD@H-"X I. Then

l__
_ N a B/a,
I DB(I 1) I<is BPkll i Dall ;

Now DBPk

k + +», we see that D

B
get, in view of Theorem IT 2.1 of [25],

8

® % k=

Sk+1(DB) < Ms

k+1
where s

k+1

Whenever for some p 2

Schatten class and € > 0 is given, there exists 0 < B < 1 such that D

(DB) is the (k+1)~th approximation number of D

0 < B < a.

is an operator of finite rank (k = 0,1,...). Since UBvBPk" + 0 as

is a compact operator. Putting M = max(l,ﬂDaH) we

0,1,2,..., 0 <B <a,

gr O

I the operator B belongs to the p—th Von Neumann

8

belongs to the (p+e)~th Von Neumann Schatten class (cf. [62,25] for the

theory of these classes).

Assume the hermitian admissible pair (T,B) to be positive definite.

Then the operator A = I~B is invertible, and hence the symbol W of the

pair (T,B) is invertible at « (cf. (2.2)). In fact, for A in a neighbour-

hood of « one has
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(2.6) wey™ = Al s AT lroeaT iy Tl

1 i 1

Thus in this case the node (AhiT,BA— LA TTLA

the node (T,B,~T,A;H,H). The next theorem shows that with respect to a
1

sH,H) is the associate node of

suitable inner product on H the pair (A T,—BA—l) is again a positive

definite (hermitian) admissible pair.

THEOREM 2.3. Let (T,B) be a positive definite (hermitian) admissible pair
on H, and let W be its symbol. Put A = I-B. Then

(2.7) <K,y>, = <AX,y>

A

defines an equivalent imner product on H, the pair (A‘IT,~BA-1) 18 a posi~—

tive definite (hermitian) admissible pair on the space H endowed with the

inner product <-,->, and its symbol is equal to W_l.

A

PROOF. As A is strictly positive, it is clear that <-,->

inner product on H. Put § = AﬁlT. From

A is an equivalent

<Sx,y>, = <Tx,y> = <x,Ty> = <A71Ax,Ty> = <X,A"1Ty> = <X,8y>

A A?

we conclude that S is self-adjoint on H endowed with <:, >

Ker S = {0}. So Condition (C.1) holds true.

A Obviously,

Since A = I~ B, the operators A and B commute. It follows that
BA-] = A—IB. Using this one easily sees that BA—"l is self~adjoint with
respect to <r,c>,. The fact that B is compact, implies that BA“i is compact
too. This proves Condition (C.2).

From formula (2.6) it is clear that the symbol of the pair (A“IT,~BA_1)
is equal to W_le Further, A—l is strictly positive with respect to the
inner product (2.7). So it remains to prove that Conditiom (C.3) holds true.

By Proposition 2.2 there exist 0 < o < 1 and a compact operator D such
that B = |T|%D. Put § = A”'T and ¢ = BA™!. We have to show that C = |5|°D
for some bounded operator D. (Here the absolute value of S is defined in

terms of the immer product (2.7) om H.) In fact, it suffices to show that
(2.8) Isi® = ITI1% = |T]%

for some compact operator K. Indeed, from (2.8) it follows that
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fSla = ITIQ(I+K), where I+ K is a Fredholm operator of index 0 such that
Ker(I+K) < KerlSIa. Since ISIG has a trivial kermel, it follows that I+K is
invertible. But then C = ]Slaﬁ, where D = (I+K)"1DA_1, and the proof would
be complete.

Let F+ (T_) be a simple closed rectifiable Jordan contour in the
closed right (left) half-plane that is non-tangential at X = 0 and whose
inner region contains the parts of the spectra of T and S on the positive
(negative) real line. We assume that I, and T_ are oriented in the positive
sense. By T we denote the oriented curve composed of the contours r, and
I .

By Proposition 1.4 we have for all x ¢ H

(2.9) (Is1%1T1%x = (Zwi)—l(f+J>Aa[(AmS)“1~(A—T)“1]XdA.
LT
Here A\ is defined on the closed right and left half-plane separately as an

analytic function that is positive on the real line. By (I 2.4) we have

1 -1

- o-n7 = -0t

1 1

(2.10) (-8)~ BW(A) T(T-A)", 0 # AeT.

By Propositions 1.1 and 2.1 the function DW(A)_IT(T—A)"] is bounded on
{0}, Put KO = ~O=7) " 'ow) trer-0)"", 0 # A e I. Using that B = |T|%
we get, in view of Proposition 1.1,

.

1 1

(A=8)"" = (=T) 7 = TIORODIRODE = o(IA]T)  (A>0,04AeT).

For € > 0 let F+E (Tws) be the curve obtained from T+ (T_) by omitting all
of its points A for which [A]| < e. Assume F+€ <P—€) inherits its orienta-
tion from F+ (I' ). For e > 0 let FE be the oriented curve, which is composed

of the two parts T and I' ., Put
+e -€

(2.11) R = (Zwi)"l(J + [ /kaK(A)dA, e > 0.

Lo To.

since 1K1 = 0(I1A %) (=0, 0#AeT), it follows that

HKE~K5H = 0(<J-J )lxla“’dx> (e>6>0, ¢4 0).

FG TE

Hence, the operator Ke has a limit in the norm of L(H) as ¢ ¥ 0. Since
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I 1

7%, = e fp 2%C0-8)7'-(em TN, e is clear from (2.9) that

this limit K = lig Ka satisfies (2.8).
£

Next, recall that D is a compact operator. By B = ITI%D and formula

(2.10) it is clear that K(}) = ~(X-T)“1DW(A)“]

(0 # X € T). But then the operator Ks’ which is defined by (2.11) as a

'I.‘(T~-}\)_1 is compact too
Riemann integral in the norm of L(H), is also a compact operator. Since
"Ke_K“ + 0 as ¢ + 0, we conclude that the operator K is compact. From the

compactness of K we finish the proof as described earlier. [J

3. Spectral projections

Throughout this section H is a complex Hilbert space with inner product
<s,+> and (T,B) is a semi-definite admissible pair on H. As usual A = I-B.
In this section we shall study three different spectral decompositions of H.
First we write H as a direct sum of spectral subspaces of T. Next we con-
struct spectral decompositions of H corresponding to the unbounded operators
T7'A and ar”!.

Let E be the resolution of the identity of the self-adjoint operator
T. Put P_ = E((0,=)) and P_ = E((~~,0)), and let H,_ and H_ demote the ranges
of the orthogonal projections P, and P_, respectively. Since Ker T = {0},

we have
(3.1) H=H_ o H+.

This is the first spectral decomposition of H.
To study the spectral properties of the possibly unbounded operators

1

T 'A and A’l‘—1 we first consider the linear operator polynomial

L) = A-T, Ae €.

Put & = {A € €: I-AT is invertible}. Note that T is an open connected sub-
set of €, which contains the set C\R. Let %(L) denote the spectrum of L,
i.e., the set X(L) consists of all A ¢ € such that L{)\) is not invertible.
First we shall prove that ¥ n IZ(L) is a discrete subset of &,

Since L(A) = (I-AT) - B and B is compact, the operator L()) is a

Fredholm operator of index zero for each A e¢ Z. Further

LO) = @-DWE), 04X e &,
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where W is the symbol of the pair (T,B). By Proposition 1.2 the operator
W(%) is invertible for Re A = 0 and |[A| sufficiently large. It follows that
the same is true for L(\). Since E is connected we may conclude (cf. [33])
that L(A) is invertible for all A € E with the exception of a discrete sub-
set of E, Hence, & n IZ(L) is a discrete subset of E.

In particular, there exists € > 0 such that I(L)n{)e C: O<|A|<e} is

empty. Define

-1 -1 -1 -1
(3.2) Py = 5aT L) TdA, By = o TL(Y) TdA.

A= [A]=¢

Here the circle |A|=¢ is assumed to have a positive orientation. A standard

argument (cf. [67], Section 1.3) shows that Py and P+ are projections. Let

0 4
HO (Hg) denote the range and H1 (HT) the kernel of the projection PO (Pg).

Then
_ I +
(3.3) H = HO @ Hl’ H = HO (-] H].
PROPOSITION 3.1. We have dim HO = dim Hg < 4o gnd
. R (e,
(i)  THy = Hy, TH; = H;
(ii) Kir A ? Hoi AHOTC Hys AH1 = Hy;
(1i1) HO = Hl’ H1 = HO.

PROOF. Take € > 0 as in the definition of P0 and Pg (cf. formula (3.2)).

Put

I

R = = f LA Cda.

[Al=¢
Since L(0) is a Fredholm operator, the coefficients of the principal part

of the Laurent expansion of L(}\)”1 at zero are operators of finite rank

(cf. [33]). In particular, the operator R is of finite rank. Note that

PO = RT and Pg = TR. So both PO and Pg have finite rank,

The operator T maps H0 in a one-one manner onto Hg* To see this one
observes that TPO = TRT = P;T. This implies that THO c Hg. Also,
RPS = RTR = POR, and hence RHS c HO. Now one checks directly, that

(TIHO)~1 = R’HB’
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The fact that T maps HO in a one-one manner onto Hg, implies that
dim Hy = dim Hg.
To prove the second equality in (i) note that Im T is dense in H.
Since T maps Hy into Hg and H, into HT and one has the decompositions (3.3),
one must have that Tﬁ] = HT.
Statement (ii) is an immediate consequence of the definitions of PO

and Pg (cf. [67], Section 1.3). Statement (iii) follows from the fact that
P; = (RT)* = TR® = TR = P

which is a consequence of the self-adjointness of A and T. [J

The space H0 will be called the singular subspace of the pair (T,B),

and the space H, will be called the regular subspace of the pair (T,B).

1
If (T,B) is a positive definite pair, then HO = {0} and H1 is equal to the
full space H.

Since Ker T = {0}, the operator T-IA is a well-defined possibly unbound—

ed operator on H, whose domain of definition is equal to the set
D(T'A) = {x e H: Ax € Im T}.

The fact that TH, = HE and AHj © Hg implies that Hy < D(T-IA) and
1

(TMIA)HO < HO. So the restriction of T 'A to HO is a bounded operator on

the whole of HO.
So far we have not used that the pair (T,B) is semi~definite, i.e.,
we have not yet used the fact that A is a positive operator. However,

in the proof of the next proposition this will play an essential role.

PROPOSITION 3.2. We have (T"IA)zx =0, xe®H

0
PROOF. From the definitions of HO and Hg it follows that for each 0 # X ¢ €
the operator A-AT maps HO in a one~one manner onto Hg. Hence, we may con-

clude that the spectrum of the restriction of TMIA to HO consists of the
point zero only. Since HO is finite-dimensional, there exists a positive
number n such that (T“IA)nx = (O for each x ¢ H.

Let x € HO, and assume that (T~IA)3x = 0. Put y (T—]A)x and

z = (T-IA)y. Then y,z € H,, Ax = Ty, Ay = Tz and Az

0. Note that

#

0°

<Ay,y> = <Tz,y> = <z,Ty> = <z Ax> = <Az ,x>.
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Since Az = 0, this implies <Ay,y> = 0. Now we use the fact that A is a
positive operator. So "A%y"2 = <Ay,y> = 0, and therefore Tz = Ay = 0, which
means that (T_IA)ZX = 0,

Given x € HO’ we know that (T—IA)nx = 0 for some n = 4. Repeating the

above argument n-2 times we derive that (T_IA)ZX =0. [

In terms of L(A) = A~ AT the previous proposition tells us that L(X)-]

has a pole at A = 0 of order at most 2. Hence, there exist operators of
finite rank R1 and R2 such that L()\)_I - A_IRI—-A—ZRZ

Next we consider T—lA on H]. The fact that A maps Hl in a one-one

+ . . . P
manner onto H1 and TH] < HT implies that there exists a unique bounded

such that

is analytic at A = O.

linear operator S: Hl - H2

(3.4) ASx = Tx, X € H].
Obviously, Ker S = {0}. We shall prove that with respect to an equivalent
inner product on H, the operator S is self-adjoint. We call S the associate
operator of the pair (T,B).

Consider on H, the sesquilinear form

1

(3.5) Ky, = <Ax,y>, (x,y € H]).

Since A is a positive operator and A acts as an invertible operator from

Hl onto HT, it is clear that <oty defines an inner product on H1 which is

equivalent to the original inner product on Hl' With respect to the inner

product <ty the operator S is self-adjoint. Indeed, for x,y € H1 we have

i

<Sx,y>, = <ASx,y>

A <Ix,y> = <x,Ty> =

<x,ASy> = <Ax,Sy> = <x,Sy>

!

A

We shall use the self-adjointness of S to make a further spectral
decomposition of H], Let F be the resolution of the identity of S as a
? A). Put Hp = Im F((0,+»)) and
Hm = Im F((~»,0)). The fact that Ker S = {0} implies that H

self-adjoint operator on (H,<-,>

= H ®H_, and
1 m p
thus we obtain
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(3.6) H= Hoe&ﬁfaﬁp‘

We define Pp to be the projection of H onto Hp along HOQHm and Pm is the
projection of H onto Hm along H @Hp. Note that

0
<Tx,x> = <Sx,x> < 0, x € H ,
(3.7) A "
<Tx,x> = <Sx,x>, 2 0, x € H

A p’
PROPOSITION 3.3. Let T (T_) be a simple closed rectifiable Jordan contour
in the closed right (left) half-plane that is oriented in the positive sense,

non=-tangential of » = 0 and whose immer region contains the parts of the
spectra of T and S on the open positive (negative) real line. Then for

every x € H we have

1 I !

Pox = (-2mi)” f (r-04) " Axdh, P x = (=2mi)"! f (1-24)" T Axdn.
T

r
+

PROOF. We restrict ourselves to the proof of the formula for Pp' If x € H]’
then one employs the self-adjointness of S in the inner product (3.5) of
H, and Proposition 1.4 and obtains

I

P x = (2ri)” ! [ =8)"Txdr = (=271)” j (1-2a) " Axdn.

T
+ +
On the other hand, if x € HO’ then pr = ( and, in view of G(T*lA]H )y = {0},
0
=1 -1 -1 -1, =1 -1 ~
(~2mi) (T-2A) " *Axd) = (~2mi) (I-2T'A) T TAxd) = 0.
+ I,
Since H = HIQHO, the proposition is clear. [J
PROPOSITION 3.4. The following intertwining formulas hold true:
* * *
(3.8) APO @ POA, APp = PpA, APm = PmA,
* * *
(3.9) TP0 = POT, TPP = PPT, TPm = PmT.
PROOF. Since P; = Pg, the first equalities in (3.8) and (3.9) have already

been proved. Let us prove APp = P;A, Take x,y in H. Note that we may write

Px = F((0,+)) (I-Pp)x, By = F((-=,0)) (I-Py)x,
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where F is the resolution of the identity of S (as a self-adjoint operator
—1.

on Hl). Further, recall that AHp c H] = Hg (by Proposition 3.1(iii)). So

<Apr,y> = <Apr,(I—PO)y> = <pr,(I—P0)y>A =

]

= <F((0,+=)) (I-Pp)x, (1-P ) y>,

= <(I-P)x,F((0,+=)) (I-P)y>,
= <A(I-P P y> = <P*A >
= ( O)X’ py = P Ky Y7

Thus APp = P;A. The third equality in (3.8) is proved in a similar way.

Next we prove that TPP = P;T. For x,y € H we have

<TPpX,y> = <Tpr,(I—P0)y> =

<SF((0,+m))(I—Po)x,(I—PO)y>A =

it

<(I-P))x,F((0,+=))S(I-Py)y>,,

because S and F((0,»)) are self~adjoint on (Hl,<~,~> Since S and

A)'
F((0,+»)) commute, we get

<Tpr!y> <(I—Po)x’SF((O)+m))(I_Po)y>A =

it

<A(I—PO)X,SPpy> = <Ax,SPpy>

il

<x,TPpy> = <P;Tx,y>°

So TPP = P;T. The third equality in (3.9) can be proved in a similar way. [

COROLLARY 3.5. We have

(3.10) AH L,

€L
b = (HGH)T, AH = (H oH

m

o’

P L e L
(3.11) THP (Hmeo) ) THm (Hp@HO) .

PROOF. Since Hp is closed in Hl and A maps H] in a one-one manner onto HT,
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the space AHp is closed. Further,

=

x4 * oL
AP = (K AP = (K P A -
Im AP (Kex( p) ) (Rex o )

Lo L
(Ker AP )T = (Hy@H ).

The second equality in (3.10) and the equalities (3,11) can be proved in a

similar way. [

Now let us return to the possibly unbounded operators T~]A and AT_I.

We have already seen that HO c D(T—IA) and (T—IA)[HO] [ HO’ Since AH] < HT
and TH} c HT, it is clear that

@ 'mrm apa” M cu .

So T—IA is completely reduced by the decomposition H = HOGHI. From the

definition of S one sees that Im S = Hl n D(T_IA) and

-1 -1 -1 -1
(3.12) S = (T A S =T "A §
( IH]) 5 lH]

Since T maps HO in a one-one manner onto Hg and AHO c Hg, it is clear

. - 3 .
that Hg < D(AT 1), From AHi < H, and TH, < HT it follows that
(AT")[H“;nD(AT”)] = HT@

-1 s S
So AT is completely reduced by the decomposition H = Hoeﬂla

To study AT-l on HI one considers the bounded linear operator
st HT > HJ; defined by
(3.13) S+Ax = Tx, X € HT.

. . + * -1

It is easy to see that Im § = H1 n D(AT ) and

st = (AT"IIH?)"I, (sHh™ = AT'IIHJ;.

Note that ASx = S+Ax and TSx = S*Tx for each x € H]. In particular,
since A maps H] in a one-one manner onto HT, one sees that S and S+ are

similar, the similarity being given by the map A. Let F be the resolution
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of the identity of S (as a self-adjoint operator on (Hl,<°,'>A)). For every

Borel set t in € define F+(T) on HT by
+
F (1)Ax = AF(t)x.

Then Ff is a resolution of the identity for ST. From Proposition 3.4 one

deduces easily that
P*X = F (() +0o ) ( l-P* X P x =F ( ('—°° O)) (I"P )X
P ( 2 ) O) ’ m ? 0

for each x € H. For every bounded measurable function ¢ on o(S) = G(S+) we

have

(3.14) A6(S)x = ¢(SAx, To(S)x = 6(8)Tx, x e H,.

Here

0(s) = j $(OF@D), s = { o (O)F (at).
o (s) o(sH

For the conservative isotropic case of the Tramsport Equation the

decomposition H = HIQH the inner product (2.7) on H, and the self-adjoint

0°® 1
operator S have been introduced in [47]. The decomposition H = H ®H,, which
has been constructed here with the help of [67], is an improved generaliza~—

tion of its analogue in [47].

4. Auxiliary operator semigroups

Often the solutions of the operator differential equations and the
operator integral equations we shall study in Chapters IV and V will be
expressed in terms of certain operator semigroups. Here we introduce these
semigroups and state some of their properties. We continue using the nota-
tions of the previous section.

First let T be a nonnegative (self-adjoint) operator with Ker T = {0}.
By (1.2) the set

ETe-0""1%: n=0,1,2,...5 —= < A < 0}

is contained in [0,1]. Therefore, the unbounded inverse of ~T is the

infinitesimal generator of a strongly continuous contraction semigroup. This



54

is clear from the Hille-Yosida-Phillips theorem ([13], Theorem VIII 1.13).
Note that in this particular case
00
—er! -t/
(4.1) e = J e M E@W), 0<t < 4w,
0

where E denotes the resolution of the identity of T. One easily estimates
that
~1
4.2) 1etT ) - sup e t/ul - e—t/UTu
ueo (T)

R 0 <t < 4o,

From (4.1) one easily shows that the semigroup (4.1) is amnalytic (cf. [45]

for the definition and main properties of analytic semigroups), and

therefore the function (4.1) is a ¢ ~function in R\{0} in the operator norm.
Now let (T,B) be a semi-definite admissible pair on a Hilbert space H,

and let A = I~B. With T we associate two analytic contraction semigroups,

namely
-1 +o
e‘trl P+ 1= [ e—t/u E(dy), 0 <t < +oog
0
...1 0
ST f M B, 0t < 4w

Here E is the resolution of the identity of T.
Further we introduce four analytic semigroups related to T“IA and ATul,
namely
4o

-1
(e“tT APp)x = [ e_t/uF(du)(I~P0)x, 0

N

t < ooy

IA

-1
(e+tT APm)x := eqt/uF(du)(I—Po)x, 0 £ < ooy

1

(AT 2y T (@) (2x, 05 € < v
-1
(e+tAT P;)X - e+t/uFf(du)(I“PS)X, 0 < t < 4o,

W
j——oco—} {—oco

Here x is an arbitrary vector in-H and F and F+ are the resolutions of the



identity of S and ST, respectively. From (3.14) it is clear that we have
intertwining between pairs of corresponding semigroups. For example, for

0 < t < +o we have

-1 -1 -1 -1
(4.3) 1o tT Ap o oTEAT pFp g T Ay FEAT prq
P p m m

The operator T_IA is a bounded operator on HO and AT_l is a bounded

operator on H+

0 So the expressions

I

-1 -
e tT APO’ e tAT Pg
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are well-defined for all ~» < t < 4, From Proposition 3.2 it is clear that

-1
(4.4) e—tT APO =Py = tT 1APO, —o < £ < 4o,

Since (AT_I)TX = T(T_IA)x for each x ¢ HO, we also have

-1
o EAT Pg = PZ‘) - tAT_IPS, . <t < oo,

5. Canonical decompositions

Let (T,B) be a semi~definite admissible pair on a Hilbert space H,
and let A = I~B. The aim of this section is to prove the following basic

decomposition theorems.

THEOREM 5.1. Let (T,B) be a semi~definite admissible pair on H. Then

(5.1a) H

]

HPeH“e{EHm®H+] nHy};

(5.1b) H Hm®H+®{[HP$H__] nHyt.

Further, if P denotes the projection of H onto Hpe{[Hm®H+]r1HO} along H_
and Q denotes the projection of H onto Hmw{[Hp$H_](1HO} along H, _, then

P and Q are bounded and

(5.2) TP = (I-QM)T, TQ = (I-P™)T.
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THEOREM 5.2. Let (T,B) be a semi-definite admissible pair on H. Put

(5.3) V= PP+ PP

Then I~V 28 a compact operator, Ker V = Hy, Im V = [HpeH_] n [Hm®H+] and

(5.4) H

{[HpeH_] n [H eH I} @ H,.

The proofs of these two theorems hinge upon a basic lemma.

LEMMA 5.3. Let (T,B) be a semi-definite admissible pair on H. Then the
operators Pp—-P+ and P ~P_ are compact. More precisely, if B = |T|%D for
some 0 < a < 1 and some D € J, where J 78 a symmetrically normed ideal in
L(H), then Pp--P+ and P~ P_ belong to the ideal J too.

PROOF. Let (T,B) be a semi-definite admissible pair on H. According to
Proposition 2.2 there exist 0 < a < | and a compact operator D such that

B = |T|%D. Now let J be a symmetrically normed ideal of compact operators
on H (see [25] for the definition and main properties of such an ideal)
such that D ¢ J. We shall prove that the operators Pp-—P+ and L belong
to the ideal J.

Let "-"J be a symmetric norm of J. Since P, is an operator of finite

0
o € J- Also B = ITI®D € J. Put A = I-B. Then P -P, =
= (P -P,A) - PBand P -P =-(P -P) - P

PP-P+A € J.

rank, we have P

0 So it suffices to show that

Let T be a simple closed rectifiable Jordan contour in the closed right
half-plane that is positively oriented, non-tangential at A = 0 and whose
inner region contains the parts of the spectra of T ¢ L(H) and S ¢ L(Hl)

on the interval (0,+»). From Propositions 3.3 and 1.4 it follows that

I

(5.5) (Pp—-P+A)x = --(Z'Hi)“1 [ [(T-A4) " -(T—X)_l]Adi, x € H.

r

By W we denote the symbol of the pair (T,B). Then for 0 # A ¢ ' we get

1 1 T_ I](T-A)‘I - X(A—T)_l 1

-y - -0 = oy Bw() -0 7! =

]

1 1

=0 Tewen - -0



57

First we exploit the symmetry of the norm "-"J and obtain

1 1 i

- (-0 belt-T (-3

A

I (T-2a)" T ® -~ +ID1 W)~

g <
Secondly we employ Propositions 1.1 and 2.1 (i.e., IW(\)-Il -~ 0; A »+ O,
A € T) and infer that

1

Her-am) - -0, = o T1%-n"My v s o0, A e ).

J
Finally, by Proposition 1.3, we get the estimate

1

(5.6) Ter-2a) " = -0, = oAl >0, 2eD).

