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CHAPTER 1

INTRODUCTION

1.1. GENERAL INTRODUCTION

Let f be a density on the real line and let 6 be a real number. Let
Xl""’xn be independent and identically distributed random variables with
common density f(+-0). We shall consider one of the classical problems in
statistical inference, to wit the estimation of the location parameter 6 on
the basis of the observations xl""'xn'

This estimation problem is invariant under translation. Hence it is
natural to estimate the parameter 6 with a translation equivariant estimator
whenever we want to be impartial with respect to the possible values which
the parameter can adopt. We note that an estimator of location is called
translation equivariant if adding a constant to the observations results in
adding the same constant to the estimate.

We shall assume that the density f is symmetric about zero. This implies
that the location parameter 6 coincides with the point of symmetry of the
distribution of the observations. Furthermore, it follows from this assump-
tion that the estimation problem is not only invariant under translation but
also under a change of sign. An estimator will be called antisymmetric if
changing the signs of the observations results in a change of sign of the
estimate. Henceforth every location estimator will be understood to be trans-
lation equivariant and antisymmetric and we shall be concerned with the per-
formance of such location estimators based on symmetrically distributed ob-
servations. i

Because of the translation equivariance it suffices to study the dis-
tribution of a location estimator for 6 = 0. Because of the antisymmetry of
the estimator and the symmetry of the underlying density this distribution
is symmetric about zero and we may therefore restrict attention to the cor-
responding distribution function on [0,x).

If the density f is arbitrary but fixed and the sample size n is fixed,



most results in the literature relating to the distribution of an estimator
concern its variance. These results consist of various lower bounds for the
variance under different sets of conditions. The best known lower bound is
provided by the Cramér-Rao inequality, which states that, under certain con-
ditions, the product of the variance and the Fisher information contained
in the observations equals at least one. If the density f is absolutely con-
tinuous with derivative f', then its Fisher information is defined by I(f) =
f(f'/f)zf and the Fisher information contained in the n observations equals
nI(f). Hence the Cramér-Rao inequality states that for an arbitrary estima-
tor of location Tn

(1.1.1) varf((nI(f))%Tn) > 1.

In the sequel we shall assume that f is absolutely continuous with finite
Fisher information. In view of (1.1.1) it then makes sense to norm estima-
tors by (nI(f))!‘z and to consider the distribution function of (nI(f));ZTn
under £.

The basis for most results of Chapter 2 is the fact that this distri-
bution function is more spread out than the distribution function Kn' which
is defined in terms of n and £ (see (2.2.8)). The concept of spread we use
here has been analyzed in BICKEL and LEHMANN (1979). This "spread-inequal-
ity" for the distribution of (nI(f));iTn may be considered as a generaliza-
tion of the Cramér-Rao inequality and in fact it implies a sharper version
of it. It should perhaps be pointed out that unlike the antisymmetry, the
translation equivariance is essential for the spread-inequality. A particu-
larly simple but striking consequence of this inequality is that for every
sample size n, density f and estimator Tn' the distribution of (nI(f))%Tn
under f is more spread out than the symmetric triangular distribution with
support (-2,2). This in turn implies that the distribution function of
(nI(f))!!Tn under f lies below 1 - (2-x)2/8 for 0 < x < 2.

In PITMAN (1939) it has been shown that for densities f which satisfy
a regularity condition, there exists an estimator which has the smallest
variance obtainable by translation equivariant estimators. Hence, for these
densities f, the variance of this so-called Pitman estimator provides the
largest possible lower bound for the variance of an estimator. However,
the bound thus obtained is rather intractable. Therefore a bound for the
variance will be established which is easier to handle and which is asymp-

totically optimal to the order n—2; see Theorems 2.3.2 and 2.4.2.



In contrast with the situation for fixed sample size, where most well-
known results concern only the variance, much is known concerning the first
order. asymptotic behavior of an arbitrary sequence {Tn}, n + », of location
estimators under a density f. For a rather general class of loss functions
and in a more general setting HAJEK (1972) has proved the best possible
first order asymptotic inequality. In Section 2.4 it will be shown that in
our location estimation problem this result can also be obtained from our
finite sample spread-inequality.

The point of view in Chapter 3 is quite different from the one in Chap-
ter 2. In Chapter 2 we provide upper bounds for the performance Q(Tn,f) of
‘an arbitrary estimator Tn under an arbitrary density f£. Since these bounds

do not depend on Tn' they also constitute upper bounds for the quantity

Q(f) = sup Q(T ,f),
Tn

which is the performance under f of the best possible estimator under £,
provided such an estimator exists. The quantity Q(f) is of relevance in the
statistical situation where the density f is known and where one should
therefore like to use the optimal estimator relative to this density. In
Chapter 3 we again discuss upper bounds for Q(Tn,f), but now these bounds
may depend on Tn as well as f. Minimizing such bounds with respect to f we

obtain upper bounds for

Q(T) = igf Q(T ).
This quantity is of relevance in the statisticai situation where the den-
sity f is unknown and where one wishes to assess the worst possible perfor-
mance of a given estimator Tn.

