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PREFACE

The main results of this monograph concern the general structure of the set
of first order equilibria and of the set of first order critical Pareto

points in a pure exchange economy with £ commodities and m consumers.
Starting from the assumption that each smooth function represents a pre-
ference relation we have defined, making use of transversality theorems, a
dense set T of utility tuples.

Given u € T there is a dense set of initial endowments r elem for which
the set of equilibria is discrete without co-called disastrous allocations
and a dense set of total resources w eZIR2 for which the critical Pareto set
is a submanifold of dimension m - 1, also without disastrous allocations.
Since T is dense in the Cm—topology it is also dense in the Co-topology.
This implies that, even if the only assumption we make for the preference
relations is continuity, the set of equilibria is "in general" discrete and
the set of local strict Pareto optima is "in general" contained in an (m-1)
dimensional submanifold.

Turning our attention to the set 8 of local strict Pareto optima we cbserve
that the so-called generalized Hessian Hz plays an important role. If

each utility function satisfies the classical assumption of local strict
convexity the Hessian is definite negative everywhere which implies that
eex coincides with O, being the intersection of an (m-1) dimensional sub-
manifold ecr with a closed set.

The set T contains all m-tuples of utility functions satisfying local con-

vexity.






CHAPTER 1
INTRODUCTION

1.1. Commodities, prices and preferences

In this monograph we consider a pure exchange economy without producers.
There are £ durable goods and m agents. We assume £ 2 2, m 2 2.
Each point x = (xl,...,xm) G:le represents an allocation, where

xi==(x;,...,xf) e R' is the commodity bundle of agent i (1 < i < m). We

assume that for each agent the whole of ZRI is his consumption set, the set

of possible commodity bundles. For a more elaborate discussion of the terms

"goods", "consumption sets" and the sign convention, concerning x3 < o,

! . i
i =0, xi > 0, see Debreu [1].

With each commodity, say the h-th one, is associated a real number, its

X

price ph. The price ph may be positive (scarce commodity), null (free com-

modity) or negative (noxious commodity). The price system is the &-tuple
1 2 2

P=(P seeesp ) € R,

The value of a bundle a = (al,...,az), relative to the price system p, is

the standard inner product
pea :=

We assume p # 0. Two price systems pvand q are equivalent if there is some

positive A € R such that q = Ap. Hence, if we take a price system p, we
-1

always choose p € S , i.e. pop=1.

Each point (x,p) EZREm X SJL'_1 defines a state of the economy.

Given two bundles a and a' in ZRl one and only one of the following three

alternatives is assumed to hold for agent i:

(1) a <8 preferred to a';
(2) a <s indifferent to a';
(3) a' ig preferred to a.

It is convenient to introduce a preference relation S on I& for agent i.
i

Then the foregoing alternatives read as follows:



(1) a'$a and —(a $a");
i i

(2) a'fa andasfa';
i i

(3) a S a' and —(a' £ a) .
i i

The binary relation £ is assumed to be reflexive and transitive.
The preference relation £ is said to be continuous if for each a'eZlR2 the
sets {ac R' | a -ia a'l a;d {a e ® | a' § a} are closed.
If ? is continuous, there is a continuou; function ui::lR2 -+ R satisfying for
all a, a':

a' ? a if and only if ui(a') < ui(a) .
For a proof see Debreu [1], page 56-59.
Such a function u, is called a utility function, representing the preferen-
ces of agent i. In order to use the calculus of differentiable manifolds
and maps we assume utility functions to be smoot#Z. See Chapter 2.
In economic literature several assumptions are proposed about preference
relations and, consequently, utility functions, the relevance of each of

them being a matter of taste or realism. We mention here:

(1) nonsatiation, i.e. for each a GZRR there is some a' EJRQ preferred to a;

(2) convexity, i.e. for each a ¢ B the set {a' ¢ R' | u; (a') 2 ui(a)} is
convex;

(3) monotonicity, i.e. ui(a') > ui(a) whenever a' # a and ah > ah for allh.

We do not make any of these assumptions. In our model the class of utility

functions coincides with the class of smooth functions :R2 -+ R.

Given some utility function u, and some bundle a, the set of points a',
preferred to a by agent i, can have locally different shapes depending on

the gradient

To get some insight in the possible situations we assume for the moment
ui(a) = 0 and & = 2. Then, up to degeneracies one has the following pic-

tures:



A) Here Dui(a) # 0. Agent i has a
clear idea in which directions to
move in order to increase his

u. =0 utility.

B) The same picture as (A) but Dui(a) = 0. It is possible that some other
utility function, representing the same preference relation, has a

gradient # 0 at a.

C) Here Dui(a) = 0 and the point a
represents a local minimum for uy .
Each direction improves the posi-

tion of i.

D) The point a represents a local

maximum for u, . This situation is
described as local satiation.
E) ' The point a represents a point of
doubt. 1If some direction improves
=0
i

the position of i, its opposite

direction equally does.

1.2. The set of equilibria

Now we assume that agent i is endowed with some Znitial bundle r, € m&.
Then, given some price system p € Sl—l, he faces his budget set

L

gi(P:ri) = {xl € R poxi < p.ri} .

It will be his aim to maximize his utility function u, on this budget set.

i
If such a maximizing bundle exists we can find it in the set Ei(p,ri) of

points xi € Ei(p,ri) for which there is some Ai 2 0 satisfying



Dui(xi) = }\iP '
1.2.1. ‘
)\ip- (xi—ri) =0.

Given initial bundles r = (rl, . ..,rm) and utility functions u = (ul,.. .,um)
the set E__(r,u) of extended equilibrium states is defined by:

(x,p) € Eex(r,u) if and only if

m
x; € Ey(pory)ly -

See also Smale [15].
The first condition is inspired by the definition of pure exchange econo-
mies, in which allocations are admissible if and only if they can be ob-

tained by redistribution of the total resources Z?_ r;, given by the ini-

tial endowments. '
The second condition is the first order criterion which implies that each
agent i finds himself endowed with a bundle in his budget set which is a

possible local maximum for u, . Hence the adjective "extended".

Given an economy, defined by (r,u) = (rl, ...,rm FUgre. .,um) , we also con-
sider the set Ecr(r,u) c ]le X S'Q'_1 of critical equilibrium states (x,p)

for which the following holds:

m
there are reals Ai]i such that Du, () = Ay pl

m

=1 i=1"

Then, as is easily seen, Eex(r,u) c Ecr(r,u) .

The system (1.2.3) consists of £ +m -1 +mf equations in m+mf + £ -1 unknowns
(A,x,p) . Roughly speaking there is in general locally one solution (or none),
so the set Ecr(r,u) is 'in general a discrete one.

To make more exact the notion of the vague statement "in general"” we use
methods of Global Analysis, especially of transversality theorems. See for

instance Golubitsky and Guillemin [6], - Hirsch [9], or Dierker [2].



We topologize the set of economies (r,u) in a suitable way. See Chapter 2.
Our first attention is to a certain set T of utility tuples. This set is
introduced in Chapter 3. For this set T we are able to prove the

General result I:

T 78 dense and for each u € T there 18 a dense set of initial endowments r

for which E_ (r,u) 18 discrete.

Since the set of smooth functions in its turn is dense in the set of con-
tinuous functions it follows that the assumption of smoothness for utility
functions is not too bold.

Moreover, the question whether T is also open, is in this context less in-
teresting, since in the set of continuous functions no neighbourhood is
filled up by functions satisfying some differentiability condition, whereas
openness of T by its very nature may only be studied in the set of at least

twice differentiable functions. See Chapter 3.

Smale [15] restricts the consumption space of each agent to the closure of
the positive orthant of :Rz and, using only utility functions with non-zero
gradients proves also for a certain set Y of utility tuples that it has the
desired properties: there is a dense set of r for which Eex(r,u) is discrete.
Y itself is dense.

His methods are based upon the existence of the normed gradients

Dui(xi) 4 2
Toa. T where [[vll := (vev)? , veR .
i1

As will be shown in several examples there are many pairs (r,u) for which,
according to our results, the set Ecr(r,u) is discrete, and contains states

(x,p) for which some bundles x, are étationary points for the corresponding

i
utility function u, .
Moreover, we shall show that our methods, applied to utility functions

satisfying Smale's no-critical-point hypothesis, lead to the same set of

economies as obtained by Smale. So, our results generalize those of Smale.



1.3. The set of Local Pareto optima

A second topic in pure exchange economies is the set of local strict Pareto
optima:

Given some w e:Rl, being the total resources in the economy, and utility
functions ui one considers the set 8(w,u) of admissible allocations x E:le

for which the following holds:

There is an open neighbourhood 0 CZRzm of x such that for each admissible

allocation y € 0, y # x, there is at least one i such that ui(yi) < ui(xi).

In this context prices, and consequently budget sets, are not involved and
the only criterion for redistribution of w is non-decreasing of utility.
So, given some admissible allocation r, agents are willing to accept some
admissible allocation x if and only if ui(xi) > ui(ri)]?=1. If we take into
account that such redistribution has to be realized by exchanging small
amounts of goods, it seems reasonable to assume that no trade takes place
from r € 6.

It will be shown that x € 8 implies (x,p) € Eex(x,u) for some p € 82-1.
Acting in the same spirit as in the definitions of equilibria we introduce

sets eex(w,u) and ecr(w,u) as follows:

(1) x € Gex(w,u) if and only if x is admissible and (x,p) € Eex(x,u) for

some p € s£~1.

(2) x € ecr(w,u) if and only if x is admissible and (x,p) € Ecr(x,u) for

some p € Sz-l.

Hence 6 < 6 co .
ex cr

The conditions

_ m
Dui(xi) = Aip]i=1

constitute a system of % +m equations in m+ fm+ 2 -1 unknowns (X,x,p), the
solutions of which determine points x € ecr. In general the set of solutions
is parametrized by m- 1 variables.

This leads to the following general result II:



If u e T there is a dense set of total resources w, for which 0oy (Wen) i8 a

submanifold of dimension m-1.
For the definition of submanifold see Chapter 2.

It will be shown that eex is the intersection of ecr with a closed set.
Hence the set eex and a fortiori the set 6 may not be a submanifold.
Moreover, if one restricts the consumption sets to the open or closed posi-
tive orthant in IRz, the precise description of the structure of 8 or eex
is a complicated affair. It turns out to be necessary that one invokes the
theory of stratified manifolds with corners. See for instance Wan [23],
Smale [17], or Schecter [11]. We do not enter into these problems. We only
remark that, as for the structure of ecr our results generalize those of

Smale [16] in the same sense as described in the case of equilibria.

1.4. Disastrous allocations

Omitting the no-critical-point hypothesis leads to some special effect. If
all of the utility functions uj have some critical point, say zi, then

-1

m
(z,p) € Ecr(z,u) for all p € S and z € Gcr(w,u) for w = I, Z,.

We may consider such a point z as disastrous for the econom;.lNo;e of the
agents has some specified short run demand, indicated by the direction of
the gradients Dui(zi), being all zero.

It will be shown that for the set of pairs (r,u), (w,u) respectively, in-
dicated in the general results I and II there are no admissible disastrous

allocations.

1.5. Survey of the contents of this monograph

In Chapter 2 we give a summary of some standard material of global analysis,
contained in Sections 2.1 until 2.4. Section 2.5 is devoted to a proof of a
well-known theorem on local Pareto optima. This proof is based upon methods,
used by the author in his paper [5]. 1In Section 2.6 a submanifold T is
introduced, which plays an important role in the sequel.

Chapter 3 contains the definition of the set T and the proof that T is

dense. Furthermore, a discussion about the openness of T is given in 3.6.



The proof of the general result I is the main topic of Chapter 4. Moreover,

we introduce some subsets of T, which are open in the set of utilities u.

Chapter 5 is devoted to the proof of the general result II and some criteria
for points in ecr on which one can decide whether they are points in 6 or

not, are discussed.

Chapter 6 contains some elements of trade curves. The introduction to this
topic is postponed to the first section of Chapter 6.

1.6, Some examples

Before we end this chapter we present some standard illustrative pictures,
intended to give an impression of the relationship between equilibria and
Pareto optima.

We assume £ = m = 2 and use the so-called Edgeworth-box in R?. see also
Debreu [1], Hildenbrand-Kirman [8], Dierker [2], Smale [16], and many other
authors.

The horizontal axis represents quantities of commodity I and the vertical
quantities of commodity II. Let w e:Rz be the total resources in the eco-
nomy. We measure quantities for consumer 1 from the origin and quantities
for consumer 2 from w. Then each point in Ig represents an admissible
location. For instance, the origin corresponds with the allocation

(0,w) e:m%, whereas w represents the allocation (w,0) eZR4. Points within
the open rectangle through 0 and w and sides parallel to the axes corre-
spond with allocations (xl,xz) in the positive orthant. The closure of this
rectangle is generally denoted as the Edgeworth-box. We do not confine our-

selves to these allocations, so our set of allocations is the whole of IRZ.

Given utility functions u, and u,, through each point in :Rz there pass two
curves, the indifference curves for u, and u,, indicated by a solid curve
for L and a dotted curve for Uy If we consider equilibria we indicate the

initial bundles (rl,rz) by the initial bundle ry.

Each allocation (xl,xz) is indicated by the bundle x .

(1) 1If uy and u2 both satisfy strong convexity assumptions we have pic-
tures as in Figure 1.



(2)

II

Figure 1.

Edgeworth box for strongly convex utility functions.

Obviously, each point where the indifference curves are tangent is a
point of eex and even a point of 6.

The set 8 is the curve, denoted by Edgeworth's contract curve (o-o-o),
passing through all these tangent points.

Given r,, one finds the equilibria (x,p) by selecting those points Xy
on 6 where the common tangent passes through ry, as is the case for Xy

and ¥y but not for Zy .

In Figure 2 the utility functions satisfy weak convexity conditions.
The set of equilibria contains a one-dimensional set. Intuitively one
sees that a slight perturbation of the utility functions breaks down

the whole structure, in accordance with general result I.

11
A

II

Figure 2.

Edgeworth box for weakly convex utility functions
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(3) 1In Figure 3 the utility functions do not satisfy convexity conditions.

II
A
I
w
II
.I'
1
> I
Figure 3.
Edgeworth box for concave utility functions.
The indifference curves u = 2 and u, = 1 are tangent at Xy and Xy is

a point of ecr' Clearly Xy is not a point of O since each point in the
shaded region is better for both of the agents. Equally Xy does not

correspond with an equilibrium since uy and u, both increase along the

line Xx,.
(4) In Figure 4 the function u, satisfies the convexity condition but u,
does not.
II 5
u.=
1 \
A & W
e u2=1
II
oz,
> I
- Figure 4.
Edgeworth box for u, convex and u, concave.




(5)

11

As one sees the situations in Xy and Yyr both being points of eex, are
different from each other.

%y is not a point of 8, since all points in the shaded region are
better for both of the agents. The concavity of u, overrules the con-

2

vexity of uy at X -

¥y is a point of 8, due to the fact that the convexity of u, is

1
stronger than the concavity of u, at ¥y

In Figure 5 we consider utility functions defined by:
u, (x,) =~ §(x,-a,) * (x -a)1?
i1 i i i “ili=t

where we assume a, +a.2 # w.

II

w-a

Figure 5.

Edgeworth box for utility functions with satiation points.

8 = eex is the closed segment between a, and w=-a,. If r, lies between
the verticals through a, and W=-ag, the set Eex(r,u) consists of only
one point. Otherwise Eex(r,u) is empty.

In case w = a, +a2 the set eex consists of only one point, namely asr
but now ecr is the whole of R<. Moreover, for every r, the point
(al,p) where p L a, -, represents an equilibrium. Clearly the point

a, is disastrous and we do not have the general situation as stated in

1
general results I and II.

This example 5 will be reconsidered as an example in 4.2 and 5.4.
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CHAPTER 2
PRELIMINARIES ON MANIFOLDS

Introduction

The first four sections of this chapter contain a summary of standard
topics from global analysis, in a form adapted to the context they will be
used in. For instance, all of the manifolds considered here are submani-
folds of some Euclidean space.

In Section 2.5 we prove a well-known theorem on local Pareto optima. This
theorem has been proved formerly by Smale [20], and Wan [22], but the proof
given here is'basically different from theirs. See also [5].

In Section 2.6 we introduce a subset I' of :le and show that T' is a sub-
manifold. This set T plays an important role in the sequel.

Our main references for this chapter are [6] and [9].. We do not, at least
not before Section 2.5, present proofs of the statements we make. They can
be found in [6] or [9].

Points in IRP are given as a row x = (xl,...,xn) or as a column (xl,...,xn)T,
the context making clear which form is chosen.

The topology in R® will always be the metric topology, induced by the
standard inner product, defined by

n
Xoy := z xhyh, Ixl == (x-x)% .
h=1

. -1
The unit sphere s ¢ R® is the set of points x € r" satisfying x|l = 1.
Furthermore, given a subset U of IJI its interior is denoted by 5 or int U,

and its closure by u.
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2.1. Differentiable mappings and submanifolds

Let U be an open subset of ]Rn, and k a nonnegative integer.

2.1.1. DEFINITION. Ck(U,]Rm) i8 the set of all maps £: U + R" being k times

differentiable with all derivatives up to order k continuous on U.

-3

2.1.2. DEFINITION. C (U, := N XU, B is the set of smooth maps
k=0
usR.

We shall extend the notion of differentiability up to order k to maps X = Y,
where X and Y are submanifolds, and we shall define later on the sets

c®(x,v) and ¢ (x,¥).

Let £ € CZ(U,]Rm) and Xy € U. Then by Taylor's theorem there exists a unique
linear map r" ->]Rm, denoted by Df (xo) , a unique symmetric bilinear form
D2f (xo) : R x RD > IRm, and a map p: U +R® such that for all x € R suffi-

ciently close to x, the following holds:

0
£(x) = f(xo) + Df(xo) (x—xo) + %sz(xo) (x—x0 ,x—xo) + p(x)

where

oGl _

lim
I

X% Ix-x

0.
0

With respect to the coordinates (xl,...,xn) on R and (yl,...,ym) on JRm
the derivative Df (xo) has the matrix

Equally, the second derivative sz(xo) for £: R® + R is denoted by

aZf i=1,...,n

3x~ 9x7)j=1,...,n

2.1.3. CHAIN RULE. Let £ € C* (U, B, g € " (V,R) and £(U) c Vv ¢ B®. Then

the composition gof ¢ ct (U,]Rk) and D(g © £) (x5) = Dg(£(x,)) ©DE(xy)

for each x5 € U.
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Before stating the implicit function theorem we need some notations.
Let U ¢ R” and V ¢ K" be open and F € C1 (uxv, :le) . Then, given x
¥q € V, we define

0eU,

1 k _
(1) Fyo € C(U,R") by Fyo(x) = F(x,yo) ,

X

(2) F. € C1(V,JRk) by F_ (y) := F(x.,y) .
0 X0 0

2.1.4. IMPLICIT FUNCTION THEOREM. Let U € R" and V ¢ R" be open sets. Let

(xqr¥y) € UXVand F e C (UxV, R") be such that rank DFy, (¥o) = m.
Then there is an open neighbourhood U' < U of X and a map
9 € c (u',®" satisfying

(1) 9(xg) = yq

(2) F(x,9(x)) = F(xo,yo) for all x € U* ;

-1
(3) Do(xy) = - DFxo(yo) °DFyo(xO) .

See [9], page 214,

As a consequence of the implicit function theorem (and vice versa) one has

n oo n
2.1.5. INVERSE FUNCTION THEOREM. Let U c R be open and £ ¢ C (U,R"). Let
Xg€U and rank Df(xy) = n. Then there are open neighbourhoods U, of
X U, of vy = £(x) and amap g € cw(Uz,JRn) satisfying

(1) f(Ui) = U, and g(U2) =0

(2) £(gly)) =y for all y € U, and g(£(x)) = x for all x € u, -

See [9], page 214.

Now we come to the definition of a submanifold of dimension k as a subset

of some Euclidean n-space where n 2 k. Intuitively a k-dimensional submani-

fold has locally the structure of an open subset of :IRk.