J
For € > 0 let Fe be the curve obtained from T' by omitting all points
A € T for which |A]| < g, and assume PE inherits its orientation from I'. Put

1

(5.7) K_ = ~2ni)”! f [er-aa) "' = (-2 "1 adn.

r
€

Since the ideal J endowed with the norm ||'|lJ is a Banach space and the
integrand of the above integral is a continuous function from FE into J,
it is clear that the operator KE belongs to the ideal J (e > 0). Further,
by (5.6),

(5.8a) "KE-KSHJ <M f lA[u—ld|A| 0 <8§<ec<t),

FG\FE

where M is some finite constant. By (5.5), (5.6) (applied for J being the
ideal of all compact operators in L(H)) and (5.7) we have for all x ¢ H:

Ia-l

(5.8b) HKEX~(PP—P+A)XH < Nl xl J 1A dlx] (0 <e< 1),

T’\I’E

where N is some finite constant. From the inequalities (5.8) one concludes

- g - - Il
that Pp P,A € J and KE [Pp P+A]J+Oase4r0. 0

Important examples of symmetrically normed ideals are the ideals of
trace class operators, Hilbert—-Schmidt operators and all compact operators
in L(H). In particular, if B is an operator of finite rank, then Pp"-P+ and

Pm-P_ are trace class operators. Further, with the help of the remark
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following the proof of Proposition 2.2 one shows that for every ¢ > O the
operators Pp-P+ and Pm-P_ belong to the (p+e)-th Von Neumann—Schatten
class whenever B belongs to the p~th Von Neumann~Schatten class (1< p< +w)
(cf£. [62,25] for the theory of these specific symmetrically normed ideals).
Next, we prove Theorems 5.1 and 5.2. First we prove Theorem 5.2
except formula (5.4). Secondly, we derive two auxiliary propositions.
Finally, we deduce the decompositions (5.1a), (5.1b) and (5.4), and the

intertwining properties (5.2).

PROOF OF THEOREM 5.2 (except formula (5.4)). Let (T,B) be a semi-definite

admissible pair on H, and put V = P+Pp + PP . The compactness of I~V is
clear from Lemma 5.3 and the equality

I-V = PP+ (P_—P+)(PP-P ).

4

Next, we compute the kernel and range of V and get

(5.9a) Rer V = [Han_] © [H nH 1 @ Hy;

(5.9b) Im V= [H+H 10 (B +H1.
Finally, we show that
(5.10) Han_={O}=H nH,.

Take x € Hp n H_. On the one hand, <Tx,x> = <Sx,x>A > 0; on the other hand,
<Tx,x> £ 0 (cf. (3.7)). So Tx = 0. Since Ker T = {0}, we have x = 0, which
settles Hpr\H_ = {0}. Analogously one proves that H nH = {0}. We substi~
tute (5.10) into (5.9a) and (5.9b), and conclude that Ker V = H, and

0
ImV = [Hpeﬂ_] n [ e 1. 0O

With the help of the second part of Lemma 5.3 one shows that I-V
belongs to the symmetrically normed ideal J in L(H) whenever B = IT1%D for
some 0 < a < 1 and D € J. In particular, if B is an operator of finite
rank, then I~V is a trace class operator.

Next, we derive the first auxiliary proposition.



59

PROPOSITION 5.4. Let (T,B) be a semi~definite admissible pair on H. Then

(5.11a) [HP®HO] +H = [HmQHO] + H+ = Hj;

]
]

(5.11b)  dim([H @H,InH_) = codim(H +H,) = dim([H oH_JnHy);

i
it

(5.11c) dlm([Hm@H0]r1H+) codlm(Hp+H_) dlm([Hm$H+]r1H

O)'

_ o * * T
PROOF. Put V = P+P++P—Pm and V = P+Pp+P—Pm' Then TV = VT (cf. (3.9)),

I-V+ = PWPS + (P_-P+)(Pp-P+)* is a compact operator (see Lemma 5.3) and
therefore VI is a Fredholm operator of index 0. From the intertwining
property we conclude that T[Ker V] c Ker V+. By duality one also has
T[Ker(V+)*] c Ker V*. Since T is one-one and V and V+ are both Fredholm

operators of index 0, it follows that
. T . * . N . +
dim Ker V 2dimKer V = dim Ker V' = dim Ker(V ) = dim Ker V .

So dim Ker V = dim Ker V+, and thus

Ker V| = T[Ker V] = T[H,] - Hg.

* _ Lo L * L
Next, note that Im Pp = (Ker Pp) = <Hm®HO) , Im Pm (Hp@HO) and

Im Pg = (Ker PO)'L = Hf = HS. In a way analogous to the proof of (5.9%a)

one shows that

+

T L L
Ker V = [(HmeHo) nH_1 @ [(HPGHO) nH+] @ HO.

From the two expressions we have derived for Ker V+ one sees that
MHeH ) nH = @eH ) nH = {0}
m 0 - p 0 + ‘

L L4 L _
Hence, ([Hp@Ho]i—H_) = [Hp@HO] nH_ [HpeHO] nH,_ = {0}. Observe that
Im V = [Hp+H_] n[H +H.]< Hp+H_ c [HpeHO]+H_, and hence [HP$H0]+HM
is closed in H. But then [Hp@HO]+-H_ = H. In an analogous way one shows
that [HmQHojﬂ-H+ = H, and therefore the identities (5.11a) are established.
By the compactness of P+P := P+(Pp+-PO)4'P‘Pm =
=V + PP
+

0 the operator V0

0 is a Fredholm operator of index 0. Further, by (5.10) and (5.11a)

one has
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Ker V

it

([Hp@HO] nH) o [H nHJ= [Hpeﬁojnﬂ_;

Im V

i

s}
+
g

([HpeaHO] +H ) o [H +H]

Therefore, dim([HpeHO]rwﬂ_) = codim(Hm4-H+).
To show that dim([HpQHO]tWH_) = dim([Hp*-H_]rlﬂo) we prove that PO
acts as an invertible operator from [Hp®H0]r1H_ onto [Hp@H"JIWHOe Indeed,

if x_ € [Hp@HOJr\H_, then P x_ = -pr_*-x_ € [Hp4-H_]rWH0, and therefore

0

P, maps [HpeHO]rﬁﬂ_ into [Hp*'Hu]‘1H0~ Further, if Ppx

X_ € [Hp@HOJr)H_, then pr_ = X_ € HprlH_ = {0} (cf. (5.10)); therefore,

= ( for some

PO maps [HP$HO]r1Hu in a one-one manner into [HP4-H_]r1HO. Finally, if

Xy € [Hp+>H_]r}HO, then there exist vectors x5 € Hp and x_ € H_ such that
+ = = =

x FE_ = xge Then x_ xpi-xo € [Hp®H0]r1H_ and Pyx_

that, indeed, P, acts as an invertible operator from [Hp@HOJrWH_ onto

[HP4~H~]r1H This settles (5.11b).

= X4, which proves

0
The equalities (5.1lc) are proved likewise. [J

The next auxiliary proposition shows that H, is a Krein space with

0
respect to a suitable indefinite inmer product (see [6] for general infor=-

mation about Krein spaces).

" PROPOSITION 5.5. Let (T,B) be a semi-definite admissible pailr on HO’ Then

Hy 18 a Krein space with respect to the indefinite imnmer product

(5.12) [x,y] = <Tx,y> (x,v € HO).
In fact,
(5.13) Hy = {[Hpeﬂ_] nHO} o ([0 eH_InHgl,

where the decomposition (5.13) is orthogonal with respect to the imner

product (5.12), the space [Hp@Hn]r1H 18 negative definite and the space

0
[Hm@H+] n Hy 18 positive definite.

PROOF. Suppose Xy € [HP$H_]r1H0. Then Xo=:xp*'X~ for unique x_ € Hp and

0°70
we have <Tx0,x0> = <Tx_,x > = <Txp,xp> = <Tx_,x > - <Sxp,xp>A. Since
< 0. Further, if

x_ € H_. So <Tx_,x > = <I[x,,x.> + <Txp,xp> - <Tx0,xp> - <Txp,x0>, By (3.11)

0
= 0, and therefore x_ = Xp = 0; but

<Fx_,x > < 0 and <Sxp,xp>A = 0, we have [KO’XO] = <Tx0,x
[XO’XO] = 0, then <Tx_,x > = <Sxp.,xp>A

then X would vanish. Hence, the subspace [Hp@Hﬂ](}H is strictly negative

0
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in the indefinite inner product (5.12). In the same way one shows that
[Hm®H+]r1H0 is strictly positive in the inner product (5.12).

Next, we show that the subspaces [HP$H_]r1H and [H @i 1nH) are

0
=x +%X €
p -

0
orthogonal in the indefinite inner product (5.12). Take x

e [HeH 1nH
-

0

0 and Yo = X tx € [Hm§H+]r1HO, where Xp € Hp’ x_ e H_,

X € Hm and x,_ € H_. Using (3.9) we get [xo,yoj = <Tx0,xm> + <Txp,x,> =

= <Tx0,x+> = <Txp,x+> + <Tx_,x > = <Txp,x+> = <Txp,y0> - <Txp,xm> = 0.
This settles our assertionm.

As before, put V = P+Pp4-P_Pm. According to Theorem 5.2 the operator V
o 2nd ImV = [Hp@Hw]rﬁ[HmeHm].

Therefore, codim[HpeH_] + codim[HmeH+] = dim HO' By the identities (5.11b)

is a Fredholm operator of index 0, Ker V = H
and (5.11c¢c) one gets
0°

dlm([Hpaﬂ_]rxﬁo) + d1m([Hm$H+]|1HO) = dim H

o is strictly negative and [Hm9H+]r1HO is

strictly positive in the indefinite inner product (5.12), we see that

Since the subspace [Hp@H_](\H

these subspaces have a trivial intersection. Hence, (5.13) holds true.

Let p denote the projection of H, onto [Hm®H+](}H

0 0
Then HO is a Hilbert space with respect to the imner product

along [HpQH_]rlHO.

{x,y} = <Tox,py> =~ <T(I-p)x, (I-p)y> (x,y € Hy).

With respect to this inner product the subspaces [Hm®H+]r1HO and

[Hp$H_]r)HO are orthogonal and [x,y] = {px,py} -~ {(I-p)x,(I-p)y} (x,y € HO)'

Hence, the space H, endowed with the indefinite inmer product (5.12) is a

0
Krein space indeed. [J

PROOF of the decompositions (5.1a), (5.1b) and (5.4). First observe that

the subspaces Hp’ H_ and [Hm$H+](1HO have a pairwise trivial intersection.
Indeed, Hp n H_ = {0} (cf. (5.10)), Hp n ([Hm$H+]r1HO) c Hp n H0 = {0} and
H_ n ([Hm®H+]nHO) IS (H_nHO) n ([Hm®H+]nHO) c ([HpeH_]nHO) n ([Hm®H+]n
n HO) = {0} (cf. (5.13)). Further, Hp%l{_is a finite-codimensional sub-
space of H and its codimension in H coincides with the dimension of the sub-
space [Hm®H+]r1H0 (cf. (5.11¢)). This settles (5.1a). The decomposition
(5.1b) is derived analogously.

Next, observe that {[HPQH"]'O [Hm®H+]} n H0 = ([HPQH_]r\HO) n
n ([Hm®H+]tiHO) = {0} (cf. (5.13)). Further, V is a Fredholm operator of
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index 0 with kernel H, and image [Hp@H_]rw[Hm@H+] (cf. Theorem 5.2). There—

0

fore, codim{[Hp@H_] n [Hm$H+]} = dim HO, But then the decomposition (5.4)

is clear. [J

PROOF of the second part of Theorem 5.1. Let P denote the projection of H

onto the closed subspace Hp ® {[Hm®H+]r1HO} along H_, and let Q denote the
projection of H onto the closed subspace Hm ® {[Hp@H_]r]HO} along H, . First
we list a few orthogonality properties. Consider the indefinite inner prod-
uct [x,y] = <Tx,y> on all of H (cf. (5.12)). By (the second paragraph of)

the proof of Proposition 5.5 the subspaces [Hm®H+](1H

0
orthogonal in [+,<]. By (3.9) the subspaces [Hm$H+]rWHO (< HO) and ng and

and [Hp@Hm](WHO are

also the subspaces Hp and [HpeH_]r1HO (c HO) are orthogonal in [+,*].

Again by (3.9) the subspaces Hp and H are orthogonal in [-,-]. Hence,
(5.14) <Tx,y> = 0; x € Hp ® {[HmeH+]r1H0}, yeH ® {[HP®H“]f1HO}»

For all x,y € H we have <TPx,y> = <IPx,y> - <TPx,Qy> = <TPx, (I-Q)y>
(cf. (5.14)). Since H, = Ker Q and H_ = Ker P are orthogonal, we have
<T(I-P)x,(I-Q)y> = 0. Hence, <TPx,y> = <TPx,(I-Q)y> + <T(I-P)x, (I-Qy> =
<Tx,(I-Q)y> = <(I—Q*)Tx,y>. But then TP = (I—Q*)T. Taking adjoints we get
TQ = (1-P)T. [

The proof of Theorems 5.1 and 5.2 is completed. For the isotropic case
of the Transport Equation the operators P, Q and V have been introduced in
[35,36] (see also [40]), where the identities (5.10) were proved, however,
for (in our terminology) a positive definite pair. For positive definite
pairs the intertwining properties (5.2) are due to HANGELBROEK. The decom~
positions (5.1) and the compactness of I-V appear in literature for some
special cases, which involve positive definite pairs (cf. [35,36,40,21).
For singular semi-definite pairs the decompositions (5.1) and (5.4) seem to

be new.

6. Standard operations on hermitian admissible pairs

In this section we discuss certain elementary operations on hermitian
admissible pairs and the canonical decompositions connected with them. We
begin with the notion of similarity. For i = 1,2 let (Ti’Bi) be a hermitian
admissible pair on a Hilbert space Hi' Then the pairs (TI’BI) and (TZ,BZ)
are said to be similar if there exists an invertible operator E: H

1 7y
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such that
(6.1) ET, = T,E, EB, = B,E.
In that case p(Tl) = p(Tz), and for the corresponding symbols we have
EWI(X) = WZ(A)E.

In formula (6.1) the operator E can be chosen to be unitary. To see
this, we exploit the self"ad301ntness of the operators T], 23 B1 and B2
and the polar decomposition E = U(E E)z, where U is unitary (see Section
1.4.1 of [2], where in another situation a similar argument is used). We

* % * * * *
get TIE = (ET ) (T E) = E T2 and BlF = E B2., Then TlE E=E TZE =
= E*ET2 and B E “E = E'EB,, and heace T (E *B)t = (B E)2T1 and B, (E *Ey 4
(E E)ZBI. Therefore, UT, (E E)2 = ET, = T,E = T,U(E E)~ and UB (E E)2 =

B U(E E) . By the 1nvert1b111ty of the operator (E E)2 we obtaln

it

i

(6.2) T, = T,U, UB

1 =5 = B,yU,

1
which proves our assertiom.

If the pairs (T ,B ) and (T BZ) are regular and similar, then their

-1

associate operators S = (I~ Bl) and 52 = (I—BZ)_IT2 are similar too.
In fact, from (6.2) one may conclude that 5, and S, are unitarily equivalent,

i.e.,

In an obvious way the unitary equivalence U establishes a unitary equiv-
alence between the spectral projections of T, and T, and of §,; and Sye

A hermitian admissible pair (T,B) on a Hilbert space H is called
inversion symmetric if the hermitian admissible pairs (T,B) and (-T,B) are
similar. Then there exists a unitary operator U € L(H), called an Znversion

symmetry, such that
(6.3) ur = ~T0, UB = BU.

Assume (6.3) holds. If A = I-B and W denotes the symbol of the pair (T,B),

then
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UW(A) = W(-\)U, A e p(T).
If, in addition, B 1is a trace class operator, then W(A) - I = —X(X~T)_IB is
a trace class operator too (A € p(T)), and therefore for the determinant
one has

(6.4) det W(X) = det W(-A), A e p(T).

PROPOSITION 6.1. Let (T,B) be an inversion symmetric semi-definite admissible

pair on a Hilbert space H, and let U be a unitary operator such that (6.3)
holds., Then for the spectral projections of T and T_]A we have

UP, = PU, UP =PU, UP,=PU.
+ - P m

Further, the spectra of the operators T and T~!A are symmetric with respect

to A = 0.

The proof of this proposition is straightforward. For the case of the
one-speed Transport Equation, in which the pair involved is inversion sym-
metric (cf. Section VI.!1), the second part of this proposition is due to
MASLENNIKOV [501.

Next, we introduce the notion of Mobius transformation of hermitian
admissible pairs. For characteristic operator functions and operator nodes

related transformations have appeared in [7] and [2], respectively.

THEOREM 6.2. Let (T,B) be a hermitian admissible pair on a Hilbert space H,
and let k > 0 be a constant for which o(T) < (~k,+x)., Then the pair (E,E),
defined by

~ — ~ -l —
(6.5) T = kr+T) ), B = k(k+T) 2B(k+T) 2,

Bl

18 a hermitian admissible pair on H and its symbol is given by
~ b kA -l
(6.6) W) = (kHT) "W ) (k) 5.
Further, (%,E) 18 a regular hermitian admissible pair on H if and only if

the operator T+ kA is invertible, and in that case the associate operator

s equal to
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1 I

(6.7) @B 71T = k(e (1) IOy 72
PROOF. Certainly, the operators T and B are self—-adjoint, Ker T = {0} and
B is compact. Further, 1-8 = (k+T)_%(T+kA)(k+T)_%, and therefore I -3 is
invertible if and only if T+ kA is invertible.

To prove Condition (C.3) we first note that the spectral subspaces of
T and T corresponding to the positive (negative) part of their spectrum coin~
cide, Therefore, ITI® = ¥*|T]%@+T)™, 0 < @ < 1. Hence, if B = ITI%D for
some 0 <a <1 and D € L(H), then B = |¥1“B, where

o~

D= kl_a(k+T)a—%D(k+T)_%.

But then (f,%) is a hermitian admissible pair on H.
Finally, the identities (6.6) and (6.7) are deduced by straightforward

computation. [J

The transformations described in Theorem 6.2 will be referred to as
Mobius transformations of hermitian admissible pairs. For k > 0 and
o(T) ¢ (~=,k) an analogue of Theorem 6.2 can be established.

Let T and B be as in Theorem 6.2. The possibly unbounded operator %‘12,
where A = I«-g, is given by

17 - (k+T)21’(k“]+T"1A) (k+T)—%.

Now assume that the pair (T,B) is regular, and let S = A-]Tn Then the pair

(%,E) is regular if and only if ~k ¢ o(S), and in that case
IF - ey hes ey~ (rmy
AT = (k+T)2kS(k+S) ~(k+T) °.

We continue this section with the following operation on semi~definite

pairs.

THEQOREM 6.3. Let (T,B) be a semi-definite admissible pair on H, and let p

be the projection of Hy onto [H @H, Jn Hy along [Hp@H_] nH.,. For u > 0 put

0

-1 -1
BuX = B(I—Po)x + (I4u T)(I—p)POx + (I-u T)pPox, % € H.

Then (T,B) 18 a positive definite admissible pailr on H.
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PROOF. Recall that A acts as an invertible operator from H, onto HT = Hg and

that T acts as an invertible operator from HO onto Hg = H? (cf. Section 3).

For every invertible operator B: HO > HO we define A8 by

_ _ -1
(6.8) AB = A(L PO) + TB PO.

Then AB is invertible and I--A6 is compact. Further, by Proposition 3.2 we

have A(T“]A)x =0 (x € HO), and therefore x = Bx + TBT_IAX for every x € H

o0
Since B = lT]aD for some 0 < o < 1 and D ¢ L(H), we conclude that
HO c Im [T]a. By (6.8) there exists a DB e L(H) such that
6.9 1-4A, = |T|%,.
(6.9) 8 [T] 8

Let [+,+] be the indefinite inmer product on H, defined by (5.12). For

4]
%,y € H we have

-1
<Agx,y> = <A(I-P()x, (I-P )y> + [B Pox,Poy];

i

<x,Agy> = <(I-PQ)x,A(I-Ry)y> + [POX?B—IPOy],
where the orthogonality properties (3.8) and (3.9) have been used. Hence,
AB is self~adjoint (strictly positive) if and only if B is self=-adjoint
(strictly positive) with respect to the indefinite inmer product (5.12).

So (T,IwAB) is a regular hermitian admissible pair on H if and only if
8 is self-adjoint in the inner product (5.12). Similarly, (T,I“AB) is a
positive definite admissible pair on H if and only if B is strictly positive
in the indefinite inmer product (5.12).

To finish the proof we take a special B that is positive definite
with respect to the inner product (5.12), namely the operator that with
respect to the decomposition (5.13) of H0 is given by

"y el JnH 0
g = P 0

0 +ul ;
CH@H, I n H,

Then I-~AB coincides with the operator Bu in the statement of the theorem,

and the proof is complete. [J
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REMARK 6.4, With respect to the decomposition H1 ® HO = H the operator

A;]T is given by

(6.10) A;"r -5 e 8.

Hence, the pair (T,I—AB) can be viewed as a "regularized" version of the

original semi-~definite pair (T,B).

7. Inversion symmetry and the singular subspace

Throughout this section (T,B) will denote a semi~definite admissible
pair on a Hilbert space H. We assume (T,B) to be inversion symmetric with

. . . * -
a signature operator J as an inversion symmetry. So J = J = J ! and we have

(7.1) JT = ~TJ, JB = BJ.

In this section we comstruct a canonical basis for the singular subspace
HO of this pair and employ this basis to obtain some further decompositions
of Hom

From Proposition 6.1 it is clear that

J(CH @B _JnHy) = [HeH,]nH.

But then the decomposition (5.13) implies that HO has an even dimension.

Put

+ o
HO = {x € HO: Jx = x}, HO = {x ¢ Ho; Jx = -x}.

+

Since for every x € H, one has J(I+J)x € HO and }(I~J)x € Ha, one sees that

0

&
(7.2) HOQH = H

THEQOREM 7.1. Let (T,B) be a semi~definite admissible pair on R, and let
J e L(W) be a signature operator such that (7.1) holds. Then we have the

decompositions

4 +
(7.3a} HpeHoeﬂ_meeH0$H+=H;
(7.3b) Hp@HOQH__=Hm®HO®H+=H,
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+
PROOF. If x ¢ H,, then [x,x] = <Tx,x> = <Tx,Jx> = <JTx,x> = ~-<TJx,x> =
= -<Tx,x> = -[x,x], and therefore [x,x] = 0. Similarly, if x e H_, then
[x,x] = 0. Since [HP®H_]r1HO is negative definite and [Hm®H+]r1HO is posi-

tive definite in the indefinite imner product (5.12), we get
+ -
(7.4) MnN= {0}; Me {[Hpeaﬁ_]nHO,[HmeH+] nHO}, N € {HO,HO}.

Recall that the dimension of HO is even, 2n say. Then dim([Hp&H_]r1H0)=

. . + . -
= dlm([Hm®H+]r1HO) = n. From (7.2) we have dim HO + dim Hy = 2n, and from

- + -
(7.4) it follows that dim H; < n and dim HO < n. So dim HO = dim HO = n.
Hence,
{[Hpeﬂm] nHy} @ N = {[H ed JnH;} @ N = Hj,
+ -
where N denotes either HO or HO. O

THEOREM 7.2. Let (T,B) be a semi~definite admissible pair on H, and let
J e L(H) be a signature operator such that (7.1) holds. Then there exists

a basis of Hos with respect to which the restriction of 1A o Hy has the
+ -

Jordan normal form and which consists of vectors from Hy and Hy

only.
PROOF. Let SO denote the restriction of T_IA to H

IIT 3.2, Sg = 0. By (7.1) we have JS

0° Then, by Proposition
oX = —SOJX, X € HO. One easily checks

the following identities:

0’

+ +
Ker S, = Ker A, SO[HO] < H 0

0 So[Ho] < H

+

+
’ylp be a basis of HO modulo HO

yl(p+1)’°"’yl(p+q) be a basis of HO modulo HO n Ker A. Put y2j = Soylj

(j = 1,...,p+tq) . Suppose xI,...,x; is a basis of H. n Ker A modulo the

. + +
linear span of the vectors y21,..,,y2p, and let HysooesXy
HO n Ker A modulo the span of the vectors y2(p+])’°°"y2(p+q);

+ . - - .
0 into HO and HO into HO. Now

Let Vigsee- n Ker A, and let

be a basis of
here we have

used that S0 maps H

{xlg,,,,xl; YopseeYgps yl(p+1),...,y1<p+q)} = b

is a basis of HO and

< *. N } =
Is-"axky yll""’ylp’ yz(p+1)s"*aY2(p+q) -
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is a basis of HE. Since dim Hg =

SO has the Jordan normal form with respect to the basis b" U b of Hy. 0

dim Ha, one concludes that k = &. Finally,

The construction of a canonical basis of HO is related to the notion
of "sign characteristics', which has been introduced in [27] (for the
proofs we refer to [28]); to see this, observe that iT—lA]Ho is self-adjoint
with respect to the indefinite inmer product [x,y]J = <Jx,y> of HO'

From the proof of Theorem 7.2 it is clear that for the operator
T"IAIHO the number of Jordan blocks of order one is even. Later we shall
see (cf. Section VI.4) that this is the only restriction on the Jordan
normal form of T—1A|HO.