In trying to find estimators Tn which perform well over a large class
of densities f, many authors have constructed so-called adaptive estimators
of location. These estimators adapt themselves to the underlying density to
the effect that they are asymptotically optimal for all densities f under

consideration, in the sense that

(1.1.2) lim Pf((nI(f))lzT <x) = ¢(x), X € R,
n-w n



where ¢ is the standard normal distribution function (see STONE (1975),
BERAN (1978)).

The basic idea underlying adaptive estimation is to estimate the under-
lying density - or rather the score function (—I(f))-lf'(')/f(-) - from the
data and then use an estimator of location which is appropriate for the es-
timated density. We shall show that this connection between the problem of
estimating location for an unknown density and that of estimating the score
function is quite natural. Regardless of how a location estimator is con-
structed, it cannot perform well over a class of densities unless it is pos-
sible to estimate the score function accurately over this class. This is the
content of Theorem 3.2.1, which states that the Cramér-Rao lower bound of
(1.1.1) may be increased by an integrated mean square error of an estimator
of the score function. A close look at this integrated mean square error re-
veals that it cannot be small for two densities simultaneously, if these
densities are close together but at the same time possess quite different
score functions. Such pairs of densities do indeed exist and together with
Theorem 3.2.1 their existence proves that the supremum of varf((nI(f))%Tn)
over all densities f equals at least 2 for every estimator Tn (see Corollary
3.2.1).

However, the existence of such pairs of densities can also be exploited

in a simple argument which proves a much stronger result, namely that

(1.1.3) inf sup Pf((nI(f))%Tn:SX) =%, x > 0,
£f T
n
(see Theorem 3.2.2), which implies that

(1.1.4) sup inf varf((nI(f))%Tn) = o,

£ T,
These relations have implications both for the statistical situation where
the density f is known and for the situation where f is unknown. For example
(1.1.4) shows that the variance of the normed Pitman estimator is arbitrar-
ily large if f is chosen sufficiently unfavorable. In other words the Cramér-
Rao bound in (1.1.1) is arbitrarily bad for sufficiently unpleasant f. For
the statistical situation where the density f is unknown this implies that
the norming constant (nI(f))li suggested by (1.1.1) and (1.1.2) is not the
appropriate one for comparing the performances of an estimator under various

densities. In particular, for an estimator Tn the variance under f of Tn

£
n

should be compared with the variance under f of the Pitman .estimator 1. rather



than with the Cramér-Rao bound and this should be done for all f simulta-
neously for which the Pitman estimator exists and has a finite variance. This
comparison is carried out in Theorem 3.3.2 for sample size n tending to infinity.

A natural question concerning a&aptive estimators is whether the con-
vergence in (1.1.2) can be uniform in f. In view of (1.1.3) the answer to
this question has to be negative. The same answer is obtained in Theorem

3.3.1 as a consequence of our spread-inequality.
1.2. NOTATION AND TECHNICAL REMARKS

In this section we shall introduce the notation which will be used
throughout this study and we shall present a couple of technical lemmas
which will be needed in Chapters 2 and 3.

Let R be the real numbers and let B be the o-field of Borel subsets.
By D we denote the set of density functions f with respect to Lebesgue mea-
sure on (IR, B), which are symmetric about zero and absolutely continuous

with Radon-Nikodym derivative f' and which have finite Fisher information
(-]

(1.2.1) I(f) = J (f'(x)/f(x))zf(x)dx.
-0

We note that I(f) is positive for all f € D. Henceforth we shall call a
Radon-Nikodym derivative ' of an absolutely continuous function ¥, the de-
rivative ' of J. The distribution function corresponding to f will be de-
noted by F.

For all positive integers n, xl""'xn are independent and identically
distributed random variables with common density f(+-06), 6 ¢ IR, £ € D.

Let the function tn: R > R be Borel measurable and let

Tn = tn(X1,...,Xn)

be an estimator based on xl""'xn of the location parameter 6. If for all

real a and Lebesgue almost all Xyreeor Xy
tn(x1+a,...,xn+a) = tn(xl,...,xn)-+a,

then Tn is called translation equivariant. If

tn(—xl,...,—xn) = _tn(xl""’xn)



for Lebesgue almost all KyreeorX oy then we shall call Tn antisymmetric. We
denote by Tn the class of translation equivariant antisymmetric estimators
of location Tn’

If no confusion is possible, the distribution function of

(1.2.2) T = (n1(e)) T
n n

under f will be denoted by Gn' viz.
*
= <
(1.2.3) Gn(x) Pf(Tn._x), x € IR.

The average of the score function

£'(x)

TTEE® x e R,

(1.2.4) Jf(x) =

taken at the observations will be denoted by

1 n
(1.2.5) S =;_5 T (%),
i=1
the normed average by
1.2.6 ¥ = £))"
(1.2.6) Sn = (nI(f)) Sn

and the distribution function of this normed average by Hn' viz.
(1.2.7)  H_(x) = P_(S <x) R
.2, (X)) = P.(S =x), x € R.

The distribution function Kn with inverse function

u 1
(1.2.8) K;ll(u) = J (J Bl (an as, u e [0,11,
L s

will also play an important part. Note that the dependence of Hn and Kn on
f and the dependence of Gn on £ and Tn is suppressed in the notation.