2.1.6. DEFINITION. A subset Y € R" is a submanifold of R" of dimension k
(or, shortly, a k-dimensional submanifold) if for every point Yo € ¥
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there exists an open neighbourhood U of Yo and a 9 € C (U,R") such
that (p(yo) = 0, rank Dgp(x) = n for all x € U, and q)+(V) =YnUu,

n k=20 =0}

where V := {(z!,...,2" ¢ R" | z

Moreover, the pair (U,9) is called a submanifold chart for Y at Yo

So the submanifold chart (U,9) provides a local parametrization of Y by
means of the first k coordinates of ¢(x), in a neighbourhood of Yo«
For example, each open subset of R" is an n-dimensional submanifold of

nfﬂ and a O-dimensional submanifold of Ifl is a discrete set.

It should be emphasized that the topology on a submanifold of K" is the
one, induced by the topology on R".

If not necessary we do not specify in the future the Euclidean space in
which a submanifold is contained, nor the dimension of the submanifold.
The definition of submanifold is not always as manageable as desired in
order to find out whether a subset of R° is a submanifold or not. The

following theorem will be useful in the sequel.

2.1.7. THEOREM. 4 subset Y € R" i8 a submanifold of R of dimension k if
and only if for every point Yo €Y there exists an open neighbour—
hood 0 of Yo and a V € Cw(_O,]R“'k) such that rank DY (x) = n-k for
all x € 0 and ¥*(0) = ¥ n 0.
see [6]1, page 9.

As one sees the submanifold Y is locally defined as the solution set of the
equation y(x) = 0, constituting n -k equations in n unknowns. Due to the
implicit function theorem the set Y is locally parametrized in a smooth way
by some k-tuple from the n coordinates in r".

The kernel Dﬁ*(yo)(O) of D¢(y0) has dimension k. On the other hand, if
(U,9) is a submanifold chart for Y at yo one has the k-dimensional subspace
Dq)m1 (0) (V) of R"™. From the definitions it follows

2 (yg) () = Do~ (0) (V) .

2.1.8. DEFINITION. Let Y € R" be a k-dimensional submanifold. Let y, be a

point in Y and (U,9) a submanifold chart for Y at Yo Then TYOY 78

the set of pairs (y0,6y), where 8y ¢ Dcp_l(O) (V). The set TYOY 18
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called the tangent space to Y at ¥y It has the structure of a k-

dimensional vector space, isomorphic to Dw—l (0) (V).

Geometrically TY Y is the set of all tangents to smooth curves on Y, pass-
ing through yo, considered as a Euclidean space. In general, speaking of

TYOY, we only give the second component of the pair (yo,dy), i.e. Oy € r".

Now we introduce differentiability and derivatives for maps, defined on

submanifolds.

2.1.9. DEFINITION. LetX, < JRni be ky-dimensional submanifolds for i = 1,2.
Let x; € X; and (U;+9;) be submanifold charts for X, at x; (i =1,2)
and £: X, *X, be a map such that £(x,) = x,. Furthermore, V, and V,
are defined as in 2.1.6.
Let k be a nonnegative integer.

(1) The map £: X, + X, 8 said to be of class ck at x, 1f the map

02°f°¢I1: vV, >V, 28 of class Ck at 0 € V

1 2 1°

(2) Ck(x1'x2) 18 the set of maps f: X, ~+ X, being of class Ck at

1
every point X, € X,
>k
(3) ¢ (X,,X,)) := N C (X ,X,) .
1772 k=0 1772

. 1
(4) Given £ € C (xl,xz), X, € Xy and (xl,dxl) € Txlxi’ the map

Txlf: Tx1x1 > '1'x2x2 18 defined as follows:
-1 -1
Txlf(xllﬁxl) = (x,,D9, (0) °D(p, e £0¢,7)(0) °Dg, (x,)6x,) ,
or shortly:
(5) Txlf(x1,6x1) := (£(x,),Df(x,)8x,), where the definition of

Df(xl) follows from (4).

In general, speaking of the derivative Txlf, we only give the second part,

i.e. Df(x1)6x1, or shortly Df(xl) .

2.1.10. LEMMA. The Cartesian product X, X X, of two submanifolds is a sub=

mantfold and dim(X) xX,) = dim X, + dim X,. Furthermore



2.1.11.

2.1.12,

2.1.13.

2.1.14.

17

(x1><x2) = {(xl,xz,éxl,éxz) | le € Txlx 8x,. € Tx2X2} .

T(xl.xz) 1’ 2

See [6], page 5.

DEFINITION. Let f € CO(X,IR) where X is some submanifold. Then the
support Supp £ is the closure of f+(]R\ {oh.

DEFINITION. Let {U } be a family of subsets of a submanifold X,

o’ oeA
such that U U_ = X. In other words, {U_} a 18 a eover of X.
wen @ a’ae
Then {Ua}aeA 18 saitd to be locally finite if for every x € X there

i8 an open neighbourhood 0 < X of x such that 0 n u, = @ for all
but a finite number of a's in A.

THEOREM (Existence of a partition of unity, subordinate to an open
cover -of X.)

Let X be a submanifold and {U }
the U are open and

weh N open cover of X, Z.e. all of

U U = X. There is a family {f_ } of smooth
aen @ a”ae€A

maps X + R satisfying

(1) fa(x) € [0,1] for all o € A and all x € X;

(2) Supp fa c Uu for all a € A

(3) {supp fm}m_:A 18 a locally finite cover of X;

(4) 2 £,(x) =1 for all x € X. (This is a finite sum, due to

aelA
locally finiteness. Moreover, this shows that the interiors of

Supp £ form an open, locally finite cover of X.)

See [9], page 43.

COROLLARY. Let X be a submanifold. Let U and V be open subsets of X
with U c V. Then there is an £ € C (X,R) such that

1 ifxeU,
£(x) = 0 ifxiv.v
0 < £(x) <1 otherwise.

See [6]1, page 17.
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2.1.15. COROLLARY. Let C be a closed subset of R'. Then there exists a
: smooth function £: R" + R such that £(x) 2 0 everywhere and
c=£1(0.
See [6], page 17,

2.2, Sand's Theonem

Let a e R: and b € Rn and bk > ak, k=1,...,n. Then C(a,b) is the closed

block consisting of all points x € ]Rn, satisfying ak < xk < bk, k=1,...,n.

The volume of C(a,b) is Hz=1(bk-ak).

2.2.1. DEFINITION. 4 subset S € R" is thin in R if for every € > O there
18 a countable covering of S with blocks in R", the sum of whose

volumes 18 less than e.

2.2.2. DEFINITION. Let X be an n-dmensional submanifold and S be a subset
of X. Then S ig said to be thin in X if there exists a countable
open covering U,;,U,s... of 8§ and chart-maps 9,/9,s.-., 80 that
(pi(Ui n S) is thin in Rn, for all i.

As a consequence of 2.2.2 one has the following: if S is thin in X, then S
does not contain an open subset of X, so its complement is dense in X. See
also 2.2.7.

2.2.3. LEMMA. Let m < n and Y € R" be a submanifold. Then £(Y) is thin in
n © n
R, for all £eC (Y,R).
See [6], page 31.

2.2.4. DEFINITION. Let X ¢ R" be a k-dimensional submanifold and Y © ®
be a p-dimensional submanifold. Let £ € c! (x,Y).

(1) corank«Df(xo) := min(dim X, dim Y) - rank Df(xo), for Xy € X.

(2) x, 18 said to be a critical point of £ if corank Df (x,) > 0.
Otherwise xb 78 called a regular point of £. The set of critical
potnts of £ is denoted by cLf].
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(3) Yo €Y 18 said to be a critical value of £ i1f Yg € £(cl£]).
Otherwise Y 18 satd to be a regular value of f.

2.2.5. REMARK.
(1) For the definition of Df(xo), see 2.1.9.
(2) Since, as stated in 2.1.9, one may interpret DE (xo) as a linear
map B +R®°, a eritical point x
full rank.
(3) From the third part of 2.2.4 it follows that every point y € Y
not being in £(X) <is a regular value of f.

0 18 a point where Df has not

2.2.6. THEOREM (Sard). Let X and Y be submanifolds and £ € c”(X,Y). Then
the set of critical values of £ is thin in Y.
See [6], page 34.

2.2.7. COROLLARY (Brown). Let X and Y be submanifolds and £ € C (X,Y). Then
the set of regular values of £ ig demnse in Y.
See [6], page 36.

2.3. The Whitney c TopolLogy

Let A]:l be the vector space of polynomials in n variables of degree < k,
which have their constant term equal to zero. A]r(x is isomorphic to some
Euclidean space.

Given f € Ck(JRn,:IR) ;, we define the continuous map

5 B >R x R x A]:l

as follows:
.k
iT£(x) = (x,£(x), Dkf(X)) '

where Dkf(x) is the polynomial of degree < k given by the Taylor expansion
of £ at x up to order k after the first term. Since :Rn X R X A’; is iso-
morphic to some Euclidean space, it has the metric of that space, denoted
b dk

Y Q.
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2.3.1. DEFINITION. Let £ ¢ C (R",R) and 6 « co(mn,m+), where R, is the

set of positive reals. Then

BE(£:6) = {ge (B R | & (55900,5 ) < 600, for all x e W},

It can be shown that these sets, given n and k, form a base for a topology

on c”(n¥’gm), called the Whitney Ck topology, or shortly W, . So 0 e W if
and only if for every f € ( there is a § ¢ CO(EJIﬁR+) such that Bz(f;5) c 0.
Then Wz c wk for £ < k.

o

2.3.2. DEFINITION. W := U W, 7s the Whitney c topology on c(rRYR) .
k=0

Hence a subset 0 ¢ Cw(an]R) is open in the Whitney c topology, or shortly
Cw-open, if it is open in the Whitney Ck-topology, or shortly Ck—open, for
some k 2 0.

Within the same terminology: F < Cw(nflﬁR) is Cw—dense, if and only if it
is Ck—dense for each k 2 0.

2.3.3. LEMMA. Let {fm}me]N be a sequence of functions in ¢ (R™,R). Then
£, f in the Whitney ck topology, tf and only if there is a compact
subset K ¢ R"and an my € N such that £ (x) = £(x) for all x ¢ K,

m 2 mg, and jk £, jkf uniformly on K.
see [6], page 43.

2.3.4. THEOREM. C (R",R) <& a Baire space in the Whitney c” topology.
(So, the intersection of a countable collection of Cm—open and -dense
subsets of (R, R) s ¢ —dense.)
See [6], page 44.

2.3.5. THEOREM. Given n,m ¢ N the set C (R",R)" is a Baire space in the
product topology, induced by the Whitney C topology on the factors
(R, R) .

See [6], page 47.
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2.4. Trhansversality

2.4.1. DEFINITION. Let X, Y and Z be submanifolds and £ € ct (X,¥). Let

Z c Y and x a point in X. Then £ 18 said to intersect Z transversally
at x (denoted by £ & 2 at x) if either

(1) £(x) £ 2 or

(2) £(x) ¢ 2 and T Z + Df(x)(Tx}O .

f0¥ T Te)
As an interpretation of this definition 2.4.1 we give the following.
Since Z c Y, the tangent space to Z at z ¢ Z is a linear subspace of the

tangent space to Y at z. Now, given x € X, we have:

f A Z at x 78 equivalent to: If £(x) € Z, then for every S8y € T

£(x)
are 8z € T Z and 8x € T_X such that
£ (x) X

Y there

8y = 8z + Df(x)8x .

2.4.2, DEFINITION. Let X, Y and 2 be submanifolds and 2 < Y. Let
f e Cl(x,Y), and B a subset of Z. Then £ 18 said to intersect Z
transversally on B if for every x € X either

(1) £(x) ¢ B or

(2) £(x) e B and T Ly Z + Df(x) (T X) -

f(x)Y = TE(x)

2.4.3. DEFINITION. Let X, Y and Z be submanifolds and Z < Y. Let
f e Cl(x,Y). Then £ 18 said to intersect Z transversally (denoted
by £ hz2) if £ & Z at every point x € X.

2.4.4. THEOREM. Let X, Y and Z be submanifolds, where Z < Y. Let
feC(X,Y) and £ & 2. Then £ (2) < X is a submanifold and

dim £ (2) = dim X - dim Y + dim Z .

Furthermore, given x ¢ f+(Z) the tangent space to f+(z) consists of
all 6x € T X sqgtisfying DE(x)6x ¢ T

f(x)Z.
See [6], page 52.
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Theorem 2.4.4 provides a powerful tool in order to construct submanifolds.
We shall use it frequently in the sequel.
Now we give, in a very specialized setting, a theorem concerning transver-
sality of a parametrized family of maps.

(241)m

Let £ 2 1, m 2 1 be integers and B an open subset of R Let

s ]R!Lm X B + m22m+m

JR2 Lm+m

be a smooth map, and W a submanifold of . We define for each b € B

the smooth map

@b: JR!Lm N ]R22,m+m

@b(x) = &(x,b) .
In this context we have:

2.4.5. THEOREM. If ¢ & W the set {b € B | ¢ 4 W} Zs dense in B.

See [6], page 53.

Before ending this introduction to some topics of global analysis we give a

theorem in which second derivatives are involved.

2.4.6. DEFINITION. Let f € C (R",R). Then £ is said to be a Morse function
if DE(x) = 0 implies D2f(x) is nonsingular, for all x e R".

2.4.7. THEOREM (Morse). The set of Morse functions is open and dense in
c(®RY,R) .
See [6], page 63.

2.5. Characterization of Local Pareto optima

This section is devoted to a well-known theorem on local Pareto optima. The
proof is essentially the same as in the author's paper [5], where a slight-
ly generalized form has been presented.

Let £ 2 2, m 2 2 and u; € Cm(JRl,]R), i=1,...,m. Given w € RZ we consider
m

i=1 “i
is the set of admissible allocations in a pure exchange economy with total

the set Aw consisting of the points x € ]Rg'm satisfying I X, = w. So Aw

resources w.
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As pointed out in 1.3, a first order condition for a point z € Aw to be a
local Pareto optimum is that there are nonnegative reals A i and some
p e S’L-1 such that Dui(zi) = Aip, i=1,...,m. (See also Chapter 5.)

We restrict ourselves here to the case that Dui (zi) #0,i=1,...,m.

2.5.1. DEFINITION. Let z € ]Rf,m’ and Dui(zi) #0,i=1,...,m.

m
fm
Nz = {(vl,...,vm) € R l 121 vi=0, Dui(zi)-vi=0, i=1,...,m}.

2.5.2. DEFINITION. Let z e R®, w e RY, z ¢ B, pe s*1, Du, (z,) = AP,
with Ay >0, i=1,...,m. Then H,: N, >R 18 defined as follows:

2

T o1
= ) RI-D ui(zi) (vi,vi) .

H (v)
z i=1

This map H, acts as a generalized second derivative we use in order to
establish whether a point z, satisfying the first order condition for a
local strict Pareto optimum, is optimal or not. (In Chapter 5 we extend the
notions N, and H, to the case that Dui(zi) = 0 for some i.)

We prove the following theorem, using properties of implicit functions:

2.5.3, THEOREM. Let w € R and ze A satisfy Du, (z;) = J\ip]x:___l, where
pe ¥ g A; > 0 for all i.

(1) If B (v) <0 for all v € N, v # 0, then z i8 a local strict
Pareto optimum.

(2) If H,(v) > 0 for some v € N_, then z 18 not a local strict
Pareto optimum.

Before giving the préof of 2.5.3 we need some properties of the first and

second derivatives of implicit functions.

CONVENTIONS .

(1) Given x eRz, X := (xl,...,xz- ) e R .
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(2) Given £ ¢ C(RYR), £ ¢ RY, we define the (4-1) x (L-1) matrix

p 2 s 2
D°£(§), 1 x (& -1) matrix o (-1 x1 matrix — ) by:
9x~ 9x 9X 9x
2
p%£ (£) 2@
2 9x 9x
D7£(§) = .
2 2
2w =L@
9x” 9x ox” 9x

2.5.4. LEMMA. Let £ € C (R, R) and £ ¢ R® such that —é-% (£) # 0.

9x
Then there is a neighbourhood 0 of E := (!, ..., and a smooth
funetion g: 0 + R satisfying:

1) g@ =¢";

(2) £(x,g(x)) = £(§) for all x € 0 .

3 pg@ = - 2 g™ DERg&) for all X € 0 .
ox
2 2
(@ v’ + 2L () pg(x) + Dg” 2L+
9X 9x 9x” ox
2% £ T - . 3 2 -
+ 71 (x) Dg(x)~ Dg(x) + - (x) Dg(x) =0
ax* ax 5%

for all x € 0 .

PROOF. (1), (2) and (3) follow directly from 2.1.4. Writing out (3) in
components we get:
af - = 9f - - 9 =
=5 ®gx) + = (x,g(x) =& @ =0,
9x ox 9x
for i =1,...,2-1. Differentiating with respect to xJ, j=1,...,2-1, leads
to

2 2 2 2
it SN zfi by, ?fl %, 2f2 % 8gi+
axd ax™  ax” ax- ox?  ax? ax” axT  ax” 9x” 9x7 ox
af 92
+ -——'-3-9-r =0.
ax”~ 9xJ axt

In matrix notation this is just (4). O
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Now we come to the proof of 2.5.3.

Since p € Sl—l, at least one of the coordinates of p is not equal to zero.

We assume pz > 0. Other cases can be treated in a similar way. Since
u,

-—% (zi) = Aipl > 0, and according to the implicit function theorem there
Bxi

are smooth functions ¢i,defined on a neighbourhood Oi of Ei such that

- _ 2 . .
(1) ¢i(zi) =z, is= 1,...,m ;
(2) ui(xi,qai(xi)) = ui(zi) , i=1,...,m ;

2 - -
. S )
(3) ui(xi) > ui(zi) is equivalent to x; 2 @i(xi) for all x; with x; € Oi,

i=1,...,m.

Let £ ¢ C'(0n A, R) be defined by
L(x):= ‘Z] ¢i(xi) - w , where 0 = le...xom and

A= 1G5 < r4Dm | )

1

X, = w}.
i

1, the set 0 n A is an open

i . - . 2=
Since 0i is an open neighbourhood of z; in R
neighbourhood of z in Aﬁ.

We observe that
m _ 2 m
L@ =) o, (z) -w = ) z/-w =0.
. 1 1 .
i=1 i=

. - V 2 -
If ui(xi) 2 ui(zi) for all i, and Xx € 0 n Aﬁ, then Xy > wi(xi) for all i

and, consequently

] <2 ) oG
X, 2 9 (x,)
j=1 b ogmy PR
[=]e]
.. T - -
w2 2 wi(xi) or £(x) 0.
i=1

For the proof of part 1 of the theorem we assume Hz(v) < 0 for all v € Nz’
v # 0, and claim that £ has a local strict minimum O at z. If so, then z is
a local strict Pareto optimum, since [(X) < 0, together with ui(xi) >

ui(zi) for all i, implies X = z and xiZ > zi2 for all i.
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To prove our claim, we take 6z = (621,...,62m) where GEi is sufficiently

small and Z? 8§z, = 0.
i=1 i

_ o - e 2
L(z+62) = '2 ¢i(zi-+62i) -w =
i=1
m _ _ 2 -
= 121 (9, (2;) +Dy, (2,)8z; +4 D0, (z,) (§z,,8z;) +
- 2
+pi(GZi)) -w =
o, m - m o, -
= 'z zy + _z Dtpi(zi)dzi + 4 .Z D @i(zi)(ézi,dzi) +
i=1 i=1 i=1
+ p(8z) - wz =
m - m
-p 1 -1 1 2
= .z T zl + 37T ‘z T D ui(zi)(vi,vi) + p(8z) ,
i=1 p p i=1 i
where
_ &\
Vi = (Gzi, ————I—&) € pl and lim Biéi% =0 .
' P 18zlI+0 szl

In order to derive this Taylor expansion of £ in z we have used the deri-
vatives of implicit functions as given in 2.5.4, together with the fact

that pp = 1.
Since I% . 6Z,
i=1 i

properties

= 0, it follows v ¢ Nz} So the function [ has the following

(1) £(z) =0 ;
m
(2) DL(z)6z = 0 for all 8z, satisfying z GEi =0 ;
i=1
(3) the second derivative D2£(2) is definite positive as a quadratic

form on the set T-A_.
zZ'w

This proves our claim and the first part of the theorem.