Next we shall use the basis introduced in the proof of Theorem 7.2 to

construct subspaces N of Ker A such that
(7.5) H=HP®N®H“=Hm$NeH+.

An analogous result can be derived without assuming inversion symmetry. Put

=
|

~ ( + + }
span{x ,....%3 y21,...,y2(P+q) s

=
f

3.

= Span{X],.ea,XR; y219@$"y2(p+q)

+ - N ° .
Note that N and N are subspaces of Ker A and that their dimensions are
ES

equal to idim Hy. If z € N+, then z = x+vy, where x ¢ spah{x+,n~@,xi} = HO
-1 -

and y € span{y21,...,y2(p+q)} c (T A)[HOJ. So [x,x] = 0 and y = T 'Aw for

some W € HO° Then [z,z] = [x,y] + [y,x] + [y,y] = <Tx,y> + <Ty,x> +

+ <Ty,y> = <x,Aw> + <Aw,x> + <Aw,y> = <Ax,w> + <y,Ax> + <w,Ay> = 0, because

{x,y} < Ker A. Similarly, [z,z] = 0 for all z ¢ N . Since the subspaces

[Hp$H_]rlH and [Hm$H+]f1HO are negative definite and positive definite,

0
respectively, and dim N = dimn N = dim([Hp@H_]r\HO) = dim([Hm@H+]f1H0) =

= {dim H,, one concludes that

_E.. -
MON=H; Me {[Hp@H_]nHO,[Hm®H+]nH0}9 Ne {N ,N }.
But then we may conclude that (7.5) holds for N = N+ or N = N . In (7.5)
one may take N = Ker A if and only if all Jordan blocks of T—IA of A = 0
have order 2.

In [47], for the conservative isotropic case of the Transport Equation,
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a decomposition appears that can be viewed as a special case of the decompo-

sitions (7.3) and (7.5).
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CHAPTER 1V

THE OPERATOR DIFFERENTIAL EQUATION
(Ty)' = -Ap+f

In this chapter we study the operator differential equation
(TP) ' (£) = ~AY(t) + £(t), O <t <.

The interval (0,t) may be finite as well as infinite. Various boundary and

growth conditions on the solutions will be considered.

1. Preliminaries

Let H be a complex Hilbert space with inmer product <e¢,+>, and let
(T,B) be a hermitian admissible pair on H. Put A = I~B. For 0 < 1 £ +=
let f: (0,t) -+ H be some vector function. By a solution of the opevator dif-

ferential equation
(1.1) (TY) " (e) = ~Ap(e) + £(t), O0<t <,

we mean a vector function y: (0,t) - H such that Ty is differentiable on
the open interval (0,t) and (1.1) holds.
If t is finite, one says that a solution ¢ of Eq. (1.1) has ¢ € H as

its boundary value, if the equalities

(1.2) lim P ¢(t) = P, ¢, 1lim P_y(t) =P ¢,
+ + - -
t40 thr
hold true. Here P_ (P_) is the spectral projection of the self-adjoint
operator T corresponding to the positive (negative) part of its spectrum.
If ¢ is infinite, we say that a solution ¢ of Eq. (1.1) has b, € H =

= Im P, as its boundary value if the identity

(1.3) lim P y(t) = ¢,
w10 © "
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is valid.

The operator differential equation (1.1) with boundary conditions (1.2)
is called the (abstract) finite-slab problem with boundary value ¢. For
T = +»o the operator differential equation (1.1) with boundary value ¢+ is
called an (abstract) half-space problem. In Transport Theory concrete ver-
sions of these two problems have been studied intensively and in this mono-

graph they will be dealt with in the final chapter.

2. The finite-slab problem (the homogeneous case)

Let (T,B) be a semi~definite admissible pair on a Hilbert space H, and
let A = I~B, In this section we consider the homogeneous differential

equation
2.1 (TP ' (£) = -Ap(t), O <t <1,
for finite t. To solve this equation we need the following operator on H:

-1 -1
- +tT ~TT - -1
(2.2) V.= PIP +e Apm] + B[P +e A‘Pp] + By-TR_T AP,

Here P,, P_ and P_, P

+’ p m’
tion IIT.3. The next theorem may be viewed as a generalization of Theorem

III 5.2.

P0 are the spectral projections introduced in Sec~

THEOREM 2.1. Let (T,B) be a semi~definite admissible pair on H. Then for
0 < 1 < 4+~ the operator v, is invertible and I-v_ 8 compact. Further, if

(T,B) 78 a positive definite admissible pair, then

(2.3) lim IV vl = 0,
T

where V.= PP + P P,
+p - m

PROOF. Note that I--VT can be written as
- [ ~1 -
I-v =1[ Pyt T AP, + (I-V) +
+1T—1AP —’[T—.IAP
~P, (B -P_)e m PP B e o

Since the projection P0 has a finite rank and the operators I-V, Pm~P_ and
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PP~P+ are compact (see Theorem IIT 5.2 and Lemma III 5.3), the compactness
of the operator I*—VT is clear.

So in order to prove that VT is invertible it suffices to show that
Ker VT = {0}. Take x € Ker VT, and put Xp = pr, x = me and Xy = P X.

0
Further we define

-1
y_ = xp + e+TT Amem + Xq5

-1
- ~tT -1
Ve =%, te Aprp + X TT AxO.
Then Py = P+VTX =0 and Py, = P_VTX = 0, and hence <Iy_,y_> < 0 and
<Ty+,y+> 2 0. With the help of formulas (III 3.9) one rewrites these inequal-

ities and obtains
+ 'I‘—1 + T—]
<Tx_,x > + <Te T AP X ,e T AP x > + <Tx.,x.> < 0;
PP m m m m 0’70

-1 1
<Tx_,x > + <Te ™% Bp x 7T Ap 4y
m° m PP PP

v
(@]

+ <T[I—TT—iA]xo,[I—tT—]A]XO>
By Proposition III 3.2 we first write
-1 -1
<T[I=tT A]xo,[I-tT A]x0> = <Txo,xo> - 21<Ax0,x0>.

Put S = Af]TlHI (cf. formula (IIT 3.4)), and recall that S is self-adjoint
on Hl with respect to the inmer product (III 3.5). So we can write our

inequalities in the form

~1
+
+ <Se 2T Amem,x > +‘<Tx0,x0> < 0;

<Sxp,x > A

p A

~1
<Sxm,xu> + <Se 2T AP X G X <Tx

- >
>a p%p p>A + 2t<Ax,,x.> = 0.

>
0°%0 0°%0
We now subtract these inequalities, rearrange terms and obtain

< > <
Sxp,x 0> <

~ + 21<Ax0,x

~1
- <Se_ZTT AP X LK >
PPPA
(2.4) -1
+21T
< <Sxm5xm>A_-— <Se Amem,xm>A.
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Let F be the resolution of the identity of the self-adjoint operator S on
Hl (endowed with the inner product (III 3.5)). Then the inequality (2.4)
can be written as

+00

-2T/t
f t(l-e v/ )<F(dt)xp,xp>A + 2T<Ax0,x0> <
0

0
< [ t(l-e+2T/t)<F(dt)Xm,xm>

0O

Al

The left- (right-)hand side of this inequality is nomnegative (nonpositive),
because the operator A is (non-strictly) positive on H. Hence, all terms in
the above expression vanish. Since Ker S = {0}, we get xp =x = 0 and

AXO = (. So the vector x = xp4~xm4-xo, which we assumed to belong to Ker VT,

belongs to Ker A. By (2.2) we have VTz = P .z for all z € Ker A ¢ HO. Hence,

X=X = 0. But then Ker VT = {0} and thergfore the operator VT is invert-
ible.

Next assume that the pair (T,B) is positive definite. Then PO = 0.
Since the semigroups e*TT—lAPm and e'TT'lAPp are exponentially decreasing
in the operator norm (see Section III.4), the identity (2.3) is immediate

from the definition of VT. 0

THEOREM 2.2. Let (T,B) be a semi-definite admissible pair on H, and let

0 < 1T < +», For every boundary value ¢ the operator differential equation
(2.5) (Tp) " (£) = -Ap(t), O <t <1,
has a unique solution, namely
—tT"‘AP ~1 (T—t)T—IAP ~1 -1 -1
(2.6) p(e) =e pVT o+ e mVT ¢+ (I-tT A)POVT ¢ (O<t<Ty,

where the invertible operator v 8 given by (2.2).

PROOF. Let y: (0,7) ~ H be a solution of the operator differential equation
(2.5). By definition the function Ty is differentiable on (0,t) with
derivative -Ay. Using the intertwining properties (III 3.9) and (III 3.8)
one sees that t v TPp P(t) and t hﬁ-TPm P(t) are differentiable on (0,1)
with derivatives --APp P(t) and —APm y(t), respectively. So both vector

. . : . . . . -1
functions are solutions of the operator differential equation ¢ = =AT ¢.



75

As in Section III.4 we associate with AT—1 the strongly continuous

; ~tAT 1p* +tAT 1p* * 1
semigroups {e PP} and {e Pm}tZO on the spaces Im Pp (HmQHO)

t20
and Im P; = (HPQHO) s respectively. From the considerations of Section
IX 1.3 of [45] it follows that on the subspaces (HmQaHO)l and (HPGBHO)'L the
initial value problems
by = -ar o), te [t ,T,] e (0,0,
. L 1
with initial values TPpw(T]) € (Hm@HO) and Tme(Tz) € (Hp@HO) have
unique solutions, which are given by the respective expressions
~(t=t AT ~(t=r )T}
. (t) = e i TP ¢(t,) = Te 1 Ap v(t,), t =713
1 P 1 p 1 i
(t9~t) AT ! (1)1 A,
o, (t) = e TP ¥(t,) = Te oV (7o) LT,

Here we have employed (III 4.3). But the functions t v TPpw(t) and
t Mﬁ‘Tme(t) are also solutions of these initial wvalue problems. By the
uniqueness of the solution of these problems and the injectivity of the

operator T we obtain for T <t < Tyt

] -1
@1 e =TT B iy, e = 27T A ).

By (III 3.9) and (III 3.8) the function t + TPOw(t) satisfies the
differential equation ¢ = -AT_1¢ on the interval (0,t). But T acts as an

invertible operator from H, onto H; (see Section III.3). So Pow is differ~

0
ential and satisfies (2.5). Since HO is a finite~dimensional space and
TulA acts as a bounded operator on HO’ by (III 4.4) we immediately have the

solution in the form

1A

(2.8) pop(t) = e T By = (I—tT"‘A)¢O, 0<t<m,

where ¢O € H . We combine (2.7) and (2.8) and get for v, < t < 71

0° 1 2

-1 -1 _
(2.9) p(e) = o (ETDT APpw(T}) + (27T e w(ry) + (1-er g

Let us suppose that ¢ is the boundary value of the solution {, namely that

(2.10) 1im P+w(t) = P9, lim P_y(t) = P_¢.
40 tht
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Substituting t = 1, (t = 12) into (2.9), applying P, (P_) to the left and

1
taking the limit as T, v 0 (12 + 1) it appears that the following two limits

exist:

(2.11) lim P+PPW(t), lim P_Pm¢(t).

t+0 tht
Now let P denote the bounded projection of H onto Hp @ {[Hupﬁw]r}ﬁo} along
H_, and let Q denote the projection of H onto H oo {[Hp@H_]r)HO} along H .
Since Ker P = H_, one has P(P+PP) = PPp-—(PP_)Pp = PP_. Because Hp < Im P,

P
one gets P(P+Pp) = PPp = Pp. Similarly, one shows that Q(P_Pm) = Pm. With
the help of (2.11) and (2.8) one sees that the following vectors are well~-

defined:

¢ = 1lim P_¢(t), ¢_ := lim P _¢(t), ¢, := lim P p(r).
P 40 P e O 0 tso O

With the help of (2.9) one obtains
~er A, (-t)T” A -1
(2.12) P(r) = e p¢p + e Pm¢m + (I-tT A)¢05 0 <t < T,

We now recall the definition (2.2) of the operator VT and replace

(2.10) by the equivalent identity
(2.13) Voo, F bt og) = o

The solution formula (2.6) is now clear from (2.12), (2.13) and the invert-
ibility of the operator VT.
Conversely, the vector function Y given by (2.6) is, indeed, a solution

of the operator differential equation (2.5) with boundary value ¢. []

For a case when (in our terminology) the pair (T,B) is positive defimite
HANGELBROEK has announced the proof of formula (2.12) assuming the solution
to be continuous on the closed interval [0O,t] (cf. [38,39]). The statement
of the finite-slab problem in [38] stimulated the author to investigate this
problem.

Later, independently of each other and for a positive definite pair only,
both Hangelbroek and the present author showed the operator VT to be invert—
ible. For semi-definite pairs Theorem 2.2 seems to be new in the abstract

situation considered here.
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3. The half-space problem (the homogeneous case)

Throughout this section (T,B) is a semi-~definite admissible pair on H
and A = I-B. In this section we describe the solutions of the operator dif-

ferential equation
3.1) (TY) ' (£) = -Ap(B), 0 <t < +x,

under various boundary conditions. First we prove two results for positive
definite pairs only. After this we continue with the general case of semi-

definite pairs.

THEOREM 3.1. Let (T,B) be a positive definite admissible pair on H, and
let P be the projection of H onto Hp along H_. Then for every boundary

value ¢, € H_ there is a unique bounded solution of Eq. (3.1), namely
—e1 !
3.2) pee) = T Apy

This solution is exponentially decreasing.

Theorem 3.1 will appear as a corollary of a more general theorem
(Theorem 3.2 below). To state this theorem, let us recall some facts about
the spectrum of A_IT. Assume that (T,B) is a positive definite admissible
pair on H. Then A = I~B is invertible and A_]T is self-adjoint in the
equivalent inner product (III 3.5). So the spectrum U(A”XT) of A_lT is real.
Since AmlT is a compact perturbation of T, the part of o(A_]T) outside o(T)
consists of isolated eigenvalues of finite multiplicity. In particular, if

o(T) < (~k,+») for some k > 0, then G(A_IT) n (=o,~k] is a finite set.

THEOREM 3.2. Let (T,B) be a positive definite admissible pair on H, and let
k > 0 be a constant such that o(T) c (~k,+»). Then for every boundary value

¢, € H, the general solution ¢ of Eq. (3.1) with the property that eht/kw(t)
8 bounded on (0,+w), is given by
r  -t/A, -1 r
_ 1 -tT _ -
(3.3) y(t) = iZ] e ¢Oi + e AP(¢+ izl ¢Oi)’ 0 < £ < +o,

. -1, . -1 -
Here )\ ~esh, are the eitgenvalues of A T in (-»,~k] and A T¢Oi = Ai¢Oi

1*°
(1= 1,...,1),
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PROOF. Let K and L be the spectral subspaces of A“]T corresponding to the
parts of its spectrum in (-«,~-k) u (0,+») and [-k,0). Note that K@ L = H.
Since the spectral subspace corresponding to U(A—ET) n (~o,~k) is finite~-
dimensional, the restriction of —T-IA to K generates a strongly continuous
semigroup of order strictly less than 1/k.
Suppose P: (0,+») > H is a solution of Eq. (3.1) such that

Foo

J T ppode < v,

0

First we prove the existence of a vector x, € K such that

0

1
(3.4) ATl ey = 7T A Xgs 0 <t < deo,

t/
i

kw(t). This function satisfies the operator differential
T6)'(£) = —(k+ A T)p(t) (0 < t < +=), while [0 ()N < oo,
For 0 <y < § < +» we get (k+A 'T) fi s(0)dt = kA T(6(y) ~ ¢(8)), which

implies the existence of the limits

Put ¢(t) = e

equation k(A

it

= lim A“T¢(t) = lim A"lTw(c), X = lim AmET¢(t)k

*0
t40 30 [ s

Similarly, for 0 < y < § < += we have

§
Ak +A7'T) J Y g(vyar = —raret/? A~1T¢(t)]imy +
Y
§
+kalr J ot/ $(r)de, Re A < O.
Y
. . . otf/x -1 X . - . L
From this equation we see that éﬁﬂle A T ¢(t) exists for all imaginary

A # 0, and hence x = 0. (Indeed, if % would not vanish, choose § ¢ H such

PO . P . . .
that <%,9> ¢ 03 thent}ﬁp et/ <®,§> exists, which cannot be true.) So
e

Fco 400

A+ A Ty I A g (eyae = kAxO4'kA“‘T { e 4(tryde, Rers0.
0 0
t/

Recall that ¢(t) = e k U(t). Note that the Mobius transformation
C o= kk(k—l)~! maps the open left half-plane onto the interior domain O of

the circle Cy with centre —ik and radius jk. For £ e Q\{0} we get
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400
(3.5) J T y(tyat = C(C—A—]T)—lxo.
0

Next, we show that Xy € K. Let Pk be the projection of H onto L along

K. Applying A—ITP to both sides of (3.5) we obtain for ¢ e Q\{0}

k

+co
-1 t/c IO O B |
ATTP, J e V(e = zA T(Z-A ) Ppx,.
0

Now the right-hand side is analytic and continuous up to the boundary of

the exterior domain of Cy (cf. Propositions III 1.1 and III 1.2). The left-
hand side is analytic and continuous up to the boundary of the interior
domain Q of C, with boundary limit O at ¢ = 0. Hence, by Liouville’s theorem,

k
PkXO = 0 and therefore Xg € K.

From (3.5) and Theorem VIII 1.1l of [13] we derive

~1
A 1T Pty = e_tT AXO, 0 <t < 4o,

which settles (3.4).

Next, we suppose that y: (0,+») » H is a solution of Eq. (3.1) such

-t/k

that e P(t) is essentially bounded. For a sufficiently small & > O the

‘t(k'e)uw(t)ﬂdt < 4w, while oa ') (~k,~(k-e) ]

= (), So there exists a vector xo(e) in the spectral subspace Ke of AflT

. o e oo
function ¢ satisfies fO e

corresponding to the part of its spectrum in (~»,~(k-e)) u (0,+=), which

satisfies

-1
AT gy = T A

xo(e), 0 <t < 4w,
Taking the limit as £+ 0 we see that xo(e) does not depend on . Put
Xq = xo(e). Then Xg € ﬂ{KE: e > 0}, which is the spectral subspace of

A—]T corresponding to its spectrum in (-e,~k] U (0,+»), while

-1
(3.6) Al gy = 7T A xp, 0 <t < .

Finally, from Theorem III 5.1 we know that H ®H_ = H and TP = (1-0M)T,
where P(Q) denotes the projection of H onto Hp (Hm) along H_ (H+)o Write

(3.7) = x 4-A_]T X 3 x € H , x € Hm’

) P m P ) m
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_1 . .
Here we used that the spectral subset o(A T) n (-w,~k] contains
finitely many eigenvalues of A—IT of finite geometric multiplicity only.
Since Ker Q H;, P,(I-Q) = I-Q and x_ < H$ (see (III 3.10)), we have
ax = (}Q*)Axp = (I“Q*)P+Axp. Inserting this into (3.7) we get Ax =
% s
= (I-Q )P+Ax0 - (I-Q )P+Txm.
Now assume the solution ¢ has a boundary value b, € H, i.e., that
P+w(t)*+ o, (as £40). By (3.6) we have P+AX0 = T¢,, and hence Axp =
= (I~Q )TP+(¢+-xm)e By (III 5.2) we get Axp = TP(¢+-xm)¢ Hence,

i

: S Py -1,
(3.9) Xg = A Txm + A IP(¢+-xm).

-] T ~L,m -
Put o(A T) n (~,~k]l = {X;,...,A } and x_= Zi=1 bp;» where (A T=2)¢.
=0 (i=1,...,v). With the help of (3.6) -~ (3.8) and the identity Ker T= {0}

we get

m \ . 1
by = ) Mg

i=1

- v
-tT A
€ P<¢+ - 121 ¢Oi)’ 0 <t <t

which settles (3.3). Conversely, the function (3.3) is a solution of

Eq. (3.1) with boundary value ¢+ such that ewt/k Y{t) is bounded on (0,+=).[]

PROOF of Theorem 3.1. Let (T,B) be a positive definite admissible pair on

H, and let y: (0,+») > H be an essentially bounded solution of Eq. (3.1).
For every k > 0 there exists a vector xo(k) in the spectral subspace of

A_IT corresponding to its spectrum in (-»,~k] u (0,+») such that

-1
A lT pit) = e T Axo(k), 0 <t < 4w,
Taking the limit as £+ 0 we conclude that xo(k) does not depend on k and

belongs to Hp. So
-1 —er !
{3.10) AT ple) = e APpXO’ 0 < t < oo,

for some x, ¢ H .
0 P

Now assume that the solution ¢ has a boundary value b, € H, . Using
(3.10) we see that T¢+ = P+Ax0, Apply Theorem IYI 5.1. Then TP¢+Z (E“Q*)T$+
- (I-Q*)P+Ax0 = (I-Q")Ax, = Ax, - Q*AXO = Ax,. The last equality is clear
from formula (III 3.10). This establishes formula (3.2). The fact that (3.2)

is a solution and is exponentiaily decreasing is trivial (cf. (IXII 4.2)). [
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A vector function Y: (0,+°) + H is called polynomially bounded if ¢ is
Bochner integrable on (0,t) for every finite T and there exists an integer

n = 0 such that 1p(O)l = 0(t™) (£ » +=).

THEQOREM 3.3. Let (T,B) be a semi~definite admissible pair on H. Then the
polynomially bounded solutions of Eq. (3.1) with boundary value in H_ are
given by

-1
(.11) p(e) = e FT A

-1
¢p + (I-¢T A)¢0, 0 <t < 4w,
where ¢p € Hp and ¢0 € Hy. Further, the function ¢ is bounded Lf and only
if ¢y € Ker A, and Bochner integrable <f and only If g = 0-

PROOF. Consider the decomposition H = Hy®H,. Let Py be the projection of
H onto HO along Hy, and let P, = I«vPO. Put wi(t) = Piw(t) (i = 0,1). Then

Eq. (3.1) is decomposed into the following two equations:

it

(3.122) (1Y) (0) = -Ab () (e Hp);
(0 < £t < +w»)

(3.12b) e —T_lAwo(t) (e Hy).

L]

Since HO is finite~dimensional and (T—lA)zx = 0 for x ¢ HO’ the general

solution of Eq. (3.12b) is given by

-1
(3.13) v, (0) = et A

by = (I-tT-lA)¢O, 0 <t <+,
where ¢O is an arbitrary vector of HO‘

To find the solution of Eq. (3.12a) we apply Theorem III 6.3. Let
S e L(Hl) be the associate operator of the pair (T,B) (see the second
paragraph after the proof of Proposition III 3.2). Take a fixed u > 0 such
that {~u,u} < p(T) n p(S). Apply Theorem III 6.3 and construct a positive

definite admissible pair (T,Bu) on H, whose associate operator is given by

S =S @ (-ul

@ ul
u

Ed
[Hpeﬂ_] nH, [H oH JnH,

where u > 0 and u ¢ o0(8). Note that H1 and HO are the spectral subspaces
of S, corresponding to the spectral subsets o(S) and {u,~u}, respectively.

Put Au = I—-Bu. Then the operator differential equation



82
(3.14) (Te)*(t) = ~A ¢(e) (0 <t < +=)
can be decomposed in a similar way as

(3.153)  (T9 )" (6)

i

A (£) (e Hp);
(0 < t < +x)
-1
-T Au¢0(t) (e HO).

[

(3.15b) ¢6(t)

Let Y: (0,+e) > H be a polynomially bounded solution of Eq. (3.1) with

boundary value in H,. Then by (0,+x) » H, defined by w}(t) = le(t)

(0 < t < +o), is also a polynomially bounded solution of Eq. (3.1) with
boundary value in H . At the same time ¥y is a solution of Eq. (3.14),

which has a boundary value in H+ and satisfies fgm e—t/k le(t)ﬂdt < 4o

for every k > 0. Using Theorem 3.2 we easily prove the existence of a vector

¢ € H_ such that
P p

—er A
(3.16) P () = P.y(r) = e P o, 0 < t < +o,
1 1 PP
The function ¢0; (0,+=) » H, defined by wo(t) = Pow(t) (0 < t < +»), satis—
fies Eq. (3.12b), and wo is given by (3.13). From formulas (3.13) and (3.16)
the representation (3.11) is clear. The second part of the theorem is now

easy to prove. [J

Recall that a signature operator J ¢ L(H) is said to be an inversion

symmetry of the pair (T,B) (see Sections III.6 and IIT.7), if
Ty = -J7T, BJ = JB.

