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CHAPTER 1

GENERAL INTRODUCTION

In this introductory chapter first (section 1) an informal description is
given of the Markov decision processes and Markov games that will be stu-
died. Next (section 2) we consider the optimality equations, also called
the functional equations of dynamic programming. The optimality equations
are the central point in practically each analysis of these decision
problems. In section 3 a brief overview is given of the existing algorithms
for the determination or approximation of the optimal value of the decision
process. Section 4 indicates aims and results of this monograph while
summarizing the contents of the following chapters. Then (section 5) we
formally introduce the Markov decision process to be studied (the formal
model description of the Markov game will be given later). We define the
various strategies that will be distinguished, and introduce the criterion
of total expected rewards and the criterion of average rewards per unit

time. Finally, in section 6 some notations are introduced.

T.1. INFORMAL DESCRIPTION OF THE MODELS

This monograph deals with Markov decision processes and two-person zero-sum
Markov (also called stochastic) games. Markov decision processes (MDP's)
and Markov games (MG's) are mathematical models for the description of
situations where one or more decision makers are controlling a dynamical
system, e.g. in production planning, machine replacement or economics. In
these models it is assumed that the Markov property holds. I.e., given the
present state of the system, all information concerning the past of the
system is irrelevant for its future behaviour.

Informally, an MDP can be described as follows:



Informal description of the MDP model

There is a dynamical system and a set of possible states it can occupy,
called the state space, denoted by S. Here we only consider the case that
S is finite or countably infinite.
Further} there is a set of actions, called the action space, denoted by A.
At discrete points in time, t = 0,1,..., say, the system is observed by a
controller or decision maker. At each decision epoch, the decision maker
- having observed the present state of the system - has to choose an action
from the set A. As a joint result of the state i € S and the action a € A
taken in state i, the decision maker earns a (possibly negative) reward
r(i,a), and the system moves to state j with probability p(i,a,j), j € S,
with ) p(i,a,j) = 1.

jes
The situation in the two-person zero-sum game is very similar. Only, now
there are two decision makers instead of one - usually called players -
and two action sets, A for player I and B for player II. In the cases we
consider, A and B are assumed to be finite. At each decision epoch, the
players each choose - independently of the other - an action. As a result
of the actions a of player I and b of player II in state i, player I re-
ceives a (possibly negative) payoff r(i,a,b) from player II (which makes
the game zero-sum), and the system moves to state j with probability
p(i,a,b,j), j € S, with )} p(i,a,b,j) = 1.

jesS

The aim of the decision maker(s) is to control the system in such a way as
to optimize some criterion function. Here two criteria will be considered,
viz. the criterion of total expected rewards (including total expected dis-

counted rewards), and the criterion of average rewards per unit time.



1.2. THE FUNCTIONAL EQUATIONS

Starting point in practically each analysis of MDP's and Markov games are
the functional equations of dynamic programming.

Let us denote the optimal-value function for the total-reward MDP by v*,
i.e. v*(i) is the optimal value of the total-reward MDP for initial state
i, i € S. Then v* is a solution of the optimality equation

(1.1) v(i) = (Uv) (i) := max {r(i,a) + ) pli,a, v}, iecs.
R aeh jes

Or in functional notation
(1.2) v =Uv .

A similar functional equation arises in the total-reward Markov game. In
that case (Uv) (i) is the game-theoretical value of the matrix game with
entries ‘

r(i,a,b) + Z p(i,a,b,j)v(j) , ae€ A, beB.

jes

In many publications on MDP's and MG's the operator U is a contraction.
For example, in SHAPLEY [1953], where the first formulation of a Markov
game is given, there is an absorbing state, * say, where no more returns
are obtained, with p(i,a,b,*) > 0 for all i, a and b. Since S, A and B are
in Shapley's case finite, this implies that the game will end up in *, and
that U is a contraction and hence has a unique fixed point. Shapley used
this to prove that this fixed point is the value of the game and that there
exist optimal stationary strategies for both players.
In many of the later publications the line of reasoning is similar to that

in Shapley's paper.

*
In the average reward MDP the optimal-value function, g say, usually
called the gain of the MDP, is part of a solution of a pair of functional

equations in g and v:

(1.3) g(i) = max ) p(i,a,Ig(d) ,
acA jes
(1.4) v(i) +g(i) = max {r(i,a)+ 2 plisa, v},
acA (i) jes

where A(i) denotes the set of maximizers in (1.3).



In the first paper on MDP's, BELLMAN [1957] considered the average-reward
MDP with finite state and action spaces. Under an additional condition,
guaranteeing that g* is a constant function (i.e. the gain of the MDP is
independent of the initial state), Bellman studied the functional equations

(1.3) and (1.4) and the dynamic programming recursion

(1.5) Vg UV, o m= 0,1,... ,

where U is defined as in (1.1).
He provéd that vn-ng* is bounded, i.e., the optimal n-stage reward minus
n times the optimal average reward is bounded. Later BROWN [1965] proved
that vn-ng* is bounded for every MDP, and only around 1978 a relatively

*
complete treatment of the behaviour of v, —ng has been given by SCHWEITZER
and FEDERGRUEN [1978], [1979].

The situation in the average-reward Markov game is more complicated. In
1957, GILLETTE [1957] made a first study of the finite state and action
average-reward MG. Under a rather restrictive condition, which implies the
existence of a solution to a pair of functional equations similar to (1.3)
and (1.4) with g a constant function, he proved that the game has a value
and that stationary optimal strategies for both players exist. He also
described a game for which the pair of functional equations has no solu-
tion. BLACKWELL and FERGUSON [1968] showed that this game does have a
value; only recently it has been shown by MONASH [1979] and, independently,
by MERTENS and NEYMAN [1980] that every average-reward MG with finite state

and action spaces has a value.

1.3. REVIEW OF THE EXISTING ALGORITHMS

An important issue in the theory of MDP's and MG's is the determination,
* *

usually approximation, of v (in the average-reward case g ) and the de-

termination of (nearly-) optimal, preferably stationary, strategies. This

also is the main topic in this study.

*
Since in the total-reward case, for the MDP as well as for the MG, v is a
solution of an optimality equation of the form v = Uv, one can try to ap-

*
proximate v by the standard successive approximation scheme



vn+1 = Uvn , n=20,1,... .

If U is a contraction, as in Shapley's case, then vn will converge to v*.
Further, the contractive properties of U enable us to obtain bounds on v*
and nearly optimal stationary strategies; see for the MDP a.o. MAC QUEEN
[1966],vPORTEUS [1971], [1975] and van NUNEN [1976a], and for the MG a.o.
CHARNES and SCHROEDER [1967], KUSHNER and CHAMBERLAIN [1969] and Van der
WAL [1977a].

For this contracting case various other successive approximation schemes
have been proposed. Viz., for the MDP the Gauss-Seidel method by HASTINGS
[1968] and an overrelaxation algorithm by REETZ [1973], and for the MG the
Gauss-Seidel method by KUSHNER and CHAMBERLAIN [1969]. As has been shown
by WESSELS [1977al], Van NUNEN and WESSELS [1976], Van NUNEN [1976al, Van
NUNEN and STIDHAM [1978] and Van der WAL [1977a], these algorithms can be
described and studied very well in terms of the go-ahead functions by
which they may be generated.

The so-called value-oriented methods, first mentioned by PORTEUS [1971],
and extensively studied by Van NUNEN [1976a], [1976c], are another type of
algorithms. In the value-oriented approach each optimization step is
followed by a kind of extrapolation step. Howard's classic policy itera-
tion algorithm [HOWARD, 1960] can be seen as an extreme element of this set
of methods, since in this algorithm each optimization step is followed by
an extrapolation in which the value of the maximizing policy is determined.
The finite contracting MDP can also be solved by a linear programming ap-
proach, see d'EPENOUX [1960]. Actually, the policy iteration method is
equivalent to a linear program where it is allowed to change more than one

basic variable at a time, cf. WESSELS and Van NUNEN [1975].

If U is not a contraction, then the situation becomes more complicated.

F:r example, Vh need no longer converge to v*.And even if v, converges to
v , it is in general not possible to decide whether Va is already close to
v* and to detect nearly-optimal (stationary) strategies from the successive

approximations scheme.

For the average reward MDP there exists by now, as mentioned before, a
relatively complete treatment of the method of standard successive approx-

imations, see SCHWEITZER and FEDERGRUEN [1978], [1979].



Alternatively, one can use Howard's policy iteration method [HOWARD, 19607,
which, in a slightly modified form, always converges, see BLACKWELL [1962].
Furthgrmore, several authors have studied the relation between the average-
reward MDP and the discounted MDP with discountfactor tending to one, see
e.g. HOWARD [1960], BLACKWELL [1962], VEINOTT [1966], MILLER and VEINOTT
[1969] and SLADKY [1974]. This has resulted for example in Veinott's ex-
tended version of the policy iteration method which yields strategies that
are stronger than merely average optimal.

Another algorithm that is based on the relation between the discounted and
the average-reward MDP, is the unstationary successive approximations
method of BATHER [1973] and HORDIJK and TIJMS [1975]. In this algorithm
the average-reward MDP is approximated by a sequence of discounted MDP's
with discountfactor tending to one.

Also, there is the method of value-oriented successive approximations,
which has been proposed for the average-reward case, albeit without con-

- vergence proof, by MORTON [1971].

And finally, one may use the method of linear programming, cf. De GHELLINCK
[1960], MANNE [1960], DENARDO and FOX [1968], DENARDO [1970], DERMAN [1970],
HORDIJK and KALLENBERG [1979] and KALLENBERG [1980].

The situation is éssentially different for the average-reward MG. In
general, no nearly-optimal Markov strategies exist, which implies that
nearly-optimal strategies cannot be obtained with the usual dynamic pro-
gramming methods. Only in special cases the methods described above will
be of use, see e.g. GILLETTE [1957], HOFFMAN and KARP [1966], FEDERGRUEN
[1977], and Van der WAL [19807.

1.4. SUMMARY OF THE FOLLOWING CHAPTERS

Roughly speaking one may say that this monograph deals mainly with various
dynamic programming methods for the approximation of the value and the
determination of nearly-optimal stationary strategies in MDP's and MG's.

We study the more general use of several dynamic programming methods, which
were previously used only in more specific models (e.g. the contracting
MDP). This way we fill a number of gaps in the theory of dynamic program-
ming for MDP's and MG's.



Our intentions and results are described in some more detail in the follow-
ing summary of the various chapters.

The contents of this book can be divided into three parts. Part 1, chapters
2-5, considers the total-reward MDP, part 2, chapters 6-9, deals with the
average-reward MDP, and in part 3, chapters 10-13, some two-person zero-sum

MG's are treated.

In chapter 2 we study the total-reward MDP with countable state space and
general- action space. First it is shown that it is possible to restrict
the considerations to randomized Markov strategies. Next some properties
are given of the various dynamic programming operators. Then the finite-
stage MDP and the optimality equation are considered. These results are
used to prove that one can restrict oneself even to pure Markov strategies
(in this general setting this result is due to Van HEE [1978a]).

This chapter will be concluded with a number of results on the existence
or nonexistence of nearly-optimal strategies with certain special proper-
ties, e.g. stationarity. Some of the counterexamples may be new, and it
seems that also theorem 2.22 is new.

In chapter 3 the various successive approximation methods are introduced
for the MDP model of chapter 2. First a review is given of several results
for the method of standard successive approximations. Then, in this general
setting, the set of successive approximation algorithms is formulated in
terms of go-ahead functions, introduced and studied for the contracting
MDP by WESSELS [1977a], Van NUNEN and WESSELS [1976], Vvan NUNEN [1976al,
and Van NUNEN and STIDHAM [1978]. Finally, the method of value-oriented
successive approximations is introduced. This method was first mentioned
for the contracting MDP by PORTEUS [1971], and studied by Van NUNEN [1976c].
In general, these methods do not converge.

Chapter 4 deals with the so-called strongly convergent MDP (cf. Van HEE
and Van der WAL [1977] and Van HEE, HORDIJK and Van der WAL [1977]). In
this model it is assumed that the sum of all absolute rewards is finite,
and moreover that the sum of the absolute values of the rewards from time
n onwards tends to zero if n tends to infinity, uniformly in all strate-
gies. It is shown that this condition guarantees the convergence of the
successive approximation methods generated by nonzero go-ahead functions,
i.e., the convergence of Vo to v*. Further, we study under this condition
the value-oriented method and it is shown that the monotonic variant, and

therefore also the policy iteration method, always converges.



In chapter 5 the contracting MDP is considered. We establish the (essential)
equivalence of four different models for the contracting MDP, and we review
some results on bounds for v*and on nearly-optimal strategies.

Further, for the discounted MDP with finite state and action spaces, some
Laurent. series expansions are given (for example for the total expected
discounted reward of a stationary strategy) and the more sensitive optimal-
‘ity criteria are formulated (cf. MILLER and VEINOTT [1969]). The results of
this chapter are needed in chapters 6-8 and 11.

In chapfer 6 the average-reward MDP with finite state and action spaces is
introduced. This chapter serves as an introduction to chapters 7-9, and

for the sake of self-containedness we review several results on the exis-
tence of optimal stationary strategies, the policy iteration method and

the method of standard successive approximations.

Chapter 7 deals with the more sensitive optimality criteria in the dis-
counted and the average-reward MDP and re-establishes the equivalence of
k-discount optimality and (k+1)-order average optimality. This equivalence
was first shown by LIPPMAN [1968] (for a special case) and by SLADKY
[1974]. We reprove this result using an unstationary successive approxima-
tion algorithm. As a bonus of this analysis a more general convergence
proof is obtained for the algorithm given by BATHER [1973] and some of the
algorithms given by HORDIJK and TIJMS [1975].

In chapter 8 it is shown that in the policy iteration algorithm the im-
provement step can be replaced by a maximization step formulated in terms
of go-ahead functions (cf. WESSELS [1977a] and Van NUNEN and WESSELS
[1976]). In the convergence proof we use the equivalence of average and
discounted optimality criteria that has been established in chapter 7. A
special case of the policy iteration methods obtained in this way is
Hastings' Gauss-Seidel variant, cf. HASTINGS [1968].

Chapter 9 considers the method of value-oriented successive approximations,
which for the average-reward MDP has been first formulated, without conver-
gence proof, by MORTON [1971]. Under two conditions: a strong aperiodicity
assumption (which is no real restriction) and a condition guaranteeing that
the gain is independent of the initial state, it is shown that the method
yields arbitrary close bounds on g*, and nearly-optimal stationary strate-
gies.

Chapter 10 gives an introduction to the two-person zero-sum Markov game.

It will be shown that the finite-stage problem can be 'solved' by a



dynamic programming approach, so that we can restrict ourselves again to
(randomized) Markov strategies. We also show that the restriction to
Markov strategies in the nonzero-sum game may be rather unrealistic.

In chapter 11 the contracting MG is studied. For the successive approxima-
tion methods generated by nonzero go-ahead functions we obtain bounds on

v* and nearly-optimal stationary strategies. These results are very similar
to the ones in the contracting MDP (chapter 5). Further, for this model the
method of value-oriented successive approximations is studied, which con-
tains the method of HOFFMAN and KARP [1966] as a special case.

Chapter 12 deals with the so-called positive MG. In this game it is assumed
that r(i,a,b) 2 ¢ > 0 for all i, a and b and some constant c, thus the
second player looses at least an amount ¢ in each step. However, he can
restrict his losses by terminating the game at certain costs (modeled as a
transition to an extra absorbing state in which no more payoffs are ob-
tained). We show that in this model the method of standard successive ap-
proximations provides bounds on v* and nearly-optimal stationary strate-
gies for both players.

Finally, in chapter 13, the method of standard successive approximations

is studied for the average-reward Markov game with finite state (and
action) space(s). Under two restrictive conditions, which imply that the
value of the game is independent of the initial state, it is shown that

the method yields good bounds on the value of the game, and nearly-optimal

stationary strategies for both players.

1.5. FORMAL DESCRIPTION OF THE MDP MODEL

In this section a formal characterization is given of the MDP. The formal

model of the Markov game will be given in chapter 10.

Formally, an MDP is characterized by the following objects.

S: a nonempty finite or countably infinite set S, called the state space,
together with the o-field S of all its subsets.

A: an arbitrary nonempty set A, called the action space, with a o-field
A containing all one-point sets.

p: a transition probability function p: SXxA xS - [0,1], called the

transition law. I.e., p(i,a,*) induces for all (i,a) € SXA a proba-
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bility measure on (S,S) and p(i,*,j) is A-measurable for all i,j € S.
r: a real-valued function r on SxA called the reward function, where we

require that r(i,*) is A-measurable for all i € S.

At discrete points in time, t = 0,1,... say, a decision maker, having ob-
served the state of the MDP, chooses an action, as a result of which he
earns some immediate reward according to the function r and the MDP reaches

a new state according to the transition law p.

In the sequel also state-dependent action sets, notation A(i), i € S, will
be encountered. This can be modeled in a similar way. We shall not pursue
this here. )

Also it is assumed that p(i,a,*) is, for all i and a, a probability mea-
sure, whereas MDP's are often formulated in terms of defective probabili-
ties. Clearly, these models can be fitted in our framework by the addition

of an extra absorbing state.

In order to control the system the decision maker may choose a decision
rule from a set of control functions satisfying certain measurability

conditions. To describe this set, define
‘ n
H L :=8, Hn := (SxA) xS, n=1,2,... .

So, Hn is the set of possible histories of the system starting at time O
upto time n, i.e., the sequence of preceding states of the system, the
actions taken previously and the present state of the system. We assume
that this information is available to the decision maker at time n.

On H we introduce the product o-field Hn generated by S and A.

Then a decision rule 7 the decision maker is allowed to use, further
called strategy, is any sequence T

P such that the function L

poes
which prescribes the action to be 2akin at time n, is a transition proba-
bility from Hn into A. So, let ﬂn(clhn) denote for all sets C € A and for
all histories hn € Hn the probability that at time n given the history hn
an action from the set C will be chosen, then nn(C]~) is Hn—measurable for
all C € A and ﬂn(-lhn) is a probability measure on (A,A) for all hn € H.
Notation: m = (no,nl,...). Thus we allow for randomized and history-depen-
dent strategies. The set of all strategies will be denoted by II.

A subset of Il is the set RM of the so-called randomized Markov strategies.

A strategy me Il belongs to RM if for all n = 1,2,..., for all
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h = (i ""’ln) € H and for all C € A, the probability wn(clhn) de-

0%
pends on hn only through the present state in.

The set M of all pure Markov strategies, or shortly Markov strategies, is
the set of all m € RM for which there exists a sequence fO'fl"" of
mappings from S into A such that for all n = 0,1,... and for all

(i yees,1_) € H_we have
n n

0’%
LUNCESEIRY | (igragre--si)) =1 .

Usually a Markov strategy will be denoted by the functions f_,f

orfqre--

characterizing it: 7 = (fO'fl"")'
A mapping f from S into A is called a policy. The set of all policies is
denoted by F.

A stationary strategy is any strategy m = (f,f,,f

) € M with fn = f
£

prEgre--
. When it is clear from the context
(=)

for all n = 1,2,...; notation m =
that a stationary strategy is meant, we usually write f instead of f
Note that since it has been assumed that A contains all one-point sets, any

sequence f fl"" of policies actually gives a strategy m € M.

0’

Each strategy m = (ﬁo,ﬂ ,-..) € II generates a sequence of transition

1
probabilities pn from Hn into AxS as follows: For all C ¢ A and D ¢ S

pO(CXD]iO) = Jﬂo(da]io) 'Z plig.a3) , ies
e jeD

and for n =1,2,...

p_(CxD | (igragr---si)) = an(da | (igragre--si) ) p(i_,a/j) ,

¢ jeD
(lO'aO""'ln) € Hn .
Endow Q := (S XA)w, the set of possible realizations of the process, with -

the product o-field generated by S and A. Then for each m ¢ T, the sequence
of transition probabilities {pn} defines for each initial state i € S a
probability measure Pi o on Q and a stochastic process {(Xn,An),n:=011,---},
where Xn denotes the state of the system at time n and An the action
chosen at time n.

The expectation operator with respect to the probability measure Pi

AU

will be denoted by E, .
i,m
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Now we can define the total expected reward, when the process starts in

state i € S and strategy m € II is used:

o

(1.6) vi,m o= B ) r(X ,A) ,
n=0

whenever the expectation at the right hand side is well-defined.
In order to guarantee this, we assume the following condition to be ful-

filled throughout chapters 2-5, where the total-reward MDP is considered.

CONDITION 1.1. For aqll i ¢ Sand m € I

©o

. _ + I
(1.7) u(i,m) := Ei'“nzo £ (X ,A) <>,

where

+
r (i,a) := max {O,r(i,a)} , ie S, aeA.

Condition 1.1 allows us to interchange expectation and summation in (1.6),

and implies

(1.8) lim Vn(i,ﬂ) = v(i,m ,
n->o
where
n-1
(1.9) v (d,m := ]Ei'“kzo (XA .

The value of the total-reward MDP is defined by

(1.10) v (i) := sup v(i,m) , i€ S .
mell

REMARK 1.2. An alternative criterion is that of total expected discounted
rewards, where it is assumed that a unit reward earned at time n is worth
only Bn at time O, with B, 0 £ B < 1, the discountfactor.

The total expected B-discounted reward when the process starts in state

i € S and strategy m € II is used, is defined by

(1.11) Vg

. _ T .n
(i,m := I 8%rx 2,

Ei m
" n=0

whenever the expectation is well-defined.
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The discounted MDP can be fitted into the framework of total expected
rewards by incorporating the discountfactor into the transition probabi-
lities and adding an extra absorbing state, * say, as follows:

Let the discounted MDP be characterized by the objects S, A, p, r and B,
then define a transformed MDP characterized by é,@,p,z with § = s u {x},
* ¢S, A=a, £(i,a) = r(i,a), ¥(*,a) =0, H(i,a,3) = Bp(i,a,3),

1 -8 and p(*,a,*) = 1 for all i,j € S and a € A.

Pli,a,*)
Then, clearly, for all i € S and m € II the total expected reward in the
transformed MDP is equal to the total expected B-discounted reward in the
original problem.

Therefore we shall not consider the discounted MDP explicitly, except for
those cases where we want to study the relation between the average reward

MDP and the B-discounted MDP with B tending to one.

The second criterion that is considered is the criterion of average reward
per unit time.
The average reward per unit time for initial state i € S and strategy m € II

is defined by (cf. (1.9))

(1.12) g(i,m) := liminf aly (i,m .
T nae n

Since this criterion is considered only for MDP's with finite state and
action spaces, g(i,m) is always well-defined.

The value of the average-reward MDP is defined by

(1.13) g (i) := sup g(i,m , i€ s.
well

T.6. NOTATIONS

This introductory chapter will be concluded with a number of notations and

conventions.

:= the set of real numbers,

R:= R u {-=}.

For any x € R we define
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x' := max {x,0} ,
x := min {x,0} .
So,
X = x+-+x_ and |x| = %t -x .

The set of all real-valued functions on S is denoted by V:
(1.14) vV := {v: S > R}
and V denote& the set

(1.15) V := {v: s> R}.

For any v and w € V we write

v<O0 if v(i) <0 for all i e s ,
and

v<w if v(i) < w(i) for all i e S .

Similarly, if < is replaced by <, =, 2 or >.

For a function v from S into R u {+®} we write

v<w if v(i) <o for all i € S, so if v e V.
- + - -
For any v € V define the elements v and v in V by

(1.16) v (i) := (vainT, ies

and

(1.17) v (i) := (v(d)) , ie€s.

For any v € V the function |v| € V is defined by

(1.18) lvl (1) := |v@)| , ies.

The unit function on S is denoted by e:

(1.19) e(i) =1 for allie s,

If, in an expression defined for all i € S, the subscript or argument
corresponding to the state i is omitted, then the corresponding function
on S is meant. For example, v(m), u(m) and g(m) are the elements in V with
i-th component v(i,m), u(i,m) and g(i,m), respectively. Similarly, if in
Pi,w(.) or Eﬁ Tr(-) the subscript i is omitted, then we mean the corre-

’
ponding function on S.
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Let y € V satisfy p = 0, then the mappingllllu from V into R U {+=} is
defined by

(1.20) IIvIlu := inf {c € R IIVI <cul, vev,
where, by convention, the infimum of the empty set is equal to + .
The subspaces Vu of V and V: of V are defined by
1.21 V :=1{veyv v <
(1.21) MERR [ v, <
and

+ = +
(1.22) Vii={vevV|v ev}.
u u
The space Vu with norm ||v||u is a Banach space.

In the analysis of the MDP a very important role will be played by the
Markov strategies and therefore by the policies. For that reason the fol-
lowing notations are very useful. For any f € F let the real-valued func-

tion r(f) on S and the mapping P(f) from S xS into [0,1] be defined by

(1.23) (x(£)) (1) := r(i,£(1)) , i€ s
and
(1.24) (P(£)) (i,j) = p(i,£(1),3) , i,j € S .

Further we define, for all ve v for which the expression at the right hand

side is well defined,
(1.25) (P(£)v) (1) := z p(i,f(1),3j)v(3) , i es, £eF,
jes
(1.26) Uv := sup P(f)v ,
feF
(1.27) L(f)v := x(f) + P(f)v, f e F,

(1.28) Uv := sup L(f)v ,
feF

(1.29) v = NN+ )V, £feF,

(1.30)  u'v = swp LV (E)v ,
fer
(1.31) 15 (£)y := |r(£)| + P(E)v, fcF,

(1.32)  u™®% .= sup 1P (5)v ,

feF
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where the suprema are defined componentwise.

Finally, we define the following functions on S:

(1.33) w (i) :=suwp uli,m , ies,
mell
(1.34) 2(i,m = By ZO]r(Xn,An)l , ies, mel,
(1.35) 2¥(1) :=sup z(i,m) , ies,
’ mell
(1.36)  w(i,m := B, I r@®,a), ies, nel,
n=0
(1.37) w'(i) := sup w(i,m) , i€ S .

mell
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CHAPTER 2

THE GENERAL TOTAL-REWARD MDP

2.1. INTRODUCTION

In this chapter we will perform a first analysis on the general total-reward
MDP model formulated in section 1.5.

Throughout this chapter we assume condition 1.1:
(2.1) u(m) <o for all m € Il .

A major issue in this chapter is the proof of the following result due (in

this general setting) to Van HEE [1978al:

(2.2) sup v(i,m =v (i) , iesS.

TEM
I.e., when optimizing v(i,T) one needs to consider only Markov strategies.
The proof given here is essentially Van Hee's, but the steps are somewhat
more elementary.
While establishing (2.2) we will obtain a number of results of independent

interest.

First (in section 2) an extension of a theorem of DERMAN and STRAUCH [1966]
given by HORDIJK [1974] is used to prove that for a fixed initial state i
any strategy m € II can be replaced by a strategy m' € RM which yields the
same marginal distributions for the process {(Xn,An), n=20,1,...}. This
implies that in the optimization of v(i,w), u(i,m), etc., one needs to
consider only randomized Markov strategies. Hordijk's result is even
stronger and also implies that u* < @,

Further it is shown in this preliminary section that the mappings P(f), E,
L(f), U, L+(f) and U+ defined in (1.25)-(1.30), are in fact operators on
V:*, i.e. they map V:* into itself. These operators will play an important

role in our further analysis, particularly in the study of successive
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approximation methods.

A first use of these operators is made in section 3, where it is shown that
the finite-horizon MDP can be treated by a dynamic programming approach.
This implies that in the finite-horizon MDP one needs to consider only
Markov strategies.

The results for the finite-horizon case imply that also u(i,m) is optimized

within the set of Markov strategies:

(2.3) - supu(d,m =u (i), ies.
meM

Next, in section 4, we consider the optimality equation

(2.4) v =1Uv ,

*

and we show that v is a (in general not unique) solution of this equation.
* *

In section 5 it is shown that, if v < 0, the fact that v satisfies (2.4)

implies the existence of a nearly-optimal Markov strategy uniformly in the

initial state. I.e., there exists a Markov strategy m such that
*
(2.5) v(T) 2 v -ge .

In section 6 we prove (2.2) using the fact that in finite-stage MDP's one
may restrict oneself to Markov strategies and using the existence of a
uniformly nearly-optimal Markov strategy in «-stage MDP's with a nonposi-
tive value.

Finally, in section 7, we present a number of results on nearly-optimal
strategies. One of our main results is: if A is finite, then for each

initial state i € S there exists a nearly-optimal stationary strategy.

2.2. SOME PRELIMINARY RESULTS

In this section we first want to prove that we can restrict ourselves to
randomized Markov strategies and that condition 1.1 implies that u* < e,
To this end we use the following generalization of a result of DERMAN and
STRAUCH [1966], given by HORDIJK [1974, theorem 13.2].

LEMMA 2.1. Let ) ,'n‘(2) 1-+. be an arbitrary sequence of strategies and

let CqrCorans be a sequence of nonnegative real numbers with Z;::l ¢ = 1.
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Then there exists for each ie€S a strategy m € RM such that

(2.6) P, (X =3, A €0 = Z WP

(Xn =3j, A €C) ,
1 i,m

n
for all jesS, all ce A and all n =0,1,... .

PROOF. Let (no,ﬂl,...) € RM be defined by

0
z ck P. (k)(xn = j, An € C)
=1 i,m

nn(clj) = ©
) o P (X =9

k=1 * 4,00

for all j € S, for all n = 0,1,... and all C € A, whenever the denominator

is nonzero. Otherwise, let nn(-lj) be an arbitrary probability measure on
(a,A).

Then one can prove by induction that m = (w ) satisfies (2.6) for

NATEEEE
all j € S, allCc € A and all n = 0,1,... . For details, see HORDIJK

[1974]. 0

The special case of this lemma with c1 =1, cn =0, n=20,1,..., shows that
any strategy w(l) € I can be replaced by a strategy T € RM having the same
marginal distributions for the process {(Xn,An), n=20,1,...}. This leads

to the following result:

COROLLARY 2.2. For each initial state i € S and each m € 1 there exists a

strategy T € RM such that

v(i,m) = v(i,m) .

There fore
sup v(i,m) = sup v(i,m) .
mell TERM

Similarly, Tf v is replaced by Vs uwor z

Since for corollary 2.2 to hold with v replaced by u, condition 1.1 is not

needed, it follows from this corollary that condition 1.1 is equivalent to:

u(m) < o for all m € RM.
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Another way in which one can use lemma 2.1 is the following.
Suppose that in order to control the process we want to use one strategy

(1) 1T(2) L.

out of a countable set {m In order to decide which strategy

to play, we start with a random experiment which selects strategy w(k) with
probability Cp Then formally this compound decision rule is not a strategy
in the sense of section 1.5 (as the prescribed actions do not depend on the
history of the process only, but also on the outcome of the random experi-
ment). Lemma 2.1 now states that, although this decision rule is not a
strategy, there exists a strategy T € RM which produces the same marginal
distributions for the process as the compound strategy described above.

Using lemma 2.1 in this way, we can prove the following theorem.

THEOREM 2.3. For all i € S,
W (i) < .

PROOF. Suppose that for some i € S we have u*(i) = o, Then there exists a

(1 (2) (k) k

sequence T y... Oof strategies with u(i, ) 2 27, Now, applying

lemma 2.1 with o = 2—k, k=1,2,..., we find a strategy m € RM satisfying

(2.6). For this strategy m we then have

u(i,m) = 2 ckxz(i,n

(k)) S E koK o
k=1 k=

But this would contradict condition 1.1. Hence u*(i) < o for all i € S. O

Since, clearly, v(m) < u(m) for all m € II, theorem 2.3 immediately yields

COROLLARY 2.4. For all i € S,

v¥(i) < o .,

In the second part of this section we study the mappings P(f), L(f), etc.
. . . +
It will be shown that these mappings are in fact operators on the space Vu*'

First we prove

LEMMA 2.5. For all £ € F,

L+(f)u* < u* .
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PROOF. Choose f € F and € > O arbitrarily. As we shall show at the end of
the proof, there exists a strategy m € II satisfying u(m) 2= u* - €e. Further,
the decision rule: "use policy f at time 0 and continue with strategy 7 at
time 1 (pretending the process to restart at time 1)" is also an element of

II. Thus, denoting this strategy by f om, we have

tFee® < @t + pE) (i +ee)

(r(f))+ + P(f)u(m) + ee = u(fom) + ge < u +ee .

Since € > 0 and f € F are chosen arbitrarily, the assertion follows.

It remains to be shown that for all € > O there exists a strategy m € II
satisfying u(m) 2= u* - ee.

Certainly, there exists for all i € S a strategy ﬂi € II which satisfies

u(i,ﬂl) > u*(i) - €. But then the strategy m € II, with
ARt i =1%c] i)
orererip igreeeriy
for all C € A, alln =0,1,... and all (io,...,in) € H, satisfies

u(m) = uw -ce . ]
From this lemma we obtain

THEOREM 2.6. P(f), G, L(f), U, LY (6 and vt ave (for all £ € F) operators

+ , + + . ,
NV ks Te€es they are properly defined on LA and they map Vo into itself.
+
PROOF. Since for all v € Vu* (and all f € F)

+ ~ + +
U v = max {P(f)v,Uv,L(f)v,Uv,L (f)v,U v} ,

it is sufficient to prove the theorem for U+.

+ , + + . :
That U is properly defined on Vu* and maps Vu* into itself follows from
lemma 2.5, since for all v € V:*,

+ + + +, + * + + *
Uv<sUv U v ”u*“ < U max {1,|v uu*}u

A

+ *
max {1,]v Hu*}u . ]

Similarly, one may prove
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THEOREM 2.7. If z* < @, then P(£), U, L(£), U, LT(£), ut(5), 12°%(f) and

abs
U are operators on Vz*.

2.3. THE FINITE-STAGE MDP

In this section we study the finite-stage MDP. It is shown that the value
of this MDP as well as a nearly-optimal Markov strategy can be determined
by a dynamic programming approach.

We consider an MDP in which the system is controlled at the times
t=0,1,...,n-1 only, and if - as a result of the actions taken - the
system reaches state j at time n, then there is a terminal payoff v(j),

j € S. This MDP will be called the n-stage MDP with terminal payoff v

(v e V).

By vn(i,ﬂ,v) we denote the total expected reward in the n-stage MDP with

initial state i and terminal payoff v when strategy m € II is used,
-1
(2.7 Vo dmv) = By kZO (X, A) V)|,

provided the expression is properly defined. To ensure that this is the
case some condition on v is needed. We make the following assumption which

will hold throughout this section.
CONDITION 2.8.

+
sup E v (X ) <o, n=1,2,... .
n
mell

Note that it follows from lemma 2.1 that condition 2.8 is equivalent to

+
E% v (Xn) <® , n=1,2,... for all m € RM.

Now let us consider the following dynamic programming scheme

v = v
(2.8) 0

v :=Uv. , n=20,1,... .

We will show that Va is just the value of the n-stage MDP with terminal

payoff v and that this scheme also yields a uniformly e-optimal Markov
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strategy. In order to do this we first prove by induction formulae (2.9)-

(2.11) .

(2.9) L' (f)v) <= forall feFandn=1,2,....
(2.10) . vy <®, n= 1,2,... .
(2.11) For all € > 0 there exist policies fO'f1'°" such that
-n
> - -
L(fn-l) ...L(fo)v 2 v, €(1-2 e .

That (2.9)-(2.11) hold for n = 1 can be shown along exactly the same lines
as the proof of the induction step and is therefore omitted.

Let us continue with the induction proof. Assuming that (2.9) - (2.11) hold
for n = t, we prove them to hold for n = t+1.

PR

Let £ € F be arbitrary and f be a sequence of policies

t-1"Fe-2 0
satisfying (2.11) for n = t. Denote by m the (t+1)-stage strategy

™= (f’ft—l'ft—Z""'fO) (we specify 7 only for the first t+ 1 stages).
Then
+ + + -t, -+
L (v, < L (OILE _)) «..L(f)v+e(l-2 Tel
st ) .t re-275el

) ...L+(f0)v++e(1 -27%e

+ +
ANEIRANC AN

t
E [kgo r+(Xk,Ak) +v+(Xt+1)} +e(1-2"5e .

So, by condition 1.1 and condition 2.8 formula (2.9) holds for n = t+1.

And also
- uv < U+ +
Veer T Ve S UV
L + -t
< sup :IETr z r (Xk,Ak) + sup ]E:"v (Xt+1) +€e(l-2 e <=,
mell k=0 mell

by theorem 2.3 and condition 2.8. Thus (2.10) also holds for n = t+1. But

Vsl < o implies the existence of a policy ft such that

-t-1
L(ft)vt > Vet -€2 e .

So,
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-t
L(ft)L(ft—l) ...L(fo)v P L(ft)(vt-e(l -2 Ne)

-t -t-1
ZL(ft)vt—E(l—Z )eth+1—€(1—2 e .

Which proves (2.11) for n = t+1.

This completes the proof of the induction step, thus (2.9)-(2.11) hold for

all n.

In particular we see that for all n = 1,2,... a Markov strategy
(n)

. -

= (fn_l,fn_z,...,fo) exists such that

(2.12) vn(w(n) V) 2 v -ee .

Hence, as € > 0 is arbitrary,

(2.13) sup vn(",v) 2 LA
TEM

So, what remains to be shown is that

<
(2.14) vn(n,v) s v, for all m e II .

Using lemma 2.1 one easily shows that it is sufficient to prove (2.14) for
all m € RM (take cy = 1, e, = 0, n=1,2,...).

. <]
Let m = (ﬂO,ﬂl,...) € RM be arbitrary, and let w k denote the strategy

(nk,wk+1,...).
Then we have for all k = 0,1,...,n-1 and all i € S

. k+1
(Jl’""‘ IV)]

vn_k(i,v*‘k,v) = Jﬂk(dali)[r(i,a) + g p(i,a,j)v
A

n-k-1

+
(j,1r<-k 1,v)} .

IA

sup {r(i,a) + z pi,a,3)v 4
1 3j
Hence,

<k «k+1
Vo (™ V) SOy V)

and by the monotonicity of U and vo(n+n,v) = vy we have

«1 n <n n
< < .. < = = .
vn(ﬂ,v) < Uvn_l(w V) U vo(n V) U v0 Vo

As T € RM was arbitrary, this proves (2.14) for all m ¢ RM and thus, as we

argued before, (2.14) holds for all m € I.



Summarizing the results of this section we see that we have proved
THEOREM 2.9. If v € V satisfies condition 2.8, then for all n = 1,2,...

(i) sup v _(m,v) = sup v_(m,v) = v N
mell meM

(ii) for all € > O there exists a strategy T € M satisfying

A n
%va)ztlv—ee.

Note that the n-stage MDP with terminal payoff v is properly defined and
can be treated by the dynamic programming scheme (2.8) under conditions
less strong than conditions 1.1 and 2.8.

It is sufficient that
n-1 -
E 2 r (Xk,Ak) <o for all m € I (T € RM)
T
k=0
and that
1Eﬂ_v+(Xk) <o, k=1,2,...,n, for all me Il (T € RM) .

So, for example, theorem 2.9 also applies when r and v are bounded but

*
u = o,

From these results for the finite-stage MDP we immediately obtain the

following result for the ~-stage MDP.
THEOREM 2.10. For all i € S

*
u (i) = sup u(i,m) .
TEM

PROOF. For all € > O there exists a strategy T € II such that

~ *
u(i,m) 2 u (i) -€/2. Then there also exists a number n such that
~ *
un(i,n) 2u (i) - ,
where un(i,w) is defined by

n-1
. +
(2.15) u (i,m = Ei'"kgo r (X ,a) .

Now we can apply theorem 2.9 (i) to the n-stage MDP with terminal payoff
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+
v = 0 and rewards r instead of r to obtain

~ *
sup u_(i,m) 2 u (i,m) =2 u (i) -e .
n
TEM

Thus, with u(i,m) 2 un(i,ﬂ) for all m € II, also

*
sup u(i,m™) 2 u (i) -€ .
TEM

As this holds for all € > 0, the assertion follows. O

2.4. THE OPTIMALITY EQUATION

As we already remarked in chapter 1, the functional equation
(2.16) v = Uv

plays an important role in the analysis of the MDP. Equation (2.16) is also
called the optimality equation. Note that in general Uv is not properly

defined for every v € V.

THEOREM 2.11. v’ 78 a solution of (2.16).

PROOF. First observe that by theorem 2.6 Uv* is properly defined as

v* < u*. In order to prove the theorem we follow the line of reasoning in
ROSS [1970, theorem 6.1]. The proof consists of two parts: first we prove
v* 2 Uv* and then v* < Uv*.

Let € > 0 and let m € II be a uniformly e-optimal strategy, i.e.,

v(m) 2 v*-'Ee. That such a strategy exists can be shown along the same lines
as in the proof of theorem 2.5. Let f be an arbitrary policy. Then the deci-
sion rule: "use policy f at time O and continue with strategy m at time 1,
pretending the process started at time 1" is again a strategy. We denote it
by fo w,

So we have

*

v v(fem) = L(f)v(m) 2 L(f)v* -ce .

\"

As f ¢ F and € > 0 are arbitrary, also

*

*
v uv .

v

*
In order to prove v < va let m = (m .) be an arbitrary randomized

0rMyre-
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Markov strategy and let n+1 € RM be the strategy (wl,nz,...). Then we have

v(i,m Iwo(dali)[r(i,a + Y p,a,vE, ]

J

A

mo(dal)[r(i,a) + ] p(i,a,3)v ()]
j

IA

* *
ﬂo(dali)(Uv ) (1) = (Uv) (1) .

A
A
A
Taking the supremum with respect to ™ € RM we obtain, with corollary 2.2,

* *
v < Uv , which completes the proof. O

In general, the solution of (2.16) is not unique. For example, if

r(i,a) = 0 for all i € S, a € A, then v* = 0, and any constant vector
solves (2.16).

In chapters 4 and 5 we will see that, under certain conditions, v* is the
unique solution of (2.16) within a Banach space. This fact has important

consequences for the method of successive approximations.
From theorem 2.11 we immediately have

THEOREM 2.12 (cf. BLACKWELL [1967, theorem 2]). If v 2 0, v satisfies con-

dition 2.8 and v 2 Uv, then v 2 v,

PROOF. By theorem 2.9 (ii) and the monotonicity of U we have for all m € II
and all n =1,2,...

v (m < v’ < ulv = Plowse e i<y
So,

v(T) = lim v_(m) € v .

e O
Hence
*
v = sup v(m) £ v . 0
mell

Note that in the conditions of the theorem we can replace "v satisfies
st ~ + ~ .
condition 2.8" by "ov' < w", because v 2 Uv and Uv+ < o already imply that

the scheme (2.8) is properly defined.
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*
For the case v 2 0O we obtain from theorem 2.12 the following characteriza-

. *
tion of v .

COROLLARY 2.13. If v o2 0, then v’ is the smallest nonnegative solution of
the optimality equation.

2.5, THE NEGATIVE CASE

*

In this section we will see that the fact that v solves the optimality

equation implies the existence of uniformly nearly-optimal Markov strate-
*

gies, if v < 0 or if v* satisfies the weaker asymptotic condition (2.18)

below.

* *
From v = Uv we have the existence of a sequence of policies fO’fl""

satisfying

(247 L) 2 vioe2 ™o, n=o0,1,... .

Then we have

THEOREM 2.14. Let ﬁe = (£50Eqren-
(2.17) for all n = 0,1,... . If

) be a Markov strategy with f_ satisfying

(2.18) lin sup E_ viEx) <o,
n->o € n

anewuﬁﬂmwsmmmd,i&vﬂ)k%—m.
* * ~ ok + . .
PROOF. v < u . So, by theorem 2.6, Uv ¢ Vu*' and, by induction,

+ *
anv* € Vu*' hence anv*-< o for alln=1,2,... . So, vn(we,v ) is properly

defined for all n, and we have

s 3 *
V(ﬂe) = lim Vn(ﬂe) 2 lim sup vn(ne,v )
n->e n->o
. *
= lim sup L(f.) ... L(f v
0 n-1
n-—>ow
* -n
> 1im sup {L(f.) ...L(f_ .)v -€2 e} 2 ... 2
0 n-2
n->o
, * -1 -2 -n *
2 lim sup {v -€(2 +2 “+...+2 e}l =v -ee . O

n->o
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An important consequence of this theorem is the following corollary which
is used in the next section to prove that in the optimization of v(i,r) we

can restrict ourselves to Markov strategies.

COROLLARY 2.15. If v o< 0, then there exists a uniformly e-optimal Markov
strategy. In particular, there exists for all € > 0 a strategy m € M satis—
fying

w(m) = w o-ee .

(For the definition of w(m) and w*, see (1.36) and (1.37)).
As a special case of theorem 2.14 we have

THEOREM 2.16 (cf. HORDIJK [1974, theorem 6.3.c)l. If £ <8 a policy satis-
fying
LV = v

and

*
lim sup ]Efv (xn) <0,
n-+®

then £ is uniformly optimal: v(f) = v .

As a corollary to this theorem we have

COROLLARY 2.17 (cf. STRAUCH [1966, theorem 9.1]). If A <s finite and for
all £ € F

lim sup E
n-+o

* <O
£V (Xn) = ’

then there exists a wniformly optimal stationary strategy.
PROOF. By the finiteness of A and theorem 2.11 there exists a policy f

satisfying L(f)v* = v*; then the assertion follows with theorem 2.16. 0

We conclude this section with the following analogue of theorem 2.12 and

corollary 2.13:

THEOREM 2.18.
(1) Ifv<O0andv <Uv thenv<v,

(ii) If v < 0 then v* is the largest nonpositive solution of (2.16).
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PROOF'.

(i) As v £ 0, v clearly satisfies condition 2.8. And as v < Uv we can find

policies fn’ n=20,1,..., satisfying

L(f )v 2 v—e2—n—1e ,
n
where € > 0 can be chosen arbitrarily small.

Then, analogous to the proof of theorem 2.14 we have for m = (fO’fl"")

v(m) = lim vn(n) 2 lim sup vn(n,v) > yv-ce .
n->e n->oo
* i . *
So also v 2 v-c€e and, as € is arbitrary, v 2 v.

(ii) Immediately from (i). O

2.6. THE RESTRICTION TO MARKOV STRATEGIES

In this section we use the results of the previous sections, particularly
corollary 2.2, theorem 2.9 and corollary 2.15, to prove that we can restrict

ourselves to Markov strategies in the optimization of v(i,w).
THEOREM 2.19 (Van HEE [1978al). For all i € S

sup v(i,m) = v*(i) .

TeEM
PROOF. The proof proceeds as follows. First observe that there exists a
randomized Markov strategy T which is nearly optimal for initial state i
(corollary 2.2). Then there is a number n such that practically all positive
rewards (for initial state i and Strategy ) are obtained before time n.
From time n onwards we consider the negative rewards only. For this "nega-
tive problem" there exists (by corollary 2.15) a uniformly nearly optimal
Markov strategy T. Finally, consider the n-stage MDP with terminal payoff
w(T). For this problem there exists (by theorem 2.9) a nearly optimal Markov

strateqgy w(n).

(n)

Then the Markov strategy: "use 7 until time n and T afterwards, pretend-
ing the process restarts at time n" is nearly optimal in the ~-stage MDP.
So, fix state i € S and choose € > 0. Let T € RM be e-optimal for initial
state i: v(i,ﬁ) 2 V*(i) - €. Now split up v(i,ﬁ) into three terms, as fol-

lows:
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(2.19)  v(,M = v (1,1 + B . [ rx,a) - Ei'%kzn £ (X, ,A)

' x=n
with n so large that

. v+
(2.20) Ei'%kzn r (X ) < e .

Next, let T = (Eo,fi,...) € M satisfy (cf. corollary 2.15)

(2.21) w(™) = w -ee .

If we now replace T by T from time n onwards, i.e., replace %t by Et—n'
t = n,n+l,..., and ignore the positive rewards from time n onwards, then we
obtain an n-stage MDP with terminal payoff w(m) in which we use strategy 7.
For this n-stage problem, by theorem 2.9 there exists a Markov strategy

; = (fO’fl"") which is e-optimal for initial state i. Hence

vn(i,TT,w(Tr)) 2 v (i,,w(m) -¢ .

* - =
Finally, consider the Markov strategy m = (fO'fl""'fn—l'fO'fl"")' the
strategy which plays T upto time n-1 and then switches to . For this

strategy we have
o

2.22 i,m%) = v (i,mwT J ot

(2.22) v(i,m) = vn(l,w,w(ﬂ)) + EE,W* r (Xk,Ak)
k=n

2 v (L,mwm) 2 v 1, Fwm) -e .
A€ ~ A~ .
Since T := (T_,m ) is again a strategy,

n’ 'n+1’°""

- * A<
w(m) 2w —-€e 2 w(m ) —ce .

So

A
™

(2.23) v (1,7,w(®) 2 v ({1,TwE D) -e .

With (2.20) it follows that

o
a

. ! . A - s D
(2.24) v E,mw(m ) = v (1,1 + ]Ei'ﬁkgn r( ) 2 v, —e .

Hence, from (2.22)-(2.24) and v(i,T) = v*(i) -€,
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v(i, ) = v (i) -4e .

As € > 0 is arbitrary, the proof is complete. 0

So, for each initial state there exists a nearly-optimal Markov strategy.
If v* £ 0, then even a uniformly e-optimal Markov strategy exists. (Note
that this uniformity was essential in order to obtain (2.23).) In the next
section (example 2.26) we will see that in general a uniformly nearly-op-

timal Markov strategy does not exist.

2.7. NEARLY OPTIMAL STRATEGIES

In this section we derive (and review) a number of results on nearly-optimal
strategies. In the previous sections we already obatined some results on the
existence of nearly optimal strategies (theorems 2.14, 2.16 and 2.19, and
corollaries 2.15 and 2.17).

One of the most interesting (and as far as we know new) results in given in
theorem 2.22: if A is finite, then for each state i there exists an e-op-
timal stationary strategy. If S is also finite, then there even exists a
uniformly optimal stationary strategy.

Further some examples are given showing that in general uniformly nearly-

optimal Markov, or randomized Markov, strategies do not exist.