Turning to the second part, let v ¢ Nz and Hz(v) > 0. Since

1 2
)‘i D ui(zi) (vi,vi) >0,

I ~~M—mB

i=1
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there are reals al,...,am such that

m
1 2 : =
a; + 53— Duy(z;)(v;,vy) >0 for all i and z a; = 0.

iy i=1

Let b := (b1""’bm)’ where bi = aip. We consider the curve x(t) in Aw
through z:

x(t) :=z + tv + } t°pb .

Since u, is smooth, Dui(zi) = Aip, A, >0, and p*p = 1, we find using

i
Taylor's theorem:

2 2
ui(zi-+tvi-+§ t bi) = ui(zi) + Dui(zi)(tvi-+£ t bi) +

+ itzDzui(zi) (vyrv;) + b, (£)

_ 2 2
= u,(z,) + it (Aj @y +D7u, (2,) (vy,v,)) +p ()

where

lim t 2 py(t) =0,
0

since v, € Dui(zi)l and p°p = 1. Hence it follows

ui(zi)) =4 Ai(ui + ji-Dzui(zi)(Vi,Vi)) >0 .

Lim t_z(ui(zi-+tvi-+£ tzbi)
0

So there is an € > 0 such that
u, (x,(t)) = u,(z, +tv, +4 t2b ) > u,(z.)
it it%i i i it

for all t € (0,e), i =1,...,m.

Obviously this implies that z is not a local strict Pareto optimum. O

If all of the functions u, are strictly convex at z then each second

i i’

derivative D2u ) is definite negative on the kernel of the first deri-

1034
vative. In that case Hz(v) < 0 for allv#0, Vve Nz, so z € 8.
If each ug is strictly concave at z then Hz(v) > 0 for all v # 0, and
z ¢ 0.

If some of the u; are convex, others concave, then convexity may dominate

il

and Hz is definite negative, or not. See also the examples in 1.6.
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2.6. The submanifofd T

In 1.2 first order necessary conditions for an equilibrium (x,p) are formu-

lated, one of them being Dui (xi) = }\ip]l;1 . Moreover, in 1.4 we mentioned

that disastrous allocations are not welcoixe in our model. So we are looking
for allocations x, where Du, (xi) = Aip]l:l':=1' and where at least one )‘i is
not equal to zero. This leads to the definition of the set I' © JRJZ'm, con-
sisting of those points v € ]R!Zm' for which there are reals )‘i' not all

zero, and some p € 52_1, satisfying vy = )‘ip]12=1' See 2.6.2.

2.6.1. DEFINITION.

2-1
T := {(Apreverdyp) | A= (Ayseeesd) #0, pes ).

The set I' is parametrized by m + % -1 parameters and hence the following is

not unexpected.

2.6.2. LEMMA. T 78 a submanifold of dimension m+ % -1 and for each point
x = (Apre-oslp) €T the tangent space T toT consists of all
those vectors (6x1,...,6xm) € ]RR'm for which there are some 8p € p'L

. . m
and reals 6Xyre-es8X satisfying axi = 8\p + Aiap]i=1.

PRCOF. The proof is based upon 2.1.7.

Let z = (zl,...,zm) be a point of I'. At least one of the z, is not 0, so we

i

assume zi # 0. Then xfl # 0 on a neighbourhood U of z in JR‘Qm,

(m-1) (2-1)

We consider the map y: U + R given by

q’(xll---:xm) = (wl(xl'xm)""'wm—i(xm—l'xm)) )
where

L= L= . _
wi(xi,xm) = xmxi-xixm , i=1,...,m-1.

Here, as in 2.5, the bar denotes that the last coordinate has been skipped.
Obviously w*(O) =T n U.

Our claim is that rank DY(x) = (m-1)(2-1) for all x € U. Since

fm - (m+%-1) = (m-1)(2-1), application of 2.1.7 settles the proof.
Given 8x = (6x1,...,6xm) € ]R‘Q'm we find Dy(x) (8x) from

T N N A A
wi(xi+6xi,xm+6xm) = (xm+6xm) (xi+6xi) (xi+6xi) (xm+ me)
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2 - L= L= 2=
= lpi(xi,xm) + mex + xmﬁxi - x5 me - Gxixm + pi(Gx) B

i
where
1
lim llp, (8x)1l = 0 .

Isxlo 16xI 774

So
2 - L= 2 — L=

Dvlli (xi,xm) (6xi,6xm) = me x‘_L + X Gxi - x; me - Gxi X
and

DY (x) (8x) = (Dy, (x1 x) (6x1 ,6xm) rese DY (2, ,xm) ((Sxm_1 ,éxm)

With respect to Cartesian coordinates, DY (x) is represented by the follow-

ing matrix, also denoted by DV (x) :

A . 0 -A
m 1
I L S A A
DY(x) = |- N . .
~0 by ~Bpeg
where Ai is the (2 -1) x £ matrix:
L 1
xg ces 0 —xi
. . .  1=1,. 1,
L -1
0 x.,L Xy

and 0 is the (£-1) x 2 matrix whose entries are all zero.

Since x:l # 0 in U the matrix Am has rank £ -1 and consequently the
(m-1)(2-1) x mf matrix Dy(x) has rank (m-1)(2-1) for all x € U. So T is
a submanifold of dimension m+4& -1.

Since TxI' is the kernel of Dy(x), it consists of all those 6x satisfying

Am<Sxi = Aiéxln , i=1,...,m-1.

2
If x = (Alp,...,lmp) € .U, then p~ # 0 and >‘m # 0. So Ai = AiP, where
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® 0o ... o -p

P := |- N : :
L 2-1

0 p’ -P

is an (2 -1) x £ matrix, the kernel of which is spanned by p.
m-1

Hence TXI‘ consists of all those 0x € ]le for which there are reals ai]l___l

such that
A Sx, - X, 6x =aq ]m_l
m °¥i T 4 %% T %3P
Given O8x € TxI‘ there is a unique decomposition

6x
m

1
Amép + Glmp , where 8p e p .

Then

-1 m-1
x; = A, 6p + 86X, p , where S\, := A "(A; 6\ + ai)] i=1

Oon the other hand, given 6p € pJ' and A ..,Blm, the vector

1"
§x = (le,...,(Sxm), with Gxi = )\i §p + Glip, satisfies 0x € TxP, as is

easily seen. . O

The proof of 2.6.2 is based upon the assumption that at least one of the Ai is
nonzero.

The set {(Alp,...,kmp) I A e R, p € Sz_i} is not a submanifold for % 2 2,
m 2 2. For, assume that there is a smooth map F: RJZ,m > IRn, n < fm, defined

on a neighbourhood 0 of 0 € B*™® such that F(Ap,... A P) = 0 for all

p € S’Q"-1 and A in a neighbourhood of O € JRm and rank DF(x) = n on 0 (see
2.1.7). Then, differentiating the coordinates FJ]?=1 with respect to Ai]rj[.‘=1
we obtain

aF

-5;: (Alp,...,kmp) *p=0.

In x € T the vector p € S’?'-1 is, up to its sign, uniquely determined, where-

as each p ¢ s*1 satisfies (A;preesA p) =0 for (Ay,...rdy) = 0.

J -
Hence it follows that %i—- (0) *p =0 for all p € sﬂ' 1 and all i,j. So
i

rank DF(0) = 0 and consequently F is constant on a neighbourhood of 0, in
contradiction with 2.6.2.
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CHAPTER 3
THE SET T
Introduction
The equations
m 2-1
Dui(xi) - Aip = OJi=1 +r PE€ES

in the unknowns (A,x,p) may have several kinds of solution sets, depending
on the m-tuple u € c“(xg,lun% In general one expects that mf& equations in
m+mf + £ -1 unknowns have an m+ £ -1 dimensional solution set, according to
the implicit function theorem. In this chapter we define a subset T of
C”(IRL,IR)m having the property that the equations above establish an

m+ % -1 dimensional set, for each u € T.

Section 3.1 contains the definition of T and a manageable second order
criterion for tupleslu to be an element of T.

In Section 3.2 the number of unknowns is reduced in replacing the equation
Dui(xi) = Aip by Dui(xi) = (Dui(xi)°p)p. This leads to a redefinition of T.
Section 3.3 is devoted to the proof that our results generalize those of
Smale.

In Section 3.4 we justify the use of utility functions instead of prefer-
ence relations by proving that two utility tuples, representing the same
preferences, are either both in T or both not in T.

Section 3.5 contains the proof that T is dense, and in Section 3.6 we

discuss the question whether T is open or not.

3.1, A §4nst definition of T
Let £ 2 2, m2 2 and u € Cm(JR'Q‘,]R)m. Then u induces a smooth map
m me 2 Lm

Euzn xRV xR R xR

as follows:
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g (;\/er) . (Du (X ) A p] rPe*P- 1)
u i i i i=1

3.1.1. DEFINITION

T = {uec(R,R" | Eu A 0}

In other words: T is the set of m-tuples u for which ;u has 0O ESR2m+1 as a

regular value.

Given (81,6x,0p) € R® x R™®

X.Rl, the derivative Dgu(k,x,p)(GA,Gx,ép)

equals
(Dzu (x.)8x, -8A,p-A Gp]m 2p * 8p)
AR R | i iFri=1"'

L
Rearrangement of coordinates in R T x R gives us the following matrix re-

presentation of Dgu(A,x,p):

Dg, (A,x,p) (81, 8x,8p) =

(6% 1
0%, x) 0 0 T 0, -x1] 1
D ul(x1 coe -p 1 e 1 1 .
0 . 01 . . 6x
. . - m
= : ' : 6%y
2 T .
0 .. pPu (x) 0, . e
Of ces OT 0 .o 0 2p me
‘ T Lep )

0 is the % x £ matrix with all entries zero.
01 is the £ x 1 matrix with all entries zero.
I is the f X % identity matrix.

From the definition of T it follows that u € T if and only if Eu(k,x,p) =0
implies rank Dau(A,x,p) = fm+1.
Let (al,...,cxm) € le and B € R. Then
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(2 T
D™y, (%) o ... 0 -p 01 01 —A11
(Glrn.olamls) ) .‘~ ) ' - =
0 D um(xm) 01 eee  =p° =2 I
T T
| 01 ces 01 0 ees 0 2PJ

m
_ (2 m . m _
= (D g Gegdogdy g roprogdyy iZ1 Aoy * ZBP) .

So, the (m% +1) X (m+mf + &) matrix, representing D'c;u()\,x,p) has not full
rank if anci only if there is some (al,...,am,B) ‘# 0 such that

m
2 3 — 3 -
D ui(xi)ai =0 for all i, p a; = 0 for all i, 121 )‘iai = 28p .

3.1.2. DEFINITION.

_ -1 me-1 . _
S := {(p,al,...,am) €S x S pra; = 0]i=1}

(S is a compact submanifold of dimension fm+ % -m-2.)

Given p € SR'_1 we denote by l'[P: ]R'Q > Rl the orthogonal projection on the

orthoplement pl of p.

3.1.3. DEFINITION. Let u € C (R*,R)™. Then

fm fm 2

Guecm(mg‘mxs,m xRT x RY)

18 defined as follows:

i=1"',
i

m
m 2 m
Gu(x,p,a) := (np Du, (xi)]i=1 ¢+ DUy (xi)aiJ. £1 (Dui(xi) p) ai) .
Using the map Gu we give the following characterization of the set T.

3.1.4. THEOREM. u € T Zf and only if G,(x,p,a) # 0 for all
m
(x,p,a) €e R x S,
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PROOF. Let Gu(x,p,a) = 0. Since Hp Dui(xi) =0 for all i, and p € S'Q'_1

there are reals Ai such that Dui(xi) = Aip, i=1,...,m. So gu(k,x,p) = 0.
Since Ai = Dui(xi) «p, it follows that the nonzero tuple (al,...,am,O)
belongs to the kernel of the transposed of the matrix Dgu(A,x,p)_ Hence
u ¢ T. On the other hand, we assume u ¢ T. Then there is a point
(A, x,p) € au+(0) where D;u(k,x,p) is not of full rank. Hence there is a
nonzero pair (o,B) € R&m x R satisfying:
pu (x,)a, = 017 pra, =01 % Ao, = 2Bp .
it i=1"' i i=1"' 121 i’i
It follows that
m
28p *p = .Z Aiai ep=20.
i=1
So B = 0 since psp = 1 and consequently o # 0. Since
Dui(xi) = Aip = (Dui(xi) *p)p

we have

[«]
Gy kepr o = O - .

For maps between Euclidean spaces the matrix representation provides a
straightforward tool in determination of the rank of the derivative, where-
as in general for maps between manifolds rank determination can be compli-
cated (see definition 2.1.9). This was the reason why the map ;u was intro-
duced, making possible the straightforward proof of 3.1.4.

: -1
Now we return to the convention p € S2 .

3.1.5. DEFINITION. Let u € Cw(JRE,IR)m. Then the smooth map

18 defined as follows:

gu(k.x,p) := (Dgi(xi)—kip] ) .

m
i=1

3.1.6. LEMMA.

T={uce Cm(IRSZ',JR)m | g, # o} .
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In other words: u € T <if and only if 9, has 0 € R'® as a regular
value.

PROOF. Given (A,x,p) € B x R*™® x ¥ and (61,6x,8p) ¢ B x R*™® x p*, the

derivative Dgu(A,x,p) (8A,8x,68p) eq:als (Dzui (xi) Gxi - GAip - A16p]mji=1) .

Let u € T and gu(l,x,p) = 0. Then gu(A,x,p) = 0 and for each

(wl,...,wm,y) € ]Rg'm x R there is a (61,6x,6p) € R x ]le X Rl solving the
equation Dgu(A,x,p)(GA,éx,Gp) = (w,y) as a consequence of the definition of
T. So, choosing Yy =0, for each w € :R!Lm there is a (6A,6x,8p) € Rm x Rgm X pl
satisfying Dgu(A,x,p)(GA,Gx,ép) = w. This means that gu has 0 as a regular
value.

On the other hand we assume that 9. has 0 as a regular value. Let

gu(l,x,p) = 0. Then gu(A,x,p) = 0 and the equation Dgu(k,x,p)(GA,Sx,Gp) =w
has a solution with 6) € ]Rm, 8x € mf,m' Sp epl, for each w € Rll,m.

We choose (;,Y) € JRR'm x R and consider the equations D'&u()\,x,p) (63,&,6}))

i
Dgu(l,x,p) (6X,6x,8p) = w implies

= (;,y). Let wy = w, + i)\iyp, i=1,...,m. Then it is easily seen that

Dau(}uxlp) (6)\16x16P+*YP) = (";I‘Y) .

So au has 0 as a regular value. O
Now we give a small refinement of 3.1.6.

3.1.7. LEMMA. Let u € cw(mg‘,m)m. Then u € T if and only if for all points
(A, x,p) € gu‘-(O) and for all v = (vl,...,vm) € (pl)m the system

2 _ m . fm L
HP D ui(xi)dxi - )\itSp = vi]i=1 has a solution (8x,8p) €e R~ X p .

PROOF. Let u € T and gu()\,x,p)' = 0. We choose v € (p"‘)m and solve the

equation

2 m
D7u, (x,)8x, - 6Aip - A0p = Vi]i=1 .
Then II D2u (x,)8x —)\.6 = v, 17 since 6p € p©

1 I T R T A S T P PRP°
T Let (6x,0p) satisfy
2 m s
Hp D ui(xi) 6xi - Aiép = Hp wi]i=1' Then (6}.,6x,6[2>) satisfies .
Dgu(A,x,p) (8A,8x,8p) = w, if we take Gki =p- (D ui(xi) 6xi - wi)]i=1' ]

On the other hand, let gu(A,x,p) =0 and w € R
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3.2. An alterwnative degfinition of T

The parameters A, introduced in 1.2.3, play an important role in the defini-
tion of gy’ whereas they have vanished from the scene in 3.1.4.

In this section we give a characterization of T in which we do not make use
explicitly of A. As will be seen, this description of T is useful in Chap-

ter 4, whereas 3.1.1 deserves its place in Chapters 3 and 5.

3.2.1. LEMMA. Let £ € Cw(mzmxsz_l,mm) be the map which sends (Zyr+es2 /D)
to (zl-p,...,zm‘p) . Then rank Df(z,p) = m for all (z,p).

m

PROOF. Given (6z,0p) € R X p‘L the derivative

Df (z,p) (8z,8p) = (<Szi ‘p+ oz 6p]?=1) .

Let vy = (Yl,.;.,ym) € ]Rm, then Df(z,p) (Yp,0) = (yl,...,ym), where
YP = (Y{PreeesYyP) - O

From 3.2.1 it follows that each point in R is a regular value of £, and
consequently that f+(c) is a submanifold of dimension fm+ % -1-m, for each
¢ € R'. We turn our attention to f+(0) .

3.2.2. DEFINITION. V := £ (0).

In the next lemma we sum up the most important properties of V.

3.2.3. LEMMA. V Zg a submanifold of dimension fm+% -1-m and

m 1 _ A
Tizp’ = {(62,8p) e R xp | p 8z, + z, »6p = 01, _,}
for each (z,p) € V.
PROOF. This follows directly from 2.4.4 by substituting ]R'Q'm X S'q’"1 for X,
K" for Y and {0} for z. 0

3.2.4. DEFINITION. V, := {(0,p) € B x s* 1y
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Since {0} szm is a submanifold of dimension O and dim S‘L-1 =2-1, V0 is

a submanifold and dim Vg = 2 -1 (see2.1.10). Furthermore, VO c V.

3

3.2.5. DEFINITION. Let u ¢ cm(]RZ,JR)m. Then the smooth map LN ]lexsl—l >V

18 defined by

m
9, (x,p) := (IIp Dui(xi)]i==1 /P .

So
m
¢, (x/p) = (Du, (x,) - (Du, (x;) PP,y +P) 4

since p € S"?'—1 and II_  is the projection ]Rz -> pJ'.
wm  Po-t o L
Given (x,p) ¢ RT X S and (8x,8p) €e R x p, the derivative

D(vu(x,p) (6x,6p) equals
2 m
3.2.6.. (]’[p D™u, (x,)6x, - (Du, (x,) * $p)p - (Du, (x,) *p) GP]i=1 , 8p) .

The map % enables us to give the following characterization of T.

3.2.7. 1EMMA. T = {u e ®R | o V).

m

«
PROOF. Let (x,p) € o, (Vo) . Then Du, (xi) = Aip, where >‘i = Du, (xi) -p]i=1,

since p € S'Q'_l. Hence it follows from 3.2.6 that

1]

2 m
D‘Pu(xrp) (6%, 6p) (l'[p D ui(xi) 6xi - )\i(p Sp)p - }\idp] i1 * 8p) =

2 - m
(]'Ip D u-_l_(xi)éx:L - AitSp]i:l , 6p) .

]

From 3.2.3 we deduce

m 1 m _
T(OIP)V = {(6z,8p) e R xp | p Gzi + 0+68p = 0]i=1} =

m 1
(pl) X p .

From 3.2.4 and 2.1.10 it follows that

4
T(o'p)v0 = {0} xp~ .
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According to the definition of transversality (see 2.4.3) we have:

(Pu 4V, if and only if

0

Do, (x,p) (R x pY) + {0} x p* = (p4™*

for each (x,p) € ¢u+(Vo)-

Working this out we find:

(Pu A V0 if and only if for each point (x,p) € le X S'q'_1 for which there
are reals Ai satisfying Dui (xi) = )\ip]x;:l, and for each (m+1)-tuple

2m

v = (v Vo Vg) € (eH ™+ there is a (6x,8p) € R™ x p~ and a q € p",

17
satisfying:

2 m
IIP D7u, (x,)8x, - )\iép = Vi]i=1

6}:.>+q=vm_'_1 .

The equation Sp+q = is solved by q = Vel "~ 8p, where 8p is part of

v
m+1
the solution (6x,6p) of the first equations.

if and only if for each point (A,x,p) egu+(0)
J.)m

Hence it follows that cpu ry V0

and for each m-tuple v = (vl,...,vm) € (p the system

2 m
IIP D u, (xi)Sxi - )\idp = vi]i=1

has a solution (6x,8p) € ]R,Qm x pl,

Application of 3.1.7 completes the proof. ]

3.2.8. LEMMA. If u € T then wu+(vo) 18 a submanifold and dim mu+(Vo) =

= 2+m-1.
PROOF. We apply 2.4.4, with

x=1a£mxs“"1, Y=V and Z =V, .

im sf,-l

0
Since 9,€¢C (IR + V) intersects VO transversally, the inverse image

9,7 (V) is a submanifold and

dim X - dim Y + dim 2 =

[

dim <pu+(vo)

fm+2-1-(m+2-1-m)+28-1=R2+m-1 . O
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For u € T, application of 2.4.4 to the smooth map 9,¢ R x ]le X S'Q'—1 -+ JR'Q'm,

having O € ]R’Z'u1 as a regular value, leads to the conclusion that also gu+(0)
is a submanifold of dimension £ +m-1.