We shall loosely speak about symmetric distribution functions meaning
distribution functions of distributions which are symmetric about zero.
Probabilities, expectations and variances under f(<-6) will be denoted by

... and varf ... and, if 6 = 0, by Pf(...), E

Pe(eog) (o2 )r Be(ag) (+=8) £



and varg... . The standard normal distribution function and its density will
be indicated by ¢ and ¢ respectively. Finally the indicator function of a
set A will be denoted by 1A(°) and for all ¢ > 0 the truncation function
[-], is defined by

-c X < -c
(1.2.9) [x]c =4 X for -c<x<c¢c
c c < Xx.

Throughout this treatise we shall repeatedly use standard results in anal-
ysis. A convergence theorem which is perhaps not generally known is given

in the following lemma.

LEMMA 1.2.1. (Vitali's theorem). Let (X,B,u) be a measure space and let
{hn} be a sequence in LP(X,B,u), 0 <p <o, If hn + h y-almost everywhere

and

P P
limsup f Ih |7dp < J |h]"dp < =,
n+ e n

then

lim J Ih_-h[Pap = o.
n->o n

PROOF. (NOVINGER (1972)). For all real numbers a and b

la-b1P < {2(lal v IbD P < 2P(lalP+ b|P).

By Fatou's lemma it follows that

+1
® J IhiPap < liminf J [2°(In_P+[nl®) - |n -n|Plaw
n > o
< P J IhlPau - 1limsup f In_-hlPau. 0
n > o«

Let h be a density with respect to Lebesgue measure on (IR, B) and let
¥: R+R be a Borel measurable function. We adopt the convention 0.« = 0

and we shall use the notation



-}

I Y(x)h(x)dx = J Yh.

-0

If £ is an absolutely continuous density with derivative f£' and
SIVE'/E]f < »,. then we have

(1.2.10) J W(E'/E)Ef = J yE!

and if f' is absolutely continuous with derivative f" and [|Yf"/f|f < =,

then

J Y(E"/E)f = J YE".

We shall repeatedly use this type of cancellation which is valid in view of

the following lemma.

LEMMA 1.2.2. Let h: R+1R be an absolutely continuous function with deriva-
tive h' and let a ¢ IRR. The Lebesgue measure of the set {x |h(x) = a,
h' (x) # 0} equals zero.

PROOF. See Appendix 1. 0
1.3. RELATION TO PREVIOUS WORK
In the next chapters we shall study the performance of location esti-
mators Tn € Tﬁ under densities f(*-6), 06 € IR, f € D. Because of the trans-
lation equivariance of Tn the equality
-9 < = <
(1.3.1) P -9)(Tn 6 < x) Pf(Tn..x)

£(-
holds for all x € R and 6 € IR and hence it suffices to investigate the
behavior of Tn under 8 = 0. We shall mainly be concerned with the follow-
ing four quantities (cf. (1.2.1), (1.2.9), (1.2.3)):
(1.3.2) varf((nI(f))%Tn):

]
(1.3.3) varf[(nI(f)) Tn]c' c >0,

(1.3.4) Gn(x), x > 0,



(1.3.5) G;l(u), LY <uc<i1.,

In Lemma 2.2.1 it will be shown that Gn is absolutely continuous. Together
with the symmetry of £ and the antisymmetry of Tn this implies that Gn is

symmetric with Gn(O) = L& . Hence it suffices to study Gn(x) for x > 0 and

G;I(u) for % < u < 1.

Let £: R+IR be a symmetric Borel measurable function which is non-
decreasing on [0,«). The function £ will be called a loss function. Let the
risk Rf(Tn,e) of an estimator of location Tn - not necessarily in Tn - under
f(+-0) be defined by

R_(T ,0) = E l’,((nI(f))%(T -9)).
f''n £(+-6) n
Note, that for all translation equivariant estimators Tn and all 8 € R we

have
Rf(Tn,B) = Rf(Tn,O)

and that the quantities (1.3.2), (1.3.3) and (1.3.4) are related to the

risks corresponding to the loss functions

(1.3.6) L) =¥,

: 2

(1.3.7 &y =[yl,, c>o0
(1.3.8) L) =1, (v, x > 0.

BROWN (1966) shows that in certain situations minimum risk translation
equivariant estimators of location are admissible. More precisely, if £ is
convex and if there exists a translation equivariant estimator Tn,f,K which
minimizes Rf(Tn,O) over all translation equivariant estimators Tn’ then —0
under certain regularity conditions - there does not exist an estimator Tn

with
R (TO 8) < R_(T 0)
£ 'n’ £'"n,£,2’

for all 6 ¢ R and



10
r_(t°,0 ) < R_(T 0)
f 'n'"0 £ 'n,f,L'

for at least one 6. € IR. Let Tn = tn(xi""'xn) be translation equivariant,

0
let
tn(xll...,xn) = %{tn(xl""'xn)'_tn(_xl""’-xn)]

for all x,,...,x_, let T =t (X ,...,X ) and let the loss function £ be con-
1 n n n 1 n

vex, then

% %

EfK((nI(f)) T ) < Ef{%ﬂ((nl(f)) t (X X))

k]

+ 30 (-(nI(£)) tn(—xl,...,—xn))}

* * *
= 5Ef£(Tn) + %Efl(—Tn) = EfK(Tn).

We conclude that for convex loss functions £ and under certain regularity
conditions, a minimum risk estimator in Tn is admissible within the class
of all location estimators.