The first question we address concerns the existence of nearly-optimal
stationary strategies.
In general, e-optimal stationary strategies do not exist, as is shown by

the following example.

EXAMPLE 2.20. S = {1}, A = (0,1], r(i,a) = -a, p(l,a,1) =1, a € A,
Clearly, v* = 0, but for all f € F we have v(f) = -,

In this example the nonfiniteness of A is essential.
If A is finite, then we have the following two theorems which we believe to

be new in the setting considered here.

THEOREM 2.21. If S and A are finite, then there exists a wniformly optimal

stationary strategy.

The proof of this theorem is postponed until chapter 5, section 5.
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Using theorem 2.21 we prove

THEOREM 2.22. If A 7s finite, then for each € > 0 and for each initial

state i € S there exists an e—optimal stationary strategy.

PROOF. The proof is rather involved. Roughly, it goes like this. First let
T be an €-optimal Markov strategy for initial state i. Then we construct a
finite set B such that, if the process starts in state i and strategy 7 is
used, nearly all positive rewards are obtained before the system leaves B.
From thaf moment on we consider only the negative rewards. For this nega-
tive problem by corollary 2.17 there exists a uniformly optimal stationary
strategy h1: w(hl) = w*.

Next we consider the finite state MDP with state space B, where as soon as
the system leaves B and reaches a state j ¢ B we obtain a terminal reward
w*(j). For this MDP by theorem 2.21 there exists an optimal stationary
strategy h2.

Finally we prove that the stationary strategy f with f(i) = hz(i) for i € B
and f(i) = hl(i) if i ¢ B is nearly optimal for initial state i.

So, fix i € S and choose € > 0. Then there exists (by theorem 2.19) an e-
optimal Markov strategy m for initial state i: v(i,m) 2 v*(i) -€.

Next we construct a finite set B € S, with i € B, such that practically all
positive rewards (for initial state i and strategy m) are obtained before
the system first leaves B.

0
n = 0,1,...,n0—1

Let n, be such that (cf. (2.15)) u(i,n)-—un (i,m) < € and define for
0

() no—l +
u (m =E_ r (Xk,Ak) .
k

=n

With m = (fO'fl"") this implies

u(n) (n+1)

(m = (£) + P(£)u m .

Clearly, for all j € S and n = 0,1,...,n0—2, there exists a finite set

Bn+1(j) such that only a fraction EO (to be specified below) is lost:
+ . . . . .
Fane e T pGe @™ am 2 a-epu™@,m .
keBn+1(j)

Define
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B, := {i} ana B, =B v U B (3, n=0,1,...n

+1 n —2

and

Now we will show that indeed nearly all positive rewards are obtained be-

fore B is left (if €, is chosen sufficiently small).

0
Let T be the first-exit time from the set B:

T(d ) = inf {n | i, ¢ B},

O'il""

for all io € B and i1'iz"“ € S.

Then for the sum of all positive rewards until the first exit from B we
(n

have, with u o)(Tl‘) =0,

=1 min(t-1,np-1)

+ +
>
I £ ) E, . y r (X ,A)

Ei m
' n=0 n=0

no-l

+
] P, _(X_=3,t>n)r (3,£ (3))
n=0 jeB i,m n n
no-l

Yl P, X =3,t>n)l(l-eg)u
n=0 j€B i,mw n 0

(n)

[\

(3,m +

(n+1)

- I PG D 0w km]

keB

np-1
(1-50) z z IPi"(Xn=j,'r>n)u
n=0 jeB !

(n)

]

(3,m +

no
- z 2 IPi I (Xn=le>n)u(n) (k,m)
n=1 keB !

no-1

w (i,mM -e )} ) P, _(X =j,t>n)u
"o O n20 jep /™ P

(n)

(G,m)

. no—l

: oo
u ({d,m -e, ) )} P, (X =ju
"o O n=0 jep ™ P

n)

\"

(3,m

n0—1
u_ (i,m) € 2 E,
Mo 0 n=0 Lem

u(n)

v

(Xn,n) >
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> . _ .
zZu, (i,m) EOI%)un (1,n).,
as clearly

(n)
i > = -
uno(l,ﬂ) 2 Eﬁ,wll (Xn,ﬁ) , n 1,2,...,nO 1.

So, choosing EO =€ /n0 uno(i,ﬂ), we have

=1
+
(2.25) - E, _ ) r (X ,A) 2u_ (i,m -€ 2 u(i,m -2¢ .
i,m n' n n

n=0 0

Next consider the MDP where, once the process has left B, we continue witha
*

stationary strategy hl’ satisfying w(hl) = w (which exists by corollary
2.17), counting the negative rewards only. This MDP is essentially equi-
valent to anMDP with finite state space § := B u {*} (* ¢ V), action space

A= A, rewards ¥(i,a) and transition probabilities p(i,a,j), defined by

(%(i,a) :=r(i,a) + ) p(i,a,)w'(3) , 1ie€B,
B

r(x,a) := 0,
(2.26) 1 p(i,a,j) = pli,a,j) , i,j € B,

2 p(i,a,j) , i€ B,
j¢B

ﬁ(i r@,%)

| B(*,a,*) 1, for all ae A .

So, as soon as the system leaves B it is absorbed in state * and we there-
fore adapt the immediate rewards.

For this finite-state MDP there exists by theorem 2.21 an optimal stationary
strategy h2.
Now we want to show that the stationary strategy f defined by

£(3) =h,(3) , jeB,

£9) =h, (9 , 3¢B,

is nearly optimal for initial state i.

Before we do this, we have to derive some important inequalities for the
MDP defined by (2.26).

Denote the total expected reward for initial state j € B and strategy Tel

by G(j,;) (formally we should say T € ﬁ, but there is a clear correspondence
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between strategies in II and in fiy. Then for all j € B and Tel
¥(jshy) 2 93,1 .

Particularly,

(2.27) © 9(3,hy) = 9,0 2w (@)

where the second inequality follows from
-1
%(3,h,) = E b or(x ,A) +w (X))
! 109 S n'"n T

-1
- . — * .
> Ej,h1 LEO r (XA + w(xT,hl)] =w(i,h) =w (3) .

1

—

*

E, [Z r(X ,A) +w (x_r)}
n=0

(2.28) V(i,hz) 2 ¥(i,m)

v
H

T-1 L _
. EO r(x ,A) + ZT r (X ,A)

I
o~
2
o
>
)
&

v

v(i,m) -2 2 v*(i) -3¢ .

Finally, we can prove that f is 3e-optimal for initial state i in the
original MDP.

We will prove that v(i,f) 2 V(i,hz), which by (2.28) is sufficient.

To this end we define the stopping times TirToreees where Ty is the time of

the n-th switch from B to S\ B or vice versa. I.e., for any [ = (io,il,..J

and n 2 1
T (8) = inf {k > T .1 (8 | if lTn_i(C) € B then i ¢ Belse i) « B},
with To(c) = 0.
Clearly L 2 n. So
Th-1

v(i,f) = lin B, . kzo r(X A .

n->o



Thus, since w* <0,
{rn—l
*
(2.29)  v(i,f) = lim sup Ei’fL z (X B) +w (X )
n-o k=0 n

Further, we have for all j € B, using (2.27) and f = h2 on B,

T1—1
*
(2.30) E, Y rx, ,A) +w (X )}
4 i £ [k=0 k Ak T

T1—1
* *
= E, Y orx ,A) +w (X_)| =9G,h) 2w (3)
J,hZLO Koy . 2

And for all j ¢ B,

T1—1

(2.31) E, T orx,a) +w(x )}

J,f k=0 Xk Ak Tl
T1—1

- . ok

> Ej'hl kZO r (X A) + w(le,hl) = w(i,hy) =w (3)

Also, for ¢ = (iO’il"")'

T (C) =1 () + 1, (1 Pi pees)
n n-1 10 (@ T (6)+

Thus, for n = 1,2,..., we get from (2.30) and (2.31),

-1
*
(2.32) E, Y} or(x ,A) +w (X )
i, £ k=0 k Ak Tn
Tn-l—l rTl_l ~ ~ * ~
= E ¢ I orxemp + By I oxdX A 4w (x )
k=0 T, L2=0 1

v

T 1 7
[ n7§ *
E, r(X, ,A) +w (X Y| o
E] k2o k' Pk Th-1

where we write (xk'Ak) and (gz,gk) in order to distinguish between the
process starting at time 0 and the process starting at time To-1"

Repeatedly applying (2.32) we obtain
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T ~1
o, *
v(i,f) 2 lim sup Eﬁ,f 2 r(Xk,Ak) + w (X_r )
n->o k=0 n
11—1
*
> = (i
2B | L orgA) W (X )| = 9(hy)
k=0 1
as 11 = T for initial state i.
So, with (2.28),
*
v(i,f) 2 v (i) -3¢ ,
which, as € > 0 is arbitrary, completes the proof. 0

As we remarked before, there does not necessarily exist a uniformly nearly
optimal stationary (or even a Markov or randomized Markov) strategy. This
will be shown in the examples 2.24-2.26.

However, if all rewards are nonnegative, the so-called positive dynamic

programming case, we have the following theorem due to ORNSTEIN [1969].

THEOREM 2.23. If r(i,a) 2 0 for all i € S, a € A, then for every e > 0 a

stationary strategy f exists, satisfying
*
(2.33) v(f) 2 (1-€e)v .

PROOF. For the very ingenious proof see ORNSTEIN [1969].

Note, that in theorem 2.23 the action space A need not be finite.

So, in the positive dynamic programming case there does exist a stationary
strategy that is uniformly e-optimal in the multiplicative sense of (2.33).
Clearly, if v* is bounded, then theorem 2.23 also implies (for the positive
case) the existence of a stationary strategy f which is uniformly e-optimal

in the additive sense:

(2.34) v(f) > v -ee .

In general, however, even if A is finite, a stationary strategy satisfying
(2.34) need not exist.
This is shown by the following example given by BLACKWELL [1967].
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EXAMPLE 2.24. S := {0,1,2,...}, A = {1,2}. State 0 is absorbing: r(0,a) = O,
p(0,a,0) = 1. In state i, i =1,2,...,
we have r(i,1) = 0, p(i,1,i+l) =
=p(i,1,0) = } and r(i,2) = 2* -1,
p(i,2,0) = 1. So, in state i you either

. i
receive 27 -1 and the system moves to

state 0, or you receive nothing and the
system moves to states O and i +1, each
with probability i.
Clearly, v*(O) = 0 and v*(i) = 2i, i=1,2,.... Now let f be a stationary
strategy. Then either f(i) = 1 for all i = 1,2,..., thus v(f) = 0, or

f(i) = 2 for at least one i, i, say. But then v(io,f) = v*(io) -1.

0
Hence no stationary strategy can be e-optimal in the sense of (2.34) for
0<e < 1.

However, if we consider also 'randomized' stationary strategies, then a
stationary strategy that is uniformly e-optimal in the sense of (2.34) does
exist, at least in this example.

We call a strategy m € RM, m™ = (7 ) randomized stationary if

0rMyre=+

L “0' n=1,2,.... In this example T is completely characterized by the
probability P, by which action 1 is chosen in state i, i € S. If P; =P for

all i € S, then we have

t-pi-n +pdt-p o + pedeprdt-p @42 o )+ Ll

- -p-jm L.

v(i,m)

21

Thus, if 0 <€ <1 and p > 1 -1e (then (1-p)(1 -%p)"1 < €), then we have

v(m) > v -ce . O

This example demonstrates that it may happen that there exists no 'pure'
stationary strategy that is e-optimal in the sense of (2.34), whereas a
randomized stationary strategy having this property does exist.

The following example which is only a slight modification of example 2.24
shows that in general also a randomized stationary strategy satisfying

(2.34) need not exist.
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EXAMPLE 2.25. All data are identical to those in example 2.24, except for

i
and

the following: r(i,2) = 2
p(i,1,1+111= o, = bi/2b1+1' with
bi= 1+i °, p(i,1,0) = 1—ar

. i=1,2,.... Thus, for i = 1,2,...,

i i+1 i+2
sup {2 ’ oy 2 pegay ; eeol

vii) =

i S W | -1
2" sup {1,bi/bi+1,bi/b }—2bi—2 (1+i %),

i42 7 0

as bi ¥ 1 for i + o,

Let T be any randomized stationary strategy, then T is again completely
characterized by the probabilities p; by which action 1 is chosen in state
i, i=1,2,....

In order that wv(m) = v*-e, it is certainly necessary that for all

i= 1,2,...
(]_ )Z. + v i 1 > i 1
p. p.a. (l+ ) =V (l)- ’

or, after some algebra,

1-p1512"l.
Since otherwise,
v(i,m) = (1-p )2i+p a,v(i+l,m) £ (1-p )2i+p A v (i+1) < V(i) -1.
! i ii ! i ii

But then, using ay <2/3, p; <1 and 1 -p; < i2—l, i=1,2,..., we get

O _ i+l _ i+2
v(im = (1-pg)27 + pja, (1-p, )27 7 + 20D, 40,y (1P p)27 4.

IA

: 2, . 2,2 . ;
i+ PU+D + (P (E+2) + ... =31+6 .

So, for i 2 4,
vi,m < v (i) -1 .

Hence, no randomized stationary strategy m can satisfy

*
v(m) 2 v -ge .
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Extending this example, one may show that there need not even exist a

. *
randomized Markov strategy m satisfying v(m) = v -ee. Recall that the
possibility of restriction to randomized Markov strategies (corollary 2.2)

holds only componentwise.
EXAMPLE 2.26. S := {0}u{(k,i) | k,i = 1,2,..., k < i}, A ={1,2}.

Bk g g
0.1 ¢4 a o,

1,1 2,2 —>—13,3 > -+ |i,i[—>---

1,2 2,3 -1, 4
A 4

1,3 4

1,i

All rewards and transition probabilities are zero except for the following:
r((i,i),2) = 2i, p((k,i),a,(k+1,1i)) =1, p((i,i),1,(i+1,i+1)) = oy
p((i,i),1,0) = 1—ai,p(quh2,m =1, p(0,a,0) =1, i=1,2,..., k<i
and a € A. Here o, is defined as in example 2.25. The states (i,i) play the
same role as in the states i in example 2.25.

Clearly,

Vik,in =2a+i™h , k<i, i=1,2,... .

Let us fix i and look for a randomized Markov strategy m that is l-optimal
for all states (i,i),(i,i+1),(i,i+2),..., simultaneously.

The relevant actions for state (i,i+2) are the actions at time t in state
(i+t,i+t) for t = 2.

Denote by Pi+ the probability that in state (i+%,i+%) action 1 is taken at

L
time £. Then one easily verifies that again we need to have

t-p, < t27°, t=1,i+l,... .
But this again implies v((i,i),m) < 3i+6, contradicting for i > 4 the 1-
optimality of 7 for initial state (i,i).
Hence, there does not exist a uniformly e-optimal strategy m € RM in the
additive sense of (2.34).
In Van HEE, HORDIJK and Van der WAL [1977] an example is given with both
positive and negative rewards and finite action space in which neither in
the additive nor in the multiplicative sense a uniformly e-optimal strategy

exists.
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CHAPTER 3

SUCCESSIVE APPROXIMATIONS FOR THE TOTAL-REWARD MDP

3.1. INTRODUCTION

Our main interest when studying the total reward MDP (or any other decision
process) is to determine the value of the MDP and to determine a (nearly)
optimal strategy.

In this chapter some methods are studied by which the first part of this
problem, the approximation of v*, might be solved.

We know that v* is a solution of the optimality equation
(3.1) uv = v

(theorem 2.11). So we can try to approximate a solution of this equation
(hoping it to be the right one), for example by the so-called method of

standard successive approximations

(3.2) vn+1 = Uvn , n=0,1,... .

This method will be studied in section 2. Further some (partly known) con-
ditions are given which guarantee that v converges to v*. In general, as
is shown in example 3.2, the method of standard successive approximation
need not converge.

There are several other iterative methods by which a solution of an equa-
tion like (3.1) might be approximated. See, for example, VARGA [1962, chap-
ter 3] for a description of the Jacobi, the Gauss-Seidel and the overrelax-—
ation methods for the solution of a simple matrix equation. The latter
three methods, Jacobi iteration, Gauss-Seidel iteration (see HASTINGS
[1968]) and overrelaxation (see REETZ [1973]) have also been studied for
contracting MDP's.

It is possible to describe all these successive approximation methods in

terms of go-ahead functions. This has the advantage that one can study the
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convergence of these methods simultaneously. The go-ahead function approach
has been introduced for the contracting case by WESSELS [1977al, Van NUNEN
and WESSELS [1976], Van NUNEN [1976a] and Van NUNEN and STIDHAM [1978]. In
section 3 we introduce the go-ahead function technique for the general
total reward MDP model of section 1.5. The corresponding dynamic program-
ming operators are studied in section 4, where it is shown that v* is in-
deed a fixed point of each of these operators.

In section 5 a subset is considered of the set of all go-ahead functions
which still contains all those go-ahead functions, by which the algorithms
we are interested in can be described. It is shown that for this set of go-
ahead functions one needs to consider in the optimization step only Markov
strategies.

A second set of algorithms for the approximation of v* is the set of value-
oriented successive approximation methods. These methods have been first
mentioned for the contracting MDP by PORTEUS [1971] and have been exten-—
sively studiedand shown to converge by Van NUNEN [1976al. In the value-
oriented approach each optimization step is followed by some kind of extra-

polation. We will consider these methods in section 6.

3.2, STANDARD SUCCESSIVE APPROXIMATIONS

In this section we first study the method of standard successive approxima-
tions for the solution of the optimality equation (3.1) hoping to obtain an

. . *
approximation of v .

Standard successive approximations.

+
Choose Vo € Vi (v0 is often called the scrapvalue)
Determine for n = 0,1,...

Vn+t Uvn‘

From theorem 2.6 it follows that this scheme is properly defined.

Another way of looking at the method of standard successive approximations
is to consider it as an approximation of the «-horizon MDP by finite-stage
MDP's. Then the question is: can we approximate the »-horizon MDP by a
sequence of finite-stage MDP's (with terminal payoff vo), i.e. does Vi

*
converge to v .



45

We will say that the method of standard successive approximations for scrap-
value v, converges if lim Unvo exists and is equal to v*.

0 N->0
Define v, by

(3.3)  v_ := liminf U0 ,
n->owo
where the liminf is taken componentwise.

Then we have the following well-known result.

LEMMA 3.1 (SCHAL [1975, formula (2.5)1).

*

PROOF. For all m € II we have vn(n) < Uno, so also v(m) < v, (from

vn(n) > v(m) if n » ). Hence, v = sup v(m) < V. 0
Tell

In general, v, may be larger than v* as the following simple example shows.

EXAMPLE 3.2 (Van HEE, HORDIJK and Van der WAL [1977]). s := {1,2,3},
a={1,2}, r(1,1) = r(3,a) =0,
r(1,2) = 2, r(2,a) = -1, p(1,1,1) =
=p(1,2,2) = p(2,a,3) = p(3,a,3) =1,
a € A.

Clearly, v'(1) = 1, but (u"0) (1) = 2 for all n 2 1. So v' (1) < v_(1).

The problem in this example is that we can postpone negative rewards, which
in the «-horizon MDP are unavoidable. This leads us to the following theo-

rem.

THEOREM 3.3 (Van HEE, HORDIJK and Van der WAL [1977, theorem 3.5]).
If

liminf inf E v*(xn) >0

n->o fTeM

then

*
PROOF. By lemma 3.1 it is sufficient to prove that limsup UnO <v.

n —»>o
We have
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* * * ) *
o<tV - inf E v (X).=v - inf E v (X )
i n ™ n
TeM mTEM
so,

* *
limsup u?0 € v - liminf inf E v (Xn) < v* . [
n-—> n-+o TeM

COROLLARY 3.4 (cf. BLACKWELL [1967, theorem 3]). If for all i ¢ S and a € A
we have r(i,a) 2 0 (the positive dynamic programming case), then the method

of standard successive approximations with scrapvalue 0 converges.

As we have seen in example 3.2, finiteness of A is in general not sufficient
n * .
for the convergence of U0 to v . In case all r(i,a) < 0, however, one has

the following result.

THEOREM 3.5 (STRAUCH [1966, theorem 9.1]). If A Zs finite and r(i,a) < 0
for all i € s and a € A, then the method of standard successive approxima—

tions with scrapvalue 0 converges.

PROOF. By lemma 3.1 and theorem 2.18 it-is sufficient to prove Uv_ 2 v_
(clearly v_ < 0) . Therefore choose some arbitrary state i € S. Then, by the
finiteness of A, there exist an action a and a subsequence {UnkO} of {u"0},
such that

nk +1
r(i,a) + ) p(i,a,3) (U 03 = (U™* 0@ , k=0,1,....
j

As the sequence Vi is monotonically nonincreasing (U0 < 0, so by the mono-

tonicity of U also Un+10 < UnO), we have
Ty
) pli,a,3) (U 0)(3) » ] p,a,Nv (3 (k=) .
J J

Hence,

(Uv) (1) = r(i,a) + ] p(i,a,3)v,(3)
3

n
lim {r(i,a) + ) p(i,a,9) (U *0) (1)} = v_(i) .
oo 3

As i has been chosen arbitrarily, the proof is complete. 0
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Clearly, theorem 3.5 also holds if the action set in state i varies with i

but is still finite for all i € S.

If A is not finite, however, then the method of standard successive approx-
imations (with vg = 0 and r(i,a) £ 0) need not converge, as is shown by the

following example.

EXAMPLE 3.6 (STRAUCH [1966, example 6.1]1). s := {0,1,2,...}, a = {2,3,4,...}.
For all a € A: r(i,a) =0, i # 2,
r(2,a) = -1, p(l,a,1) =1 =

r=0

=p(i+l,a,i), 121, andp(0,a,a) =1.
Clearly (UnO)(O) = 0 for all n,
but v (0) = -1. So v_(0) > v (0).

A nice result, from which lemma 3.1 and corollary 3.4 follow immediately, is

the following. (Recall the definition of w in (1.37).)

THEOREM 3.7. The method of standard successive approximations converges for
all scrapvalues Vs with w' < vy < v, I.e., for all these scrapvalues we

have

. n . . *
lim U'v, exists and is equal to v .
e

*

*
PROOF. By the monotonicity of U we have for all w < vo < v

n
Uw £ Uv,<Uv =v , n=1,2,...,
hence

. n *x . n *
limsup U'w < limsup U Yo v .
n-+>o n->o

So it is sufficient to prove
* *
liminf v™w = v .

n->o

Let m = (fo,fl,...) € M be an arbitrary strategy. Then for all n

n-1 oo )
+ -
vim =E | ] rg,Aa) + ] orx,a) + ] or (XA
k=0 k=n k=n
Further we have, with T = (fn,fn+1,...),
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- “n *
E“kzn r X A) = B W ,T ) S E Ww(X) .

So for all n =1,2,...

n-1
e E_ kzo r (X ,A,) +w*(xn)

v

v

-1 o _ ® +
E, LZ (X ,A) +k£n r (xk,Ak)} = v(m _E"kzn £ (X R .

=0

By condition 1.1 we have

E ] ra,x) >0 @->e)
hence

*
liminf 0w 2 v () (componentwise) .
n-—>o

Taking the (pointwise) supremum with respect to m € M, we obtain

* *
liminf w2 v
n >
* *
So, for all w < VO <v,
. n * . n *
limUw =1limUv, =v . 0

0
n->o n->o

In the next chapter we consider a fairly general condition, which implies
that
. *
limsup sup E lv (X )l =0,
T n

n-+>o mell
and thus, by theorem 3.3, implies the convergence of the method of standard
successive approximations for scrapvalue 0. This condition excludes the
possibility of postponing negative rewards which is essential in the coun-

terexamples 3.2 and 3.6.
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3.3. SUCCESSTVE APPROXIMATION METHODS AND GO-AHEAD FUNCTIONS

Besides -the method of standard successive approximations considered in the
previoﬁs section, there are several other successive approximation tech-
niques one could try to use to determine (approximate) the value of an MDP.
Three well-known variants of the method of standard successive approxima-

tions are the following.

Jacobl or total step iteration.

Choose vo.

Determine for n = 0,1,...

(1) = sup {r(i,a) + ) p(i,a,3) v, (3) +p(i,a,i)vn+1(i)} .

v
n+l aeA J#L

Gauss—Seidel iteration.

Choose VO'

Determine for n = 0,1,...

Vo @) = swp {r,a) + 1 pl,adv, )+ ] pliadv G .
ach j>i j<i

Successive overrelaxation method.
Choose Vo-
Determine for n = 0,1,...

(1) = (1-0o)v, (i) + o sup {r(i,a) + ) p(i,a,3)v (3) +

v
n+l aeA j>i

+

jzi pli,a v, (3) + ov (1) + [p(i,a,i) -clv (1)},

with 0 < 0 <1 and 0 £ ¢ £ inf p(i,a,i).
i,a

These methods are known from numerical analysis. For example, they can be
used for the iterative solution of systems of linear equations, see VARGA
[1962, chapter 3]. ]
In the context of MDP's the Gauss-Seidel method has been introduced by
HASTINGS [1968] and the method of successive overrelaxation by REETZ [1973]
(the special case o = 1).
For each of these algorithms, one wants to investigate whether v, converges

* .
to v . In order to avoid the necessity of treating these algorithms one
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after another, we would like to have a unifying notation which enables us
to study these algorithms simultaneously.

Such a unifying notation is the description of successive approximation
methods by go-ahead functions as introduced by WESSELS [1977a] and further
elaborated by Van NUNEN and WESSELS [1976], van NUNEN [1976al] and Van NUNEN
and STIDHAM [1978]. In order to see that the go-ahead function approach is
very natural, consider for example the improvement step in the Gauss-Seidel
iteration. In words, we could describe this step as follows.

"in ordef to obtain Vn+1(i) take action a in state i; if the next state is
a state j > i, then you stop and receive a terminal reward vn(j), if the

next state is a state j £ i, then you go ahead to obtain vn+1(j)."

We see that Jacobi iteration, Gauss—Seidel iteration and standard successive
approximations are algorithms which can be described by a (go-ahead) func-
tion 8 from 52 into {0,1}; if for a pair of states i,j you have &§(i,j) = 1,
then you go ahead after a transition from i to j, and if §(i,j) = O, then
you stop.

In the successive overrelaxation algorithm, however, the situation is dif-
ferent. First, it has to be decided whether the iteration process will
start, which happens with probability o, and then: if in state i action a
has been taken and the system makes a transition from state i to i, then we
go ahead with probability ¢ /p(i,a,i) and we stop with probability
(p(i,a,i) -¢c) /p(i,a,i).

So in this case the choice between going ahead and stopping has to be made
by a random experiment, which at time 1 (and thereafter) also depends on
the action a.

Thus the overrelaxation algorithm can be described by a (go—-ahead) function
§ from S U SxA xS into [0,1], with 8(i) = o, &§(i,a,j) = 1 if j < i,

§(i,a,j) = 0 if j > i and 8(i,a,i) = c/p(i,a,i), i € S, a € A.

DEFINITION 3.8. A go-ahead function § is a map from

su U (sxa)™®u U (sxa)xs
n=1 n=1
into [0,1] which s measurable with respect to the o-field generated by S
and A.
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The interpretation is as follows:

Let (iO’aO'il"") be a realization of the process, then the observation of
the process (and its earnings) is stopped at time n before action a, is
chosen with probability 1-6(i0,a0,...,in) (provided the observations have
not been stopped before) and it is stopped after action a, is chosen - but
before it is executed - with probability 1-—6(i0,a0,...,in,an) (if the obser-
vations did not terminate before).

We defiqe the go-ahead function also on (S XA)n since this can be used to
restore the equal row-sum property in the case of (essentially) sub-stochas-
tic transition matrices (arising e.g. from semi-Markov decision problems

with discounting), see Van NUNEN and STIDHAM [1978].

In order to be able to cope with the fact that a go-ahead function not only
takes the values 0 and 1, we have to incorporate this random aspect of the
go—-ahead device in the probability space. Therefore we extend the space

Q= (s xA)°° to a space 9. := (S XE XA XE)w, where E := {0,1}. On E we con-

sider the o-field E of agl subsets, and on (S XE xA xE)" the o-field
generated by S, A and E.

As in section 1.5 we can now generate for all m = (ﬂo,wl,...) e I, transi-
tion probabilities pg from S into E XA XE xS and Py from S x (ExAXE xS)n

into EXAXEXS, n=1,2,..., by e.qg.

8 . . . . . .
po({l} xCcx {0} xD [10) = 8(iy) J"O(da Ilo)(l -8(i,a)) jZDp(loya,J) ’
C

and for n = 1,2,...

§ . .
pn+1({1} xCcx{0} xD |1O, ayiZgriyreesz ,i yeeasl ) e

ntiney) = 8Ug.2

0 n+1

° fwn(da ! iolaol---,in+1) (1 —G(ioryor---,in+1)) jZDp(in+1larj) ’
C

for all C € A and D € S. Here Yy, = 0 if the observation of the process
stops immediately after in has been observed (if it did not stop before)
and Y, = 1 if we go ahead. And z, = 0 if the observations terminate after
action an is selected but before it is executed, zn = 1 if the observations

continue.

Further we endow QO with the product o-field generated by S, A and E. Then

for each m € II the sequence of transition probabilities {pa, n=20,1,...}
n

defines for each initial state i € S a probability measure P§ on QO and
i,m
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a stochastic process {(Xn,Yn,An,Zn),_n =0,1,...}, where Yn and Zn are the
outcomes of the random experiments immediately after state Xn has been ob-
served and An has been chosen.

8 . , §
We denote by Ei T the expectation operator with respect to Pi T
4 7

Next, define the function T on QO by
T(iO'yO'aO'zO’il'yl"") = inf {n ] Yp2, = o} .

So T is é stopping time which denotes the time upon which the observation
of the process is stopped.
For any m € Il and go-ahead function §, we define the operator Lé(w) for all

v € V for which the expectation is properly defined by

-1
N ,
(3.4) (Lg(MV) (1) == B [Zo r(x_,A) +v(XT)] , ies,
where v(XT) is defined 0 if T = .
+
We will see later that Lé(n)v is properly defined for all v € Vu* (or
+

v € Vz* if 2° < ),

Further we define U6V by

(3.5) U.,v := sup L. (mM)v .
§ §
well

Note that the improvement step of the algorithms described at the beginning

of this section, can now be formulated as

= UG v_,

v
n+1 n

with § the corresponding go-ahead function.

Further, define the operators L;(ﬂ), Lzbs(n), U; and Uzbs by
-1
+ § +
Lymv =& | ] r (X2 ) +v(X )| ,
n=0
+
U.v := sup Lg(ﬂ)v ’

mell

-1
abs st
Ly (Mv := E nZO lxx a0 ] +v(xT>] /
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Uabsv := sup Labs(n)v ,
§ §
mell

for all v € V for which the expectations are properly defined.

3.4. THE OPERATORS L6(ﬂ) AND Ug

In this section it will be proved that LG(W) and US are for all go-ahead
+ * +
functions § operators on Vu* and if z < « also operators on Vz*'

The main result of this section is that for all go-ahead functions §

In order to prove this we need the following basic inequality.

For all n(l) and “(2) € II and for all go-ahead functions §

(27 *

) £ v .

(3.6) Ls(n(l))v(ﬂ

This result is intuitively clear. Playing strategy w(l) until time T and
then switching over to ﬂ(2) can never yield more than v*. However, this
decision rule is in general (if § does not take on only the values 0 and 1)
not a strategy in the sense of section 1.5. This is caused by the measur-

ability problems which arise from fitting w(l) and "(2)

together at a time,
that is determined by the outcomes of a series of random experiments upon

which a strategy may not depend. So (3.6) still needs a proof.

The line of reasoning we follow is simple. It only has to be shown that the
decisionmaker cannot benefit from knowledge about the outcomes of these
random experiments, or any other data that are independent of the future
behaviour of the process.

Therefore, let (S,A,p,r) characterize our original MDP and let (§,A,p,r) be
another MDP with § = S, A = AxB, where B is some arbitrary space,
(i.(fa,b)) = r(i,a) and p(i,(a,b),j) = p(i,a,j) for all i,j € S and

(a,b) € AxB. Let further B be the o-field containing all subsets of B and
A, the o-field on A, be the product o-field generated by A and B.

So the transition probabilities and the immediate rewards depend on

(a,b) € AxB only through the first coordinate. (In order to prove (3.6) we

will let B contain the outcomes of the random experiments.) To see that the
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two MDP's are essentially equivalent, observe the following. Any (random-
ized) Markov strategy in (§,3,p,%) induces a (randomized) Markov strategy in
(8,A,p,xr) and conversely, each (randomized) Markov strategy in (S,A,p,r)
yields a whole set of (randomized) Markov strategies in (é,ﬁ,ﬁ,f), where
these corresponding strategies have the same value.

Marking all objects corresponding to the MDP (S,A,p,%) by a -~ we obtain the

following important lemma.

LEMMA 3.9.

~% * % * % *
u=u , v =v and z =2z .

PROOF. By corollary 2.2 we can restrict ourselves to the consideration of

randomized Markov strategies. So the result is immediate from the observed

relation between randomized Markov strategies in the two problems. ]
THEOREM 3.10. For all s and 7 e and for all go-ahead functions §

(1) Lo Moy < vt

(i) Lg(n(l))u(n(z)) <u*;

(1ii) e O P A I

(1),5,ﬂ(2) yields

PROOF. We will apply lemma 3.9 with B = {0,1}. The triple =
a strategy in (§,i,§,f), namely the strategy T defined as follows.

If by =b; = ... =b , =1, then

T (cx{1} l igragibgriyeeeesd gya  gub g0i) =

(1)

= 8(igsags...sip) J 8§(igsags..-si,a)m " (da [io,ao,...,in)

aeC

and

m(cx{0} | i i) =[1-6(1 i )]ﬂ(z)(CIi ) +

. oreeriy ore-eriy 0 n
. . R . 1 . . 2 .
+ 6(10,...,1n) J [1 —5(10,...,1n,a)]wé )(da |10,...,1n)wé )(C]ln)-
aehn

And if bo = b1 = ... = bt—l =1, bt =0, t £ n-1, then
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(2

Fex{0} | ig,eee i) =m 70

(c !it,at,...,in) ,
and

Fcx{1} | igrecesi) =0 .

So inf {n Ibn = 0} corresponds with the stopping time T in the original MDP
(1) (2)

upon which we switch from strategy m to T . Hence, clearly
Lo Mva®) =9 < ¥ =" by lema 3.9).
Similarly, one obtains (ii) and (iii). 0

COROLLARY 3.11. For all m € I and all go-ahead functions §:

: + + +
(1) Lg(m, Lg(m), Uy and Us are operators on V .

(ii) If 2" <, then Lg(m), L;(ﬂ), Lzbs (M), Ugs U'g and Ugbs are operators
on V-
PROOF .

(1) One may easily verify that it follows from the monotonicity of L;(w)

+ .
and U6 and from LG(w)v < Lg(n)v, that it is sufficient to prove
(3.7) Lymu’ < u*, forall meT .

Let n(z) be a strategy with u(w(z)) = u* -€e, then we have for all

me Il

( 2)

Lg(ﬂ)u* < Lg(n)u(ﬂ 2)) +ece) < L;(n)u(n( ) +ee < u* +ce

(by theorem 3.10(ii)).
As € > 0 can be chosen arbitrarily, we also have (3.7).

(ii) It is sufficient to prove Lgbs(ﬂ)z* < z* for all m € 1, the proof of
which is identical to the proof of (3.7). O

Similarly we can prove

COROLLARY 3.12. For all m € I and all go-ahead functions 8§ we have

Ls(n)v* < v* ,
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hence
U *S *
sV v .
In order to prove UGV* > v*, which together with corollary 3.12 would yield
UGV* = v*, we need the following lemma.
LEMMA 3.13. For all 7 € I and for all go-ahead functions § we have

-]
§ x §
E v(x)2E ] rx,a).
n=T
(iO'aO'il""’an)
PROOF. Let for any n 2 0 and (iO'aO’il""’an) the strategy =
be defined by

(iO’aO’il""'an)

L ({an} lin) =1,

and for k = 1,2,...

(io,ao,il,...,an)

T €l apran it yeeeripg) =
= "n+k(c IiO’aO’il"'"in’an""’in+k) , CeA.
Then
o (X sA,eeesX_,A) :
§ 8 0’70 't § *
= <
E, ) T(X ,A) = E V(X T ) S BV (X)),

n=t

since, clearly, for all n 2 0 and all io,ao,...,in,an

(i ,8n700.,a)
v, 070 My s vty . 0

From this lemma one immediately has
COROLLARY 3.14. For all 7 € I and all go-ahead functions & we have
. .
Ls(w)v z v(m) ,

whence also

* *
UGV 2 sup v(m) = v .
mell
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PROOF. For all m € II and §,

* ) Til *
Ls(n)v = En r(Xn,An)~+v (XT)

=0
-1 o
[
> E [ ) r(X ,A) + ) r(xn,An)} = v(m) . O
n=0 n=t

And finally we obtain from corollaries 3.12 and 3.14,

THEOREM 3.15. For all go-ahead functions §

% * + * * abs * *
uv =v , Uu =u and UG z =z .

So it makes sense to study the following successive approximation procedures

s + . * .
Choose VO (in Vu* or, if z < », in Vz*)'

Determine for n = 0,1,...

Vel T Usvn .
Clearly, in order to have v, converge to v* one needs conditions on Yo and
the MDP ((the reward structure for example). But we do also need a condition
on 8. For example, if in the successive overrelaxation algorithm of section
3.3 we have a = 0, then UGVO = v, for any Vo € V, so the method will never
converge to v oif Yo # v,
Therefore it seems natural to consider go-ahead functions satisfying the

following definition.

DEFINITION 3.16. A go-ahead function 8 is called nonzero if

:= inf inf 6(i)68(i,a) > 0 .
ieS aeA

%

Note that for the go-ahead function § which corresponds to the overrelaxa-

tion algorithm with o = 0 we have ag = 0.
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3.5. THE RESTRICTION TO MARKOV STRATEGIES IN U6 v

In general it will not be possible to consider only Markov strategies in
the optimization of La(w)v, since § may be history dependent.
An interesting question is now for which go-ahead functions § can we re-
strict ourselves to the consideration of Markov strategies, i.e. for which
§ do we have
(3.8) UGV = sup Lé(n)v ,

TeEM
where the supremum is taken componentwise.
In this section we show that for a certain class of go-ahead functions
(3.8) does hold.
WESSELS [1977al] and Van NUNEN [1976a] have shown for action-independent go-
ahead functions that in the contracting case one can restrict the attention

n+1)
= G(in,in+1) for all n =1,2,... . Go-ahead functions having this property

to stationary strategies in the maximization of U6V if G(io,...,i

they called "transition memoryless". Van NUNEN and STIDHAM [1978] remarked
that this result can be extended to action-dependent go-ahead functions for

) = 68(i_,a 'in+1) for all

which 6(1 reeesan ) = 6(1 ra, ) and 6(1 yeeerd ’ln+1 n’'3n

n = 1,2,....

DEFINITION 3.17. A go-ahead function 8 is called Markov, if for all

n=0,1,... and all igragriqre.. the probabilities §(iyragr-e-say) and
G(io,ao,...,an,in+1) only depend on the last two or three coordinates,
respectively, and on n. I.e., there exist functions 60,61,... from
SxA U SxAxS Znto [0,1] such that 6(1 yeeesi_,a) =8 (1 ay ) and

n’“n
6(1 reeersi_,a_,i ) =6 _(i_,a ,1 ) fbr aZZ n =0, 1,....

n’ n’"n+l n'n n

There is some similarity between the effects of the go-ahead function and
the transition law. And as a stochastic process on s” is an (inhomogenous)
Marko if iliti = j =i ,.e.. =1

v process if the probabilities ]P(Xn+1 3j l XO igs ,Xn 1n)
depend on in’ j and n only, it seems natural to use the term Markov for the
go-ahead functions of definition 3.17.
In the terminology of Wessels and Van Nunen one might use the term "time

dependent transition memoryless".

Using the similarity between go-ahead functions and transition laws, we

prove the following result.
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THEOREM 3.18. If &8 Zs a Markov go-ahead function and v € V:* (or, if z* < =,
v e Vz*)’ then for all i € 8

sup (LG(W)V)(i) = (UGV)(i) .

TEM
PROOF. The line of proof is essentially the same as in the proofs by
WESSELS [1977a] and Van NUNEN [1976a] for the result that, for transition
memoryless go-ahead functions, one can restrict the attention to stationary
strategies in the contracting case.
Incorporating the effects of the go-ahead function in the rewards and trans-
ition probabilities, we construct an MDP characterized by (5,5,5,2) which
corresponds in a natural way to the problem of optimizing LS(")'
Define § := {(i,t) | i € s, t =0,1,...} u {*} and & := A. Assuming (without
loss of generality) that 6(i) = 1 for all i € S, we define for t = 0,1,...,

i€ Sand a € A

[ #£((i,t),a) = [1—6t(i,a)]v(i) +

+ 6, (i,a)[r(i,a) +§ plia, Hl1-6 ., (,a,)Ivi],

(i,a,3) » jes,

f)( (irt) XY} (jrt+1)) = Gt(i:a)P(i,a,j)5t+1

(i,a,3)

B((i,t),a,%) =1 - § 8, (1,a)p(i,a,9)8 .,

#£(x,a) =0 and Pl*,a,*) =1 .

As for v € V:* we have L;(ﬂ)v+ < o for all m € II, one easily observes that
also the MDP (§,3,p,%) satisfies condition 1.1. Further, any strategy 7 for
the problem of optimizing Ld(-)v yields a strategy T for the initial states
(i,0) in (8,A,p,%), with Lg(mv) (1) = ¥((i,0),7), and any strategy 7 for
the MDP (§,3,5,%) induces a strategy m with ¥((i,0),7%) = (La(w)v)(i). And
as Markov strategies in (§,A,5,%) are also Markov strategies in the origin-
al MDP, we have for all i € S

(UgV) (1) = sup T((i,0),7) =

¥((i,0),m) = sup (LG(H)V)(i) . O
rmell

sup
TeM meM

Observe that the three algorithms presented in section 3.3 all correspond
to Markov go-ahead functions. In fact, the corresponding go-ahead functions
belong to an even more restricted class: the set of stationary go-ahead

functions.
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DEFINITION 3.19. A go-ahead function § is called stationary if for all

n=1,2,... we have 6(i0,a0,...,in,an) = G(in,an) and
).

6(i0,ao,...,i ,a_,1i

n’'“n n+1) = G(ln'an'i

n+1
Wessels and Van Nunen use the term transition memoryless for these go-ahead
functions. For the same reason as mentioned before (the similarity between
go—-ahead functions and transition laws) we prefer the term stationary.

If 8§ is stationary, then one can construct an MDP characterized by (§,3,p,%)

which corresponds to the problem of finding U.v, which is considerably

§
simpler than the MDP in the proof of theorem 3.18. Namely (assuming again
without loss of generality 6(i) = 1 for all i € S), the MDP (§,3,p,%) with

for all 1 € S and a € A,

I S :=8 u {*} ’ A:=Aa ,

£(i,a) :=[1-8(i,a)lv(i) +

+6(i,a)r(i,a) +) p(i,a,N1-8,a,HIvEH],
J
(3.9) 4
p(i,a,j) := 8(i,a)p(i,a,j)é(i,a,3j) , je s,
p(i,a,*) :=1 - z §(i,a)p(i,a,j)é(i,a,i) ,
J
{ F(x,a) :=0 and plx,a,*) =1 .

We see that there is a one-to-one correspondence between strategies in the
original MDP and the part of the strategies for (8,2,5,) on S. So, if in
the MDP (8,3,p,%) we can restrict ourselves to stationary strategies, then
also

sup Ls(f)v = UGV , componentwise. -

feF

For example, we have

THEOREM 3.20. Let & be a stationary go-ahead function, then either of the

fol7~ying two conditions guarantees that

(3.10) sup (Lg(£)v) (1) = (Ugv) (1) for all i € s .
feF

(1) r(i,a) 20 forall i ¢ Sand a € A and v 2 0.

P . o . +
(ii) A zs finite and v € (A
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PROOF. Immediate from theorems 2.22 and 2.23. O

If the action set in state i, A(i), depends on i, then we may replace in

theorem 3.20(i) the condition A is finite by A(i) is finite for all i € S.

In chapter 4 we consider another condition which guarantees (3.10) to hold.

3.6. VALUE-ORTENTED SUCCESSIVE APPROXIMATIONS

Another variant of the method of standard successive approximations is the
method of value-oriented (standard) successive approximations.

In all successive approximation methods considered in the previous sections,
the algorithm consisted of a sequence of optimization steps. In the value-
oriented methods, each optimization step is followed by some kind of extra-

polation.

Value—oriented standard successive approximations

Choose v, € V:*, A e {1,2,...} and a sequence {dn ,n=20,1,...}

0
of strictly positive real-valued functions on S (dn(i) > 0 for

all i € S) with dn >0 (n > ).

Determine for n = 0,1,... a policy fn+1 such that

(3.11) L(f )v. 2 Uv_-d

n+l" 'n . n n

and define

A
(3.12) v —.L (fn+

n+l )Vn .

1

The reason why we consider arbitrary functions dn and not just functions
e.e will become clear in section 4.8.

So, after each optimization step we determine a policy fn+1' then Vo1 is

obtained by using fn¥1 during A periods of time in the A-stage MDP with

terminal pay-off Ve This can be seen as a kind:.of extrapolation.

Note that if A is finite, we do not need the functions dn and (3.11) can be
)V, = Uv.

For the contracting MDP this method has been first mentioned (without con-

replaced by L(fn+

vergence proof) by PORTEUS [1971]. Van NUNEN [1976a,1976c] has proved that

in the contracting case the value-oriented method converges, i.e., Vo
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converges to v* for suitably chosen scrap-values vy
The value-oriented variant can also be formulated for the successive approx-
imations methods generated by a go-ahead function §. In that case (3.11) and
(n+1) (n+1)

W,

A
> - =
)vn P-4 Uévn dn and v Ld(ﬂ n

(3.12) are replaced by Lé(n 1

respectively.

For the contracting MDP the combination of go-ahead functions and value-
oriented methods has been studied by Van NUNEN [1976a] and Van NUNEN and
WESSELS [1977b].

Here we only consider the value-oriented variant of the method of standard

successive approximations.

It is clear that the value-oriented method will not converge in general,
since for Vg = 0 the method of standard successive approximations not even
needs to converge. But even if the method of standard successive approxima-

tions does converge, then the value-oriented method may not converge.

EXAMPLE 3.21. S = {0} v {(i,k) | i € {1,2,...}, k € {1,2}}, a = {1,2},
r((i,1,1) =272, rd,n,2) =

=27 b, L1, 0,2)) =
T =p((L,1),2,(41,1) =1,
r((i,2),2) = -1-2742

p((i,2),a,0) = p(0,a,0) = 1,
r(0,a) = 0, a € A.

Consider the case vy = 0, A =2,
d =0, n=20,1,... . Clearly

n,
the method of standard successive

*
approximations converges as U0 = v . However, as one may verify, the sequence
v obtained for the value-oriented variant converges to a vector ¥ with

Y(,1) = v, 1) -1.

Conversely, the method of value-oriented successive approximations may con-
verge in cases where the method of standard successive approximations does
not ronverge. For example, consider the MDP of example 3.2. With Vg = 0 the
method of standard successive approximations does not converge whereas the

value-oriented method converges for all A > 1.

The question of convergence is somewhat more transparent in the following

monotonic version of the value-oriented method.



63

Monotone value-oriented standard successive approximations

+
Choose some Vo € Vu* for which there exists a policy f such that

L(f)vO > v _; choose X € {1,2,...} and a sequence of real-valued

O'
functions {d_ ,n =0,1,...} on S with d_ > 0 for all n = 0,1,...
n n

and 1lim d4_ = 0.
n

n-oo
Determine for n = 0,1,... a policy fn+1 such that
> -
(3.13) L(fn+1)vn > max {vn P OV, dn}

and define

v

A
net = (fn+1)vn .

Since L(fn)vn 2 Va for all n = 0,1,... (as one may easily show by induction)
there exists for all n a policy £

n+1
€ V:*) that Uvn is properly defined for all n.

satisfying (3.13). It is also clear
(from Vg

As Vat1 2 Va for all n, the sequence {vn} converges to a limit, ¥ say. And

also ¥V € Vu*'
The question remains, when do we have ¥ = v*. In chapter 4, section 8, we
consider a rather general condition, which guarantees that the monotone

variant converges for all v

that L(f)v0 >

o € V% for which there exists a policy f such

Ve
0
Here we only prove the following result (cf. theorem 3.7).

THEOREM 3.22. For all Vg€V with w' < vy S v for which there exists a

policy £ with L(£)vy 2 vy, the monotone value-oriented standard successive

approximations method converges.

PROOF. Let {vn ,n=0,1,...} be the sequence generated by the method and

- * *
v = 1lim v_. As VO < v , we have by induction v. € v for all n = 1,2,... .
e D n , X

* *
Namely, suppose vn < v , then v Uv_ < Ulv = v . Thus

A
=L (f n

A

n+1 n+1)vn

" *
also v £ v .

But from (3.13) and the monotonicity of L(fn+ we also have

1)

A
A4 =L (fn+

>
n+l Vo £ L(£

> -
n+1)vn - Uvn d, -

1) n

Letting n tend to infinity, we get with the monotonicity of Vi and dn > 0

(n > «)
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<
\
(=]
<

Hence also

N. n *x *
v21limUV21limUw =v (by theorem 3.7).
n-»c n->o

*
So ¥ = v , which completes the proof.

COROLLARY 3.23. If for all i € S and a € A we have r(i,a) 2 0, then the

monotone value—oriented method converges for scrapvalue vy = 0.
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CHAPTER 4

THE STRONGLY CONVERGENT MDP

4.1. INTRODUCTION

In chapters 2 and 3 we analysed the general total-reward MDP. We have seen
that in general the method of (standard) successive approximations does not
converge, and that in general nearly-optimal stationary strategies do not
exist.