In other words, the set

fm

< m 2-1
g, (0 ={(Ax,p) eR xR x5 | Du, (x,) = A;pl;_}

m
i=1

is a submanifold of dimension £+m-1, for u € T.

Lemma 3.2.8 states that the set

2m

« -1
9, (Vo) = {(x,p) e R x 8 | IIP Du, (x,) = 0]11:1}

is a submanifold of dimension £+m-1 for u € T.
The map q)u+(vo) > gu+(0), which sends (x,p) to (A,x,p) where
}‘i := Dui(xi) 'p]?=1, is smooth, as well as its inverse. In other words,

these manifolds are diffeomorphic to each other.

3.3. Comparison with the rnesults of Smale

In our set-up it is possible that utility functions have stationary points.
In [15] Smale considers only utility functions without critical points. In

that case it is sufficient, in search of extended equilibria, to study the
2m 2-1
S

set of points (x,p) € R" x where
Dui (xi) - p]m
I Dui(xi) [ i=1

This leads naturally to the following:
Let U be the open set of functions f € Cm(]RR',]R) for which Df(§) # O for
all € € Rl. For u € Um, Smale defines the smooth map '

wu: m’“" % sl—l > (Sl—l)m+1

by

Du, (x,) Tm
i1
¥y (x,p) := (——“] IP) .
u Il Dui(xi) I i=1

Now we consider the diagonal A in (S’t'_l)m"'1 given by

2-1 m+l l

A:={(P r1e0ospP ) € (s ) Py = oo =P
1 m+1 1 m+1
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and prove the following:
3.3.1. LEMMA. A i8 a submanifold and dim A = & -1.

PROOF. A = f+(0), where £ is the spooth map which sends z = (zl,...,zm+1) €
s]R“mH) ez +1—1) e]Rm’L x R. Then

z, -z cee s Z -2 z
to ( 1 “m+l’ ""m “m+l ' “m+1 “m

° $z

Df (z) (8z) = (Gz1 —6‘zm+1 s eee s 02 m+1)

m sz+1 ! 22m+1

£ (m+1)

for 8z € R . If £(z) = 0 and (w,y) = (wl,..‘.,wm,y) € ]R,Q,m x R, the

equation Df(z) (8z) = (w,y) is solved by

m
GZi = 62m+1 + wi]i=1 where 62m+1 = iyzm_'_1 .
So 0 € JR’Q'm x R is a regular value of the map f, or in other words: £ j {0}.
Hence it follows (see 2.4.4) that A is a submanifold of ]R“mﬂ) and
dim A = 2(m+1) - (m+1) = 2-1 ., 0O

3.3.2. DEFINITION (Smale).

Y:={u€Um|\l}urhA}.

For u € Um it is not longer necessary to define the map 9y (see 3.1.5) on
the whole of R© x :IR'?'IIl X Sl_l, if we are only interested in extended equi-

libria (x,p) where Du:L (xi) = Aip, }‘i > OJm . So we can confine ourselves,

i=1

with regard to A, to the positive orthant m’_‘; of R®. Then u ¢ U™ induces

2m -1
X S

+ .
the smooth map g being the restriction of g _ to .'Rm X R
u g u +

3.3.3. DEFINITION. T' := {u ¢ U™ | g: A {0}} .

The following illustrates the relation of our results and those of Smale

for u € Um:

3.3.4. LEMMA. Y = T'.

be the projection with o(v) := "—:;-Tl- . Then for

PROOF. Let 0: R® \ {0} » gt

v # 0 and v € JR'Q' the derivative Do (v) (8v) equals
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Sv sv
T~ (o (v) m)o(v) .

Since

m
b, (x/p) = (o(Du, (x,)1,_,/p)
we derive, using the chain rule:

DY, (x,p) (8x,6p) = (Do (Du (x,)) ° Du, (x,) (6x)15_, / 6p) =

i (Dzui(xi)Gxi (Dui(xi) .Dzui(xi)sxi) Du, (x,) | 5)
R ECRL Tou, Ge 3T Tou, ()T / Tou T, P
for all (6x,8p) € JRR'm x pJ'.

If (x,p) € wu+(A) there are positive reals Ai such that Dui (xi) = Aip]l;;l.
As is easily seen: Ai = Dui(xi) * p, since p € Sz_ . Hence, for

(x,p) € wu‘-(A)' we have, introducing this )‘i in the formula:

DY, (x,p) (%, 6p) = (Ai m, oy ) ox,15 ap) :
i

The tangent space to ,(S“I'-l)m-"1 in a point (p,...,p) € A consists of all

(m+1)-tuples v = (vl,...,vm+1) satisfying p -vi =0,1i=1,...,m+l. The
tangent space to the diagonal A in a point (p,...,p), being the kernel of

DE(p,...,p) (see 3.3.1), consists of all (g, ess, ) € (pJ')m+1 satisfying
1 D1
Qp = eee =g
We rewrite the transversality condition tpu A A as follows:
wu A A if and only if for each (x,p) € lpu+(A) and each v € (p"‘)m.i_1 there
are (dx,0p) € JRg'm x pJ' and q € pJ' such that
1 2 m
-}: I[p D ui(xi)Gxi +q = Vi]i=1 ’

6p+q=vm+1 .

Once we have solved (6x,q) from the first equations, we have 6p = Vel ~ 9
as a solution for the last one.

Multiplying by A i and replacing Aivi by v ; ve find:

wu A A if and only if for each (A,x,p) € g::_(O) and each v € (pl)m there

are (6x,q) € :lR’z'm x pJ' such that
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2 m
IIP D uy (xi) Gxi + )\iq = vi]i=1
Camparison with the definition of T+ and application of an adapted version

of 3.1.7 completes the proof. O

In order to make clear that our methods apply to a more general class of
utility functions we give the following simple example:
Let u, (x,) = %A. (x,,x,) where A, is a nonsingular quadratic form on

. i 7i i1 %
R XR for i =1,...,m. Then D ui(xi)éxi = A, Gxi, sou € T as is easily
seen by inspection of the definition of T, and u ¢ Y. Then for each

(A,p) € R’ x S,z'“1 the point (A,x,p) € gu(-(O) when we take X, = }‘i All p]l;=1.
As one sees the m+ £ -1 parameters (A,p) give a full description of gu+(0) .

Here even disastrous allocations, corresponding with A = 0, are allowed.

3.4. T 4s not dependent on scale thansformations

As stated in 1.1 we are obliged to use utility functions when describing
the preference relations in the economy, in order to use the calculus of
manifolds and mapé . We must bear in mind that two smooth functions uy and
vy represent the same preference relation if there is a smooth function
f.: R >R with a positive derivative on the whole of R such that

i

vy = £, °u,. Such a function £, is called a scale function, and if such a

scale function exists the utility functions uy and v, are called equi-

valent (denoted by u, ~ vi) . Hence it seems sane if the definition of T is

i
invariant with respect to such scale transformations.

3.4.1. LEMMA. If u € T and v, ~ ui]lj';i, then v € T.

PROOF. Let u € T and v, = fi °ui]?=1, where each £, is a scale function.

i
3 2 L} L]
Given x; € R" we denote fi (ui(xi)) by T and fi (ui (xi)) by o, Then

straightforward calculations show:
Dv, (x,) * 6x, = T, (Du, (x,) + 6x,)1"
iy FRR R R M S LA ]
and

2 2 m
D Vi(xi)6x1 =7, D ui(xi)thi + ci(Dui(xi) . Sxi)Dui(xi)] i=1 °
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Or:

_ m
Dv, (x,) =T, Dui(xi)]i=1

2 _ 2 T m
D vi(xi) =1, D'u, (x;) + 0, Dui(xi) Dui(xi)]i=1 .

It is sufficient to prove: v ¢ T implies u ¢ T. We use 3.1.4 and assume

that Gv(x,p,a) = 0 for some (x,p,a) € E&m x § (see 3.1.3). Then we have

f :
HP Dvi(xi) =0 for all i,
D2v (x,)a, = 0 for all i

A e !

4 pra; = 0 for all i,

?
(Dv, (x.,) *pla, =0 .
| 1=1 i i

Substituting the formulas for Dvi(xi) and Dzvi(xi) above and observing that

Ti > 0 we find:

Hp Dui(xi) =0,

L}
o

2
D ui(xi)ai
p-aizol

m
k iZl(Dui(xi) °p)riai =0 .

Since a = (al,...,am) € sz—l and T, > 0 for all i, we obtain

i

*
a* = (tlal,...,Tmam) #0 and (p ) € S.

Then
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3.5. T is a dense subset of ¢ (®RY, )™

The proof that T is dense requires some more lemmas and definitions.

3.5.1. LEMMA. Let D c C (R, R) have the following property:
For each £ € ¢ (R",R) and for each nonnegative integer k there is a
compact subset C of R and a sequence of functions fj €D such that

(1) fj(x) = f(x) for allx ¢ C, j=1,2,...,

@ 3%, > e unifomty on c.

Then D ig dense in Cm(an,:lR) .

. k .
PROOF. Let k 2 0 and let 0 be an open neighbourhood of f in the C” Whitney

. n
topology. Then there is a continuous positive function § on R such that

Bﬁ(f;&) <0,

where

BE(£:8) = {g ¢ (@B | af(3%500,3% ) < 6 for all x ¢ B .

(See 2.3.1.)

Hence it follows from (1) and (2) that for j sufficiently large

fj € Bl:l(f;G) , since jkfj = jkf outside C and § has a positive minimum on C.
So each open neighbourhood 0 of f contains an element of D. In other words:

D is dense in the Ck—topology for each k = 0. 0

The next lemma is standard and we omit the proof.

3.5.2. LEMMA. Let A ¢ R" be compact and £ « co(:IRm,]Rn) . Then the map

: . . m
x » min l£(x) -all Z8& continuous on R .
aeA

We recall the definition of I' (see 2.6.1 and 2.6.2):

2-1
I'={(APpreeesd p) | (Agreeesd)) #0, pes 7}

3.5.3. DEFINITION. W :=R® x ®® x T .
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The set W, being a product of submanifolds, is a submanifold of dimension
fm+m+2+m-1 (see 2.1.10).

3.5.4. DEFINITION. Let u e C (RY,R)®. Then lu: B+ B™® x B® x B*™® is

the smooth map given by

.1 .1
ju(x) 3j u(xl,...,xm) =

= (xl,...,xm,ui(xl),...,um(xm) ,Dul(xl),...,Dum(xm)) .

1 s : . .
As one sees, j u(x) is obtained by rearrangement of coordinates in

.1 .1 _
(j u, (xl) reeerd um(xm)) = (x1,u1 (x1) ,Du1 (xl) P ,xm,um(xm) ,Dum(xm))
Let x € ZIR‘{?'m and 8x € ]ka. Then
.1 _ m . m 2 m
3.5.5. Dj u(x) (x) = (<Sxi:]i=1 ' Dui(xi) Gxi] 4= D ui(xi) Gxi] i=1) .

3.5.6. DEFINITION.

(1) M Zs the set of all m—tuples u € Cw(JRg',]R)m, each u, being a
Morse function (see 2.4.6).

(2) Ty 18 the set of all m-tuples u for which jlu A W.

The relationship between M, T

0 and T is expressed by:

3.5.7. LEMMA. T n M i8 a subset of T.

<« m
PROOF. Let u € T, n M and (A,x,p) € g  (0), so Dui(xi) = Aip]i=1' We choose

w = (w1, oo .,wm) € ]Rg'm and we consider the following system of equations in

the unknowns (6A,6x,68p) € B x ]R‘Q’m x pl:

2 m
3.5.7.1. D ui(xi)dxi - Mip - Aidp = wi]i=1

(1) If (Al,...,km) = 0, then each D2ui (xi) is nonsingular, since each u,

is a Morse function. Hence 3.5.7.1 has a solution.

(2) If A # 0, then jlu(x) € W. Since u € TO we have

m

Ime]RmXJR .

.1 fm _
Dj u(x) (IR") + leu(x)w =R
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2m 2m
a

In other words: for each (v,y) € R x R® there are 8x ¢ R nd

(8z,8c,8y) € ]RR'm xR x T pI‘, where Ap = (Xip]lle), such that

X
3.5.7.2. Djlu(x) (6x) + (8z,68c,8y) = (v,y,w) .

We use 2.6.2 and 3.5.5 to rewrite 3.5.7.2:

[}

éx, + 8z, =v i 1,...,m
i i i ’ r’ r’ ’

1,...,m,

Dui(xi) . dxi + 6ci = Yi , i

2 = =
D ui(xi)Sxi + &\ip + Aidp =W, . i=1,...,m.

The last equations tell us that 3.5.7.1 has a solution. Hence 9y has 0 as

a regular value, so u € T. O

In order to prove that T is dense it is sufficient to prove that T0 nM is

dense. Since the product of open and dense sets is open and dense in the
product topology it follows from 2.4.7 that M is open and dense in

CW(JRR',JR)m. So, if To is dense, then T, N M is dense as a consequence of

0
the next

3.5.8. LEMMA. Let X be a topological space, 0 an open and dense subset of
X, and A a dense subset of X. Then A n 0 Zs dense in X.

PROOF. Let U ©¢ X be open, U # @. Then Un 0 # @ and U n 0 is open. Hence
(UnO) nA# @, in other words: U n (0 n A) # @. O

Remains the proof that T, is dense. We use the Baire property of Cm(IR‘Q',IIR)m

0

(see 2.3.5), by defining a countable set {Tn}ne each Tn being open and

ml
dense, such that

To come to the definition of the sets Tn we choose an open countable

covering {Wn}ne of W, where each Wn is the Cartesian product

N

On(l) X cee X On(m) x In(l) X eeo x I (m) xT

of open subsets of .'Rl, R and .I', respectively, such that ﬁn c W and ﬁn are
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compact. We take

2-1
Ty = {ypreeesdyp) | A e Ay pes '}

4

An being an open subset of B\ {0} with Kn c B\ {0} (see 2.6.1). In short
notation: W_=0_x I x T .

n n n n 1
We define Tn to be the set of m-tuples u for which j u intersects W trans-

versally on Wn (see 2.4.2). Since W = U:_ ﬁn it follows that T, = 0 T,

1 0 n=1

We claim that each Tn is open and dense.
3.5.9. T s open for all n € N.

PROOF. Let n ¢ N and u € C (R',R)™®. We recall the definition of G, (see
3.1.3):

m

Gu(xlp.a) = (Hp D“i(xi)]l PR (Dui(xi) °p) ai) .

2 m v
o rDuyxa T, )
‘ i=1

2

Let §: R +]R+ be a positive continuous function. Then § defines an open

neighbourhood BG (u) of u consisting of all v satisfying:

Ivi(xi) - ui(xi)] < 6(xi)

m
llei(xi) - Dui(xi)|l < G(xi) for all x e R~ .

0%, (x,) - DPu, (= < 8(x,)

From the definition of Gu and B& (u) it follows that there is some p > 0O
such that

IIGv(x,p,a) - Gu(x,pb,a)ﬂ < pé(x) and d(jlv(x),jlu(x)) < ué(x)

for all x e']Rg'm, v e BG(U) and (p,a) € S, where §(x) := max {G(xi)}.
1<i<m
Since S is compact and G, is smooth for u € cw(IRR',JR)m, the function

fu: ]Rm -+ R which sends x to

min {IIGu(x,p,a)II I (p,a) € S}

is continuous and cbviously nonnegative. (See 3.5.2.)
It follows from 3.1.4 that fu(x) > 0 for all x implies jlu A W.
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For each smooth m-tuple u we consider the continuous nonnegative function

Uu on ]R-?,m given by:
.1 =
Uu(x) := d(j ulx) ,Wn) + fu(x) .

We assume u € Tn' Then Gu(x) > 0 for all x, for atherwise there is a point
x for which jlu(x) € ﬁn and fu (x) = 0, in contradiction with the definition

of T . So
n
0:=—-1 min {o_(x) IXE(T}
3u u n

is positive.
. s . L
We consider 0 as a positive continuous constant function on R” and claim

that Bc(u) c Tn' If so, then Tn is C2—open and consequently Tn is Cw—open.

To prove our claim, we assume that there is some Vv € Bg (u) being not an
element of Tn-. Then there is some (z,p,0) satisfying jlv(z) € v'vn and
G,(z,p,@) = 0. From this we deduce z ¢ On and IIGu(z,p,a)ll < po. The last
inequality implies fu(z) < po. Since jlv(z) € ﬁn and d(jlu(z),jlv(z)) < uo

we also have d(jlu(z),ﬁn) < po. Hence it follows that
£ (2) + d(3lu(z), i) < 2u0
u'? Ju 'n U

or

o, (2) < 2u -_::'Imin {cu(x) | x € D-n} .

This is impossible. O

3.5.10. T <8 dense for all n e N.

' m
PROOF. Let n € N, and Vn —Vn(l) X caa X Vn(m) c R, Jn—Jn(l) X e X

X Jn(m) c R" be open such that \7n(i) ' Jn(i) are compact and
0,(1) €0 (1) €V (1) €V (D) ,
In(i) < In(i) c Jn(i) c Jn(i) '

for all i.

Furthermore, we consider for all i smooth functions

o &' > [0,1] and pl: R > [0,1]
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satisfying
supp p, € V (i) , O_(i) < int p, ({1} ,

supp p} < J () , I (1) cintpl ({1} .

(see 2.1.14).
The following picture illustrates the definition of pi:

T ' 1 T
] = [}
| 1 i | I
AR
] .
pi=0 1 LT 1 \pg=0 Figure 6.
. + + A t + '
E ; i j Graph of pi.
b I (1) "
n

Let

€, 3

4 += 1 min {d(supp p}, R\J (1)) , AT (),p} ([O,LN)} .

L

i

It follows (see Figure 6) that € > 0 for all i, and consequently that
€ := min {ei I i=1,...,m} is positive.

For i = 1,...,m the open subsets B, of :R‘Q X R are given by

i

2

Bi := {(zi,ci) e R xR | 'lci+zi *x.| < e for all X, € supp pi} .

i
Let

B := 31 X 4es XBmc (]szm)m R

Obviously, B is an open neighbourhood of 0 in (IRR' X ]R)m-
L o _ f m
For b = (bl,...,bm) € B, x = (xl,...,xm) € ]Rm, u = (ul,...,um) e C (R,R)
we define
_ m
vb(x) := (vbl(xl),...,vbm(xm)) € R

by
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v (x,) := ui(xi) + pi(xi)pi(ui(xi))bi(xi) ;s i=1,...m,

where

b,(x,) :=c, +2, *x, i=1,...m .
1(1) RETIRE T ' '

It follows from the definition of vb that

(1) for each integer k 2 0 there is some Mk > 0 such that

a*v

k < . s .
b (%) 3wy (k) < Mk"bi" for all i and all x; € V (i) ;

1

(2) vbi(xi) = ui(xi) for all i and all Xy ¢ Vn(l).

1,j"°"bm,j) € B, converging

to 0, such that V. €T, for all j. Then it follows from (1) and (2) that

J
in the Ck—topology for all k 2 0. Application of 3.5.1

We claim the existence of a sequence bj = (b

m
-

Yoy, 5 7 Uil ® 1 _.m
leads to the conclusion that Tn is a dense subset of C (R",R) .

To prove our claim we define the smooth map &: ]Rg'm X B > JRzm x B® x JRzm by

®(x,b) := jlvb(x) .

So

®(x,b) = (xl,...,xm ' vy (xl),...,vb (xm) ,Dvb (xl),...,Dvb

(x))
1 m 1 m O

(see 3.5.4).

We assume (x,b) € ®+(ﬁn). Then

x; € On(i) and vbi(xi) € fn(i) for all i.
Since

lybi(xi) —ui(xi)| < lbi(xi)l < e
we find

u, (x;) € int pi+({lh
and hence

vbi(xi) = ui(xi) + bi(xi) , i=1,...m.
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It follows from continuity of vy that there is a neighbourhood A of (x,Db)

such that the same holds for (x',b') € A. So
vb!(xi) = ui(xi) + bi(xi) , i=1,...,m,

for (x',b') € A.