Let £ be an arbitrary loss function. Since £ is bounded from below

= i > —oo,
a(£,L) T::ﬁﬁ R (T ,0)
With the aid of the infima a(f,£) with £ as in (1.3.6), (1.3.7) and (1.3.8),
bounds may be derived for the quantities (1.3.2) - (1.3.5). However, it is
clear that these bounds are analytically intractable for most densities
f € D. For some densities f € D the following result of HORA and BUEHLER

(1966) may be useful: if for all xl,...,xn, tn,f,ﬂ(xl""'xn) minimizes

(o] l! n
I L((nI(£)) “(t-0)) T f(xi-e)de
i=1

-00
and is unique, then the minimum risk translation equivariant estimator
cee . i i T
Tn,f,l exists and equals tn,f,ﬂ(xl' ,Xn) It is easy to verify that n,£,0
is also antisymmetric in this case. Straightforward calculation shows that
for the loss functions (1.3.6), (1.3.7) and (1.3.8) t (X,,...,X_) has to
n,£,£' 71 n

satisfy the equations



11

: n
(1.3.9) I (t-8) T f(xi-e)de =0,

i=1

caz(£) N
(1.3.10) : 6 T f(x,-6-t)dd = 0,

. L, i=t T

-c(nI(f))

n -y n -3
(1.3.11) n f(xi—t+x(nI(f)) )y =N f(xi—t—x(nI(f)) ).

i=1 i=1

Equation (1.3.9) yields the Pitman estimator (PITMAN (1939)). Although this
result of HORA and BUEHLER (1966) may simplify the analytical manipulation
of the infima a(f,£), the bounds thus obtained for (1.3.2) - (1.3.5) remain
complicated. From the spread-inequality (2.2.8) manageable bounds for the
quantities (1.3.2) - (1.3.5) will be derived.

With a few exceptions the bounds available in the literature concern
the variance (1.3.2). The best known of these is the Cramér-Rao bound given
in (1.1.1). Many authors have discussed this inequality in more general esti-
mation problems than the one we discuss here. We mention FRECHET (1943),
C.R. RAO (1945), CRAMER (1946), FABIAN and HANNAN (1977), PITMAN (1978).
Some of these authors impose regularity conditions to the effect that the
order of differentiation and integration for certain expressions may be re-
versed. Others assume that the densities f(¢-8) are absolutely continuous
with respect to each other for 6 ¢ R, i.e. that f is Lebesgue almost every-
where positive on IR. Theorem 2.3.1 implies that (1.1.1) is valid for all
feDand T € Th.

BHATTACHARYYA (1946) arrived at a sequence of bounds which improve the
Cramér-Rao inequality. Let

J »

di n n -2
(1.3.12) v,, =E_ {— T £(x-0)— T £(x-6)[L T £x)1 °} __ ,
EIS e S T Tk 6=0

then, for k = 2,3,..., the k-th bound bk(n,f) in this sequence is

(1.3.13) var T = = b (n,£f)
n k



12

and bk+1(n,f) > bk(n,f); see ZACKS (1971) Section 4.2. For the k-th bound
regularity conditions are needed which involve the k-th derivative of f. It
is easy to see that V

= nI(f) and V = 0. Consequently for k = 2, (1.3.13)

11 12
reduces to (1.1.1). In Appendix 2 it will be shown that for all k

3 -1
(1.3.14) limsup n (b (n,£) - (NI(£)) 7) < .
n->oo
Hence the bounds given in Theorems 2.3.2 and 2.4.2 constitute nontrivial
improvements of the Bhattacharyya bounds in an asymptotic sense.

Another bound has been published by CHAPMAN and ROBBINS (1951). They
show that for an arbitrary unbiased estimator of location Tn and for any
density f

2

(1.3.15) varan > sup = 5 : o .
8#0 {[/__ £7(x-6)/f(x)ax] -1}

For densities f € D satisfying

©
lim 672 [ (£(x-8) - £(x)) 2/E(x)dx = 1(£),
80 -
inequality (1.3.15) is at least as sharp as (1.1.1). A result of the same
type occurs in Theorem 6.2 of Chapter 1 of IBRAGIMOV and HAS ' MINSKIT (1979j .
This inequality is presented in Theorem 2.3.3 and is at least as sharp as
(1.1.1) for all f € D.

BARANKIN (1949) has given bounds‘for the risks corresponding to the
loss functions £(y) = Iy]s, s > 1. For s = 2 the Bhattacharyya bounds can
be derived from these bounds. The risks corresponding to convex loss func-
tions have been studied by M.M. RAO (1961) (see also the comments in KIEFER
(1962) ). For further details concerning the Cramér-Rao inequality and its
refinements the reader is referred to Section 2 of BLISCHKE, TRUELOVE
and MUNDLE (1969) and Section 3.2 of BLYTH and ROBERTS (1972).

For the first order asymptotic behavior under f € D of a sequence {Tn},
n > o, of estimators Tn € Tn a number of results are available. A character-
ization of the possible limiting distributions of {(nI(f))aTn} under f is
given in HAJEK (1970): if Gn converges to some distribution function G, then

G equals the convolution

(1.3.16) G = 0% G0



13

of the standard normal distribution function ¢ and some distribution func-
tion G, depending on the choice of {Tn}. Hajek proves this result under the
so-called local asymptotic normality assumption which is satisfied here in
view of Theorem A.4 of HAJEK (1972).‘This result of H&jek has also been
proved in INAGAKI (1970, 1973) under different assumptions. Note that
(1.3.16) implies G(x) < ¥(x), x > O.