In this chapter we study the total-reward MDP under some additional assump-
tions concerning the absolute values of the income streams. Mostly we have

assumptions at least as strong as

CONDITION 4.1.

(4.1) (1) z* = sup E ]t a)| <=,
mell n=0

and

(4.2) (ii) lim sup ) E_ |r(xk,Ak)| =0 .

n»» meM k=n

Condition 4.1(ii) is also called the wuniform tail condition.

It will be clear that (4.2) implies that the «-horizon MDP can be approxi-
mated by finite-stage MDP's, so that the method of standard successive ap-
proximations with scrapvalue O will converge.

A main point in this introductory section is to show that condition 4.1 is

equivalent to a so-called strong convergence condition, and implies

(4.3) limsup E_z (X)) =0 .
™ n
n-o TeM

From this in sections 2, 3 and 4 we obtain the equivalence of conserving-

ness and optimality, the convergence of the method of standard successive
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approximations for any scrapvalue vy € Vz* and the convergence of the policy
iteration method. In section 5 it is shown how the strong convergence condi-
tion relates to the concept of Liapunov functions as introduced in the con-
text of MDP's by HORDIJK [1974]. In section 6 the convergence is studied of
the successive approximations methods, generated in section 3.3 by means of
go-ahead functions. In section 7 it is shown that for stationary go-ahead
functions one needs to consider only stationary strategies in the optimiza-
tion of LG(.)V' Finally, in section 8, we consider the method of value-

oriented successive approximations.

The results of sections 1, 3, 4, 5 and part of section 2 can also be found
in Van HEE, HORDIJK and Van der WAL [1977] and/or Van HEE and Van der WAL
[1977]. Related results can be found in SCHAL [1975] and STIDHAM [1978].
Stidham also compares the conditions in Van HEE, HORDIJK and Van der WAL
[1977], scHAL [1975] and sTIDHAM [1978].

In the remainder of this introductory section we establish the equivalence
of condition 4.1 to the strong convergence condition (condition 4.2).

To formulate this condition define ¢ as the set of all sequences

9 = (wo,wl,...) with ¢ € V for alln=20,1,..., with % > e, L 2 ¢ for
alln=20,1,..., and with lim ¢_ = « (pointwise). (So, mo(i) 2 1 and
nreo B
¢n(i) 4 o (n > o) for all i € S.)
For all ¢ € & we define
(=]
(4.4) z,(1,m = By I o @ |rx a)], ies, men,
n=0
* .
(4.5) z¢(i) := sup z (i,m) .

mTeM

CONDITION 4.2 (Strong-convergence condition). There exists a ¢ € ¢ for

which

An MDP which satisfies the strong convergence condition is called strongly

convergent.

In order to show that condition 4.2 is equivalent to condition 4.1, we
first derive the following lemma from which we see that condition 4.2 im-

plies condition 4.1:
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LEMMA 4.3. For all ¢ = (cpo,tpl,...) € & and all n = 0,1,... we have

. v N R .
(1) Ei’“kznlr(xk,Ak)l S (N7 z (im , des, men,
and thus
(1) swp B, ] lrxapl < o Tt @ , ies.
TEM "7 k=n ¢

PROOF. It is sufficient to prove (i) since (ii) follows from (i) immediately.
For all i ¢ S and all m € M,
(o]

v IS N
]Ei'“kznlr(xk’Ak)l < Ei,ﬂkzn(q)n(l)) o, (1) |rx, )|

1

< o N E, ZO 0, @ [rx a0 ] = (o @ 2, (M) O
’ k=

*
So we see that, if zm < o for some ¢ € &, then condition 4.1 is satisfied.

THEOREM 4.4. An MDP ig strongly convergent if and only if condition 4.1
holds.

PROOF. As we already remarked, the "only if" part follows immediately from
lemma 4.3.

*
In order to prove the "if" part we construct a sequence ¢ for which z(p < o,

First define
(-]
bn(i) 1= sup Z Ei,nlr(xk'Ak)l ,. ie€es, n=20,1,... .
meM k=n

S . .
Clearly, bn > bn+1' Next, for i € S define

No(i) := 0
and

Ny, (1) :=max {min{n | b (i) < 2741y, N, (1) +1},  £=0,1,... .

And finally define ¢ by

0,(1) 1= L+1 if N (i) < n (1) , ie€S, n=0,1,....

< Npy1
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Then
NIL+1 (1)-1

sup ) 9, (1), 1r|r(xk,Ak)[ s @+, w=1,2,... .
TeM k=N, (i) ’

Consequently, for all i € S,
Nl(i)-l

* 2 -9
z (i) <swp ) E, |rx,a)|+ ] @+1)2
¢ mTeM k=0 " Pk =1

*
z (1) +3 < =,

IA

which completes the proof. O

Next we show that condition 4.1 (or condition 4.2) implies (4.3). To prove

this we need the following lemma.
LEMMA 4.5. For all n = 0,1,...
0
sup E z*(X)=sup]E ZIr( )l
m n i Xk’Ak .
TEM mTeM k=n
PROOF. Let T = (fo’fl"'°) € M be arbitrary, then conditioning on Xn yields

[+]
<] *
E“kznlr(xk'Ak)l =E z2(x T S E 2 (X) ,

h o (£ ,f
where = ( " n+1"")'

So, it is sufficient to show that
[+
sup E Xlr( )|ZsupJE 2" (X )
T X By T n’
TEM k=n TEM
Let € > 0 be arbitrary, then by theorem 2.23 a stationary strategy f exists
with

Z(£) = 2z (L-¢€) .

Then, with 7 = (£, £ JEE, ),

1""’fn—1
. :
*
m;kznlr(xk,ak)l = Evz(X,f) = E z2(X,f) 2 (1-e)E z (X) .

Hence also
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sup E_ X |r(Xk,Ak)| > (1-€) sup ]E“z*(xn) .
TEM k=n TeM

As € > 0 is arbitrary, the proof is complete. 0

THEOREM 4.6. If condition 4.1 or condition 4.2 holds, then

(1) lim sup E_z"(X ) = 0 ;
n>® mTeM n

(ii) lim U = 0 for all v e v,k (for the definition of U see (1.27)).
n-e

PROOF. (i) follows immediately from lemmas 4.5 and 4.3(ii), and (ii) follows

*
from (i), with v = sup ]Eﬂv(Xn) and |v| <cz  for some c € R. ]
mEM

An important consequence of theorem 4.6 is

THEOREM 4.7. If condition 4.1 or 4.2 holds, then v* is the unique solution

of the optimality equation Uv = v within Ve

* *

PROOF. Clearly v € Vz*’ and by theorem 2.11 v solves the optimality equa-
tion. So it remains to prove the uniqueness.

From theorem 2.7 we know that U and E map Vz* into itself. Let ¥ be a solu-

N . *
tion of Uv = v, with ¥ € Vz*, and therefore |v—v l € Vz* as well. Then

(4.6) [9-v*] = |ug-wv™] < U|o-v"|

The inequality in (4.6) holds for any two functions v and w in Vz*’ as

follows from

Uv-Uw = sup [L(f)v-Uw] < sup [L(f)v-L(£f)w]
feF feF

= G(V—w) < le—wl .
Iterating (4.6) yields
* ~
l?r—v | < Un|\‘7—v*[ .

So, letting n tend to infinity, and using theorem 4.6 (ii), we obtain

which proves the uniqueness within Vz*. 0
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4.2. CONSERVINGNESS AND OPTIMALITY

In this section it is investigated whether the concepts (nearly-) conserving
and (nearly-) optimal coincide if the MDP is strongly convergent (i.e., if
condition 4.1 or 4.2 is satisfied).

A policy f is called comserving if

(4.7 LBV =v",

and called e-conserving if

* *
(4.8) L(f)v 2v -ee , € >0 .

So, conserving policies preserve the possibility of ultimately obtaining
v*. However, as we see from example 3.2, a conserving policy need not yield
an optimal stationary strategy. Namely, let f be a policy with £(1) = 1,
then L(£)v = v but v(1,£) =0 < v (1) = 1.

For a conserving policy f to yield an optimal stationary strategy, it is
necessary that f is also equalizing, i.e. that

*
]Efv (Xn) >0 (n-~»>x) ,

and this condition is not satisfied in example 3.2.

From theorem 4.6(i) and the fact that Iv*l < z¥ it follows that for a
strongly convergent MDP all strategies are equalizing, so in this case
conservingness and optimality coincide.

The case of €-conservingness is somewhat more complicated.

The notions conserving and equalizing were introduced by DUBINS and SAVAGE
[1965], and have been used in the context of MDP's by HORDIJK [1974] and
GROENEWEGEN [1978] to characterize optimal strategies.

THEOREM 4.8. If the MDP is strongly convergent, then we have:

(i) <Zf £ is conserving, then v(f) = v*,

(ii) for all e > 0 there exists a Markov strategy m satisfying
v(m) = vi-ee .

PROOF.
(i) Iterating (4.7) yields

_ n _ n * * _ *“ *
vn(f) =L (f)0 = L (fiv - E.v (xn) =v ]Efv (xn) .
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Letting n tend to infinity the result now follows with [v*| <2 from
theorem 4.6 (see also theorem 2.16).

(ii) Construct m = (fO’fl"") € M along the lines of (2.17). Then use theo-

rem 2.14, since (2.18) follows from theorem 4.6 (i) with lv*l < z*. 0

The strong-convergence condition implies that one needs to consider only
stationary strategies in the optimization of v(i,w) for a fixed initial

state.

THEOREM 4.9. If the MDP is strongly convergent, then for any € > 0 and any

initial state i € S a stationary strategy £ exists satisfying
*
v(i,f) 2 v (1) -e .

PROOF. Let ¢ € & be such that

Let n be so large that
R R £
(o, (1)) z(p(l) <3

€
and let f be §;-conserving, i.e.

*
L(f)v

v

<
|
I

o

Then

VLE) 2 v (1,0 - E, ) lzx a0 |
"* k=n

2 a0 - 5= aOvhw - B, vk -5
ZV*(i)-n%—‘g‘-%-fv*(i)-E. 0

In theorems 4.10 and 4.11 some results on the existence of uniformly nearly-

optimal strategies for the strongly convergent MDP are given.

THEOREM 4.10. If for some ¢ € ¢ we have z; < o gnd ((pn(i))—1 z;(i) con—
verges to zero umiformly on S, then for every € > 0 a stationary strategy £

exists satisfying v(£f) 2 v¥ - ee.
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PROOF. The proof is almost identical to the proof of theorem 4.9.

THEOREM 4.11. Let ¢ € 9.

every e > 0 a stationary

v(f) 2 v*‘-ez*
9
PROOF. Fix € > 0. Choose
3
D -
’n®g &

If o > uniformly on S, and if z; < », then for

strategy £ exists satisfying

n such that

and a policy f satisfying

L(f)v* > v* - = z* .
3n
Then
n _.n * ok
v(f) = L (£)0 + ]Efv(Xn,f) =L (f)v + ]Ef[v(Xn,f) v (xn)]
n-1
: * € k * *
> - — -
2 v In z PT(f)z 2]Efz (Xn)
k=0
* € % € % * *
> - = - - > -
2 v 3 z 2 3 zw 2z v ezcp ,
where we used
Pk(f)z* < z* < z; R

and lemmas 4.5 and 4.3(ii).

Note the following. If state j can be reached from state i, i.e., for some

n 2 0 and some T € M we have

P,
i,m

then clearly

(X, =3 >0,

-]
kzo Ppeon DBy o lrx ,a)| < for all v e m.

So, certainly (as ®sn > ¢k)
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o0
: o
) o DB, lrx ,a)] <o for all 7° e M.
k=0
Hence, if the MDP is strongly convergent, and if there exists a state i € S
from which all states can be reached, then there also exists a ¢ € & with

¢n -+ o yniformly on S, for which z; < o,

In chapter 5, where the contracting MDP is studied, theorem 4.11 will be
applied. Theorem 4.10 can be used in the discounted MDP with bounded re-

wards.

4.3. STANDARD SUCCESSIVE APPROXIMATIONS

Consider the standard successive approximations scheme

Choose v, € Vz*.

0

(4.9) Determine for n = 0,1,...

By theorem 2.7 this scheme is properly defined for all v, € Vz*. If the MDP

is strongly convergent, then we see from theorem 4.6 (i) Shat the condition
in theorem 3.3 holds, hence the method of standard successive approxima-
tions with scrapvalue O converges.

The following theorem states: if the MDP is strongly convergent, then the

scheme (4.9) converges for all v, € Vz*.

0

THEOREM 4.12. If the MDP is strongly convergent then for all Vo € Vo

. *
limv_=v .
n
n-e

PROOF. The proof is similar to the proof of theorem 4.7.

Let Vo € Vox then

vn+1—v*|.= ]Uvn—Uv*l < len—v*l < ... < G’Hllvo—v* .

Since vo-v* € Vz* we have by theorem 4.6 (ii)

Gn vo-v* >0 (n > .,
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Hence

4.4. THE POLICY TITERATION METHOD

Another technique, which can be used for approximating v* is the policy
iteration method introduced by HOWARD [1960] for the discounted MDP with

finite state and action spaces.

Policy iteration method

Choose some initial policy f0 and a sequence of constants

{sn,n =0,1,...} with e, >0 and lime_ = 0.
n->o

Define v0

Determine for n = 0,1,... a policy fn+1 satisfying

= V(fo).

(4.10) L(fn+1)vn > max {vn ,Uvn-sne} ,

and define

v = v(f. ,) .

n+1 n+l1
In this section it will be shown that, if the MDP is strongly convergent,
the policy iteration method converges, i.e.,
2 * 2 s
(4.11) lim Vn = v (pointwise) .
n->co
In the remainder of this section we assume that MDP under consideration to

be strongly convergent.
In order to prove (4.11) we first show that the sequence v, converges mono-

tonically to a limit, ¥ say, with ¥ € V,x and ¥ < v*.

LEMMA 4.13. If for some v € V,, and some £ € F we have L(f)v 2 v, then
v(f) 2 L(f)v.

PROOF. Iterating L(f)v > v we get by the monotonicity of L(f)

v(£) = lim [LM(f)v-P"(£)v] = L(f)v - limsup P (f)v .
n->o n->o
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From theorem 4.6(ii) it follows that Pn(f)v > 0 (n -+ »). Hence

v(£) 2 L(E)v . 0

Using (4.10), we immediately obtain from lemma 4.13:

COROLLARY 4.14. Let f, be an arbitrary policy, and let {v } be a sequence
obtained by the policy iteration method with initial policy £y then

lim v exists. Further it is clear that
n-o
* *
limv, <v and  |lim vnl <z .

LEMMA 4.15. Let {v_} be a sequence as in corollary 4.14 and let ¥ be defined
by ¥ := lim Vs then

PROOF. By (4.10) and lemma 4.13 we have

v 2 L(f
n

v 2Uv_-€ e .
n+1 ) n n n

+1

So, with the monotonicity of v, we obtain letting n > «,

v Uv . O

Now we can prove

THEOREM 4.16. Let {vn} be as in lemma 4.15. Then

*
limv_=v .
n
n->o
PROOF. By corollary 4.14 the limit ¥ of the sequence Vi satisfies ¥ < v*.
It remains to be shown that ¥ 2 v*. Since V € Vz* (corollary 4.14) it
follows from lemma 4.15, the monotonicity of U and theorem 4.12, that
V* =1lim U < % .
n--
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4.5, STRONG CONVERGENCE AND LTAPUNOV FUNCTIONS

Consider a sequence of functions £,,% from S into [0,»] satisfying for

177200

all £ ¢ F
g,z |e@®] + P08,
(4.12)

3 24+ P(£)L
n n

a4l , n=20,1,... .

+1

A set of finite functions L4¢%,s-4, 0, satisfying (4.12) upto n = m, is

called a system of Liapunov fuictions of order m for the MDP.

In the context of MDP's Liapunov functions are first studied by HORDIJK
[1974, chapters 4 and 5] and [1976]. The relation between the existence of
a system of Liapunov functions for the MDP and the method of standard
successive approximations has been studied by Van HEE, HORDIJK and Van der
WAL [1977]. It is shown for example, that the existence of a system of
Liapunov functions of order 2 implies the convergence of the standard
successive approximations to v*, for all scrapvalues in Vz*.

In this section we consider the relation between the existence of Liapunov

functions of order m and special sequences ¢ € ¢ for which z; is finite.

First define the sequence {yn}

v, =2,

(4.13) E
:= sup E vy (X)), n=20,1,... .
mTeM 7Tk=0 n Xk

yn+1

So, ¥, may be equal to «.

Then we have the following result.

THEOREM 4.17. Let %,+%ys.-.,% be a system of Liapunov functions of order m
for the MDP. Then for the functions Yyreeer¥p defined in (4.13) we have

Yy < zn , n=1,2,...,m.

PROOF. The proof progeeds for fixed m by induction on n. First we examine

the case n = 1. From

2.2 x| +pog, = Labs(f)z1 for all £ ¢ F ,
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we have for any m = (fo,f ..) € Mand all k =0,1,...

1"

abs

abs )OSLabs(fo)"-L (£

(4.14) z, (M) = 12 (f bs

) oo 1L2°5 (£ )L

0 k-1 k-1""1

abs

SLabs(fO)"'L (f 0. € ...< 2

1 1

k-2
Hence also

(m)y <2, ,

* .
z = sup lim z 1

TEM ko k

which completes the proof for n = 1. Note that this is a special case of
theorem 2,12,
Now assume Yy < 2n for some n < m. Then one easily shows along the lines of

(4.14) that

©

ln+1 sup E_ Zo Zn(Xk)

v

meEM k
Hence
2 > sup E z L (X) =2 sup E X vy (X) =y .
+
n+1 TeM ﬂk=o n xk TeM “k=0 n xk n+1
So & 2y for all n=1,2,...,m 0

We see that the existence of a system of Liapunov functions of order m
implies that Yo is finite. The following theorem relates the finiteness of

*
Yo to a special sequence ¢ € ¢ for which z¢ is still finite.

THEOREM 4.18. For all m = 1,2,...

m+k-1

x D reaap] .

(-]
(4.15) y, = suwp E_ ¥ (
TEM k=0

PROOF. The proof proceeds by induction on m. For m = 1 formula (4.15) holds
by definition (with equality). Assume (4.15) holds for m = n. Then for all

m o= (fo,f ) e M

AR

o

Ypeg = L P(E) «+P(E

Y. .
k=0 k-1""n

where P(fO)P(f—l) is defined to be the identity operator. So
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I b n+t-1
Ypep 2 L P(EQ) e Rl ) Z T DPED e R(E L, D rE 0]
k=0 =0
_ v ot n+t-1 Ve
=1 I e P P(fk+t—1)lr(fk+t)l

k=0 t=0

k+t=s E E el

e P e Rl ) |x(£)]

s=0 t=0

b n+s
= Z CoIP(EY oo P(E ) [x(£)]

s=0
o 1 _
- ]E_" Z (n+ l-:k I)Ir(Xk’Ak)l .
k=0
Here we used
s
n+t-1, _ n+s
N A A

t=0

Taking the supremum with respect to m € M we obtain (4.15) for m = n+1.

Hence (4.15) holds for allm= 1,2,... . O

So the existence of a system of Liapunov functions of order m implies that

zz is finite for the sequence ¢ = (mo,wi,...) with
m+k~1
Py = ( " e , k=0,1,... .

Specifically, if there exists a system of Liapunov functions of order 2,

then Yy < «» implies by (4.15) that the MDP is strongly convergent.
One might ask whether Y is finite if and only if

T mtk-1
4.16)  sw E_ ) " |rx ,a)] <= .
mTEM 1Tk=0 k xk Ak

The following example shows that this is not the case.
EXAMPLE 4.19. s = {0,1,2,...}, A = {1,2}. State O is absorbing with
r(0,a) = 0, a =1,2. In state 1 > 1, we

have r(i,1) = 0, p(i,1,i+1) =1,
r(i,2) = i—l, p(i,2,0) = 1. So with

Qn =n+1 (the case m = 2) we have for
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all me M

E )] @+D]rx ,a)]| <e

n=0
However,
. .—1 .
y1(1)=l ’ l=1,2,... '
so for strategy f with f(i) = 1 for all i € S, we have

(=]
-1 . -1 .
Ei'ff yi(X) =i @D+ =
n=0

*
Hence Z¢ < o for the sequence ¢ = (mo,ml,...) with wn = (n+1)e does not

imply ¥, < o,

A slightly stronger condition than (4.16), however, implies that Yo is

finite.
THEOREM 4.20. Let ¢ € & be a sequence with 0, = b:-le, n=20,1,... (so
S S , ,
by 2 1 and b 42 bn), satisfying
=
- *
b:=an<°° and z < o ,
n=0 ¢
then the functions Yyreeooy are finite
PROOF. By induction on k it will be shown that
* _ k-1_k-m
(4.17) sup Enyk(xn) Szmb brl , k=1,2,...,m-1, n=0,1,....

TeM

Once we have (4.17) for k = m-1 and for all n = 0,1,..., we immediately

obtain
(o]

(4.18) Y, = sw E_ X

o
LX) < Y z b b =z,b <,
mTEM n= =

Yo
o ™ n=0

So indeed, it is sufficient to prove (4.17).
First consider the case k = 1. As ¥y = z*, we have by lemmas 4.5 and

4.3 (ii)

(o]
* . 1-m
sup ]Eﬂyl(xn) = sup IE:Tr z Ir(Xt,At)] < Zcpbn , n=20,1,... .

TeM meM t=n
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So, (4.17) holds for k = 1 and all n = 0,1,... . Now assume that (4.17)
holds for k = kO <m-1and all n =0,1,... . Then
[o]
sup E_v, (X)=sup]EZy(X)
TeM ™ k0+1 n TeM Tl't=n ko t
T pt ko-1 k
% - -
< Z sup Enyk (Xt) < z z bt0 p o™
t=n TeM 0 t=n
o
- - —-m+ -
< z* bko 1 Z b 1bk0 m+1 < z* bko bk0+1 m .
[0] t n (0] n

t=n

Hence, (4.17) also holds for k = kO +1 and thus by induction for k = m-1
and all n =0,1,... . Then (4.18) completes the proof. 0

4.6. THE CONVERGENCE OF Ugv 70 v*

In this section we consider the set of algorithms introduced in chapter 3,
sections 3-5, by means of go-ahead functions.
The main result of this section is, that if the MDP is strongly convergent,

we have

*
lim Unv =v for all v e V ’
8 z*
n->o

for any nonzero go-ahead function §.
Define the operators EG(n) and 36 on Vz* analogously to i(f) and U by

T (mv = ]EGV(X )
™ T

U,v = sup T (Mv , vev,.
8 z
mell

Then for all v € Vz*,

-*: —*<N —*
(4.19) IUGV v*| : lugv -ugv*| < uglv-v7],
since for all v,w € Vz*

Ugv -Ugw = sup [Ls(w)v—Usw] <
mell
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< sup [LS (Tr)v—LG(n)w] = sup EG (m) (v-w) < '(vl(slv—wl .
Tell well

Iterating (4.19) yields for all n =1,2,...
n * ~n *
I%v—vl sUdv—v|.

*

So, we see that if v € Vz* (thus also fv—v | € Vz*)' then a sufficient
* ~n %

condition for the convergence of Ugv to v is the convergence of ng to

zero.
‘ ! o %

In order to prove that if the MDP is strongly convergent, then ng con-

verges to zero for any nonzero go-ahead function §, we first have to derive

two lemmas.

LEMMA 4.21. If v > 0 and Uv < v, then we have

(4.20) 36v < v

for all go-ahead functions §.

PROOF. In order to prove this lemma we construct an optimal stopping problem
which has value v from which we will conclude that aav < v for all §.

Define the MDP characterized by (§,3,p,%), with

§i=su{*x} (x¢S) , R:i=au{+} (+¢1),
E(ila) =0, f’(ilarj) = P(ilalj) , aeA, i,jes,

v(i) , EB(x,8) =0, P(i,+*) =p(*,a,% =1, deci.

T(i,+)

In this newly defined MDP the action denoted by the character + corresponds
to stopping and transfers the system to the absorbing state *. Denote all
objects in this MDP by a ~, and define ¥ by ¥(i) = v(i), i € S, and

¥(*) = 0. Then clearly !

L(£)% < ¥ for all fe F and L(£Ho =9,

+ +
where f 1is a policy with £ (i) = + for all i € S.

Hence, with theorem 2.12

Since any ™ € I (extended with the behaviour in *) is a strategy in the

stopping problem (without ever stopping) we have (by theorem 3.15)

La(n)v <v.
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Further, we have on S
La(n)v = La(n)v .
Hence

5 v = sup E (mMv v . 0
§
mell

Note that lemma 4.21 not only holds for nonzero go-ahead functions. For

nonzero go-ahead functions a somewhat stronger result then (4.20) holds.

LEMMA 4.22. If v 2 0 and Uv < v, then we have

(4.21) EGV S (L-agv + adﬁv

for any go-ahead function 8. (For the definition of a ¢ See definition 3.16.)

PROOF. Intuitively (4.21) follows straightforwardly from the optimal stop-
ping problem constructed in (4.20). Namely from Uv € v it follows that the
sooner you stop the better. Since aé is a lower bound for the probability
that you stop after time 0, (1 —as)v~+a6Uv is an upper bound on Usv.

Formally §4.21) can be proved as follows by conditioning on Xo, AO and X, .

1
,a)

Define for all i € S and a € A by 6(1 the go-ahead function with for all

n, iO'aO'il""

6 (gagr i) = Slasigags )

g (i) (Lgreenray) = 8(L,adig,..na) -

And define by ﬂ(l’a) the strategy with for all n, all iO’aO’il"" and all
ce A
(ila) N . _ (i,a) ,, .
"n (C | lO""'lt) = ﬂn+1 (1,a,10,...,it) .

Then we have for all i ¢ Sand 7 € I

.22 @Tymv @)= jvro(da | 1{[1-8(1)6(i,a)]v(i) +6(1)6(i,a) Jpli,a,i):

I J

~ (i,a) .
'(Ls(i,a) (m v .
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By lemma 4.21

4.23 § . (ne
G(l’a)

J)v<v for allie S, ae A.
Further,

(4.24) Y p(i,a,3)v(3) < (Uv) (i) for all i € S, a € A,
j

and

(4.25) [1-68(1)68(i,a)lv(i) + 6(i)8(i,a) (Uv) (i)

(1-a)v) + as(ﬁv) (1) + [8(i)8(i,a) -aéj(ﬁv-v) (1)

IA

(1-0g)v(i) + ag@v) (1) .

Substituting subsequently (4.23), (4.24) and (4.25) into (4.22) yields
(Ed(ﬂ)v) (i) < fﬂo(da | DI -a)v(i) +a6(av) (i) ]

A

= (1-ag)v(i) + ag@OV) (1) .

Taking the supremum with respect to m € II finally yields (4.21). 0

Now we can prove our main result.
THEOREM 4.23. If the MDP is strongly convergent, then

n *
lim Ugv = v for all v € V_,
n->o z

for any nonzero go-ahead function §.
PROOF. As has been remarked before, it is sufficient to prove

Egz*—>0 (n > ) .

Clearly for all m = 0,1,...

~) *
Umz 20 .

' ~ % * ~
Further it follows from Uz < z with the monotonicity of U that

~ ~p %
U(Umz ) < sz* .

So we can apply lemma 4.22 to obtain
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Ea(amz*) < (1 —ad)amz* + a68m+1z* , m=20,1,... .

Hence,
~n_ * ~n-1 * ~ % ~n-1 =* ~n-1~ %
Usz < Us [(1-—a6)z +o.Uz 1<z (1 —aG)UG z + agU; Uz

n
B N R T R kAP
Lo s 5

A

~n %
Since s > 0 for a nonzero go-ahead function § and since 'z » 0 (n + ),

we also have ng* >0 (n » =), C

For the case of nonrandomized go-ahead functions theorem 4.23 (with v = 0)
has already been given by Van HEE [1978b]. Recall that this is the case in
which there are no measurability problems when fitting two strategies to-

gether at time T.

In general the method of successive approximations need not converge for a
nonzero go-ahead function 6.
The following lemma states that, if in the optimization of v(m) one needs
to consider only stationary strategies, then
liminf U0 2 v* .
n->o©
This will enable us to show that in two special cases:
(1) the positive dynamic programming case;
(ii) the case that A is finite and v 2 0,

we have

. n *
lim USO =v ,
n-ree

for any nonzero go-ahead function §.

LEMMA 4.24. If for initial state i ¢ S we have

sup v(i,f) = v¥(i) ,
feF

then for any nonzero'go-ahead function §

liminf (Ug0) (1) 2 vii) .
n-+ow
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PROOF. It is sufficient to prove

lim (Lg(f)O)(i)
n->e

v(i,f) for all f € F with v(i,f) > - ,

since this implies
- n . . n . . * .
liminf (UGO) (i) 2 sup lim (La(f)O) (1) = sup v(i,f) = v (i) .
n-+>w feF n-e fer

*
Assume v (i) > - =, otherwise the result is trivial. And let f be any policy
with v(i,f) > - . Now consider the MDP in which in each state j € S all
actions except f(j) are eliminated, i.e. the MDP (S,A,p,T) with for all
i,jes

A={1}, #(i,1) =r(i,f(1)) and P(i,1,3) =p(i,£(1),3) .
If v(f) > -, then clearly this MDP is strongly convergent. So for this

problem the method of successive approximatioris with scrapvalue 0 converges

for any nonzero go-ahead function §. Thus
n
Le(£)0 > v(f) (n > =) .
If v(j,f) = -= for some j, then we can restrict S to the set of states k
for which v(k,f) > =, since v(j,f) = -« implies
]Pi,f(xn =1j) =0 for all n ,
and follow the same reasoning.

Hence

(Lg(£)0) (1) + v(L,£) (n )

for all f with v(i,f) > -, and the proof is complete. 0

THEOREM 4.25. For each of the following two conditions we have

lim U0v = v* for all v with 0 < v < v >

nro O

for any nonzero go-ahead function §:
(1) r(i,a) 20 for all i ¢ S, a € A;

(i1) A s finite and v* = O.

PROOF. By the monotonicity of UG we have for each of the two conditions
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n n_* *
UGO < Ugv < UGV =v ,

for all vwith 0 € v< v and all n = 0,1,... .

So it is sufficient to show that

liminf Ugo >v* .
n->w
Hence (i) follows immediately from theorem 2.23 and lemma 4.24 and (ii)

follows from theorem 2.22 and lemma 4.24. C

We conjecture that for all nonzero § we have

*
lim Ugv = v* for all v with w* <vsv ,

n->co

compare theorem 3.7.

4.7. STATIONARY GO-AHEAD FUNCTIONS AND STRONG CONVERGENCE

In section 3.5 the question has been raised whether

(4.26) sup (L (f)v) (i) = (U.v) (i) for all i € s,
§ §

feF
if § is a stationary go-ahead function.
And it has been shown that if, for the transformed MDP (§,3,5,%) defined in
(3.9), we have
(4.27)  sup ¥(i,f) = ¥ (i) for all i ¢ S ,

feF
then (4.26) holds (see also theorem 3.20).

In this section the following result will be shown.

THEOREM 4.26. If the MDP is strongly convergent and 8 is a stationary go-
ahead function, then

sup (L

(B)v) (1) = (UGV)(i) for all i e s and all v e V 4 .
feF

§
PROOF. We will show that the MDP defined in (3.9) is strongly convergent.
By theorem 4.9 this implies that (4.27) holds, which - as has been argued
in section 3.5 - proves the theorem. From (3.9) it follows that it suffices

. *
to consider the case v = z .
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We use the indicator function notation on QO (= (SXE XA><E)m). I.e., for

any subset B of QO we consider the function IB on QO' defined by IB(w) =1
if w € B and O elsewhere, w € QO. All objects concerning the transformed

MDP will be marked by a hat. Let T be an arbitrary strategy in M and ™ the

*

corresponding strategy in M, then we have for the case v = z ,

- N _ ) *
(4.28) E, Ir(Xk'Ak)] = E_ I{TZk}((XO,YO,AO,...))I(1—6(Xk,Ak))z () +
+ 80, A [r (A +] P AL (1-8( ATz ()]
j

§ *
<E_ I{TZk}((XO,YO,AO,...))[(1-G(Xk,Ak))z (X)) +8 (X A )

: [[r(Xk,Ak)]+§ p(X A, Dz ()] +

. oKL
- 8(x, Ay gp()g(,Ak,J)s(xk,Ak,J)z (3)]

. abs * *
Further, since U z <z,

(4.29) |r,a)| + ) pti,a,i)z°(3) < z¥(1) for alli ¢ Sanda e A,
J

and
5 _ . R
(4.30) BT 0 (K0 YouBg, )8 (X A gp(xk,A](,J)d(xk,Ak,a)z (3)

§ *
= B Tk} (Kor¥grBgre--0)2 (X y)

Substituting (4.29) and (4.30) in (4.28) yields
E. |£( )| < B0 1 ((X,¥,,A Nzt k) +
F IE KB = By Tesgy (Ko r¥grBgre - X

[ *
- B Tk} (Kgr¥grBgre--))z (X )

Hence

o

- - ) *
(4.31) E*kzn]r(xk'Ak)l < E Te 3 (X YoAg, .. 0)z (X)) +

- § *
- l;?::f:EWI{cZk}((XO'YO'AO"..))Z (Xk)

Also

§ * § x
(4.32) IE‘rrI{TZk}((XO'YO'AO""))Z ()S() < ]Enz (Xk)

-E_ z*(:&) < %2 50 (k> ®) (theorem 4.6).
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Finally, substitution of (4.32) in (4.31) yields

So condition 4.1 holds and the transformed MDP is strongly convergent by

theorem 4.4, which completes the proof. 0

4.8. VALUE-ORTENTED SUCCESSTVE APPROXIMATIONS

In this section the convergence is studied of the method of value-oriented
successive approximations, which was introduced in section 3.6, for the
strongly convergent MDP. It will be shown that the monotone value-oriented

method converges for all v,

o € Vz* for which there exists a policy f satis-

fying L(f)v0 z v,.
Further, two conditions will be given, each of which guarantees that the

nonmonotonic version converges.

THEOREM 4.27. If the MDP is strongly convergent, then the monotone value-
oriented method defined in section 3.6 converges for all vy € Vi for which

there exists an £ € F satisfying L(f)vy 2 v,.

PROOF. Note that if the MDP is strongly convergent, then the policy itera-
tion method of section 4.4 is just the monotone value-oriented method with

"X = ", Namely, for the strongly convergent MDP we have

lim LA(f)v = v(f) for all f € F and all v € Vz* N
Ao

To prove the theorem we follow the line of reasoning of section 4.4.

As remarked in section 3.6

1lim v exists.
n->o

Further,

= A L ‘)\ A L) )\ * )\ LI A -— *
vy = L) ce e LNE vy = LU(E) s e LENV 4PU(E ) oo PU(E) (v - V)

< v* + En)‘(v(J —v*) .

Hence, with theorem 4.6,
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Also ¥ € Vz* and, by lemma 4.15, UV £ ¥, from which one proves (as in theo-

rem 4.16) that v = v. 0

Now let us consider the nonmonotonic value-oriented method. Let {fn} and
{vn} be sequences of policies and value functions obtained from the method

of value-oriented standard successive approximations. So

> - =
(4.33) L(fn+1)vn 2 Uvn dn , n=20,1,...

where {dn} is the sequence of strictly positive real-valued functions on S
with dn >0 (n > ),
And

(4.34) v Lx(f

n+l = n+1)vh ron=0,0,...

*
In order to investigate whether v, converges to v , we follow the line of

reasoning in the proofs by Van NUNEN [1976al] and ROTHBLUM [1979].

Clearly
*
limsup v_ < lim Un)‘vo =v .
n > n. n->o
Further,
k k-1 -1 ~k-1
U v, = U Uvn < Uk Vo1 + Uk (th-vn+1)
-2 ~k-2 ~k-1
< - - <
< Uk V42 + Uk (Uvn+1 Vn+2) + U (Uvn vn+1) < ...
k-1
~k-m-1
= Vo t mgo v (Uvn+m'_vn+m+1) !

as follows from

Uv < Uw + U(v-w) for all v,w € Vz* .

So, since

. k *
1lim U Vo=V
n->e

*
it is sufficient for the convergence of Va to v that
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ko1 ~k-m~-1
(4.35) limsup limsup z U (Uv

-v ) <0 .
n+m n+m+1
n - k+o m=0

THEOREM 4.28. Each of the following two conditions guarantees that the .
method of value-oriented successive approximations converges:

oo ©o
, ~n_* * ,
(i) Zo Uz < » agnd dn Sez, with €41 <e,n=0,1,... and zo €, <>
n= n=

(i1) J (n+ 12" < @ and a < ez, with € 44 S€pn=0,1,...and
n=0

€ >0 (n» o).
n

PROOF. We will show that each of the conditions (i) and (ii) implies (4.35),

which, as has been argued before, is sufficient. Therefore we first derive
some inequalities for Uvn+m'-vn+m+1'
From (4.33) and (4.34) follows for all n = 0,1,

A=1
oA _ k+1 _.k
(4.36) Vet =0 vy = kzl(L (fn+1)vn L (fn+1)vn) *LE v,
A=2 X
= Z F (fn+1)(L(fn+1)vh'-vn) * L(fn+1)vn
k=0
A=2
>} P (v -v_-d) +uv -d
- n+1 n n n n n°
k=0
And
A
(4.37) Uvn+1_Vn+1 2 L(fn+1)vn+1_vn+1 =P (fn+1)(L(f)vh'_vn)
A '
> p (fn+1)(Uvn-vh-dn) .
Repeated application of (4.37) yields
(4.38)  uv . -v . 2 - [P (£ _)a +PMe PN e a +
n+m n+m n+m’ n+m-1 n+m n+m~-1" "n+m-2
A A A A
+ ... + P ‘(fn_m) P (fm+1)dm] + P (fn+m) P (fm+1) (Uvm-vm)

And from (4.36) and (4.38) we obtain
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A-2
k
- < - - -
(4.39) Uvn+m Vnem+l dn+m ZO P (fn+m+1) (Uvn+m Vn+m dn+m)
A-2
k A
<
= dm* kZO P (fn+m+1)[dn+m *F (fn+m)dn+m—1 e ¥
A A A A
+PO(E ) PU(E L a +PU(E ) P (fm+1)(vm-Uvm)] .
* *
Let K 2 2 be such that Ivol < ixz , then lvk—ka| < Kz for all k =0,1,...
(since Y € Vz* such a K exists). Then substitution in (4.39) of
*

v -Uv_< Kz ,

m m

q < ekz* , k=0,1,...,

P(f)v < Ev for all v € Vz* and f € F

< =

Em+k < em for all m,k 0,1,...
and

G:(v +w) < av +§w for all v,w € Vz*
gives

A=2
* ~ * o~ * ~nA *  ~nA. *x
- <

UV o™ Vosmil S Cnem® T kZo Uk[en+m2 +UTe 47 Fe..+U ez +U Kz ]

IA

IA

€

n-+m

2+ ] e

A=2 A=2
25+ o+ ) UkUnA(sm-FK)z*

n+m-1 -0

A-2
n+mz* + ) T
k=0

k=0

-2 A=2 )
+ ) Ukenz* + ) Uk+}‘en_lz* ) Uk+n>‘(€O+K)z* .
= k=0 k=0

With ﬁkz* < z* for all k this simplifies to

* o~ * ~(n=-1)A * ~n)\ *
- <
UVoem ™ Vname1 = MeEpz +U'e 27 +...+40 €,z +U (e +K)z ] .
So,
k-1 k-1
] gy v y A ) e 2 aThe z*+“.+$ﬂwo+mzﬁ
m=0 n+m n+m-1 =0 n n-1

IA

ALY et T T
m=0 n n-

e ) TN, R
1 0
m=0 m=0
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Or, with
b *
o = 1 P,
m=k A
k-1
~k-m-1 <
(4.40) mg U (Uvn+m._vn+m+1) < A[coen-+clen_1 +e..tc gy +cnK] .

Finally, we have to show that each of the conditions (i) and (ii) guarantees

that the right-hand side in (4.40) tends to zero if n tends to infinity.

(i) Fix some state i € S and some € > 0. From

~ *
Unz < ©

Il o~ 8

n=0

it follows that cn(i) + 0 (n > «). So, we can choose integers ko and

ng 2 kg such that

-

1) I e <3,

cko+1 n=0
and
kg
Ke. (1) €< and ¢ J oo (i) < <.
ng 3 ng-kg k=0 k 3
Then for n > ny with ek+1 < ek and ck+1 < ck for all k = 0,1,...
o (e, +c ()K= ] c (e  + c, (i)e__. +c (1)K
k=0 k n-k n k=0 k n-k kek g +1 k n-k n
ko oo
<e . ) o) +c (1) ) e +c (W)K<e .
n-k, k=0 k ko+1 k=0 k n

So, since i and € > 0 can be chosen arbitrarily, the right hand side

in (4.40) tends to zero if n tends to infinity and thus (4.35) holds.
Hence Vo -+ v* (n » @),

© © ° oo n o
(ii) s I LU= ] W= ] mrnT <o
k=0 k=0 n=k n=0 k=0 n=0

So the proof can be given in exactly the same way as in (i) with the

roles of ek and ck(i) reversed.
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CHAPTER 5

THE CONTRACTING MDP

5.1. INTRODUCTION

The most intensively studied MDP's, at least with respect to computational
procedures, are the contracting models. Of these the most common model is
the discounted MDP with bounded reward structure (cf. SHAPLEY [1953],
HOWARD [1960] and BLACKWELL [1962,1965]. In the case of a countable state
space the reward structure is typically unbounded. For example, in inven-
tory control models and queueing models part of the costs will tend to in-
finity if the stock or the number of customers in the queue increases.

In order to be able to deal with unbounded rewards, we assume the existence
of a nonnegative function p on S, called a bounding function. It is assumed
that all rewards are bounded with respect to this function, i.e., r(f) € Vu
for all £ € F (or bounded from above: r(f) € V:). Further it is assumed
that the transition matrices are contractions with respect to the p-norm:
P(f)u<pu for some p < 1 and all f € F.

The use of bounding functions in this way has been introduced by WESSELS
[1977b]. Bounding functions used as strongly excessive functions also ap-
pear in VEINOTT [1969], in a lemma due to Hoffman, and in WIJNGAARD [1975].
Another idea for coping with the unbounded reward structure has been intro-
duced by HARRISON [1972]. He considers the discounted MDP and assumes (in
essence) the existence of a function b such that r(f) -b is bounded for all
f € F and that for some p < 1 also P(f)b -pb is bounded.

These two ideas are combined in the contracting MDP model of Van NUNEN
[1976a] and the slightly extended model of Van NUNEN and WESSELS [1977a].
In this chapter we first consider four different models for a contracting
MDP. It will be shown that these models are equivalent with respect to the
important features in the ~-horizon problem (section 2). Next we relate the

contraction model to the strongly convergent MDP of chapter 4 (section 3).
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In section 4 some results are reviewed with respect to bounds on v* and
nearly-optimal stationary strategies for the successive approximation algo-
rithms generated by nonzero go-ahead functions. In chapter 11 very similar
results will be obtained for the contracting Markov game.

The discounted MDP with finite state and action spaces is studied in some
detail in section 5. We derive Laurent series expansions for v, (f) and

B
r(h) +BP(h)v,(f) in 1 -B when B tends to 1 (cf. MILLER and VEINOTT [19691]).

B
In section 6 various more sensitive optimality criteria are formulated for
the case that B tends to 1 (cf. BLACKWELL [1962] and VEINOTT [19661]). The
results of the latter two sections will be used extensively in chapters

6 - 8.

5.2. THE VARIOUS CONTRACTIVE MDP MODELS

In this section subsequently four different models for the contracting MDP
will be studied. It will be shown that these models are equivalent with
respect to the «-horizon behaviour.

The first, and most general, model is the following.

Model I

Define r(i) := sup r(i,a), i € S. (Then r < ® by condition 1.1.) There
acA
exists a nonnegative real-valued function u on S (u € V) such that:

, with 0 £ p, <1 and M

1 1 =20,

(i) For some constants Py and M1

(5.1) P(f)r-p,r < M for all f ¢ F .

1

(ii) For some constant pz, with 0 < p, < 1,

2

(5.2) P(f)u < poH for all f € F .

(iii)" There exists a policy h € F and constants M_,,M, 2 0, such that

2°7°3

(5.3) plz':-p(h)Ir < Mu and T-r(h) < M

This model is somewhat more general than the model studied in Van NUNEN and
WESSELS [1977al, where it is assumed that r -r(h) < Mju for all h € F, and
than the model of Van NUNEN [1976a], who assumes that (5.3) holds for all

h e F.
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First the model I assumptions will be analyzed, from which we see that we
can a priori eliminate in each state a number of suboptimal actions. After
this elimination the MDP (with now state-dependent action sets) fits into
the contracting model of Van NUNEN [1976a]. Further two data transformations
will be considered. The first one transforms Van Nunen's model into the
model of WESSELS [1977b] and the second one transforms Wessels' model into

the 'standard' discounted model.

Now let us consider model I.
From (5.1)-(5.3) one can already obtain some bounds on v*. By the definition

of r we have for all 7 = (fo,f ) € M,

gree.

(5.4) vn(w) r(fo) + P(fO)r(fl) + ...+ P(fo) "'P(fn_z)r(fn_l)

IA

r~+P(f0)r + ... + P(fo) -‘-P(fn_z)r .

Define p, = max {pl,pz}, then we have the following lemma.

LEMMA 5.1 (cf. Van NUNEN [1976a, lemma 3.1.2]). For all £gr-eeify € Foe
have (within Model I)

. - k+1
(5.5)  P(£)) -+ P(£)T < p,

T+ k+Dp5My  k=1,2,... .
* 1
PROOF. From (5.1), (5.2) and the definition of P

P(fo) °"P(fk)r < P(fo) "'P(fk_l)(plr-FMlu)

IA

- k
p1P(fo) P(fk_l)r + Py Mlu

k+1- k k-1 k
< ... < py X + (pz+p1p2 +...+p1)M1u

k+1- k
91 r + (k+1)p*M

IA

Mo 0

Substitution of (5.5) into (5.4) yields for all m € M,
n-1 n-2

(5.6) v (m) < Z'p];?: + ) (k+1)p]:M1u.
k=0 k=0

On the other hand, we have for any policy h € F satisfying (5.3),
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(5.7) vn(h) =r() -7+ Ph)(r(h) -1) + ... + Pn_l(h)(r(h) -r) +

+ T 4P+ ... + P )T

v

(I+P(h) +... +p“'1(h))(—M3u) + (I+P(h) +...+P" L)z

[\

n-1 n-1
-] oSmpu s J Pz
273
k=0 k=0

Further, the following analogon of lemma 5.1 holds.

LEMMA 5.2 (cf. Van NUNEN [1976a, lemma 3.1.2]). For any policy h € F satis—
fying (5.3) we have

k-1

(5.8) Xz > p}I;‘—kp*

M2u' k=1,2,... .
PROOF. Similar to the proof of lemma 5.1. O

So, from (5.7), (5.8) and (5.2), also
n-1 n-1 n-2
k- k k
(5.9) v_(h) = Z p,r - z p-Mu - z k+1)p M.u.
n k=0 1 k=0 2 3 k=0 * 2

Letting n tend to infinity in formulae (5.6) and (5.9) yields, since by

theorem 2.19 one has to consider only Markov strategies,

THEOREM 5.3. For an MDP satisfying the assumptions of model I we have

-1 -2 -1- -2
—(mop T g - (- ) P < v (e T E S (-0 P

The second inequality in theorem 5.3 implies, with lemma 5.1 and (5.2),

also that

(5.10) limsup E v*(x ) <0 for all me M .
n->o© m n
Hence, by theorem 2.14, a uniformly e-optimal Markov strategy (in the ad-
ditive sense) exists.
(5.10) can also be used to prove the following result for stationary

strategies.

THEOREM 5.4. For an MDP satisfying the assumptions of model I, there exists
for all € > 0 a policy £ € F satisfying v(f) = v - ep.
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*
PROOF. Since v satisfies the optimality equation, there exists for all

e > 0 a policy f for which
*
LBV 2 v -e(l-pu .
Then, for all n,

5.11)  tPev e Pl v - et -pul = ey -t —pz)Pn—l(f)u

> " vt cet —p2)p2—1u > ...

> v*-e(1—pz)(1+p2+...+p’2"1)u > v —en .

Further,

v(£) = lim L®(£)0 = lim[L™(£)v* -2 (£)v'] .
n->o n->o

So, with (5.10) and (5.11),

v(£) > liminf L™(£)v" - limsup P (£)v" 2 v -eu . 0
n > n-+>o

This result enables us to eliminate some of the suboptimal actions from the
MDP, so that after the action elimination procedure all policies will satis-
fy (5.3) (with different constants M2 and M3).
From theorem 5.4 it follows that, if in each state i € S all actions a € A
satisfying
(5.12)  r(i,a) + ) p(i,a, v (§) < v (1) -Ku(d)

jes
are eliminated (K > O is some arbitrary constant), then the value of the MDP
will remain unchanged. However, the set of actions in state i may now be
different for each i. Moreover, there will still exist for all € > 0 a
stationary "eu-optimal" strategy.

Using this idea we introduce the following elimination procedure.

A priori action elimination procedure

Eliminate in each state i € S those actions for which

(5.13)  r(,a) + § pli,aHl-p) " T3 +(1-p) > Mu 7 <
jes

<ttmpp T E@ - oo T M) - - TP M) - wih)
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One may easily verify that it follows from theorem 5.3 that all actions
satisfying (5.13) also satisfy (5.12) with K = 1. So, using the action
elimination procedure we obtain an MDP which, with respect to the value and
(nearly-) optimal stationary strategies, is equivalent to the original

model I MDP.
For the remaining actions in state i we have

r(i,a) - T + (-0 L] p,a,)EG) —p,F()] = =M uld) ,
jes
with

-2 -1
M+ (L-p )7 M, 4 (1-p) Mg+ 1.