The set A is the Cartesian product of an open neighbourhood of x in E&m

and an open neighbourhood B' of 0 in B.

We consider the map ¢ on A, and its derivative D®(x,b). Since

m m m
®(x,b) = (xi]i=1 ,ui(xi)+ci+zi-xi]i=1 ,Dui(xi)-+zi]i=1)

it follows that
D% (x,b) (8x,8b) =

m . m 2 m
= (Gxi]i=1 ,Dui(xi) -6xi-+6ci-+6zi Ttz 'Gxi]i=1 , D ui(xi)ﬁxi-+dzi]i=1).

So, D®(x,b) (6x,8b) = 0 if and only if

§x, =0
i

Du, (x,) *6x, +6c, +6z, *x, +2z, *6x, =0 for all i.
iY7d i i i Ti07i i

2

D™u, (x,)8x, + 8z, =0
i1t i

As is easily seen this implies that D¢ (x,b) (6x,8b) = 0 if and only if
(6x,6b) = 0. Taking into account that range and domain of & have the same
dimension mf +m +m&, we conclude that ¢ is locally a diffecmorphism (see
2.1.5). Since %(x,b) € ﬁn implies that ¢ is a diffeomorphism on a neighbour-
hood of (x,b) we conclude that there is an open neighbourhood Un c W of Wn
such that ¢ A Un’ the set Un being a submanifold.

We apply 2.4.5 and conclude that the set {b ¢ B' @b A Un} is dense in B'.
Since B' is a metric space and 0 € B' there is a sequence bj € B' converging
to 0 such thaE @b_h Un and consequently ¢bjm W on Wn' In other words,

Jj Y. A W on wn and by definition vbj € Tn for all j. This proves our claim

and the assertion that T is dense. o

As a combination of 3.5.7, 3.5.8, 3.5.9 and 3.5.10 we present the follow-

ing
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3.5.11. THEOREM. T Zs a dense subset of Cm(JRJL,]R)m.

REMARK. There is a theorem in transversality theory, known as Thom's Trans-
versality Theorem (see [6], page 54). In a version adapted to our setting

it has the following form:

2
Let W be a submanifold of ]R’Z'm X ZIRm X ]R!Lm . Then the set
T o= {f e CC(®R®,EY | ilf 4w

W

is residual in Cw(IRJLm,]Rm) . In other words, Tw is a countable intersection

of open and dense sets.

However, we were not entitled to use this theorem as a proof for the state-
ment that T0 is dense, since it is not true that each u € Cw(]R'Q'm,]Rm) is an
element of Cm(]R‘Q,]R)m. So we had to modify Thom's Theorem and its proof in

a way which fits to each submanifold W.

3.6. 1s T open in ¢ (BRY, R)™ ?

As pointed out in 1.2, the question whether T is dense is more interesting
then the one whether T is open. However, Smale [15] and Van Geldrop [4]
assert without proof that Y and T, respectively, are open in the C2—topo-
logy. In this section we discuss the problems which arise, when one tries to
give a proof of openness. Our conclusion is that openness of Y or T is
still an open problem.

Intuitively one could think that T is open since surjective maps form an
open subset. But the problem lies in the fact that the Whitney Cm—topology
on Cw(JR'Q'm,]Rm) induces on the subset C(“’(JRR',.'JR)m a topology different from
the product topology on Cm(]RR',]R)m.

To make our reasoning more concrete we define for v ¢ Cm(]le,]Rm) the

partial derivatives

v, v, v,
i i i . .
I T (——T gesey -—L-) , i=1,...m, j=1,...,m,
3j X, X,
J J
where v(x) = (v1 (x),...-,vm(x)) .

We extend the notion of 9, to such maps v and define

g, € C (R ™ x s, »U) by
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8vi m
gv(A,x,p) 1= (-a—{ (x) - )‘ip]i=1) .

We extend also Gv and we define

v

i o m 9 vj o m Bvi
Gv(xlpra) := (Hp e (X)Ji=1 ,j£1 E I aj]i=1 'iZ1 (3;:. )ai) '

where

3.6.2.

PROOCF .

We use

3.6.3.

PROOF .

i 3j i

(3% a%v. )
J . J
2 90X, 9oXx, 9x’, 9x
Vv, i
J =
9x. 9X, 2 )
3j i 37V, v,
J JRU— R
9x., ox sz BxiJ

DEFINITION. T' is the set of v ¢ ¢ (R, B for which g, has

0 e R'™® as a regular value.

LEMMA. v € T' if and only if G, (x,p,0) # 0 for all (x,p,0) ¢ B x 8.

The proof is basically the same as the one of 3.1.4. 0

3.6.2 in the proof of

LEMMA. T' Zs open in Cm(mlm,mm) .

Let v € T'. Then the continuous map fV:ZRQm + R, given by

£,(x) := min {NGv(x,p,a)H | (p,a) € S}

satisfies fv(x) > 0 for all x, due to 3.6.2.

We assume §: R

fm -+ R to be continuous and §(x) > 0 for all x. There is a

positive constant u such that for all v' € Cw(]le,]fn) whose partial deri-

vatives up to order 2 in x e:le do not differ more than §(x) from the

corresponding derivatives of v, the following holds:

HGV,(x,p,a) - Gv(x,p,a)ﬂ < ud(x) for all (p,a) € S .

These functions v' constitute an open neighbourhood BG(V) of v in the C2—
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topology. Hence it follows that

lfv.(x) - fv(x)| < ué(x) for all v' € Bé(v) .
We choose
sx) <Le (x
bV )

Then Bé(v) c T' as is easily seen. So T' is C2—open and consequently T' is

Cm—open. 0

Now we define the map

n: C®LR® - (@R

by

NG () 5= (0 0] oy () For e < ®LR® .

-
The map n is injective and T = n (T'). However, n is not continuous and it
is this fact that causes the problem in the proof of openness of T, and by
restriction to the open subset of functions without critical points one

meets the same obstacle in trying to prove that Y is open.
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CHAPTER 4
THE SET OF EQUILIBRIA IN A PURE EXCHANGE ECONOMY

Introduction

In this chapter we rewrite the equations 1.2.3 which define points

(x,p) € Ecr(r,u) by:

o o m-1 m
Z X, = Z ., pPexg =p-ri]i=1 ' Hp Dui(xi) = O]i=1

We prove that for u € T the set of r for which Ecr(r,u) is discrete, is
dense in :le. Since T is dense this implies that the set of pairs (r,u)
for which Ecr(r,u) and consequently Eex(r,u) is discrete, is dense in the
set of economies (r,u).

Section 4.1 is devoted to the concept of regular economies. This is a set
of pairs (r,u) for which we show that Ecr(r,u) is discrete.

Section 4.2 contains an elaborate example with utility functions having
stationary points.

In Section 4.3 we introduce an open subset E of CWCRZ,IU such that Em c T,
For utility tuples u € Em the manifold structure of mu+(V0) (see 3.2.8) as

a set, parametrized by £ +m -1 parameters, is made explicit.

4.1, Regular economies

As before, let & 2 2 be the number of commodities and m 2 2 the number of
agents in the economy. Agent i is characterized by a pair (ri,ui) eiml X

X Cw(IRz,IU, where T, is his initial bundle and u, the utility function
representing his preference relation on JRQ.

An economy is a pair (r,u) = (rl,...,rm ,ul,...,um) and the set of econo-
mies is topologized by the product topology induced by the metric topology
on ZIR'(Z'm and the product Whitney cw—topology on Cw(JRQ,JR)m.
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We recall the definition of Ecr(r,u) (see 1.2.3 and the definition of Hp):

m m

fm -1
4.1.1. E_(rnu) = {(x,p) €eR xS | Z X, = Z ;o
i=1 i=1

m-1 m
Prx; =p-* ri]i=1 ’ l'IP Dui(xi) = 0]i=1} .

4.1.2, DEFINITION. Let u € cm(mz,JR)m. Then

Fu: ]Rll,m x]R'Q'm x sl—l ->IR2' % JRm-l x vV

18 the smooth map:

m m
_ a . . m-1
F (r,x,p) == (izl X, izl roaprx, -per gy (vu(x,p)) .

For the definition of Vv, V., and ¢, see Section 3.2.

o]
As one sees we can write Fu(r,x,p) as

Fu(r,x,p) = (F1 (r.,x,p) tpu(x,p))

where

F, € SER™ x B o« 2, ®Y o« ®BY)

4.1.3. LEMMA. Rank DF1 (r,x,p) = 2+m-1 for all (r,x,p).

PROOF. Since by definition

m m m-1
Fy(xexp) =(_Z % = 1 ri'p'xi'P'riJi=1) ’
i=1 i=1

the derivative Dl:"1 (r,x,p) (8r,6x,8p) equals

m m
m-1
(121 Sxy - 121 r; yprOx; - prér; +dpox; - Op 'ri]i=1)

for all (6r,dx,68p) € ]RJLm x R x pJ',

L X :Rm_l‘ Then for each (8x,8p) the

equation DFl(r,x,p) (6x,8x,6p) = (w,y) is solved when taking

We choose (w,Y) = (WiYyreeesYy 4) € R
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Sr,
i

m-1
(p -6xi + &p cxy - Sp cr, - Yi)P]i=1 ’

m m-1
Sr _z §x, - w - ‘Z or, . O
i=1 i=1

The proof of 4.1.3 enables us to give the following characterization of T.

4.1.4. LEMMA. Let u € C (RS, R)™. Then u e T if and only if F, A {0} x v,

0
where {0} € r* x ]Rm—l.

PROOF. Let u € T and (r,x,p) € Fu*({O} x VO). It must be shown that

Im oty + ({0} xv,) =

2m
R
DFu(r,x,p)(IR X Fu(r,x,P)

=T R x B LX) .
Fu(r,x,p)

We choose v € T V and (w,Y) GSRZ X EP-l, and consider the following

9y (X,p) fm fm L
system of equations in (6r,6x,Gp,vO) e R xR xp xT VvV, :
(Du(xrp) 0

(DFl(r,x,p)(6r,6x,6p) ,Dmu(x,p)(éx,Gp)) + (O,VO) = (W,Y,v) .
In components:

DFl(r,x,p)(Gr,Gx.Gp) = (w,Y)

DGPu(X.p) (6x,6p) + Vo=V .

Since u € T, the second equation has a solution (6x,6p,v0) and it follows
from the proof of 4.1.3 that the first equation has a solution. Hence

F, A {0} x V-
Now let F, A {0} x A and (x,p) € mu+fvo). Then, as is easily seen,

Fu(x,x,p) € {0} x v.. We choose v € T V and consider the equation

0 9, (%xsP)
(DFI (X:X:P) (5r:5x:5p) :D(Pu(xrp) (5X'5P) + (OIVO) = (0,0,v) »

in the unknowns (Gr,dx,ép,vo).

Since Fo A {0} x Vo this system has a solution and hence Dmu(x,p)(GX;Gp) +

+ Vg =V has a solution. So Py A V. and, by 3.2.7, u e T. ]

0
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o __f m
4.1.5. DEFINITION. Let u € C (R ,R) . Then

m m
Z := {(r,x,p)emlmxmlmxsz-ll z X, = Z r,,
u . i , i
i=1 i=1
pex =p-r:|m_1 I pu, (x,) = 01" .
i i“i=1'"p i i i=1

4.1.6. LEMMA. For u € T the set z, 18 a submanifold of dimension mf, and
the tangent space

_ fm fm L _
T(r,x,p)zu = {(Gr,dx,ép) €eR™ xR Xxp | z 6xi = Z Gri '

m-1
Gp—xi+p-5xi—Gp-ri+p-6rili=1,

2 m
Hp D ui(xi)éxi = (Dui(xi) p) 8pl i=1}
for (x,x,p) € Z,-
PROOF., Let u € T, so Fu A {0} x VO. Hence application of 2.4.4, where

x=ROx®® x ¥, v=rm'x® ! xv, z = {0} x v, ,

leads to the following:
Fu+({0} xVg) is a submanifold and

dim Fu+({0}xv0) = dim X - dim Y + dim Z =

=fm+m+2L~-1- (L+m-1+m+2~-1-m) +2~-1 = m

Since Z, = Fu+({0} XVO) , the first part has been proved. The second part is

an easy consequence of the definition of Zu and 2.4.4. 0

As one sees the dimension of the manifold Zu is the same as the dimension
of the space in which the first coordinate r moves. Se we can draw Zu in

the (r,x,p) space as in Figure 7:
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(x,p)

Figure 7. 1
zu as a subset of the (r,x,p) space.

‘It follows from the de finition of Zu that'(r,x,p) € Zu implies
(x,p) € Ecr(r,u) . A glance at Figure 7 tells us that in general, for u € T,
the set Ecr(r,u) is discrete.

To make things more precise, we consider for u € T the smooth map

P: Zu-+:[RR'm where P(r,x,p) :=r .

4.1.7. DEFINITION. An economy (r,u) is said to be regular provided

(1) ueT;

(2) r 28 a regular value of P.

4.1.8. LEMMA. Let (r,u) be a regular economy. Then E_ (r,u) is a discrete
set.

PROOF. Since r € Ile is a regular value of P and dim zu = %m, the inverse
-~

image P (r) of r is a discrete subset of Zu (see 2.4.4 with X = Zu'

Y =JR'Q'm, z = {r}). obviously, 'P+(r) = {r} x Ecr(r,u) . This completes the

proof. 0

The next Theorem shows that Ecr(r,u) is in general discrete.

4.1.9. THEOREM. The set of pairs (r,u) for which E_ (x,u) 18 discrete, is
dense in R™ x cm(:IR'Q,]R)m.

PROOF. It is sufficient to show that the set of regular economies is dense.

Let 0 # @ be open in Jle X Cm(lRR',]R)m. Then there are open subsets



60

01 c IR'Q'm, 02 c Cm(:IR'Q,]R)m such that 01 X 02 c (. since T is dense there is

some u € 02 n T. We consider the manifold Zu. Since the set of regular

values of P on Zu is dense (see 2.2.6 or 2.2.7), there is some r EIRgm

being a‘'regular value and r € 01. Hence it follows that (r,u) € 0 is a
regular economy. O

In the next lemma we work out the definition of a regular economy.

4.1.10. LEMMA. 4 pair (xr,u) is a regular economy if and only if

(1) uertTy
(2) for all (r,x,p) € Z, the system of equations

¢ I
121 6x, =0,

m-1
4.1.10.1 4 Sp Xy + p 6xi = dp .ri]i=1 '

2 m
‘ Hp D ui(xi)dxi = (Dui(xi) p)dp]i=1 ,

2m

in the unknowns (6x,8p) € R x pl has only the trivial solu—

tion 6x = 0, 6p = 0.
PROOF. Let u € T and (r,x,p) € Z,- Then

DP(x,x,p) (8r,8x,8p) = S for (8r,8x,8p) € T

Z
(r,x,p) u

It follows from the definition 4.1.7 of regular econocmies that (r,u) is
regular if and only if DP(r,x,p) (6x,6x,8p) = O implies (6r,8x,8p) = (0,0,0).

In other words: (0,6x,8p) € T implies 6x = 0, ép = O.

Z
(r,x,p) u
Application of the second part of 4.1.6 completes the proof. 0

Now we discuss the position of disastrous allocations in the whole and

prove the following theorem (see 1.4).

4.1.11. THEOREM (GENERAL RESULT I). Let u € T. Then there is a dense subset
R, of R™ such that

(1) (xr,u) Z8 a regular economy for all r € R,
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(2) If r € R the set Ecr(r,u) does not contain points (x,p) where

x 18 a disastrous allocation.
The proof of 4.1.11 requires one more lemma on the set T.

4.1.12. LEMMA. Let u € T and x e:le be such that Dui(xi) = OJ?=1. Then
Dzui(xi) 18 nonsingular for all i.

PROOF. We assume there is some ctj € .'IR'Q \ {0} such that D2u. (x = 0. Then

o,

we may also assume otj esg'—l. Choosing p € S n a;, we consider (p,a) € S,
where cni=0 for i # j and aj as given above. Then Gu(x,p,a) =0 (see 3.1.4)

which contradicts u € T. O

Now we come to the proof of 4.1.11. Consider the smooth map

Eu: ]le x ]le N SJL—l N JRJL N JRm—l N RJLm

where

Eu (rlxrp) = (

T T m-1 m
Z *i 7 121 Fi Pt ¥ T RPIE ’Dui(xi)]i=1> :

Then

]

m m
DEu(r,x,p) (6r,dx,6p) ( Z Gxi - i£1 Gri ,

i=1

m-1 2 m
prox; - p-dr, + Sp X, - 8p ri]i=1 » D7y, (%) Gxi]i=1> '

for (dr,68x,8p) € ]R,Q,m x ]Rg'm X pl.

If (xr,x,p) € £u+(0), the equation

DEu(r,x.p)(Gr.dx.Gp) = (V,Y,w)

has a solution for each v ¢ JRR', Y € JRm_l, W€ Rj?,m, as a consequence of

4.1.12 and 4.1.3. So Eu has 0 as a regular value and consequently £u+(0) is

a submanifold of dimension fm -m. This follows from 2.4.4 where X = ]RQm X
-1 -
><ZIR’E’m X Sl s Y =]RR’ b Rm 1 X ]Rg'm, Z = 0. The restriction to Eu+(0) of the

-+
smooth map (r,x,p) - r maps the (fm -m) dimensional submanifold Eu (0) into

JRR'm, and consequently the set of r € ]R'Q'm for which there is some (x,p)

satisfying Eu(r,x,p) = 0 is thin in Jle (see 2.2.3).
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Since the set of critical values of the map P: Zu+ le is thin in ]le

(see 2.2.6) and the union of two thin sets is a thin set, we obtain the
following:
If u € T the set of r € I&m such that either

(1) r is a critical value of P, or

(2) there is a disastrous allocation x and a price system p such that

I 18
L]
"
[l
| 18
R
e}
H]
1
e}
o]
[}

i

is thin in ile. Hence its complement is dense in :le, and we denote this
complement by Ru' Then it follows that for all r € Ru the economy (r,u) is

regular, and Ecr(r,u) does not contain points (x,p) with Dui(xi) = 0]?=1. ]

4.2. An example
In this section we reconsider the last example of 1.6.
Let

. m
ui(xi) 1= - i(xi-ai) (xi--ai)]i=1 ’
where the bundle aieiml represents the ultimate desire of agent i. Then

Du, (x,) = a, - X, and D2u.(x.) =-I.
i7i i i i

Since each Dzui(xi) is nonsingular we have u € T.
Let r eimzm. We shall prove:
(1) (r,u) is not a regular economy if
m m
121 1T izl B
(2) (r,u) is a regular economy if
m m
‘zl " g i=1 N

As one sees, all initial bundles r for which the disastrous allocation

a = (al,...,am) is admissible, give rise to an economy which is not a
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regular one. The set of r satisfying Z?=1 ri = Z?—l a; is a (m-1)2 dimen-
sional submanifold of 1R£m and hence a thin set.

Firstly we consider Zu. It is easily seen that (r,x,p) € Zu if and only if

m
x, =T_a, + (p ri)p]i=1 '
4.2.1.
(fm- 1)
I r, - a,)] =0 .
P\i=1 * 121 *

We apply 4.1.10. Let (r,x,p) € Zu' The system 4.1.10.1 for this case has

the form

m-1
4.2.2. { 6p -HP a; +p 6xi = 8p ri]i=1 ’

m
L Hp 6xi = ((ri-ai) p)ép]i=1 .
The second and the third line in 4.2.2 yield
6x=(6;(r—II a.)) +((r—a)')5]m_1
i Py =8, 8400P 178 TPIOPl i

Hp 6xm = ((rm-—am) *p)Sp .