Another way of saying that the first order asymptotic behavior of
{(nI(f))HTn} under f is worse than the behavior of a standard normal random
variable is provided by HAJEK (1972). It is proved there that for every loss
function £

3

(1.3.17) liminf Rf(Tn,O) > J £ (x) ¢ (x)dx.

n-+o
-0

This inequality is obtained in Theorem 2.4.1 as a consequence of our spread-
inequality.

For all £ € D there exist sequences {Tn}, Tn € Tn’ for which the dis-
tribution function G, defined in (1.3.16) is degenerate at 0 and for which

0
(1.3.17) is an equality. For instance the maximum likelihood estimator ©

belongs to Tn and satisfies (1.1.2). STONE (1975) claims that (1.1.2) wzéi
Tn==en,f is a consequence of Proposition 6 of LE CAM (1970). In STONE (1974)
the existence of another sequence {Tn} satisfying (1.1.2) has been verified.
As has been noted in Section 1.1, there exist adaptive estimators which
satisfy (1.1.2) for all f € D simultaneously. The adaptive estimators of
STONE (1975) and BERAN (1978) have this property. The other adaptive esti-
mators constructed so far fulfill (1.1.2) only for subsets of D. We mention:
VAN EEDEN (1970), BERAN (1974), SACKS (1975). The adaptive approach has
originated from STEIN (1956), who showed that asymptotically the problem of
location estimation is as difficult for unknown f € D as for known f. Re-
views on adaptive estimation have been given by HOGG (1974), BICKEL (1976),
HUBER (1977). Related estimators, which satisfy (1.1.2) for a finite number
of densities f € D or which almost satisfy (1.1.2) for a large class of
densities f € D, have been obtained by BIRNBAUM and LASKA (1967), HOGG
(1967), WEISS and WOLFOWITZ (1970), dAECKEL (1971), MIKE (1973), JOHNS

(1974) and WOLFOWITZ (1974).
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CHAPTER 2

THE BEHAVIOR OF LOCATION ESTIMATORS UNDER A FIXED DENSITY

2.1. INTRODUCTION

This chapter contains results for the statistical situation where the
density f € D is known. Most of these results are based on the spread-
inequality (2.2.8) which is presented in Section 2.2. Section 2.3 consists
of inequalities for the quantities (1.3.2) - (1.3.5) for fixed sample size.
The asymptotic versions of these inequalities constitute the main part of

Section 2.4.
2.2. THE SPREAD-INEQUALITY

In this section we shall present some basic properties of the distri-
bution of an arbitrary estimator of location Tn € Tn under a density f € D.
Using these properties we shall derive the spread-inequality (2.2.8) and a
lower bound for EfZ(T;) for the loss functions £ introduced in Section 1.3.
This lower bound depends on the distribution function Kn (cf. (1.2.8)). We
start by establishing expressions for the density of T; and its derivative
in Lemma 2.2.1 and expressions for the density of Kn and its derivative in

Lemma 2.2.2.

LEMMA 2.2.1. For all £ € D and all ’I‘n € Tn the distribution function Gn of
*
Tn under £ is differentiable and has a density 9, given by

(2.2.1) g () (T:). y € R.

*
=E_S 1
fn"(y,)
Furthermore 9, is differentiable Lebesgue almost everywhere with derivative
* * .
gé and there exists a version Ef(Sn |Tn==y) of the conditional expectation

* *
of Sn under £ given Tn =y such that, for Lebesgue almost all y € R,



le

(2.2.2)  g'(y) = -Ef(s; [T:==y)gn(y).

PROOF. First we note that for 6 > 0

x+0

o7t f £ (y)dylax
.

1]
— 3

f 107! (£ (x+6) £ (x)) |dx

x+0

J J e'llf'(y)ldydx
—00 X

= J [£' (x) |dx.

IA

Yy
J 0”1 (y) laxdy
y-6

Clearly the same is true for 6 < 0. Hence, for all 6 # 0 and for j ='1,...,n,

-1 n :

-1

J J I_n f(xi+e)' n £(x,)6 (f(xj+e)—f(xj))|dx1...dxn
mp i=1 i=j+1

n
< J eee Jl[f'(xj)/f(xj)qﬂ f(xi)ldxl...dxn.
mg i=1

The right-hand side of this inequality is bounded by (I(f))% and therefore
it is finite. By Vitali's theorem it follows that for j =1,...,n,

j-1 n -1
1imJ J | T £(x,+6) T £(x,)0 ~(£(x.+0)-£(x.))
60 n i=t Y i=ja1 7t J J

n
—[f'(xj)/f(xj)]‘ﬂ f(xi)ldx

...dx =0,
i=1 1 n
and this implies that
4 B n
lim J J le “(m £(x,+6) - M £(x))
6->0 n i=1 i=1

(2.2.3) R

n n
_ jZl[f-(xj)/f(xj):g-E1 f(xi)ldxl...dxn

(cont'd)
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n j-1 n 1
< 1lim Z I eee J | T £(x,+08) 1 f(xi)e (f(xj+9)—f(xj))
n