_ -2
My = (1-0) 2 3

Pl
So, clearly
(5.14)  r(i,a) - 7(i) > - [(l-pl)_l Mo+MJu(s)

and

(5.15) I pl,a, DT -p 7)) 2 - (1-p)IMuli) .
jeS

Thus after the a priori action elimination procedure we obtain an MDP (with

state dependent action sets A(i)), which satisfies the following conditions.

Model II
Define r(i) := su r(i,a).
aeA (i) .

There exists a nonnegative real-valued function y on S such that:

(i) For some constant M1 >0,

(5.16) r-x(f) < My for all feF .

(ii) For some constants Py and M,, with 0 < p, <1 and M, 2 O,

2 1 2

(5.17) lp(f)E-p1§ < My for all feF .

(iii) For some constant Py with 0 < p, < 1,

2

(5.18) P(f)u < p oM for all £f ¢ F .

This is precisely the model studied by Van NUNEN [1976al.
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For the model II MDP we have the following result.

THEOREM 5.5. For an MDP satisfying the assumptions of model II, we have for
all m e T and all n = 1,2,...

nil k nEZ x nil k - n§2 k
() - pPoMu - (k+1)p, M u = v (m) - p,r < (k+1)p, M u;
k=0 2 1 xZo * 2 n k=0 ° k=0 * 2
(11) = (1-p) "My = (1=p) %M u < vim - (1-p) 1T (1-p) %
Py Mu o) M < p) T < o) M,

with again o, = max {pl,pz}.

PROOE.

(i) For all m ¢ M (i) follows analogously to (5.4) and (5.7). Since in the
maximization of vn(ﬂ) and (here) also in the minimization one may re-
strict oneself to Markov strategies, (i) holds for all w € II.

(ii) is obtained from (i) by letting n tend to infinity. 0

So, all strategies in model II have an ©®-horizon reward of (1 ~-pl)—1 r plus
some term which is bounded in u-norm.

Using the following transformation of the immediate rewards, which is due
to PORTEUS [1975], we obtain from the model II MDP a new MDP that fits into
the framework of the model studied by WESSELS [1977b]. See also Van NUNEN
and WESSELS [1977a].

(5.19) Y(i,a) = r(i,a) - (1-91)‘1[2(1) - ) pG,aNrl .
jes

Then it follows immediately from (5.16) and (5.17) that

;(f) € Vu for all £ € F .

Combined with (5.18), this implies that the newly obtained MDP satisfies
the conditions of WESSELS [1977b].
Further, let ;n(w) and ;(n) denote the n-period and ~-horizon total expected

rewards in the MDP with r instead of r. Then for all w = (fo,f ) € M,

AR

(5.20)  V_(m = T(£)) + P(£)T(E,) + ... + P(E) +=P(£ )T(E )

r(g) - (1-p) ' (E-R(EHT) +

-1 - -
+ P(fO)[r(fl) -(1 -91) (r-P(fi)r)] +
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-1 - -
+ e FP(EG) e P(E Ir(E ) -(1-p)) T(x-P(f _In)] =

r(fo) + P(fo)r(fl) + ...+ P(fo) "'P(fn_Z)r(fn_l) +

- —p1)_1[;-P(f0)§-+P(fo)§-+... -P(£) *** P(£ _,)7]

-1 - -
va(m = (1-p,) "(r-P(f,) ==+ P(f _,)x) .

Since P(fo) ---P(fn_l); tends to zero if n tends to infinity (cf. lemmas

5.1 and 5.2), we obtain from (5.20)

THEOREM 5.6. For all m € 1,

v(m) = v(m - (1-p1)'_1§.
PROOF. For m € M the result follows from (5.20) with n - ®. For arbitrary
m € II the result can be obtained in an analogous way, see Van NUNEN and

WESSELS [1977a]. 0

So, the model II MDP and the transformed problem obtained from it via (5.19)
are equivalent with respect to the «-horizon behaviour, since the total ex-
pected rewards differ only by a strategy-independent amount (1 —pl)—1 r.
The successive approximations, however, may differ as we see from (5.20),
since the term P(fo) "'P(fn_l)E is not independent of the strategy.
Therefore, if we are not interested in the finite-horizon behaviour, we can
just as well perform transformation (5.19) which leads to a third and some-

what simpler model.

Model IIT

A nonnegative real-valued function p on S exists such that:
(i) For some constant M =2 0

[r(£)| < My for all £ e F .
(ii) For some constant p, with 0 < p < 1,

P(f)u < pp for all £ ¢ F .

As remarked before, this is the contracting model considered in WESSELS

[1977p].



101

With a second data transformation an MDP of the model III type can be
transformed into the 'standard' discounted model with bounded rewards.
This so-called similarity transformation is due to VEINOTT [1969], and
applied to this model it can be found in Van NUNEN and WESSELS [1977a].
Let A be the diagonal matrix defined by

A(i,i) := u() ,
and let A be the diagonal matrix with

) cu@ ™ i uw >0,
A (1,1) :=
0 elsewhere.

Now consider the following transformation

£(i,a) := A (i,i)r(i,a) , 1ie€S, aeadr,
(5.21) _
p(i,a,3j) := A (i,i)p(i,a,j)A(3F,3) , i,je s, aeA.

So for policies,

T(£) = A r(f)

and
B(f) = A" P(E)A .
Then for all f € F,
(5.22) [2(6)] = A7 ]|e(®)| < MATp < Me ,
and
(5.23) B(fle = A" P(f)he = A" P(f)u < pATu < pe .
Further, let Gn(ﬂ) and ¥(m) denote the,n-period and »-horizon total expected

rewards, respectively, in the MDP obtained from a model III MDP via trans-

formation (5.21). Then we have

(5.24) Gn(n) f(fo) + P(fo)i(fl) + ...+ P(fo) °"§(fn_2)r(fn_1)

A ‘r(fo) + A P(fO)AA r(fl) + ... +

+ A P(fO)A eos A P(fn_z)AA r(fn_l) .

If p(i) > 0, then AN (i,i) = 1 and if u(i) = 0, then AA (i,i) = 0, so for
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all veV
u

M v=v

(if v € Vu and u(i) = 0 then also v(i) = 0). Thus
A" xr(f) = r(f) and A\ P(f)v = P(f)v for all f € F and v € VL.

Substitution of this into (5.24) yields

vn(w) =7 vn(r).

And, with n -+ =, also

G(m) = A v(m) .

So this second data transformation leads to a completely equivalent model:
essentially the same n-period rewards and thus the same successive approxi-
mations, and the same «-horizon rewards.

Only, note that (5.23) states that the matrices P(f) are no longer stochas-
tic. This can be simply repaired by the addition of an extra absorbing
state, but we will not do this explicitly here.

Thus from a model III MDP we obtain by transformation (5.21) the equivalent
Model IV
(i) There exists a constant M 2 0 such that
lr(f)l < Me for all fe F .
(ii) There exists a constant p, with 0 < p < 1, such that

P(f)e < pe for all f € F .

An example of a model IV MDP is obtained if in the finite state discounted
MDP the discountfactor is incorporated in the transition probabilities, but
the additional state is not introduced.

Model IV is slightly simpler to deal with than model III. However, for two
reasons we prefer not to transform a model III MDP into a model IV MDP:

(i) the reward strugture in a countable state MDP is typically unbounded;
(ii) the 'transition probabilities'in a model IV MDP obtained via (5.21) no

longer have this physical interpretation with respect to the original MDP.

Whenever in the following two sections we speak of a contracting MDP we will

mean an MDP of the model III type.
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5.3. CONTRACTION AND STRONG CONVERGENCE

This section deals with the relation between the contraction assumption
(model III) and the strong-convergence condition.

For a model III contracting MDP we have for all m = (fO’fl"") € M,

E lr(Xn,An)I = P(£)) *** P(£ _,) lr(fn) |

A

n
P(fo) oo P(fn—l)Mu <o My, n=1,2,...,
which yields the following result.

THEOREM 5.7 (cf. Van HEE, HORDIJK and Van der WAL [1977]). An MDP that <s
contracting in the sense of model III satisfies the strong convergence con—
dition for a sequence ¢ = (¢0,m1,...) € & with o, = APe, n=0,1,..., where

\ Ze any constant satisfying 1 < A < oL,

PROOF .

z¥ = sup J Anlr(xn,An)| cMl-Ap) Ty < e, O
mTeM n=0

Further we have

THEOREM 5.8. If S 28 finite, then the following two conditions are equi-

valent:

(i) The MDP is contracting (in the sense of model III).
(ii) The MDP is strongly convergent.

PROOF. By theorem 5.7 it only remains to be shown that (ii) implies (i).
By the strong convergence and the finiteness.of S a constant o, 0 < a < 1,

and an integer njy exist such that

* . ng %
sup E_z (Xn )y <a vz .
TeM 0

Now, following WALTER [1976], we define

* Nt ] 2

-2~2
vV =2 +a Uz + a

~2 % ~np+1 ~ng-1 *
522% & ... + o Potlgno-l,

Then for all f € F
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~ ~ % -1~2 %
1Uzz

-ng+ *
P(f)v < Uv < Uz + a o R0t gm0,

+ ...+

~ % -1~
1U22*

-ng+2 ~ng-1 =*
+ o o H0TEGheTE

*
+ 0z =0V .

IA
(=]
N

+ ... F

*
Further, lr(f)l <z < v for all f € F. Hence the MDP satisfies the assump-
tions of model III with py=v, M=1 and p = a. 0

If S is countable, then strong convergence need not imply contraction, as we

see in the following example.

EXAMPLE 5.9. S = {1,2,...}, A = {1}, p(i,1,i+1) = 1 and r(i,1) = i 2. This

MDP is clearly strongly convergent;
=2
. _)_. =3 . take for example ¢ (i) = Vi +n. In order
that this MDP is contracting with bound-
ing function p, the function u has to
satisfy for all i € S

r(i,1) < Mu(i) or u(i) 2 n 172 ,

but also

(Pi_lu)(i) = u(i) < pi_lu(l) for some p € 1.

This is impossiblé, so this MDP is not contractive in the sense of model III.
One may verify that also in the sense of model II this example is not con-

tracting.

For some further discussion on the relation between contraction, bounding
functions and the spectral radius of the MDP, see Van HEE and WESSELS [1978]
and zIgM [1978].

5.4. CONTRACTION AND SUCCESSIVE APPROXIMATIONS

In this section we will consider in some detail the various successive ap-
proximation methods for the model III MDP. First the set of algorithms
generated by means of (nonzero stationary) go-ahead functions is considered.
The use of these go—éhead functions in the case of contraction has been ex-
tensively studied by WESSELS [1977al], Van NUNEN and WESSELS [1976,1977b],
Van NUNEN [1977a] and Van NUNEN and STIDHAM [1978]. All results presented
here can be found in one of these papers. We review these results here for

the sake of completeness and for later reference in chapter 11.



105

From theorems 5.7 and 4.12 it follows that the method of standard successive
approximations converges. Further we have from lemma 4.22
THEOREM 5.10. For any go-ahead function 8, for all w ¢ I and for all v,w € v,
i - < - - .

(i) g (mv Ls(“)w"u < (1-ag+awmlv wllu ;

ii - < - -

(ii) "UGV anll < (1 a5+aap)llv wIlu .
PROOF. We only prove (i) since the proof of (ii) is very similar.

- =T - < - 7 < - U
Lé.(n)v L6(1r)w Ls(Tr) (v-w) < v w”u Ld(w)u < v wIIu Ugh -

With Eu < pu, it follows from lemma 4.22 that

Usu < (1—a6+a6p)u .

So
Ls(n)v—Ls(w)w < (1 -ag +<x6c>)||v—wl|u u.

Reversing the roles of v and w yields

IL‘S(“)V‘Lg(“)WI < (1-ag +asp)|lv—wlluu ’

from which the proof is immediate. 0
Since the space Vu is a Banach space we have

COROLLARY 5.11. If ag > 0, then Lg(m) and Ug are contractions on v, with
radius less than or equal to (1-og +agn), and thus have unique fixed points
(within V).

The fized point of Lg () i8 v(£f), the fized point of Us is v .

Note that in general the fixed point of L6(1r) will be unequal to v(m).

A very important consequence of the contraction assumption is that it allows
for extrapolations that yield bounds on v* and enable us to recognize nearly-
optimal strategies.

In order to formulate the results, we use the following notations. Let & be

a nonzero stationary go-ahead function (if one is interested in convergence
of successive approximations and stationary strategies it is reasonable to

consider only these go-ahead functions). Define
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Iwi™* := inf {c e R | w < cy} for all w ¢ A
"w"ﬁln := sup {c € R | w = cp} for all w e Vu ,
Py (E) := Hié(f)uuﬁax for all £ ¢ F ,
T = H'f.s(f)ullz‘ln for all £ e F ,
max max
Ps = sup po (£)
feF
min _ . min
06 := inf p(s (f) .

feF

Further, define for all v ¢ Vu,

max . min
Ps (£) if HLd(f)v V"u <0
Ps (£) :=
' BN ey if L (Dv-vi™® 2 0
Ps (£) if Lé( ywv-v bz ,
and
max max
. Ps if "Uav vllu >0
pG,v - min max
i - <
Ps if IIU6V vllu <0 .

Then we have the following theorem.

THEOREM 5.12. Let § be a nonzero stationary go—ahead function and let v € Vu
and £ € F be arbitrary. Then

. -1 min
(1) v(f) 2 LG(f)V + Da,v(f)(l —p6,v(f)) HLs(f)v--vllu My,
. * * * -1 max
(ii) v < U+ pG,v(l —pé'v) IIUé.v--vHu M.
PROOF .

(i) By corollary 5.11,

v(f) = lim Lg(f)v .
N>

Further, for all n 2 1,



107

L2(8)v 2 Lg'l(f) v + IILG(f)v-vllﬁi“ "

\2

n-1 n-1 min
Ly (D)v + pG’V(f)llLG(f)v--vllu o

[\

n-1 min
e 2 Ls(f)v + [palv(f)-+... +p‘s,v(f)]I|L6(f)v--vl|u U

Hence (i) follows by letting n tend to infinity.
(ii) Having noted that v(m) is optimized by stationary strategies, (ii)

follows in an analogous way. 0

Now consider for a nonzero go-ahead function § the following successive ap-

proximation scheme:

€ .
Choose Yo Vu

(5.25) Determine for n = 0,1,...
Vet UGVn -
Then it follows from theorem 5.10 that

n
- < - - > o
an+1 Vn"u S (1-ag+a0) llugv, vOIIu 0 (n == .

Further, for all v € Vu and all € > 0 a policy f exists satisfying
> -
Ld(f)v 2 UGV ey .

That such a uniformly nearly-optimal policy indeed exists can be shown for
example with theorems 5.7 and 4.11 and the proof of theorem 4.26, since for
the sequence ¢ mentioned in theorem 5.7 also z: € Vu.

Thus there also exists a policy fn such that
”La(fn)vn--vnllu

is small if n is large.
From this and theorem 5.12 it follows that we can obtain bounds on v* and
nearly-optimal stationary strategies from the successive approximation

scheme (5.25).

A second type of algorithms is formed by the set of value-oriented methods.
These methods converge for any sequence dn < enu with € + 0, as follows

from theorem 5.7 and a slightly changed variant of theorem 4.28(ii) (using
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2* < M(1-p)"11). Though, as has been shown by Van NUNEN [1976a], the
mapping that generates Vel from Vo is neither necessarily monotone, nor
necessarily contracting, one may easily show that v, converges to v expo-
nentially fast (compare the proof of theorem 4.28(ii)).

Further, one can use theorem 5.12, for the § corresponding to the method of
standard successive approximations, to obtain bounds on v* and nearly-optimal

stationary strategies.

5.5. THE DISCOUNTED MDP WITH FINITE STATE AND ACTION SPACES

In this section we study a special contracting MDP, namely the discounted
MDP with finite state space S = {1,2,...,N} and finite action space. Because
of the relation with the average-reward MDP (which will be studied in chap-
ters 6.9) we consider in particular the case that the discount factor ap-
proaches 1.

Moreover, we prove theorem 2.21, the proof of which we postponed.

The total expected B-discounted reward, when strategy 7 is used, is defined

by (see (1.11))

b n
(5.26) vg(m := E“nZoB r(x ,A), mel, 0<B<1.

Clearly, the expectation is properly defined for all 0 < B < 1, since

1

8

E ) 8"t a0 < (1-8)7 max £t (i,a)e < - .
™ n n N
n=0 i,a

Further, define

(5.27) v

As already remarked in section 1.5 this discounted MDP can be fitted into
the general model by the addition of an absorbing state, * say. Defining the
function p on S U {*} by u(i) = 1, i € S and u(*) = 0, one easily verifies
that this extended MDP is contracting in the sense of model III.

We will not incorporate the discountfactor into the transition probabili-
ties, since we want to study the case of a varying discountfactor, but we

do use the fact that the discounted MDP is contracting.
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In order to study the B-discounted MDP, it is convenient to define the

operators L, (f) and U, on V by

B B

(5.28) LB(f)v := r(f) + BP(f)v

and

(5.29) UBV := max LB(f)V .
feF

As A is finite, there exists for each B ¢ [0,1) a policy f, satisfying the

B
optimality equation

* *
(5.30) LB(fB)VB =vp -

Further, by corollary 5.11,

(5.31) v, (f) = lim L%(f)v for all v e V .
B o B

Hence

_ . n * - *
(5.32) vB(fB) = lim LS(fB)VB vB ’

n->o
which is merely a special case of theorem 4.8(i). This leads to the follow-

ing result which has‘already been proved by SHAPLEY [1953].

THEOREM 5.13. If S and A are finite, then there exists for all B € [0,1) an
optimal stationary strategy for the B-discounted MDP, Z.e., a policy fB
satisfying

)=v*

v, (f g

BB

An important consequence of this result is, that it enables us to prove

theorem 2.21, the proof of which has been postponed.

THEOREM 2.21. If S and A are finite and condition 1.1 holds, then there
exists a stationary strategy £, satisfying v(f) = v,

PROOF. Since S and A are finite, there are only finitely many policies. So,
let {Bn' n=20,1,...} be a sequence of discount factors with Bn tending to 1,

‘ *
then there exists a subsequence {Bnk, k =0,1,...} and a policy £ such that

v (f*) = v*

B By

for k =0,1,... .
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Further, let 7 be an arbitrary strategy, then we have

v(m = lim v_ (7)) .

g4+1 8
Thus for all m € II
v(m = lim vg(m = lim v (m < limv, (£) = v(eh) .
B4+1 ko Ty ke Dy
Hence,
v = v* . O

In the remainder of this section the case that the discountfactor tends to
1 will be studied. Our interest in this case is caused by the relationship
that exists between the average-reward MDP and the discounted MDP with dis-
countfactor close to 1, see e.g. BLACKWELL [1962], VEINOTT [1966] and
MILLER and VEINOTT [19691].

First let us derive a Laurent series expansion in powers of 1 -8 for VB(f)'
for B tending to 1. Miller and Veinott already derived the Laurent series
expansion in 6—1(1 - B), but for our purpose (particularly chapter 8) it is

more convenient to deal with the expansion in 1 - B.

For any stationary strategy f we have

-]

(5.33)  vg(8) = } 8P () r(£) .

n=
Define

n-1

(5.34)  P(£) := lim n * () r(e) .

o k=0
Then

* -1t -1
(5.35) P (H)x(f) = limn~ " § PUEr(f) = limn = v_(f) = g(f) ,
n-w k=0 n-e n

where g(f) is the average reward per unit time for strategy £ (cf. (1.12)).

Hence, (5.33) can be rewritten as follows,

Y BPe™(e) - (6) +PM(6)1x(E) =
n=0

VB(f)

Loy + § 8™ -p* (01 .

n=0

(1-8)"



Since
(5.36)  P(HPT(F) = P (P() = P (£) ,
also
P (E) - (£) = [P(F) -2 ()1, n=1,2,...
This gives

-7t

g(£) - g + ) 8°p(e) - (6)1" x(f)

(5.37) ve(f)
n=0

(1-8)"1 g(8) - g(£) + [T-8p(£) +8R* (£)1 " £(£)

That I-BP(f)-+BP*(f) is nonsingular for all B, with 0 < B < 1 (1 included),

can be seen as follows. Let x satisfy

(5.38)  [I-B8P(£) +8P" (6)]x =0 ,

then premultiplication with P*(f) yields, with (5.36),
P (f)x = 0 .

Substituting this in (5.38) yields x = BP(f)x, so for B < 1 we have x = O.
If B = 1, then iterating and averaging x = P(f)x yields
n-1
X = n"1 Z Pk(f)x y
k=0
so, with n + », x = P*(f)x = 0.
From the nonsingularity of I-—P(f)-+P*(f) we obtain a Laurent series expan-
%
sion for I -BP(f) +BP (f) in 1 - B, for B sufficiently close to 1, in the
following way. '

Writing Q for P(f) —P*(f), we have

1 1

(I-0+(1-p)Q ' =@+ -p)(x-9 ' tz-9t

(5.39) (1-8Q)

CoRa-prra-o lgka-g™ .

1)
Il o~18

k=0

So, for B sufficiently close to 1, we have the following expansion for

VB (£),

o

_ k
(5.40) v (£) = =Z_1(1-s) e (£)
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with
c_, () =g ,
co(6) = 1-97Y £ (e) - g8 ,

(-1)k[(I-Q)_1Q]k(I-Q)—1r(f) , k=1,2,...

ck(f)

It is notationally convenient when comparing stationary strategies for dis-
countfactors close enough to 1 to use the following two partial orderings

on F:
For all i € S

c_,(1,6) = c_, (i,h)

(5.41) f > h e
and for all k =0,1,...

cl(i,f) = ca(i,h) , 2 =-1,...,k-1= ck(i,f) 2 ck(i,h),

(5.42) f}hﬁf;handnothyf.

Then we have

LEMMA 5.14. For any two policies £ and h there exists a constant B(f,h),
with 0 £ B(f,h) < 1, such that for all B with B(f,h) < B < 1

£2h = vy (f) 2 vg(h)

PROOF. Immediately from

k
Vg () —vg(h) = k=2_1(1 -8) [ (£) -, (h)]

and the definition of £ > h. ' O

An immediate consequence of this lemma is

THEOREM 5.15 (cf. BLACKWELL [1962]). There exists a constant Bo> with
0 < 80 < 1, such that for all £ and h and all Bp < B <1

£>h e-»v‘B(f) 2 vy (h)

Moreover there exists a stationary strategy £° such that for all £ € F we
have £° > £.
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PROOF. The first assertion follows from lemma 5.14 and the fact that (since
S and A are finite) there are only finitely many policies. The second asser-
tion follows along the same lines as the proof of theorem 2.21 in this sec-

(£ = ‘v;‘

n n

*
tion, namely, take f such that v for some sequence Bn 4+ 1. ]

B

We conclude this section with some results concerning Laurent series expan-
* *

sions for LB(f)vB (h), in particular for h = £ , where £ 1is a stationary

strategy that is optimal for all B sufficiently close to 1.

For all £ and h € F we have

L, (f)v, (h) r(f) + BP(£f)v, (h)

B B

B

£® + [P -1-0p©] ] -8 c m .
k=—1

(£)v, (h):

This yields the following expansion for L6 8

m = ¥ a-pfaEmn,

(5.43) LB(f)v
k=-1

B
with

(5.44)  a_,(£,h) = P(fc_j(h) ,

(5.45) do(f,h)

r(f) + P(f)co(h) - P(f)c_l(h) '

(5.46) dk(f,h) P(f)ck(h) - P(f)ck—l(h) ’ k=1,2,... .

with s = {1,2,...,N} we can interpret d(:) and ck(-) as column vectors in
IRN and P(f) as an (N XN)-matrix.

For all £ and h € F let us denote by C(f) and D(f,h) the (N x)-matrices
(N is the number of states in S) with column;c, ck(f) and dk(f,h) ,
k=-1,0,1,..., respectively.

For equally sized matrices define the following two partial orderings:

(5.47) P > Q < In each row of the matrix P - Q the first nonzero
element (if any) is positive.

(5.48) P>Qe¢e>P>0Q and not Q =P.

So £ 2h [f > h] is equivalent to C(f) 2 c(h) [C(f) > c(h)].

Then we have the following theorem.
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THEOREM 5.16

(1) For all £ € F
D(f,f) = C(f) .

(ii) For all £ andh € F

D(f,h) 2C(h) = £ 2>=h .
(iii) If £ satisfies £ > £ for all £ ¢ F, then
* *
D(f,£)=< C(f) for all £ e F .

PROOF.

(i) Follows immediately from

LB(f)vB(f) = v (f) .

B
(ii) If D(f,h) >cC(h), then for all B sufficiently close to 1

LB(f)v (h) 2 VB(h) .

B

So, with the monotonicity of LB(f) and (5.32), for all B sufficiently

close to 1

(h) 2 v, (h) .

o n
v,(f) = lim Ls(f)v 8

(h) 2 L (f)v
B - B

B B

Hence, by theorem 5.15, £ >h.

(iii) £°3 f for all f ¢ F implies vB(f*) = v’é for all B sufficiently close
to 1. So
* *
UBVB(f ) = VB(f )

and for all f € F
* *
<
LS(f)VB(f ) vB(f )
for B close enough to 1. Hence

* *
D(f,f )=< C(f") for all fe F . 0
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5.6. SENSITIVE OPTIMALITY

In the literature various criteria of optimality have been introduced for
the case that the discountfactor tends to 1.

BLACKWELL [1962] studied this problem, and he introduced the following two
concepts of optimality.

He called a strategy T nearly optimal if

*
(5.49) v

B—VNW)+O g +1),

and a strategy w optimal if
*
(5.50) vB = vB(ﬂ) for all B close enough to 1.

(We shall use these concepts only in this section.)
VEINOTT [1969] introduced the following more sensitive optimality criteria.
A strategy T is called k-discount optimal, k ¢ {-1,0,1,...}, if

(5.51)  liminf (1-8) X[v

(m ~vg(m1 20 forall mel .
B4+1

B
Finally, a strategy is called »-digscount optimal if it is k-discount optimal

for all k = -1,0,1,... .

Clearly, a nearly optimal strategy in the sense of (5.49) is O-discount
*

B
for B sufficiently close to 1, we see that a O-discount optimal strategy is

optimal. Substituting for m in (5.51) a strategy f* satisfying Vs(f*) = v

nearly optimal in the sense of (5.49). So these two concepts are equivalent.
Further we see that optimality in the sense of (5.50) is equivalent to «-
discount optimality.

In chapter 7 it will be shown that there is a close relationship between k-
discount optimality and more sensitive optimélity criteria in the average-
reward case (cf. SLADKY [1974]).

The relation between the discounted MDP when the discountfactor tends to 1
and the average-reward MDP, and in particular the policy iteration method
for the average-reward case, has been studied in various publications.
BLACKWELL [1962] showed that Howard's policy iteration method for the aver-
age reward MDP [HOWARD, 1960] yields, under certain conditions, a nearly
optimal policy. VEINOTT [1966] extended Howard's method in such a way that
it always produces a nearly optimal stationary strategy. A further exten-
sion of the policy iteration method by MILLER and VEINOTT [1969] yields k-

discount optimal policies for all k = -1,0,...,%.
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In chapter 8 we use the concept of go-ahead functions to derive variants of
the policy iteration method that also yield k-discount optimal stationary

strategies.
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CHAPTER 6

INTRODUCTION TO THE AVERAGE-REWARD MDP

In the chapters 6 -9 we consider the average-reward MDP. Throughout these
four chapters both the state space and the action space are assumed to be
finite, and the states will be labeled 1,2,...,N, so S = {1,2,...,N}.
Further, condition 1.1 no longer holds.

This chapter serves as an introduction to the average-reward MDP and reviews
some results on these processes. In particular, results on the existence of
optimal stationary strategies (section 1), on the policy iteration method
(section 2), and on the method of standard successive approximations (sec-

tion 3).

6.1. OPTIMAL STATIONARY STRATEGIES

In this section it will be shown that an optimal stationary strategy exists
for the average reward per unit time criterion. Namely, a (the) strategy f*
that satisfies f*2> f for all £ € F (for the existence of such a policy f*
see theorem 5.15). (For the average optimality of a policy h the condition
h > f for all f is, however, not necessary.)
Recall that the average reward per unit time g for a strategy m € I has been
defined by (see (1.12))

n-1

(6.1) g(m) = liminf n ' v (1) = Liminf n = E_ ] r(A) -
n>w n n > k=0

For a stationary strategy f € F we have (cf. (5.35))

(6.2) g(f) = P (H)z(f) ,
where (cf. (5.34))

n-1
(6.3) p*(£) = lim n ' *(E) .

n-o k=0
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We want to show that

(6.4) g* := sup g(m) = max g(f) .
mell feF

*
In order to show that any policy f* satisfying £ > f for all f € F (cf.

(5.41) and theorem 5.15) is average optimal we need the following lemma.

LEMMA 6.1 (cf. BROWN [1965]). Let £* be a policy satisfying £ = £ for all
f € F, then for all sufficiently large K € R

(6.5) L(f)[xg(f*)-+co(f*)] < L(f*)[Kg(f*)-+co(f*)]

Ulkg(£%) +¢ (£ = (K+ Dg(£) + o€ .

PROOF. Let f be an arbitrary policy, then we have from theorem 5.16 and
(5.44) and (5.45):
For all i € S

(P(E)g(£)) (1) < (P(E)g(£)) (1) = g, )

and if

(P(E)g(£)) (1) = g(i, £ ,

then

T(1,£(1) + (B (£) (1) - gli,£)

< r(, £ W) + @) e (£ (@) - gli, £ = o i, .
So, for all K sufficiently large,

L(H)[R(£") +c, (€] = KR()GIE) + r(5) + P(H)cy (£

< KP(E)g(£") + r(£5) + P(£%) ey (£7)

= L(£") [Kg(£9) +eg(£9] = (R+ 1 g(£") + co(f*) ; 0

With this lemma we can prove the following well-known result.

THEOREM 6.2. Let £ be a policy satisfying £ £ for all £ € F (such a
policy exists by theorem 5.15). Then

g(f*) = g* (= sup g(m)) .
mell
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PROOF. Let m be an arbitrary strategy, and let K, be a constant such that

0
(6.5) holds for all K 2 KO’ Then
s -1 - -1 n
(6.6) g(m) = liminf n ~ v _(m) < liminfn "U 0
n->o n n >

liminf n~ ! P [k, g(€") +ey(£9)]
n+o

liminf n'1[(1<0+n)g(f*) +co(f*)J = g(£") .

n-—>w
Hence
g* = sup g(m) < g(f*) .
Tell
Clearly, g* > g(f*), so the proof is complete. ]

Note that (6.6) also holds if liminf is replaced by limsup (apart from the

*
first equation). So f remains optimal if we use the maximality of

limsup n—1 vn(ﬂ)
n-e

as a criterion.

So we see from theorem 6.2 that, when we are looking for an optimal or
nearly-optimal strategy, we can restrict ourselves to stationary strategies.

This is done in the policy iteration algorithm.

6.2, THE POLICY ITERATION METHOD

Before formulating the policy iteration method we give the following charac-

terization of g(f) and co(f).

LEMMA 4.3 (BLACKWELL [1962]). The system of linear equations in g and v,
g,v € V,

(1) P(flg=g

(6.7) (ii) L(f)wv

v+g
(1ii) P*(f)v = 0

has the unique solution g = g(f), v = co (£) .
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PROOF. First we show that (g(f),co(f)) solves (6.7). That g(f) and co(f)
satisfy (i) and (ii) follows from (5.44) and (5.45) with £ = h and by theo-
rem 5.16(1).

*
To prove P*(f)co(f) = 0, premultiply v_(f) with P (£f), which yields

B

P (E)v (f) = 2 | 5PN = § B o
8 k=0 k=0

= 3 e = a-m g,

k=0
where we used (5.36). Also

1

P (E v, (F) = P (B)[(1-8"" g(f) oo (6) +0(1-8)]

B

1

= (1-B) 7" g(f) + P (£cy(H) + 0(1-8) (B + 1)

So
*
P (f)co(f) =0 .
To prove the uniqueness of the solution (g(f),co(f)), let us assume that
(go,vo) and (gl,v;) both solve (6.7). Iterating and averaging (i) we get

P61 = ¢° anda P (H)gl =gl

And premultiplying (ii) by P’ (f) we obtain

PX(H)r(f) = ¥ ()° = P (B gl .
So (with (6.2))

0 1
g =g =g(f)

1
To prove vO = v , subtract L(f)v1 = v1 + g(f) from L(f)vO = vO + g(f) to
obtain
p(f) (v -vh) = 0-vh

Iterating and averaging this equality yields

v —v1 = P*(f) (vo-vl) .

But from (iii) we have

p* )V’ = PY(e)vl =0 .
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Hence vO = vl, which proves that the solution of (6.7) is unique. 0
In the sequel we often write v(f) instead of co(f).

Now let us formulate Howard's policy iteration algorithm for the average
reward case [HOWARD, 1960] with the modification due to BLACKWELL [1962]

that guarantees convergence.

Policy iteration algorithm

Choose f € F.

Value determination step

Determine the unique solution (g(f),v(f)) of (6.7).
Policy improvement step

Determine for each i € S the set
A(L,8) :={aea| ]} pli,a,ig(3,f) = max ] pli,ay,3)g(3,0}
jes aOEA jes
and subsequently
B(i,f) := {a € A(i,f) | xr(i,a) + } p(i,a,J)v(i, £ =
jes
=  max {r(i,a)) + ) p(i,a,j)v(i, D)} .
. 0 . 0
aOeA(l,f) jes
Replace policy f by a policy h with h(i) € B(i,f) and h(i) = £(i)
if £(i) € B(i,f) for all i € S, and return to the value determina-

tion step. Repeat until the policy f cannot be improved anymore,

i.e., until £(i) € B(i,f) for all i € S.

For the policy iteration method we have the following convergence result.

THEOREM 6.4 (see BLACKWELL [1962, theorem 41). Let policy h be an improve-
ment of the policy £ obtained by the policy improvement step of the policy
iteration algorithm, then

(1) 4f h = £, then g(£) = gy
(11) Zf h # £, then h » f.

From (i) and (ii) <t follows, as F is finite by the finiteness of S and A,
that the policy iteration method converges, <.e., it yilelds an average

optimal policy after finitely many iterations.
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PROOF. For a proof see BLACKWELL [1962]. We don't give the proof here,
since theorem 6.4 is merely a special case of theorem 8.7 which we prove in

chapter 8.

VEINOTT [1966] and MILLER and VEINOTT [1969] have shown that the policy
iteration method can be extended in such a way that the algorithm terminates
with a policy which not only maximizes g(f) but also some (or all) subse-

quent terms of the Laurent series expansion for VB(f)'

HASTINGS [1968] introduced a modified version of the policy iteration for
the case that all P(f) are irreducible. (P(f) is irreducible if for each
pair i,j € S there exists a number n such that (Pn(f))(i,j) > 0.) In that
case P*(f) will have equal rows and g(f) will be independent of the initial
state, so A(i,f) = A(i) for all i € S.

Hastings showed that the standard successive approximation step in the

definition of B(i,f) can be replaced by a Gauss-Seidel step.

In chapter 8 the concept of go-ahead functions is used to study this and
other variants of the (standard) policy iteration method, as well as several
variants of the extended versions of this method as formulated by VEINOTT
[1966] and MILLER and VEINOTT [1969]. It will also be shown that these algo-
rithms converge (not only if P(f) is irreducible), and that the extended

versions again yield more sensitive optimal strategies.

Closely related to the policy iteration method are the linear programming
formulations. After d'EPENOUX [1960] introduced linear programming for the
discounted MDP, De GHELLINCK [1960] and MANNE [1960], independently, gave
the linear programming formulation for the average-reward criterion in the
unichain case. (The case that for each policy f the underlying Markov chain
has one recurrent subchain and possibly some transient states.) The multi-
chain case has been attacked a.o. by DENARDO and FOX [1968], DENARDO [1970]
and DERMAN [1970]. Recently their results have been improved considerably
by HORDIJK and KALLENBERG [1979].
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6.3. SUCCESSTVE APPROXIMATIONS

Another method to determine optimal or nearly-optimal policies, is the

method of standard successive approximations:

Choose vo:

Determine for n = 0,1,...

Vn+1 T Uvn -

From lemma 6.1 we immediately have the following result to to BROWN [1965].

THEOREM 6.5. Vn-ng* s bounded in n for all vy € V.

PROOF. Let KO be so large that (6.5) holds for all K 2 KO. Then using the

finiteness of S, we have for all n =1,2,...

* n * * * ~n * *
- < - - -
||vn ng "e < lu [Kog -fco(f )]l -ng ”e + |lU [vo Kyg co(f )]IIe

IA

* * * *
IKyg™ = o (EII_ + llvy =K g™ =co (£ < = . 0

In general, however, vn-ng* need not converge.
EXAMPLE 6.6. S := {1,2}, a = {1}, r(1,1) = 2, r(2,1) =0, p(1,1,2) =

=p(2,1,1) = 1.
For this MDP clearly g* = (1.1)T, but

Un0-ng* oscillates between (1,—1)T and O.

*
Further, if vn-ng does not converge, then it need not be that for suffi-

ciently large n a policy fn satisfying L(fn)vn = v is average optimal.

n+l
This is shown by an example of LANERY [1967].

In case of convergence, however, we have the following result.

mmmm&LLuv{mfcmwmaTMmifn%sWﬁdwﬂywm@a

policy £ satisfying L(f)v, = v, s average optimal.

PROOF. Define

Then
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= (n+1)g*+\7+o(1) (n > ») .

* 7 -—
L(fn)vn = L(fn)[ng +T+0(1)] = A

Hence, since F is finite, we have for n sufficiently large

6.8 £)g = g° ‘
(6.8) P(f))g =g
and
- - *
(6.9) L(fn)v =3v+g .

Iterating and averaging (6.8), we get P*(fn)g* = g*.
So, premultiplication of (6.9) by P*(fn) yields

P*(£)r(f) = g(£) = P*(£)g" = g" . O

*
WHITE [1963] has shown that v, -ng converges if there exists a specific

state iO € S and an integer r such that

(6.10) P(fl) ---P(fr)(i,io) >0,

for all policies fl""’fr and all i' € S.

DENARDO [1973] proved convergence of vn-ng* under the weaker hypothesis
that all P(f) are unichained (one recurrent class and possibly some trans-
ient states) and aperiodic. Note that the matrix in example 6.6 is perio-
dic.

The general multichained case with periodicities has been studied by BROWN
[1965] and LANERY [1967]. Finally, a relatively complete treatment has been
given by SCHWEITZER and FEDERGRUEN [1978, 1979]. The latter two authors
established e.g. that vn-ng* converges if all P(f) are aperiodic (even
under weaker conditions) and that there always exists an integer J, the

"essential period of the MDP", such that:

I+
g

*
0~ nJg converges for all m = 0,1,...,J-1 .

The latter result (with incorrect proofs) was also given by Brown and by

Lanery.

Periodicity, however;need not be a problem. SCHWEITZER [1971] has given a
data transformation which transforms any MDP into an equivalent MDP that is

aperiodic.
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Aperiodicity transformation

Let the MDP be characterized by S, A, p and r. Construct a new
MDP with S, A, P and Tas follows:

Choose 0 € (0,1) and define

r(i,a) = (1-a)r(i,a) , ies, aean,

(6.11) pli,a,i) o+ (1-a)p(i,a,i) , i eSS, aen,

pli,a,d) (1-a)p(i,a,j) , i,jes, j#1iand ace€aA.

We will show that the two MDP's are indeed equivalent. Denote all objects
in the transformed MDP by a ~. Then for all f ¢ F
B(f) = aT + (1 -a)P(F) ,
so, clearly, P(f) is aperiodic for all f ¢ F, and
T(f) = (1-a)r(f) .
One easily verifies that
(6.12) B(£)g(f) = g(f)
and
(6.13) Z(f) + ?(f)v(f) = v(f) + (1-a)g(f) .
Further we have

B(E)P(£) = oP™(£) + (L -a)P(E)P(£) = P (£) ,

so also

B ep*(e) = p* (0 .
And

B* (0 p(f) = B*(O)[1-w) ! B(F) —a1l = B (H) ,
hence

BY ()" (5) = B () .
This implies

B*(£) = pM(f)
thus

(6.14) B (E)v(E) =0 .
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So it follows from (6.12)-(6.14) and lemma 4.3 that the transformed MDP is

equivalent to the original ®-horizon MDP, with
(G(£),¥(£)) = ((1-0)g(f),v(f)) .

The finite horizon MDP's, however, are different.

So from now on it may be assumed that the MDP under consideration is aperio-
dic in the strong sense of (6.11), i.e., all p(i,a,i) are strictly positive.
And thus that vh-—ng* converges (which clearly implies Vo+1 " Vn d g*). So
theorem 6.7 applies. However, in order to obtain an appropriate algorithm,

one has to*be able to verify whether n is already so large that Vet " Vn is
closi to g and that fn is nearly optimal.

If g (i) is independent of the initial state, which, for example, is the
case if all P(f) are unichained, then the following lemma makes it possible

to recognize near-optimality.

LEMMA 6.8 (cf. HASTINGS [1968] and HORDIJK and TIJMS [1975]). Let v € V be
arbitrary and let £ be a policy satisfying

L(f)v = Uv .

Then

min (Uv-v) (i)e < g(f) < g* max (Uv-v) (i)e .

ies ies

IA

PROOF. For all h € F we have

(6.15) P (h) (L(h)v=-v) = P (h)r(h)

g(h) .

So, with h = £,

g(£) = P (£) (L(E)v-v) = P*(£) (UV =)

P*(£f) min (Uv-v) (i)e = min (Uv-v) (i)e .
ies ies

v

*
Clearly, g(f) £ g , and applying (6.15) with h = £ (g(f*) = g*) we obtain

g* = g(£") = P W) v-v < X E) v -v)
< P*(f) max (Uv-v) (i)e = max (Uv-v) (i)e . 0
ies ies

* * *
If g is constant and v, ~hg converges, then Uvn-vh converges to g , so
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max (th-—vn)(i) - yin (Uvn-vn)(i) +0 (n > .
ies ies

So in this case lemma 6.8 shows us that the method of standard successive
approximations yields (arbitrarily close) bounds on g* and nearly-optimal

stationary strategies.

*
It is also clear that lemma 6.8 is not of much help if g is not constant.

One may also try to use the method of value-oriented successive approxima-
tions. For the average-reward case this method has been proposed by MORTON
[1971]1, who, however, does not give a convergence proof.

In chapter 9 we study the value-oriented method under the so-called strong
aperiodicity assumption that P(f) 2 oI for some o > O and all £ (cf. (6.11)),
and under various conditions concerning the chain structure of the MDP, all

*
guaranteeing that g is constant.

Another variant of the method of standard successive approximations has
been introduced by BATHER [1973] and by HORDIJK and TIJMS [1975]. This
method approximates the average-reward MDP by a sequence of discounted
MDP's with discountfactor tending to 1.

Choose v € V.,

Determine for n = 0,1,...

(6.16) v =U

where {Bn} is a sequence of discount factors tending to 1.

*

*
HORDIJK and TIJMS proved, that if g is constant, v Vi converges to g

n+l "
if the sequence {Bn} satisfies the following. two conditions:

BBycerB 0 (>,

Bi B |B.-B. .| 0 (n>w .

j+1 n 3j j-1

(]

=1
A possible choice for {Bn} is Bn =1 —n_b, 0<b<1,n=1,2,.... The

convergence, however, is rather slow, namely of order n_b Inn. BATHER

[1973] has considered the special case Bn = 1-—n_1.
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In chapter 7 we introduce a nonstationary variant of the method of standard
successive approximations to study the relation between the more sensitive
optimality criteria in the average-reward case and the discounted case.
This nonstationary method turns out to be equivalent to the method of
Hordijk and Tijms for sequences Bn =1 - %-. From our analysis it will
follow that for these sequences the method (6.16) also converges if g*(i)

depends on the initial state.
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CHAPTER 7

SENSITIVE OPTIMALITY

7.1. INTRODUCTION

In this chapter we consider some more sensitive optimality criteria for the
average-reward MDP with finite state space S = {1,2,...,N} and finite action
space.

The criterion of average reward per unit time is often rather unsatisfactory,
since the criterion value depends only on the tail of the income stream, and
not on the rewards during the first, say 1000, periods.

In order to overcome this problem, one may consider more sensitive optimality
criteria.

One of these is the criterion of average overtaking optimality introduced by

VEINOTT [1966].

DEFINITION 7.1. A strategy 7 € I is called average overtaking optimal, if
for all m e I

n
(7.1) liminf o0 ) [v (®) = v, (m]l=0.
n->e m=1

Veinott proved that an average overtaking optimal oplicy is nearly optimal
in the sense of Blackwell, formula (5.49), and therefore also O-discount
optimal in the sense of (5.51). Veinott conjectured the reverse to be true
as well. This conjecture was proved to be correct by DENARDO and MILLER
[1968]. LIPPMAN [1968] proved that average overtaking optimality and 0-dis-
count optimality are'equivalent (not only for stationary strategies).

A stronger criterion than (7.1) is the following, introduced by DENARDO and
ROTHBLUM [1979].
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DEFINITION 7.2. A strategy 7 € Il is called overtaking optimal if for all
mell

liminf [vn(ﬁ) - Vn(ﬂ)] 20 .
n->w

In general, there need not exist an overtaking optimal policy, since for

(1) and “(2)

two average overtaking optimal strategies , the difference

vn(w(l)) - vn(n(z)) may oscillate around 0. BROWN [1965] gives an example
where this oscillation is not caused by the periodicity of the transition
matrices. Denardo and Rothblum proved that under certain conditions an
overtaking optimal strategy does exist.

An extension of the concept of average overtaking optimality has been given
by sLapky [1974].

Define for n = 0,1,...

v (m) :=v (m) ,
(7.2)
n-1
Wm = ] vV m k=12,
2=0
Then
2. -1 2.-1
n-1 k 2 n-k
7.3 vFm = e 3 v = Y O
2,=0 2, =0 2,50 “1 2=0

DEFINITION 7.3 (SLADKY [1974]). A strategy m € I is called k-order average
optimal, i1f for all m € 1

liminf n_l[vik)(ﬁ)-vék)(n)] >0 ..

n->o

So, a O-order average-optimal strategy is average optimal and a l-order
average-optimal strategy is average overtaking optimal. Sladky has shown
that a strategy 7 is k-order average-optimal if and only if it is (k-1)-
discount optimal.

Here (in section 2) ﬁe will prove this result for stationary strategies
following a somewhat different line of reasoning. The case of arbitrary
strategies is notationally more complicated. As a byproduct of our approach
we obtain a successive approximations algorithm yielding k-order average

optimal policies; the problem to recognize these policies, however, remains.
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In section 3 we obtain a relation between this algorithm and the algorithms

by BATHER [1973] and HORDIJK and TIJMS [1975] as formulated in (6.16).

7.2. THE EQUIVALENCE OF k-ORDER AVERAGE OPTIMALITY AND (k - 1)-DISCOUNT
OPTIMALITY

In this section we show that a policy is k-order average optimal if and
only if it is (k - 1)~-discount optimal. Part of the results in this section
can be found in Van der WAL and ZIJM [1979].

In order to prove this we study the following dynamic programming scheme

Vék) =0 ,
(7.4)
(k) n (k)
v :=max {()r(f) + P(H)v. '}, n=0,1,...,
n+1 feF k n

where (1) := 0 if k > n.

The reason why we study this scheme will become clear from the following
analysis.

Let T = (fo,fi,...)'be an arbitrary Markov strategy, and let vék)(w) be
defined as in (7.2). Then, by definition

Véo)(w) =0,

from which we obtain with (7.2) inductively,

oK)

n (r) =0 foralln<k, nk=0,1,... .

Further we have for all n 2 k the following fecursion

n-1

(k) T (k-1) (k-1) (k-1)
(7.5) v (m) = z v (m) = z v (m) + v (m)
nt+l g=0 * g=0 * n
k -
=8 m ey * Dy

From (7.5) we can obtain the following lemma, which gives a recursion

similar to (7.4) for an arbitrary strategy.

LEMMA 7.4. Let 7 = (fo'fl"") be an arbitrary Markov strategy, then for
all n,k = 0,1,... '
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( ) 1

(7.6) v m = Oy + piegv e

. <1
with® = = (fl,f2,...).
PROOF. With (é) = 0 for all £ < m, we see that (7.6) holds for all points
(n,k) with n < k. Clearly, (7.6) also holds for k = 0, since in that case

(7.6) reduces to

v, (M = x(£) + p(fo)vn(nﬂ) )

We will prove that (7.6) holds for all n,k > 0 by induction on n and k
simultaneously.

Assume that (7.6) holds for the pairs (no—l,ko) and (no—l,ko-l), then we
have with (7.5)

ko) . _ (ko) (ko-1)
ng+t (m) = vy no (m) + Vno (m)
= (0 )r(f) +P(f)v“°)m ) + PO Drgy) +p(f)v“% D

-1

Applying (7.5) with ™ replaced by ﬂ+1 we obtain using

L, -1 2-1 _
(7.7) () = Cp) + () forall #,m=1,2,...
that

vl m = (rigy) + Bigv 0 T

So, (7.6) holds for (no,ko). As (7.6) holds for all n < k and also for
k = 0, it follows by induction that (7.6) holds for all n,k = 0,1,.... ]

For a stationary strategy this yields

(7.8) o = o s eev

We, eer.
The similarity with the scheme (7.4) is clear. Before we study this scheme,
we first analyze the recursion (7.8) in somewhat more detail.