Combining this with X?= Gxi = 0 and 4.2.1, we find

1
m m
(o ))eeo
i=1 i=1
4.2.3.
m m
HP(.E r, - .E al) =0 .
i=1 i=1
If 1T . r, =3 . a,, then ( ) ez £ hpe s ! where
j=1 T3 = %y 3y en (r,x,p o for each p whe
X, = Hp a; + (p -ri)p]?_l. Moreover, the first line in 4.2.3 is solved by
each 6p € pl. So r is not a regular value of P and P+(r) c Zu is not a

discrete set.

m m
If Zi=1 r, # Zi=1 a; s then only
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1 1

r, = a

P S = U

O )
Il r, - a,ll
i=1 * =1

is a solution for p and 4.2.3 is only solved by 6p = 0 and consequently

X . m-1
6x = 0, so (r,u) is a regular economy. For instance: r, = ai]i_1 and

r # a leads to a regular economy and

r -a
. _ m-1 _ _ m
(X,P) € Ecr(r,u) if xi = ai:l i=1"' xm = rm r P = " rm _ am " .

It seems a little unsatisfactory that for this utility tuple u each initial
allocation r which allows the optimal allocation (al,...,am) is not regular.
However, we must bear in mind that in general regularity of the economy
(r,u) has to do with a kind of stability. Precisely: if (r,u) is a regular
economy and (x,p) € Ecr(r,u), then there is a neighbourhood 01 of r in Zle
and a neighbourhood 02 of (r,x,p) in Zu such that the restriction of P to
02 is bijective 02 > 01 with a smooth inverse, see Figure 7 and 2.1.5. This
means that there are smooth functions x and p, defined on 01 such that
(x(x),p(x)) € Ecr(r,u) and (r,x(x),p(r)) e 02.

m _ o
et v i=1 Ti T Fie1 3y
each p € S together with x, = HP a, + (p -ri);ﬂi=1 belongs to Ecr(r,u).

Returning to our example we see that for r satisfying I

But every neighbourhood of r contains points r' not satisfying Z?=1 ri =

= Z?=1 ai,for which Ecr(r',u) consists of two points. Itis not difficult to
understand that for each (x,p) € Ecr(r,u) there is a sequence of points
r'(n) such that the corresponding Ecr(r'(n),u) do not converge to (x,p).,
which implies that the equilibrium (x,p) is not stable in the sense we

described above.

4.3. The set E

It seems interesting to indicate a subset of Cm(IRR,]R) such that for all m
each m-tuple u is an element of T if each u, belongs to that subset.

In this section we define an open subset E of Cm(IRz,In satisfying Em c T,
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4.3.1. DEFINITION. E 78 the set of all smooth functions £: :IRz + R satisfy-
ing

Df (x)* n Kernel D2f(x) = {0} for all x € ® .

4.3.1.1. It follows from 4.3.1 that each f € Cw(JR'Q,]R) for which D2f(x) is
nonsingular for all x, is an element of E and that each £ € E is a Morse

function.

4.3.1.2. Moreover, if f is locally strict convex or concave, then f € E. If,
- 2 1 2

on the contrary, there are some x € R, v € Df(x)™ n kernel D'f(x), v # 0,

then sz(x) (v,v) = 0 in contradiction with strict convexity or strict con-

cavity.

4.3.2. LEMMA. ET c T.

PROOF. Let u = (ul,...,um) € EO. If Gu(x,p,a) = 0 for some (x,p,0) (see
3.1.3), then

( _ m
Du; (xy) = Agpdyy o

Hence

1
o, € Du, (x,)  n kernel D2u. (x,) for all i,
i i1 i i

in contradiction witha# 0.

Application of 3.1.4 completes the proof. O

4.3.3. LEMMA. E is open in C (R*,R).

PROOF. For f € Cm(]'Rg' +R) we consider the smooth map o fwhich sends

(x,p) € JRR' X S'Q'n1 to (Df(x)-°p, D2f(x)p) € R X JRJZ'. Inspection of the
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definition yields: £ € E if and only if cf(x,p) # 0 for all (x,p).
Moreover, there is some u > 0 such that for all positive continuous func-

, L .
tions § on R~ and for any pair of smooth functions f and g, the following
holds for all x € ]R'Q':
.2 .2
d(3g(x), 3" £(x)) < &(x)
implies

Ilcg(x,p) - Uf(x,p)" < ud(x) .

: 2 .
We assume f € E and consider the C  neighbourhood of f consisting of all

o 2
g € C (R",R) satisfying

(3% ,3%€ ) < by min (o G,pl | p e s*70)

It is not difficult to understand that this neighbourhood is contained in E.
So E is Cz—open and consequently Cw—open. ]

. . L
REMARK. For & = 2 the set E is not dense 1n Co° (R7,R).
Now we have an open subset E" of C (]R‘L,]R)u1 with E® ¢ T. The next lemma
provides a nice description of the set Ecr(r,u) for u e EN.

-1
4.3.4. LEMMA. Let £ ¢ E and p € S ' Then the set
2
{xeR | I, DE(x) = 0}

i8 a submanifold of dimension 1.

PROOF. We assume px # 0, where p = (pl,...,pg') , and consider the smooth map

[/H ]Rl —>]R2'—1, which sends x ¢ ]Rg' to

o' BF@ - 2L w5 .

9x
As before, the bar denotes that the f-th coordinate is skipped. Then

v O = {x e R I, DEGK) = 0} .

We claim: ¥ has O € ]RJI"—1 as a regular value. If so, we have proved the
lemma by application of 2.4.4.

To prove our claim we derive from
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. . .
p(x) =p _Bg_ (x) - p? —a% (x)
ax? ax
that
J 2 . 2
] 2 3 f 9" f
—E; =P 3 PP ———F for 3 =1l,. -1, k=1,...0.
90X 9x 9ox 9x 90X

So DY (x) has the matrix representation:

)

8¢ 2%t
8x1 Bxl sz 3x1 p1
Dy =p*| : - | —-———fzfl —-————zzfl :
: 9x~ 9x X~ 9x
5% 5% pl_l
3x1 sz_l ax'Q' axf'_l‘

Let o € :lR'{I'_1 and consequently

2 - 1
B:=(pa,-pra) ep .
Then

aDy(x) = sz(x)e c ®*

as can be easily derived from the matrix Dy (x). Hence oDy(x) = 0 implies

B € p'L n kernel D2f(x). So, if Y(x) = 0 and oDy(x) = O, then o = 0.

This proves our claim. 0
Roughly speaking, the set (IIp ODf)+(0) is a curve for each p ¢ 52-1 and
feE.

Now we assume u = (ul,...,um) to be in E". For each p € S‘L—1 we consider

the curves
{X € R I I Du (X ) = 0} i=1,...,m .
i D i i 14 4 ’

Each of these curves is locally parametrized by a parameter ti. So the

(2 +m-1) dimensional submanifold

2m

el
{p) e ®7 x 87 | I Du, (x,) = 01y_,}

is parametrized by (p,t1 rese ,tm) , being £ -1 +m parameters.
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The additional £ +m -1 equations

m-1
r. , P.x-=P.r-]-

i i i“i=1 "’

I o~18

3
x. =
i=1 * i=t

which make (x,p) € Ecr(r,u) have locally at most one solution for a regular

economy (r,u). This implies that Ecr(r,u) consists of isolated points.
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CHAPTER 5

THE SET OF LOCAL STRICT PARETO OPTIMA
IN A PURE EXCHANGE ECONOMY

Introduction

In this chapter we deal with a pure exchange economy with £ goods and m
agents, in which the total resources are fixed. We consider pairs

(w,u) € ]RR' X Cw(]R'Q',IR)m, where w € JR'Q represents the total resources and u
the m-tuple of utility functions for the agents in the economy.

Given a pair (w,u) an allocation x € ]RJLm is called admissible if Z?=1 X, = W
Let x be admissible. Then one considers the set of admissible allocations y
satisfying ui(yi) 2 ui(xi)]?zl. If these inequalities are satisfied only by
x itself the allocation x is called a global strict Pareto optimum. If
there is a neighbourhood of x, on which these inequalities are satisfied
only by x itself, the allocation x is called a local strict Pareto optimum.
Our primary interest is fixed upon the set 8(w,u), shortly denoted by 8, of
the local strict Pareto optima.

It is not possible to give necessary and sufficient first or second order
conditions for a point x to be in 8, since each kind of degeneracy may
occur.

So we describe in this chapter subsets of the set of admissible allocations
which either are contained in 6 or contain 8.

Section 5.1 is devoted to the properties of the sets eex(w,u) and ecr(w,u)
(see 1.3), whose definitions are based upon first order necessary condi-
tions for points x to be in 8. The main theorem of this section is the
general result II.

In Section 5.2 we extend the notion of the set Nz and the map Hz (see 2.5.1
and 2.5.2) to points z where some Dui(zi) may be 0, and we prove that

Hz(v) # 0 for all v € N, \ {0} implies that ecr(Z?=1 z; ,u) is locally an
~ (m-1)-dimensional submanifold for u € T, and j u(z) € W (see 3.5.3).
Section 5.3 contains the definition and properties of a subset 6 ¢ 8, being

open in eex' We restrict ourselves there to the dense subset T0 nMof T
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(see 3.5.6).

Section 5.4 is devoted to some examples.

5.1. Regularn pairs

L
Let w €¢ R . We denote by Aw the set of admissible allocations. Then Aw is an

(m - 1) % dimensional submanifold of ]R,Q,m and for each x € Aw the tangent

space Tx Aw consists of all 8x € ]le satisfying 212-1 dxi = 0.

We recall the definition of a local strict Pareto optimum for a pair (w,u):
a point z € Aw is a local strict Pareto optimum if there is a neighbourhood
0 of z in ]R!Lm such that for all admissible allocations x € 0\ {z} there is
some i such that ui(xi) < ui(zi) (see 1.3).

We denote the set of local strict Pareto optima by 6(w,u) or by 6.

5.1.1. DEFINITION. Let (w,u) € IR'Q' x cw(mZ,JR)m. Then ecr(w,u) 18 the set of

m

admissible allocations x such that 1 Du, (x,) = 0] i=1 for some

b
pesll.

5.1.2. DEFINITION. Let (w,u) € R* xc (RY,R)™. Then 8 (W) is the set of

. m 2-1
allocations x € A, such that IIp Du, (x,;) = Oili__:1 for some p € S

and Du, (x,) * Duj (xj) 2 0 for all i, j.

The definitions of 8, eex and ecr are parallel to those of equilibria, ex-

tended equilibria and critical equilibria.

5.1.3. LEMMA.

(1) 8cB6__<c06__;
ex cr

(2) 8 _ and 6 __ are closed sets.
ex cxr

PROOF. (1) Only 6 c eex requires a proof. Let z € A, and z ¢ eex. Then z is

not disastrous, since otherwise Dui(zi) = Aip, with Ai = 0 for all i and
all p € Sl_l. Moreover, there are at least two indices il' i2 such that

) Du, (z, )

11 T2 2

Tou, (2, T 7 Tou; (2, T °
1 1 2 72
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There is some v eZRQ such that Duil(zil)-v > 0 and Duiz(ziz)-v < 0.
We consider the curve x(t) € Aw:
x, (t) := zi + tv ,

*1 1

Since
u, (z, +tv) - ug (z, )
. 1 1 1 1
lim T = Dui (zi Yev > 0
t+0 1 1
and
u (zi -tv) - u, (z,)
lim. 2 2 : 2 2 = - Dui (zi Yev > 0
>0 2 2

it follows that there is some t., > 0 such that u, (x,(t)) = u.(z.)]? for
0 i"i i1 T i=1

all t € (O,to). So we have z ¢ 8.

(2) Since eex is the intersection of ecr with the closed set of points x,
satisfying Dui(xi) ~Duj(xj) 2 0 for all i, j, it is sufficient to prove
that ecr is a closed set.

Let z ¢ ecr. Then Duil(zil) and Duiz(ziz) are independent for at least one
pair of indices. There is a neighbourhood of z such that Duil(zi1) and

Duiz(xiz) are independent for all x in this neighbourhood. ]

our first concern is now the structure of the set ecr(w,u).

5.1.4. LEMMA. Let u € T. The smooth map h : B x B > B x R which sends
(w,x) to
o m
<.z X -w 'Dui(xi)]i=1)
i=1

has 0 as a regular value.

PROOF. The derivative Dhu(w,x)(6w,6x) equals

T 2 m L _fm
(.21 6x, - 6w, D ui(xi)axi]i=1) for (Sw,8x) € R™ xR .

i=
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We assume (w,X) € hu+(0). Then, by 4.1.12, each Dzui(xi) is nonsingular.
m

O

Hence the equation Dhu(w,x) (8w,8x) = v has a solution for all v € .TR’L X R

5.1.5. COROLLARY. Let u € T. Then the set of w € r for which there are ad-

missible disastrous allocations, 18 thin in JRR.

PROOF. As an immediate result of 5.1.4 we have: hu+(0) is a submanifold of
dimension 0, in other words, a discrete set. Hence it is at most countable.
But this means that the set of points w € JR]' for which there are x € :IR’Lm

such that hu (w,x) = 0 is at most countable. The fact that a countable sub-
set of JR'Q is thin in ]R'Q completes the proof. 0
5.1.6. LEMMA. Let u € T. Then jlu A W, where jlu(x) = (x,v.xi(xi)]l;.j=1 '
Dui(xi)]nilzl) (see 3.5.4) and W =R™ x B® x T (see 3.5.3).

PROOF. Let x € ]Rf'm and jlu(x) € W. The proof follows immediately from the
definition of T and the proof of 3.5.7. 0
2m I

5.1.7. LEMMA. Let u € T. Then the set {x € R (Du1 (xl),...,Dum(xm)) eI}

18 a submanifold of dimension % +m-1.

PROOF. This set is the inverse image of W with respect to the map jlu. We

apply 2.4.4 with X =R*™®, v = R™® x ®® x ®"®, z = W, and 5.1.6 to find that

the dimension of j1u+(w) equals fm- (Am+m+8m) +m+m+m+2-1=m+2-1.

]

5.1.8. DEFINTION. Let u € T. The smooth map

2 L
$: xe R (Duy (x4)y...,Du. (x )) eT} >R

sends x to I, x, € ®.
i=1 "i

Now we come to the main theorems of this section.

5.1.9. THEOREM. Let u € T. Then the set of w € r for which

(1) 8, (wsu) 18 a submanifold of dimension m -1,

(2) A, and consequently ecr (w,u), contains no disastrous allocations,

18 dense in JR’L.
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PROOF. The set of critical values of the map I is thin in Ig'(see 2.2.6) .
The set of w ¢ ]Rz for which Aw contains disastrous allocations is also thin
in ZIR2 (see 5.1.5). So the union of these two sets is thin in ZRQ. Hence
the set consisting of those regular values of I for which Aw contains no
disastrous allocations is dense in ZRL, its complement in ZRL being thin.
For each w in this set the inverse image

m
W = {x erR™ | ) x; = w, (Du, (x;),...,Du (x)) € r} =8, (W)

i=1

is a submanifold of dimension £ +m-1-2. 0

5.1.10. DEFINITION. 4 pair (w,u) € ]Rp“ X CW(:lR’L,JR)m s said to be regular
provided

(1) uerT;
(2) A, contains no disastrous allocations;

(3) w <8 a regular value of I.

It follows from 5.1.9 that the set of regular pairs is dense in the set of

all pairs (w,u) (see also the proof of 4.1.9).

5.1.11. THEOREM (GENERAL RESULT II). The set of pairs (w,u) for which A,
contains no disastrous allocations and 6 cr (w,u) 28 an (m-1)-
dimensional submanifold, is dense in R x Cw(IRf',]R)m.

PROOF. Follows immediately from the fact that this set contains the set of

regular pairs. O

The next lemma provides a criterion for (w,u) to be a regular pair.

L

5.1.12. LEMMA. Let (w,u) € R X Cw(IRE,]R)m. Then (w,u) is a regular pair if

and only if

(1) ueT;
(2) a, contains no disastrous allocations;
(3) the system of equations

m

z 6x, =v ,

i=1 i
5.1.12.1.

2 m
HP D ui(xi)(Sxi = X16p]i=1
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in the unknowns (6x,8p) € B® x pl has a solution for each

veR in all points X € :IRR’m, satisfying

m
m 2-1
izl X, =W, Dui(xi) = Aipﬂi=1 , wWhere A # 0, pe S .

PROOF. (1) and (2) are part of the definition (5.1.10) of regular pairs.

As for (3), we consider the tangent space to the manifold j1u+(w) at x.
This tangent space consists of all d8x e:Rzm for which there is some 6p € pl
such that HP Dzui(xi)dxi = Aiép]?=1. Then (3) is nothing else than the

property that the derivative of X has rank £ at x. 0

5.1.13. LEMMA. Let (w,u) be a regular pair and x € 0y (Wr) . We assume

m 2-1
Dui(xi) = liP]i=1’ where A # 0 and p € S

if and only if

. Then 6x ¢ T._ 8 __(w,u)
X cr

m
W I ex; =05
i=1
. 1 2 _ m
(2) there is some 8p € p such that Hp D ui(xi)éxi,— Aidp]i=1.

PROOF. This is an immediate result of the definition of ecr and of 2.4.4. 0

5.2. Local structwre of 8_ (Z;_; 2, +w)

In 5.1 we started by choosing pairs (w,u) and the definitions of 8, eex and
ecr. The total resources w are supposed to come from some initial alloca-
tion in the economy. The structure of ecr for regular pairs (w,u) as an

(m - 1)-dimensional submanifold is a global result, based on transversality
theorems. One could take a more local poiht of view, and ask whether there
is some criterion which tells that, given some allocation z and an m-tuple
u, the set ecr(z?=1 z; ;u) is an (m-1)-dimensional submanifold only in a

neighbourhood of z. This section is devoted to this question.

Let u e T and =z e:le. We assume (Dul(zl),...,Dum(zm)) € T and we denote by

I(z) the set of indices i for which Dui(zi) # 0, by 1% (2) the set of in-
dices i, for which Dui(zi) = 0, Obviously, I(z) # @.
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2

5.2.1. DEFINITION. Let u € C (R, R)®, z ¢ R™ and (Du, (z{),+..,Du (2 )) =

= (\pse--sAp) € T.

m
2m m _
(1) N, := {(vl,...,vm) e R | 1-2-1 v, =0, pev; =0ly_ , v, =0

for all i € I*(z)} N

(2) H (v) := 2 L Dzui(zi) (Vi'vi) + VEN .

ieI(z) "i

The set Nz and the map Hz: Nz + R are extensions of those defined in 2.5.1

and 2.5.2. If I*(z) = @ both definitions coincide.

_ m
5.2.2. THEOREM. Let u € T and Du, (z,) = Aip]i=1, and A # 0. If H (v) #0

for all v e N\ {0}, there is an open neighbourhood 0 < R*™® of z

m

such that 0 (Tiq 25 0 0 0 Zs a submanifold of dimension m-1.

=1
PROOF. We assume

aum ’
_.Q, (zm) #0 ,
9x

m

L -1

and define for i = 1,...,m-1 the smooth maps Fi: ]Rl x R -+ R, which send

(xi,xm) to

ou Ju

M ———— i —

T Dui(xi) -3 Dum(xm)
X, X,

m i

in the usual convention (see 2.5).
Furthermore, we denote by Dzui(xi) the (£ -1) x 2 matrix, obtained by
skipping the last row azui/axi axi“ of the matrix D2ui (xi) .

2m N ]R(m—l) (2-1)

Let F: R X ]Rg' be the smooth map:

m m
F(xl,...,xm) := (Fl (xl’xm)""'Fm—l(xm—l’xm) ’ z x, - Z zi> .
i=1 i=1
auu‘1
So F(z) = 0. Since — (xm) # 0 on a neighbourhood of z, it is easily seen
X - .

that there is a neighbourhood 01 of z in JRg'm such that
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m
F(0) n 01 = ecr(.z z; ,u) n 01

i=1
We claim that rank DF(z) = (m-1)(2-1) +%. If so, then rank DF(x) =
= (m-1)(2-1) +2 on a neighbourhood 0 of z in JR'Q'm. Hence it follows from
2.4.4 that F+(0) n 0 is a submanifold of Ile, passing through z, of dimen-
sion fm - (m=-1)(2-1) -2 =m-1.
To prove the claim we consider the derivative DF(z) as a matrix with
(L-1)(m=-1) +2 rows and 4m columns.