THEOREM 3.4. Let (T,B) be a semi-definite admissible pair on H with a
signature operator as inversion symmetry. Then for every boundary value
the operator diffevential equation (3.1) has at least one bounded solution.
If all Jordan blocks of A at A = 0 have order 2, then this solution is
uniquely determined by its boundary value. Further, there exists a non—
trivial bounded solution of Eq. (3.1) with boundary value 0, 7f and only
if‘T”xA has a Jordan block of order 1 at X = 0.

PROCF. By the remark following the proof of Theorem III 7.2 one has

(3.17) [H oKer Al+H_ = H,
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and (3.17) is a direct sum (i.e., HpeKer AeH_ = H) if and omnly if all
Jordan blocks of T_IA at A = 0 have order 2.
According to Theorem 3.3 there exists a bounded sclution ¥ of Eq. (3.1)

with boundary value o, if and only if the equation
(3.18) Ployt o) = ¢,

has a solution ¢p € Hp and ¢0 ¢ Ker A. In fact, all bounded solutions of
Eq. (3.1) with boundary value ¢, follow from a solution of Eq. (3.18). But
Eq. (3.18) has at least one solution if and only if b, € [Hp6>Ker Al+H_,
whereas for o, = 0 it has no non-trivial solutions if and only if

[HpGiKer AlnH_ = {0}. Using (3.17) and the statement following this

equality, the theorem is immediate. [}

A solution y of Eq. (3.1) is called a Milne solution if

(M1) Y is polynomially bounded;
(M2) y has a vanishing boundary value (i.e., P+w(t) + 0 as t£t40).

The problem of finding Milne solutions of the operator differential equation
(3.1) is called an (abstract) Milne problem. Concrete versions of this prob-—

lem have been the object of study in astrophysics (cf. [8], for instance).

THEOREM 3.5. Let (T,B) be a semi~definite admissible pair on H. Then for
every Milne solution ¢ of Eq. (3.1) there is a unique vector ¢Oe [Hp@H_]r1H0
such that

-1
(3.19) o) = e T A

-1
¢p + (I-1tT A)¢O, 0 < t < 45
here ¢p 18 the unique vector in Hp such that ¢P+-¢O € H_. Conversely, if
9g € [HpeH_]rlﬂo

18 a Milne solution of the operator differential equation (3.1).

and ¢p € Hp satisfies ¢p-+¢0 € H_, then the function (3.19)

PROOF. Let ¢: (0,+») » H be a Milne solution of Eq. (3.1). Then ¢ has 0 as

a boundary value and is polynomially bounded. By Theorem 3.3 we have
—er! -1
gy = T B g e - Imeg, 0 <t < e,

and ¢, € Hy. Therefore, ¢0€ [HP+H_]n

P 0"
n HO and ¢p is the unique vector in Hp such that ¢p+-¢0 € H_ (the uniqueness

where P+(¢p**¢0) = (0 for some ¢P € H
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is clear from the equality HPIWH_ = {0}; see (IIL 5.10). Note that the vec~

tor ¢0 is also uniquely determined by y).

The converse part of this theorem is easily deduced. []

4, The propagator function

To derive solutions of the non—homogeneous versions of the finite-slab
problem and the half-~space problem we have to consider the function

-1
s et T P, 0 <t < 4o
4.1 H(t) = .

P, - < £ <,

g1 mET

Here T is a self-adjoint operator on a complex Hilbert space and Ker T= {0}.

Further, P_ = E((0,+=)) and P_ = E((~»,0)), where E denotes the resolution

+
of the identity of T. The function H(t) is called the propagator function of
the operator T. If T is the main operator of a hermitian admissible pair
(T,B) on H, we also say that H(t) is the propagator function of the pair
(T,B). In this section we derive the main properties of the propagator fune-—
tion.

If (T,B) is a positive definite admissible pair on H, then the associ-

lT is a self-adjoint operator on H endowed with the

ate operator § = A
(equivalent) inner product (III 2.7) and Ker $ = {0}. Analogously to (4.1)

one defines the associate propagator function Hs(t) by

-1
+T“!A eth APP, 0 < t < 4wy
(4.2) Hs(t) = -
7 ta T Ang - <t < 0.

Note that Hs(t) is the propagator function of § on H endowed with the inner
product (II1 2.7).

PROPOSITION 4.1. Let T e L(H) be a self-adjoint operator with Ker T = {0}.
Then for all 0 < o < 1 and 0 # te R the operator ITI%(e) <5 bounded and

(4.3a) ITI%H = o(1el® ) (e > 0);

i

(4.3b) LT I%H el = o BTy ey
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PROOF. For 0 < t < += the estimate (4.3a) with t+ 0 is clear from the iden-

tity
- - PR E) -
sup Iua 1 e t/u‘ = (_l.__é__(’_‘) ® tOL ! (O < £ < +oo)
Q<<+

and formula (III 1.2). The estimate (4.3a) with t+ O follows analogously.

To obtain (4.3b) one uses a similar argument based on the identity

sup |u°‘m1 emt/ul = %! e_t/"T" (£ = (1~a)lTh)
<<l Tl
and a related identity for -ITl < p < 0. 0O

If (T,B) is a positive definite admissible pair on H, then its associ-
ate operator S is self-adjoint on H endowed with the equivalent inmer product
(IIL 2.7) and Ker S = {0}. Therefore, Proposition 4.1 applies and yields
estimates for "ISlaHS(t)", where 0 £ o < 1.

From the definition (4.1) it is clear that the propagator function
H(<) is strongly measurable, and hence the same is true for H(°)IT]Q,

0 < & < 1. By Proposition 4.1,

4o

[ THCEY IT]® dE < 4,
So we may conclude that H(<)|T|® is Bochner integrable. By strong measur-—
ability we mean measurability with respect to Lebesgue measure as defined
in [71], Section VI 3.1; all integrals of vector functions appearing in
this section and later sections will be Bochner integrals with respect to

Lebesgue measure.

PROPOSITION 4.2. Let h: (-w,+») > H be an essentially bounded (strongly

measurable) vector function. For 0 < o < 1 put

400
g(t) = J H(te-s)IT|%r(s)ds, t ¢ R.

Then g is a bounded and continuous vector function.

PROOF. Since H(-)|T|% is Bochner integrable and the function h is essen—
tially bounded, the function g is essentially bounded too. Hence, it suf-~
fices to show that g is continuous. But this may be proved in exactly the

same way as one proves that the convolution product of a scalar L]~function
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and a scalar Lm~function is continuous (cf. [71]; 30.17, 30.18, 31.7 and

31.9). 0O

PROPOSITION 4.3. Let h: (~w,+®) » H be a bounded and pilecewise continuous

vector function. For O < a < 1 put
+co
g(t) = { H(t—s)]TIah(s)ds, t e R.
Then with the possible exception of the finitely many discontinuities of
the function h, the vector function Tg is differentiable on the real line

and 1ts derivative is given by
(4.4) (Tg) " (£) = =g(£) + [T|%n(e).

PROOF. Assume h is continuous in an open neighbourhood (a,b) of a fixed

£ € R. Using the definition (4.1) of the propagator function H one gets

-1 -1, ~er”! f
(4.5) e [Tg(t+e) - Tg(e)] = ¢ [e © P, -PIT J H(t-s) IT["h(s)ds -
oo
-1 er”! o
- e [e P_-P_IT f Ht=s)IT] his+e)ds +
&
t+e
+ enl f T[H(t+e—s)-H(t—s)]lT|ah(s)ds“
t
Because of the equality
-1 —eTnl
lim e [e P, - P ITx = ~P x, x ¢ H,

ed0

the first term at the right~hand side of (4.5) tends to the vector MP+g(t)
as € ¥+ 0. As the function h 1s bounded and continuous almost everywhere on
[t,+o) and since H(t-s)|T|® is integrable for s e [t,+»), it follows from

the theorem of dominated convergence for Bochmer integrals {(cf. [71]) that

oo Fo0
lim { H(t~s) |T|%h(s+e)ds = J H(t«s)}Tlah(s)ds.
ev(
t t

Using the identity
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-1 T}
lime [e® P_-P ITx =P x, x ¢ H,
€40
and the principle of uniform boundedness it follows that the second term at
the right-hand side of (4.5) tends to -P_g(t) as e ¥ 0. Next we exploit the
continuity of the integrand of the third term in (4.5) and infer that it
converges to P+|Tlah(t) + P_ITIuh(t) = |T|%(t) as € ¥ 0. From (4.5) and

the computations we made one gets

1im e_l[Tg(t+e) - Tg(t)] = —-g(t) + ITI%(E).
40
In a similar way, by considering ~T and E(s) = h(-s) rather than T and h(s),

one obtains

lim ¢ '[Tg(t+e) - Tg(t)1 = -g(r) + [T]%h(x).
et0
Hence, except for a finite set of exceptional points, Tg is differentiable

and its derivative is given by -g+ [T1%h. 0J

We conclude this section with a remark related to Proposition 4.2.
Assume that h: (0,7) = H is an essentially bounded (strongly measurable)
vector function, and let 0 < o < 1. Consider the function

T
g(t) = J H(t-s) IT1%n(s)ds, 0 <t < 1.
0
According to Proposition 4.2 the function g has a continuous extension to
the full real line. In particular, g is continuous at the point zero. Note

that

(4.6) lim P g(t) = 0.
£40

If t is finite, we also have

(4.7) lim P_g(t) = 0.
tht

If v = +», formula (4.7) takes the following form:

oo
-1
(4.8) T oo = - J e

t

-1
*+sT P_ITIah(s)ds > 0 (t - +=),
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5. The finite-slab and half-space problems (the inhomogeneous case)

Throughout this section (T,B) is a positive definite admissible pair on
the Hilbert space H and A = I~-B. In this section we describe the solutions

of the operator differential equation
(5.1) (TY) ' () = -Ap(t) + £(r), O <t <1,

under various boundary conditions. The class of inhomogeneous terms
f: (0,1) > H, for which the above equation is solved, comsists of vector

functions f that can be written as
(5.2) £() = |T1"h(t), 0 <t <7,

for some constant y, 0 < y < 1, and some continuous vector function

h: (0,t) - H. To describe the solutions of the inhomogeneous equation (5.1)

we shall employ the associate propagator function HS defined by (4.2).

Since S = A“]T is self-adjoint in the equivalent inmer product (III 2.7) on

H, the results of the previous section apply to HS' Further, in the descrip-

tion of the solutions we shall use the operator VT introduced in Section 2.

THEOREM 5.1, Let (T,B) be a positive definite admissible pair on H, and
assume 0 < t < 4o, Pyt £(t) = ITIYh(t), 0 <t < T, where 0 < vy < 1 and

h: (0,t) » H s a bounded continuous vector function. Then for every
boundary value ¢ there exists a unique solution of the operator differential

equation (5.1), namely

-1 -1
by = & e vy« TOT Ay vl gy

(5.3) .
+ J Hs(t—s)A_]f(s)ds, 0 <t <1,
0
where
T
(5.4) X =P, f Hy(-s)A" £ (s)ds + B_ [ Hy(i-s)a" £ (s)ds.
G 0

PROOF. By Proposition III 2.2 there exists 0 < a £ vy and a compact operator
D such that B = !T]aD. From the proof of Theorem III 2.3 we know that

IT]® = ISIGE for some invertible operator E. It follows that
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£(e) = 1si%(t), 0 <t <,

where h: (0,T) > H is the bounded continuous vector function given by g(t)=
= E|T" (), 0 <t <. Put

T

g(t) = f Hs(t—s)A"‘f(s)ds, 0<tc<r.

0
Notice that Aflf(s) = ISIu[g(s) + EDA—]f(s)], 0 < s < T, where the function
s F-—>~‘1:1'(s) + EDA—If(s) is bounded and continuous on (0,t). But, with respect
to the equivalent inner product (III 2.7) on H, the operator S is self-
adjoint and Ker S = {0}. By Proposition 4.3 the function Sg is differentiable

on (0,7) and
(5g)'(t) + g(t) = A 'E(r), 0 <t <.

Premultiplying this by the operator A we see that g is a solution of
Eq. (5.1). By virtue of Proposition 4.2 the solution g can be extended to
a function that is continuous on the closed interval [0,7] and satisfies

the equalities

lim P+g(t) = P, X lim P_g(t) = P_x,

t40 tht
where x is defined by (5.4). This means that x is the boundary value of the
solution g.

Finally, to obtain the unique (bounded) solution ¢ of Eq. (5.1) with

a given boundary value ¢ we have to add to the solution g the unique (bound—
ed) solution of the homogeneous differential equation (2.1) with boundary
value ¢ - x. The latter solution can be obtained using Theorem 2.2, and

formula (5.3) is clear. [J

THEOREM 5.2. Let (T,B) be a positive definite admissible pair on H, and
assume t = +eo, Put £(t) = |T|h(t), 0 < t < 4o, where 0 < y < 1 and
h: (0,+*) » H 28 a bounded continuous vector function. Then for every
boundary value ¢, € H _ there exists a unique bounded solution of the opera-
tor differential equation (5.1), namely

-1 @ oo
(5.5) w(e) = e T AP(¢+-MJ HS(—S)A”‘f(s)ds)+-J Hy (t-5)A" £ (s)ds

0 0
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for 0 < t < 4o,

PROOF. As in the proof of the previous theorem one shows that for 1 = +w

the vector function g: [0,+») - H, defined by

400
g(t) = J Hs(t—s)A_]f(s)ds, 0 €t < 4o,
0
is a bounded solutiom of Eq. (5.1) with boundary value
40
lim P,g(c) = P, J HS(-S)A"f(s)ds.
(224} 0

The unique bounded solution ¢ of Eq. (5.1) with a given boundary value
¢y

of the homogeneous differential equation (3.1) with boundary value

€ H_is obtained by adding to the function g the unique bounded solution

¢+-P+ f;m HS(—S)A—]f(s)ds. The latter solution is derived using Theorem

3.1, and formula (5.5) is clear. [

For semi-definite admissible pairs analogous results can be derived.
The operation on semi-definite pairs that has been discussed in Theorem
IIT 6.3 can be employed to obtain these analogous results as corollaries
of Theorems 5.1 and 5.2 (see the proof of Theorem 3.3, where an example of

the use of this operation can be found).
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CHAPTER V

THE CONVOLUTION EQUATION

u(t) «fo H(t-5)Bu(s)ds = w(t)

In this chapter we investigate the operator convolution equation
T
P(e) - J H(t~s)By(s)ds = w(t), 0 <t <.

0
Here H(-) is the propagator function of the self-adjoint operator T that
appears in a given hermitian admissible pair (T,B). The interval (0,t) may
be finite as well as infinite. The equivalence to the operator differential
equation of the previous chapter is proved and, if (T,B) is a positive
definite pair, formulas for the resolvent kernel are given. Finally, for

this case the canonical factorizations of the symbol are constructed.

1. Preliminaries

Let (T,B) be a hermitian admissible pair on H. In this chapter we study
the convolution equation
T
(1.1 plt) - f H(t-s)BY(s)ds = w(t), 0<t <,
0
Here 0 < 1t £ +w, The vector function w is given and the problem is to find
the solution Y. We shall assume that w is an element of Lp((O,T);H) and
we look for solutions ¥ in the same space.
From Section IV.4 we know that H(:)B is Bochner integrable on the real
line. Hence, the operator K defined by
T
(1.2) ) (v) = j H(t-8)By(s)ds (0 < t < 1),
0
acts as a bounded linear operator on Lp((O,T);H) (0 <1 € 403 1 < p g +w),
Mimicking the proof of Lemma 1.1 of [22] one sees that for finite 71 the

operator K is a compact operator on Lp((O,T);H) (I £ p £ +4),
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As usual the symbol of Eq. (1.1) is given by

400

s() =1 - f M H(t)Bdt, Re A = 0.

e 0O

Note that

(1.3) sO™H = W) = (=07 (T-24), Re A = 0.

In other words, up to a trivial change of variable, the symbol of Eq. (1.1)
coincides with the symbol of the pair (T,B) (cf. (III 2.1)).

2. Equivalence to the finite-slab problem

In this section we comsider the convolution equation (1.1) on a finite
interval (0,7). We prove that for a large class of right~hand sides w the
convolution equation (1.1) is equivalent to an inhomogeneous finite-slab

problem, which has been dealt with in the previous chapter.

THEOREM 2.1. Fix 0 < 1 < +». Let (T,B) be a hermitian admissible pair on
H, and put A = I-B. Suppose that w: [0,1] »~ H Zs a continuous vector func-
tion, and let Tw be differentiable on (0,1). A vector function pel_((0,7);H)

18 a solution of the operator differential equation
2.1) (Ty) ' (e) = =AY(e) + (Tw)'(£) + w(t), 0 <t <m,

with boundary value ¢ = P+m(0) + P w(t) 2f and only if ¢ 7s a solution of

the convolution equation (1.1) with right-hand side w.

From this theorem one easily derives the following: let 0 < vy < I, and
let h: (0,7) » H be a bounded and continuous vector function. Then a vector

function ¢ ¢ L_((0,7);H) is a solution of the operator differential equation
(M) (e) = =Ap(e) + ITIh(e), 0 <t <7,

with boundary value ¢ if and only if ¢ is a solution of the convolution

equation (1.1) with right~hand side

-1 -1 t
(2.2) we) = e p g+ T p g4 J H(t=s) 1T Yh(s)ds.
0



93

One easily checks that w is continuous (cf. Proposition IV 4.2), Tw is

differentiable on (0,t) and
(2.3) (Tw) "(£) = =w(t) + ITI"h(t), O0<t <t

(see Proposition IV 4.3). Finally, from (IV 4.6) and (IV 4,7) one gets the

boundary conditiors

lim P+m(t) = P+¢, lim P_w(t) = P_¢.
t40 tht

PROOF of Theorem 2.1. Let y ¢ Lw((O,r);H) be a solution of the convolution

equation (1.1) with right~hand side w. Here w: [0,7] » H is assumed to be
continuous and Tw is supposed to be differentiable on (0,t). Recall that
B= |T|*D for some 0 < a < 1 and D € L(H). According to this identity, the
essential boundedness of Dy and Proposition IV 4.2, the vector

T
(2.4) g(t) = f H(t-s)By(s)ds, t € R,

0
depends continuously on t € R. Since ¢y = w+g (cf. (1.1)), it follows that
Y is continuous. In fact, it follows that y has a continuous extension to
the closed interval [0,t].

Define h: (=w,+w) > H by h(t) = DP(t) for 0 < t < t and by h(t) = 0

for t £ 0 or t = T. Then g(t) = fg ITI® H(t-s)h(s)ds (t € R) and h is a
bounded function that is continuous on R\{0,t}. By virtue of Proposition
IV 4.3 it is clear that Tg is differentiable on all of R, except possibly

at t = 0 and t = 1. Its derivative is given by

-g(t) + BY(t), O <t < 71;
(Tg) ' (t) =
-g(t) 5 t ¢ (0,1).

Since ¢ = w+g and Tw is differentiable on (0,t), it follows that Ty is dif-

ferentiable on (0,1) and
(TP) T (e) = {-g(t) + BY(r)} + (Tw)'(t), O <t <,

and therefore § is a solution of the operator differential equation (2.1).

From Proposition IV 4.2 it follows that
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T T

g(0) = j H(-s)BY(s)ds e H_, g(t) = f H(t-s)By(s)dse H,.

0 0
So P+g(0) = P_g(t) = 0. Because of the continuity of w on the closed inter-
val [0,7] and the equality ¢y = w+g, the vector ¢ = P+w(0) + P w(t) is the
boundary value of the solution y.

Conversely, let ¢ be a solution of Eq. (2.1) with boundary value

¢ = P,w(0) + P uw(r), and let y € L_((0,t);H). Since B = |T|%D for some
0<a<1andDe L(H) and DY € L _((0,7);H), it is clear from Proposition
IV 4.2 that the function g defined by (2.4) is continuous on the closed
interval [0,t]. Put x = y-w. Then Ty is differentiable on (0,1),
x € L ((0,1);H) and

(2.5) (T (t) + x(£) = BY(t), O <t <.

So for 0 £ t £ T the Bochmer integral fg H(t-s)[(Tx) ' (s) + x(s)lds is well~
defined, absolutely convergent and depends continuously on t ¢ [0,7].

By the analyticity of the semigroups (e‘tT_1P+) and (e+TT~1P_)t>0

£20
the propagator function H(z) is differentiable for all 0 # z ¢ R. Fix

0<t<T, Take 0 < 1, <t <1, < 1. By the differentiability of the

1 2
propagator function partial integration is allowed and yields
T
~(t-s)T" ! T
J H(t=s)L(Tx) ' (s) + x(s)1ds = [e Px(s)1 g
0
T
--(t-—s)T_1 T
J H(t-s)[(Tx) " (s) + x(s)1ds = [-e P_x(s) o, -
2

T2
Recall that ¢ has the vector ¢ = P+w(0) + P_w(t) as its boundary value.

Therefore,

1im P+X(t) = lim P_x(t) = 0.
40 ttr

Now one takes the limits as T 4 t and Ty ¥ t and gets
T
f H(t=s)[(T) " (s) + x(s)1ds = x(t), 0 <t <.
0
With the help of (2.5) and the equality ¥ = y~w it appears that ¢ is a

solution of the convolution equation (1.1) with right-hand side w. [J
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3. Equivalence to the half-space problem

In this section we take Tt = + and prove that on the half=-line (0,+»)

the convolution equation (1.1) is equivalent to a half~space problem.

THEOREM 3.1. Take 1t = +o. Let (T,B) be a hermitian admissible pair on the
Hilbert space H, and put A = I-B. Let 0 < k < +» be a constant such that
o(T) c (~k,+=). Suppose that w: [0,+e) >~ H i8 a continuous vector function
such that e_t/kw(t) 18 bounded and Tw 1s differentiable on (0,+»). Then

a vector function ¢ such that e—t/kw(t) € Lm((0,+w);H) 18 a solution of the

operator differential equation
(3.1 (TY) " (£) = -AP(£) + (Tw)'(£) + w(t), 0 <1t <+,

with boundary value ¢, = P w(0) Zf and only ©f ¢ <8 a solution of the con—

volution equation (1.1) with right-hand side w.

PROOF. First we consider the case when k = +o, Note that in this case

e.—t/k = 1; so for k = +» the theorem applies to functions ¥ in Lw((0,+w);H).

So take Y € Lm((0,+m);H), and let h: (0,+») - H be a bounded and continuous
vector function. If ¢ is a solution of the convolution equation (1.1) (for
T = +») with right-hand side w, then one can use the same arguments as in
the proof of Theorem 2.1 to show that ¢ is a solution of the operator dif-
ferential equation (3.1) with boundary value ¢+ = P+m(0)a
Conversely, let ¢ be a solution of the operator differential equation

(3.1) with boundary value ¢, = P+m(0), and let ¥ e L_((0,+x);H). As in the
proof of Theorem 2.1, it appears that for x = y=-w the expression

+o

f H(e-s)[(Tx) ' (s) + x(s)1ds

0
represents a bounded continuous functiom on [0,4x)., Fix 0 < t < +o, and

take 0 < TSt <, < Ty < . Partial integration yields

B

-1 T
j H(E=s)[ (1) " (s) + x(s)Tds = [ ()T P+¢(S)]si05
0

T

3

-1 T
J H(t=s)[(Tx) " (s) + x(s)1ds = [~e"(t~S)T P_x(S)]Sz
T
2

.EZ’
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Since T is a bounded self-adjoint operator and ¥ € Lw((0,+W);H), one has

-1 ~(tgmt) /1T

—(t—T3)T
e P_x(r3) <Me ,
where M is the norm of yx in the Banach space Lm((0,+w);H)w Taking the limits

as T, +ot, T, ¥ t and 1., > + we get

3
oo
J H(t=s)L(TxX) " (8) + x(s)1ds = x(t), O < t < 4e.
0

Recall that (Tx)'(t) + x(£) = By(t) and x(£) = P(£) —w(t) (0 < t < +=),
Then it is clear that { is a solution of the convolution equation (1.1)
(with t = +») with right~hand side w.

Next, let 0 < k < +» be a constant such that o(T) ¢ (~k,+=), and sup~-

~t/k

pose that e v(t) € Lm((0,+m);H). Consider the Mobius transformation

(3.2) Tekren)”!, B = k(erT) iR (e R,

By Theovem III 6.2 the pair (%,E) is a hermitian admissible pair on H, Note
that the spectral projection of T corresponding to the positive (negative)
part of its spectrumcoincides with P, (P_). Therefore, if H(t) denotes the
propagator function of the self-adjoint operator T (cf. Section IV.4), then

(3.3) F)E = o) iee Y H()Be (eT) ™2, 0 < £ < 4o,

Consider the convolution equations

400
(3.4a) P(e)y - J H(t-s)By(s)ds = w(t), 0 <t < +oog
0
400
~ o bo-t/k
(3.4b) P(t) - J H{t-s)By(s)ds = (k+T)*-e w(t), 0 < t < 4o,
0

t/kw(t) € L_((0,+»);H) is a solution of

~ 1 o
Eq. (3.4a) if and only if 3(t) = (k+T) e /¥y(t) is a solution of Eq.
(3.4b) in L_((0,+=);H).