60 j=1 i=1 i=j+1
(2.2.3) & ,
(cont'd) n
-[f'(xj)/f(xjﬂ.ﬂ f(xi)|dx1...dxn = 0.
i=1
Now by the translation equivariance of Tn
o7 (e (y+8) -G_(y))
n ¥ n Y
-1 B -
= ... 0. {eT(T f(xi+(nI(f)) )
=1
(nI(f))!’tn(xl,...,xn)sy 1
n
- .n f(xi))}dxl...dxn,
i=1

and it follows from (2.2.3) that Gn is differentiable with derivative 9,

given by

- 0
gn(y)=J..........J{(nI(f)) ‘{

] 3_1
(NI(£) (%, s.-0 0% )<y

[f'(xj)/f(xj)]

==}

. f(xi)}dxl...dxn.
i=1

*
Since EfSn = 0 by symmetry, this can be rewritten as follows

_ *1 *
9, (V) = Eg(-S 1, ()

* 1-1 *
E.S (1- (T,))

(_wly]
* *
= Ee%nl (y,@) Tl

*
which proves (2.2.1). Because Sn is integrable, there exist a version
* ) % * *
Ef(Sn !Tn) of the conditional expectation of Sn under f given Tn and a Borel
measurable function Xn* R +1R with

* * ) %
Xn(Tn) = Ef(Sn lTn)

and with
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(-
* *
Efsnl(y,m)(Tn) = J Xn(z)gn(z)dz
y
for all y € IR. So
(o]
g,(v) = J X, (2)g (2)dz
y
and we see that 9, is differentiable Lebesgue almost everywhere with deriva-

tive
gﬁ(y) = —xn(y)gn(y)

for Lebesgue almost all y € RR. This completes the proof of the lemma. ]

*
LEMMA 2.2.2. Let f € D, let Hn be the distribution function of Sn under f

and Kn the distribution function with

u 1
-1 -1 -1
(2.2.4) Kn (u) = [ (J Hn (t)dt) “ds
L s

for all u € [0,1] (cf. (1.2.7) and (1.2.8)). Then Kn possesses an absolutely

continuous density kn with derivative k; given by

1
-1
(2.2.5) kn(x) = J Hn (t)dat,
Kn(x)
-1 .
-Hn (Kn(x))kn(x) if kn(x) >0
(2.2.6) k' (x) =
n
0 if k (x) =0
n

for Lebesgue almost all x € RR.

PROOF. We note that the distribution of S: under f is symmetric with vari-
ance 1 and that consequently for all s € (0,1)
1
-1 -1 2
<
0 < J Hn (t)dt < ([ (Hn (t)) at)
s 0

It follows that K;I is differentiable with a positive and finite derivative

o

.

on (0,1). Hence Kn is a symmetric distribution function which is differen-
tiable with a positive and finite derivative k_on (K;I(O),Kgl(l)) and which

satisfies the equation
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K (x)
n

gt (t)dt)—lds,

(2.2.7) X = J ( N

]
for all x € (K;1(0),K; (1)) . Differentiating (2.2.7) and (2.2.5) we obtain
(2.2.5) and (2.2.6). 0

= ] —

The distribution functions Gn'and Kn studied in the preceding lemmas
are related by the fact that Gn is more spread out than Kn in the sense of
(2.2.8). BICKEL and LEHMANN (1979) call Gn more spread out ﬁhan Kn if, for

all 0 <u<sv <1,
-1 -1 -1 -1
G, ) - G, (u) 2 K w) - K (u)

and they show that for differentiable Gn and Kh this inequality is equiva-
lent to (2.2.8). The spread-inequality (2.2.8) and a consequence of it con-

stitute the main result of this section.

THEOREM 2.2.1. Let £ € D, T € Tn and let £: R »R be a measurable function,
which is symmetric about 0 and nondecreasing on [0,®). For all s € (0,1) the
inequality

(2.2.8) g (6. ') <k (€ (s))

holds and this implies

1
(2.2.9)  EL(T) = J £ () au.
0
PROOF. Starting from
1
* *. -1 * * -1
EfSnl(G_l( ) m)(rrn) = J H (t)E(l(G_l( | m)(Tn) I's =58 "(t)at
n S 0 n ‘Sl
and 1
*_ * * -1
-s = Bl _, (T ) = f E(1 _, (T ) s, =8 "(e)at,
(Gn (s),) 0 (Gn (s),)

we arrive by the Neyman-Pearson lemma (cf. Theorem 5(ii) with m = 1 of Chap-

ter 3 of LEHMANN (1959)) at

1 - L _
* * -1
E;S 1 (T) < I H ©(t)dt.
(G~ (s) ') s
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Together with (2.2.1) and (2.2.5) this implies (2.2.8) and hence forallue (%,1)

u u
-1 -1 -1 -1 -1 -1
G () = [ (gn(Gn (s))) "ds 2 J (k (K "(s))) "ds = K "(u).
‘ L %

But this implies
1 1
EL(T) =2 | 26 )auw 2 2 | 2 (w)au =
fz n n - n
b ]

and the proof is complete. O

2! ) au

oO—r

COROLLARY 2.2.1. Let M and m be the distribution function and the density

of the symmetric triangular distribution with support (-2,2), i.e.

m(x) = (5-% |x)1 (x) .