Let 6z = (621,...,dzm) e:le. Then

m
m-1
DF (z) (8z) = (DFi(zi,zm)(szi,szm)]i=1 '121 Gzi) =

aFi BFi m-1 m
= (——T Sz, + = %7 ) 6zi) '
i m

9x i 9 m i=t  i=1
where
3
f BF% aF%
- 1
Bx; 9x
aFi
Rl . . , i=1,...,m-1 ;
i . .
ap ! ar !
i i
.o 7
. axl axi J
( 1 1)
aFi aFi
ax; 9x
oF,
———-—ax = : . ’ i= 1,..-,m"1 .
n . .
ar¥ ! Sl
i i
ax x>
L m
Since
' 2
Zi M 2 s -
9x L i m m 2

i 9x. 9x, 0oX,
m i
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and

we have in x = z:

.
2
aFi_}\ D2()_—Taui =)
ax,  m\P P Ui’ TP v Ei)
i 9x, 0x
5.2.2.1.4
2
aF_i_ A "T__a_i@__ 2D2u (x )
ax_ . Ci\P T P m*m’ )
t m 9X_ 9X
m m
The derivative DF(z) has the matrix
'aF1 OF )
=, (FprE) O ... O . (B1r%y)
1 m
0
DF(z) = . .
’ oF oF
m-1 m-1
0 nT 3x. (Zm—l ! Zm) ox. (zm-l ! Zm)
m-1 m
l I ceieeeen seessscsssscensse I )

Here O denotes the (£ -1) X £ matrix with all entries zero, and I is the

2 % % identity matrix.
- 2-1.m-1 2 2
Let ai € R ]i=1' and Be R . For i =1,...,m~1 we denote by oti € R* the
- - - 1 - -
vector (p o —p-ai) . Hence o, €p and o = 0 if and only if a, = 0. (Note

that the definition of ai is not consistent with the bar convention.)

Now assume that (&1,...,&m_1,B)DF(z) =0¢€ :IRR'm. Then

- aFi m-1

ay -—axi (Zi’zm) + B = 0]i=1 .
5.2.2.2.

m=-1 _ BFi

Loy gtz v 8 =0

i=1 m -

Combining 5.2.2.1 and 5.2.2.2 with the definition of a s we find
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2 m-1
Ap D ui(zi)ozi + B =0],; 1

i=1 '

5.2.2.3.
2 m-1
- D um(xm)<.z Aiai> +8=0.
i=1
Let
1 m-1 m
4 = -5 .Z Ajo, and v, := Alai]i=1
m i=1
Then v = (v1,...,vm) € Nz and 5.2.2.3 yields
5.2.2.4. A D%u,(z,)a, + B = 01°
R A A T hi=t
Hence
1 2 1 2
CLoogoptupte) vy =] 5Dt (2y) (yagade)
iex(z) i iex(z) i

2
Y X, p%u (z,)(a,,a,)
ieI(z) © e ieI(z)

]
~
>
{
»IH
™
.
Q

(=
N—
[}

So, v € N, and Hz(v) = 0 and consequently v =

i€ I(z), and B = 0 (see 5.2.2.4). So we have

1 1
..—-B-( z )\a.)=————8-
Am ieI(z) id Am

2 =
I o2 0% (z)) (@) c0y) =

0. Hence ai = 0 for all

1 m

D ui(zi)ai = 0]i=1 '

m

Prog =00y .

m

Y Ao, =0 where A, = Du, (z,) *pl%

. ii ! i it i=1 '

i=1

, m
t I, Du (z;) = 01y, .
. * m-1
I1f (al,...,am) # (0,...,0), then there is some o € S such that

Gu(z,p,a*) = 0, in contradiction with 3.1.4.
Hence (al,...,am) = 0 and consequently (a
rank DF(z) = (m-1)(2~-1) + 2.

17"

-,amlﬁ) = 0. It follows that

]
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For completeness' sake we compute TZ ec

r 23S the kernel of DF(z). Let P be
the £ x £ matrix
m 1
p 0 e 0 -p
0 Lo _ et
{ 0 0

The kernel of P is spanned by p. We do not go into detail, but we find

m
T 8 ={6zem"m| } 6z, =0, A PD%u,(z )6z, = A, PD°u_(z )8z 1™ }=
z cr i=1 i m ivi i i m m m i=1

I3 m
={6ze.JRm| ) 8z, =

2 m
L 0, Hp D ui(zi)dzi = Aiép]i___l for some (Sp}

in accordance with 5.1.13.

As a consequence of 5.2.2 and 4.3.2 we have the next result, which, for

utility functions without critical points, has already been mentioned in
the literature ([16]). '

5.2.3. LEMMA. Let (w,u) € R x Cm(]RJL,:IR)m be such that each u, 18 strictly

convex and A, contains no disastrous allocations. Then Bcr (w,u) Zs a
submanifold of dimension m-1.

PROOF. Since each ui is strictly convex we have: u € Em (see 4.3.1.2) and
H,(v) <0 for all z ¢ A, Ve Nz\{O}.

]
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X

5.3. A Local optimal part of 6

The definitions of ecr and eex are based on first order necessary condi-
tions for 8. So, if one wants to know whether a point z € ecr belongs to 6,
a higher order criterion is useful. Up to now we did not exceed second
order derivatives in the definitions of T, Hz, etcetera. In order to avoid
degeneracies for utility functions beyond the first derivative we assume in

this section that each utility function is a Morse function (see 2.4.6).

In the following we consider a pair (w,u) such that

(1) uce T, N M (see 3.5.6);

(2) (w,u) Zs a regular pair (see 5.1.10).

It should be noticed that the set of the pairs (w,u) satisfying these con-

ditions is dense, since T0 n M is dense and because of 5.1.9.

5.3.1. LEMMA. Let x € 8. Then Dzui(xi) ig definite negative for all

ie1 (x).

*
PROOF. Since x is not disastrous we may assume Dul(xl) # 0. Let j € I (x),

j #1, and D2uj(xj) not definite negative. Then, since uj is a Morse func-

2

tion, there is some v EZRZ satisfying Dul(xl)-v > 0 and D uj(xj)(v,v) > 0.

Let x(t) = (xl(t),...,xm(t)) be the curve in Aw, through x:
xl(t) = X
x.(t) :=x, - tv ,
J
xi(t) =X, , i#1,1i#3.
We have:

ul(xl(t)) - ul(xl)

1im = Du, (x,)°v >0,
Lin r 1'%
u,(x,(t)) - u,(x.)
1im 3 > 4.3 £D2uj(xj)(V’V) >0,

t>0 t

ug (x (0) =u(x) , LFL, i#7F.
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So there is some t0 > 0 such that ui(xi(t)) > ui(xi) for all t € (O,to), in

contradiction with the assumption x € 8. O

5.3.2. DEFINITION. 6 is the subset of A, consisting of all z € A satis-
fying
(1) z € eex;
(2) Dzui(zi) s definite negative for all i € I*(z);

(3) H (v) < 0 for all v € NZ\{O}.

The next lemma gives a sufficient condition for points in Aw to be in 6.

5.3.3. LEMMA. If x € 6 then x e 6.

PROOF. Let z € O and k := #I(z). Then k 2 1. Since Dzui(zi) is definite

negative for i € I*(z) there is a neighbourhood 0 of z such that:

{x e 0na, | u, (x,) 2 ui(zi)]?=1} =

{ernA& | x; =z, for ier(2), u, (x,) 2 u,(z,) for ieI(z)} =

{x €0 | X, =2, for i € I*(z) , 2 ' z, ,

ieI(z) . ieI(2)

ui(xi) > ui(zi) for i € I(z)} .

m . .
= > =
If k 1, and ui(xi) 2 ui(zi)]i=1’ xe0n Aw' then x z, as is easily

seen. If k 2 2, we apply 2.5.3 with z zi instead of w, k instead of m.
ieI(z) O

CONCLUSION. It follows from 6 ¢ 8 c eex c ecr, 2.5.3 and 5.3.1 that the
only points of ecr where properties of first and second order derivatives
are not sufficient to conclude whether they belong to 8 are those points

z € 6__, where
ex

(1) Dzui(zi) is definite negative for all i € I*(z);
(2) H,(v) <0 for all v € N, and H_(v) = 0 for some v € N, \ {0}.

The definition of 6 gives rise to the conjecture that 6 is somehow an open

set. Hence the next
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5.3.4. THEOREM. 6 78 an open subset of 0ex in the relative topology.

PROOF. Since eexisclosed in Awand Rzm (5.1.3) it is sufficient to prove

that for a sequence z(n) € eex \ 6 converging to z € eex the limit z is not
an element of 6.

Let z(n) = (zl(n),...,zm(n)) be a sequence in eex‘\e and

lim z(n) = z = (zl,...,zm) € 0 .

n->c
Then
Du, (z, (n)) = A, ()p(n)1® A (n) 20, p(n) es¥!
i PR £ L S ’
and
m 2-1
Dui(zi) = Aiin=1 B Ai 20, pe s .

The pair (w,u) is a regular one, so there is at least one j such that

Duj(z.)

.

P = Tou. (z0
5z

Hence, for this index j, we have

Lim uDUj(Zj(n))u = uDuj(Zj)n
e Duj (zj(n)) Duj(zj)

14

SO
lim p(n) =p .,
n-o

and consequently

iii Ai(n) = iii Dui(zi(n)) *p(n) = Dui(zi) °p = Ai
for i=1,...,n.
Each uy is a Morse function which implies that the critical points of each
u form a discrete set. Moreover, by a continuity argument we can show that
for all i € I*(z) there is a neighbourhood of z; such that Dzui(xi) is
definite negative for all X in that neighbourhood.

These two arguments boil down to: If n is large enough, then:

(1) I(z) < I(z(n)) ;
(2) Dzui(zi(n)) is definite negative for all i € I*(z).
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We assume that (1) and (2) hold for all n. It follows from (1) and (2) that
*
for all n, Dzui(zi(n)) is definite negative for all i € I*(z(n)) c I (2).

Since z(n) ¢ 6 there is for all n some v(n) € Nz(n) \ {0} such that

1 2
H (v(n)) = ) —— D“u, (2, (n)) (v, (n) ,v,(n)) 20 .
z(n) ieI(z(n)) Ai(n) i1 i i
The sequence zég;" € sm2—1 has a limit point on sz_l.
We assume that the sequence v'(n) := W%%ﬁ%ﬁ' converges to v' € sz_l.
Since
nZl v.(n) =0, p(n) *v,(n) = 017 for all n
P! + P i i=1 ’
we have
% m
vi=0, pev!=0I,_, .
i=1 i i=1
Furthermore:
(3) B (v'(n) = — b2, (z, () (v (@) v} () =
z(n) A, (n) it i

ieI(z(n)) i

1 2
———— Du, (z,(n)) (v!(n),vi(n)) +
ie1(z) (M e + +

1 2
—— Du,(z,(n))(v](n),vi(n) =2 0.
feI(z(m)\I(z) *i ™ o + +

Since i ¢ I(z) implies Dzui(zi(n)) is definite negative we have

1 2
(4) ) Ty DUy (2 () (v () ,vi () 2

iex(z) i

v
1

1 2
———Du,(z,(n)) (v!(n),vi(n)) 20 .
i€I(z(n))\I(z) Ai(n) i1 i i

Hence, letting n -+ =,

1 2
(5) I =D (z)(vl,v}) 20 .
ieI(z) i i ot

*
Furthermore, if v3 # 0 for some j € I (z), then j € I(z(n)) for infinitely

many indices n. For otherwise, j € I*(z(n)) for n large enough and then
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vj(n) = 0 by definition and consequently 1lim v!(n) = 0. So there is a
n->co
subsequence nk > o with j € I(z(nk)) \I(z). But this means that

- 2
lim ———— D u, (=, L v =,
kiz Aj( ) u](ZJ(nk))(vJ(nk) v](nk))

since
AL > A, =0
J(nk) 3
and

2 1] 1] 2 1] 1]
D uj(zj(nk))(vj(nk),vj(nk)) + D uj(zj)(vj.vj) #0 .

This is impossible because (4) yields

1 2 ' '
XI?;;T D ui(zi(nk))(vi(nk),vi(nk)) >

ieI(z)
-~ p%u_(z, (n)) (v!(n) ,vi(n))
Aj(nk) 37737k 3j e ik
and the left-hand term converges for k - . Hence v} = 0 for all j € I*(z).

So v' € Nz, v' # 0 and (5) yields Hz(v') 2 0. This contradicts the assump-
tion that z € 6. ]

5.4. Some examples

In this section we discuss some examples of pairs (w,u) where u ¢ T. We
shall see that, dependent on the choice of (w,u), 8 can coincide with eex'

be empty or be a proper subset of eex.

5.4.1. Our first example deals with the utility tuple of 4.2

m
ug eg) == hgma) ey maly -

2 .
For w ¢e R we consider

m
_ m _ _ o
by (Wea) = {x eR | i£1 X, =w ,HP Du, (x,) = 0]i=1

-1
for some p € Sl } .

Then x € ecr(w,u) if and only if there are Aijﬁ—l’ P € S’L_1 such that:
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m
¥ =a;-Aplig
3 (-
w - a, =\|- A.)p.
i=t * i=t
(1) Ifws= ZI? a,, then each p € SIL_1 and A € R® with EI? A, = 0 satis-
i=1 i i=1 i

fies

A
w - a, =|- A.)p.
i=1 i=1 *

Hence 9cr (w,u) is parametrized by £ -1 +m -1 parameters and so it is not a
(m - 1)-dimensional submanifold. Not unexpected since w allows disastrous

allocations in this case, so (w,u) is not a regular pair.

(2) Let w # En.: a, . We claim that (w,u) is a regular pair, the parametri-

=1
zation of ecf (w,u) being obviously:

m et .o
hw= 3 a !

2 1

i=1

Since u € T and w does not allow disastrous allocations we have by 5.1.12
to show that for all x € ecr(w,u) the equations in the unknowns

(8x,8p) € ]le m

L
X p, where Du, (xi) = Aip] i=1'

m

X Gxi=v,

i=1

I_D2%u, (x,)6x, = A,6p1"
SR S A NN Rt |

have a solution for all v € Rz.

We choose one of the two solutions for p. Since (Znil___1 Ai)p # 0 and

Dzui (xi) = - I we solve the equations (5.1.12.1) for this case by
I v n
§p = - ——P—m , Gxi = - )\idp + 6>‘iP]i=1 '
oA
2,01
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where

o a
i=1 %i°

Hence (w,u) is a regular pair if and only if w # I
Since each D2ui is definite necative and Aw contains no disastrous alloca-
tions we apply 5.3.3 to conclude that each point of eex belongs to 8, so

6=06__=86.
ex

We can prove more, due to the convexity of each ui: each point z € 8 is a

global strict Pareto optimum.

PROOF. Let z € © and x € A such that u,(x,) 2 u,(z,) for all i. It must
ex W it7i it

be shown that x = z. Assume Dui(zi) = Aip where Ai 2 0 for all i,

m
. izl 8w m m
p=—p—" and ._2_1 A =II.21 ai-wll .
'Yy a, -wl = =
i=1 1

There are reals ui]?=1 and vectors q; € pl]?=1 such that

X, = a, + i +Jm
378 TP YA -

Since
1 Pa+(d 1
x, = a, + u.)p + g, =w
j=1 Yogmp Fo\ym i=1 1

it follows from the expression for p that

h } 3
H, = - A, and q,. =0 .

i=1 i=1 i=1
Furthermore,

u, (x,) = -4 (u.p+q)e(u,p+q,) =-4u?-}q, - ql"

ii i i i i i i i i=1
and
- 1. Vi _ 2-m
ui(zi) = -4 Aip) ( lip) = é’xi]i:l .

Hence by assumption
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LTI PR PR

So
_ _ m
gl=ag = dugl 2 -1
and consequently

m
)\i+ui > OJi=1

Then by

m

_Z (A +uy) =0
i=1

we have

m
Aty = 0l

This means q, * q; < 0]1;;1

Hence x = z.

r S0 q; = 0]1;1:1, and x
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i ai—)\ip for all i.

5.4.2. Let m = 2, 2 2 2 and q € Sl_l. We define u, and u,:

u1(x1) =X

u2(x2) =qrx, + 4 (quz) * Xy

and we prove: (w,u) is a regular pair for all w € Rf', and 8(w,u) = @ for

all w. So there are no local strict Pareto optima.

, _ 2 - =
Since Du (x;) = q, D°u (x;) = 0, Duz(x2) = Q+qu

for

(x,p,0) = (x1'x2'P'°‘1'°‘2) € R

2 D2u2(x2) = Hq' we have

Gu(x,p,or.) = (I[pq , Hpq+1'[p qu2 , 0, l'lq ay ,(q‘p)m1 + ((<;[+l'[q xz) -p)az)

(see 3.1.3).

Hence Gu(x,p,u) 0 yields

1]

]'Ipq= o, pr2 o, Hqu2 =0, (q-p)a1+(q-p)a2 =0, pra, = o, pra, = 0.
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This implies g = * p and from anz =0, p- 0, = o, u1-+a = 0, it follows

that a, = 0, oy
Gu(x,p,a) # 0 for all (x,p,a) and consequently u € T (see 3.1.4).
2-1
S

2
= 0, in contradiction with the definition of S. So

Furthermore, since Dul(xl) =q € , there are no disastrous allocations
at all.

2
Now let w € R” and assume (xl,xz) € ecr(w,u). So

x1-+x2 =w
Du, (x,) = A where € S'Q_1
1% = 4P p
Du2(x2) = Azp
Then
x1+x2 =w, p=4d, quz =0, Al = Az =1
or

x1+x2=w, p=-q,]‘[qx2=0, A1=A2=—1.

In both cases the equations 5.1.12.1

le + 6x2 =v,

Hp 0 6x, A 8p

1T 6%y = Ayép
are solved by le =V, 6x2 =0, 6p = 0.

Hence (w,u) is a regular pair for all w. Furthermore,

0 (W) = {(x;ox,) | % +x, =w, x, =va} .

So eex(w,u) is parametrized by the scalar y and ecr = eex for all w.
Let (XI'XZ) € ecr(w,u). Then Dul(xl) =q # 0 and Duz(xz) =q + Hq x, =
=q # 0.

2% I

v, +v

Nx={(V1,V2)€]R 1 2=O,q-vl=q~v2=0}

(see 2.5.1). For v € Nx we have:



1 2 1 2 _
71- D u, (xl) (V1’V1) + >‘2 D u2(x2) (v2.v2) =

[l

Hx(v)

= Hq(VZ'V2) = (]'[q v2) TV, =V, 0,

89

(see 2.5.2). Hence there are v € N such that Hx(v) > 0 and consequently x

is not a local strict Pareto optimum (see 2.5.3). So 8(w,u) = @ for all
w eiRz.

5.4.3. For m = & = 2 we can draw instructive (however deceptive) pictures
of ecr(w,u) by means of the Edgeworth box (see 1.6).

Let w e:Rz and (xl,xz) € Aw. Then Xy = WXy, and, representing Xy by
(x,y), utility functions ul(xl) and u2(x2), restricted to points

(xl,xz) € Aw' give rise to functions Gl(x,y) and Gz(w-(x,y)) on 2R2.

We write ul(x,y) and uz(x,y) for ul(x,y) and uz(w-—(x,y)), respectively.

Then we have the following characterization of ecr and eex:

6
cr

{(x,y) € B | det (Du, (x,y) , Du, (x,y)) = 0},

0, = {xiy) €0, | Du, (x,y) *Du,(x,y) < O} .

Furthermore, we define for (x,y) € ecr the set N by:

(x,y)

2
(1) i

L
= Dul(x,y)l n Du2(x,y) if Dui(x,y) # 0] =1 ¢

N,y

(2) = {0} otherwise

Nix,y)

(see 5.2.1), and the function H on N is defined as
(x,y) (x,y)

1
(v) = %— D2u1 (x,y) (v,v) + )‘—2- D2u2(x,y) (v,v)

Hix,y )

only in points (x,y) € ecr where

2
Dui(x'y) # O]i=1 » Du, (x,y) = AP Duz(x,y) = - A2p .

(see 5.2.1). Then the set 6 consists of those points (x,y) where, either

(1) Dul(x,y) =0 or Duz(k,y) = 0, and Dzui(x,y) is definite negative if
0,

Dui (x:y)

or
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(2) by, (x,y) # 0, Du, (x,y) # 0, Du, (x,y) = AyPs Duz(x.y) = —Azp, with

A, >0, A\, >0and pe S, and H (v) < 0 for all v ¢ pt\{0}.