To this end define for all f € F (cf. (5.40))

(7.9) 0¥ (5) = (P g + P heg® + oo+ CE e () if 0>k

n - k+1)g

and
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D(k)

= i < .
N (£) :=0 if n £k

We will show that vék)(f) - Dik)(f) is bounded if n tends to infinity (for

fixed k and f). To prove this we need the following lemma.
LEMMA 7.5. For all n 2k and all £ ¢ F

(r () + p) 0% (g5) = o™ ()

n n+1
PROOF. For all n 2 k and all £ € F we have, with (7.7),

(k)

n
(k)r(f) + P(f) Dn

(£) = (kil)p(f)g(f) + (O Le(E) +P(E)ey(£)] +

+

n-1
(k_l)[P(f)cl(f)-P(f)co(f)] +

+oa. 4 (n—};+1)[P(f)ck_1(f) -P(fle_,(6)] +

+ (n(_)k)[P(f)ck(f) -P(fle,_ (D) +

[(n—k—l)

+ 0

n-k
-( 0 )]P(f)ck(f)

Hence, with (5.44)-(5.46) for h n-k=1, _(n-k

= f, theorem 5.16(i), and ( 0 ) = ( 0 ) =
n (k) _ n n
(Jx(E) + P(HD ™ (£) = ( )g(®) + (I[g(f) +c0(f)] +
n-1 n-k (k)
+ (k—l)cl(f) + ... + ( 0 )ck(f) = Dn+1(f) B
where we used (7.7) once more with (£,m) = (n+1,k+1). 0
Now we can prove
THEOREM 7.6. For all k = 0,1,... and £ € F
7.100 vFe =¥ () +01)  (n > w
n n
PROOF. For all n > k- and all £ € F,
k
vr(”)l(f) —D::_)l(f) = Or® +P(f)vr§k) ) - —P(f)ngk) (£)
= v (p-0® (7 .
n n
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Hence

v(k) k)

n

(£) -D(k)

_ _n-k-1 (k)
(£) = P (£)[v, et 1

kil ()1 =0(1) (n==) .

(
(£) =D,

Note, that if P(f) is aperiodic, then

(k)

Vék)(f) - D, (f£) converges for n + « ,

Theorem 7.6 enables us to compare stationary strategies for k-order average
optimality. In order to consider also nonstationary strategies (as we have
to according to definition 7.3), we consider the dynamic programming scheme
(7.4).

For this scheme one can easily prove inductively that

L) 5 )

(m) for all me M ,
n n

and along similar lines as in section 2.3 one can then show

(7.11) v(k) > v(k)(w) for all m e II .
n n

To prove a similar asymptotic result as (7.10) for vék) we need the follow-

ing lemma.

LEMMA 7.7. For each k = 0,1,... there exists an integer n_ > k such that

0
for all n 2 n,

n k)

* _ (k) *
X (£)} =D L (£) ,

(7.12) max {( 41

yr(£) + p(£)D
feF n

where £ is a policy satisfying £ £ for all £ € F (ef. theorem §.15).
PROOF. With (7.7) we get for £ € F and n > k,

7.1 @ +p@p (£ = (2HrogE) + Oz +rHe e +
+ (ThIP@ e, (£ ~P(E)cy (£ +

¥+ O (£ ~R(Bg_ (9] .

. n, n-k n L, _
Since (k+1) iy (k) and for all £ and m, (m) = (m_1

subsequent terms on the right hand side in (7.13) decrease by an order n.

& l_l), we see that the



So, if n is sufficiently large, say n 2 no, theq in order to maximize the
left-hand side of (7.13) we can maximize separately the subsequent terms on
the right-hand side. I.e., first maximize P(f)g(f*), next
(;)[r(f)~+P(f)co(f*)], etc. Then it follows with (5.44)-(5.46) for h = £
and theorem 5.16(iii) and (i) that (7.13) is maximal for f = f*. Finally,
(7.12) follows from lemma 7.5 with £ = £ . 0

Now we can obtain the asymptotic behaviour of vék).

THEOREM 7.8. For all x = 0,1,...

v = v o mew

* , . . ,
where £ 18 again a policy as mentioned in theorem 5.15.
PROOF. From (7.11) and theorem 7.6 we have

oK)

) Dék)(f*) +0(1) (o> .

So it suffices to prove

v8 < p®*y L0 nsw) .

n n

To prove this, define

Mm:=vm)_Dm”H)’ .
n n n
Then we have for all n 2 ng (the constant mentioned in lemma 7.7),
Véii = max {(E)r(f) + P(f)Dék)(f*) + P(f)Aék)}
feF
< max {(:)r(f) + pep® (£} + max p(£)a X
feF n feF n
= nk) o* ~ (k)
=D (E) +UA .
So,
®) _ ~, (k)
An+1 < UAn *
Hence,
Vék) - Dék)(f*> < 5“'“°Aé§’ =01) (o>,

which completes the proof. 0
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Finally, we can prove

THEOREM 7.9. 4 policy £ s (k - 1)-discount optimal if and only <f £ Is k-

order average optimal.

PROOF .
(i) First we prove the 'if' part. Let f be k-order average optimal, then

certainly

liminf n_l[vék)(f)-vék)(f*)] >0 .
n-=>o©

So, with theorem 7.6,

liminf n'ltnék)(f)-nék)(f*)]
n->e

v
o

Thus, in order that f is k-order optimal we certainly need cz(f)==cl(f*),
£ =-1,...,k=-1 (cf. (7.6)). Hence a k-order average optimal policy is
also (k - 1)-discount optimal.

(ii) To prove the 'only if' part, let f be a (k - 1)-discount optimal policy.
Then c, (£) = c,(£), £ = -1,...,k-1. So

p k)
n

D(k)
n

() = (£%) + 0(1) (0> .

Hence, for all m € I,

(k) (k) (k) (k) _ (k) (k)  * _
v, (£) -V, (m) > v (£) -v, o= Dn (£) -D (£7) + 0(1) =
= 0(1) (n > ) .
Dividing by n we see that f is indeed k-order average optimal. O

As mentioned before, SLADKY [1974] has proved that theorem 7.9 holds for

arbitrary strategies.

More or less as a byproduct of our analysis we have obtained the dynamic
programming scheme (7.4). We end this section with some remarks about this

scheme. We obtained

(7.14) v n
n

*
K1 (£7) +0(1) (n > =)

(

yate) + ey () 4+ e,

and one may even show that if e.g. all P(f) are aperiodic (cf. SCHWEITZER

and FEDERGRUEN [1979]) the term 0(1) can be replaced by Wy + 0(o™) for some

w and some p < 1, i.e.,
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k) _ , n *
(7.15) V= ) IE) e (

n-k * n
1) (E) w00 (0> =) .
From (7.14) we have

o &)

gtf) + 0 (e .
) n

k+1
From (7.15), however, we can obtain

k+1
L k+1, (k) _ % n -
Z DTC v T =glf) + 000)  (n =)

2=0

and for example, if k > O,

K k+1
o = T 0 v cmen ] ety s0me™ e

2=0 2=0 27 n=t
Further, a policy fn maximizing

(k)

(Dr(f) + P(£)v

will be (k - 2)-discount optimal for n sufficiently large (n = n.). This

0
follows from the fact that (for n 2 no) policy fn satisfies

* *
P(fn)g(f ) = g(f)
r(£) + P(fn)co(f*) = co(f*) + g(£9

* ) = * =1 k-1
P(fn)cl(f ) - P(fn)cl—l( ) = C,Q,(f ) ’ L = rooee g K ’

and the fact that the solution (g,co,cl,...,ck_z) of the system

-

P(flg=g
r(f) + P(fn)cO =cyt+g

P(fn)cl - P(fn)c =c L =1,...,k-2

-1 L

*
PE)ey =0

. . *
is unique and equal to (g(fn)'CO(fn)"'°'ck—2(fn))' So g(fn) = g(f ) and

*
cl(fn) =c,(f) for L =0,1,...,k-2.

2
LI 00
n

*
If, moreover, (f') converges for n =+ «, then the stationary

strategy fn will be even (k - 1)-discount optimal if n is sufficiently large.
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The argument is similar as in theorem 6.7. However, we cannot simply verify
whether for a specific (large) n the policy fn is already 2-order average
optimal (we encountered the same problem in the case of standard successive

*
approximations if g is not constant).

7.3. EQUIVALENT SUCCESSIVE APPROXIMATIONS METHODS

In this section we want to show that the dynamic programming scheme (7.4) is
equivalent with the successive approximations method of HORDIJK and TIJMS
[1975] for a special choice of their sequence {Bn}.

In order to do so, define for fixed k and all n = k+1,k+2,...

s = v®m s ™Y forailmern,
n n k
and
() _ (k) , n-t
A = v / ( k ) .

<1
Then for all m =‘(f0,f1,...) € M, with m = (fl’f2"")'

(k) , «1
~ (k) Vn (m ")
vn+1(w) = r(fo) + P(fo) n
(k)
(nlzl) Vr(lk) (_",“‘1)
= r(fo) + n) P(fo) n—1)
(x k
_ (k) ~(k), *1
= r(fo) + Bn P(fo)vn (m 7))
where
(k) ) x
(7.16) B 1= =1-=.
n n n
(k)

Similarly, we obtain

o)

(k) - (k)
n+l n vn }

= max {r(f) + B
feF
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So the dynamic programming scheme (7.4) is equivalent to the following

algorithm:
Define wék) := 0.
Determine for n = k,k+1,...
(7.17) w(t1 := max {r(f) + B(k)wék)}
n feF n
(k)
with Bn defined by (7.16).

This is merely a special case of the set of algorithms introduced by HORDIJK
and TIJMS [1975]. For k = 1, this is the method introduced by BATHER [1973].
Further we see from (7.14) that

n * n-1 * n-k *
L0 _ 00 _ ) FED) + O Deg(F) + o+ (0 e (£) +0(D)
n n n—i)
Cx
=gt o)+ 0D e

So,

k) _ (k) _n+1
n+l1 n k+1

* * n * * 1
g + co(f ) - 319 - co(f )+ O(Eﬂ

1 * 1
r+1 9 +0(;) (n » =) .
From the equivalence of the schemes (7.4) and (7.17) and the observations
made in the preceding section, we see that a policy that maximizes

(k)w(k)

r(f) + Bn n

’

will not only be average optimal, but even (k - 1)-order average optimal,
provided n is sufficiently large. For this to be true, g* need not be inde-
pendent of the initial state as has been assumed by Bather and by Hordijk

and Tijms.
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CHAPTER 8

POLICY ITERATION,
GO-AHEAD FUNCTIONS AND SENSITIVE OPTIMALITY

8.1. INTRODUCTION

This chapter deals with policy iteration algorithms for the determination
of sensitive optimal policies for the average-reward MDP with finite state
space S := {1,2,...,N} and finite action space A.

There are two variants of Howard's policy iteration algorithm [HOWARD, 1960]
(with the modification by BLACKWELL [1962]) which have been introduced by
HASTINGS [1968] and MILLER and VEINOTT [1969]. Hastings replaced the policy
improvement step by a Gauss-Seidel step, cf. section 3.3, and proved con-
vergence for the case that all P(f) are unichained. Miller and Veinott ex-
tended the improvement step in such a way that the algorithm can produce
not only average-optimal but also n-order average optimal policies.

In this chapter we will formulate, in terms of certain stationary go-ahead
functions, a set of policy iteration algorithms, which includes the methods
of Hastings and Miller and Veinott. It will be shown that these methods all
converge in finitely many steps, and yield n-order average-optimal poli-
cies, where n will depend on the algorithm under consideration.

The line of reasoning is very similar to that in MILLER and VEINOTT [1969]
and VEINOTT [1966].

We restrict ourselves to the consideration of stationary go-ahead functions,
for which, as we have seen in sections 3.5 and 4.7, the restriction to
policies is permitted under certain conditions. Further we require that

§(i) = 8(i,a) = 1 for all a € A and i € S. Thus the go-ahead function is
completely characterized by the function §(i,a,j), and stopping only occurs
immediately after a transition has been made.

From a practical point of view this is not a serious restriction, since in

the policy iteration algorithm one is mostly not interested in extrapola-



142

tions, and thus not very interested in preserving the equal row sums. Recall
that it was precisely for this reason that one wanted to have the possibility
to choose §(i) and 6(i,a) less than 1. The reason for the restriction to
these stationary go—ahead functions is that it considerably simplifies the
notations, which already will become rather complex. The extension to the
case 0 < g < 1 (for stationary go-ahead functions) is, however, straight-
forward.

Further we have to require

(8.1) ]Eg'r <o for all f € F

In the algorithms in section 3.3 the only situation in which Eg

be finite, is the case that for some i € S and a € A we have p(i,a,i) =

T may not

= §(i,a,i) = 1. If, in this case, one takes §(i,a,i) = 1 -¢, then (8.1)

holds again.

In section 2 the policy iteration algorithm, with improvement step formula-
ted in terms of a go—-ahead function, is studied for a fixed discount factor
B < 1. This analysis gives us an idea of how to construct the improvement
step for the average-reward MDP, treating it again as the limiting case for
B tending to 1. Next (in section 3) a Laurent series expansion is obtained
for
5 {75!k T ‘

Lo s Mg (£) = B kzos r(X, ) + 8 VB(XT'f)]
in (1-B8) for B tending to 1. In section 4 we derive from this expansion
the policy improvement step for the(policy iteration algorithm. The conver-

gence proof will be given in section 5.

§.2. SOME NOTATIONS AND PRELIMINARIES

Define for all f € F the operator L (f) on V (= RN) by

8,8
(8.2) L, (£)v = E Til 8% r ( )+ 8T v(x)
: B8 - f k=0 xk'Ak T .

We only consider policies, since for stationary go-ahead functions we can
restrict ourselves to stationary strategies in the maximization of LB 6(")v.
[

Clearly, LB 6(f) is monotone. Further L (f) is a contraction with a con-
’

B,S
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traction radius of at most B for go-ahead functions with §(i) = §(i,a) = 1

or T 2 1. Namely, for all v,w € V

(8.3) ||LB,6(f)V—LB'6(f)w"e = Ilmfs (v-w) Xl
< 1ES T v -wll_ < Bllv-wl_ .
£ e e e

Further it is obvious that

LBIG(f)vB(f) = vB(f) .
So
(8.4) lim Lk G(f)v = v, (f) for all v e V .

Koo B, B8
And we also have:
(8.5) if LB,S(f)V > v, then VB(f) > LB,S(f)v .

Namely,

k
v,(f) = 1lim L (f)v 2 ... 2 L (B)v .
B Koo B,S B,6

Now let us consider the policy iteration algorithm for a fixed B < 1 with

the improvement step formulated in terms of a go-ahead function.

Policy iteration algorithm

Let £ be the actual policy.

Determine

(8.6) max L (h)v

B(f)

and replace f by a maximizer of (8.6), until

(£) = v, (f) .

(8.7) max L (h)vB 8

heF B8
In order to formulate some results for this algorithm it is convenient to
define the partial ordering »>on V by
(8.8) v>w if and only if v2w and v#w.
From (8.5) we see that if

les(h)vs(f) >-VB(f)
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then

v, (h) > v, (f) .

B B

So, since there are only finitely many policies, after finitely many re-

placements (8.7) will hold. Then we have

(h)v, (f) <

£ 1 ’
LB,G 8 (£) for all h € F

g
hence, analogously to (8.5),
v

(h) < (£) for all h ¢ F ,

B Vg

or f is optimal for discount factor B:

(£) = vi
VB -—-VS .

However, we are not interested in the case of a fixed discount factor B,
but in the case that B approaches 1 (cf. chapter 7).

The following two lemmas for the case B 4+ 1 give us already an idea of the
kind of policy improvement step, for the determination of an n-order
average-optimal policy, we should look for.

LEMMA 8.1. If for all B suffictently close to 1

LB'S(h)vB(f) >-v6(f) ’

then for all B close enough to 1

VB(h) > Vs(f) '
hence also h »f.

LEMMA 8.2. If

(8.9) Ly, s (Vg (D) < v (6) + o-™tey g1,
then
(8.10) vg () < v () + 0(1-p)%e) (B84 1) .

Hence, if (8.9) holds for all h € F, then £ is (n-1)~discount optimal and
n-order average optimal.

PROOF. In order to prove that (8.9) implies (8.10), first observe that,

similar to (8.3), we have for all v,w € V,

LB'G(h)v—L (h)w < B II(v-w)+Ilee ’

B8



145

and thus

he, (-1, mw’l_ < slw-wT_ .

B, B,

Hence,

. k
vB(h) = lim LB,G(h)VB(f)

= lim 2 [LB G(h)v (£) - (h)v, (£) ] + v, (£)

86 B B

k-1

2 +
20 B (Lg IV (£) v (£)7ll e + v ()

IA
[
-
E

=a-pton-m™tle s vy (£)

= vy (£) +0((1-8"e) (Bt 1) . 0

Lemmas 8.1 and 8.2 suggest that we should try to find a policy iteration

algorithm of the following form:

Algorithm

Let f be the actual policy
Policy improvement step

Find a policy h, such that

(8.11) (h)vB(f)>> vB(f) for all B close enough to 1 ;

Lg,s

replace f by h.
Repeat the policy improvement step until a policy f is found which

satisfies

(8.12) (h)v,(£) < v, (£) + 0((1- 8)n+1e) for all h ¢ F .

Lg, s (M)vg B

In section 4 we will see that it is possible to check, in a relatively
simple way, whether (8.12) holds.

Observe, that since there are only finitely many policies, one will have

G(h)ve(f) < VB(f) for all h € F and all B close to 1,

after only finitely many executions of the policy improvement step. So
after finitely many improvement steps one obtains a policy f satisfying
(8.12).
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§.3. THE LAURENT SERIES EXPANSION OF Ly 6(h)vB(ﬁ)

In order to find a policy h which satisfies (8.11) or to check whether a
policy f satisfies (8.12), we will derive the Laurent series expansion of
LB,G(h)VB(f) in 1 -8 for B 41. It will turn out that this Laurent series
expansion has a relatively simple form because of the simple structure of
the go-ahead functions: stationary, with §(¢) = §(+,*) = 1. To exploit this

structure we split up the transition probabilities in two parts:
Pg(i,a,3) = p(i,a,3)8(i,a,3)
and

Ps(i,a,3) = p(i,a,3) (1-8(i,a,3) , ach, i,jes.

So, with probability 1—36 a transition is made after which one goes ahead,
and with probability ;6 the transition is followed by stopping.
Further define the matrices 56 (h) and ,1;6 (h) by

Pg(h) (1,3) := pgli,h(i),3) ,

Ps(h) (1,3) := Ds(i,h(i),3) , i, €S, heF .
So,

P(£) = By (£) + Bg(H) .
From the analogy with the MDP defined in (3.9) it follows that for all
heF and ve Vv

(h)v (h)v .

r(h) + B;s m)v + 8135 (hL

Lg,s 8,8

Hence,

Lo ¢ (v = [T- B ()17 T (h) +65; )] .
Further it has been assumed that

§_ _ = =2
]Ehr = e + PG(h)e + PG(h)e + ... <@,

So §§(h) + 0 (n + »), hence I—ﬁs(f) is nonsingular. Thus, with (5.39) we
obtain the following‘expansion of [I- 856 (h):l—1 in powers on 1-8 for 41

I a-pen*er-s,m1t Fom P rr-Fm1t .

[r- Bﬁs(h)]_l -
k=0
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And with the expansion (5.40) for v, (f),

B

1 1

(8.13) 13(S (h)}k[:r-ﬁ(S )1 -

vy (6 = § -8 0 rr-s,m1

L
8.8 k=0

B

o

-[r(m +[1-(1-8)IF,m) § (1—e)lc2(f>J (B41) .
L=-1

To simplify this expression we define the following notations:
= -1
r.(h) :=[1-P (h)] ~ r(h)
§ §
(the expected reward until time T);
P () :=[1-3.m1 13 m
§ § §
(Ps(h)(i,j) is the probability of stopping in state j);
0 (h) = [1-B ()]
§ §
(Qd(h)(i,j) is the expected number of visits to state j before time 7T);
- ..1 -
Rg(h) := [I-Pé(h)] P (h)

(RG(h)(i,j) is the expected number of visits to state j after time O and
before time T).

Substituting this into (8.13) yields

% gk gk ko
Ly, g () vg (£) —kzou B)“ (-1)° R (h)
) 2
. [r(s(h) + [1—(1-8).]P6(h)£=z_1(1—6) cz(f)].
Or
Lo mvan) =} (-85 a ;o
8,68 e s 4 (BeE)
with

(8.14) d_l(h,f) = Pﬁ(h)c-l(f)

and, for k =0,1,...,
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kK _k k¥l o
(8.15) 4 (h,£) = (-1 RS()rg(h) + zzo(_l) Ry (h) Py (h) e, (£) +

k
+ 1 oM R mrgme
2=0

k-2-1(5

where the dependence of dk(h,f) on § has been suppressed.

The expression (8.15) can be simplified further to

(8.16) do(h,f) rs(h) + Pd(h)co(f) - QG(h)PG(h)c—l(f)

and

(8.17) dk(h,f) - R5(h)dk_1(h,f) + PG(h)(ck(f)-ck_l(f)) , k=1,2,....

So, if one wants to maximize L (')VB(f) for all B sufficiently close to 1,

8,6
then one has to maximize first d_1(',f), next one has to maximize do(',f)

over those policies which maximize d_l(',f), etc. In section 4 it will be

shown that this can be done in a relatively simple way.

For later use we want to rewrite the equations (8.14), (8.16) and (8.17).

Therefore, define for all f and h € F

(8.18) ¢k(h,f) 1= dk(h,f) - ck(f) r k=-1,0,...

(wk(h,f) depends of course also on §).

Clearly, since LB,6(f)V6(f) = VB(f), we have
¢k(f,f) =0 ’ k = “1,0,... .

Substituting (8.18) into (8.14), (8.16) and (8,17) yields

(8.19)  Pg(h)c_,(£) = c_ (£ +y_ (h,5) ,
(8.20) rs(h) + Po(h)cy(£) = Qc(h) (c_y (£) +¥_, (h,£)) = cy(f) + Y, (h,f) ,
(8.21) - Rg(h) (o _; (B) +¥, _; (h, ) + Ps(h) (e () ~¢ _, (D) =
= ¢ (£) + iy (h,£)
Or, upon premultiplication with I -P N

(8.22)  Py(h)c_,(£) + By(h) (c_, (H) +y_, (h,£) = c_ (£ + y_, (h,) ,
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(8.23) r(h) + Ps(h)co(f) - (C_l(f)'Fw_l(h,f)) + Pa(h)(cO(f)-Fwo(h.f)) =
= co(B) +Ug(h,6)
(8.24) - Bs(h) (e (B) +¥ _, (h,£)) + Pg(h) (e (£) —c, _,(£)) +

+ Bg(h) (o (£) =¥, (h,£)) = ¢ (£) + Y (n,£) .

In the next section we will see how to obtain from equations (8.22)-(8.24)
a characterization of the set of policies which subsequently maximize

d_y(+4£), dy(-4£), ... until 4 (-, ).

This section is concluded with a restatement of lemmas 8.1 and 8.2 in terms
of the functions wk(h,f).

Define the matrix Wn(h,f) as the (N X (n+2)) -—matrix with columns w_l(h,f),
wo(h,f),...,wn(h,f), and define the matrix Ww(h,f) as the (N X ») —matrix
with columns w_l(h,f),wo(h,f),... . Then lemmas 8.1 and 8.2 state that

if ¥ _(h,f) > 0, then h > £,
and

if Wn(h,f)=s 0 for all h € F, then t is n-order average optimal.

8.4. THE POLICY IMPROVEMENT STEP

In this section a policy inprovement step will be constructed which, given
a policy f € F, either produces a policy h € F satisfying Ww(h,f)>> 0, or
signals that Wn(h,f) £ 0 for all h € F.

In section 3 it has been shown, that in ordef to maximize Leld(-)vs(f) for
all B sufficiently close to 1, one has to maximize subsequently the terms
w_l(',f),wo(-,f),... (or d_l(',f),do(',f),...). Since in the maximization
of wo(-,f) only those policies need to be considered that maximize w_l(-,f),
we first derive a characterization of the set of policies maximizing
w_l(',f).

Let h maximize w_1(°;f):

(8.25)  Y_;(h,£) = max y_,(g,5) =: y_ () .
geF
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The existence of such a uniformly maximizing policy follows from the fact
that the MDP which is equivalent to the problem of maximizing Ps(-)c_l(f)
(constructed along the lines of (3.9)) is contracting. This follows from
132(-) + 0 (n > ») and the finiteness of S and A.

For h we have
(8.26) Pa(h)c—l(f) = c—l(f) + \p_l(f)
and

(8.27) Ps(h)c-l(f) + PG (h) (c_l(f) +lb_1(f)) = c—l(f) + lli_l(f) .
Now, define Y_1(i:a:f) for all i € S and a € A by

(8.28) ] Bgli,ade_ (3,8 + ] Bgli,ad) (c_ (3,0 +v_, (3,£)
jes jes

= c_l(i,f) + w_l(i,f) + y_l(i,a,f) .
Then it follows from (8.27) that Y_l(i,h(i),f) = 0 for all i € S. Further,
Y_l(i,a,f) <0 for all i € S, a € A. Namely, suppose Y__l(-,-,f) > 0 for

some pair (i,ai), then we have for the policy h defined by h(i) = a; s and

h(3) =h), 3 # 4, with y_; (h,£) (1) = y_, (i,h(i),8),

Pg(h)c_, (£) + Po(h) (c_ (£) +y_, (D)) = c_ (£) +¢_, (£) +y_,(h,£) .
So, after premultiplication with [I —56(5)]_1, and some reordering

- - o~ -1 -
Pgh)e_y (£) = c_ (5 +y_ (£) + [I-B M1 y_ (5 .

Since Y_l(h,f) >0, also

-]

- o~ -1 - -k - - -

[1-P. ()1 y_, (h,6) = } Po(h)y_, (h,£) 2y _, (h,£) >0 .

§ -1 § -1 -1
k=0

But this would contradict the definition of w_l(f) . So, Y__l(i,a,f) < 0 for

all i € S and a € A.

Similarly, let g be a policy with vy , (g,f) < 0, then
-1

V_y @) = Bol@e_ () + By(a)le_, (8) +¥_ (g,0)] - c_ ()

IA

Polghc_, (£) + By(gle_ () +¥_j (D] - c_, (D)

c_y () +¥_y(£) +y_ (g6 - c_ (5 =<V_,(£) .



151

~ Hence the set of policies which maximize w_l(',f) can be characterized by
the actions having Y_l(i,a,f) = 0. I.e., a policy g has w_l(g,f) = w_l(f)
if and only if y_l(i,g(i),f) = 0 for all i € S.

This result can also be obtained from the observation that

2:; (P (g)c_ (£) + Polg) (c_y () +¥_ (D)} = c_, (£) +y_, (£)

is just the optimality equation for the MDP which is equivalent to the pro-
blem of maximizing Pa(-)c_l(f).

Now define for all i € S

A (1,5 =={aca|y_ (i,af =0}
and define the restricted policy set F—l(f) by
F_,(f) :={geF | gi) « A_,(i,£) for all i€ s} .

So F-i(f) is just the set of maximizing policies of w_l(',f).

Next one has to maximize wo(',f) over all policies which maximize w_1(°,f),
i.e., over the policies in F—l(f)'

From now on we are, strictly speaking, considering a restricted MDP with

state-dependent action sets A_l(i,f), i € S. Define

Y. (f) := max Y,(g,f) ,
0 gEF_1(f) °

and define Yo(i,a,f) for all i € S and a € A_l(i,f) by

(8.29) r(i,a) + 2 Ss(i,a,j)co(j,f) - c_lti,f) - w_l(i,f) +
jes

+ 1 Bgiaid) (cg(3,8) + vy (3,6)
jes

= co(i;f) + ¢O(i;f) + Yo(i,a,f)
(compare (8.23)).
Further define
Ag(i,8) :={aen_ (i,8) | yyli,a,8) =0}, ies

and

Fo(f) :={geF | g(i) e Ay(i,f) for all i e s} .
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Then similar reasoning as before shows that Fo(f) is just the set of maxi-
mizing policies of wo(-,f) within F-l(f)'

Continuing in this way, define for k = 1,2,...

Y, (£) := max Y, (g,£) ,
k ger, _ (6) ©

and define Yk(i,a,f) by (cf. (8.24)

(8.30) I pslirard) (cp_y (3,6) + 4y, (5,5)

jes

jzs Pglira,d) (3,8 - (3,8) +

+

+

I pglisard) (e (3,8 +v, (3,8) =
jes

ck(i,f) + wk(i,f) + Yk(i,a,f) .

Further define
A (1,6 =={aca_ 8D |y daf =0, ics,
and

F (£) i={g e F | gti) € A (i,f) for all i e S} .

Then Fk(f) is again the set of maximizers of wk(~,f) within Fk—l(f)' i.e.,
if g € Fk~1(f)' then wk(g,f) = wk(f) if and only if g € Fk(f)f

Now the policy iteration algorithm for the determination of an n-order

average-optimal policy can be formulated as follows.

Policy iteration algorithm for an n—order average optimal policy

Let f be the actual policy.
Policy improvement step

Determine for all i € S the set An(i,f), and replace f by a policy

which satisfies for all i € S

(8.31) h(i) € An(i,f) and h(i) = £(i) if £(i) 'e An(i,f) .
Repeat the policy improvement step until a policy f is found
which satisfies

£(i) € An(i,f) for all i € S .
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In the next section it will be shown that the policy h, obtained from f by

the policy improvement step, satisfies:

(i) if h # £, i.e., £(i) ¢ An(i,f) for some i € S, then Wm(h,f) > 0, so
h »f£f;
(ii) if h = £, i.e., £(i) € An(i,f) for_all i € S8, then f is n-order average

optimal.

8.5. THE CONVERGENCE PROOF

In order to show that for a policy h obtained from f by the improvement step
(8.31) one has

¥ (h,£f) >0
(and hence h >f), unless h = £, we first need the following lemma.

LEMMA 8.3. Let f be an arbitrary policy, then

(1) v_, (B 20 .

Moreover, if for some i € S and k € {-1,0,...} we have w_l(i,f) = ... =
=4 (1,8 =0, then

(ii) lp_l(j:f) T oses = 'Pk(j'f) =0

for all j e s(i,£) := {2 e 5 | Bg(i,£(1),8) > 0},

(iii) £(1i) € Ak(i,f) '
(iv) wk+1(i,f) 20 .
PROOF.

(i) From
LB,S(f)VB(f) = VB(f)
it follows that

a_ (£,6) = Pg(f)c_ () = c_ (£) .

1

Hence
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v, (B = e Pg(g)c_y (£) -c_ (£) 2 Pg(fle_ () —c_ (£) =0 .

Next we prove (ii)-(iv) by induction.

First the case k = -1. Assume ¢_1(i:f) = 0. Then subtraction of equation
(8.22), with h = £, for state i from equation (8.28) yields, with
w_i(f,f) =0,

I Pyl (), 9V , (3,0 = v_ (1,5 +y_ (G, 1), .
jes

Hence, with Y_,(i,£) = 0, y_,(£) 2 0 and y_, (i,£(1),£) S 0,

Y_, (i, £(1),8) =0, so £(i) € A_, (1,6

and

(8.32) z Es(i,f(i),j)w_l(j,f) =0, so w_l(j,f) = 0 for all j € S(i,f) .
jes ‘

Now, let

s_ (B :=={jes | v 4,0 =0},

then it follows from (8.32) that S—l(f) is closed under ﬁé(f). Further
£(3) € A_l(j,f) for all j € S—l(f)' Next, let f be any policy with
£(f) = £(j) for all j € S_,(£) and £(3) € A_,(j,£) elsewhere, then

fe S_,(f). If the process starts in S-l(f) and policy f is used, then the

1
system will not leave S—1(f) before time T, therefore only actions from £
will be used. Hence
Vi, f) = max V. (i,q,f) = ¢ (i,£,£f) = ¢y (i,£,£) =0 .
0 0 0 0
geF_l(f)

This completes the proof for k = -1.

Now let us assume that (ii)-(iv) hold for k = m-1, and define the sets

S,(£), & =0,1,..., by
(8.33) s (f) :={jes |y (3,6 = ... =y, (585 =0}.

Then it follows from the induction assumption that £(j) € Am—l(j’f) for all
j e Sm—l(f)' that wm;l(j,f) = 0 for all j belonging to a set S(i,f) for
m_1(f).

We will prove (ii)~(iv) for k = m, so assume w_l(i,f) = ce. = wm(i,f) = 0.

some i € Sm_l(f), and that wm(j,f) 2 0 for all j € S

The proof is almost identical to the proof of the case k = -1. Subtracting
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(8.24), with h = £, for state i from equation (8.30) yields, with
wm_l(j,f) =0 for all j € S(i,f) and wm_l(f,f) =0,

(8.34) Y (L, £(1),8) = ] Bg(i,£),3)U (5,5

jes
(For m = 0 one has to subtract (8.23), with h = f, for state i from (8.29)
which also yields (8.34).)
Since f(i) € Am—l(i'f)' we have Ym(i,f(i),f) < 0, and since wm_l(j,f) =0
for all j € S(i,f) by the induction assumption, also wm(j,f) 2 0 for all
je s(i,f).
This implies that both sides in (8.34) must be equal to zero.
So f(i) € Am(i,f) and wm(j,f) = 0 for all j € S(i,f). Hence Sm(f) is closed
under Pé(f) and the same reasoning as for k = -1 yields ¢m+1(i,f) > 0.

This completes the proof of (ii)-(iv). 0

This lemma yields the following corollary.

COROLLARY 8.4.
(i) Denote by Y _(£) the (N xw)-matriz with columns V_g (B) ¥ (£) 4 (£) sy
then

Y (£) >0 .
(ii) Let h be the (a) policy obtained from £ by the policy improvement step
(8.31), then

Vo (8 = ... =% (4,8 =0 only ¢f h(i) = £(i)

Finally, we can prove that each policy improvement step yields a better

policy.

THEOREM 8.5. Let h be a policy obtained from £ by the policy improvement
step (8.31), then

¥ (h,£) =0,

and .
¥ (h,f) =0 only if h=f.

PROOF. Let Sn(f) be defined as in (8.33). Then

(8.35) LB,G(h)VB(f)(j) > VB(j'f)
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for all j ¢ Sn(f) and for all B close enough to 1.
Further, h(i) = £(i) for all i € Sn(f). So, for all i € Sn(f),

(Ly s M)V () =V (£) (1) = r(i,£(1)) +8 jzspe‘i'f‘i"j)"s(j’f’ +
+8 ) Pg (i, £(1),3)Lg ((M)V () (3) = vy (4,6)

jes
Also,

r(i, £(i)) +8 ) Ea(i,f(i),j)v

(3,6) +8 ) §a(i,f(i),j)vs(j,f) = v, f)
jes

8 jes

Together this yields

(8.36) (L sV () v (£) (1) =
=B ) D(i,E(1),3) (L, ((h)v,(E) -v,(£)) (3)
si 6 8.8 Vg B
>8] Byl £, (L (MIv(E) ~vg (D) (3)

. B
jESn(f)

for all B close enough to 1.

Iterating (8.36) (on Sn(f)) and letting the number of iterations tend to

infinity yields

(8.37) (h)v,(£) -v,(£)) (1) 2 0

(Lg, 5 (M) Vg 8

for all i € Sn(f) and all B sufficiently close to 1.
From (8.35) and (8.37) we obtain

¥_(h,) =0,

and from (8.35)

Ww(h,f) =0 only if Sn(f) =8 .

But Sn(f) = S implies Wn(f) = 0, so, with lemma 8.3(iii), £(i) € An(i,f)
for all i € S, hence h = f. O

Since there are only finitely many policies and since Ww(h,f) > 0 implies
h > f, it follows from the transitivity of the relation » for policies,
that the algorithm must terminate after finitely many policy improvements

with a policy f satisfying f£(i) € An(i,f) for all i € S.
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It remains to be shown that this policy f is then n-order average optimal.

By lemma 8.2 it suffices to,prove that for all g € F

Ly, 5 (Vg (£) < v, (£) +0(1-"e) B4 1)

or

‘!’n(g,f)é 0 for all ge F .
To prove this, consider the following analogon of lemma 8.3.
LEMMA 8.6. If f € F (£), so ¥ (f) =0, then for all g € F
(i) w_l(g,f) <0,

and further, 1f for some k < n, some i € S and some g € F we have
by @) = ol = (1,q,8) =0, then

(ii) b_y(Gr9s) = oo =¥, (3,9,6) =0 for all j € s(i,qg) ,
(iii) g(i) € Ak(i,f) ’
(iv) Vpyq (Grg B <0 .

PROOF. The proof is similar to the proof of lemma 8.3.

(1) V_y(g,8) < max ¥_,(h,f) =y_,(f) =0 .
heF

The proof of (ii)-(iv) proceeds again by induction on k.

First the case k = -1. So assume w_l(i,g,f) = 0. Subtracting (8.22), with

(8.38) I Bglig), DV, Gig,f) = y_,(i,g(d),6) .
jes(i,q) .

h = g, for state i from (8.28) we obtain with w_l(i,g,f) = 0 and w_l(f)

0,

The left-hand side in (8.38) is nonnegative and the right-hand side is non-

positive, so both sides must be equal to zero. Hence, w_l(j,g,f) = 0 for

all j € s(i,g) and g(i) € A_i(i,f).

Let g be an arbitrary policy in F_, (£) with g(j) = g(j) for all j with

g(j) € A_ (i,£), then

Yo lirg,f) = wo(i,a,f) < max Yo (i,h,6) =y (0 =0

This completes the proof for k = -1.
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The case k 2 0 is completely analogous to the case k =2 0 in lemma 8.3, and

is therefore omitted. ]

From lemma 8.6 we immediately have

THEOREM 8.7. If £ € Fn(f), then Wn(g,f)=5 0 for all g € F, hence £ is n-

order average optimal.

Theorems 8.5 and 8.7 together imply that the policy iteration algorithm for
the determination of an n-order average-optimal policy, formulated in
(8.31), terminates after finitely many policy improvements with an n-order
average-optimal policy.

For the case n = 0, this generalizes the result of HASTINGS [1968] to the
case of state-dependent gains. Further we see that the algorithm of MILLER
and VEINOTT [1969] corresponds to the special case §(i,a,j) = 0 for all

i,j € S and a € A.
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CHAPTER 9

VALUE-ORIENTED SUCCESSIVE APPROXIMATIONS
FOR THE AVERAGE-REWARD MDP

9.1. INTRODUCTION

This chapter deals with the method of value-oriented standard successive
approximations for the average-reward MDP with finite state space

s ={1,2,...,N} and finite action space A. As has been shown in chapters 3
and 4, value-oriented methods can be used for the approximation of the
value of a total-reward MDP (theorems 3.22, 4.27 and 4.28). For the average-
reward MDP the value-oriented method has been first mentioned by MORTON
[1971], however, without convergence proof. Here it will be shown that the
value-oriented method converges under a strong aperiodicity assumption and
various conditions on the chain structure of the MDP, which have in common
that they all guarantee that the gain g* of the MDP is independent of the
initial state. ‘

The contents of this chapter (except for section 8) can be found in Van der
waL [1980al.

Let us first formulate the method.

Value—oriented standard successive approximations

Choose vy €V (= mﬁ) and X ¢ {1,2,...}.

Determine for n = 0,1,... a policy fn+1 such that

(9.1) L(f )vn = Uv_ ,

n+1 n

and define‘

(9.2) v = LA(f v .

n+l n+l’ 'n
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For A = 1 this is just the method of standard successive approximations. As
we have seen in the total-reward case the method of value-oriented standard
successive apbroximations lays somewhere in between the method of standard
successive approximations and the policy iteration method. At the end of
this first section we will see that also in the average-reward case the
value-oriented method becomes very similar to the policy iteration method

if A is large.

In general, the sequences {fn} and {vn} are (given v, and 1) not unique.

Let {fn,vn} be an arbitrary sequence pair which can ge obtained when using
the value-oriented standard successive approximations method. Throughout
this chapter this sequence will be held fixed. The results that will be ob-
tained hold for all sequences which might result from applying the value-

oriented method.
Except for section 8 we work under the following assumption.

Strong aperiodicity assumption

There exists a constant a > 0 such that
(9.3) P(f) > oI for all f ¢ F ,

where I denotes the identity matrix.

Recall that in section 6.3 it has been shown, that any average-reward MDP
can be transformed into an equivalent MDP, which satisfies this strong
aperiodicity assumption, by means of Schweitzer's aperiodicity transforma-

tion (see SCHWEITZER [19711).

: * ., .
Moreover, we always use a condition which guarantees that g is independent
of the initial state: the irreducibility condition in section 3, the uni-
chain condition in sections 4 and 5, and in sections 6 and 7 the conditions

of communicatingness and simply connectedness, respectively.

Let us already consider the unichain case in somewhat more detail.

An MDP is called wunichained if for all £ € F the matrix P(f) is unichained,
i.e., the Markov chain corresponding to P(f) has only one recurrent sub-
chain and possibly some transient states.

For a unichained MDP the gain g(f) corresponding to a policy f is indepen-

dent of the initial state, since g(f) = P*(f)r(f) and, in this case, P*(f)
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is a matrix with equal rows. Hence (cf. theorem 6.2), also g* is independent
of the initial state.

It will be convenient to denote for all f € F by 9¢ the scalar with

g(f) = gee and to denote by g, the scalar with g* = g.e.

As we already remarked, the value-oriented method becomes for large A very
similar to the policy iteration method. For the unichain case this can be

easily seen as follows. For all n

A A A
=L (f v =1L (fn+1)V(fn+1) + P (fn+1)(v -v(f_.,))

v
n+1 n+l’ 'n n n+l

e + PA(f
1

= v(£f (vn-v(fn+1)) .

n+1) t A9 n+t)
n+

If A tends to infinity, then, by the strong aperiodicity assumption,

*
PA(fn+1) converges to the matrix with equal rows P (fn+1)' Thus,
A . .
P (fn+1)(vn-v(fn+1)) converges to a constant vector. So, if X is large,
then also the difference between Vi1 and v(fn+1) is nearly a constant

vector. Hence, if A is sufficiently large, there will exist a policy £
which maximizes both L(f)vn+1 and L(f)v(fn+1). Further, we see that the
policy improvement step of the policy iteration algorithm, formulated in
section 6.2, reduces to the maximization of L(f)v(fn+1) if g(fn+1) is a
constant vector, which happens to be the case if the MDP is unichained.

So indeed in the unichain case the value-oriented method and the policy
iteration method become very similar for large A. Approximative algorithms

based on this idea can be found in MORTON [1971] and Van der WAL [1976].

In this chapter it will be shown that under various conditions the value-
oriented method converges. So we have to show that the value-oriented
method enables us to find for all € > 0 a sorcalled e-optimal policy, i.e.

a policy f which satisfies g(f) 2 g*-ee.

First (in section 2) some preliminary inequalities are given. Next, the
irreducible case (the unichain case without transient states) is dealt with
(section 3). The unichain case is treated in section 4 and in section 5 it
is shown that in the unichain case the value-oriented method converges
ultimately exponentiélly fast. Sections 6 and 7 relax the unichain condition
to communicatingness (cf BATHER [1973]) and simply connectedness (cf.
PLATZMAN [1977]). Finally, in section 8, an example of a unichained MDP is

presented which shows that, if instead of strong aperiodicity we only
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assume that all chains are aperiodic, then the value-oriented method may

cycle between suboptimal policies.

9.2, SOME PRELIMINARIES

Let {fn} and {Vn} be the fixed sequences (section 9.1) obtained from the
value-oriented method.

Define Zn and u.,n= 0,1,..., by

(9.4) ln i= ?in (Uvn-vn)(i)
ieS

and

(9.5) u oi= Wax (Uvn-vn)(i) .
ie€sS

Then lemma 6.8 states that

< <
(9.6) lne < g(fn+ ) £g £ ue .

1

So, what we would like to show is that un-zn tends to zero if n tends to

. *
infinity, so that both Zn and u ~converge to g, (for which of course g has
to be independent of the initial state).

A first result in this direction is given by the following lemma.
LEMMA 9.1. The sequence {Rn, n=20,1,...} Zs monotonically nondecreasing.

PROOF. For all n

- = - > -
Uvn v L(fn+1)vn v,z L(fn)vn Vi

A A o)
LUEDL(E v =L () v ) = PUUE) (LIE v 4 =v )

v

e =9 e .

A
P (fn)zn- n-1

1

H 1 2 2R .
ence also & n-1 ]
In the special case of A = 1, also the sequence {un} is monotone (actually
nonincreasing, see ODONI [1969]). This, however, need not be the case if

A > 1.
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EXAMPLE 9.2. s = {1,2}, a(1) = {1}, A(2) = {1,2}. Furthermore, p(1,1,1) =1
and r(1,1) = 100. In state 2 action 1 has r(2,1) = 0 and p(2,1,1) = 0,9 and
action 2 has r(2,2) = 10 and p(2,2,1) = 0,1. So action 1 has the higher
probability of reaching state 1 but action 2 has the higher immediate

reward.

Now take Vo = 0 and X = 2. Then Uvo-—vO

vy = (200,29)T. Next we compute le-—v1

(100,1O)T, so u

(100,153.9) T, thus u, = 153.9 > ug.

= 100 and we get

Our approach in the following section will be as follows. First we examine
the sequence {ln} for which it will be shown that Rn'fg*. Next it will be
shown that u  converges to g, as well. Hence un-ln tends to zero, which,

by (9.6), implies that fn becomes nearly optimal in the long run.

9.3. THE TRREDUCIBLE CASE

This section deals with the irreducible MDP, i.e., the case that for all
f € F the matrix P(f) is irreducible. The analysis of this case is consi-
derably simpler than in the unichain case with transient states, which is
to be considered in -sections 4 and 5.

So, throughout this section, it is assumed that the matrices P(f) all have
one recurrent subchain and no transient states.

Define for n = 0,1,... the vector 9, € Ey by

(9.7) 9, = Uvn--vn .

Then (compare the proof of lemma 9.1)

A

(9.8) > P(f

.

gn+1 n+1)gn

And consequently, for all k = 1,2,...,

(9.9) Inix 2 P)\(fn+k) '°'Px(fn+1)gn :
Define
(9.10) Y := min min P(hi)P(hZ) "'P(hN_l)(i,j) .

i,3€S hy,... by

In lemma 9.4 it will be shown that the aperiodicity assumption and the
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irreducibility assumption together imply that y > 0. Then the following

lemma implies» that ’Ln converges to g, exponentially fast.
LEMMA 9.3. If kA 2 N-1, then for all n
g*_2n+k < (1-v) (g*-ln) .
PROOF. Let Jg satisfy gn(jo) =u. Then for all i € S and all hl""'hN—-l

P(h)) ++-P(h_,)g (i) = jzs P(h,) *=+ P(h_,) (i,3)g (3)

= ] P ceePhy ), (3) +P(h)) <or Plhy ) (Li3g)u
i#ig

v
o~

IR GV TR SN NERE RS JUIDIREES JC N NC IS IRt
i#3,

v

> (1—Y)JLn+‘yun > (1—y)2,n+yg* .

So,

XK > -
P(h,) P(hy da 2 [(-vL +vygJe .
Then also for all m > N-1 and all hl""’hm
s 00 > -
P(h,) P(h)g 2 L-vIe +vgJe .

Hence, with (9.9), for all k such that kA 2 N-1,

9k > P)\(fn+k) P)‘(fn+1)gn >[(1 —y)kn+yg*]e .
Thus

Zn+k z (1-Y)En+Y9*
or

g*-lm_k £ (1-v)(g, -2) .

LEMMA 9.4. y > 0.
PROOF. Since S and F:are finite, it is sufficient to prove that

P(hy) «+-P(hg ;) (i,3) > O

for all i,j € S and all hl’h2""'hN—1 € F.
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Let hl’hz""’h be an arbitrary sequence of policies. For this sequence

N-1
define for all n=0,1,...,N-1 and all i € S the subsets S(i,n) of S by

S(i,0) := {i}

S(i,n) := {j e s | P(h)) *++P(h)(i,3) >0}, n=1,2,...,N-1.

Then it has to be shown that S(i,N-1) = S for all i € S.
Clearly, S(i,n) < S(i,n+1), since (by definition) j € S(i,n) implies

P(hl) ~°°P(hn)(i,j) > 0 and (9.3) implies P(hn+1)(j,j) > 0, hence
P(hl) "'P(hn+1)(i,j) 2 P(hl) "'P(hn)(i,j)P(hn+1)(j,j) >0 .

It remains to be shown that the sets S(i,n) are strictly increasing as long
as S(i,n) # S.
Suppose S(i,n+1) = S(i,n). Then we have for all j € S(i,n) and all

k ¢ S(i,n) that P(h ) (j,k) = 0, otherwise k € S(i,n+1). So S(i,n) is

n+1

closed under P(hn+ ). Since P(hn+1) is irreducible, this implies S(i,n) = S.

1
Hence S(i,n) is strictly increasing until S(i,n) = S, so ultimately for

n=N-1 one will have S(i,n) = S. ]

So, by lemmas 9.3 and 9.4, we now know that ln converges to g _ exponentially
fast. Thus fn will be e-optimal for n sufficiently large. The problem, how-
ever, is to recognize this. Therefore, we want that also u  converges to g,-

From (5.35) and (5.36)

*
P9, =9 -
n+1

Define k by

(9.11) Kk := min min P (£) (i,3) .
i,jes feF

Clearly, from the irreducibility assumption, one has k > 0. Then we have
the following lemma.

LEMMA 9.5. For all n =0,1,...

-1
un-JLn < k. (g*—ﬂ,n) .

PROOF. The assertion is immediate from

> = p* > -
ge 29, e=P"(f )gn (1-K)% e+kue . 0

n+1
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Summarizing the results for the irreducible MDP one has

THEOREM 9.6.
(1) & converges monotonically and exponentially fast to g, .
(ii) u converges exponentially fast, though not mnecessarily monotonically,

to g,-

So, in the irreducible case and under the strong aperiodicity assumption

the value-oriented method converges exponentially fast.

9.4. THE GENERAL UNICHAIN CASE

In this section the irreducibility assumption of the previous section is
replaced by the weaker unichain condition. For the unichained MDP lemma 9.4
no longer holds and the constant k, defined in (9.11), may be zero, so
lemma 9.5 can no longer be used. Thus the approach will have to be different
from the one in the preceding section.
First we will derive a similar lemma as lemma 9.4, which enables us to show
that the span of Vi is bounded (theorem 9.10), where the span of a vector v,
notation sp(v), is defined by

sp(v) := max v(i) - min v(i) .

ies ies

Next it is shown that the boundedness of sp(vn) implies that ln converges
to g, and finally we show that there must exist a subsequence of {un} which
converges to g,

So, throughout this section the MDP under consideration is assumed to be

unichained.