~ ~ -1 -1
Observe that A := I~B = (k+T) ?(kA+T) (k+T) *. Then a function ¥ such
-t/k

Then a function ¢ such that e

that e P(t) e Lm((0,+m);H) is a solution of the operator differential

equation (3.1) with boundary value b, = P,w(0) if and only if the function
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t/

~ I
P(t) = (k+T)?%-e kW(t) is a solution in the space Lm((O,+M);H) of the

operator differential equation
(3.5) AN = -AP(D) + ()" (1) +w(t), 0 <t <+,

with boundary value P+$(0)4 Here o denotes the right-hand side of Eq. (3.4b).
Finally, by the first part of the proof a vector function Y e L _((0,+=);H)

is a solution of the convolution equation (3.4b) if and only if E is a solu-

tion of the operator differential equation (3.5) with boundary value P+$(O).

From this fact one easily completes the proof. [

As to Theorem 3.1 a remark analogous to the omne following the statement
of Theorem 2.1 can be made. Let 0 < k < +» be a constant such that o(T) c
c (~k,+w), Let 0 < v < 1, and let h: (0,+=) +~ H be a continuous vector func~-
tion such that e—t/kh(t) € Lm((0,+w);H). Then a vector function y such that

eut/kw(t) € Lm(0,+m);H) is a solution of the operator differential equation

(T9) ' (£) = =Ap(e) + ITI h(t), 0 < t < +x,

with boundary value b, if and only if ¢ is a solution of the convolution
equation (1.1) (with T = +») with right~hand side

400
Pg, + f H(t—s)lTth(s)ds, 0 < £ < 4w,

0

For k = +» we reduce this statement to Theorem 3.1 with the help of the same

-1
w(t) = emtT

method of reduction as the one described in Section V.2. For 0 < k < +» one
employs, as in the proof of Theorem 3.1, the Mdbius transformation (3.2) to

reduce this statement to the case when k = +w,

4. The convolution equation on the finite interval

In this section we exploit the equivalence theorem of Section 2 and
the solution of the inhomogeneous finite-slab problem (cf. Theorem IV 5.1)
to show that the convolution equation
T
(4. 1) Ple) - f H(t-s)By(s)ds = w(t) (0 <t <1 < 4=)
0

is uniquely solvable in Lp((O,T);H) (1] £ p £ 4+o) and to derive a formula
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for its resolvent kernel.

THEOREM 4.1. Let (T,B) be a positive definite admissible pair on H, and let
I £ p £ 4o, For every w € Lp((O,I);H) there 18 a unique solution ¥ of the

convolution equation (4.1) in the space Lp((o,r);H)J namely
T

(4.2) P(t) = wle) + J v(t,s)u(s)ds (0 <t < 1),
0

where the resolvent kermel v(t,s) has the form

y(t,8) = Ho(t=s)C ~
(4.3) -1 ~1
_ [ehtT APP + e(T—'t)T APm]V;IEP+HS("S)C + P__HS(T"«S)C].

1 1

Here A = 1~B, S=A T and C= BA .

PROOF. First we assume that there exist 0 < vy < I and an H~valued poly-
nomial g such that w(t) = ITIYg(t), 0 <t < 1. Then w is continuous on Lhe

closed interval [0,t], Tw is differentiable on (0,T) and
(4.4) (Tw) ' (£) + w(t) = iTIYh(t) 0 <t<1),

where h is a bounded and continuous function om (0,t) (which is a polynomial,
but this is not relevant to the present proof).
By Theorem 2.1 every solution ¢ ¢ L_((0,7);H) of Eq. (4.1) with right-

hand side w is also a solution of the operator differential equation
(4.5) (T ' (r) = =ap(e) + ITITR(E) (0 <t < 1)

with boundary value ¢ := P+m(0) + P_w(t), and conversely. According to
Theorem IV 5.1 the differential equation (4.5) has a unique solution,

namely

-1 -1
b(e) = e tT APPV;1(¢‘X) . e(T-t)T Ava;1(¢_X) .

(4.6)

+ Hs(tws)A—llleh(s)ds, 0<t<r,

& e 3

where
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T T

(4.7) x =P, J HS(—S)A“lTth(s)ds + P J HS(T-S)A"‘|T|Yh<s)ds.
0 0

Put

T

(4.8) g(t) = [ Hs(t—s)A_llTIYh(s)ds, 0s<tc<r.
0

By Theorem III 2.3 the pair (S,~C), where C = BAf] = A_1~I, is a positive

definite admissible pair on H endowed with the inner product (III 2.7).
Since A_llT|Yh(s) = lS'BE(S) for some 0 < B < v < | and bounded continuous
function h: (0,T) - H, the function g is continuous on [0,t] (by Proposition

IV 4.2). By substituting (4.4) into (4.8) one obtains

T
4.9) g(t) J Hs(t—S)[(Sw)'(S) + w(s) + Cu(s)lds =
0

-1 -1
- [T EXTON [-e” T Ap ()37 +

Y

T

-]
J Hg (t=s)Cu(s)ds = w(t) - ot APpw(O)
0

T
- e(T_t)T—lAme(T) " f Hy(t=s)Cu(s)ds.
o
By the continuity of g and the terms at the last side of the previous
equality the above identity also holds for t = 0 and t = t. Hence, by (4.7)

and the way the vector ¢ has been defined, we have

¢-x = [Pw(0) + P w(r)] - [P g(0) + P g(r)] =

-1 -1
2,02 w(0) + & Fpu@] s 2 2@ T (] -

T T
- P, J HS(—S)Cw(s)ds - P_ J HS(T~S)Cw(s)dS =
4} 0
T T
= VTPpw(O)-I-VTme(T)-“P+ J HS(—s)Cw(s)ds-P_ f HS(Tws)Cw(s)ds@
0 0

We substitute this identity and the equality (4.9) into (4.6) and conclude
that

T
P(e) = w(t) + f y(t,s)ds (0 <t < 1),
0
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where y(t,s) is given by (4.3).
Let K be the operator defined by (1.2) and put
T
(4.10) (Lw) (&) = f y(t,s)w(s)ds, 0 <t < 1.
0
Since H(-)B is Bochner integrable, the operator K acts as a bounded linear
operator on Lp((O,T);H) (1 £ p £ +=), Recall that (S,~C) is a positive
definite admissible pair on H endowed with some equivalent inner product.
In particular, =C = ISIaﬁ for some 0 < a < | and some compact operator D.
We shall prove that for a—l < p £ +» the operator L acts as a bounded linear
operator on Lp((O,T);H),
Since (S,~C) is a positive definite admissible pair on H endowed with
some equivalent inner product, the function HS(°)C is Bochner integrable.

Further, by Proposition IV 4.1 we have

0((r=-5)%"1) (st1) .

]

I (-s)cl = 0s* 1) (s40), g (x=s)cl

Therefore, .

(4.11) f HP+HS(~S)C + PMHS(T'S)C"qu < oo 1 €£q < (l—a)mla
0
Further, there exists a constant M 2 0 such that
—e17] (=)
(4.12) le APp+er APmH <M, 0<t <.

From the estimates (4.11) and (4.12) and the fact that Hs(v)C is Bochner
integrable it follows that for a_l < p £ +» the operator L acts as a bounded
operator on the Banach space Lp((O,T);H).

In the first part of this proof we have shown that
(I~K) (I+L)w = o = (I+L) (I~Kw, we D,

where D := {w: (0,7) ~ H ! w(t) = ITIY q(t) for some 0 < vy < | and some
polynomial q(t)}. Observe that for 1 < p < +» the set B 1is a dense linear
subspace of Lp((O,r);H), Hence, on each of the spaces Lp((O,T);H)

-1
(a

with the operator I+ L. This settles the present theorem for ami <p< o,

< p < +=) the operator I-K is invertible and its inverse coincides

In order to prove Theorem 4.1 in general, we apply the theory of

GOHBERG & HEINIG of convolutionvequations of the type
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T
p(t) - J k(t=s)¥(s)ds = w(t) (0 < £ < 1 < +»)

0
(cf. [22]). This theory has only been stated for the finite~dimensional
case, but a close inspection shows that none of the proofs changes essen-
tially, if one assumes that k(-) is a Bochner integrable operator func-
tion whose values are compact operators on a Hilbert space. Since the kermel
H(-)B of Eq. (4.1) is of this type, we may apply the Gohberg-Heinig theory
in this case.

By Lemma 1.1 of [22] the operator K defined by (1.2) is a compact
operator on all of the spaces Lp((O,T);H) and Ker(I-K) consists of absolutely
continuous functions only (I < p £ +»), But for u_l < p < +» the operator
I-K has been shown to be invertible on Lp((O,r);H). Hence, I~K is an in-
vertible operator on all of the spaces Lp((O,r);H) (1 £ p £ 4+»), By Theorem
2.1 of [22] (and its proof) the solution of Eq. (4.1) on Lp((O,T);H)

(I £ p £ +o) has the form
T
(4.13) P(t) = w(t) + J Y(t,8)u(s)ds (0 < t < 1),
0
where the resolvent kernel ;(t,~) € Ll((O,T);L(H)) (0 < t < 1), Further, by
(4.3), (4.11), (4.12) and the fact that Hs(v)C is Bochner integrable, the
operator function v{(t,*) € Ll((O,T);L(H)) (0 <t <1). For w ¢ Lp((O,T);H)
(u._1 < p < +») we have
T
I [y(t,s) - v(t,s)Ju(s)ds = 0, O < ¢t <T.
0
Choosing w to be an H~valued polynomial and exploiting the fact that the

polynomials are dense in Lp((O,T);H) (aul < p < +4») we obtain
v(t,8) = y(t,8), O<t#s<rt.

Hence, on all of the spaces L ((0,t):H) (1 € p £ +x) the unique solution

of Eq. (4.1) is given by (4.2). [

From the Gohberg-Heinig theory [22] one may also deduce that for an
arbitrary semi-definite pair (T,B) on H the convolution equation (4.1) has
a unique solution on all of the spaces Lp((Oyr);H) (1 € p £ +w), To prove
this, it suffices to show that the operator I - K, where K is defined by

{1.2), is injective on the space L;((O,T);H). But this i1s clear from the
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equivalence theorem of Section 2 and the solution of the homogeneous finite-

slab problem, which is given by Theorem IV 2.2.

5. The convolution equation on the half-line

In this section we turn our attention to the Wiener-Hopf operator

integral equation

oo
(5.1) p(e) - J H(t-s)By(s)ds = w(t), 0 < t < +»,

0
Here, as before, (T,B) is a positive definite admissible pair on a Hilbert
space H and H(t) is the propagator function of T. To deal with Eq. (5.1)
th ee different methods are available. In the present section we shall use
the equivalence theorem of Section 3 and the solution of the inhomogeneous
half-space problem (cf. Theorem IV 5.2) to solve Eq. (5.1). In the next
section we shall apply the "projection method" (see [17,21]), by which the
solution of Eq. (5.1) is obtained as the limit for t = +=» of the solution
of the corresponding convolution equation on the finite interval (0,t),
which we considered in the previous section. In Section V.7 we shall use

the method of factorization (see Theorem IT 3.2) to solve Egq. (5.1).

THEOREM 5.1. Let (T,B) be a positive definite admissible pair on H, and let
I € p < 4o, For any w e Lp((0,+w);H) there is a unique solution ¢ of the

Wiener—Hopf operator integral equation (5.1) in the space Lp((0,+w);H),

name Ly
400

(5.2) (t) = w(t) + J y(t,s)w(s)ds, 0 < t < +,
0

where the resolvent kernel y(t,s) has the form

-1
(5.3) ¥(t,8) = Hy(t=s)C - A APHS(»S)C.

i 1

Heve A = I-B, S =A T and C = BA .

PROOF. First we assume that there exist 0 <y < 1, a constant r > 0 and
an H-valued polynomial g such that w(t) = emrt]T]Yq(t) (0 < t < 4+»), Then
w is a bounded and continuous function on [0,+»), Tw is differentiable on

(0,+=) and
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(5.4) (Tw) ' (1) + w(®) = |T1Y e Fh(e) (0 < t < +=),
where h is a bounded and continuous function on (0,+).

By Theorem 3.1 every fumction ¥ ¢ Lm((0,+m);H) that is a solution of
Eq. (5.1), is also a solution of the operator differential equation

(5.5) (TY) () = ~Av(e) + |T1Y e T5h(r) (0 < £ < +w)

with boundary value b, = P+w(0) € H_, and conversely. According to

Theorem IV 5.2 the differential equation (5.5) has a unique solution,

namely
(5.6) p(e) = &t AP<¢+ - P, f H (=A™ 1Y e—rsh(s)ds) +
0

400
+ J HS(t—s)AullT!Y e TSh(s)ds.
0

As in the proof of Theorem 4.1 one shows that for 0 < t < +«

40
g(t) = I Hs(t—s)A_]]TlY eMrSh(s)ds =
0
4co
= J Hs(tvs)[(Sw)'(s) + w(s) + Cu(s)lds =
0
-1 *e
= w(t) - e °F APpm(O) + f Hg (t-s)Cu(s)ds,
0
and therefore
$00
b, - f Hs(ns)AwllTIY e“rsh(s)ds = P+w(0) - P+g(0) =
0
<400
= P+Ppw(0) - P, f HS(—S)Cm(s)ds.
0

Substituting the above two equalities into (5.6) and using that P(P+Pp) = Pp
one shows that the solution ¢ is given by (5.2).

Put
400 4o

(5.7) (Kyp) (t) = I H(t-s)BY(s)ds, (Lw)(t) = J v(t,s)u(s)ds; 0 < t < +o.
0 0
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We know that the operator K acts as a bounded linear operator on LP((O,+w);H).
As in the proof of Theorem 4.1 one shows that for some 0 < o < 1 and every
a_l < p < +o the operator L acts as a bounded linear operator on Lp((0,+w);H).
Further, if D = {w: (0,+=) » H [ w(t) = !T[Y eMrtq(t) for some 0 < vy < 1,

some r > 0 and some H-valued polynomial q(t)}, then we have shown that
(I-K) (I+L)w = w = (I+L) (I-K)w, w e D.

Since for 1 € p < +» the set » is a dense linear subspace of Lp((O,+W);H),
it follows that on each of the spaces Lp((O,+m);H) (u_] < p < +o) the opera-
tor I-K is invertible with inverse I+ L. Hence, for ati < p < +» we have
established Theorem 5.1.

To get the general result we apply Theorem II 3.1 to the Wiener-Hopf
equation (5.1) and conclude that I-K is invertible on all of the spaces
Lp((0,+m);ﬁ) (1 £ p £ +») and the symbol of Eq. (5.1) has a left canonical
factorization with respect to the imaginary line. By Theorem IT 3.2 we have

4o
((I—K)ulw)(t) = u(t) + J ;(t,s)w(s)ds, 0 < £ < +m,
0
where ;(t,s) is some resolvent kernel; this formula is correct on
Lp((0,+m);H) for every 1 < p £ +», In the same way as in the proof of
Theorem 4.1 one shows that y(t,s) = y(t,s) (0 < t # s < +=), and Theorem 5.1

is clear in general. [J]

6. The projection method

In this section we give an alternative proof of Theorem 5.1 based on

the projection method in [17,21].

THEOREM 6.1. Let (T,B) be a positive definite admissible pair on H, and let
I € p<4wand w e Lp((0,+w);H), Put wT(t) = w(t) for 0 < t < 1 < 4o, and
let wT € Lp((O,T);H) be the unique solution of
T
wr(t) - f H(t~s)BwT(s)ds = mT(t), 0 <t <rT.
0
Then in Lp((O,+w);H) the limit

lim wT = 1
oo
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exists and ¢ is the unique solution in Lp((0,+w);H) of the Wiener-Hopf

equation
400
(6.1) P(t) - f H(t=-s)By(s)ds = w(t), 0 <t < 4=,
0
PROOF. First we consider the case when w ¢ Lw((0,+m);H). From Theorem 4.1
one has
T
(6.2) wT(t) = mT(t) + J yT(t,s)wT(s)ds (0 <t < 1),
0

where the resolvent kernel YT(t:S) has the form
v, (t,8) = Ho(t=s)C ~
(6.3) -1 -1
o tT (t-t)T -1 B _
[e APP + e APm]VT [P+HS( s)C#-P_HS(T s)C].
Put ﬁr(t) =y (t) (0 <t <r1) and $T(t) =0 (t 2 1), and define L_ by

T
(LTwT)(t) = J YT(t,s)wT(s)ds (0 <t <13 w, € L_(0,t)sH)).
0

Observe that

T —00
(6.4a) sup f NHS(t_s)CHds < J HHS(Z)C"dz < 4wy
O<t<t
0 00
~eT A (-t)T" !
(6.4b) sup et P e T Apm" <

O<t<r

-1 -1
< sup " entT AP " + sup " e+tT A'Pm" < +°°;
0<t <+ O<t<+o

(6.4c) sup 101 < 4oy
O<T <0
“4-c0
(6.4d) J HP+HS(WS)C-+P_HS(TWS)CHds < J HHS(z)CHdz < 4o,
O 00
The inequality (6.4c) follows from the fact that EE@HV;IV-V_]” = (0 (see
T {eo]

Theorem IV 2.1). Note that none of the upper bounds appearing in the inequal-

ities (6.4) depends on t. Using the inequalities (6.4) one shows that there
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is a conmstant M, not depending on T, such that

. I I < oo o,
(6.5) I+L_ L ((0,7)31) SM< o, 0 <T <
We now apply the "projection method" (namely, Theorem I of [17]) and con-
clude that for a given w ¢ L_((0,+»);H) the Wienmer-Hopf operator integral
equation (5.1) has a unique solution ye L _((0,+»);H), which satisfies

1im nq,-apru 0.

ot L ((0,4+)5H) ~

Taking this limit in the expressions (6.2) and (6.3) one obtains
400
(e = w(t)+'I y(t,8)w(s)ds, O <t < 4=,
0

where y(t,s) is computed by taking the limit of YT(t,S) as T +w, Since
“1 -1 | (--t)T" 1A | .
lim v "=V 'l = 0, 1lim le Pl =0, lim “HS(T_ws)” =0,
T+ T T->tco m T-¥4co

one gets (5.3).
Finally, one applies Theorem II 3.1 and II 3.2 and extends formula

(5.3) to right-hand sides w ¢ Lp((0,+m);H), where 1 < p £ 4+, []

7. The factorization method

In this section we solve the Wiener-Hopf equation (5.1) by constructing
a canonical factorization of its symbol and using the factors to compute the

resolvent kernel (5.3).

00
(7.1) Pt) = { H{t~s)By(s)ds = w(t), 0 <t < 4o,
0
where (T,B) is a positive definite admissible pair on W and H(t) Zs the

propagator function of the pair (T,B). Let
, At )
S(A) = I ~ J e H(t)B dt, Re X =0,

be the symbol of the equation (7.1). Put
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(7.2a) y(t) (I—P)Hs(t)C, - < £ < 05

HS(t)PB(I—PB)_I, 0 <t < +,

(7.2b) x(t)

where C = B(I-B) |

s HS is the propagator function of the operator S = A T
and P the projection of H onto Hp along H_. Then
+o0 0
syt = {1 + J extx(t)dt][l + f eAty(t)dt], Re A = 0,
0 “w

1

and this factorization is a left canonical factorization of S(A) = with

respect to the imaginary axis.

To prove Theorem 7.1 we first consider the symbol of the pair (T,B),
which up to a trivial change of the variable is equal to S(A). The following
two theorems describe a left and a right canonical factorization of the

symbol of the pair (T,B).

THEOREM 7.2. Let (T,B) be a positive definite admissible pailr on H. Then
its symbol W has a left canonical factorization with respect to the imagi-—
nary axts, namely

(7.32) W) = W+(A)w_(A)A, Re A = 0,

where the factors and their inverses have the form

(7.35) W, = I+ T(-0)" (1-P)C;
(7.3c) W) =T+ TP(T-0) " \¢;
(7.30) w7 =1 - 1R s
(7.3d) w7 =1~ 1(s-0) " Tee.

-1

Here A = I-B, C=A ~1I, S = A

T and P is the projection of H onto Hp
along H_.

THEOREM 7.3. Let (T,B) be a positive definite admissible pailr on H. Then
its symbol W has a right canonical factorization with respect to the

imaginary axis, namely
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(7.4a) W(A) = W_(MW, (M)A, Re A = 0,

where the factors and their inverses have the form

(7.4b) W) =T+ T(r-0" a-Qc;
(7.4¢) W, (A) = L.+ 1Q(T-0) " l¢;
(7.4d) W =1 - 1) (-0 e

Vet - 7es-0 " loc.

i

(7.4e) W, ()
Hew A= TI-B, C= A_]-—I, s =alr and Q is the projection of H onto Hm

along H, .

Theorem 7.3 is easily deduced from Theorem 7.2 if one considers the
pair (-T,B) rather than (T,B). Therefore, we only give the proof of Theo-

rem 7.2.

PROOF of Theorem 7.2. For C = A I—-I we have

woa b= 1+ rr-0"le, Re A = o0.

Hence, W()\)Am1 is the transfer function of the node 6 = (T,C,~T,I;H,H); its
associate node is given by 6° = (§,C,T,I;H,H). The projection P, whose
range Hp is invariant under the associate operator S of the node 6 and whose
kernel H_ is invariant under the main operator T of 0, is a supporting pro-
jection of 6. By Theorem II I.l formula (7.3a) represents, indeed, a fac-
torization of the symbol W of the pair (T,B).

To show that (7.3a) is a left canonical factorization of W with

. . . . ~1
respect to the imaginary axis, one rewrites w+ and W_ as

1 1

P 1I-P)C; W (0= 1-ars(s-n"!

W, (A) = I+L[T(T-1) PPJPC,
Therefore, W _ and w:l have analytic continuations to the open right and
open left half-plane, respectively. By Proposition III 1.2 we have
IT(r-2)""P_ x = P.xl > 0 (A>0, Re A 2 0) and HS(S-A)_Ipr -2l > 0

(>0, Re X <0), uniformly in x on compact subsets of H. Since C is a
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compact operator, it follows that

(7.5) lim W, () -[+(-P)cW =0, lim  Iu_(n)7

A+0,Re A=0 A+0, Re A<0

~-[1-APC]l =0,

and hence W, and W:] are continuous up to the imaginary axis.
Next, we use the intertwining property (III 5.2) and rewrite W_ and
-1

W as
+

1 1

W) = I+ (=) IT(r-0""p,Ic; W, ()7 = - als(s-0 e _Tc.
Therefore, W_ and w:l have analytic continuations to the open left and
open right half-plane, respectively, By Proposition III 1.2 we have

-1 -1
ITeT-2) "P.x = P.xl >0 (A>0, Re A < 0) and IS(S-2) me—meIl + 0
(A>0, Re A 2 0), uniformly in x on compact subsets of H. Because the

operator C is compact, we get
(7.6) lim  IW_()-[1+(1-"cl =0, lim Iw )7 '-[1-Q"BII = 0,
A>0,Re A<0 A>0,Re 220

and hence W_ and w:' are continuous up to the imaginary axis.
Finally, one concludes that (7.3a) is, indeed, a left canonical facto-

rization of W with respect to the imaginary axis. [

The factorization formulas (7.3) (or equivalently, (7.4)) appeared

earlier (cf. [2,53]).

PROOF of Theorem 7.1. Let W be the symbol of the pair (T,B). Then S(A) =

= W(1/A) is the symbol of the equation (5.1) (see Section 1). According to
Theorem II 3.2 there exist functions x ¢ Ll((0,+w);L(H)) and
v € Ll((—m,O);L(H)) such that

+4c0
(7.7) wooy ! = [1+J et“x(mdc]{uf et“y(t)dt], Re A = 0,
0 00

is a left canonical factorization of w"l with respect to the imaginary
line. As known (see [21], for instance), left canonical factorizations are
unique up to a displacement of a comstant invertible operator as a factor.