1 2 (x,y)

Since we consider regular economies and only Morse functions in the follow-
ing examples, we conclude by 5.3.1 and 5.3.3 that a point (x,y) € eex is not

a local strict Pareto optimum for (u1,u2) whenever either

(1) Dul(x,y) =0 or Duz(x,y) = 0 and Dzui(x,y) is not definite negative
for i € I* (x,y):
or

(2) Dul(x,y) # 0-and Du2(x,y) # 0 and H (v) > O for some v € N

(x,y) (x,y)°
Now we give some concrete examples.

5.4.3.1.

2 2
- ix +%Y v

ul(x,y)

u2(x,y) (x-2)y .

This pair is originated by the regular pair (W,E) with

~ 1.2 2,2
u (%)) = - i(xi) + i(xl) '
u (x,) = x1 x2
Uy lXp) = Xp Xo v
w= (2,0) .
We have:
( Du, (x,y) = (-x,¥) .
Duz(x,y) = (y,x-2) ,
2 -1 0
{ D%, (x,y) = ;
0 1
0 1
2
D uz(x:Y) =
{ 1 0

So D2u1(x,y) and D2u2(x,y) are not definite negative.

As is easily seen:



@
]

2
{(x,y) e R® | x2—2x+y2 0} .

= {(x,y) € :I.'R2 I x2—2x+y2

(<]
I

OrYZO}I

8 = {(x,y) € eex |'y > 0 and H(x,y) definite negativel} .

Let (x,y) € eex and y > 0. Then N(x,y)

)\1 = \/x2+y2 = V2x
‘/2 2
A2= vy +(x=-2)° = V4-2x

0<x<2.

We only need to consider H (v) with

(x,y)

v = (V2x—x2,x) ’ 0<x< 2.
Substitution yields

H )(v) =L(-— (2x—x2) +x2) +-—g——-xV2x—x =
(¥ Vox Vi~ 2x

Hence it follows that

9={(x,y)eeex|0<x<%}

and that points in eex, where x = 0, x = 2 or x > % are not optimal.

It remains to check whether the point (i, }V3) € 8y IS in 8 or not.
There is a neighbourhood ( of this point such that (x,y) € 0 and ui(x,y)

2 .
> ui(£ , i/g)]j;l imply:

Vx2+§Sys—i.

4(2 - x)

We consider the function

33735

Ix) = Teon
in a neighbourhood of x = }. Then

g) =0, g')) =0, g"() =0, g™} >0.

So each neighbourhood of (} , §¥/3) contains points (x,y) with

is spanned by (y,x) = (V2x—x2,x)

91

(2x -1)V2x .

2
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VeZoo 3/3
x>} and x“+) <y < To %

and consequently
2
u, Geoy) > ug (4, /317 -
Hence (}, 1/3) ¢ 6.

The foregoing results are laid down in Figure 8.

y
A

(0,0)

Figure 8.

Pareto set for example 5.4.3.1.

5.4.3.2. We consider the pair u = (ul,uz) where

w, (x,y) = - &xz - iyz ’

u2(x,y) (x-2)y .

Application of the same methods as in 5.4.3.1 combined with the fact that

D2u1(x,y) is definite negative, yields:

Oy = {(x,y) e:l‘z'{2 | x2-2x—y2 = 0} )
eex = {(x,y) e]R2 l x2--2x—y2 =0, y(x-1) =2 0}
b see Figure 9.
6=9ex\{(2:0)}
8=6 J




L.
>

Figure 9.

Pareto set for example 5.4.3.2.

(0,0)

Y
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CHAPTER 6
TRADE CURVES

Intrhoduction

Given a pure exchange economy with fixed total resources w eSRR and a
utility tuple u € Cw(IRlﬁR)m, we consider trade curves, being Cl—curves

x(t) € Aw’ defined on an interval a < t < b satisfying:

(1) ui(xi(t)) is non-decreasing in time t, i =1,...,m, so

d
—_— ) > 1 -
T ui(xi(t)) 20 for all i and all t;

2) I, 1 ui(xi(t)) is strictly increasing in time t, so

m
d
T iZ1 u; (x;(8)) > 0 for all t.

Obviously no trade curve starts at z € 8.

There are several ways to generate trade curves, two of which are mentioned

here:

(i) Starting from some point x ¢ 6 one makes at any time t a choice for
the direction %(t) from a set, defined by equalities and inequalities,
based upon (1) and (2).

(ii) One defines globally a vector field on Aw' the integral curves being

trade curves.

In both cases there are two stability problems in discussion:

(A) Given a point x ¢ 8, is there a trade curve which starts from x and
converges to some point of 6 ?
(B) Do trade curves stay near a point of 8 if they start from points suf-

ficiently close fo that point?

(A) is called the accessibility problem, (B) is the Lyapunov stability
problem.
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Smale [19], Friedmann [3] and Schecter [11], considered mainly trade curves
of type (i), the so-called non-deterministic trade curves. Under classical
convexity and monotonicity hypotheses (together with boundary conditions,
since they dealt with the open or closed positive orthant as consumption
sets for economic agents) they proved that from each initial state ¢ 8 a
trade curve converges to a point in 8. A slight modification of their
methods leads to a Lyapunov stability theorem. See Wan [24].

Recently, Wan [24] considered deterministic trade curves (of type (ii))
dropping the monotonicity and convexity conditions, instead of which he

imposed a condition, denoted by (6), on the pair (w,u).

By definition, (w,u) satisfies (0) <if and only if for all x € O there is a
neighbourhood 0 of x such that for all y € 8, y € 0, y # x, there are
indices i and j such that ui(yi) < ui(xi) and uj(yj) > uj(xj).

Making use of (8) he proves:
There is an open and dense set of pairs (w,u), such that for each (w,u) in

this set the following holds:

(I) For each given initial state ¢ 6 there exists a trade curve converging
to a point in 6.

(II) For each neighbourhood of x € 0O trade curves starting sufficiently
close to x remain in that neighbourhood. This holds for all

X € 0.

As indicated by Wan the convexity and monotonicity assumptions on the uti-
lity functions imply that (w,u) satisfies (6) for all w. The results of Wan
are rather exhaustive, so we can only try to add some details.

Section 6.1 is devoted to the explicit construction of a vectorfield, gener-
ating trade curves. The existence of such vectorfields is generally assumed
in literature. Indeed, if utility functions do not have critical points, it
is easily seen that -

Du, (x,)
vi(x) = —

;b Du (x ) -m
HDui(xi)H Y .z HDu (x. HI]

R m _
satisfies Dui(xi) vi(x) > 0]i=1 for x ¢ eex and v = 0 on eex.
The construction turns out to be more complicated for utility functions

with critical points.
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Section 6.2 contains an example of a pair (w;u) satisfying Wan's condition

(6) where Lyapunov stability is proved by straightforward calculations.

Once again we assume throughout this chapter that u € T, n M and (w,u) 28 a

0
regular pair.

6.1, Construction of a vector §ield, generating trade curves
Let x(t), a < t < b, be a trade curve in Aw. Then by definition:

( Duy (x, (£)) = %, (€) 2 0 for all i and all t,

m
121 Dui(xi(t)) 'xi(t) > 0 for all t,

m
z' ii(t) =0 for all t.
{ i=1

In order to get some insight in the set of %(t) defined by 6.1.1 we give

the next lemma.

6.1.2. LEMMA. Let v = (ViseeesV ): Aw—*]Rzm be a cl-map such that

m
) vi(x) =0, Du(x,) v, (x)2 0]?

=1 for all x € A, -
i=1

Then, given z € A, v,(2z) =0 for all i € 1%(2).

PROOF. Let z € Aw and j € I*(z). Consider the map g: Aw -+ R, where
(x) := Du.(x.) - v, (x) .
g J( j J(

Then g is Cl, g(x) 2 0 for all x, and g(z) = 0. Hence Dg(z) (§z) = O for all
8§z € T_A .
z'w 2
Since Duj(zj) = 0, the derivative Dg(z) (§z) equals (D uj(zj)szj) 'vj(z) for
all z e T A .
zw :
One may choose sz arbitrarily. Hence the assumption that uj is a Morse

function, yields vj(z) = 0. 0
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The result of 6.1.2 justifies the next

6.1.3. DEFINITION. For x € A the set Cox) 18 the set of v = (vl,...,vm) €
m . .
e R satisfying

W I v, =05
i=1

(2) v, =0 forall ic I (x) ;
(3) Du,(x,) *v; 20 for all i;

m
(4) 121 Du, (x;) *v, > 0.

Since Co(x) may be empty we define a set C(x) # d.
6.1.4. DEFINITION. Let x € A . Then C(x) := Cy(x) U 10}, where {0} c B*™®,
The relation between the set Co(x)and“possible Pareto optima is subject of

6.1.5. LEMMA. C,(x) = @ if and only if x € Oox”

PROOF. Let x € eex and v € C0 (x) . There are nonnegative reals Ai]l;_l__:l and
some p € SJL—1 such that Dui(xi) = Aip for all i. Hence:

m
iZlvi=o,v_=o i A, =0, pev; 20 if A, >0

i i
and

i )

A,pev, = A,pev, >0 .

T = 17 R
But

m

z vy = vi—o

i=1 ieI(x)
implies
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Together with p -vi 2 0 for all i, this yields p -vi = 0 for all i, in

s s : m . _
contradiction with Zi= Aip v, > 0. So x € eex implies Co(x) =g.

1
Now let x ¢ eex. Let k := # I(x), so k 2 2. We choose v = (Vl""’vm) by

vi :=0 for i e I*(x) .
Du, (x,) Du, (x,)
i7i Jj .
v, 1= k m—m—————— - for i € I(x) .
LT o G ™ gy Toay G

Dui(x.)

Claim: v(x) € Co(x). To prove this claim we denote by 9, for

HDui(xi)H
ie I(x).

For each i € I(x) there is at least one j such that 9; -gj < 1 by the
assumption x ¢ eex. Furthermore, 9 -gj <1 for all i,j € I(x). Then we

have, for i € I(x):

g, *v. =g, kg, - ) g.cg.=k- ) g ,°g,>0.
* + . . FeI (x) J jeI(x) + J
This proves the claim. So x ¢ eex implies Co(x) #d. 0

The sets C(x) form the basic tool in the construction of vector fields
generating trade curves. One tries to make a vector field v such that

v(x) € C(x) for all x € Aw. Then necessarily v = 0 on eex'

6.1.6. It 18 easily seen that the set co(x) 18 a cone in the following
senge: If v € co(x), v' € co(x), a20, o' 20 (a,a') # (0,0), then

av + a'v' € Co(x).
The next lemma is the first step in the construction of a vector field v.

6.1.7. LEMMA. Let z € A_ and z ¢ Oox* Then there is an open neighbourhood
0z <A of z and a smooth vector field v, defined on Oz such that
v, (x) € Cp(x) and Hvz(x)H <1 for all x € Oz.

PROOF. We assume

Dul(zl) Duz(zz)

Duy (=) # 0 Dup(zy) #0 and T * Thu, (2,01
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Du.(xi)

Define gi(xi) to be the normed gradient , for i = 1,2 on a

HDui(xi)N
neighbourhood U1 of z.

Since g, (z,) *g,(z,) < 1, it is assumed that
171 272
gl(xl) 'gz(xz) <1 for x € Ul.

There are two alternatives:

(1) gi(zl) 'gz(zz) > -1. Then -1 < gl(xl) -g2(x2) < 1 on a neighbourhood
U2 c U1 of z. Then we take on U2:

vi(x) := Dui(xi) for i > 2 and S(x) := - 122 vi(x) .

(Note: if m = 2 then S(x) := 0.)
For i = 1,2 there are smooth functions 0y U2 -+ IR, and there is a smooth

vector field q: U2 Y such that
S(x) = o, (x)g  (x4) + “2(X)92(x2) + q(x) ,
where

q&)-g1m1)=<ﬂx)-g2m2)= 0, x eu2.

This is not difficult to prove, since gl(xl) and g2(x2) are linearly inde-
pendent on U2, because -1 < gl(xl) -g2(x2) < 1. The functions oyr O, and
the field q correspond with the decomposition of the smooth field S(x).

Next we take ;1(x), ;2(x) as follows: -

;1(x) 1= yl(X)ql(xl) + Yz(X)gz(xz) + q(x)

- X € U2
vy (x) = ya(x)gy (%) + y4(x)g2(x2)
where (y,,y,:/¥,:Y,) is solution of the equations:
1742743744
iyl(x) + y3(x) = al(x)
¥, (x) + y4(X) = az(x)
X € U2
yl(x) + €(x) y3(x) =1
=1

€ (x) y3(x) + y4(x)

where

e(x) := gl(xl) -gz(xz) .
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This system has a smooth solution (yl,yz,ya,y4) defined on U2 since the

determinant
1 0 1 0
0 1 0 1 5
1 cx) 0 ol = € (x) -1 #0 on U2 .
0 0 e(x) 1
Hence
g, (%)) v, (x) =y, +ex)y, =1
and
g2(x2) -vz(x) = e(x)y3 + ¥, = 1.
Consider the smooth field ;(x) = (gl(x),...,;m(x)) on U2. It follows from
the construction of v(;) that for all x € U2:
Dui(xi) 'vi(x) >0 for all i € I(x) ,
v.(x) =0 for all i e I"(x) ,

Let g be an open neighbourhood of z such that 0z c 5; c U2. There is some

M > 0 satisfying IVl <M for all x € (72. The smooth vector field
_ v(x)

vz(x) M on OZ satisfies vz(z) € Co(x) and sz(x)H <1 on Oz.

Now we come at the second alternative:

(2) gy(z)) °g2(22) = -1. As in the first case, ;i(x), i > 2, and S(x) are
defined on Ui.

There is a neighbourhood U2 c U1 of z and a real o > 0 such that

g1(x1) °g2(x2) < 0 and S (x) 'gl(xl) < a on U2.

Furthermore, let S(x) = al(x)gl(xi)-+q(x) be the smooth decomposition of
S(x), with q(x) °g1(x1) = 0 on U2. Hence al(x) < o on U2.

Let Py > a. We take

;1(x) := plgl(xl) + q(x) ,

gz(x) 1= (al(x) —p1)91 (x1)
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Then
g, (x,) -Gl(x) =p, >0
and
92(x2) '32(X) = (m1 (x) --pl)g1 (xl) ~g2(x2) >0 .
The smooth field ;(x) = (gl(x),...,;m(x)) satisfies the same properties as
the one in alternative (1). The remainder of the proof is the same. 0

What we have to do now is gluing together the vector fields v, in order to
get a vector field on A, \eex. Partitions of unity (see 2.1.13) are the

main tool here.

6.1.8. LEMMA. There is a smooth vector field v* on A \b such that
vi(x) € Cy(x) and IV ()l < 1 for all x.

PROOF. We denote by X the open subset Aw‘\eex of the submanifold Aw'

The sets {oz}zex as described in 6.1.7 form an open covering of X. There is
a subset J c X such that {oz}zeJ form a locally finite open covering of X
(see [9], page 43).

There is a family {pz}zE of smooth functions defined on X such that:

J
(1) pz(x) e [0,1] for all z € J, x € X ;
(2) supp P, € Oz for all z € J;

(3) {supp pz} is a locally finite cover of X ;

zed

4 ) p,(x) =1 for all x € X.
zed

(See 2.1.13.)
Let x € X. Then

g oi={zed | x e 02} .

Since {Oz}zeJ is a locally finite cover of X, it is clear that I is finite
and nonempty.

Let v* be the vector field, on X defined by

v*(x) 1= 2 pz(x)vz(X) '
zeJx

where v, comes from 6.1.7.
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We claim that v (x) € Co(x), IIV* (x)II €1 for all x € X and that v¥ is
smooth on X.
Since all pz(x) 20 and pz(x) >0 for at least one z € Jx’ it follows from

the cone-property 6.1.6 that v (x) € Cy (x) for all x. Furthermore,

IA
—
.

Iv* ol < 2 Ipz(x)lllvz(x)ll < Z pz(x)
zeJ zed,

Remains the proof that v* is smooth.
Let x € X. Since {Oz}zeJ is locally finite, there is an open neighbourhood
Ux of x and a finite subset Kx c J such that

ch Uoz and anoz=¢ forzg_‘Kx.
zer

Obviously, Jx c Kx' There is an open neighbourhood Vx of x in X satisfying:

(1) v. e nNoO ;
X z
zed
X
(ii) v, N supp p, = @ for all z € Kx\Jx .

Then Jx c Jy c Kx‘ for all y € Vx' and consequently we have for y € Vx:

*
viy) = ] P ¥V, (y) = ) PV, (¥) + ) 0,V (¥) =
zed zed zed \J
Yy X y X
= zg‘:j p,(¥)V, (y) , since p (y) =0 for z ¢ Jy\.:rX .
X
Hence it follows that v* is smooth on X. 0

6.1.9. LEMMA. There 718 a continuous vector field v on A, such that v is

smooth on Aw\eex’ v(x) € co(x) for all x ¢ eex’ vix) = 0 on eex'

PROOF. By 2.1.15 there is a smooth function o defined on R¥ such that
a(x) 2 0 for all x and'6__ = o ({0}). Then the restriction of a to a, is
smooth. We define v on Aw by:

vix) = a(x)v'(x) if x ¢ eex '

v(x) =0 ifxeeex,
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*
where v comes from 6.1.8.

* *
Since llv (x)Il < 1 for all x, it is clear that v is continuous on AV is
smooth on Aw'\eex' Furthermore, since a(x) > 0 for x ¢ eex, it is clear

that v(x) € Co(x) for all x ¢ Gex. Hence v has the desired properties. [
REMARK. The foregoing construction holds for all pairs (w,u).

6.2, An example

This example deals with Lyapunov stability for points z € 6, where

I (z) # @ and #I(z) > 1. The pair (w,u) satisfies Wan's conditions (6), so

Lyapunov stability is guaranteed. For convention's sake we restrict our-

selves to the positive orthant as the consumption space.

Let m= 3, 2 = 2, and (w,u) be the regular pair:

u, (x,) 1= xb %2 (x,) = Xo %2, uy(x) = - J(xy-e)e(x,-€) , w=3
11Xy FE Xy Xy UplXp) 3E Xy Xp e U3iXg) = ¥3meirixg=el o €

where e = (1,1).

Since on the positive orthant each ui satisfies local convexity, we have

6 = eex = 8. Some calculations show:

3
8 = {(ale,qze,a3e) l a; > 0] +a,+a, =3, a, <1} .

i=1" %1 TU O, 3

As a two-dimensional subset of Ig, parametrized by (al,az,a3), the set 8

is given in Figure 10. 8 is the shaded region.

¢}

3

(0,3,0)

Figure 10.

O for example 6.2.
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Obviously 6 is not a submanifold, but it is a disjoint union of submani-
folds of dimensions 2, 1 and O.

Let x € 6 be (ale,a e,a3e). Then

2
2 2 2
ul(xl) =ay u2(x2) =0, u3(x3) = - (1-—u3) .
3 .
Hence ui(xi) < ui(yi)]i=1 where y = (Ble,Bze,63e) € 8 leads to the inequal
ities:
a1 < 61 ’ a2 < 62 ’ a3 < B3 .
Since a1-+a2-+a3 = Bl-+82-+63 = 3, we have x = y. So (w,u) satisfies condi-
tion (0).
Let us consider the point z := (e,e,e) € 8, where I* # @ and #I = 2. Let
X € Aw be a point near to z, and (ale,aze,a3e) € 8 such that
u(oze)Zu(x)]3
i1 177107 i=1

Then

6.2.1. oy b Vui(xl) roay > Vuz(x2) ooy

+a2 < 2+¢-—u3(x3) .

So the point x defines a subset Bx c 8, consisting of all points

(ale,a e,a3e) € 8 satisfying 6.2.1.

2
Each trade curve starting from x and converging to 6 converges to a point

in Bx' As a result of some calculations we have: y € Bx implies

ly-zll < ax) ,

where

d(x) := 3 max {Il-/hl(xl)l ,]1-—/h2(x2)| ,/¥u3(x3)} .

So d(z) = 0, and d(x) is continuous. Hence for all € > O there is a 6§ > 0
such that for all x with lx-zll < § the set B, is contained in the ball
with radius € and centre z. This means that z is Lyapunov stable, in accor-

dance with Wan's theorem.
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