Define

(9.12) n := min min } min {P(h,) *++P(h_ ) (ik),
s 1 N-1
i,jes hl""’hN—l keS

P(hy) s+« P(hy ) (3,k)} .

Then the unichain condition and the strong aperiodicity assumption yield

the following result.

LEMMA 9.7. n > 0.
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This lemma states that for all hl""’h any two states i and j have a

N-1
common successor at time N-1. Conditions of the type n > 0 are called
scrambling conditions (cf. e.g. HAJNAL [1958], MORTON and WECKER [1977] and

ANTHONISSE and TIJMS [1977]), and give contraction in the span-norm.

PROOF OF LEMMA 9.7. The line of reasoning is similar to the one in the proof

of lemma 9.4. Again, let hl""'h be an arbitrary sequence of policies

N-1
and define S(i,n), n=20,1,...,N-1, as in the proof of lemma 9.4. Then,
clearly, S(i,n) < S(i,n+1), and if S(i,n) = S(i,n+1), then S(i,n) is closed

under P(h ). Now it has to be shown that S(i,N-1) n S(j,N-1) is nonempty

n+l1
for all pairs i,j € S.

Suppose S(i,N-1) n S(j,N-1) is empty. Then S(i,N-1) and S(j,N-1) are both
proper subséts of S, so there must exist numbers m and n, m,n < N-1, such
that S(i,m) = S(i,m+1) and S(j,n) = S(j,n+1). But this implies that S(i,m)

is closed under P(hm+1) and that S(j,n) is closed under P(h ), and since

n+l
S(i,N-1) n S(j,N-1) is empty, S(i,m) n S(j,n) is also empty. So, let f be a
policy with f(s) = hm+1(s) for s € S(i,m) and f(s) ='hn+1(s) for s € S(j,n),
then P(f) has at least two disjoint, nonempty closed subchains: S(i,m) and
S(j,n), which contradicts the unichain condition. Hence S(i,N-1) n S(j,N-1)
is nonempty, or

kgs min {P(h,) =+ P(hy_,) (i,k) ,P(hy) <=+ P(hy ) (3K} >0 .

Since S and F are finite, also n > 0. ]
Further we have

LEMMA 9.8. For all v ¢ R and all hl,...,hN_l.e F we have

(9.13) sp(P(hl) "-P(hN_l)v) < (1=-n)sp(v) .

PROOF. Let i and j be a maximal and minimal component of P(hl) -°-P(hN_ )YV,

1
respectively. Then, writing Q instead of P(hl) --'P(hN_l), we have

(Qv) (1) = (@v) (3) = } [Q(i,k) -Q(3,k)Iv(k)
keS

sp (Qv)

Y [Q(i,k) - min {Q(i,k),Q(3,k) Hv(k) +
kesS

- ) [Q(3,k) - min {Q(i,k),Q(3,k)}Iv(k) <
kes
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< (1=n) max v(k) - (1-n) min v(k) = (1 =-n)sp(v) . 0
kesS keS
Dgfine Ko by

KO := max r(i,a) - min r(i,a) ,
i,a i,a

then one has the following lemma.

LEMMA 9.9. For all v ¢ B and all hl""’hN-l € F we have

SNLml)f‘me4W)5(N'UKO+(1'HBPW)-

PROOF. By definition of Ko one has sp(r(f)) < KO for all £ ¢ F. Further,

sp(P(f)v) < sp(v) for all v e R and f € F. So

sp(L(hl) see L(hN—l)v) = sp(r(hl) +P(h1)r(h2) +

+ .+ PO serPlhy )r(hy ,) #P(hy) +-P(hy V)

N

SP(r(hi)) +... +sp(P(h1) P(hN—2)r(hN—1)) +

+ sp(P(hl) "'P(hN_l)v)

A

(N-UKO+(1-anW).

In order to prove that sp(vn) is bounded, we introduce the following nota-
tion

(9.14) edtp Lp(fk+1)vk , k=0,1,... and p=0,1,...,0-1 .

Then it follows from lemma 9.9 that for all 2 = 0,1,... and all
q=20,1,...,N-2,

)

sp (w ) < (N-~1)K0 + (1 -n)sp(w

2 (N-1)+g (2-1) (N=1)+g

S S N-DRGF - W-DE) + L+ - T - g
3
+ (1~ S .
( n) P(wq)
Further, it follows from the proof of lemma 9.9 that

+ sp(vo) < (N-—l)KO + sp(vo) , a=20,1,...,N-2 .

- 14
sp(wq) =L (fl)vo < qKO



169

So, for all & =0,1,... and all q = 0,1,...,N-2

-1
sP(wl(N—1)+q) <n (N-—l)K0 + sp(vo) .

Hence

-1
(9.15) sp(wm) < n (N-—l)KO + sp(vo) , m=20,%1... .
This yields
THEOREM 9.10. sp(v ) is bounded.

PROOF. Immediately from v, =V and (9.15). 0

ni

Before this can be used to prove that l* := lim ln is equal to g,r we have
n->co
to derive a number of inequalities. For 9 defined by (9.7), one has (9.8)

and (9.9) and also

A A A-1
Vaet "V T L vty = LE v - L (fn+1)vh'+'°' “Vn
=[p"'1(f ) + +P(f ) +1Ilg n=0,1
n+1 e n+1 n ' rereee
So,
n+k-1 y-1

(9.16) Vo~ Vn = y [P (£4q) +ooe +P(E ) +T0g,

t=n
n=20,1,..., k=1,2,....
Let us consider vm+q-vm, where m and q are arbitrary for the time being.

From (9.9) we obtain, with the strong aperiodicity assumption, that for all

n and k (with o as in (9.3))

. kA . kA
gn+k(1) > o gn(l) + (1-a )ln ’

and

v

. k\-p ,_p . _ kA-p, . _ . :
(9.17) (1) 2 o TFEP(E L )g ) (1) + (1-a T ) min (BU(E L )g) (3)

g
+k
n jes

v

kA-p . kA-p
o (PP (£, ) (1) + (1-a " Pye

kA , kA
o (Pp(fn+1)gn)(1) + (1=, p=0,1,.001

\"

Now suppose that iO € S satisfies
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gm+q(io) = £m+q (2,) .

Then (9.17), with n+k =m+qg and n =t (m < t < mtq), yields

. =\ (m+g-t) . _ A (m+g-t)
(9.18) (PP(g,, Ng) i) < [ i) - (1 -0 )2,]
B -t . A (m+g-t)
<o MIVrg @ - -t Mg
_ =) (m+g-t) , _
= lm + a [gm+q(10) !Lm]
<o 4o -0 ] p=0,1,...4-1.
- m * m r ’ ’ r

Hence, with (9.16) and (9.18),

- ; A,
(9.19) (vm+q v () < @A+ e TR, =L .

On the other hand we have u, 2 9, for all n. Hence there must exist a state

j\0 € S which has g > 9, for at least N_iq of the indices

m+k(30)
m+k € {m,m+l,...,mrg-1}.

So, for this state jo,

1

- -1 -1
(9.20) (v -v_m) > N qg, + (@QA - N q)JLm > qM,m + N q(g*—l*) .

m+q

Then it follows from (9.19) and (9.20) that

~v) 2N lqlg -0 - P -n)

(9.21) sp(v_ n

+q

Now we are ready to prove
THEOREM 9.11. &, = g,.

PROOF. Clearly !L* < g,- Assume SL* <g,. By theorem 9.10 there exists a

constant K, such that

1

(9.22) sp(vn) < K1 for alln=0,1,... .

Now choose g such that N_lq(g* - 2*) 2 2Ky +K2, where K, is some positive

2

constant. Next, choose m such that q)\a—ql(l* - Zm) < K,. Then, it follows

from (9.21) that

2

sp(vm 1+K2—K2 = 21(1 .

+q

-v_) > 2K
m

Hence, using (9.22) with n = m,



>
SP(vm ) = Sp(vm

+q -vm) - sp(vm) > 2K1—K =K, ,

+q

which contradicts (9.22) for n = m+qg.

Therefore we must have l* =9g,- O
So, we now know that ln converges to g, and, by (9.6), that fn becomes
nearly optimal if n becomes large. In order to be able to recognize that fn

is nearly optimal one needs (at least) the following result.
THEOREM 9.12. g, <8 a limitpoint of the sequence {un}.

PROOF. We know that u, 2 9, Further it follows from the boundedness of
sp(v ) (theorem 9.10) that also {sp(gn)} or {un-ln} is bounded. Hence
also {un} is bounded. Now, suppose the smallest limitpoint of {un} to be
strictly larger than 9,- Then one may construct, using a similar reasoning
as in (9.20) and in the proof of theorem 9.11, a violation of the bounded-

ness of {sp(vn)}. Hence g, is a limitpoint of {un}. 0

So, if all P(f) are unichained and the strong aperiodicity assumption holds,
then we see, from theorems 9.11 and 9.12 and from (9.6), that the method of
value-oriented standard successive approximations converges. I.e., the

method yields an approximation of the gain g* of the MDP and nearly-optimal

stationary strategies.

In the next section it will be shown that g, is not only a limitpoint of

{un}, but that u, converges to 9y exponentially fast.

9.5. GEOMETRIC CONVERGENCE FOR THE UNICHAIN CASE

For the irreducible case we have obtained that sp(gn) converges to zero
geometrically. For the general unichain case it has only been shown that
there exists a subsequence of {gn} for which sp(g,) converges to zero.
In this section it will be shown that also in the unichain case sp(gn)
converges to zero exbonentially fast.

So, the MDP under consideration is again assumed to be unichained.

Since sp(vn) is bounded, also vh-vn(N)e is bounded. Further, g,e is a

limitpoint of {gn}. And since there are only finitely many policies, there
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exists a subsequence of {vn} (and {gn}) with In, > g,e, fnk+1 = f and
Vo, " Vn (N)e > v (k > ®) for some £ ¢ F and v ¢ RN,
k .
Then for all k
max L(h)v. -v_ = L(f y)v. -v. =L(flv. -v. =g .
heF e %k nH Ty Ty ™ Tk
Letting k tend to infinity yields
(9.23) max L(h)v-v = L(flv-v = g,& «

heFr
where it has been used that for all h ¢ F,

L(h)v. -v. =L(h)(v. -v. (Ne) - (v. -v_ (N)e) .
nk nk nk nk nk nk

Then we have the following lemma.
LEMMA 9.13. Let € > 0 be such, that L(h)v-v 2 g,e-ce implies
L(h)v-v = g.e (clearly such an e exists by the finiteness of F). Then

sp(vn—v) <e and L(f v = v+g.e

n+1
imply
- < =
sP(V .1 v) < e and L(fn+2)v v+g.e .
Before this lemma is proved, note the following. Since v, -v k(N)e -v

n n
k
tends to zero, there exists a number m such that sp (vm—v) < € and

L(fm)v = v+g.e. Then, as a consequence of lemma 9.13,
sp(vn—v) < e and L(fn)v =v+ge for allnzm .

But that implies for all q = 1,2,...

A A
(9.24) vm+q L (fm-!q) eee L, (fm+

A A A A
L (fm-H:_[) e L, (fm+1)v + P (fm+q) eee P (fm+1) (Vm—v)

1)Vm

v o+ q)\g*e + P)‘(fm+q) P)‘(f -v) .

m+1) (vm

So, by lemma 9.8, sp (vm -v) decreases in g exponentially fast to zero.

+q
And also gm+q converges to g.e exponentially fast, since
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gm+q = L(fm+q+1)vm+q_vm+q
= L(fm+q+1)vm+q--L(fm+q+1)v+v+g*e-—vm+q
= [P(fm+q+1) —I](vm+q-v) +ge .

PROOF OF LEMMA 9.13.

)vn =L (fn+1)v + P (fn+1) v, v)

<

1
[
?R

n+l

v + Ag*e + Px(f )(vn-v) .

n+1
So,
A
sp(vn+1-—v) = sp(P (fn+1)(vn-v)) < sp(vn-v) < e
And
L V=V = LU oIV H PE ) (Vv ) Y
> ) -v

L(f)vn+1 + P(fn+2)(v--vn+1

1]

LV + P(E) (v =V) + P(f ) (v=-v )~V

g.e + [P(f)-—P(fn+2)](vn+1-v) > g.e-ce ,

’ N
since for any two stochastic matrices P1 and P2 and for any w € R one has

(Pl-—Pz)w 2 - sp(w). Hence also

L(fn+2)v-v =g.e . 0

9.6. THE COMMUNICATING CASE

In section 4 the convergence proof for the unichain case has been given in
two stages. First the unichain assumption and the strong aperiodicity as-
sumption were used to prove that sp(vn) is bounded (lemmas 9.7-9.9 and
theorem 9.10). And in the second stage we used the boundedness of {sp(vn)}
and u 2 g, to prove that Rn + g, and that unk >g, (k- o) for some sub-
sequence {unk, k = 0,1,...}. From this it will be clear that the method of
value-oriented successive approximations will converge whenever {sp(vn)} is
bounded and the gain of the MDP is independent of the initial state (if the

strong aperiodicity assumption holds).



174

In this section the communicating MDP will be considered.

An MDP is called communicating if there exists for any two states i and j a
policy f and a number r such that Pr(f)(i,j) > 0 (cf. BATHER [1973]).

Many practical problems are communicating, but need not be unichained. On
the other hand, an MDP may be unichained but not communicating since some
states may be transient under all policies.

Throughout this section the MDP considered is assumed to be communicating.
Clearly, if the MDP is communicating, the gain is independent of the
initial state. We will show that also in the communicating case {sp(vn)} is

bounded. Therefore, define

K := max ]r(i,a)l ’
i,a
L :=min v (i) , U :=max v_(i) , n=20,1,... ,
n ies n n ies
® := min min {p(i,a,j) I p(i,a,j) > 0} .
. i,jes aea

In order to prove that {sp(vn)} is bounded we need the following lemmas.

LEMMA 9.15. For all n = 0,1,...

. > %
(i) Ln+1 Ln AK ,

ii < +AK .
(ii) Un+1 Un
PROOF.

(i) For all n = 0,1,...

A(f

|
=

\4

n+l )vn = r(fn+1) + P(fn+1)r(fn+1) +

n+1

A-1 A
+ ... + P (fn+1)r(fn+1) + P (fn+1)vn

v

= A
- XKe + P (fn+1

)Jv. 2 - Mke + L e .
n n
Hence also

> - AR + .
Ln+1 K Ln

Similarly one obtains (ii). 0

LEMMA 9.16. If sp(vn+N ) 2 sp(vn), then for all m with n < m < n+N-1,

-1

Lm+1_Lm < AK(2N - 3) .
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PROOF. From lemma 9.15 we obtain

sP(Vn+N—1) = Un+N-1 - Ln+N—1
n+N-2
= 1 [ ,-9) - @, ~L)T+0 -L
k=n
n+N-2 n+N-2
= 1 Ot m Lyt L) (L L) +sp(v)
k= k=n
k#m
< AR(N - R(N - - -
< AK(N-1) + AK(N-2) (Lm+1 Lm) + sp(vn)
= AK(2N -3) - (Lm+1-Lm) + sp(vn) .
Hence, if sp(vn+N_1) > sp(vh), then Lm+1-~Lm < MK(2N - 3). 0

S o< .
LEMMA 9.17. If sp(vn+N_ ) 2 sp(vn) and vm+1(1) SCHL for some i € S,

1
for some constant C and some m with n < m < n+N-1, then

v (3) €L + al ™t o7t [c+2xk(N-1)] ,
m m

for all j € 8 for which an action a € A with p(i,a,j) > O exists (o is the
constant in (9.3)).

PROOF. For all m = 0,1,...

A A-1
vm+1 =L (fm+1)vm =L (fm+1)Uv
and
Uvm > - KRe + max P(f)v
feF
So,
v 1) 2 @E ) (-Re + max P(£)v) (4)
m+1 m+1 feF m

~ A-1 .
- K+ (L (fm+1) maxP(f)vm)(l)
feF

Sk + @Ml ) maxp(B)v ) (4)
1 m

+
o feF

v

- . -1
max ] p(i,akv (k) + (1-o" DL

aecA keS

- XK + o

L\
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Thus also
) - A-1 , A-1
C+Lm+1 > Vm+1(l) 2 =-)K + o max 2 p(l,a,k)vm(k) +(1-a )Lm .
aeA keS
Then lemma 9.16 yields
- -~ A-1 . A-1
C+MK(2N-3) +L_ 2 -AK+a" ~max ) p(i,a,k)v_(k)+(1-a" )L .
m m m
aeA keS

Or,

max ) pi,ak) (v (k) L) < o' [C+2ARM-1)]
m m
aeA keS
Hence, if for some j € S and a € A we have p(i,a,j) > 0, so p(i,a,j) =2 6,

then certainly

. 1-2 -
e(vm(J) -—Lm) <o [c+2XK(N-1)] ,

which proves this lemma. 0

Next we show that, if sp(vn+ ) = sp(vn), then sp(vn) cannot be arbitrarily

N-1
large.

Define

C0 =0,

1-1 -1 -
C,:=a "6 [c_ ,+2k(N-1], n

1,2,...,N-1 .

Then the following lemma holds.

IA

C .

) 2 sp(vn), then sp(vn) N-1

LEMMA 9.18. If sp(vn_'_N__1

PROOF. Let i € S be such that vn+N-1(l) = Ln%N—l’ and define the sets
s(i,t), t=0,1,...,N-1, by

S(i,0) := {i} ,

S(i,t+1) := {j e s there exists a state j € S(i,t) and an

action a € A such that p(j,a,k) > 0} ,

(t =0,1,...,N-2).
From p(j,a,j) 2 a > 0 for all j € S and a € A we have S(i,t) c S(i,t+1).
Further it follows from the communicatingness that ultimately S(i,N-1) = S

(cf. the proof of lemma 9.7). Then lemma 9.17 yields (with C = 0)
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(j) - L for all j € s(i,1) .

<
VnN-2 nin-2 = C
Next we obtain with lemma 9.17

(3) - Ln+N—3 < C2 for all j € s(i,2) .

Vn+N-3
Continuing in this way we get

o < . CoNC1Y) =
vn(j) Ln < CN_1 for all j € s(i,N-1) S .

Hence

sp(vn) < Cyoqp - 0

Finally, it can be shown that also in the communicating case {sp(vn)} is

bounded.

THEOREM 9.19.

sp(v,) < max {sp(vy) +2)K(N-2) ,C_ +20kK(N-1)} for all £=0,1,... .

PROOF. For all n we either have sp(vn+N_1) < sp(vn) or sp(vm_N_1

) 2 sp(vn), then (by lemma 9.18) sp(vn) < CN—l’ and thus

) 2 5p(vn) .

But, if sp(vn+N_1

with repeated application of lemma 9.15

) =U -L <u -1 +2XK

sp(v n+N-1 "~ “n+N-1 n+N-2  “n+N-2

n+N-1

IA

eees < Un—Ln+2}\K(N—1) = sp(vn) +2AK(N-1) .

Hence for all n

sp (v

n+N—1) < max {sp(vn) ' Cyoq +2XK(N-1)} ,

which immediately yields for all t = p+gq(N-1), g =0,1,..., and
p=20,1,...,N-2

sp(v,) < max {sp(vp) ,CN_I-FZAR(N-l)} .

Finally,

sp(v) < sp(vy) +2)Kp < sp(vy) +2\K(N-2) , p=0,1,...,N-2

gives for all t =0,1,...

sp(v,) < max {sp(v)) +2AR(N-2) , ¢, +2XK(N-1)} . 0

1
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So, also in the communicating case, sp(vn) is bounded. And, as has been
argued at the beginning of this section, that implies that the value-
oriented method converges, i.e., yields bounds on g, and nearly-optimal

stationary strategies.

As in section 5, it can be shown that 9, is not only a limitpoint of {un}
but that u  converges to 9, (One may verify that lemma 9.13 also holds in
the communicating case.) However, since in the communicating case (9.13)
not necessarily holds, we cannot conclude that the convergence is again
geometric. It is evident that, if there is a unique policy satisfying
L(f)v = v+g e, then g, converges to g.e exponentially fast. One might con-

jecture that the rate of convergence of 9, to g,e is always geometric.

9.7. SIMPLY CONNECTEDNESS

A weaker condition, which still assumes that the gain of the MDP is inde-
pendent of the initial state and, as will be shown, that {sp(vn)} is
bounded, is the condition of simply connectedness, introduced by PLATZMAN
[1977]. Platzman used this condition to prove the convergence of the method
of standard successive approximations.

An MDP is called simply commected if the state space S is the union of two
sets S° and 5, where So is a communicating class (i.e., all states in I
can be reached from one another) and S is transient under any policy.
Observe that, if the MDP is simply connected, the gain is again independent
of the initial state. In order to prove that simply connectedness also

implies that {sp(vn)} is bounded again, define

L := min v_(i) , L :=min v_(i) ,
ies® ies
U0 := max v (i) , U := max v_ (i) .

ies ies

o
Clearly, S 1is closed under any P(f). Further, let k be the minimal value
of % for which 2A +1 is at least equal to the number of states in S. Then

for some constant ¢ > 0 and for all i € S and all hl""'hk €F

I, 2w -9 2z
jes
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Hence for all i € §

. -~ o
kau)SJQK+;ql+(1—UUn.

And, since we also have for all i € So
: < fud o < = ° -—
vn+k(1) < kAK + Un < kAK + gUn + (1 c)Un '

one may conclude

- o
< -
Un+k < kAK + CUn + (1 C)Un .

Similarly, one shows

-~ o
> - -
Ln+k > kAK + an + (1 ;)Ln .

Hence

(9.25) sp(v,,) S 2KAK + C(U;-L:l) + (1-0)sp(v) .

From the preceding section we know that U;-L; is bounded, so (9.25) can be
rewritten as '
sp (v ) < KO + (1-C)sp(v.) n=20,1
n+k’ n ! reress e

From this one easily shows that

sp(v)) < 0 4 DRk -1) + sp(vy) » 0 =0,1,... .
So, indeed, if the MDP is simply connected, then {sp(vn)} is bounded. Since
simply connectedness implies constant gain, one may argue in identically
the same way as in section 6 that the value-oriented method converges.
Finally, we can make the same remark as at the end of section 6 (with the

condition of communicatingness replaced by simply connectedness) .

9.8. SOME REMARKS

(i) The proofs in the preceding sections depend heavily on. the strong
aperiodicity assumption. One might wonder whether mere aperiodicity, as in
the standard successive approximations case, would not suffice. The follow-
ing example demonstrates one of the problems one can get under the weaker

assumption: all P(f) are aperiodic (and unichained).
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A(4) = A(6) {1,2}, a(1) = a(2) =
A(5) = A(7) = {1}. So there are

EXAMPLE 9.21. s = {1,2,3,4,5,6,7}, A(3)

I
A

]

eight different policies which can

be characterized by the triples
(a3,a4,a6), where a; is the action

in state i, i = 3,4,6. Clearly, P(f)
is unichained and aperiodic for all
f. Now let us consider, for the case
A = 2, the sequence of policies
(1,2,1),(2,1,2),(1,2,1), etc. Then
the matrix P2((1,2,1))P2((2,1,2)) =: 0

is no longer unichained, since Q(1,1) = Q(4,4) = 1. This could never happen
under the strong aperiodicity assumption.

Now we will show that this feature gives difficulties for the convergence.
Choose r(1,1) = 2, r(2,1) = r(3,1) =4, r(3,2) =6, r(4,1) =4, r(4,2) =
=r(5,1) =6, xr(6,1) =2, r(6,2) = r(7,1) = 0.

Then the policies (1,2,1) and (2,1,2) both have gain 4 and the optimal gain
is 4 % for policy (2,2,2).

Choose VO = (1,4,2,O,O,O,O)T, then, as will be shown, cycling may occur
between the nonoptimal policies (1,2,1) and (2,1,2).

Computing Uv

yields L((a3,a ))v0 = UVO for all policies (a3,a4,a6) with

0 4'%

a, = 2. Choose among the maximizers f1

= (8,10,10,10,8,4,6)T. Now any policy (a3,a

= (1,2,1), then v, = L2(f1)vo =

1
4,a6) with aj = ag = 2 satisfies

. Choosing £, = (2,1,2) we get v, = (17,20,18,106,16,

L((a3,a4,a6))v1 = Uv 2

16,16)T = vy + 16e.

So, indeed, cycling may occur between the suboptimal policies (1,2,1) and

1

(2,1,2) in which case Zn will not converge to 9, (but ln = 2 for all n).

In this example, however, there is some ambiguity in the choice of the maxi-
mizing policies. The question remains whether cycling may occur if we use
for breaking ties the rule: "do not change an action unless there is a

strictly better one".

(ii) For the method of standard successive approximations we have that
*
{vn-ng } is bounded, even if some or all policies are periodic. The
*
following example shows that in the value-oriented method {vn-nAg } may be

unbounded.
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EXAMPLE 9.22. s = {1,2}, a(1) = {1,2}, a(2) = {1}, r(1,1) =4, r(1,2) = 3,
r(2,1) =0, p(1,1,2) = p(1,2,1) =
=p(2,1,1) = 1. For the case X = 2, vy = o,

r=3 r=4
a»—_\\\\ﬁ one has L(fl)v0 = Uv, for the policy with
1 2 f(1) = 1. Thus v1 = 4e, and vn = 4ne.
‘;55 Since g, = 3, we have vn - Ang*e = -~ ne

which is clearly unbounded.

*
(1ii) We conjecture that the value-oriented method always converges if g
is independent of the initial state (provided the strong aperiodicity as-

sumption holds) .

(iv) Instead of choosing A as a constant in advance one may use a different
A in each iteration. Probably it is sensible to .start with small values of A

and to let A increase if sp(gn) decreases.
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CHAPTER 10

INTRODUCTION TO THE TWO-PERSON ZERO-SUM MARKOV GAME

In the MDP model there is one decision maker earning rewards from a system
he (partly) controls. In many real-life situations, however, there are
several decision makers having conflicting interests, e.g. in economics and
disarmament. Such decision problems can be modeled as so-called Markov
games. A special case of these Markov games (MG's) is the two-person zero-
sum MG introduced by SHAPLEY [1953]. In this game there are two decision
makers who have completely opposite interests. Shapley called these games
stochastic games. The term Markov game stems from ZACHRISSON [1964]. aAn
elementary treatment of two-person zero-sum MG's can be found in Van der WAL
and WESSELS [1976].

Chapters 10-13 deal with two-person zero-sum MG's. In this introductory
chapter first (section 1) the model of the two-person zero-sum MG is formu-
lated. Next (in section 2) the finite-stage MG is treated, and it is shown
that one may again restrict the attention to history-independent stategies.
In section 3 a two-person nonzero-sum MG is considered. It is shown that in
nonzero-sum games the restriction to history-independent strategies is some-
times rather unrealistic. Section 4 contains an introduction to the infinite-

horizon MG and summarizes the contents of chapters 11-13.

10.1. THE MODEL OF THE TWO-PERSON ZERO-SUM MARKOV GAME

Informally, the model of the two-person zero-sum MG has already been formu-
lated in section 1.1. Formally, the MG can be introduced along similar lines
as the MDP in section 1.5.

The two-person zero-sum MG is characterized by the following objects: A non-
empty finite or countably infinite set S, finite nonempty sets A and B, a

function p: § X A x B x s » [0,1] with ) p(i,a,b,j) = 1 for all
jes
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(i,a,b) € SxAxB, and a function r: SxA xB -+ R. Wethink of S as the state
space of some dynamical system which is controlled at discrete points in
time, t = 0,1,..., say, and of A and B as the action sets for player I and
player II, respectively. At each time t the two players, having observed the
present state of the system (as well as all preceding states and previously
taken actions) simultaneously choose an action from the sets A and B,
respectively. As a result of the chosen actions, a by player I and b by
player II, the system moves to state j with probability p(i,a,b,j) and
player I receives from player II a (possibly negative) amount r(i,a,b). The
function p is called the transition law and the function r the reward

function.

Similar as in section 1.5 the sets of strategies for the two players can be
defined.
Define the sets of histories of the system:

n
HO := S, Hn := (SXAXB) xS, n=1,2,... .

Then a strategy m for player I is any sequence T 1reee such that L is a

)T
transition probability from Hn into A. So for eagh history hn € Hn the
function L determines the probabilities ﬂn({a} lhn) that action a will be
chosen at time n if hn is the history of the system upto time n. The set of
history-dependent strategies for player I is denoted by II.

Similarly we can define a strategy y for player II. The set of strategies
for player II is denoted by T.

In the case of the MDP a very important role has been played by the pure
Markov strategies. In the game-situation it is clear that in general one
can not restrict the attention to pure Markov strategies, since already in
the matrix game one has to consider randomizéd actions. In the MG the role
of the pure Markov strategies in the MDP is played by the randomized Markov
strategies.

Since no concepts are needed for pure strategies we will use the following
definitions and notations.

A policy £ for player I is any function from S X A into [0,1] satisfying

zA f(i,a) = 1 for all i € S. The set of all policies is denoted by Fr.

a€
Similarly, a policy h for player II is any map from S X B into [0,1] with

bZB h(i,b) = 1, i € S. The set of policies for player II is denoted by FII'
€
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A strategy m for player I is called a randomized Markov strategy or shortly
Markov strategy if the probabilities nn({a} lhn) depend on honly through
the present state. So a Markov strategy for player I is completely charac-
terized by the policies f satisfying wn({a} | (il,...,in)) = £ (i ,a),
1,...).
The set of all Markov strategies for player I is denoted by MI' Similarly,

n=20,1,..., a€e A and (io,...,in) € Hn' Mostly we write m = (fo,f

one defines the set MII of Markov strategies for player II.

Finally, a stationary strategy for player I is any strategy T =(f,f1,f2,..J

(=)

with fn = f for all n=1,2,...; notation f ® , or - if no confusion will

arise -~ f. Similar for player II.

As in section 1.5, any initial state i ¢ S and any pair of strategies m ¢ II,
Y € T', define a probability measure on (S XA><B)°°, denoted by EE'“ ¥’ and
’ 4

a stochastic process {(X_,A ,B ), n = 0,1,...}, where X is the state of

n’"n’"n
the system and An and Bn are the actions chosen at time n by players I and

II, respectively. The expectation with respect to TP, T Yis denoted by

i,m,

IE .
i,m.y

10,2, THE FINITE-STAGE MARKOV GAME

This section deals with the finite-horizon MG. It will be shown that - as
in the case of the finite-stage MDP - this game can be treated by a dynamic
programming approach.
The n-period MG is played as follows: the two players are controlling the
system at times 0,1 upto n-1 only, and if - as a result of the actions at
time n~1 - the system reaches state j at time n, then player I receives a
final payoff v(j), j € S, from player II and.the game terminates.
This game will be called the n-stage Markov game with terminal payoff v.
The total expected n-stage reward for player I in this game, when the
initial state is i and strategies m and y are played is defined by

n-1
(10.1) vn(i,w,'y,v? =B kZo (X, A B) + VX))
provided the expectation at the right-hand side is properly defined.
The reward for player II is equal to -vn(i,n,y,v).
The ensure that the expectation in (10.1) is properly defined, we make the

following assumption.



186

CONDITION 10.1. For all w e T and vy € T,

n-1
: : + :
(1) B oy ] r (X A ,B) <=, iecs,
k=0
s + o .
(ii) E, n,yV(xk)<°°' k=1,2,...,n, i€ s.
’ .

Strictly speaking we need condition 10.1(ii) for k = n only. However, if
one wants to use a dynamic programming approach, then (ii) is needed also

for k =1,...,n-1.

Our aim is to show that the n-stage MG with terminal payoff v has a value,

i.e., that for each i € S a real number vn(i,v) exists such that

(10.2) sup inf v_(i,m,y,v) = inf sup v_(i,7m,Yy,v) =: v_(i,v) .
n
mell yeT yel' mell
This number vn(i,v) is called the value of the game.
Further we show that player I has an optimal Markov strategy, i.e., a

strategy "(n) satisfying

(10.3) vn(ﬂ(n),Y,v) 2 v (v) forallyel,

and that for all € > 0 player II has an €-optimal Markov strategy, i.e., a

strategy Y(n) satisfying

(n)

(10.4) vn(n,y ,v) < vn(v) + ece for all me Il .

We will see later what causes the asymmetry in (10.3) and (10.4).
The value as well as the (nearly-) optimal Markov strategies will be deter-
mined by a dynamic programming scheme. The approach is very similar to the

one in section 2.3 for the finite-stage MDP.

First let us introduce a few more notations.

For any pair of policies f ¢ F_, h € F__, define the immediate reward

I II

function r(£,h) by

(10.5) r(£,h) (1) = )} ) £(i,ah(i,0)r(i,ab) , ies.
acA beB

Further, define the operators P(f,h), L(f,h) and U on suitable subsets of
V (cf. (1.15)) by
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(10.6) (P(£,hw) (1) := } } £(i,a)h(i,b) § pli,a,b,w(i) ,
acA beB jes

ies, fe€ FI , he FII ,

(10.7) L(f,h)w := xr(f,h) + P(f,h)w , f e FI, h € FII B

and

(10.8) Uw := max inf L(f,h)w .

feFI heFII

Thé operator U defined in (10.8) plays the same role in the analysis of the
MG as the operator U defined in (1.28) does in the MDP. For that reason the
capital U is used again. Throughout chapters 10-13 the operator U will be
the one defined in (10.8), so no confusion will arise.

Observe that in (10.8) we write inf instead of min . The reason for this
heFry heFry
is the same as the one which causes the asymmetry in (10.3) and (10.4).

Note that (L(f,h)w) (i) is precisely the expected amount player I will obtain
in the l-stage game with terminal payoff v when i is the initial state and
policies f by player I and h by player II are used. In fact, (L(f,h)w) (i)
depends of £ and h only through £(i,°) and h(i,*).
Also observe that for a given initial state, i say, the l-stage game is
merely a matrix game. To solve this game one has to determine the value and
optimal randomized actions for the matrix game with entries
(10.9)  r(i,a,b) + ) p(i,ab,w(i) .

jes
So we see that (Uw) (i) is just the value of the l-stage game with terminal
reward w and initial state i.
There is one small problem: one or more of the entries (10.9) may be equal
to -« (in the situations considered here thére are always conditions on w
that guarantee that the entries in (10.9) are properly defined and that
they are less that +®).
Suppose that player II uses all actions in B with at least some arbitrary
small probability. Then player I is forced to use only those actions a (if
any) for which (10.9) is finite for all b ¢ B. Otherwise, player I would
loose an infinite améunt. One easily verifies that this implies that the
value of the original matrix game is equal to the value of the truncated
matrix game in which player I can use only those actions a for which (10.9)

is finite for all b € B.
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EXAMPLE 10.2. A = B = {1,2}. The notation is as follows: If both players
take action 1, then player I receives 1; if player I
[ 1 O]' takes action 2 and player II action 1, then player I
- 2 looses an infinite amount; etc. Clearly, the value of the
game is 0 and player I has an optimal strategy, namely action 1, whereas
player II has only an e€-optimal strategy, namely use action 1 with proba-

bility € > 0 and 2 with probability 1 -¢€.

So, if the matrix contains entries equal to -, then player II may have no
optimal randomized action. This is the reason why we have to write inf

F
in (10.8) and the cause of the asymmetry in (10.3) and (10.4). heFry

It is well-known that the value and optimal randomized actions for a matrix

game in which all elements are finite can be found by linear programming.

Now let us consider the following dynamic programming scheme

v, := Uv, , k=20,1,...,n-1 .

Following the approach of section 2.2 one may prove by induction the follow-

ing results:

. +
(i) P(f,h)vk < » for all f € FI, hePF and k = 0,1,...,n-1.

II

(ii) w

K < o for all k = 1,2,...,n.

(1ii) There exist policies fO""’fn— for player I satisfying for all

. 1
k=20,1,...,n-1

L(fk,h)vk b Vst for all h € FII .

Then for the Markov strategy ﬂ(n) = (fn—l""'fO) we have

(n)
(10.11) vn(n 1Y V) 2 v for all vy € MII ’

since, let vy = (Hn—l"'°'EO) €M 1 be arbitrary, then

I

(n)

Vn (m 'YeV)

L(f

ne17fgop) Tt LG R v

0

~

L(£ _,.h

v

-1 -"L(fl,hl)vl > ... 2v .
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(iv) There exist for all € > 0 policies hn— ..,h  for player II satisfying

1’ 0
for k =0,1,...,n-1,
L(f Yv, < v, + sZ-k_le for all £ € F
'hk k © 'k+1 I°
Then for the Markov strategy y(n) = (hn—l""'ho) we have

(10.12) vn(n,y(n),v) < v +tee forall me M,

I

since, let m = (fn—l""'fO) € MI be arbitrary, then

(n)

vn(ﬂ,Y V) = L(fn—l'hn—l) ...L(fO,hO)VO

A

~ ~ -1
L(E _,/h ) <= L(£,,h)) (v, +e2 "e)

~ -1
) '°L(f1,h1)v1 + €2 e

L(fn—l'hn—i

A

-n
vee SV O+ 1-2 e <v €e .
n e ( ) nt

The line of proof is almost identical to the one in section 2.2 and is
therefore omitted. )

As a fairly straightforward generalization of the result of DERMAN and
STRAUCH [1966] (cf. also lemma 2.1) one has that, if one of the players
uses a Markov strategy, any strategy of the other player can be replaced by
a (randomized) Markov strategy giving the same marginal distributions for
the process, see e.g. GROENEWEGEN and WESSELS [1976]. Thus (10.11) and
(10.12) generalize to all y ¢ T and m ¢ II, respectively.

This yields the following result.

THEOREM 10.3. If for v condition 10.1 holds, then the n—stage MG with
terminal payoff v can be solved by the dynamic programming scheme (10.10).
I.e., the game has the value v = Uy, there exists an optimal Markov
strategy for player I and for all € > O there exists an e—optimal Markov
strategy for player II which can be determined from the scheme (10.10).

PROOF. From the foregoing it is clear that it suffices to prove that Vo is
the value of the game.

From (10.11) and (10.12) we have

(n) >

sup inf v_(m,y,v) 2 inf v_ (7 YY) 2V,
n n
mell yel yel
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and for all € > 0
. (n)
inf sup v_(m,y,v) € sup v_(m,y , V) £ v_+ee
. n n
yeT' mwell mell

Since clearly

sup inf v_(m,y,v) £ inf sup v_(m,y,v) ,
n n
mell yeT yel mell
this yields
sup inf v_(m,y,v) = inf sup v_(w,y,v) = v_,
n n
mell yel yeT' mell
which completes the proof. O

Note that, if for all k = 0,1,...,n-1 and all a € A and b € B

z p(i,a,b,j)vk(j) > -,

jes
then player II has an optimal randomized action in each matrix game and
hence there exists also for player II an optimal Markov strategy for the

n-stage MG with terminal payoff v.

10.3. TWO-PERSON NONZERO-SUM MARKOV GAMES AND THE RESTRICTION TO MARKOV
STRATEGIES

In the preceding section it has been shown that the finite-stage two-person
zero-sum MG can be solved by a dynamic programming approach. One might
wonder whether such a dynamic programming approach can also be used in the
nonzero-sum case. For this it is necessary that one can restrict the atten-
tion to Markov strategies. We will present an example that shows that this

restriction to Markov strategies may be rather unrealistic.

In the two-person nonzero-sum MG there is one difference compared to the
zero-sum case, namely, there are two reward functions. If in state i actions
a by player I and b by player II are used, then player I receives a reward
rI(i,a,b) and player II receives a reward rII(i,a,b). (In the zero-sum case
we have rI(i,a,b) + rII(i,a,b) = 0.) Further, if there is a terminal payoff
(as in the finite-stage game), then we have to specify a terminal payoff

for each of the two players, vI and VII, say.
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This gives us two n-stage payoff functions, namely

n-1
I,. I I I
vn(n,y,v ) = EW'Y kzo r (Xk,Ak,Bk)-+v (Xn)
and
VII(ﬂ VII) := I nii rII( B )-+vII(X )
n g : Y Ko XkIAkI k n ’

for players I and II, respectively.

A pair of strategies (w*,y*) is a Nash-equilibrium pair (cf.NASH[1951]) if

I
Vn(ﬂ*,Y*,VI) > Vi(ﬂ,Y*,VI) for all m € 1T

and

II) > viI(ﬂ*,Y,vII) for all y e T .

II(ﬂ* *

Vn 1Y 4V
* *

So, if the players use m and y , then neither of them can improve his ex-

pected payoff by switching to another strategy.

The basic element in this game is the so-called bimatrix game. Each bimatrix
game has at least one Nash-equilibrium pair of randomized actions. With a
"double" dynamic programming scheme it is possible to obtain also a Nash-
equilibrium pair of Markov strategies for the n-stage nonzero-sum game, see
e.g. Van der WAL and WESSELS [1977].

However, there may be several Nash equilibrium pairs and in general diffe-
rent pairs of equilibrium strategies will have different values (this in
contrast to the zero-sum case where the equilibrium value is unique) .

So, one is not just interested in finding some Nash-equilibrium pair, but
one wants to have an equilibrium pair for which the equilibrium values are
(in some sense) acceptable for both players.'An extra difficulty is the
fact that there may also exist equilibrium pairs in Markov strategies that
cannot be found by a dynamic programming approach and even equilibrium

pairs in history-dependent strategies.

This section will be concluded with an example that shows that the wvalues
corresponding to a Nash-equilibrium pair of history-dependent strategies
may be superior to the values of all Nash-equilibrium pairs of Markov
strategies. A similar example for the infinite-horizon case can be found in

£
Van der WAL and WESSELS [1977].
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EXAMPLE 10.4. S := {1}, A = B = {1,2,3}. So the game is merely a repeated

bimatrix game. The rewards are given in the
10,10 -0,15 0,6

15,0 6,6 0,6
6,0 6,0 0,0

bimatrix, where the notation is as follows.
If both players take action 1, then they both
receive 10; if player I takes action 1 and
player II takes action 2, then player I receives 0 and player II receives
15; etc.

Let us first consider the case that this bimatrix game is played only once.
Then it is clear that it is reasonably attractive for both players if they
both take action 1. However, this is not a Nash-equilibrium pair. Since, if
your opponent takes action 1, the best you can do is take action 2 which
yields you 15 instead of 10. The only pairs of Nash-equilibrium strategies
are the pairs of randomized actions which only use actions 2 and 3. Among
these, the most attractive pair is the one in which both players take ac-
tion 2, yielding 6 to each of them.

Now consider the case that this bimatrix game is played twice. It seems
clear that at the second stage both players should choose action 2, how-
ever, once we assume this, the two-stage nonzero-sum game reduces to a bi-
matrix game which is almost identical to the one-stage game; the only dif-
ference is that all entries in the bimatrix are enlarged by 6. In this game
both players will choose again action 2 yielding for the 2-stage game a
total reward of 12 to each of them.

But suppose both players use the following strategy: at the first stage
take action 1; at the second stage take action 2 if the opponent also took
action 1 at stage 1, otherwise take action 3. Then they both take action 1
at stage 1 and action 2 at stage 2, so they both receive 16. As one may
easily verify, this pair of strategies is indeed a Nash-equilibrium pair.
So, there exists a Nash-equilibrium pair of ﬁistory-dependent strategies

which is superior to all equilibrium pairs in Markov strategies.

Note that these equilibrium pairs of history-dependent strategies cannot be
found by an ordinary dynamic programming scheme like (10.10). For this

reason we will not consider the nonzero-sum MG any further.
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10.4. INTRODUCTION TO THE «-STAGE MARKOV GAME

The following three chapters will deal with infinite-horizon two-person
zero-sum Markov games. As in the case of the MDP two criteria are considered:

the total expected reward and the average reward per unit time.

For any two strategies m € I and vy € ' and any initial state i € S the
total expected reward for player I is defined by

o

(10.13)  v(i,m,y) := Ei'"'YnZo r(X A ,B) ,

and the average reward per unit time for player I is defined by

(10.14) g(i,m,y) := liminf vn(i,n,y,O) ,

n->o
provided that the expectations are properly defined.
For player II the total expected reward is of course equal to -v(i,m,Y).
The average reward for player II is defined equal to =-g(i,w,y) which makes
the criterion asymmetric, but for the game we will consider this is irrele-
vant. If one would like to have a symmetric criterion, then one can take
! liminf + } limsup.’Also, one could take limsup instead of liminf in

(10.14).

Clearly,
sup inf v(m,y) < inf sup v(m,Y)
mell yel yel' mell
and
sup inf g(m,y) £ inf sup g(m,y) ,
mell yeT yel' mell
where supinf and infsup are taken componentwise.
We say that the infinite-horizon game with the criterion of total expected
rewards has the value v* if

sup inf v(m,y) = inf sup v(m,y) = v* .
mell yeT yel' mell

*
Similar, the average~reward MG is said to have the value g if

sup inf g(m,y) = inf sup g(m,y) = g* .
mell yel yel' mell
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The concept of the (infinite-horizon) MG has been introduced by SHAPLEY
[1953]. Shapley considered the criterion of total expected rewards. He
assumed the state space to be finite and further he assumed the existence
of an unspecified state, * say, with r(x,a,b) = 0, p(x,a,b,*) = 1 and
p(i,a,b,*) > 0 for all i € S, a € A and b € B. This assumption guarantees
that the system eventually reaches the state *, and that the income from
time n onwards decreases exponentially fast if n - ». So the game can be
approximated by finite-horizon games, i.e., by the method of standard suc-
cessive approximations.

Shapley used that fact that in this case U is a contraction mapping to prove
that the «-horizon MG has a value v* which is precisely the unique fixed
point of U. Moreover, he proved that policies f* and h* satisfying

L(E,h")v" < v* < L(£,h)v" for all £ ¢ £, heF .

yield optimal stationary strategies for the «-stage game:
v(n,h*) < V*S‘V(f*,Y) for allmell, yeTl.

The fact that U is a contraction also implies that the method of standard
successive approximations yields bounds on v* and nearly-optimal stationary
strategies for the two players, see e.g. CHARNES and SCHROEDER [1967] and
Van der WAL [1977a].

In chapter 11 we consider a generalization of Shapley's model, namely, the
contracting MG with countable state space, cf. chapter 5. It will turn out
that many of the results obtained for the contracting MDP can be generalized
to the contracting game. Several algorithms will be considered, e.g. the
Gauss-Seidel method, which for the MG has been introduced by KUSHNER and
CHAMBERLAIN [1969] and the value-oriented approach.

Another infinite-horizon MG model that has been considered in the literature
is the so-called positive MG: the game where r(i,a,b) 2 0 for all i, a and
b, see e.g. KUSHNER and CHAMBERLAIN [1969] and MAITRA and PARTHASARATHY
[1971]. Kushner and Chamberlain consider the case that r(i,a,b) is bounded
away from zero and tbat player II can terminate the play. Under this condi-
tion they established the existence of a value and nearly-optimal strategies
that can be found by successive approximations. Maitra and Parthasarathy
assume that v(m,y) < « for all m and y and prove (among other things), for

the case that S is finite, the existence of a value, of a nearly-optimal
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stationary strategy for player I and of an optimal stationary strategy for
player II.

In chapter 12 we consider the case that r(i,a,b) is bounded away from zero
and that at certain bounded costs player II can terminate the play in any
state. It will be shown that this game has features which are very similar

to the contracting MG.

The infinite-horizon MG at the criterion of average reward per unit time
has been first considered by GILLETTE [1957] for the case of a finite state

space. He showed that if for some integer r

P(fllhl)P(fzrhz) "'P(fr,hr)(i,j) >0

for all i,j € S and all fk € FI, hk € FII’ k=1,...,r, then the average-
reward MG has a value and optimal stationary strategies for both players
exist. Also he gives an example in which

max min g(f,h) < min max g(f,h) .

fEFI heFII h€FII feFI

So, in general, there need not exist stationary optimal strategies.

This example, called the big match, has been further investigated by
BLACKWELL and FERGUSON [1968]. They showed that also within the set of
Markov strategies this game has no value, but if one also considers the
history-dependent strategies, then the game does have a value. Special
cases of infinite-stage average-reward MG's have also been considered by
RIOS and YANEZ [1966], ROGERS [1969], SOBEL [1971], KOHLBERG [1974] and
FEDERGRUEN [1977]. Only recently it has been shown by MONASH [1979] and
independently by MERTENS and NEYMAN [1980] that every average-reward two-
person zero-sum MG with finite state space has a value.

In chapter 13 we will study two special cases of the average reward MG for
which the value of the game is independent of the initial state. And we
show that in these cases the method of standard successive approximations
converges, i.e., yields bounds on the value g* and nearly-optimal stationary

strategies for both players.
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CHAPTER 11

THE CONTRACTING MARKOV GAME

11.1. INTRODUCTION

In section 10.2 the finite-stage two-person zero-sum MG has been studied.
From this analysis it follows that there must also be a lot of similarity
between the infinite-horizon two-person zero-sum MG at the criterion of
total expected rewards and the total-reward MDP. In this chapter it will be
shown how several ideas developed for the contracting MDP can be extended

to the contracting game.

In the MG to be considered in this chapter the state space is assumed to be
countable and the action spaces are finite. Further, the following condition

is assumed to hold throughout this chapter.

Contraction assumption

There exists a nonnegative vector u € V such that

(i) For some constant M > 0

(11.1) |[r(£,n)| < My for all £ ¢ F, heFo_ .

(ii) For some constant p, with 0 < p < 1,

(11.2) P(f,h)u < pu for all f € FI’ heF

II

We call this infinite-horizon game the contracting MG.

Taking the function u such that u(*) = 0 and p(i) = 1, i # *, it is clear
that the contracting MG generalizes Shapley's game (cf. section 10.4). The
contracting model of this chapter is the same as the one studied in Van der
WAL and WESSELS [1977].