(-2,2)

For £, Tn’ £ and s as in Theorem 2.2.1 we have

(2.2.10  g_(c_ ' (s)) < mu t(s)),
1
(2.2.11) Efz(T;) > J L(M‘l(u)du.
0
PROOF. From (2.2.5) and
1
-1 2.,
J (Hn (t))"at = %,

]
we obtain by the Cauchy-Schwarz inequality for s € [%,1)
1 1 1
_ - - 2
x (k1)) = J Bl (t)at < [J dt]%[J @ e))%at]?
n' n n n
s s s

IA

[5(1-5)17 = m ™ (s)) .
By symmetry considerations we arrive at

-1 -1
(2.2.12) kn(Kn (s)) <m(M "(s)), s € (0,1),

which together with (2.2.8) implies (2.2.10). The proof of (2.2.11) is anal-
ogous to that of (2.2.9). 0



REMARK 2.2.1. Let ZO: R >R be a measurable function

Zo(x) is a nondecreasing function of x on [0,®). Then
L(x) = %[z@o(-x) +£0(x)], X € R,

satisfies the conditions of Theorem 2.2.1 and for all

obtain by symmetry considerations
* * * *
E L, (T ) = %ELL (=T ) + £ (T )] = EL(T )

1 1
J K(Kgl(u))du = J EO(Kgl(u))du.
0 0

\2
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such that ﬂo(—x) +

feDand T € T we
n n

Hence (2.2.9) is valid for 1,0 also. Other results in this study may be

similarly extended. Since these extensions are entirely trivial we shall

not do so and restrict attention to symmetric loss functions £ throughout.

The next lemma will sometimes be helpful to handle the lower bound of

(2.2.9).

LEMMA 2.2.3. Let £ € D and let y: R >R be an absolutely continuous func-

tion with derivative V{', satisfying

V& )au < =,

' &t @) lau < =

O——r O——r

Then

1 1
-1 -1 -1
(2.2.13) J ID'(Kn (u))du J B (u)\IJ(Kn (u))du,
0 0

which implies
1 1

(2.2.14) J wz(Kgl(u))du > (J w'(Kgl(u))du)z.
0 0

PROOF. In view of Lemma 2.2.2 and the assumptions we see that
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© 1
(2.2.15) f v 0k (x)ax = J w'(Kr_‘l(u))du
-0 0

is finite and by the Cauchy-Schwarz inequality that
© 1
-1 -1
' = -
(2.2.16) f w(x)kn(x)dx = J Hn (u)xp(Kn (u))du
- 0 ’

is also finite. It follows that the limits in
j {P' (x)k_(x)+P (x)k' (x) }dx = 1lim Y (b)k_(b) - lim Y(a)k_(a)
n n n n
- b a->—o

exist, which together with

f [ (x) Ikn(X)dx < e

-0
implies that both limits equal zero. Consequently

f {y' (k_(x) + Y0k (x) }dx = 0.

and (2.2.15) and (2.2.16) yield (2.2.13). Applying the Cauchy-Schwarz in-
equality to (2.2.13) we obtain (2.2.14). O

An analogue of Lemma 2.2.3 with Gn instead of Kn can also be proved.

The Cramér-Rao inequality is an immediate consequence of it.

LEMMA 2.2.4. Let f € D, T, € Tn and let Y: R -R be an absolutely contin-

uous function with derivative {'. If
B2 (TY) < @
fw n !
E [y (T)] <=
f n !
then
(2.2.17)  E_' (T)) = E_S y(T))
te £ n  Tfn ''n’

which implies
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. * ¥y 2
(2.2.18) varfw(Tn) > (Efw (Tn)) .

PROOF. The proof of Lemma 2.2.3 is valid here too, provided kn and kﬁ are
replaced by 9, and gg, provided Lemma 2.2.2 is replaced by Lemma 2.2.1 and
(2.2.16) by
00 oo
PG (x)dx = - | E(SS T =x)¥(x)g. (x)dx = -E_S p(TT). 0O
n f''n n n f'n n'°
-00

—00

2.3. FIXED SAMPLE SIZE

In this section inequalities will be presented for the variance, the
truncated variance, the distribution function and its quantiles for an
arbitrary estimator of location Tn € Tn under a fixed density f € D and for
fixed sample size n.

We start with the variance, for which the Cramér-Rao inequality

(2.3.1)  var T 21
f'n
may be obtained from Lemma 2.2.4 by taking y to be the identity. This in-

equality can be sharpened as follows.

THEOREM 2.3.1. For all f ¢ D and all T € Tn with E ITnl < o the inequali-

£
ties

(2.3.2) var

1
T2 J & ) au > 1
0

hold.