Using Theorem 7.2 one gets
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w00

ey =

it

[1-0*B1 7' [1 - T(1-P) (5-1)~

1+01-Q"81 Q" ar-5) "¢

i

i

+400
I+ f et/xx(t)dt A-l[I—T(S—A)_ pcI[1-aPC] A =
0

I I

PCLI-APCT 'A.

i

I+ A(A=8)

Here we have used that the factors of (7.7) tend to I as A > 0 (Re X = 0),
together with (7.5) and (7.6). Formulas (7.5) and (7.6) also yield
A = [I—APC][I—Q*B]. From the semigroup properties of S (see Section III.4)

and Theorem VIII 1.11 of [13] one obtains

. * =1 *x
(7.8a) y(t) = [1-Q"B] QA Hs(t)C, —o < £ < (O
(7.8b) x(t) = H(£)PCLT-APCT A, 0 <t < 4o,

Now [1-Q"BI'Q*A = A™'[1-APC1Q"A. But Ker P = Tm Q" = H_ and Im A (1-Q) =
= ImP=H. So PcQ*A = PAT'Q*A - (PQ")A = PA'Q*A = P - PAT (1-0M)A =
= P - AnI(I~Q*)A. Therefore,

(7.9) [1-*817'g*a = 1-»,

which settles (7.2a). Finally, to transform (7.8b) into (7.2b) one employs
the intertwining property [I-APCJA = A[I-PB]. [

To conclude this section we employ (7.2a) ~ (7.2b) to compute the
resolvent kernel y(t,s) by the method of Theorem IT 3.2. In the above proof
we showed that PCQ*A = P - A_I(I—Q*)A. For 0 < r < min(t,s) we have

il

x(t=1)y (r-s) Hs(cmr)pHS(r—s)c~Hs(t~r)A"’<1mq*)AHS(r~s> =

(7.10)

é%{Hs(t~r)An](I—Q*)THS(I—S)C}u

To see this, denote by F the resolution of the identity of § and note that

in the operator norm



00 00

JLAHS(t-r) ii»f w0 g gy = f u_ze—(t‘r)/”F(du);

i

dr dr
0 0
0 0 (0<r<min(t,s))
é%-Hs(r—s) = - é%—[ ugle_(r_s)/uF(du) = J u_zeg(rhs)/uF(du).

Then (7.10) is clear from these identities and the intertwining property
(III 5.2). Next we apply Theorem II 3.2. For 0 < £ < s < +» we employ
(IIT 5.2) and write

min(t,s).

-1
x(t-r)y(r-s) = é%{e_(t“r)T APP°PHS(r—s)C}, 0 <r <t

Therefore,
t
y(t,s) = y(t~s) + J x(t~r)y(r-s)dr =
0 -1
(I-PIH (t-5)C + PH (t=5)C = & " APpoPHS(-s)C -

i

-1
Hs(t~s)C - emtT APHS(-S)C.
For 0 < s < t < +® gne writes
-]
x(t-1)y (r-5) = ﬁ%{HS(t—r)A-](I—Q*)A e (rs)T Apmc}.

Hence,
s
v(t,s) = x(t-s) + J ®x(t=r)y(r~s)dr =
0

Hs(t~s)1‘>3(1~1313)"1

i

] ) *

- Hs(tws)A (I-Q )APmC +
-1 * +sT"1
+ Hoo)a (-9 e % ¢,
S m
The third term at the right—hand side is rewritten as
-1 * ~tT—1AP
~Hs(t)A (1-Q )THS(—S)C = ~a HS(“s)C,

where we employed (IIT 5.2). Therefore,



112

1

- -1 % —er !
¥(t,8) = Hg(e=s)[PB(I-PB) ' + & 'QA(I-2 )C] - e APHS(—S)C -

-1
Hg (t-s) [PB(1-PB)~ sa7 o] - T APHS(—s)C -

~1
Ho(e-s)c = &1 e -s)c.
This completes the proof. [

8. Factorization and asymptotics

Let (T,B) be a positive definite admissible pair on a Hilbert space
H with symbol

WY =1 - 20-T)"'B, A e o(T).

In this section we relate Wiener-~Hopf factorization properties of W to the

asymptotics of the solutiomns of Eq. (5.1).

THEOREM 8.1. Let (T,B) be a positive definite admissible pair on H with

symbol W, and let k > 0 be a constant such that o(T) ¢ (~k,+e) and -k Zs not

1

an eigenvalue of the associate operator S = A T. Denote by Cy the positively

!
oriented circle with centre -ik and radius ik. Then W admits a left Wiener-—
Hopf factorization with respect to Ck? all the non-zero left factorization
indices are equal to -~1 and their number is precisely the number of eigen—

values of § on (~e,~k), counted according to multiplicity.
PROOF. To the pair (T,B) we apply the Mobius transformation

~ - ~ — —l
T = ko)™, B o= k() EB(keT) R,

By Theorem III 6.2 the pair (%,ﬁ) is a regular hermitian admissible pair

on H, its symbol W and its associate operator S = (I~«§)_]T are given by

WO = (e tew(Edy :

P}
N N 3
Y (k+T) .

1 ~ i -
(k+T) 2, S = (k+T)2-kS(k+8)

Observe that the Mobius transform A{z) = kg(k+§)"]

maps the inmer circular
region of Ck onto the open left half-plane and the inverse map is
c@)==kk(k~k)ml. According to Proposition III 2.1 the operator W is Hlder

continuous on the extended imaginary line, and therefore W is Holder
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continuous on Ck’ Since the spectrum of W equals the set of eigenvalues of
S = A_IT on p(T) and -k ¢ 6(S), it appears that W(z) is invertible for all
T € Ck’ and therefore ﬁ(x) is invertible for all X on the extended imaginary
line. Further, for g € Ck the operator I ~-W(z) is compact, and thus
I-W(X) is compact for all A on the extended imaginary axis. By these prop-
erties W has a left Wiener-Hopf factorization with respect to Cy and W has
a left Wiener-Hopf factorization with respect to the imaginary line (cf.
[31], Theorems 6.1 and 6.2; see also [46], Theorem II of the introduction).

Consider the Wiener~Hopf operator integral equations

+oo

(8.1) y(t) - J H(t~s)By(s)ds

0
+-00

(8.2) V(t) - f A(e-s)BU(s)ds
0

where H(t) is given by (3.3). Let w be a given function such that e

e L _((0,+=);H), and let m(t) = (k+T)%~e"t/km(t) € Lw((0,+w);H). Then a

_t/kw(t) e L _({0,+»);H) is a solution of Eq.

(8.1) if and only if $(t) = (k+T)%-e-t/kw(t) is a solution of Eq. (8.2)

i

w(t), 0 <t < 4wy

w(t), 0 <t < 4o,

—t/kw(t)e

vector function ¥ such that e

in L_((0,+»);H). Since, up to a trivial change of variable, the symbol of
Eq. (8.2) coincides with W (cf. Section 1) and this operator function has
a left canonical factorization with respect to the imaginary axis, it is

clear that the left-hand side of Eq. (8.2) defines a Fredholm operator on
the space Lw((0,+w);H), 1-X say (cf. Theorem II 3.1). Further, if

K sK, are the left indices of ﬁ, then

prece

(8.3) dim Ker(I-K) = - Z Kis codim Im(I-K) = + X Ky
Ki<0 Ki>0

(cf. Theorem II 3.1). If w € Lm((0,+w);H), then, according to Theorem 5.1,
() € L ((0,5)3H).
Thus Eq. (8.2) has at least one solution E € Lw((O,+W);H) for every right-
+t/%:(t) e L _((0,+=);H). Thus the set

D= {we Lm((0,+w);H): e+t/kw(t) € Lm((O,m);H)} is a dense linear subspace
of Lm((0,+m);H) contained in Im(I*E), But then Im (I—E) = Lw((0,+w);H) and

Eq. (8.1) has at least one solution P such that e

hand side & such that e

all left indices of ﬁ are non-positive. Hence, all left indices of W (with
respect to the circle Ck) are non-positive.
By Theorem 3.1 and IV 3.2 the solutions ¢ of the homogeneous Wiener-

Hopf equation (8.1) (with w = 0) for which e“t/kw(t) e L_((0,+);H) are
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given by

r -t/\. -1
(8.4) () = ) e * 91 ~ e T AP¢O. (0 <t < +w),
i=1 t

1

It o1

1 .
1

Here xl < aw. < Xr < ~k are the different eigenvalues of A-}T on (=«,-k)
and (A"]T--)\i)rboi =0 (1=1,...,r). Since ¢Oi € Hm (i =1,...,r) and
Ker(I-P) n Hm = 10}, there is a one-to-one correspondence between solutions
of the form (8.4) and arrays of vectors (¢01,...,¢0r). Hence, the dimension
of the space of such solutions is the sum of the multiplicities of the eigen-
values X!,...,Ar, By (8.3) the sum of the negative indices of W (with
respect to the circle Ck) equals the opposite of the sum of the multiplici-
ties of the eigenvalues of A‘]T on (~w,-k).

Finally, to finish the proof it suffices to show that all left indices
of W exceed ~2. Note that every solution ¥ of the form (8.4) has the proper-—
ty that y(t) = 0 whenever Y(0) = 0. By the operator-valued version of
Theorem 9.2 of [24] this implies that ome cannot have indices equal to or

less than ~2. []

COROLLARY 8.2. Let (T,B) be a positive definite admissible pair on H, and
let k > 0 be a constant such that o(T) c (-k,+») and -k is not an eigen—

value of the assoctiate operator S = A7

T. Then for every right-hand side
w e L _((0,+x);H) the solutions V of the Wiener-Hopf operator integral

equation (8.1) such that e—t/kw(t) e L _((0,+=)3H) have the form

—r./>\i R
bg; T V(E), 0 << e

r
P(e) = ) e
i=1
Here (A),..-,1,) = oA ') 0 (=,-k), (A“T-xi)%i =0 (i=1,...,r) and
Ve L_((0,4);H).

This corollary is immediate from the proof of the previous theorem
and describes the asymptotics of the solutions of Eq. (5.1). For the one-
speed Transport Equation this corollary has been obtained before by FELDMAN
[16], who derived it within the context of a general theory of asymptotics

of solutions of Wiener-Hopf operator integral equationms.
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CHAPTER VI

APPLICATIONS TO TRANSPORT THEORY

In this chapter the theory developed in Chapters III to V is applied
to Transport Theory. Both the one-speed and the symmetric multigroup
Transport Equation are shown to fit into the present language of hermitian
admissible pairs. As to one-speed theory more explicit formulas are derived.
The dispersion function is proved to have a canonical factorization. For
the degenerate case formulas for the basic projectioms P and Q are improved
and linked up with astrophysical theory. The structure of the singular sub-
space is described and the isotropic Milne problem is completely solved.

Analytic solutions for the isotropic finite~slab problem are obtained.

1. Hermitian admissible pairs

Throughout this chapter, except in Section 7, we consider an integro-

differential equation of the form

+1
(1.1 ug%(x,u)4-w(x,u) = J glu,uDYx,p")du’ + £(x,1), 0 <x<T,
-1
where
27
(1.2) glu,u’) = (Zﬂ)—I J S(up' + VT-pZ V1-1u"2 cos a)da, -1 < p,u’ € +1,
0

Here § is the so-called scattering indicatrixz or phase function, which is
assumed to be given as is the inhomogeneous term f(x,u). The problem is to
compute the unknown function ¢ under certain boundary conditions.

In the finite-slab problem, where v is finite, one considers the

boundary conditions

(1.3a) PO, = ¢, (W) (O =<+ Plr,w) = ¢_) (-1 <u<0).
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Here ¢ _ and ¢_ are given functions on [0,1] and [~1,0], respectively. In
the half-space problem, where t is infinite, a possible pair of boundary

conditions is

(1.3b) Yv(O0,u) = ¢, () (0 <u<+l); lim Y(x,u) =0 (-1 <p=0),
Koo

but at infinity the boundary condition is often replaced by a growth condi~

tion on the solution .

For physical reasons the indicatrix g has to be nonnegative and
fi: g(t)dt < +». Here we assume that § is a real-valued function that
belongs to Lr[—l,+l] for some r > 1., For a nonnegative indicatrix § one
distinguishes between the non-conservative case when c = fi} g(t)de < 1,
the conservative case when ¢ = fii g(t)dt = 1, and the multiplying medium
case when ¢ = fi} g(t)dt > 1. The latter case is relevant to neutron phy~
sics only and will not be considered here in detail.

As in the introduction we write Eq. (1.1) with boundary values as a
vector equation. Thus one introduces the Hilbert space H := L2[~l,+l] of
square integrable functions on the closed interval [~1,+1], the vectors
V(x) € H and f(x) ¢ H, the operators T: H ~ H and B: H » H, and the projec-
tions P,tH~> H and P_: H~ H by setting

il

(1.4a) v(x) () = v(x,u); £ () = £(x,1);

(O<x<Ty =1<spg+1)

(1.4b) (TG = wh() 5 B = [T gGLuDRG '

h(u), 0<u<+l; 0, 0sus+l;
(1.4c) (B,h) (W) = (P_h)y () =

0 , =1su<0; h{pu), =1 su<0.

With the help of the above vectors and operators and the vectors b, € H+ o=
= L2[0,1] and ¢_ € H_ := L2[—1,0] one rewrites the integro-differential

equation (1.1) with boundary conditions (1.3) as

(1.5) (TY) ' (x) = =(I-B)Y(x) + £(x), O <x <713
(1.6a) 1im P+w(x) = ¢+, lim P_y(x) = ¢_;

x40 x4T
(1.6b) 1im P+w(x) = ¢+, lim P_¢(x) = O.

x40 X¥too
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Here (l.6a) and (1.6b) correspond to the boundary conditions (1.3a) and
(1.3b) of the finite-slab and half-space problem, respectively. The second
one of the boundary conditions (1.6b) of the half-space problem can be
replaced by a growth condition on the norm ly(x)l of ¥(x) in the space
= L2[~1,+I] as x > 4w,

VLADIMIROV has proved that the operator B is a compact operator on the
Hilbert space H = Lz[—1,+1], even under the general condition that
2 e L][“1,+1] (cf. [69], Appendix XII.8). If one denotes by P, the L,~
normalized Legendre polynomial of degree n with positive leading coefficient,
i.e., the polynomial

2—1)n, n >0,

-1,d
(1.7) p (1) = Y+l (2%nh) T (D
u
then, as Vladimirov shows, Bpn =ap. (n=0,1,2,...), where
+1
(1.8) a = (n+H)7?2 J g(t)p (t)dt, n=0,1,2,..
-1

In fact, the polynomials (pn)n_ form a complete set of eigenfunctions of
B and
+1
+o
(1.9) BR)W = ) ap () J huDp (Ddu', -1 su s+l
n=0
-1
For n 2 0 the polynomial is related to the usual Legendre polynomial
(whlch is used, for instance, in [49,68]) by p vn+ P . By Theorem
1
7 3.3 of [68] we have the basic estimate (sin 6)2|P (cos Q)I < (2(nm) 1)2

(0 <6 < w), and therefore
(1.10) I“( )< (3) (1- ) % -1 < p < +1
“ Pn H - H u N

Finally, the Legendre polynomials (pn)zzo form an orthonormal basis of
L [~1 +17.

The operator T defined by (1.4b) is a self-adjoint operator on
H = L2[~],+1] with spectrum [~1,+1] and empty eigenvalue spectrum. A cyclic
vector of T is given by e(y) = 1 (note that e = V2 pO) and the polynomials
(pn);:O can be retrieved by applying the Gramm-Schmidt orthonormalization
algorithm to the set T e +m (cf. [68]).

The next two theorems w111 allow us to apply the approach of Chapters

IIT to V to the present one—~speed Transport Equation.
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THEOREM 1.1. Suppose that for some r > 1 the indicatrix § is real-valued
and belongs to Lr[—1,+l], Then the pair (T,B) of operators T and B, defined

by

(Th) (u) = uh(u),

+1 27
(Bh) (u)=J [(ZTF)-i f gup' + V102 VT-u"Z cos a)da}h(u')du‘,
-1 0

s a hermitian admissible pair on Lz[—1,+I]. This pair is semi-definite _
(positive definite) if and only <f for n = 0,1,2,... the numbers a = (n+})

fj} g(t)p (t)de do not exceed +1 (resp. arve strictly less than +1).
Further, the signature operator J, defined by

(1.11) (Jh) (u) = h(=w), -1 < u <+,

8 an inversion symmetry of the pair (T,B).

THEOREM 1.2. For some p > 2 let the vector function £: (0,1) - Lp[wi,+}]

i

be continuous. Then for every 0 < a < (p~2)(2p) = there exists a vector

function h: (0,1) - L2[~1,+1] such that
£(e) = |T1® n(e), 0 < ¢ < 7.

If £ is a bounded vector function, then the function h is bounded too.

PROOF of Theorem !.1. We shall prove that the pair (T,B) satisfies Condi-

tions (C.1) - (C.3) stated in Section III.2. By the properties of T and B we
have derived so far Conditions (C.1) and (C.2) are trivially fulfilled.

To settle (C.3) we shall prove that for every 0 < a < (1’—1)(21’)“I there
IT1%, .
Here |T]% is, of course, given by UTI%) @) = Tul®G) (-1 < p < +1).

it

exists a compact operator Da: L2[—1,+]] > Lz[—l,+1] such that B
By Theorem 1(2.X) of [44] the operator B acts as a bounded linear

operator from LZE-I,+1] into Lzr[~l,+139 Denoting this operator by

B_: L2[~l,+1] - Lzr[-1,+]], we have the norm estimate

(1.12) HBrH < crﬂgﬁr,

where c, depends on r only. By Theorem 3(2.X) of [44] the operator Br is

Nofe
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compact.

By Holder's inequality the operator Sa, defined by
(1.13) (Sak)(p) = [ul™® k() (-1 £ p < +1, almost everywhere),

acts as a bounded %inear operator from Lzr[~l,+l] into Lz[-1,+1], provided
0 <a < (r—li(Zr) . Pu% Da = SaBr: Lz[—1,+l] > L2[~1&+I], 0 < a f '
< (r-1)(2r) . Then Da is a compact operator, B = |[T| Da and Condition (C.3)
is established.

Finally, put A = I-B. Then the operator A is positive (strictly posi-
tive) if and only if o(B) = {5;?7;f§75} is contained in (~e,+1]J((~w,+1)).
From this one easily deduces the second part of this theorem. The third

part about inversion symmetry is immediate from (1.2). [J

PROOF of Theorem 1.2. For 0 < o < (p—Z)(Zp)--I the operator Sa defined by

(1.13) acts as a bounded linear operator from Lp[—1,+1] into L2[—1,+l]. For
a fixed 0 < a < (p=2)(2p)”' we put h(t) = S_£(t) e L,[=1,41] (0 < t < 7).

Now this theorem is easily proved. [J

The proof of Theorem 1.1 does not give the least upper bound of all
0 < o < 1 for which B = ]TIaD for some bounded operator D. For instance, if
g« L2[—1,+1], then the theorem yields B = IT]aDa for all 0 < o < {. In

fact, a much sharper result holds.

PROPOSITION 1.3. Let the pair (T,B) be as in Theorem 1.1. If the indicatrix

g e L2[—1,+I]J then for every 0 < a < 4 one has B = lTIuDa, where Da i8 a

Hilbert-Schmidt operator. If, in addition, B is a trace class operator, then

for 0 < a < § the operator Du s of the same type.

PROOF. For 0 < a < j put
() - -0 -
q, ") = lul " p () (=1 <y <+, n=0,1,2,...).

Using (1.10) one sees that
+1
(@), 2 _ -2q 2 6
g 705 = | Tl "Tlp (u) [%du < =
-1

dy =

QO Sy
=
i
N
=]
~
i
=
N
~
|
ot

i

3
;B(};"Oﬁ,%) <. 4o,
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where B denotes Binet's beta-function (cf. [49], p.7), and therefore the

sequence (q(u)) is bounded in Lz[—],+1]. Hence, formally we may write
T
(o )W) = HZO aﬁqn ) f h(uSp (uHdu', 0 <a < 3

-1

If B is a trace class operator, then its nuclear norm equals
1BI, = J*7 Ja_| < +e. Then J'7 la_ |nq(“)nup I < EBW*IB(%—u,%)]%vHBﬂl < o,
and therefore Du is a trace class operator (0 < a < i).

If B is a Hilbert- Schmidt operator, then its Hilbert-Schmidt norm
equals HB" (z+m0 a )2 = “@N +o. Now the operator D is, formally
speaking, an integral operator on L [wl +1] with kernel [ul % g(u,u®) =
= ano nq( )(u)p (u'), where g(u,u ) = Zn_o ap (Wp (u'). Since (p )
is an orthonormal basis of L2[~1,+1], one easily estimates that

+1 +1
J [ lulmzalg(u,u')lzdudu'
-1 -1

00
2y (o), 2
nZO la_ 1“1\

i

A

3 2
= B(%—a,%)"BHz < e

and therefore Du is a Hilbert-Schmidt operator, indeed. []

Because of Theorems 1.1 and 1.2 the theory of Chapters III to V is
applicable to one-speed Tramsport Theory. The only, probably quite essen~
tial, restriction is that the indicatrix § € Lr[~1,+1] for some v > 1. In
the remaining sections we shall specify our results further. In particular,
we shall provide explicit expressions for the projection P that appears in
the solution formula for the half-space problem.

Proposition 1.3 is of some independent interest. It answers a question
raised implicitly in [39]. In [2] the operator I~ V, which is studied here
in Section III.5, has been shown to be a trace class operator, if the indi-
catrix § is degenerate (i.e., a = 0 for n 2 N+1). Subsequently, assuming
that Z;:O lani < +o, HANGELBROEK stated I~V to be a Hilbert-Schmidt
operator and asked whether T~V would be trace class (cf. [39]). This ques=-
tion is answered in the affirmative by Proposition 1.3. To see this we
refer to the paragraph following the proof of Lemma III 5.3.

We conclude this section with a remark about the integro-differential
equation (1.1). This equation is a simplified (in astrophysical terms, the

azimuth~averaged) version of the plane-symmetric equation
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(1.14) (cos 6) %(x,w)+w(x,w) = (Zﬁ)-] J Blwrw U (x,0")dw' + £(x,w),

Q
0 < x <1,

where Q is the unit sphere in R? and w = (sin 6 cos ¢, sin 0 sin ¢, cos 6) € Q.
Instead of in L2[—1,+1] this equation is usually studied in the Hilbert

space LZ(Q), endowed with the inmer product <h1,h2>= (21r)n1 fﬂhl(w')ﬁgfaT)dm'a
Consider on LZ(Q) the operators T and B defined by

(1.15) (Th) () = (cos Oh(w), )@ = (2m~! J o )h(w ) de'.

Q
It turns out that again this pair (T,B) is a hermitian admissible pair on
L2(Q)’ whenever the indicatrix g§ belongs to Lr[—1,+1] for some v > 1l.

It is interesting to observe that the pair (T,B), defined by (1.4b),
may be viewed as a "restriction" of the pair (T,B) given by (1.15). Indeed,
let j: Lz[—],+l] > LZ(Q) be defined by (jh)(w) = h(cos 0). Then j is an
isometric embedding and
T = jT, B = jB.

Note that the image of j consists of all h € LZ(Q) that depend on 6 only. So
Eq. (l1.1) may be viewed as the one-~dimensional version of Eq. (1.14).

In this chapter we only deal with Eq. (1.1). However, in the work of
MASLENNIROV & FELDMAN (cf. [501,[15] to [19]1) its counterpart (1.14) is the
object of study, but as far as their (abstract) results are concerned, the

differences do not seem to be essential.

2. The dispersion function

Throughout this section we assume that the expansion coefficients

+1 . o g e A . .
a = f_} g(t)Pn(t)dt of the indicatrix § satisfy the relations

oo

(2.1) a_ <+l (n=0,1,2,...0; 7} la_| < +e.
n=0
Then for this indicatrix the pair (T,B) in (1.4b) is a positive definite
admissible pair on Lz[—1,+l], the operator B is trace class and its
nuclear norm “B“] is given by the infinite sum appearing in (2.1). In this
section for such an indicatrix the dispersion function is defined and its

main properties are investigated.
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Let W denote the symbol of the pair (T,B). According to Proposition
1.3, for every O < a < } one has B = IT!aDa for some trace-class operator
Da' Using (the proof of) Proposition III 2.1 one sees that on the extended
imaginary line the symbol W is a Holder continuous function of exponent

0 < a < }. In fact, one has
(2.2) le‘a"w(k)—-lﬂ} >0 (A>0,ReA=20;0<ac<i),

where the limit is taken in the nuclear norm.

Since B is a trace—class operator, the expression
(2.3) AQY) = det W) = det[T - A=) 'B]

is well-defined for all A e C_\[-1,+1]. The function A is called the dis-
persion function. By Section IV 1.8 of [25] A is analytic on the Riemann
sphere cut along [~1,+1]. Putting A(0) = | one sees from (2.2) that A is
Holder continuous of exponent a on the extended imaginary line (0 < o < §)
(see [25], Corollary IV 1.1). Further, for A e € _\[-1,+1] we have

1

(2.4) 2D = det WD = det[T-ABO-T) '] =

det[I - A(A—T)']

it

Bl = A(M),

and therefore A(X) € R for e R\[-1,+1]. By the inversion symmetry of the pair
(T,B) (see Theorem1.1) astraightforward application of formula (III 6.4) yields

(2.5) A = A=A, A e C\[-1,+1].
So A is real-valued on the imaginary axis as well.
Since for a trace class operator K the operator I-K is invertible if
and only if det(I-XK) # O (cf. [62], Theorem 3.3.13), it is clear that
G(AWIT)\[—1,+1]= {} e Cm\[~1,+1]: W()) is not invertible} =

={} e ¢ \[~1,+1]: A(}) = O}.