Note also that the contraction assumption is a straightforward generaliza-

tion of the model III assumptions in section 5.2.
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In the remainder of this introductory section it is shown that the contrac-
tion assumption implies that v(m,y) is properly defined and finite for all
m™ and Y, that>the operators L(f,h) and U are contractions on the Banach
space Vu with respect to the u-norm, and that the unique fixed point of U
within Vu is the value of the infinite-stage MG, thus generalizing results
in SHAPLEY [1953]. Next (section 2) the method of standard successive ap-—
proximations is considered. Sections 3 and 4 deal with variants of this
method which can be generated by go-ahead functions, section 5 considers
generalizations of the policy iteration method and the value-oriented
method. Finally, section 6 gives some possible extensions, e.g. the exten-
sion of results for the strongly-convergent MDP to strongly-convergent

games.

First it will be shown that the contraction assumption implies that for any
two strategies m € II, vy € T, the total expected reward v(m,Yy) is properly
defined and that v(m,y) € Vu.

Define for all f € FI and h € FII the operator Labs(f,h) on Vu by

(11.3)  ®S(£,n)v =-|x(£,0) | + B(£,B)v .

It is immediately clear that Labs(f,h), and of course also L(f,h) and U,
map Vu into itself.

For example, for any v € Vu,
abs
Il (f,h)vHu < Ml (£,n) | + P(f,h)IIVIlquIu <M+ oHVIIu <o

From the analysis of the finite-stage MDP (S,AxB,p,r) in section 2.3 (we

let the decision maker choose both a and b) it follows that

n-1
sup sup E X Ir( B )I
mell yeI' 'Y k=0 R

n-1
sup sup EW:Y Z lr(Xk,Ak,Bk)I
k=0

meM, YEM o
- b
= sup sup e A Y S
fo,...,fn_leFI ho,...,hn_leFII

Further,
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abs ab ab abs
L% (£5,hg) +o0 L S(£ .,h )O<L S(fo,ho)---L (£

n-1'"n-1 )My

n—2'hn—2

o™ vy + Labs(fo,ho) O Rl €

A

h_ )0

n-2""n-2

IA

R P T T

for alln=1,2,... and all fO""'fn-l € FI, hO""'hn-l € FII'

Hence, letting n tend to infinity,

(11.4) v(m,y) < (1 —p)_1 My for allmell, yeT .

So, v(m,y) is properly defined and belongs to Vu'

Next observe that L(f,h) and U are contractions on the Banach space Vu with

respect to the p-norm. Namely, for all fstI and h € FII and for all v and

wev
u

(11.5) IIL(f,h)v-L(f,h)wIlU IP(£,h) (v—w)llu

A

P(E, ) llv-w < plv-wl_ .
IIp(£,h) lluullu ol y
And let for arbitrary v,w € Vu the policies fv' hv' fw and hw satisfy

L(f,hv)v < L(fv,h)v for all f € FI and h € F

II

and

L(f,hw)w < L(fw,h)w for all f € FI and h € FII .
Then

Uv - Uw = L(fv’hv)v - L(fw,hw)w < L(fv,hw)v - L(fv,hw)w =

= P(fv,hw) (v=-w) < pllv—wlluu .

Similarly,

Uw - Uv < pllv—wllu u.
Hence,
(11.6) IltJv-thllu s pllv-wuu for all v,w e V, .

So, U has a unique fixed point in Vu which is denoted, somewhat prematurely,

by v*.



200

THEOREM 11.1.

(1) The unique fized point of the operator U is the value of the w-horizon
Markov game.

(ii) Let the policies £ and n* satisfy

(11.7) gV < v < L v forall £eF, nerF

then the stationary strategies £ and g* are optimal in the «=-horizon

game for players I and II, respectively.

PROOF. It suffices to prove
* * *
(11.8) vir,g) £<v < v(f ,y) forallmell, yeT.

* *
Let us prove v(m,g ) £ v first.

From (11.7) we have for all m = (fo,f yeeey) € MI and all n=1,2,...

1

* * * *
v (mg) :=v (m,g,0) =L(f,g) > L _,,9)0

S L(£g") s+ LUE g (0" IV

IA

* * * n *
L(folg ) L(fn_lpg v+ o] ”V "uu

A

* * * n, *
L(fy,9) L(f _,rg)v + o llv Huu

IA

* n, *
ee SV 4o v Huu .

So, with n > o,

* *
v(m,g) £ v for all 7 ¢ MI .

Further, it follows from the extension of Derman and Strauch's result by

GROENEWEGEN and WESSELS [1976] (cf. section 10.2) that

* *
sup v(m,g’ ) = sup v(m,g ) .
well meEM
I
Hence,
v(n,g*) < v* for all me II .
Similarly, one proves the second inequality in (11.8). N

Theorem 11.1 is merely a straightforward generalization of Shapley's results

for the finite state space case ([SHAPLEY, 1953]).
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11.2. THE METHOD OF STANDARD SUCCESSIVE APPROXIMATIONS

In this section it will be shown that, as in the case of the contracting
MDP, the method of standard successive approximations with scrapvalue

VO € Vu yields bounds on v* and nearly-optimal stationary strategies for
the two players. The results of this section can be found in Van der WAL
and WESSELS [1977] and improve or extend results in CHARNES and SCHROEDER

[1967] and Van der WAL [1977al. Compare also section 5.4 with 8§ = 1.

Standard successive approximations

0

[ Choose v, € Vu.
Determine for n = 0,1,...

Vn+1 = Uvn

and policies fn € FI and hn € F satisfying

II

(11.9) L(f,hn)vn < Vol < L(fn,h) for all f ¢ FI ; he FI

I

*
Since U is a contraction we immediately have that v, converges to v in p-

norm, namely

* n n_* n *
- = - < - > .
an v "u llu vy-Uv ”u 0 ||v0 v ”u +0 (n > »)
In order to show that the standard successive approximation scheme yields
*
bounds on v and nearly-optimal stationary strategies, we need the following
notations (cf. section 5.4).

Define

I

max
lwll

A

:=inf{ceR | ws cu} forallwevVv ,

IIW!IISln := sup {ce R | w 2 cul for all w € Vu ,
P (6 = Il max P(E,nUIT™  for all £eF
heFII
p™R(£) := Il min P(E,Mul™"  for all £ e F_ ,
T - heF u I
II
o7 h) := lmax P(£,n)ul™*  for allh e F__,
IT FeF u II

I
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p™ %) := lmin P(£,R)pl™"  for all h e F__ ,
II u II
f€FI

and for the policies fn and 9, satisfying (11.9)

pr (fn) if an+1-vn y <0,
Pr (£) := :
mon min min
1 - >
Pl (fn) if an+1 vnllu >0,
max max
i - >
- Prr (hn) if Ilvn+1 Vn"u >0,
pII,n n’ min max
PIr (hn) if an+1--vnl|u 0 .

Using these notations one has the following results (cf. theorem 5.12).
THEOREM 11.2
(i) For all y €T

-1 min
> - -
V(fn’y) Z Vet ‘)I,n(fn)(1 pI,n(fn)) ”vn+1 Vn"u W

(ii) For all m e T

-1 max
< - —
v(Tr’hn) S Vhet * pII,n(hn)(1 pII,n(hn)) "vn+1 Vn”u L
-1 min *
111 - - < -
(iii) pI,n(fn)(l pI,n(fn)) "vn+1 vnNu LESA A S
-1 max
< - -
< pII,n(hn)(l pII,n(hn)) "vn+1 Vn"u uo.
PROOF'.

(i) From the result of GROENEWEGEN and WESSELS [1976] it follows that it

suffices to prove (i) for all y € MII'

Let vy = (ﬁo,ﬁ ) € MII be arbitrary, then

preee

(11.10) v(fn,Y) = lim L(fn,ho) ".L(fn’hk)o = lim L(fn,ho) "-L(fn,hk)vn .

k-0 ko
For all k =1,2,...,
L(fn,ho) -i-L(fn,hk)vn 3 L(fn,ho) ---L(fn,hk_l)Uvn

~ ~ min
Z L(f /hg) *=* L(£ /by ) (vn+|lvn+1-vnlllJ u .

Further,
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min min
- > -
P(fn,h)ilvn+1 vnIIu T pI'n(fn)llvn+1 Vn"u H.
Hence,
(11.11) L(fn,ho) ---L(fn,hk)vn
~ ~ k min
> DY . -
2 L(fn,ho) L(fn, k—1)vn + pI,n(fn)”Vn+1 Vn”u H
k min
2 L., 2 + - .
Vit (DI,n(fn) + +DI,n(fn))”vn+1 Vn”u u
So from (11.10) and (11.11) one obtains for all y € MII
-1 min
> - -
vI(E ) =2 Vet DI'n(fn)(l pI’n(fn)) an+1 Vn”u u.

Similarly one proves (ii). Then (iii) follows immediately from (i) and
(ii). 0
Since vn+1--vn tends to zero, if n tends to infinity, it follows from
theorem 11.2 that the method of standard successive approximations yields

*
good approximations of v and nearly-optimal stationary strategies for both

players.

11.3. GO-AHEAD FUNCTIOMS

In this section, following the approach of chapter 3, we generate by means
of nonzero go-ahead functions a set of variants of the method of standard
successive approximations.
For the two-person game a go-ahead function is any function § from

o« (o]

su U (sxaxB)®u U (sxaxB)™ x s into [0,1] .

n=1 n=1
The interpretation is the same as for the MDP. E.g., G(io,ao,bo,...,in)
denotes the probability that the observations of the process will continue

after the history i ,bo,...,in, given that the observations have not

0’20
been stopped before.:
A go-ahead function § is called nonzero if

(11.12) 0, := inf min min 8§(i)&(i,a,b) > 0 .
i€S aeA beB



204

In order to describe e.g. the overrelaxation method and to define the Lé and
U6 operators we have to incorporate the random experiments - the outcomes of
which determine whether the observation of the process continues - into the
stochastic process. Therefore we extend the space (S xA XB)w to the space
(SXEXAXBXE)  with E := {0,1} again.

As in section 3.3 one may define for each initial state i € S, any go-ahead
function § and any pair of strategies m € Il and y € T the probability mea-
sure I{I“,Y and the stochastic process {(Xn,Yn,An,Bn,Zn), n=20,1,...1},
where xn, An and Bn are the state and actions at time n, where Y = 1if
the observations continue after Xn has been observed and Yn = 0 otherwise,
and where Zn = 1 if the observations continue after the selection of A, and
Bn and Zn = 0 otherwise. s s

The expectation with respect to E& is denoted by E,

'Y . i,my’
Next define the stopping time T on (S XEXAXBXE) by

T(lO'yO'aO’bO'zO’ll'yl’"') = inf {n [ynzn =0} .

So T denotes again the time upon which the observations of the process are
stopped.
Further, we define for any m € II, any y € T and any go-ahead function § the

operators Ls(ﬂ,Y) and U6 on Vu:

-1
) £(X ,A ,B) + v(X)| ,
n=0

8

(11.13) Ls(w,y)v = EﬂrY

with V(XT) = 0, by definition, if T = «;

(11.14) U.v := sup inf L_(m,y)Vv ,
J §
mell yel
where the supinf is taken componentwise.
That La(ﬂ,Y) and U6 are properly defined on Vu, map Vu into itself and are,
if as > 0, even contractions on Vu can be seen as follows.
Define the operator EG(W,Y) on Vu by

~ §
(11.15) La(w,y)v = E% W{v(XT) , mel, yeT.

’

Then we can apply lemma 4.22 with v = yu on the MDP with state space S,
action space A x B, rewards r and transition law p, to obtain

(11.16) za(w,y)u S (1-adu + o, max max P(£,hu < [1-ag(1-p)lu .

feFI hsFII
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Hence

) s T-1
Lg(m,Y)v = E [nZO r(X ,A ,B) + V(XT):I'

©

W,Ynzolr(xn,An,Bn)l + vl Eg(ry

IA

-1
M(1-p) " u+ IIVIluU —as (1 -p)Ju .

Thus La(w,y)v is properly defined on Vu.
And

Lé(w,Y)v € Vu for all me€ NTand y € T ,

whence also

U eV .
6V u

Further, for all m € M, y € T and v,w € VU'

ILg (moy) v = L () vl |li6(1r,Y) =Wl

slmv—wmlLﬁnmhmus[1—agl—pﬂnv—mm.

So, if s > 0, then Ls(w,y) is a contraction on Vu with respect to the u-
norm.

Similar as in section 1 (the proof of (11.6)) one may show that, if o >0,
also U6 is a contraction on Vu. Hence, for any nonzero §, the operator UG

has a unique fixed point in Vu, Vs say.

% .
Our next step is to prove that Vg =V, SO that it makes sense to use suc-
cessive approximation methods generated by nonzero go-ahead functions.

We can follow the line of reasoning of section 3.4. First one may show, in

a similar way, that for all ﬂl and w2 e I
Ls(nl,h*)v(nz,h*) < sup V(ﬂ,h*) = v* ,
mell

*
where h denotes an optimal policy for player II.
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Thus for all m € T
La(ﬁ,h*)v* < v

and

u.v <v .

§
Similarly, we obtain for all y € T

*
Lé(f*,y)v* v ,

so
* *
Udv 2 v .
Hence
(11.17) Usv* =v'.

* *
So v is a fixed point of UG in Vu which implies Vg =V (8§ nonzero) .

As a consequence we have for all nonzero go-ahead functions §

n

. %
(11.18) lim UGV =v , vV € Vu .

n->o

11.4. STATIONARY GO-AHEAD FUNCTIONS

In this section it will be shown that as in the case of the contracting MDP
(cf. section 5.4) any nonzero stationary go-ahead function generates a
successive approximation algorithm that yields bounds on v* and nearly-
optimal stationary strategies for the two players.

Similarly as in definition 3.19 a go-ahead funcyion is called stationary if

for all n=1,2,... and all i b

0r3grPgriqre--

G(io,ao,bo,...,in,an,bn) = G(in,an,bn)

and

G(io,ao,bo,...,i ,a 'bn'i ) .

n’3n ) = 6(1n,an,bn,1

n+1 n+1

First we show that for stationary go-ahead functions one can restrict the
attention to stationary strategies in the determination of Uév, i.e., we

show that for every v € Vu there exist policies f ¢ FI and h € FII satis-

fying

(11.19) Ls(n,h)v < U.wv < Ls(f,y)v for all me I, vy e T .

J
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To prove this construct the Markov game (é,i,ﬁ,ﬁ,f) which is essentially
equivalent to the problem of the determination of U5V as follows (the line
of reasoning is essentially the same as for the MDP): Assume, without loss
of generality, §(i) = 1 for all i € S and define

S:=suf{x}, x{s,
A := A, B :=B ’
ﬁ(ilalblj) = G(ilalb)p(ilalblj)d(ilalblj) ’

Bli,a,b,*) :=1 - )} Pli,ab,j) , Plx,a,b,*) =1,
jes

¥(i,a,b) :=[1-68(i,a,b)lv(i) +68(i,a,b)[r(i,a,b) +

+ ) pli,ab,H1-68(i,a,b,HIv],
jes

I
o

r(*,a,b)

One easily verifies that, with the bounding function ﬁ on § defined by
U(i) = u(i), i € S, and 1 (*) = 0, this Markov game is also contracting. So
it follows from theorem 11.1 that this game has a value and that both
players have stationary optimal strategies. Then the restrictions of these
stationary optimal strategies to the states in S, f and h say, satisfy

(11.19).

Now consider for a stationary go-ahead function § the following successive

approximation procedure

[ Choose v, € V .
0 N

Determine for n = 0,1,...

(11.20)

and policies fn and hn satisfying

LG(“’hn)vn < Vo1 < Ld(fn'Y)Vn for all me T, yeT .

*
From (11.16) and (11.18) one easily shows that v, converges to v exponen-
tially fast. In order to obtain again, as in theorems 5.12 and 11.2, the
*
MacQueen bounds for v and the strategies fn and hn we need the following

notations.
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Define

TAXE) = I max L (E,m)u™F, feF_,

1,8 he F § u I
IT

B0y = I min TEWI™P, feF_,

1,68 heF § u I
II

o7 (h) := llmax L (£,n)ul™F, herF__,

11,8 [ u II

feF

I

min . ~ min

pII,G(h) := ||min Ls(f,h)ullu ;, he Forv

feFI

and for the policies fn and 9, satisfying (11.20)

max min
. _ <
P (£) := pI,S(fn) Vo Vn”u 0
I,8n 0"~ min min
i >
pI,d(fn) if ”Vn+1 Vn“u 20,
max max
5 - >
(h) := pII,d(hn) if ”Vn+1 Vn"u 20,
pII,G,n n e min max
: _ <
pII,6(hn) if "Vn+1 Vn"u 0 -

Then one has the following result (cf. theorem 11.2).

THEOREM 11.3. Let {vn}, {fn} and {hn} be the sequences obtained in (11.20).
Then we have (8 nonzero)

(i) for all y € T,

-1 min
> - -
v(f ,Y) =2 Ve T pI,G,n(fn)(l pI,5,n(fn)) an+1 vnllu U,
(ii) for all m € 1,
-1 max
< - -
v(“’hn) = Va+t + ’:’II,G,n(hn)(1 pII,B,n(hn)) "Vn+1 vn”u L
RN -1 min *
(iii) pI,S,n(fn)(l -les’n(fn)) an+1--vnllu us v o-vo
-1 max
< -— -
D pII,(S,n(hn)(1 pII,G,n(hn)) "Vn+1 vn"u v
PROOF.

(i) Using the result of GROENEWEGEN and WESSELS [1976] one may easily show
that
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v(fn,Y) > min v(fn,h) for all Yy e T .

€
h FII

Since further for all nonzero §, all h € FII and all v € VU

v(£_,h) = lim Li(f_n)v ,
n k= no

the proof follows along the same lines as the proof of theorem 11.2.

Similarly one obtains (ii), and (iii) follows immediately from (i) and

(ii). 0

In general, the amount of work that has to be done in order to obtain UGV
is of the same order as the amount needed to solve the original ~-stage
game. However, for special stationary go-ahead functions, e.g. those corre-
sponding to the "game variants" of the algorithms formulated in section
3.3, UGV can be computed componentwise by solving simple matrix games. In

that case the amount of work becomes the same as for the computation of Uv.

11.5. POLICY TTERATION AND VALUE-ORIENTED METHODS

In this section it will be shown how the policy iteration method and the
method of value-oriented standard successive approximations can be genera-

lized for the contracting Markov game.

For the contracting MG (with finite state space) POLLATSCHEK and AVI-ITZHAK
[1969] have suggested the following straightforward generalization of

Howard's policy iteration method.

[ Choose v. € v .

0 u
Determine for n = 0,1,... policies fn and hn satisfying
11.21) | < <
( ) L(f,hn)vn Uvn L(fn,h)vn for all f € fI , he FII ,

and define

Vet T V(fn'hn) :
Pollatschek and Avi-Itzhak proved that under a rather conservative condition

*
v, converges to v . (One may easily show that p < %-guarantees that vy
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*
converges to v .) RAO, CHANDRASEKARAN and NAIR [1973] claimed that the
algorithm would always converge, however, their'proof is incorrect. And, as
the following example, given in Van der WAL [1977b], demonstrates, their

proof cannot be repaired.

EXAMPLE 11.4. s = {1,2}, a(1) = B(1) = {1,2}, A(2) = B(2) = {1}.

r(tap | 1 P 2 p(l,a,b,1) | 1 2 2
a 1 3 6 a ! 2 i
2 | 2 1 2 ? i

Further, r(2,1,1) = 0 and p(2,1,1,2) = 1. So, state 2 is absorbing. Taking
¢ such that u(1l) = 1, u(2) = 0, one immediately sees that the game is con-
tracting. Now, choose vy = 0. Then, in order to determine policies f0 and
h0 satisfying (11.21) for n = 0, one has to solve for state 1 the matrix

game

Clearly, this game has value 3 and the policies fO and hO with fo(l,l) =

= h0(1,1) = 1 are optimal. So v, has v1(1) =12, v1(2) = 0.

1

Next, in order to obtain f1 and hl we have to solve in state 1 the matrix

3+ 3.12 6 + {-12] _ (12 9

2 + 3-12 1+ 312 11 10
The value of this game is 10 and the optimal policies f1 and h1 have
f1(1,2) = h1(1,2) = 1. So v2(1) = 4, v2(2) = 0.

game

In the third iteration step one has to solve the matrix game
3+ 3.4 6 + -4 (6 7
2 + 3.4 1+ 344 5 4

which has value 6 for the policies £, and h2 ﬁith f2(1,1) = h2(1,1) = 1.

2
3= Vq-

=V, Vv
2n 2 2n+1
that in this example Pollatschek and Avi-Itzhak's generalization of

Thus v3(1) = 12 and v3(2) =0, and v

Continuing in this way we get v, =V, n= 1,2,... . So we see

Howard's policy iteration cycles.
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Another generalization of Howard's method has been proposed by HOFFMAN and
KARP [1966] for the average-reward MG. The same idea can also be used for
the total-rewérd case, see POLLATSCHEK and AVI-ITZHAK [1969] and RaO,
CHANDRASEKARAN and NAIR [1973].

To describe this algorithm we define for all h € F

by

T the operator U,_ on VU

I h

Uhv = max L(f,h)v .
fEFI

Then Hoffman and Karp's variant can be formulated as follows.

Choose v, € V .
0 u

Determine for n = 0,1,... a policy hn satisfying
L(f,h )v_ £ Uv for all £ € F
n n n

and determine

Observe that to obtain Vo 41 One has to solve a whole MDP exactly, e.g. by
Howard's policy iteration method.

However, it is not necessary that one actually determines the value of the MDP.
As in the MDP we can use a value-oriented variant in which Vot is taken
equal to Uﬁnvn for some A.

The algorithm then becomes (see Van der WAL [1977b]):

0
Determine for n = 0,1,... a policy hn satisfying

r Choose v. € Vu and A € {1,2,...»}.

L(f,hn)vn < Uvn for all f € F
(11.22) 7

and determine

For the monotone version of this algorithm, where one starts with a scrap-
value Vg for which Uvo < Vgr the convergence proof can be found in Van der
WAL [1977b]. The line of reasoning is exactly the same as for the MDP (cf.

theorem 3.22)
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As has been pointed out by ROTHBLUM [1979] one may follow in the nonmono-
tonic case the line of proof given by Van NUNEN [1976c] for the MDP.

THEOREM 11.5 (ROTHBLUM [1979]).

The sequence {vn} obtained in (11.22) converges to v .

PROOF. See ROTHBLUM [1979]. [

11.6. THE STRONGLY CONVERGENT MARKOV GAME

Having seen the large similarity between the contracting MDP and the con-
tracting MG it is natural to ask whether more results for the total-reward
MDP can be translated to the case of the total-reward MG.
That one cannot just translate all results is immediately clear if we con-
sider e.g. lemma 3.1. It is obvious that for the general total-reward MDP
lemma 3.1 need not hold since the MG is in a sense a combination of a maxi-
mization and a minimization problem.
However, for the strong-convergence case most results for the MDP also hold
for the MG.
An MG is called strongly convergent if there exists a sequence
o = (mo,wl,...) € & (cf. section 4.1) for which

©
(11.23) i:ﬁ $:$ Ei'"'YnZo Qn(i)lr(xn,An,Bn)l < o , ies.
Just as for the MDP, the existence of a function ¢ € & for which (11.23) is
finite is equivalent to the following pair of conditions:

3

*
(1) z" := sup sup E J lrx ,a ,B)] <=,
mell yeT "T'n=0 n'"n""n
(i) sup sup IE DET¢ B >0 (n>w)
mel yeT' "V k=n R

One may show that the method of standard successive approximations converges
using the game-equivalent of theorem 4.6 with instead of the operator 8 an

operator E defined as

ﬁy := sup sup E(ﬂ,Y)V .
mell yel
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Similarly one may translate the results of section 4.2. E.g., if

L(En)v" 2 v' forallhe P

then f is an optimal stationary strategy for player I.
Further, one may show that for nonzero go-ahead functions § the correspond-
ing method of successive approximations converges, using lemmas 4.21 and

4.22 and theorem 4.23 with the operator § defined by

8

Uv := sup sup T (m,y)v .
) 8
mell yeT
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CHAPTER 12

THE POSITIVE MARKOV GAME
WHICH CAN BE TERMINATED BY THE MINIMEZING PLAYER

12.1. INTRODUCTION

In the general positive MG it is assumed that r(i,a,b) is nonnegative for
all i, a and b. So, for all n = 0,1,...,*, the expected n-stage reward is
for any pair of strategies properly defined and so is any successive ap-
proximation scheme with scrapvalue v = 0. (By reversing the roles of the
two players the game can be made to satisfy condition 10.1 for all
n=1,2,...,°. For historical reasons, however, we prefer to treat the game
as a positive game.)

In this chapter we shall analyze a special positive MG having the following

properties:

(i) there is a specific state, * say, for which r(*,a,b) = 0 and
p(*,a,b,*) = 1 for all a € A, b € B;
(ii) there is a constant ¢ > 0 such that r(i,a,b) = ¢ for all
(12.1) i# % and all a € A and b € B;
(iii) there exists a constant C = ¢ and in each state i € S an
action, b(i) say, for player iI such that p(i,a,b(i),*) = 1

and r(i,a,b(i)) £ C for all a € A.

So, the state * is absorbing and the actual play can be considered to have
stopped once state * has been reached. Further, as long as the system has
not yet reached *, player II looses at least an amount of ¢ in each step.
However, by taking at time O the appropriate action in the initial state he
can force the system into state *, thus restricting his total loss to at
most C.

This is a special case of the positive MG considered by KUSHNER and
CHAMBERLAIN [1969].
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In the sequel it will be shown that the method of standard successive ap-
proximations yields bounds for the value of the game and nearly-optimal
stationary stiategies for the two players. As we will see, this specific
positive game has a very similar structure as the contracting MG. The
results of this chapter can be found in Van der WAL [1979]. Part of the
results were already given by KUSHNER and CHAMBERLAIN [1969].

First let us consider in some detail the general positive MG with
r(i,a,b) 2 0 for all a € A, b € B and A and B finite.
For this game consider the following standard successive approximation

scheme:

Define vO := 0.

(12.2) Determine for n = 0,1,...
Vot1 T UVn -
From the nonnegativity of the reward structure it follows that UO 2 0. So,

by the monotonicity of U, the sequence v, converges monotonically to a

- not necessarily finite - limit, v, say:
v_= limv_ .
® . n
n->o

Since A and B are finite, it follows that for all i € S the value of the

matrix game with entries

r(i,a,b) + Z p(i,a,b.j)vn(j) , ae€hA, beB,
jes

converges to the value of the matrix game with entries

r(i,a,b) + )} pli,ab,j)v_(3) , aechA, beB,
jes

even if some of the entries are equal to +« (cf. section 10.2).

So for all i € S

Vg3 > WUv ) (1) (n>e)

which implies

(12.3) uv_=v_ .

©

From (12.3) it is almost immediate that v, is the value of the infinite-

stage positive MG and that player II has an optimal stationary strategy.
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Namely, by playing an optimal strategy for the n-stage game first and play-
ing an arbitrary strategy thereafter, player I guarantees himself an ex-

pected income of at least v_. Thus

(12.4) sup inf v(m,y) = lim v o=V, .
mell yeT N

*
On the other hand, there exists a policy h for player II satisfying

*
L(f,h )v& < v, for all f € FI .

Hence

(12.5)  v(mn,h) < v, for all me I .

To prove (12.5) observe that

v(m,h") = lim vn(n,h*,O)

n->o
and that (cf. section 10.2)

* n
vn(ﬂ,h ,0) < vn(ﬂ,h*,vw) SUv, =v, .

Now it follows from (12.4) and (12.5) that v is the value of the infinite-
stage game and that h* is an optimal stationary strategy for player II.

The value of the game is further denoted by v*.

For the positive MDP, ORNSTEIN [1969] has proved the existence of a uni-
formly e-optimal strategy in the multiplicative sense, see theorem 2.23.
This result has been partly generalized to the case of positive games by
KUMAR and SHIAU [1979]. To be precise, they proved that, if v* is bounded,

a stationary strategy f exists such that

v(f,y) 2 v*-ee for all y ¢ T .

Although v, converges to v* the scheme (12.2) is in general not of much
use, since it does not provide an upper bound on v* and there is no possi-
bility to recognize whether e.g. the policies obtained at the n-stage of
the successive approximation scheme are nearly optimal. Therefore, we
further consider the specific positive MG satisfying properties (12.1(i)-
(iii)).

In the sequel we will not explicitly incorporate the specific state * into
the state space and further S will denote the set of states unequal to *.

So, in the sequel we have defective transition probabilities. The reason
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for doing this is that it somewhat simplifies our notations. Further, the

game is said to have terminated if the system has reached * (left S).

In section 3 it will be shown that the method of standard successive approx-
imations yields arbitrary close bounds on v* and nearly-optimal stationary
strategies for the two players. Before we can do this, first some results
have to be derived concerning the duration of the game (time till absorption

in *). This will be done in section 2.

12.2. SOME PRELIMINARY RESULTS

This section studies for a number of situations the asymptotic behaviour of

the probability that the actual play has not yet been terminated.

Let h be the policy for player II that takes in each state i the specific

action b (i) that terminates the play immediately. Then, clearly,

(12.6) Uv < sup L(f,h)v< ce forall v=0.
feF
I
and
* ~
(12.7) v < sup v(m,h) < Ce .
mell

Also, by (12.1(ii)),

(12.8) v > U0 > ce .

Denote for all i e S, me¢ Il and vy € T by pn(i,n,y) the probability that,
given the initial state i and the strategies m and Yy, the system has not yet
reached the absorbing state * at time n, n=1,2,... .

Further, let Yn(v) be an arbitrary optimal strategy for player II in the
n-stage game with terminal payoff v, and let Yn(w,v) be an optimal strategy
for player II if it is already known that player I will use strategy Tm.

Then we have the following lemma.

LEMMA 12.1. If v 2 0, then for all m € I

(i) pn(i,ﬂ,yn(v)) < min {1,Cc/ (nc+min v(i)} ,
ieS
(ii) pn(i,ﬂ,yn(n,v)) < min {1,C/ (nc+min v(i)} .

ies
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PROOF.
(i) Clearly,

vn(i,n,yn(v),v) > pn(i,n,Yn(v))(nc-+Wig v(i)) .
1

By (12.6) also U'v < Ce, so
v_(i,m,y_(v),v) < v < ce
n ’ I n ’ - -

Hence,

Ce 2p (i,m,y_(v)) (nc+min v(i)) ,
n n .
ies
from which (i) follows immdiately.

(ii) The proof of (ii) is similar. 0

So,

Pn(i,F,Yn(V)) = 0(3? (n > ) for all v=0 .

In corollary 12.4 we will see that for certain specific strategies Yn(v)

the probability pn(i,ﬂ,yn(v)) decreases even exponentially fast.
Lemma 12.1 enables us to prove the following results.

THEOREM 12.2.

(i) Any strategy £ with L(f*,h)v* > V" for all h € F__ is optimal for the

1T
w-gtage game, T.e.,

V(f*,Y) > v for all y e T .
(ii) For all v 2 0

: n *
limUv=v .
n->

PROOF.
(1) By (12.7),

* L% * *
v (i) < Vn(lrf IYn(f /0),v)

A

* * * *
Vn(irf IYn(f ,0),0) + Pn(ilf IYn(f ,0))C .
So, by lemma 12.1(ii),

vy (£5,0,0 2 v+ 0D mow .
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(ii)

Hence for all vy € T

V£, Y) = lim v (£%,v,0) = lim v_(£5,y_(£%,0),0) > v"
. o D ow D n

Clearly, for all v 2 O,
R n . n *
liminf Uv 2 1lim U0 =v ,

n >« n-oo

so it suffices to prove

. n *
limsup U'v < v .
n->rw

By (12.6) it is even sufficient to prove that

: n *
limsup U Ce = v .
n->«

(n)

Let m be an optimal strategy for player I in the n-stage game

with terminal payoff Ce. Then

(W7ce) (1) < v_(1,7™ 1%, ce)

(

* * * *
< Vn(il“ n) s, v) + Pn(ir“(n) ,h ,v)C

IA

V@0 e .

*
The latter inequality follows from the optimality of h for the n-stage
* *
game with terminal payoff v with U™ = v and lemma 12.1(1).

Hence

. n . n *
limsup U'v £ limsup U'Ce < v ,
n-—>« n->-o

which completes the proof. 0

*
If one wants to find bounds on v and nearly-optimal stationary strategies

for the two players, then the inequalities in lemma 12.1 are too weak. We

will show that for certain optimal n-stage strategies yn(v) the probability

pn(i,n,yn(v)) tends to zero exponentially fast.

Let v 2 0 be arbitrary and let {hx} be a sequence of policies satisfying

+
L(f,hX)Unv < Un 1v for all f € FI , n=20,1,... .
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Define

v v v
h ,...,ho) .

*
YW= by yohy

*
Then Yn(v) is not only optimal in the n-stage MG with terminal payoff v but
* -

Yn(v) is also optimal in the k-stage MG with terminal payoff Un kv for all
k < n.

Define further for all v 2 0 and all n = 0,1,...

min {1,C/ (nc+min v(i)} .

pn(v) T
ieS

Then for all n,m 2 0, all m € I and all v 2 0
. * m
(12.9) pn(l,ﬂ,Yn+m(V)) < pn(U v) .

Now we can prove that pn(i,n,Y;(v)) decreases exponentially fast.

LEMMA 12.3. For all n,m 2 0, for all m € T and all v 2 0

. * * : .
pn+m(1,ﬂ,vn+m(v)) < pn(i,n,yn+m(V))pm(v) ' ies.

PROOF. From lemma 11.1(i) and (12.9) we have for all i € S

i
pn+m(l’“'Yn+m(v)) <

< P, (X_=3) sup TP,
X l'ﬂ'Y;+m(v) n”’ kZS n'§; J

(X_=k)
jes m

,ﬂ',Y;(V)

A *
< pn(i,ﬂ.Y;+m(V)) sup sup pm(j,n',ym(v))
jes m'ell

*
< :
< pn(l,n,yn+m(v))pm(v) . 0
Since v 2 w implies pn(v) > pn(w), lemma 12.3 yields the following corollary.

COROLLARY 12.4. If v 20 and n =km+2%, k,2,m = 0,1,..., then for all =
. * k
Pn(llﬂ,Yn(v)) < (p,(0)) pl(O) .
If moreover Uv 2 v, then
1,7,y () < k
p Y v)) < (pm(v)) pz(v)

PROOF. Straightforward. 0
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12.3. BOUNDS ON v* AND NEARLY-OPTIMAL STATTONARY STRATEGIES
Corollary 12.4 enables us to obtain a better upperbound on v*.

THEOREM 12.5. Let v € V satisfy 0 < v < Uv and let m be such that p,(v) < 1.
Then

* -1 B
Uv £ v <Uv+ (1-p (V) z pk(v)IIUv—vIlee.
k=1

PROOF. By theorem 12.2(ii) we have

©
* . +1
v = lim U = Uv + z W v -utv) .
n-o n=1

*
So, by the monotonicity of U, we have v 2 Uv.

Further, let the policies fz satisfy for all h € FII

+
L(fZ,h)Utv 2oty t=o0,1,...,

and define

* v
MV = (£, yiee E0) . om= 1,2,

Then for all n=1,2,...

v .V v .V v v
U v-Uv = L(fn,hn) '°-L(f1,h1)Uv - L(f 'h

v .,V
n-17Ppoq) "0t BlEg )V

v .V v .V v .V v .V
S L(£),hY ) «++ L(E,,h))UV = L(E ,B) 1) »=« LIE[,h))v

A

*
sup p (i,m . (v),y, (W)llvv-vl_e.
ies

Hence, by corollary 11.4

o0
* *
< i -
v < Uv + Z sup pn(l,wn+1(v),yn(v))IIUv vllee
n=1 ieS
©o

ww+ ) p (Mluv-vl e
n=1 €

A

‘® m
3

uv+ ) ) (e (v p (Mluv-vi_e

2=0 k=1 " k €

IA

'y
p, (WMlluv-vll e . 0
ket k e

wv + (1-p (v)"



Since for all Yo 2 0 we have UnvO 4~v* (theorem 12.2(ii)) also
+
o 1vo-—Unv0 + 0 (n > «). From the proof of theorem 12.2 one easily sees
that the convérgence of Unv
n+1V
0 . n
be used to obtain good bounds on v (take v = U Vo for n sufficiently large).

*
0 to v is uniform in the initial state, hence

lly —Unvolle tends to zero if n tends to infinity. So theorem 12.5 can

The fact that if v 2 0 all sensible strategies for player II terminate the

n-stage game with terminal payoff v, also leads to the following result.

THEOREM 12.6. If for some v 2 0 we have

L(f,h)v 2 v for all h € FII ,

then
v(f,yY) 2 min L(f,h)v 2v forall y e T .

€
h FII

PROOF. Let Yn(f,O) = (hn_l,...,ho) be an optimal reply to f for player II

in the n-stage game with terminal payoff O, then for all y € T

> = cee
Vn(f,Y,O) Z Vn(f,Yn(f,O),O) L(f'hn— ) L(f,hO)O

1

v

L(f/h ) *** L(£,hy)v - igg p(i, £,y (£,00)0vi,

v

L(f,hn_ )v - sup p(i,f,vn(f,O))uvue .

1
i€s

The result now follows with lemma 11.1(i) by letting n tend to infinity. [

COROLLARY 12.7. Let £ satisfy

* *
L v 2 v for all h € F

’

II

then the strategy £ 1s optimal for player I for the infinite-stage game:

*
viE ) 2 v for all vy e T..

Further we see that theorem 12.6 in combination with theorem 12.5 enables
us to obtain from a monotone standard successive approximation scheme a

nearly-optimal stationary strategy for player I.

Next it will be shown how a nearly-optimal stationary strategy for player

II can be found.
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THEOREM 12.8. Let v € V and h € Foo satisfy

(1) ae < v < ce for some o > 0,

IN

(ii) L(f,h)v < v+ee for some 0 e <c and all £ € FI'

[

IA
-
|

Then a constant p, with 0 < p , exists satisfying

P(f,h)v < pv for all £ ¢ F_ ,
which implies
(12.10) v(m,h) £ max L(f,h)v + p(1-—p)_1 %-v for all m e T .

€
£ FI

PROOF. For all f € FI we have

P(f,h)v = L(f,h)v-r(f,h) < v+ee-ce < pv ,

for some p £ 1 - < ;E .

O'fi”"
suffices to consider only Markov strategies), then

Now let m = (f ) be an arbitrary Markov strategy for player I (it

v, (m,h,0) = L(£fy,h) ***L(f ,,h)O

IA

L(fo,h) "'L(fn_l,h)v < L(fo,h) '°'L(fn_2,h)(v-+ee)

= L(fo,h) "'L(fn_z,h)v + P(fo,h) "'P(fn_2,h)€e

IA

€
L(fo,h) "'L(fn_z,h)v + P(fo,h) '~-P(fn_2,h) Pl

n-1 €
-V
o

A

L(£y,h) *+*L(f__,/h)v +p

ser S L(EgMIV + (0 T e %v .

IA

Letting n tend to infinity and taking the maximum with respect to f, yields

0
(12.10). 0

Clearly the right hand side in (12.10) is also an upperbound on v* and this
remains true if max L(f,h)v is replaced by Uv.

feFI

Now consider the successive approximation scheme:

Choose Yo 2 0 such that Uv0 > V.
Determine for n = 0,1,...

Va1 T Uvn :
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. n * . . .
Then, since U v, converges to v uniformly in the initial state and since

0
Un+1vO 2 UnvO by the monotcnicity of U, we can apply theorems 12.5, 12.6

and 12.8 with v = Unvo for n sufficiently large to obtain good bounds on v
and nearly-optimal stationary strategies for the two players.

Note that the function v in theorem 12.8 is strongly excessive with respect
to the set of transition "matrices" P(f,h), where h - the policy mentioned
in the theorem - is held fixed. So the resulting MDP with h fixed is con-
tracting in the sense of chapter 5 and (12.10) is rather similar to theorem

5.12(ii).

To obtain a lowerbound on v* we have used Uv 2 v (theorem 12.5). Also for
the near-optimality of f in theorem 12.6 the monotonicity has been used.

The following theorem demonstrates how in the nonmonotonic case as well a
lowerbound on v* and a nearly-optimal stationary strategy for player I can

be found.

THEOREM 12.9. Let the policy f € P satisfy for some v, with 0 £ v < Ce,

L(f,h)v 2 v-ee for all h € Flr v

where € 2 0 18 some constant, then

(12.11)  v(£,y) = min L(£,h)v - éﬁiiéﬂfle forall yeT .
heFII c

PROOF. Let the stationary strategy ﬁ be an optimal reply to f in the «-stage
game. That such an optimal stationary strategy exists follows from the fact
that if player I uses a fixed stationary strategy, then the remaining mini-
mization problem for player II is an MDP. (Formally, this needs a proof
since player II may choose his actions dependent of previous actions of
player I, but this will not be worked out here.) Considered as a maximiza-
tion problem this is a negative MDP for which by corollary 2.17 an optimal
stationary strategy exists.

Define

~

v o: v(f,ﬁ) .

Then L(£,h)v = v, which yields
P(f,ﬁ); < ;-ce .

So, with ce < v < Ce, thus ;/C < e, also
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~~ o~ o~ ~
P(ER)V SV -2V = (1-—8—)‘,.

One easily argues that
p (i,£h) >0 (>,

SO

v(£,h) = lim L™(£,B)v .
n->o
Further,

v 2 PHER) (veee) = PHE R - 2P (e, R ee

e 2 L(E)V - e[P(E,B) +... +P™ 1 (£, M)]e .

v

With e < c_lz (from ; > ce) it follows that

X e e < R EMT < T - %)k$s % (1 - %)ke.

So for all n

n -~ ~ nil C c, k
(b v 2 L(fhv-€¢ ) = (1 -3 e.
k=1 c C

Thus, letting n tend to infinity, it follows from the optimality of h that

v(£,¥) 2 min L(£fh)v - e(i-";—)c-e for all y e T . 0

(3
h 11 c

The right hand side in (12.11) is clearly also a lowerbound on v*, so theo-
rems 12.8 and 12.9 can be combined to obtain good bounds on v* and nearly-

optimal stationary strategies for both players.
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CHAPTER 13

SUCCESSIVE APPROXIMATIONS FOR
THE AVERAGE-REWARD MARKOV GAME

13.7. INTRODUCTION AND SOME PRELIMINARIES

This chapter deals with the average-reward Markov game with finite state
space S := {1,2,...,N} and finite action spaces A and B for players I and
II, respectively. In general, these games neither have a value within the
class of stationary strategies nor within the class of Markov strategies.
This has been shown by GILLETTE [1957] and by BLACKWELL and FERGUSON [1968],
respectively. Gillette, and afterwards HOFFMAN and KARP [1966] have proved
that the game does have a value within the class of stationary strategies,
if for each pair of stationary strategies the underlying Markov chain is
irreducible. This condition has been weakened by ROGERS [1969] and by SOBEL
[1971], who still demand the underlying Markov chains to be unichained but
allow for some transient states. FEDERGRUEN [1980] has shown that the uni-
chain restriction may be replaced by the condition that the underlying
Markov chains corresponding to a pair of (pure) stationary strategies all
have the same number of irreducible subchains. Only recently MONASH [19791],
and independently MERTENS and NEYMAN [1980], have shown that every average-
reward MG with finite state and action spaces has a value within the class

iﬁ of history-dependent strategies.

In this chapter we consider for two situations the method of standard suc-

cessive approximations:

N
Choose Vo e R .

(13.1) Determine for n = 0,1,...

Vn+1 = UVn °
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In the first case it is assumed that for each pair of pure stationary stra-
tegies the underlying Markov chain is unichained. In the second case it is

assumed that the functional equation

(13.2) Uv = v+ge

has a solution v € EN, g € R, say.
In both cases we further assume the strong aperiodicity assumption to hold,

i.e., for some a > O

(13.3) P(f,h) 2 aI for all f € FI , he FII .

At the end of this section it will be shown that the latter assumption is

- as in the case of the MDP - no real restriction.

In section 2 we will see that the unichain assumption implies that the
function equation (13.2) has a solution, so the first case is merely an
example of the second. The fact that (13.2) has a solution (;,g*) implies
(corollary 13.2) that the game has a value independent of the initial state,
namely g,&r and that both players have optimal stationary strategies. So,
in the two cases considered here, the value of the game will be independent

of the initial state. This value is further denoted by g.e-

In sections 2 (thé unichain case) and 3 (the case that (13.2) has a solu-
tion) it is shown that the method of standard successive approximations
formulated in (13.1) yields good bounds on the value of the game and nearly-
optimal stationary strategies for the two players.

The results of this chapter can be found in Van der WAL [1980b].

Before we are going to study the unichain case some preliminaries are con-
sidered.
First observe that, since S is finite,

r(i,a,b) + ) pli,a,b,3)v(H)

jes

. oo N
is finite for all ve R, all a € A, b € B and all i € S. Hence one may
write for all v e V

Uv = max min L(f,h)v .

feFI heFII

So, both players have optimal policies in the 1-stage game with terminal

payoff v.
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Since in the two situations treated in this chapter the value of the game is
independent of the initial state the following basic lemma (cf. lemma 6.8)

is very useful.

LEMMA 13.1. Let v € Ey be arbitrary, then

(i) inf g(f,y) 2 min min (L(f,h)v~-v)(i)e ,
yeT heFII ies
(ii) sup g(m,h) £ max max (L(f,h)v-v)(i)e .

mell feFI ies

PROOF. We only prove (i), the proof of (ii) being similar.

Let player I play the stationary strategy f, then the extension of the
Derman and Strauch theorem by GROENEWEGEN and WESSELS [1976] says that
player II may restrict himself to Markov strategies. So, let Y:=(h0,h1,..J
be an arbitrary Markov strategy for player II. Then

(13.4) g(£,y) = liminfn ‘v _(£,y,0) = liminfn v _(£,y,v) .
n-—>o© n n-—>o n

Further,

(13.5) v (£,¥,V) = L(f,hg) *** L{f,h )V

1
= L(£,hy) *++ L(£,h ) (V+L(Eh _)v=-")
) °

= L(f,ho)"' L(f,hn_z)v-+P(f,ho) "'P(f,hn_z

. (L(f,hn_1 v -v)

v

L(f/hy) ***L(£,h _,)v+P(£,h,) +=* P(£,h )
* min min (L(f,h)v-v)(i)e

hsFII ies

= L(f,h,) °** L(f,h )Jv + min min (L(f,h)v-v)(i)e
0 n-2 X
heFII ies

v

e 2 v+ n min min (L(f,h)v-v)(i)e .

€ ie
h FII ies

Now (i) follows immediately from (13.4) and (13.5). 0
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Lemma 13.1 yields the following corollary.
COROLLARY 13.2.
(1) If for some g e R and v € R we have

Uv = vtg.e
then g,e s the value of the game, and policies £, and h satisfying

heF

<
L(f/h))v < Uv < L(f ,h)v for all £ € Fo. IT

yield optimal stationary strategies for players I and II, respectively.
(ii) Let v e R be arbitrary and the policies £, and h, satisfy

L(f,hv)v < Uv < L(fv,h)v for all £ € Fl h e FII ,

then £, and h  are both sp(Uv - v)-optimal. I.e., let g* denote the
value of the game, then
g(f,v) 2 g" - sp(uv-ve for all vy € T .
and

q(n,hv) < g* + sp(Uv-v)e for all me T .

(iii) For all v € V

min (Uv-v) (i)e < g* < max (Uv-v)(i)e
ies ies

PROOF. The proof follows immediately from

*

g 2 inf g(fv,y) > min (Uv-v)(i)e

yeT ies
and
*

g < sup g(n,hv) < max (Uv-v) (i)e

mell ies
= min (Uv-v)(i)e + sp(Uv-vVv)e . O

ies

So corollary 13.2(ii) and (iii) show that it makes sense to study the suc-
cessive approximation scheme (13.1) if the value of the game is independent
of the initial state. And further that the method yields good bounds for

*
the value g and nearly-optimal stationary strategies for the two players if
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(13.6) sp(vn+1-vn) >0 (n > .

In the next two sections we will use the strong aperiodicity assumption to
prove that (13.6) holds for the two cases we are interested in.

Before this will be done, we first show that the strong aperiodicity as-
sumption - as in the MDP case - is not a serious restriction.

Let our MG be characterized by (S,A,B,p,r), then one may use the data-
transformation of SCHWEITZER [1971] again (cf. section 6.3) to obtain an
equivalent MG characterized by (S,A,B,p,¥) with

p(i,a,b,i) := o + (1 -a)p(i,a,b,i) ,

(l-a)P(ilalblj) ’ j #1i,

§(ilalblj)
r(i,a,b) := (1-a)x(i,a,b) ,

for all. i € S, a € A, b € B, where a is some constant with 0 < a < 1.
Writing I, U and g for the operators L and U and the function g in the

transformed MG, we obtain
L(f,hv-v = (1-a)r(f,h) + [aI+ (1 -a)P(£f,h)]v~-v

(1-a)[x(f,h) +P(£,h)v-v] = (1-a) (L(f,h)v-v)

Whence, with 1-a > 0, also
Ov-v=(1l-a)(Uv-v) .

So, if the functional equation (13.2) of the original MG has a solution,
(g*,;) say, then the functional equation (13.2) of the transformed game,
v = v+ge, has a solution ((1 —a)g*,;) . So (1 —ot)g*e is the value of the
transformed game.

Conversely, if U¥ = "\‘7+§‘*e, then Uv = v + (1 —ct)—1 §*e. Further, let for

example the policy E satisfy

L(f,h)v=-v = c}*e—se for all h € FII ,

which implies by corollary 13.2(ii) that f is e—-optimal in the transformed
game. Then Fis (1 -Ot)—l € —optimal in the original game as follows from

corollary 13.2(ii), with

]

L(f,hv-v = (1 -a)'1<i<%,h)v—v)

(1-a)7?

\"2

fj*e - (1—&)_1 ce = g,e - (1-a) " ee.
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So we see that the two problems are equivalent with respect to those fea-
tures that interest us: the value and (nearly-) optimal stationary strate-

gies.

13.2. THE UNTCHAINED MARKOV GAME

In this section we consider the unichained MG, i.e., the case that for each
pair of pure stationary strategies the underlying Markov chain consists of
one recurrent subchain and possibly some transient states. Further it is
assumed that the strong aperiodicity assumption, (13.3), holds.

It is shown that in this case the method of standard successive approxima-

tions (13.1) converges, i.e., that

sp(vn+1-vn) >0 (n->®) .

The line of reasoning is similar as in section 9.4. First we derive a
scrambling condition like lemma 9.7 from which, along the lines of lemma

9.8, it follows that sp(vn+1-vn) converges to zero even exponentially fast.

LEMMA 13.3. There exists a constant n, with 0 < n < 1, such that for all

T € M and v,¥ € M T and for all i,j € S

I

(13.7) ) min {P
keS

(X =k) , P,

i,my En-1 i,7,5 -1

(Recall that N is the number of states in S.)

PROOF. The proof is very similar to the proof of lemma 9.7.

First it is shown that the left hand side in (13.7) is positive for any
four pure Markov strategies m = (f1'f2"")' ; = (§1’§2"")’

Y = (hl'h2"") and y = (hl’h2"")'

Fix these four strategies and define for all i € S and all n = 0,1,...,N-1

the sets S(i,n) and g(i,n) by

S(i,0) := §(i,0) := {i} ,

1,...,N-1

S(,m) :={j es | B(E,hy) <= P(E ,h) >0}, n

Stim) ={jes|PE,h)-PE ) >0}, n=1,...,81



Clearly the sets S(i,n) and E(i,n) are monotonically nondecreasing in n.

For example, if j € S(i,n), then

P(fl’hl) "'P(fnlhn) (ilj) >0 '

and, by the strong aperiodicity assumption,

P(E ,,/h ) (303) >0,

n+1
so also

P(fl,hl) --'P(fn,hn)P(f +1)(i,j) >0,

n+1'hn

hence j € S(i,n+1)

Further, if S(i,n) = S(i,n+1) [g(i,m) = E(i,m+1)], then the set S(i,n)
a1 Paer) PP B 0

In order to prove that the left hand side in (13.7) is positive, we have to

[S(i,m+1)] is closed under P (£

prove that the intersectien
S(i,N-1) n §(j,N-1)

is nonempty for all i,j € S.
Suppose to the contrary that for some pair (io,jo) this intersection is

empty. Then for some n,m < N-1

)

S(lo,n) is closed under P(fn+1’hn+1

and

g(jo,m) is closed under P(f ) o

m+1 /Pt

and further S(io,n) and E(jo,m) are disjoint.

But this implies that we can construct from f and £ and from h and
- n+1 m+1 n+1
hm+1 policies f and h for which P(f,h) has at least two nonempty disjoint
subchains, which contradicts the unichain assumption.

Hence
S(i,N-1) n S(j,N-1)

is nonempty for all i,j € S.

Since there are only finitely many pure (N-1)-stage Markov strategies there
must exist a constant n > 0 for which (13.7) holds for all pure Markov
strategies T, ;, Yy and ;. Moreover, it can be shown that the minimum of the
left hand side of (13.7) within the set of Markov strategies is equal to
the minimum within the set of pure Markov strategies. So the proof is com-

plete. 0
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Next, this lemma will be used to prove that sp(vn

ponentially fast.

+1

—vn) tends to zero ex-

Let {fk} and {hk} be sequences of policies satisfying for all k = 0,1,...

< <
L(f,hk)vk < vk+1 < L(fk,h)vk for all f € FI , he FII
Then for all n
(13.8) Vae2 " Vnet T L(fn+1'hn+1)vn+1 - L(fn'hn)vn
< -
- L(fn+1’hn)vn+1 L(fn+1'hn)vn
= P(fn+1’hn)(vn+1bvn) :
So,
- < DY -
(13.9) VN~ Vnan-1 S P Fhano1 Phan-2) PUE b)) Vg — V)
Similarly,
- > 00 . -
(13.10) VotN ~ Vnn-1 P(fn+N—2'hn+N—1) P(fn’hn+1)<vn+1 Vn)

Now let m, ;, Y and 7 denote the (N-1)-stage Markov strategies

Fpan-17Enan-2r o Enat) 0 Gpagepreoor8y) e By pre-ovby) and

(hn+N-1""'hn+1)’ respectively. Then we have from (13.9) and (13.10) for

all i,j € S

Vo T Vnan-1) B 7 Oy T Vit 3D

< = - = -

< kgs[n’i'"” Ky =K = By oo Ky =0T (v -V )0

= kgs[ fm,y Koy = mmin (R, Xy =0, By L o (X =K (v - ) () 4

- kgs[mj'ﬁ"?(ﬁ”:k) mmin (P, =K By L Ky =K00T (v =) ()

< = - mi =] = -

< kz [P, oy @y =R —min{®, - y =k), By o o (X =k Mmax(v Ly - v ) (0) +
€S Les

- [P, . (X .=k)-min{P, X ,=k), P, . (X . =k)}]mi -v ) (&
kZS J,H,Y( N-1 { min l,n,y( N-1 )y j,n,y( N-1 '} ?:g(vn+1 Yn (2)

=[1- z m:l.n{IPi'ﬂ,Y (XN_1 =k) , ]Pj,ﬁ ~ (XN_1 =k)}] sp(vn+1 —vn)

kes
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Hence for all n = 0,1,...

(13.11) sp(yn+N-vn+N_1) < (1 —n)sp(vn+1-vn) ’

where n is the constant in lemma 13.3.

This immediately leads to

THEOREM 13.4. If the Markov game is unichained and the strong aperiodicity
assumption holds, then we have for the standard successive approximation
scheme (13.1)

n

. _ N-1 .
(i) vn+1-vn—g*e+0((1-n) ) (n > ),
with n the constant in lemma 13.3.

*
Further, for some v € V,

n
(i) v =nge+v" +0(1-mY Y ;ns e
and
(1ii) w =v" +ge.

PROOF. (i) follows immediately from (13.11). Then (ii) follows from (i) and
(iii) follows from (ii). That the constant involved is equal to 9, is imme-~

diate from corollary 13.2. 0

So, if the MG is unichained and the strong aperiodicity assumption holds
(for example as a result of Schweitzer's datatransformation), then the
method of standard successive approximations yields an e-band on the value
of the game and e€-optimal stationary strategies for both players for all

€ > 0 and this even exponentially fast.

13.3. THE FUNCTIONAL EQUATION Uv = v + ge HAS A SOLUTION

In this section it will be shown that, if the functional equation Uv = v +ge
*

has a solution, (g*,v ) say, and if the strong aperiodicity assumption

holds, then Vn+1-

the method of standard successive approximations (13.1) yields a good ap-

v, converges to g,e. By corollary 13.2 this implies that

proximation of the value of the game and nearly-optimal stationary strate-

gies for the two players.
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The line of reasoning will be similar to the one in chapter 9. A different

proof can be found in Van der WAL [1980b].

Define for all n =0,1,...

(13.12) 9y = Vo1 " Vn ot

(13.13) ln i= ?in gn(i) '
ieS
(13.14) u := gax gn(l) .
ies
It will be shown that {Rn} is monotonically nondecreasing with limit g, and
that {un} is monotonically nonincreasing also with limit g, .

Therefore we first need the following lemma.

LEMMA 13.5. For all v,w € ]RN

min (v-w)(i)e < Uv-Uw < max (v-w)(i)e ,
ies ies
so

sp(Uv -Uw) < sp(v-w) .

PROOF. Let £ , h , £ and h_ satisfy for all £ € F_ and h € F
—_— v v w w I II

L(f,hv)v < Uv < L(fv,h)v

and
L(f,hw)w < Uw < L(fw,h)w .
Then
Uv - Uw 2 L(fw,hv)v - L(fw,hv)w = P(fw,hv)(v-w) > ?1n (v-w) (i)e .
ies
Similarly one establishes the second inequality. J

From this lemma one immediately obtains the following corollary.
COROLLARY 13.6.
(i) For all n=0,1,...

< < < ,
ﬁn - JLn+1 =9 = Yn+t n

IA
=]

(ii) sp(vn) 18 bounded in n.
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PROOF. (i) follows from lemma 13.5 with v = Vo1 and w = v and corollary
13.2.
(ii) Sp(vn) = sp(UnvO) < sp(UnvO-Unv*) + sp(Unv*)

IA

sp(vo-v*) + sp(v*) . I

Now we will follow the line of reasoning in section 9.4 to prove that

R* := lim ln is equal to 9,-
N-yoo

From an inequality like (13.10) one immediately obtains for all n and k

k k
> -
ek = @ 9, + (1-a )lne .
Especially, if
gm+q(10) = 2m+q !

then (cf. (9.17) and (9.18)) for all 0 < p < g

> iy > oF : _ 4P
2,2 gm+q(l0) 2 a gm+q—p(10) + (1-07)2

m+q-p

v

oPg (i) + (l—up)!l,m ,

m+g-p

where the last inequality follows from corollary 13.6(i).

So for all 0 < p < g
. P, _ ., _
g (10) <a (R, lm)-FRm < a (L, lm)'*lm .
Hence, cf. (9.19),

g-1

(ig) = v (i) = N 9 (ig) = qa—q(l*—lm) tat -

(13.15)
£=0 +t "0

A4
m+q

On the other hand we have un > g, for all n. Hence, there exists a state

€ S which has g for at least N_lq of the indices

o mtk F0) % 9%
m+k € {m,m+l,...,mg-1}. So for this state 3y
1

. - - -1 ~ -1 )
(13.16) vm+q(JO) ?m(jo) 2N "qg, + (@-N q)lm = qlm + N q(g* lm) .

Together, (13.15) and (13.16) yield

-1 -q
(13.17) sp(vm+ vm) > N q(g*-2m) - qo (2*-£m) .

q
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Now we can prove

LEMMA 13.7. %, = g,.

PROOF. The proof is practically identical to the proof of theorem 9.11. We

therefore delete it.

THEOREM 13.8.

lim (v
n
n->o

+1-vn) =g,e .

PROOF. From lemma 13.7 we have already

lim min (v

: -vn)(i) =g, -
n>» i€s

n+1

Similarly to lemma 13.7 one may prove that also

which completes the proof.

So we see that, if the functional equation Uv =

the strong aperiodicity assumption holds, then the method of standard suc-

0

v +ge has a solution and if

cessive approximations yields an €-band on the value of the game and nearly-

optimal stationary strategies for both players.



REFEPENCES

ANTHONISSE, J. and H. TIJMS (1977), Exponential convergence of products of
stochastic matrices, J. Math. Anal. Appl. 59, 360-364.

BATHER, J. (1973), Optimal decision procedures for finite Markov chains,

Part II, Adv. Appl. Prob. 5, 521-540.
BELLMAN, R. (1957), A Markov decision process, J. Math. Mech. 6. 679-684.

BLACKWELL, D. (1962), Discrete dynamic programming, Ann. Math. Statist. iz
719-726.

BLACKWELL, D. (1965), Discounted dynamic programming, Ann. Math. Statist.
36, 226-235.

BLACKWELL, D. (1967), Positive dynamic programming, in Proceedings of the
5th Berkeley stposium on Mathematical Statistics and Probability,
Vol. I, 415-418.

BLACKWELL, D. and T. FERGUSON (1968), The big match, Ann. Math. Statist.
39, 159-163.

BROWN, B. (1965), On the iterative method of dynamic programming on a
finite state space discrete time Markov process, Ann. Math. Statist.

36, 1279-1285.

CHARNES, A. and R. SCHROEDER (1967), On some stochastic tactical antisub-
marine games, NRLQ 14, 291-311,

DENARDO, E. (1967), Contraction mappings in the theory underlying dynamic
programming, Siam Rev. 9, 165-177.

DENARDO, E. (1970), On linear programming in a Markov decision problem,

Man. Science 16, 281-288.

DENARDO, E. (1973), A Markov decision problem, in Mathematical Programming,

eds. T. Hu and S. Robinson, Acad. Press, New York, 33-68.



240

DENARDO, E. and B. FOX (1968), Multichain Markov renewal programs, Siam J.
on Appl. Math. 16, 468-487.

DENARDO, E. and B. MILLER (1968), An optimality condition for discrete
dynamic programming with no discounting, Ann. Math. Statist. 39,

1220-1227.

DENARDO, E. and U. ROTHBLUM (1979), Overtaking optimality for Markov deci-
sion chains, Math. Oper. Res. 4, 144-152.

DERMAN, C. (1970), Finite stage Markovian decision processes, Acad. Press,

New York.

DERMAN, C. and R. STRAUCH (1966), A note on memoryless rules for controlling
sequential decision processes, Ann. Math. Statist. 37, 276-278.

DUBINS, L. and L. SAVAGE (1965), How to gamble if you must, McGraw-Hill,

New York.

d'EPENOUX, F. (1960), Sur un probléme de production et de stockage dans

l'aléatoire, Rev. Frangaise de Rech. Oper. 14, 3-16.

FEDERGRUEN, A. (19 ), Successive approximation methods in undiscounted

stochastic games, Oper. Res. 28, 794-809.

GHELLINCK, G. de (1960), Les problémes de décisions sequentielle, Cah. du
Centre d'Etudes de Rech. Opér. 2, 161-179.

GILLETTE, D. (1957), Stochastic games with zero stop probabilities, in
Contributions to the theory of games, Vol. III, eds. M. Dresher,
A. Tucker and P. Wolfe, Princeton Univ. Press, Princeton, New Jersey,

179-187.

GROENEWEGEN, L. (1978), Characterization of optimal strategies in dynamic

games, Doctoral dissertation, Eindhoven Univ. of Technology.

GROENEWEGEN, L. and J. WESSELS (1976), On the relation between optimality
and saddle-conservation in Markov games, Eindhoven Univ. of Technology,

Dept. of Maths., Memorandum COSOR 76-14.

HAJNAL, J. (1958), Weak ergodicity in nonhomogeneous Markov chains, Proc.
Cambridge Phil. Soc. 54, 233-246.

HARRISON, J. (1972), Discrete dynamic programming with unbounded rewards,
Ann. Math. Statist. 43, 636-644.



241

HASTINGS, N. (1968), Some notes on dynamic programming and replacement,
Oper. Res. Q. 19, 453-464.

HASTINGS, N. (1971), Bounds on the gain of a Markov decision process, Oper.
Res. 19, 240-243.

HEE, K. van (1978a), Markov strategies in dynamic programming, Math. Oper.
Res. 3, 37-41.

HEE, K. van (1978b), Bayesian control of Markov chains, Doctoral disserta-

tion, stelling 5 (in Dutch), Eindhoven Univ. of Technology.

HEE, K. van, A. HORDIJK and J. van der WAL (1977), Successive approxima-
tions for convergent dynamic programming, in Markov decision theory,
eds. H. Tijms and J. Wessels, Math. Centre Tract 93, Mathematisch

Centrum, Amsterdam, 183-211.

HEE, K. van and J. van der WAL (1977), Strongly convergent dynamic program-—
ming: some results, in Dynamische Optimierung, ed. M. Schél, Bonner

Math. Schriften nr. 98, Bonn, 165-172.

HEE, K. van and J. WESSELS (1978), Markov decision processes and strongly

excessive functions, Stoch. Proc. Appl. 8, 59-76.

HOFFMAN, A. and R. KARP (1966), On nonterminating stochastic games, Man.
Science 12, 359-370.

HORDIJK, A. (1974), Dynamic programming and Markov potential theory, Math.

Centre Tract 51, Mathematisch Centrum, Amsterdam.

HORDIJK, A. (1976), Regenerative Markov decision models, in Stochastic
systems: modeling, identification and optimization, Math. Progr.

Studies 6, North-Holland, Amsterdam, 49-72.

HORDIJK, A. and L. KALLENBERG (1979), Linear programming and Markov deci-

sion chains, Man. Science 25, 352-362.

HORDIJK, A. and H. TIJMS (1975), A modified form of the iterative method of

dynamic programming, Ann. of Statist. 3, 203-208.

HOWARD, R. (1960), Dynamic programming and Markov processes, Wiley, New

York.

KALLENBERG, L. (1980), Linear programming and finite Markovian control

problems, Doctoral dissertation, Univ. of Leiden.



242

KOHLBERG, E. (1974), Repeated games with absorbing states, Ann. of Statist.
2, 724-738.

KUMAR, P. and T. SHIAU (1979), Randomized strategies in zero-sum discrete-
time stochastic games, Univ. of Maryland, Dept. of Maths., Baltimore

County.

KUSHNER, H. and S. CHAMBERLAIN (1969), Finite state stochastic games:
existence theorems and computational procedures, IEEE, Trans. Aut.

Control 14, 248-254.

LANERY, E. (1967), Etude asymptotique des systémes Markoviens & commande,
Rev. Inf. Rech. Opér. 1, 3-56.

LIPPMAN, S. (1969), Criterion equivalence in discrete dynamic programming,

Oper. Res. 17. 920-923.

MACQUEEN, J. (1966), A modified dynamic programming method for Markovian
decision problems, J. Math. Anal. Appl. 14, 38-43.

MAITRA, A. and T. PARTHASARATHY (1971), On stochastic games II, J. Opt.
Theory Appl. 8, 154-160.

MANNE, A. (1960), Linear programming and sequential decisions, Man. Science

6, 259-267.

MERTENS, J. and A. NEYMAN (1980), Stochastic games, Univ. Catholique de

Louvain, Dept. of Maths.

MILLER, B. and A. VEINOTT (1969), Discrete dynamic programming with a
small interest rate, Ann. Math. Statist. 40, 366-370.

MONASH, C. (1979), Stochastic games: the minimax theorem, Harvard Univ.,

Cambridge, Massachusetts.

MORTON, T. (1971), Undiscounted Markov renewal programming via modified

successive approximations, Oper. Res. 12! 1081-1089.

MORTON, T. and W. WECKER (1977), Ergodicity and convergence for Markov

decision processes, Man. Science Zi’ 890-900.
NASH, J. (1951), Non-cooperative games, Ann. of Maths. Eﬁ, 286-295.

NUNEN, J. van (1976a), Contracting Markov decision processes, Math. Centre

Tract 71, Mathematisch Centrum Amsterdam.



NUNEN, J. van (1976b), Improved successive approximation methods for dis-
counted Markov decision processes, in Progress in Operations Research,

ed. A. Pfékopa, North-Holland, Amsterdam, 667-682.

NUNEN, J. van (1976c), A set of successive approximation methods for dis-

counted Markovian decision problems, Zeitschr. Oper. Res. 20, 203-208.

NUNEN, J. van and S. STIDHAM (1978), Action-dependent stopping times and
Markov decision processes with unbounded rewards, to appear in

OR Spectrum.

NUNEN, J. van and J. WESSELS (1976), A principle for generating optimiza-
tion procedures for discounted Markov decision processes, Colloguia
Mathematica Societatis Bolyai Janos, Vol. 12, 683-695, North Holland,

Amsterdam.

NUNEN, J. van and J. WESSELS (1977a), Markov decision processes with
unbounded rewards, in Markov decision theory, eds. H. Tijms and
J. Wessels, Math. Centre Tract 93, Mathematisch Centrum Amsterdam,

1-24.

NUNEN, J. van and J. WESSELS (1977b), The generation of successive approxi-
mations for Markov decision processes using stopping times, in Markov
decision theory, eds. H. Tijms and J. Wessels, Math. Centre Tract 93,

Mathematisch Centrum Amsterdam, 25-37.

ODONI, A. (1969), On finding the maximal gain for Markov decision processes,

Oper. Res. 17, 857-860.

ORNSTEIN, D. (1969), On the existence of stationary optimal strategies,
Proc. Amer. Math. Soc. 29! 563-569.

PLATZMAN, L. (1977), Improved conditions for convergence in undiscounted

Markov renewal programming, Oper. Res. 25, 529-533.

POLLATSCHEK, M. and B. AVI-ITZHAK (1969), Algorithms for stochastic games

with geometrical interpretation, Man. Science 15, 399-415.

PORTEUS, E. (1971), Some bounds for discounted sequential decision proces-

ses, Man. Science 18, 7-11.

PORTEUS, E. (1975), Bounds and transformations for discounted finite Markov

decision chains, Oper. Res. 23, 761-784.

RAO, S., R. CHANDRASEKARAN and K. NAIR (1973), Algorithms for discounted

stochastic games, J. Opt. Theory Appl. 11, 627-637.



244

REETZ, D. (1973), Solution of a Markovian decision problem by successive

overrelaxation, Zeitschr. Oper. Res. 17, 29-32.

RIOS, S. and I. YANEZ (1966), Programmation sequentielle en concurrence,
in Research papers in statistics, ed. F. David, Wiley, New York,

289-299.

ROGERS, P. (1969), Nonzero-sum stochastic games, Berkeley, Univ. of

California, Oper. Res. Centre, Report ORC 69-8.

ROSS, S. (1970), Applied probability models with optimization applications,

Holden Day, San Francisco.

ROTHBLUM, U. (1979), Iterated successive approximation for sequential deci-
sion processes, Yale University, School of Org. and Man., New Haven,

Connecticut.

SCHAL, M. (1975), Conditions for optimality in dynamic programming and for
the limit of n-stage policies to be optimal, Zeitschr. Wahrsch. Th.
verw. Gebieten 32, 179-196.

SCHWEITZER, P. (1971), Iterative solution of the functional equations of
undiscounted Markov renewal programming, J. Math. Anal. Appl. 34,

495-501.

SCHWEITZER, P. and A. FEDERGRUEN (1978), The asymptotic behaviour of undis-
counted value iteration in Markov decision problems, Math. Oper. Res.

2, 360-382.

SCHWEITZER, P. and A. FEDERGRUEN (1979), Geometric convergence of value-
iteration in multichain Markov decision problems, Adv. Appl. Prob. 11,

188-217.
SHAPLEY, L. (1953), Stochastic games, Proc. Nat. Acad. Sci. 39, 1095-1100.

SLADKY, K. (1974), On the set of optimal controls for Markov chains with

rewards, Kybernetica 10, 350-367.

SOBEL, M. (1971), Noncooperative stochastic games, Ann. Math. Statist. 42,
1930-1935.

STIDHAM, S. (1978), On the convergence of successive approximations in
dynamic programming with non-zero terminal reward, Raleigh, North

Carolina State University, Technical Report no. 78-9.



STRAUCH, R. (1966), Negative dynamic programming, Ann. Math. Statist. 37,
871-889.

VARGA, R. (1962), Matrix iterative analysis, Prentice-Hall, Englewood
Cliffs.

VEINOTT, A. (1966), On finding optimal policies in discrete dynamic program-

ming with no discounting, Ann. Math. Statist. 37, 1284-1294.

VEINOTT, A. (1969), Discrete dynamic programming with sensitive discount

optimality criteria, Ann. Math. Statist. 40, 1635-1660.

WAL, J. van der (1976), A successive approximation algorithm for an undis-

counted Markov decision process, Computing 17, 157-162.

WAL, J. van der (1977a), Discounted Markov games: successive approximations

and stopping times, Int. J. Game Theory 6, 11-22.

WAL, J. van der (1977b), Discounted Markov games: generalized policy itera-

tion method, J. Opt. Theory Appl. 25, 125-138.

WAL, J. van der (1979), Positive Markov games with stopping actions, in
Game theory and related topics, eds. O. Moeschlin and D. Pallaschke,
North-Holland, Amsterdam, 117-126.

WAL, J. van der (1980a), The method of value oriented successive approxima-—
tions for the average reward Markov decision process, OR Spectrum i,

233-242.

WAL, J. van der (1980b), Successive approximations for average reward Markov

games, Int. J. Game Theory 9, 13-24.

WAL, J. van der and J. WESSELS (1976), On Markov games, Stat. Neerlandica
30, 51-71.

WAL, J. van der and J. WESSELS (1977), Successive approximation methods
for Markov games, in Markov decision theory, eds. H. Tijms and J.
J. Wessels, Math. Centre Tract 93, Mathematisch Centrum Amsterdam,
39-55.

WAL, J. van der and H. ZIJM (1979), Note on a dynamic programming recursion,

Eindhoven Univ. of Technology, Dept. of Maths., Memorandum COSOR 79-12.

WALTER, W. (1976), A note on contraction, Siam Rev. 18, 107-111.



246

WESSELS, J. (1977a), Stopping times and Markov programming, in Transactions
of the 7-th Prague conference of Information theory, Statistical deci-

sion functions and Random processes, Academia, Prague, 575-585.

WESSELS, J. (1977b), Markov programming by successive approximations with

respect to weighted supremum norms, J. Math. Anal. Appl. 58, 326-335.

WESSELS, J. and J. van NUNEN (1975), Discounted semi-~Markov decision pro-
cesses: linear programming and policy iteration, Stat. Neerlandica 29,
1-7.

WHITE, D. (1963), Dynamic programming, Markov chains and the method of

successive approximations, J. Math. Anal. Appl. 6, 373-376.

WIJNGAARD, J. (1975), Stationary Markovian decision problems, Doctoral

dissertation, Eindhoven, Univ. of Technology.

ZACHRISSON, L. (1964), Markov games, in Advances in game theory, eds.
M. Dresher, L. Shapley and A. Tucker, Princeton, New Jersey, 211-253.

ZIJM, H. (1978), Bounding functions for Markov decision processes in rela-

tion to the spectral radius, Oper. Res. Verfahren 33, 461-472.






248

Ck(f)

g(i,m

o
gli,m,y)
pli,a,3)
p(i,a,b,3)
r(i,a)

¥ (£)
r({i,a,b)

r(£,h)

u(i,m)

vn(i,n)
vn(i,ﬂ,v)
VB(i,W)
v(i,m,v)
Vn(irTTr'YlV)
w(di,m)

*

w

z{(i,m)

14
11
13
13,193

193

183
10
15

184

186
12
16
12
12,193
12
22
12

193

. 185

16

16

16

SYMBOL INDEX

z (i,m)

* S

L(f)
AT
L7 (D)
Ld(ﬂ)
L;(ﬂ)
abs

(m)

L(f,h)

P(f)

16

66

66

11

183

185

113

51

11

184

184

15

15

15

52

52

52

187

185

185



*
P (£)

P(f,h)

abs

il’nl‘Y

110
187

10

15,187
15
15
15
52,204
52
53
14
14
15
15
11
52

52

11
52

185

249

P, 11

i,
P§ 51

i,m

. 185

1,m,Y
IR 13
a5 57,203
B 12
Y 184
§ 50,203
A 61
m 10,184
T 34, 52,204
[0} 66
T 184
it 10,184
] 66

15

i "
£f»h, £rnh 112
P ? Q, P >0 113
VW 143



250

SUBJECT INDEX

action space

aperiodicity transformation
average overtaking optimal
average reward per unit time
bounding function
communicating

conserving

contracting Markov decision process
contracting Markov game
decision maker

equalizing

functional equation
Gauss~Seidel iteration
go-ahead function
irreducible '
Jacobi-iteration

k~discount optimal

k~order average optimal
Laurent series expansion
Liapunov function

Markov go-ahead function

Markov strategy

monotone value-oriented successive approximations

nonzero go-ahead function
optimality equation
overtaking optimal

policy

policy iteration
randomized Markov strategy
reward function

scrap value

93
174

70

94, 98,100,102
197

2

70

3

49
50,203
163

49
115
130
146

76

58
11,185
63
57,203
26
130
11,184
74,121,209,211
10,185
10,184
44



sensitive optimal

simply connected

standard successive approximations
state space

stationary go-ahead function
stationary strategy

strategy

strong aperiodicity assumption
strong convergence condition
strongly convergent

strongly excessive function
successive overrelaxation

total expected discounted reward
total expected reward

transition law

unichained

uniform tail condition

value-oriented successive approximations

115,129

178
43,201
2, 9,184
60
11,185
10,184

160

66

66

93

49

12

12
9,184

160

65
61,159

Ny
o1






TITLES IN THE SERIES MATHEMATICAL CENTRE TRACTS

(An asterisk before the MCT number indicates that the tract is under prep-
aration).

A leaflet containing an order form and abstracts of all publications men-—
tioned below is available at the Mathematisch Centrum, Kruislaan 413,
1098 SJ Amsterdam, The Netherlands. Orders should be sent to the same

address.

MCT 1 T. VAN DER WALT, Fixed and almost fixed points, 1963.
ISBN 90 6196 002 9.

MCT 2 A.R. BLOEMENA, Sampling from a graph, 1964. ISBN 90 6196 003 7.

MCT 3 G. DE LEVE, Generalized Markovian decision processes, part I: Model
and method, 1964. ISBN 90 6196 004 5.

MCT 4 G. DE LEVE, Generalized Markovian decision processes, part II:
Propabilistic background, 1964. ISBN 90 6196 005 3.

MCT 5 G. DE LEVE, H.C. TIJMS & P.J. WEEDA, Generalized Markovian decision
processes, Applications, 1970. ISBN 90 6196 051 7.

MCT 6 M.A. MAURICE, Compact ordered spaces, 1964. ISBN 90 6196 006 1.

MCT 7 W.R. VAN ZWET, Convex transformations of random variables, 1964.
ISBN 90 6196 007 X.

MCT 8 J.A. ZONNEVELD, Automatic numerical integration, 1964.
ISBN 90 6196 008 8.

MCT P.C. BAAYEN, Universal morphisms, 1964. ISBN 90 6196 009 6.

MCT 10 E.M. DE JAGER, Applications of distrubutions in mathematical physics,
1964. ISBN 90 6196 010 X.

MCT 11 A.B. PAALMAN-DE MIRANDA, Topological semigroups, 1964.
ISBN 90 6196 011 8.

MCT 12 J.A.Th.M. VAN BERCKEL, H. BRANDT CORSTIUS, R.J. MOKKEN & A. VAN
WIJNGAARDEN, Formal properties of newspaper Dutch, 1965.
ISBN 90 6196 013 4.

MCT 13 H.A. LAUWERIER, Asymptotic expansions, 1966, out of print; replaced
by MCT 54.

MCT 14 H.A. LAUWERIER, Calculus of variations in mathematical physics,
1966. ISBN 90 6196 020 7.

MCT 15 R. DOORNBOS, Slippage tests, 1966. ISBN 90 6196 021 5.

MCT 16 J.W. DE BAKKER, Formal definition of programming languages with an

application to the definition of ALGOL 60, 1967.
ISBN 90 6196 022 3.
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R.P. VAN DE RIET, Formula maniputation in ALGOL 60, part 1; 1968.
ISBN 90 6196 025 8.

R.P. VAN DE RIET, Formula manipulation in ALGOL 60, part 2, 1968.
ISBN 90 6196 038 X.

J. VAN DER SLOT, Some properties related to compactness, 1968.
ISBN 90 6196 026 6.

P.J. VAN DER HOUWEN, Finite difference methods for solving partial
differential equations, 1968. ISBN 90 6196 027 4.

E. WATTEL, The compactness operator in set theory and topology, 1968.
ISBN 90 6196 028 2.

T.J. DEKKER, ALGOL 60 procedures in numerical algebra, part 1, 1968.
ISBN 90 6196 029 0.

T.J. DEKKER & W. HOFFMANN, ALGOL 60 procedures in numerical algebra,
part 2, 1968. ISBN 90 6196 030 4.

J.W. DE BARKER, Recursive procedures, 1971. ISBN 90 6196 060 6.

E.R. PAERL, Representations of the Lorenta group and projective
geometry, 1969. ISBN 90 6196 039 8.

EUROPEAN MEETING 1968, Selected statistical papers, part I, 1968.
ISBN 90 6196 031 2.

EUROPEAN MEETING 1968, Selected statistical papers, part II, 1969.
ISBN 90 6196 040 1.

J. OOSTERHOFF, Combination of one-sided statistical tests, 1969.
ISBN 90 6196 041 X.

J. VERHOEFF, Error detecting decimal codes, 1969. ISBN 90 6196 042 8.

H. BRANDT CORSTIUS, Exercises in computational linguistics, 1970.
ISBN 90 6196 052 5.

W. MOLENAAR, Approximations to the Poisson, binomial and hypergeometric
distribution functions, 1970. ISBN 90 6196 053 3.

L. DE HAAN, On regular variation and its application to the weak con—
vergence of sample extremes, 1970. ISBN 90 6196 054 1.

F.W. STEUTEL, Preservation of infinite divisibility under mixing and
related topics, 1970. ISBN 90 6196 061 4.

I. JUHASZ, A. VERBEEK & N.S. KROONENBERG, Cardinal functions in
topology, 1971. ISBN 90 6196 062 2.

M.H. VAN EMDEN, An analysis of complexity, 1971. ISBN 90 6196 063 0.
J. GRASMAN, On the birth of boundary layers, 1971. ISBN 90 6196 064 9.

J.W. DE BAKKER, G.A. BLAAUW, A.J.W. DUILJVESTIJN, E.W. DIJKSTRA,
P.J. VAN DER HOUWEN, G.A.M. KAMSTEEG-KEMPER, F.E.J. KRUSEMAN
ARETZ, W.L. VAN DER POEL, J.P. SCHAAP-KRUSEMAN, M.V. WILKES &
G. ZOUTENDIJK, MC-25 Informatica Symposium 1971.

ISBN 90 6196 065 7.
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W.A. VERLOREN VAN THEMAAT, Automatic analysis of Dutch compound
words, 1971. ISBN 90 6196 073 8.

H. BAVINCK, Jacobi series and approximation, 1972. ISBN 90 6196 074 6.

H.C. TIIMS, Analysis of (s,S) inventory models, 1972.
ISBN 90 6196 075 4.

A. VERBEEK, Superextensions of topological spaces, 1972.
ISBN 90 6196 076 2.

W. VERVAAT, Success epochs in Bermoulli trials (with applications in
number theory), 1972. ISBN 90 6196 077 O.

F.H. RUYMGAART, Asymptotic theory of rank tests for independence,
1973. ISBN 90 6196 081 9.

H. BART, Meromorphic operator valued functions, 1973.
ISBN 90 6196 082 7.

A.A. BALKEMA, Monotone transformations and limit laws 1973.
ISBN 90 6196 083 5.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 1: The language, 1973. ISBN 90 6196 084 3.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 2: The compiler, 1973. ISBN 90 6196 085 1.

F.E.J. KRUSEMAN ARETZ, P.J.W. TEN HAGEN & H.L. OUDSHOORN, An ALGOL
60 compiler in ALGOL 60, Text of the MC-compiler for the
EL-X8, 1973. ISBN 90 6196 086 X.

H. KOK, Connected orderable spaces, 1974. ISBN 90 6196 088 6.

A. VAN WIJNGAARDEN, B.J. MAILLOUX, J.E.L. PECK, C.H.A. KOSTER,
M. SINTZOFF, C.H. LINDSEY, L.G.L.T. MEERTENS & R.G. FISKER
(eds), Revised report on the algorithmic language ALGOL 68,
1976. ISBN 90 6196 089 4.

A. HORDIJK, Dynamic programming and Markov potential theory, 1974.
ISBN 90 6196 095 9.

P.C. BAAYEN (ed.), Topological structures, 1974. ISBN 90 6196 096 7.

M.J. FABER, Metrizability in generalized ordered spaces, 1974.
ISBN 90 6196 097 5.

H.A. LAUWERIER, Asymptotic analysis, part 1, 1974. ISBN 90 6196 098 3.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 1: Theory of
designs, finite geometry and coding theory, 1974.
ISBN 90 6196 099 1.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 2: Graph
theory, foundations, partitions and combinatorial geometry,
1974. ISBN 90 6196 100 9.

M. HALL JR. & J.H. VAN LINT (eds), Combinatorics, part 3: Combina-
torial group theory, 1974. ISBN 90 6196 101 7.



MCT 58 W. ALBERS, Asymptotic expansions and the deficiency concept in sta-
tistiecs, 1975. ISBN 90 6196 102 5.

MCT 59 J.L. MIJNHEER, Sample path properties of.stable processes, 1975.
ISBN 90 6196 107 6.

MCT 60 F. GOBEL, Queueing models involving buffers, 1975. ISBN 90 6196 108 4.

*MCT 61 P. VAN EMDE BOAS, dbstract resource-bound classes, part 1,
ISBN 90 6196 109 2.

*MCT 62 P. VAN EMDE BOAS, Abstract resource-bound classes, part 2,
ISBN 90 6196 110 6.

MCT 63 J.W. DE BAKKER (ed.), Foundations of computer science, 1975.
ISBN 90 6196 111 4,

MCT 64 W.J. DE SCHIPPER, Symmetric closed categories, 1975. ISBN 90 6196 112 2.

MCT 65 J. DE VRIES, Topological transformation groups 1 A categorical approach,
1975. ISBN 90 6196 113 O.

MCT 66 H.G.J. PLJLS, Locally convex algebras in spectral theory and eigen-—
function expansions, 1976. ISBN 90 6196 114 9.

*MCT 67 H.A. LAUWERIER, Asymptotic analysis, part 2, ISBN 90 6196 119 X.

MCT 68 P.P.N. DE GROEN, Singularly perturbed differential operators of
second order, 1976. ISBN 90 6196 120 3.

MCT 69 J.K. LENSTRA, Sequencing by enumerative methods, 1977.
ISBN 90 6196 125 4.

MCT 70 W.P. DE ROEVER JR., Recursive program schemes: Semantics and proof
theory, 1976. ISBN 90 6196 127 0.

MCT 71 J.A.E.E. VAN NUNEN, Contracting Markov decision processes, 1976.
ISBN 90 6196 129 7.

MCT 72 J.K.M. JANSEN, Simple periodic and nonperiodic Lamé functions and
their applications in the theory of conical waveguides, 1977.
ISBN 90 6196 130 O.

MCT 73 D.M.R. LEIVANT, Absoluteness of intuitionistic logic, 1979.
ISBN 90 6196 122 X.

MCT 74 H.J.J. TE RIELE, A theoretical and computational study of generalized
aliquot sequences, 1976. ISBN 90 6196 131 9.

MCT 75 A.E. BROUWER, Treelike spaces and related connected topological
spaces, 1977. ISBN 90 6196 132 7.

MCT 76 M. REM, Assoctiations and the closure statement, 1976.
ISBN 90 6196 135 1.

MCT 77 W.C.M. KALLENBERG, Asymptotic optimality of likelihood ratio tests
in exponential families, 1977. ISBN 90 6196 134 3.

MCT 78 E. DE JONGE & A.C.M. VAN ROOLJ, Introduction to Riesz spaces, 1977.
ISBN 90 6196 133 5.



MCT
MCT
MCT
MCT
MCT

MCT

MCT

MCT

*MCT
MCT
MCT
‘MCT
MCT
MCT
MCT
MCT
MCT
MCT
*MCT

MCT

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

M.C.A. VAN ZULJLEN, Empirical distributions and rank statistics,
1977. ISBN 90 6196 145 9.

P.W. HEMKER, 4 numerical study of stiff two-point boundary problems,
1977. ISBN 90 6196 146 7.

K.R. APT & J.W. DE BAKKER: (eds), Foundations of computer science II,
part 1, 1976. ISBN 90 6196 140 8.

K.R. APT & J.W. DE BAKKER (eds), Foundations of computer science II,
part 2, 1976. ISBN 90 6196 141 6.

L.S. BENTHEM JUTTING, Checking Landau's "Grundlagen" in the
AUTOMATH system, 1979. ISBN 90 6196 147 5.

H.L.L. BUSARD, The translation of the elements of Euclid from the
Arabic into Latin by Hermann of Carinthia (?) books vii-xit,
1977. ISBN 90 6196 148 3.

J. VAN MILL, Supercompactness and Wallman spaces, 1977.
ISBN 90 6196 151 3.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix I, A programming_system
for operations on vectors and matrices over arbitrary fields
and of variable size. 1978. ISBN 90 6196 152 1.

S.G. VAN DER MEULEN & M. VELDHORST, Torrix II,
ISBN 90 6196 153 X.

A. SCHRIJVER, Matroids and linking systems, 1977.
ISBN 90 6196 154 8.

J.W. DE ROEVER, Complex Fourier transformation and analytic functionals
with unbounded carriers, 1978. ISBN 90 6196 155 6.

L.P.J. GROENEWEGEN, Characterization of optimal strategies in dynamic
games, 1981 , ISBN 90 6196 156 4,

J.M. GEYSEL, Transcendence in fields of positive characteristic,
1979. ISBN 90 6196 157 2.

P.J. WEEDA, Finite generalized Markov programming, 1979.
ISBN 90 6196 158 0.

H.C. TIJMS & J. WESSELS (eds), Markov decision theory, 1977.
ISBN 90 6196 160 2.

A. BIJLSMA, Simultaneous approximations in transcendental number
theory, 1978. ISBN 90 6196 162 9.

K.M. VAN HEE, Bayesian control of Markov chains, 1978.
ISBN 90 6196 163 7.

P.M.B. VITANYI, Lindenmayer systems: Structure, languages, and
growth functions, 1980. ISBN 90 6196 164 5.

A. FEDERGRUEN, Markovian control problems; functional equations
and algorithms, . ISBN 90 6196 165 3.

R. GEEL, S<ingular perturbations of hyperbolic type, 1978.
ISBN 90 6196 166 1.
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H

.K. LENSTRA, A.H.G. RINNOOY KAN & P. VAN EMDE BOAS, Interfaces

between computer science and operations research, 1978.
ISBN 90 6196 170 X.

.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings

bicentennial congress of the Witkundig Genootschap, part 1, 1979.
ISBN 90 6196 168 8.

.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (eds), Proceedings

bicentennial congress of the Wiskundig Genootschap, part 2, 1979.
ISBN 90 6196 169 6.

. VAN DULST, Reflexive and superreflexive Banach spaces, 1978.

ISBN 90 6196 171 8.

. VAN HARN, Classifying infinitely divisible distributions by

functional equations, 1978. ISBN 90 6196 172 6.

.M. VAN WOUWE, Go-spaces and generalizations of metrizability, 1979.

ISBN 90 6196 173 4.

. HELMERS, Edgeworth expansions for linear combinations of order

statistics, 1982. ISBN 90 6196 174 2.

SCHRIJVER (ed. ), Packing and covering in combinatorics, 1979.
ISBN 90 6196 180 7.

. DEN HEIJER, The numerical solution of nonlinear operator

equations by imbedding methods, 1979. ISBN 90 6196 175 0.

.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer

science III, part 1, 1979. ISBN 90 6196 176 9.

.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer

science III, part 2, 1979. ISBN 90 6196 177 7.

.C. VAN VLIET, ALGOL 68 transput, part I: Historical review and

discussion of the implementation model, 1979. ISBN 90 6196 178 5.

.C. VAN VLIET, ALGOL 68 transput, part II: An <mplementation model,

1979. ISBN 90 6196 179 3.

.C.P. BERBEE, Random walks with stationary increments and renewal

theory, 1979. ISBN 90 6196 182 3.

.A.B. SNIJDERS, Asymptotic optimality theory for testing problems

with restricted alternatives, 1979. ISBN 90 6196 183 1.

.J.E.M. JANSSEN, Application of the Wigner distribution to harmonic

analysis of generalized stochastic processes, 1979.
ISBN 90 6196 184 Xo

.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 1,

1979. ISBN 90 6196 185 5.

.C. BAAYEN & J. VAN MILL (eds), Topological Structures II, part 2,

1979. ISBN 90 6196 186 6.

.J.M. KALLENBERG, Branching processes with continuous state space,

1979. ISBN 90 6196 188 2.
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P. GROENEBOOM, Large deviations and asymptotic efficiencies, 1980.
ISBN 90 6196 190 4.

F.J. PETERS, Sparse matrices and substructures, with a novel imple—
mentation of finite element algorithms, 1980. ISBN 90 6196 192 0.

W.P.M. DE RUYTER, On the asymptotic analysis of large-scale ocean
circulation, 1980. ISBN 90 6196 192 9.

W.H. HAEMERS, EZgenvalue techniques in design and graph theory, 1980.
ISBN 90 6196 194 7.

J.C.P. BUS, Numerical solution of systems of nonlinear equations,
1980. ISBN 90 6196 195 5.

1. YUHASZ, Cardinal functions in topology - ten years later, 1980.
ISBN 90 6196 196 3.

R.D. GILL, Censoring and stochastic integrals, 1980.
ISBN 90 6196 197 1.

R. EISING, 2-D systems, an algebraic approach, 1980.
ISBN 90 6196 198 X.

G. VAN DER HOEK, Reduction methods in nonlinear programming, 1980.
ISBN 90 6196 199 8.

J.W. KLOP, Combinatory reduction systems, 1980. ISBN 90 6196 200 5.

A.J.J. TALMAN, Variable dimension fixed point algorithms and
triangulations, 1980. ISBN 90 6196 201 3.

G. VAN DER LAAN, Simplicial fixed point algorithms, 1980.
ISBN 90 6196 202 1.

P.J.W. TEN HAGEN et al., ILP Intermediate language for pictures,
1980. ISBN 90 6196 204 8.

R.J.R. BACK, Correctness preserving program refinements:
Proof theory and applications, 1980. ISBN 90 6196 207 2.

H.M. MULDER, The interval function of a graph, 1980.
ISBN 90 6196 208 O.

C.A.J. KLAASSEN, Statistical performance of location estimators, 1981.
ISBN 90 6196 209 9.

J.C. VAN VLIET & H. WUPPER (eds), Proceedings international confer-
ence on ALGOL 68, 1981. ISBN 90 6196 210 2.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M.J.B. STOKHOF (eds), Formal
methods in the study of language, part I, 1981. ISBN 906196 211 0.

J.A.G. GROENENDIJK, T.M.V. JANSSEN & M.J.B. STOKHOF (eds), Formal
methods in the study of language, partII, 1981. ISBN 906196 2137.

J. TELGEN, Redundancy and linear programs, 1981.
ISBN 90 6196 215 3.

H.A. LAUWERIER, Mathematical models of epidemics, 1981,
ISBN 90 6196 216 1.

J. VAN DER WAL, Stochastic dynamic programming, successive approx-—
imations and nearly optimal strategies for Markov decision
processes and Markov games, 1980. ISBN 90 6196 218 8.



MCT 140 J.H. VAN GELDROP, A mathematical theory of pure exchange economies
without the no-critical-point hypothesis, 1981.
ISBN 90 6196 219 6.

MCT 141 G.E. WELTERS, Abel-Jacobi isogenies for certain types of Fano three-
folds, 1981.
ISBN 90 6196 227 7.

MCT 142 H.R. BENNETT & D.J. LUTZER (eds), Topology and order structures,
part 1, 1981.
ISBN 90 6196 228 5.

MCT 143 ﬁ. J.M. SCHUMACHER, Dynamic feedback in finite— and infinite dimensional

linear systems, 1981.
ISBN 90 6196 229 3.

MCT 144 P. EIJGENRAAM, The solution of initial value problems using interval
arithmetic. Formulation and analysis of an algorithm, 1981.
ISBN 90 6196 230 7.

MCT 145 A.J. BRENTJES, Multi-dimensional continued fraction algorithms,
1981. ISBN 90 6196 231 5.

MCT 146 C. VAN DER MEE, Semigroup and factorization methods in transport
theory, 1982. ISBN 90 6196 233 1.

MCT 147 H.H. TIGELAAR, Identification and informative sample size, 1982.
ISBN 90 6196 235 8,

MCT 148 L.C.M. KALLENBERG, Linear programming and finite Markovian control
problems, 1983, ISBN 90 6196 236 6.

MCT 149 C.B. HUIJSMANS, M.A. KAASHOEK, W.A.J. LUXEMBURG & W.K. VIETSCH,
(eds), From A to Z, proceeding of a symposium in honour of
A.C. Zaanen, 1982. ISBN 90 6196 241 2.

MCT 150 M. VELDHORST, 4n analysis of sparse matrixz storage schemes, 1982.
ISBN 90 6196 242 0.

MCT 151 R.J.M.M. DOES, Higher order asymptotics for simple linear Rank
statistics, 1982. ISBN 90 6196 243 9.

MCT 152 G.F. VAN DER HOEVEN,Projections of Lawless sequences, 1982,
ISBN 90 6196 244 7.

MCT 153 J.P.C. BLANC, Application of the theory of boundary value problems
in the analysis of a queueing model with paired services, 1982.
ISBN 90 6196 247 1.

MCT 154 H.W. LENSTRA, JR. & R. TIJDEMAN (eds), Computational methods in
number theory, part I, 1982.
ISBN 90 6196 248 X,

MCT 155 H.W. LENSTRA, JR. & R. TIJDEMAN (eds), Computational methods in
number theory, part II, 1982.
ISBN 90 6196 249 8,

MCT 156 P.M.G. APERS, Query processing and data allocation in distributed
database systems, 1983.
ISBN 90 6196 251 X.
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H.A.W.M. KNEPPERS, The covariant classification of two-dimensional
smooth commutative formal groups over an algebraically closed
field of positive characteristic, 1983.

ISBN 90 6196 252 8.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer science
IV, Distributed systems, part 1, 1983.
ISBN 90 6196 254 4.

J.W. DE BAKKER & J. VAN LEEUWEN (eds), Foundations of computer science
IV, Distributed systems, part 2, 1983.
ISBN 90 6196 255 O.

A. REZUS, Abstract automath. 1983.
ISBN 90 6196 256 0.

G.F. HELMINCK, Eisenstein series on the metaplectic group, An alge-—
braic approach, 1983.
ISBN 90 6196 257 9.

J.J. DIK, Tests for preference, 1983.
ISBN 90 6196 259 5

H. SCHIPPERS, Multiple grid methods for equations of the second kind
with applications in fluid mechanics, 1983.
ISBN 90 6196 260 9.

F.A. VAN DER DUYN SCHOUTEN, Markov decision processes with continuous
time parameter, 1983.
ISBN 90 6196 261 7.

P.C.T. VAN DER HOEVEN, On point processes, 1983.
ISBN 90 6196 262 5.

H.B.M. JONKERS, Abstraction, specification and implementation
techniques, with an application to garbage collection, 1983.
ISBN 90 6196 263 3.

MCT 167 W.H.M. ZIJM, Nonnegative matrices in dynamic programming, 1983.

ISBN 90 6196 264 1

MCT 168 J.H. EVERTSE, Upper bounds for the numbers of solutions of diophantine

equations, 1983.
ISBN 90 6196 265 X.

MCT 169 H.R. BENNETT & D.J. LUTZER (eds), Topology and order structures,

part II, 1983.
ISBN 90 6196 266 8.

An asterisk before the number means 'to appear'