From (2.4) and (2.5) one sees that A()A) = A(mi). Since A is analytic on

€ \[~1,+1], the Cauchy~Schwarz reflection principle yields that A(}A) is
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real for imaginary A. Since A(0) = 1, A(») = det A > 0 and A is continuous
on the extended imaginary line, a simple argument involving connectedness

shows that A(A) is strictly positive on the extended imaginary line.

THEOREM 2.1. The dispersion function A has a canonical factorization of
the form

(2.6) A = 5 THEDTY, Re a =0,

where the function H is given by
+io0
(2.7) HQA) = expl-(2ni)”! j (e-0)7" 1og A(t)dtl, Re A > 0,
—joo
and has continuous and non-zero boundary values up to the imaginary line.

In particular, the function 1! has an analytic continuation to € \[-1,0].

PROOF. Take the following properties into account: for 0 < a < } the dis~

persion function A is Holder continuous of exponent o on the extended
imaginary line; on the same line A is positive definite. The theorem is now
clear from a well~known result of MUSKHELISHVILI [59] (see also [61],
Theorem III 4.1). 0O

Another proof of the factorization (2.6) appeared in [40], but this
proof can be simplified with the help of Proposition 1.3, which shows I~V
to be a trace class rather than a Hilbert—Schmidt operator. Still amother
proof can be based on Theorem V 7.2. However, none of these proofs produces
Plemelj's formula (2.7).

For a degenerate indicatrix (i.e., a = 0 for n = N+1) the next propo~

sition provides explicit formulas for the dispersion function A.

PROPOSITION 2.2. Let Hy,H,,H . be the sequence of polynomials defined

0’ 227"
by the following recurrence velation:

(2.8a) (20+1) (1=a ju, (W) = (@+DH Q) + 2H, (03
(2.8b) H W =0, HyG =1, H G = (I-a5)u.

Then for a degenerate indicatrix (L.e., a =0 for n z N+1) the dispersion

function is given by either one of the following expressions:
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N *

(2.9) A = 1-ay + ) a2(2+§)H£(A) f
2=0
-1

uP, (W)
= A

dyu, Ae € \[-1,+1];

+1
I+ I (u-k)—lw(u)du, Xe CN\[-1,+11],
-1

(2.10) AN

]

where ¥ is the even real continuous function on [-1,+1] given by

=4

(2.11) Y = ) a, ()P (H, (1),
2 3 2

2=0
PROOF. Formula (2.9) has been derived by HANGELBROEK (cf. formula (13) of
[37]; formula (23) of [38]). Actually the result has been stated for
0 < ay < 1 and Ianl < a, (n=1,2,...,N), but the proof can be generalized
to the case when a < I (n=0,1,...,N). Another proof has appeared in [48]
(namely, Proposition 1 and Eq. (3.11)).

Next, one writes

1

N Po(w)
A = 1-ay + KZ a, (4+})H (A)[J P, (u)du+ X [ 5 du} =
-1 -1
NN
= 1-aO+~a01-A QZ a, (8+1) J U"A dp -
H -H, (A
- J ‘&fgifigi_l Pg(u)du}v

-1
From this expression formula (2.10) is clear, because for a polynomial h of

degree < 2~1 one has fti h(u)PQ(u)du = 0. [J]

The functions A, H and ¥ and the polynomials (HQ);ZO appeared probably
for the first time in the work of AMBARTSUMIAN [1]. In astrophysics the
equation A(A) = 0 is called the characteristic ecquation, its zeros charac—
teristic roots, the function H the H-function and the function ¥ the
characteristie funetion (cf. [10,65]). Originally Ambartsumian has intro-
duced the H~-functions as solutions of the so-called H-equation

1

(2.12) e =1-y f
H(n)

0

(cf. [1]). To see that for a degenerate indicatrix the function H in (2.7)

Y(VHW)

<
vEun dv, 0 < u £ +1

satisfies Eq. (2.12), indeed, one considers the function
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1

(2.13) o) = HOYAQ) - A [
0

By (2.6) the function ¢ is analytic on € _\[0,1]. Next one inserts (2.10)

Y(v)H(v)

g dv.

into (2.13) and gets

0 1
(2.16) 60 = HO) + AHQ) fﬁ\%":ﬁi‘i - A J y(v) BALZAQ) gy 5 g por,el
21 0

But the latter expression yields an analytic continuation of ¢ to € \[-1,0].
This is clear, because ¥ is continuous on [0,1] and H is analytic and uni-
formly Holder continuous up to the boundary of the open right half-plane.
Thus ¢ has an analytic continuation to € \{0}. Respectively from (2.13) and
(2.14) one gets

1lim d(A) = H(O)A(O) = 1, lim o(A) = H(O) = 1.
A>0,Re A <0 A>0,Re A 20
But then Liouville's theorem applies and ¢(X) = I, A € € . Taking X = -u

in (2.13) the H~equation (2.12) is immediate. Now the connection between
the H-functions appearing in Theorem 2.! and the H-~functions studied in
astrophysics is made explicit.

After its appearance in Ambartsumian's work [1], CHANDRASEKHAR [10]
has studied the H-equation in detail and has employed it frequently. Later

the functions A, ¥, H and the polynomials (H turned up in neutron

o
V120
Transport Theory, often under different names and notations (cf. [54,9], for
instance). The term "dispersion function" and its notation by A are common=—
ly used by neutron physicists.

The connection between solutions of the H~equation (2.12) and the
factorization of the dispersion function in the form (2.6) has been observ-
ed probably for the first time by CRUM [11] (see also Section 40 of [10]).
For degenerate (and to some degree also for non-degenerate) indicatrices
such that the characteristic function ¥ is nonnegative, the complete solu-
tion of the H-equation (2.12) has been found by BUSBRIDGE [8]. The method
used by her is mathematically rigorous. Later it appeared that the condition
that ¥ is nonnegative can be dropped (cf. [58], Theorem 2).

For the isotropic case and for the degenerate anisotropic case
HANGELBROEK identified the dispersion function as a determinant (see
[35,36; 37,38]; also [48] and Proposition ! of [40]1). For the non-degenerate
case the Holder continuity of the dispersion function seems to be new. Here

for the first time this property is exploited to get the factorization (2.6).
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3. The projections P and @

Throughout this section the indicatrix g will be degenerate and non-

conservative, i.e.,

N
(3.1) B(r) = Zoan(n+§)Pn(t) (-1<t<+1); 0< ag < 1, Ian]s ag
n= (m=1,2,...,N).

Then the corresponding pair of operators (T,B) (see (1.4b)) is a positive
definite admissible pair on Lz[—1,+l]. According to Theorem III 5.1 we have

the decompositions
H ®H_ =H oH = LyL=1,+11,

where H = L2[0,1] and H_ = LZE—I,O]. In this section explicit formulas are
deduced for the projection P of Lz[—1,+1] onto Hp along H_ and these formu-
las are related to astrophysical theory (for instance, [10,8]). Analogous
formulas may be derived for the projection Q of L2[~],+1] onto H_ along H_ .
In fact, since Q = JPJ, where J is the inversion symmetry (1.11), any for-
mula for the projection P can be transformed into one for @ and conversely.

In this section H will stand for the H~function and HO’HI’HZ""" for
the polynomials defined by (2.10). By definition

N

Y, = ) a (kt))H ()P ().
k=0

This function is called the characteristic binomial.

N
) ak(k+%)(~l)qu(mu)ﬂ(—u) f v(vvu)"lqk(v)ﬁ(v)h(V)dv;
k=0 0
(3.2) (Ph) (w) = -1 << 0

h(u), 0<yu < +1.

Here QgsQys = - sqy are certain polynomials of degree < N, which are the

unique polynomial solutions of the equation
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1

(3.3) qm()\) = Hm()\) + A [
0

THEOREM 3.2. For every h ¢ Lz[—1,+1] one has

Y(X,u)qm(u)-W(u,u)qm(k)
H=A

H{p)dy; x ¢ [0,1].

(X -1 K
L 2, (1=a)" (k) (=1) "1 (F)H(=u) -+
k=0
I
(3.4) ®Pr)(u) =4 -« J v(v_u)_]rk(v)H(v)h(v)dv; (-1 2u<0),
0
hiyw), 0 < p < +1.

Here TsT sees Ty are certain polynomials of degree < N, which are the
unique polynomial solutions of the equation
N i
(3.5) {kEO (I—ak)} rm(k) =
1
= (l-am)Hm(A)4-Ju
0
1

To prove the above theorems we shall employ a diagonalization of A T.

YOLW T (W) =¥, (A)
= A

H(u)du; X ¢ [0,11.

The following proposition is essentially known (see [38], Egqs (30) and (31);
[48], Theorems 2 and 5; as to formulas (3.8) - (3.9), see [54], Eq. (2.10)).

PROPOSITION 3.3, Put I = [~1,+1] and N = o(AaIT). Then there exists a

finite Borel measure ¢ on N and an invertible operator F from LZ(I) onto
the Hilbert space LZ(NNjof‘o—square—integrable functions on N with the

following properties:

(3.7a) (FAT'TH) (v) = VFR (W5 v e N, he L(D);

(3.7b) J(Fhl)(v)(th)(v)dd(v) = <Ah1,h2>; h],hz € LZ(I);
N

(3.7¢) (FPn)(v) = (l—an)Hn(v); veN, n=20,1,2,...

In terms of a Cauchy principal value one has
i

(3.8) (Fh) (v) = A(V)h(v) - % w-v) Y, WRGYd; v e N, he L, (D,
-1

where X(v) can be expressed in terms of the dispersion function A by
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(3.9) A(v) 1im {{A(v+ie) + A(v—-ie)} =

e+0

f

+1

1-30 + % u(u—v)_lw(v,u)du.
-1

The operator F maps the functions on 1 that are HOlder continuous of
exponent 0 < o < 1 except for a possible jump discontinuity at the point

0, onto functions on N of the same type.

PROOF. Except for formula (3.8) and some notational differences the present
proposition is well-known and the methods to prove it can be found in [38]
and [48]. The existence of the measure ¢ and the operator F such that
(3.7a) and (3.7b) hold true is clear, because h(u) = I-ag is a cyclic
vector of A“lT. By the recurrence relations for the Legendre polynomials
. X 400 X . " - . 5
and the polynomials (Hn)n=0 (cf. (2.10)) and the identity APn (11an)1n
(n=20,1,2,...) one gets (3.7c). As in [38] one computes [F(T-1) Poj(v)
and from the result of this calculation one derives the identity
N *l
(3.10) (Fh) (W) = (I~ag)h(v) = } a (k+§)H (W) | wP ()
0 ok k k
-1

h(-h(v) 4
U=y ’

veN

(cf. Eq. (30) of [38]; note the differences caused by the use of another
cyclic vector). For a polynomial h the following expression is bounded for

HW# velNande>0:

»

hm%mwm%Mme>+mwmw%: &® _ hw-h)

=V =1 =y+1 : -V
U n ie H=v+ie (u_v)2+€2 U

and thus the application below of the theorem of dominated convergence is

justified and yields

+1 +1

h(w=h(), _ .. Jh()~h(v)  h()-~h(v)
f uPy (W= = Lim J wP W T itvige e v el
21 a+0_l

Inserting Cauchy's principal value one gets
N *

= (1= - h(w)-h(v)

(Fh) (v) = (1~ap)h(v) kzo a, (k+3)H, (v) }[ P (W= mdu, vel.

-1
On Lz[“1,+1] one considers the singular integral operators S, and S_, which

are given by
+1
(3.11) (8,h) (v) = lim (ni)”! J (u=vrie) ThG)du, v e [-1,+17.
B ev0
-1
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These operators are well-defined and bounded (cf. [61], Section 3.4.4).
Using (3.9) one gets

N +1

-1
(3.12) (Fh) (v) =A(v)h(v) = } ak(k+%)Hk(v) j£ p(p=v) P (Wh(wdu, veN.
k=0
-1
Next we employ that the set N\I is finite and the measure o is abso-~
lutely continuous on I with bounded Radon-Nikodym derivative

(3.13) (do/dv) = [A2() + n2v2y(v)277!

(-1 < v < +1)

(see [37], Theorem 3 and Lemma 3(iii);[38], Theorem 4 and Lemma 3.3(iii);
[48], Theorem 3 and Eq. (3.12)). So the Hilbert space LZ(I) can be embedded
in a natural and continuous way into LZ(N)G' Since the operators S+ and S_
in (3.11) are bounded on LZ(I)’ the sum at the right-hand side of (3.12)
represents a bounded linear operator on LZ(I). Because A(v)z(dcldv) <1,
the multiplication by A(v) acts as a bounded linear operator from L2(I)
into LZ(N)O' Hence, both sides of (3.12) represent bounded linear operators
from L2(I) into LZ(N)U' Since the polynomials are demse in L2(I), formula
(3.8) is immediate. The last statement of the theorem follows from Theorem
5 of [48]. [

In a similar way one constructs an invertible operator FT: L2(I) -
lm'ﬁ[‘An1 = TNF+ rather than (3.7a). Here TN is the
multiplication operator on LZ(N)U' Clearly, }?‘Jr = FA—I and thus FiT =
= FA_]T = TNF (cf. (3.7a)). So the operator FHr is given by

I
(3.14) (F'h) () = A (W) E) - % V) T,k du; v e N, he L(n),

-1

> LZ(N)U that satisfies F

where A(v) is given by (3.9). Since A maps the functions on I that are
Holder continuous of exponent O < a < 1 except for a possible jump discon-
tinuity at the point 0, onto functions on I of the same type, the operator
F+ maps these functions onto functions on N of the same type. In particular,
one has F+P2 = FAMIPQ - (l—al)_lFPl =H, (1=0,1,2,...).

Next we derive an auxiliary formula for the polynomial HZ in which the
projection P will appear (see (3.15)). Later (see Proposition 3.4 below)
this formula will allow us to describe the action of P* and I-Q on the
Legendre polynomials.

Let P+ be the operator on.Lz(N)g, defined by

,N
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k(v) (v ¢ Nn [0,+=));

i

(B, O )

(P+,Nk)(v) =0 (v e Nn (==,0)).

.. . + -1 T . T * + * .
Then the similarity F (TA ') = TNF yields that F Pp =P, NF , where Pp is
the spectral projection of TA_1 corresponding to its spectrum on [0,+»),
But P* = P*P*. So P, F = F P'P* =P _F P*. By (3.14) one has for all
ut P,o= PP. So P (F = oF Py . By (3.14) on :
h e Lz[—l,+l] and v € N n [0,+):

1
_._1 *

(3.15) Hy () = A(v)(P*Pﬂ)(v) - % vumv) Y (PP ) (Wdus £=0,1,2,. ..

0

. . . * . .
In this expression the functions P P, are Holder continuous of exponent

)4
0 <a<1on[0,1]. (Recall that F+ maps functions on I that are Holder

continuous except for a possible jump discontinuity at u = 0, onto functions

+

on N of the same type. Further, F P*P2 =P, NF+P2') By the proof of
3

P
the auxiliary formula (3.15) we h:&g completed the first part of the proof
of Theorems 3.1 and 3.2.

The proof of the next proposition is inspired by an argument of PAHOR
([60], (2.14) - (2.24)), who derived Eq. (3.3) from (an analogue of) formula

(3.15) but did not give completé proofs.

PROPOSITION 3.4. For & = 0,1,2,... one has
(3.16) (P*Pl)(v) = qm(v)H(v), ((I—Q)Pl)(v) = rl(v)H(v); ve [0,1].

Here the polynomials (qk);:O are the unique polynomial solutions of
ER)

g’ 0=0 ¢

tions of Eq. (3.5). For & 2 0 the degrees of q, and t, do not exceed

max(2,N).

Eq. (3.3), whereas the polynomials (r re the unique polynomial solu~

PROOF. Write qz(u) = H(u)ml(P*Pg)(u) (0O <p<+1; £=0,1,2,...). Since H
is Holder continuous and non~zero on [0,1], the functions q, are Holder
continuous of expoment 0 < o < I on [0,1] too. For X ¢ C\[-1,+1] define

fz(k) by setting

(3.17) H, () = A(VHO) £, (V) -_k£0 a, (k) ()

N } AP, (1) q, (W)H ()
du.

[T
0

Note that this defines f2 as a meromorphic function on €\[0,1] (and not only
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on C\[-1,+1]; see (2.6)), and that the poles of f2 are contained in the set
of zeros of A()A). But all these zeros are simple (see [19], second paragraph
of page 238; for a later proof, see [37], Lemma 3(i); [48], Theorem 3) and
comprise the set N n (l,+x), From (3.15) (applied for v ¢ N n (I,+»), when
A(v) = A{v) = 0) one sees that %ig A(X)H(A)EQ(A) = 0. But then fg is ana-
lytic on €\[0,1].

NexfikgPserve that P*PQ is a real function. So q is a real function
too and fl(k) = fg(A), A e €\[0,1]. In (3.17) one substitutes A = viie
(0 <v <1, g >0). Because q, is Holder continuous on [0,1], a well~known
result of MUSKHELISHVILI [59] yields that for € + 0 all terms in (3.17)
(with A = vtie) have a limit which is Holder continuous on the open interval
(0,1). So if A approaches a point v ¢ (0,1) from either the upper or the

lower half-plane, the function fl has a limit. Write

lim £ (vtie) = o, (V)+iB (v), 0 < v < 1.
2 % 2
e+0
In (3.17) we take the limits as ¢ ¥ 0 for both X = v+ie and A = v-ieg, com~
pute their sum and difference, incorporate (3.15), divide the two resulting
expressions by the non—zero number 2H(v) and get the following linear sys~

tem of equations:

Av) —mu¥(v) aQ(v) A(v)qQ(v)
‘ = 5 0 <v <.
VY (V) A(v) Bz(v) ﬂvW(v)qm(v)

The determinant Az(v) + wszW(v)Z of this system does not vanish (see [37],
Lemmas 3(v) and 4(ii); [38], Lemmas 3.3(v) and 4.1(ii); [48], Theorem 3

and Eq. (3.12)) and therefore the above system has a unique solution, namely
um(v) = qm(v), Bm(v) = (0, Hence, for 0 < v < 1 the number fl(vtie) tends to
qg(v) as € + 0. We may conclude that q has an analytic continuation to
C\{0,1}, where the possible singularities 0 and | are isolated. We shall
denote the continuation by q too.

Since Pk(u)ql(u)H(u) is bounded on [0,1], it follows from (3.17) that

MOHE©)  Lim  q () = 1, (0), BO  lim  q,() = H (0
A>0,Re XA 20 A>0,Re A <0
(for the first limit, employ Eq. (29.4) of [59]; to obtain the second limit,
use the principle of dominated convergence). But A(0) = H(0) = 1, and thus

q, is analytic at A = O,
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To prove that q, is analytic at A = 1, one has to consider two cases.
In case Y(1,1) = Z§=O ak(k+%)Hk(i)Pk(l) = (0, the dispersion function A(})
has a finite limit for A + | and A ¢ [0,1], which does not vanish (see [37],
Lemma 4; [38], Lemma 4.1; [48], page 313). But the sum at the right-hand
side of (3.17) tends to ¥(i,1) =0 for A > I and A ¢ [0,1] (cf. [59],
Eq. (29.4)). Since H(1) # 0, Eq. (3.17) yields that q is bounded in a
neighbourhood of A = 1. But then q, is analytic at X = 1. Next, assume
v(1,1) # 0. If q is not analytic at A = I, then q has an essential sin-
gularity at A = I. According to the Casorati-Weierstrass theorem, for every
¢ € € there is a path I‘C in €\[0,1] such that lqz(k)~cl + 0 for A >~ 1 along
the path Fc, Now one substitutes (2.9) into (3.17). With the help of
Eq. (29.4) of [59] one sees that up to terms that are bounded on the path
FC, the right-hand side of (3.17) has the form

N
kZO ak(k+%)Hk(A)Pk(l)[cH(A)—qu(l)H(l)]1og(A—l); A€ TC, c e €.

Here the branch cut of log(\~1) is chosen to be the half-line (-«,1]. Since
the left-hand side of (3.17) is bounded on Fc’ the above expression has to
be bounded too. But VY(1,1) = Z§=0 ak(k+§)Hk(l) Pk(l)% 0. So forc:#ql(l) a con—
tradiction arises. Hence, also in the case ¥(1,1) # O the function q is
analytic at X =1.

We may conclude that q is an entire function and satisfies
, N }Pk(u)qm(u)H(u)

a, () =1 | a (kHDE Q) | i,

(3.18) Hg(x)==u(mx)"
k=0

0
A ¢ [0,1]

1
r (det A)? as A + = and for r 2 0 the polynomial

(cf. (2.6)). Since H(-A)"
Hr has degree r, it follows that q, is a polynomial of degree < max(L,N).
In fact, for 2 = N+! the degree of q, equals %. The equation (3.3) for a,
is immediate from (3.18) and the H-equation (2.12) (more precisely, the
continuation of (2.12) for u ¢ [~1,01).

From the linear independence of the polynomials (H and (3.3) one

| o e
easily sees that the polynomials (q2)2=0 are linearly independent. So for
every n 2 N the polynomials QgsUyseeesdy form a basis of the linear space
of polynomials of degree < n., But then the uniqueness of the polynomial
solutions of Eq. (3.3) is clear.

Apply the intertwining property " = (I-Q)T (cf. (III 5.2)) and the
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recurrence relation (21+1)TP2 = (2+I)P2+1 + 2?2_1 (L =0,1,2,...) of the

Legendre polynomials. Then

L+1 2
v[(I—Q)PQJ(v) = {5117q2+](v) + ff:Tq2~l(V)}H(v)’ 0 <v <+,

Note that H is continuous and non-zero on [0,1] and (I-—Q)P2 is an LGfunc—

tion. So there exists a unique polynomial r, such that
(3.19) (22+1)vrz(v) = (2+l)ql+l(v) + %qg_l(v); 0<sr <+, £=0,1,2,...

In terms of the polynomials (rm);zo one has the second one of the identities
(3.16). From (3.19) one concludes that for n 2 N the polynomials TgsTyseers
T, form a basis of the linear space of polynomials of degree < n. Finally,
to derive (3.5) from (3.3) one employs (3.19) and the identity

1 1

V- [ vamna = @er wt - { n(i-a o}
k=0 k

0

This identity is immediate from the H-~equation (2.12) and the factorization

z.6). [l

PROOF of Theorem 3.1. Put C = Afl-I. Because the range of P is invariant

under AHIT and its kernel under T, one has

(3.20) (I~-P)CTP = (I—P)AMITP-(I-P)TP = PT - TP.

i

Since T[Tm P] ¢ A[Im P] = Ker Q" and Im(I-P) = Im Q" = H_, ome gets

i

(3.21) Q*BPT = Q"PT = Q'TP + Q" (I-P)CTP = (I-P)CTP = PT ~ TP.

Repeated application of this identity yields

e . .
(3.22) pr-1% = 7 T gfserdtl m=1,2,3,...

i=
So form= 1,2,3,... and h ¢ L2[~],+]] it follows that
+1
o m= 1 a1e 3
®T™h) = u"(Ph) (u) - j v( Lot T hne) -
i=0

N

) ak(Q*pk)(u)(P*pk)(v)dvw
k=0
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m- 1

j=o0 "

o(u) = um, and for ~1 < y < 0 one gets the expression
1

(3.23) (@) (W) = 6 () (BR) () - f v $02200) ()

0

N
- L a, (@"p,) (1) (B¥py) (W) av.

First one replaces the sum Z mulevJ by (vm*um)/(v—u). Next one puts

Observe that this identity is correct for ¢(u) = 1. By linearity it is cor-

rect if ¢ is a polynomial. Since \)(\)--u)_1 Z§=O ak(Q*pk)(p)(P*pk)(v) is square

integrable for (u,v) e [~1,01x[0,1], it follows that for each he L [~1,+1]

the right-hand side of (3.23) is a bounded operator on L2[“1,+¥]. Note that

P is bounded and the polynomials are demse in Lz[nl,+1]_ Hence, formula

(3.23) holds true for all pairs of functiomns ¢ € L2[~1,+!] and h ¢ L [~1,+1].
Put

®5) () + fg v T g a @) (0 @p) dv, ~1<u<0;
) () =
(B, 0=y -+

Then K acts as a bounded operator on L2[—1,+l], Taking ¢(u) = u in (3.23)

one gets
(3.24) TKh = K(Th), h e Lm[—l,+l}.

Since K and T are bounded on L2[~1,+1] and L [~1,+1] is a dense linear sub-
space of L2[~1,+1], the equality (3.24) is true for every h € L2[«1,+1] and
thus TK = KT. But T is a self~adjoint operator with a simple spectrum. By
[66], Theorem 8.1, there exists a bounded measurable function yx: o(T) =

= [~1,+1] + € such that K = x(T). But P~K is a compact operator and the
same is true for P-—P+ (use Theorem III 5.2, Lemma III 5.3 and the iden~
tity P=P, = (}E’p~~1>+)v"1 + P+v“1(1,~v)). So K-P, = x(T) - P, is a compact

operator, which is given by

0 5 0 < p <+l
[®-P)E1(u) =
x( i, -1 £u<0.

Therefore, K~P, is a normal operator. To prove that K~p =0, it suffices

to show that o(K-P?.) = {0}. If 0 # X ¢ o(K-P,), then, by the compactness
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of K-P+, there exists 0 # f ¢ L2[~I,+I] such that f(u) = 0 for p 2 0 and
(W E) = Af(u) for u < 0. Since £ # 0, there is a subinterval (a,b) of
(~1,0) such that x(p) = A for p € (a,b). But then all functions in L2[—1,+1],
which have their support on [a,b], belong to the kernel of K-P, -}, and

thus Ker(K~'P+-A) is infinite dimensional. But this contradicts the com-
pactness of K~P_. Hence, one has c(K-—P+) = {0}, indeed. Thus K = P,.

The theorem is now immediate from (3.23), the identities K = P_ and

+
@) () = (~1)k(P*Pk)(-u) and Proposition 3.4. [J

PROOF of Theorem 3.2. The proof of this theorem closely resembles the proof

of the previous omne. Instead of (3.21) one applies (3.20) repeatedly. With

m

the help of the intertwining property (III 5.2) one gets for ¢(p) = p and

he L,0-1,+1]:

1
(a2 1) = $LaDnIE) - [ O
0

(3.25) N

._] -
< ) o (-a) TI-P)p I (I-Q)p, J(v)dv.
k=0
As in the previous proof one extends this expression to all (¢,h) €
€ L2[~1,+l]><Lm[~1,+l]. The rest of the present proof follows the method

of the previous ome. []

Using the method sketched in the proof of Theorem 3.2, formula (3.25)
(with h(u) = 1) has been found before (see [53,391).

The projection P is related to the so—~called scattering function
S(v,u) (0 £ v,u £ +1), which has been introduced by CHANDRASEKHAR [10].

The relationship is given by
1
-1
(3.25) (Ph) (-n) = } f u o S(v,wh(v)dv, 0 <<+l
0

(see [601, (2.1)~(2.3); [51], (7) - (8)). Explicit formulas for S(v,u) are

now immediate from Theorems 3.1 and 3.2. For example,

N
(3.26)  S(v,w) = 2w T a () 1D ¥q (Wa, (WHEW) .
ook Kk H O
The first explicit expressions for S(v,u) appear in [10] for the case
when N < 2. The general formula (3.26) is due to BUSBRIDGE ([8], (48.51)),

who supplied a rather intricate method to compute what would later be called
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the Busbridge polynomials Qo= s Gye Her calculations were greatly simpli-
fied by PAHOR [60] and later by SOBOLEV [64], who both obtained Eq. (3.3).
However, sometimes their derivations suffer from mathematical incomplete-
ness.

For the isotropic case of the neutron Transport Equation and later for
anisotropic cases too the projection P and an analytic expression for it
are due to HANGELBROEK (cf. [35,36]). For the degenerate anisotropic case
the existence of the projection P has been proved by HANGELBROEK (however,
in literature a full, but different proof first appeared in Section 6.4 of
[2]). For the degenerate anisotropic case an explicit expression for the
projection P has been published by LEKKERKERKER (cf. [481, (5.7)). Because
in [48] eigendistributions are used, actually a formula for FP was supplied,
where F is the diagonalizing map described in Proposition 3.3. In recent
years existence proofs for the projection P have been given for non-degene~
rate indicatrices too (see [53]; a preliminary version of the proof con~
tained in [53] has appeared in Section 6.4 of [21), but for the non~degene-
rate case analytic expressions for P are unknown.

The expressions for P that appear in this section are as expedient as
the ones found in astrophysical literature, From (3.3) the polynomials
Qgodyse sy can be found by expanding 9 Hm and Y(A,n) in powers of X and
solving a system of N+! linear equations in N+1 unknown coefficients of qp
Since the Busbridge polynomials EUTE PERRRPT form a basis of the linear
vector space of polynomials of degree at most N, the determinant of this
system does not vanish. For N < 3 astrophysicists have computed these poly-
nomials explicitly and observed the invertibility of the linear system con-
nected with Eq. (3.3). The polynomials TsTyse e,y can be found in a
similar way with the help of Eq. (3.5).

4. The conservative case

In this section we analyze the conservative case of the one-speed
Transport Equation. We describe the structure of the singular subspace and
for the isotropic case all bounded solutions are obtained.

+1 . . . »

Let a = _: g(t)Pn(t)dt be the n-th expansion coefficient of the
indicatrix §, and assume that a <+l (n=0,1,2,...). By M we denote the
set of integers n for which a_ = +1. Since lim a_ = 0, the set M is finite.

n ¥ n
In particular, if the operators T and B are defined by (1.4b) and A = I-B,

then the kernel of A is given by
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Ker A = span{pn: n e M}.

By a cycle of M one denotes the convex components of M with respect to the
linear order inherited by M from the set of integers, and the length of a
cycle is its cardinality. In other words, a subset {k+l,k+2,...,k+n} of M
is called a cycle of M of length n if and only if k and k+n+l do not
belong to M.

In the proof of the next theorem we need the three-terms recurrence

relation of the Legendre polynomials (pn);:O, Using the operator T in (1.4b)
one has
(4. 1) Tpn =Pyt P (n=10,1,2,...)3 P = 0,

+1 . ~
where o = <Tp ,p > = fwl upn(u)pn+l(u)dv i? a non-zero real constant.
Its precise value is a, = %(n+])[(n+%)(n+§)] 2 (cf. [68]), but for our pur—
pose this value is of no concern. The next theorem describes the Jordan

structure of the singular subspace HO of the pair (T,B).

THEOREM 4.1. Let m(M) be the number of elements of M, and let c(M) be the
number of its cycles of odd length. Then the dimension of the singular
subspace Ho equals m(M) + c(M), the number of Jordan blocks of 1A of
order 2 at A = 0 equals c(M) and the number of Jordan blocks of 77 1a of
order 1 at X = 0 equals m(M) - c(M).

PROOF. In this proof we give an explicit description of a basis of HO with
respect to which TmlA!H has the Jordan normal form. From Proposition III 3.2
we know that T_]AIH does not have Jordan chains of length > 2, and knowing
this greatly simplifies the proof. It is important to observe that HO con~
sists of polynomials only.

We cut the proof into the proof of four separate statements.

1. If n+l € M, then there does not exist a polynomial of degree n in
the range of T 'A.
Indeed, assume that f = TalAg, Then on the one hand <Tf,pn+1> = <Ag,pn+]> =
= <8uAPp> = (72, D<8eppy
nomial of degree n, then Tf is a polynomial of degree n+l, and thus

= 0, On the other hand, if f would be a poly-

<Tf,pn+1> # 0. Contradiction.

-1
2. If {k+1} Zs a cycle of M of length 1, then for Vi = (t=ay o) o

1 -1
and Y = (lwak) ay one has T A(Yk+2pk+2+YkPk) = Prsq
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Certainly,
(4. 1).

= % and the statement is clear from

A0 9P o™ Vi P) = Pt 1 Pra 2t P

3. If {k+1,k+2,...,k+2n+1} Zs a cycle of M of length 2n+l, then for

i PP
a and Yy = (1 ak) o, one has

Viezns2 = 720004090 %eone k

n %+ 2%+4° 7" Yke2n

(4.2)
e 1 %37 Pa2ne 1

._1 =
T A(Yk+2n+2pk+zn+2+(‘” ’kpk) )

n
= rEO ErmIP )y

where Eo(k,n),gl(k,n),.u.,gn(k,n) are complex numbers.

Put En(k,n) = 1 and

el

-m Pkt 2me 2 Ykt 2m 4

e 2mt 1 e+ 2m 3

k+2n (m=0,1,...,0-1).
k+2n—1

g (n) = (1)

.0
Then, using the recurrence relation (4.1), one has

n

v - - n a
' réo S 0OmI Py et = Nesone Plesznea’ (1)

e

ke 1%+37 " Ykt 201

Py

which settles (4.2).

bo If {k+1,k+2,...,k+2n} Ze a cycle of M of length 2n, then there does
not exist a polynomial £ of degree k+2n in the range of'TmlAAsuah that
<f,pk> = 0.

Suppose f is a polynomial of degree k+2n such that <f,pk> = (, and assume
that there exists a polynomial g such that Tf = Ag. Then for certain coeffi-
cients one has

k+2n k+2n+1

£= ] Ty Tppon ¥ 05, =05 g= ] nop.
s=0 r=0

Inserting (4.1) into the equality Tf~ Ag = 0 one gets that

k+2n
o

k2n*k+20Pk 2001 7 S=E+1(€s—las—l+§s+l §Ps ”

" Merone 1 7 on4 1) Praone

is a polynomial of degree < k, where is assumed to be zero. Using

s
k+2n+1
that Ly = 0 and o #0 (m=0,1,2,...) one successively concludes that
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0 0. Contradiction.

Cren =05 Cpag = Ooeeenlyyon p = 0 Lo, =

From the four statements we have proved that a basis of the singular
subspace HO, with respect to which T—]A‘HO has the Jordan normal form, is

given by the following set:

{pr: r ¢ M, but r is not the maximum of a cycle of M of odd length}

(4.3)

o Oy ;eeaO
n  K+2 k+4 k+2n

n
U(ﬁ{n) {rZo Er(OmIPry g1 Yir 2n+ 2P 2ne2 ™ 1) Ykpk}'

Y 1%+3° " " Y4 2n-1
Here we take the union over all pairs of integers (k,n) such that {k+1,k+2,

«ee,k+2n+1} is a cycle of M. []

We emphasize two quite unexpected peculiarities. First the number of
Jordan blocks of T_IA of order 2 and the number of Jordan blocks of order I
at A = 0 only depend on the set M = {n20: a = 1} and not on the expansion
coefficients a that are strictly less than 1. Secondly, the singular sub-

space H, itself and the Jordan basis of T_IA]HO only depend on the set

0
M = {n20: a = 1} and the coefficients ay and CHIP for which {k+1,k+2,
...,k+2n+1} is a cycle of M of odd length 2n+l.

Observe that the basis (4.3) of HO consists of even and odd functions
only. Recall that an inversion symmetry of the pair (T,B) is given by the

signature operator J, defined by

@h)(u) = h(-w), =1 < p < +1,

Then the subspaces H; =1{h e HO: Jh = h} and Ha = {h € Hy: Jh = -h} consist
of the even functions of HO and the odd functions of HO’ respectively.

Therefore, the basis (4.3) has the special form described in the proof of
Theorem IIT 7.2.
The physically most relevant conservative indicatrices g have the

property that a, = | and a < 1 (m=1,2,3,...). Then M = {0}, HO =

0

= span{po,pl} and a basis of H_ with respect to which T A]HO has the

0
Jordan normal form, is {po,%(1~a})~1/§'p]}, and this basis consists of

only one Jordan block. Also for anisotropic cases this fact has been noticed
by MASLENNIKOV (cf. [501).

Now we turn to the isotropic case when the indicatrix equals g(t) = ic
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for some 0 < ¢ < 1 and the pair (T,B) in (1.4b) has the form
+1

(Th) (W) = vh(n), @G = jc I h(v)dv; ~1 <u
-1

A

+1,

For 0 < ¢ < | the pair (T,B) is positive definite; for ¢ = | it 1s singular
and semi~definite. We now specify Theorem 3.1 and the H-equation (2.12) for

the non~conservative isotropic case.

PROPOSITION 4.2. For O < ¢ < 1 the projection P of H = L
along H_ = L2[~I,0] s given by

2[~1,+1] onto Hp

o (u) s 02 u s+l

(4.4) (o) (w) =

i

jc fé vv=)  THERHG) $()dv, -1 < < O

The H-function appearing in (4.4) is a solution of the H-equation

-1 H(v)dv
(4.5) H(p) =1 - jcu f —%;%r~, 0 s u s+l
0
PROOF. For the isotropic case one has ag =c and a, = 0 (n=1,2,...). So

for the polynomials defined by (2.8) one has Ho(u) = | and HI = (l~c)u. The
characteristic binomial is given by ¥Y{(v,u) = %aOHD(v)PO(u) = e, Now (4.5)
is immediate from (2.12). From (3.3) one gets the Busbridge polynomial

qo(u) z 1. Formula (4.4) is a straightforward application of Theorem 3.1. []
Next we deal with the conservative case ¢ = 1. Then we have

THEQOREM 4,3. For c = 1 the projection P of H = Lz[—1,+1] onto Hpe span{po]
along H_ = L2[—1,O] exists and is given by

o (n) s 05y s+g
(4.6) ®e) (u) =

l%fé v

H{(=wHM®)¢(v)dv, ~1 <y < 0.
Here the H~function H is analytic on G\[~1,0], continuous and non-zsero on

C\[-1,0), has a simple pole at infinity and satisfies the identity

1 i

4.7y AQA) = H() H(-A) ', Re A =0,

where h is the dispersion function. The function H also satisfies the
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H~equation
1
4.7 B = 1 - g f
0

H(v)dv

i 0 < u < +1.

PROOF. From Theorem 2.2 one computes that for 0 < ¢ £ 1 the dispersion func~
tion is given by

+1

ALY = 1+ jer J -0y, A e e AI-1,+10.

-1
Then for 0 < ¢ < 1 the function /\.C has two simple zeros vc > +1 and vc < =13
for ¢ 4+ 1 one has v, ot If ¢ = 1, then Ac has a double zero at infinity
only. (These properties are easily derived from the monotony of AC on
(1,+»), They are well~known.) Further, AC(A) + A(A) as ¢ + I, uniformly in
A on the extended imaginary line.

From Theorem 2.1 it follows that for O £ ¢ < 1 the function AC ig
Holder continuous of exponment 0 < o < } on the imaginary line (in fact,
direct computation shows the Holder expoment to be a = 1). Hence, the func-
tions vi(vi~k2)_l(1~A2)Ac(k) (0 < c < 1) and (I—AZ)A(A) are Holder continu-—
ous and strictly positive on the extended imaginary line, while

] vi(lmAz)
lim  sup T

A ) - a-25a) ] = 0.
ctl ReA=0 \)C—A ¢

By Theorem III 4.1 of [61] the function (l—Az)A(k) has a canonical factori-

zation with respect to the imaginary line, namely

1 1

(1=-300) = (+0EM ™ (=0EEDTY,  Re A = 0,
where H is described in the statement of this theorem. Using the stability
of a canonical factorization (cf. [61]; Section I.5) one sees that

v (1+})

. C e
lim Tﬁ— HC()\)
ctl c

1 I

- (1+2)H() | = 0,

uniformly in X on the closed right half-plane. Here Hc denotes the H~func-
tion for 0 < ¢ < 1. But then IHc(p)-H(u)] + 0 as c 4 1, uniformly in p on
[0,1]. Employing (4.5) the H-equation (4.7) is clear.

It remains to prove (4.6). This proof involves a stability argument.
Because we shall use (spectral) projections connected to the pair (T,B) for

several values of the parameter c, we shall often use the subscript ¢ to
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avoid possible confusion. Consider the operator P given by (4.6). Clearly,
this is a bounded projection with kernel H_. Substituting ¢(u) = 1 into
(4.6) and employing (4.8) one easily shows that P¢ = ¢, and thus span{po} =
< Im P.

Let T be the positively oriented rectangle with vertices ~i, 2-i,
2+i and +i, and let Fe be the line obtained from T by omitting the segment
from +ie to —ie, with its orientation inherited from I' (0 < e < 1). Fix
0 < ¢, < I such that for ¢

0 0
the inner region F,of I'. Putting Ac = I-—c<-,p0>po one defines the bounded

< ¢ < 1 the zero Ve of l\c does not belong to

projection P by
I',c

1

P h = lim (=21i)"! J (T—AAC)“ Ahdh; hel,[-1,+17, cj<es<l.

T,c 0
e+0 T
Then PF L= Pp (cf. Proposition III 3.3) and for g < ¢ < 1 the operator
? -
PF c is the spectral projection ACIT corresponding to the part of its spec—
E

trum on the interval [0,1]. One has

(4.9) iﬁl "Pr,c“Pp" = Q.

To see this, one first computes.that for =1 € u < +1, X\ ¢ [~1,+1] U{vc,—vc}
+1

J =0 "Th(vydv.
-1

-A(A)m1! + 0 as ¢ + 1, uniformly in A on T\{0}, formula (4.9)

Cer-2a) 7RI = 6o 7 ThG) = fean 007 =0

Since |AC(A)'"1
is clear. From the identities (4.9) and “PC-PH + 0 as ¢ + 1, where P, is

defined by (4.4) and P by (4.6), one gets

and thus Hp < Im P. Therefore, Hp ® span{pO}CZIm P. By the considerations
of Section III.7 one has Hp€>span{p0}49H_ = H = L,[~1,+1]. Thus Im ? =
= Hp @ span{po}, and formula (4.6) is established. T[]

Using other methods rigorous proofs of the H-equations {(4.5) and (4.8)
have been given by BUSBRIDGE [8]. Expressions for the projection P have
been provided by HANGELBROEK for the case 0 < ¢ < 1 (see [35,36]) and by
LEKKERKERKER for the case ¢ = 1 (ef. [47]), but their expressions involve
a diagonalization operator as an ‘additional factor. Formulas (4.4) and (4.7)

seem to be new.
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5. The Milne problem (the isotropic case)

In this section we study the Milne problem in an isotropic medium. In
Section IV.3 we constructed the solution of the Milne problem in an abstract
way (cf. Theorem IV 3.5). Specified for the conservative isotropic case the
Milne problem amounts to obtaining all (locally integrable) polynomially
bounded solutions in L2[-1,+1] of the integro-differential equation

+1
(5.1a) u%%(X,u) + Y(x,p) = 4 f Y(x,u")dp', 0 £ x < 4w,
-1
with the boundary condition y(0,u) = 0 (0 < y < +1). To normalize a solution
we impose the extra condition
+1

(5.1b) lim J W (x,u)du = -iF,
xortoo

where F denotes the radiative flux coming from the interior of the star
(cf. [10], Eq. (86) of Chapter I). By Theorem IV 3.5 all solutions have

the form

17 'a -1
(5.2) P(x) = e xp + (I-xT A)xo, 0 < x < +»,

where x, € [HP$H_]f1H0, x, € Hp

tion P of L2[~1,+1] onto Hp$ span{po} along H_

and xp+x0 € H = L2["1,0], Using the projec—
Lz[nl,O] (see Theorem 4.3)

one gets
(5.3) P(0) = xpi-xo = (InP)xO, Xp = -PXO.

To insert the flux condition (5.1b) one computes that for e(u) = 1

the identity

+1
j wp(x,u)dy = <TP(x),e> =
(5.4) -1
=17 1A
= <Te xp,e> + <Tx0,e>-x<AxO,e> = <Tx0,e>

holds true. Note that we used that T[Hp] c Im A = (Ker A)~L and Ae = 0. So
. . + . . .

the radiative flux Zf_i wp(x,u)dy at optical depth x within the stellar

atmosphere is a constant ~F that does not depend on x € (0,+»). (The phy~-

sical explanation of this phenomenon is the absence of absorption within
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the medium; see [10], Chapter I.) Hence, from (5.1b) and (5.4) one gets
+1
(5.5) F o= —2<Txo,e> = =) [ uxo(u)du.
-1
The next theorems provide the solution of the Milne problem in the

isotropic case.

THEOREM 5.1. For x = 0 the solution of the Milne problem is given by

(5.6) ¥(0,w) = {FV3 H(-w), ~1<yp <o.
Moreover, Y(0) = xp+x0, where x belongs to Hp and %y € [Hp@H_]r\HO 8 given
by
i
(5.7) xo(u) = %F{%/g J vZH(v)dv—-u}, -1 € u < +1.
]
PROOF. Let e(u) = 1, and recall that HO = gpan{e,Te}. So the vector X,

appearing in (5.2) to (5.5) has the form Xy = F(te - iTe), where (5.5) has
been taken into account and £ is some constant to be determined later. From

Theorem 4.3 and the identity (I-P)e = 0 one gets
1
Y(0,u) = IF[(I-P)Tel(n) = %FH(~u) J v(v—u)ﬂlﬂ(v)vdv =
0

= %FH(wu){ J VH{(v)dv + f v(v—u)mlH(v)dv}, -1 <y < Q.
0 0

But Pe = 0, and therefore
1

(5.8) U{(0,p) = gFH(“u) J VH{v)dv, -1 <p < 0.
0

Next, recall that Ho = gpan{e,Te}l and Hl

= T[HO]L = {Te,Tze}i. Since
<T2e,e> = <Te,Te> = %, one easily checks that

Poh = %{<h,T2e>e + <h,Te>Te}, h ¢ L2[—1,+1].

Now Xg = Pow(O), Therefore,

i 1 i
Xo(u) = %%F [ vH(v)dv{JvZH(v)de-u f vH(v)dv}, -1 £ u <+,
0 0 0



With the help of the identity xo(u) = F({- 2u) one gets
iF = %%F[fé H(v)dv]z-g, and thus

1

2
vH(v)dv = 3/3

0
(cf. [81, (12.15)). But then (5.7) is clear. Finally one simplifies (5.8)
to get (5.6). [

THEOREM 5.2. For 0 £ x < += the solution of the Milne problem is given by

+ %Fu_1 fé e /u J(y)dy, 0O <wu
(5.9) Y(x,u) =
- %Fu-l f;me_(x_Y)/u J(y)dy, -1 =<u<0.

IA

s

Here the comnection between the function J and the H-function is given by
Foo
(5.10) /5[ M S(s)ds = wHQW), 0 < < .
0
PROOF. Using the equivalence theorem of Section V.3 one transformsEq. (5.1a)
(with boundary condition ¢(0,p) = 0, 0 < p < +1) into the convolution

equation
400

(5.11)  p(x) - % J <P(y),e> H(x-y)e dy = 0, 0 £ x < +o,
0

where e(u) = 1 and H(t) denotes the propagator function. Putting J(x) =
= (gF)m1<w(x),e> (0 £ x < +o), one obtains (5.9). Comparing the solutions

(5.9) with (5.6) one gets (5.10). [

The first results on the solution of the isotropic Milne problem are
due to MILNE [55], who reduced the equation (5.1a) to the Schwarzschild-
Milne integral equation

oo
(5.12)  J(r) ~ 3 J Ei(t-s)J(s)ds = 0, 0 < t < +=,

0
where Ei(t) = + me znle_zltl dz is the exponential integral function. In
the present terminology Eq. (5.12) is immediate from Eq. (5.11), because
Ei(t) = <H(t)e,e> (0 # t € R). A study of the unbounded function J has
been made by HOPF (cf. [42], Chapter II; see also [8], Chapter 4). From
(5.2) and the identity J(x) = (%F)_1<w(x),e> we see that
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it

1
J{(x) (%F)ml{<x0,e>-x<Tm1Ax0,e>+~<e—xr Axp,e>} =

(0 < x < +)

..u]
= (%F)"l{F(g + %X) ¢ < ¥t Axp,e>} = x+q_+[q(x)-q 1,

where q_ = %E {/g fé vzﬂ(v)dv (cf. (5.7)) and q(e)-.qm is an exponential=—
ly decreasing function. The function q is the so~called Hopf function and
has been studied in detail in [42] and [8]. Formula (5.6} has been found

by CHANDRASEKHAR with the help of principles of invariance (cf. [10],

Eq. (52) of Chapter IV). Later LEKKERKERKER applied the method of singular

eigendistributions to the Milne problem (cf. [471).

6. The finite~slab problem (the isotropic case)

In this section we solve in an analytic way the finite-slab problem
in an isotropic medium. In fact, we assume that g(u) = lc, where 0 < c < 1.
The analytic solution will require two auxiliary scalar functions XT and
YT that are defined on [0,1]. To define these functions let Ei and Eiz be
the exponential integral functions
00 00
Bi(t) = f z‘"le“'t‘zdt, ‘ Ei, (t) = I z'ze”mzdt; t ¢ B\{0},
1 ) 1
and consider the comvolution equation
T
(6.1) xr(t)-"%c [ Ei(tws)xT(s)ds = leBi(t), 0 <t <7,
0
Since ic fi:lEi(t)ldt = ¢ IBT Ei(t)de = c[l-Eiz(T)] <1 {0 <c=1 and
0 <1 <+wy 0 < e <1 and v =+o), it is clear that Eq. (6.1) has a unique
solution X € LI(U,T), which is nonnegative. Hence, for 1