PROOF. The first inequality in (2.3.2) follows from (2.2.9) of Theorem
2.2.1 with £(x) = x2. The second inequality in (2.3.2) follows from (2.2.14)
of Lemma 2.2.3 with ¥(x) = x. ]

If £ € D is such that -f'(X)/f(X) has a normal distribution under f,
then it is easy to check that K;l = ¢_1 and that the second inequality in
(2.3.2) is an equality. Conversely, it can be shown that equality in the
second part of (2.3.2) implies normality of -f'(X)/f(X) under f. However,
we shall not pursue this further because it seems to be more interesting

to ask in which cases equality holds in (2.3.1). An answer to this question
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is given in Theorem 2.3.2. This theorem provides a lower bound for the vari-
ance which is strictly greater than the Cramér-Rao bound for all nonnormal
f € D. For some f € D it is asymptotically the best possible lower bound
to order n_l, as will be shown in Section 2.4.
For £ € D and for an absolutely continuous function y: R +R with

derivative ', we define

a(y,f)

J(¢f'/f+w')(f'/f)f,

(2.3.3) b(y,£) J wzf,

c(y,f)

J(¢f'/f+¢')2f,

whenever these integrals exist. For all f € D we define Wf as the set of

measurable functions Y: R >+ R for which:

1. ¢ is absolutely continuous with derivative V',
(2.3.4) 2. Y is symmetric about zero and bounded from below,
3. b(y,f) < », c(p,f) < =,
4. Jyf = 0.
From

(2.3.5)  (@@,£)° < c,HI(E)
we see that for all y € Wf, a(y,f) is finite and

dn(¢.f) = b(wlf)(I(f))z(n—l) + c(Y,£)I(£) —v(a(w,f))z
is nonnegative and finite. For all ¢ € Vf we define

(b, £)%/a_(h,9) if d_(4,£) >0,
e (V,5) =
0 if dn(w,f) = 0.

Furthermore we denote by Do the set of densities f € D which are twice dif-

ferentiable with derivatives f' and f" and for which
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2
wf = (f'/f) - £"/f - I(£)

belongs to Wf.

THEOREM 2.3.2. For all f € D and all T € Tn with E |Tn| < », the inequali-

£
ties

*
(2.3.6) varfTn 21 + sup en(w,f) 21,
wve

hold. The second inequality of (2.3.6) is an equality iff £ is a normal den-

sity. Moreover, for all f € D, and all T € Tn with EfITnl < ®w, the inequali-

0
ties

*
(2.3.7) var Tn 21 + en(wf,f) > 1

f

[

hold and en(wf,f) 0 iff £ is a normal density.

*
PROOF. Without loss of generality we assume that Ef(Tn)2 < o and we intro-

duce Rf by

T* = S* + R
n  “n £°
In view of (2.2.17) with ¢ the identity map, we have

*
(2.3.8) EfRfSn =0

and

(2.3.9)  var.T
n

* 2 2
£ Ef(Sn+Rf) =1+ E_R_.

ff
Let d € D be a density which vanishes wherever f vanishes and for which
2 2
(A/£)f < =, (@'/£)°f < o,
Note that this implies

(J(d'f'/fz)f)2 < I(f)J(d'/f)zf < o,



26

Define

n

- '
sn,d = (nI(d)) 121 (-4 (xi)/d(xi)).

For d a relation analogous to (2.3.8) holds, hence

0=E_(T_-S )S
n,

d''n n,d d
=E_(T_-S_)S + E.S S - E 52
~ @' n "n’"n,a d"n"n,d d"n,d
(2.3.10) " n
= Ef{(nI(f)) Rfsn,d izl (d(Xi)/f(Xi))}

+ (aI(@)I(£) J(d'f'/fz)f - (ax(a))l.

For arbitrary o, (2.3.8) and (2.3.10) together imply

n
m (d(Xi)/f(Xi)) - aSn]}

Ef{Rf[sn .
i=1

,d

= n @ e M - J(d'f'/fz)f}.

If we apply the Cauchy-Schwarz inequality to the left-hand side of this

equality we obtain

ERS > n'l(x(d))'z(x(f))'l{uf)--f(d'f'/fz)f}2

o zea)) 72 J(d'/f)zf[J(d/f)zf]n_l4-a2(n1(f))—1

-2a(n1(d)x(f))‘¥.[(d'f'/fz)f}'l,
which for
o= (I(d))_lj (@re /e
yields
(2.3.11) EfRi > {I(f)--J(d'f'/fz)f]’2{I(f)J(d'/f)zf[J(d/f)zf:ln_.1

—{J(d'f'/fz)f]2}_1,
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unless the denominator equals zero.

Let Y € V¥ let B = -inf Y (x) and define de = f(14+ey) for € € (0,8_1).

f,
Then de is a symmetric absolutely continuous density with Fisher information

J(f'/f-+eEWf'/f+¢'])2(1+€w)_1f

1(d)
€

2(1—88)_1(I(f)4—82c(w,f)) <w

IA

and therefore de € D. Moreover,

J(de/f)zf =1+ eb,f) <=,
2 2
J(dé/f) f = J(f'/fi-e[wf'/f+¢']) £
2 .
< 2(I(f) +ec(yY,f)) <=

and hence de satisfies the conditions imposed on d earlier in the proof.

Substituting 4 = dE in (2.3.11) we arrive at

EfRi > €2 (a (v, £)) 2{I(E)[I(£) + 2ea (¥, £) +e2c (¥, £)]

2 -1 2,-1
[1+eD, 017 - [1(£) +ealy,£)1°} 7,
which by taking the limit as € ¥ O reduces to

B2 > (@b, £)%/a (b, 6).

In view of (2.3.9) and the nonnegativity of dn(¢,f) this proves (2.3.6).

If f is a normal density, then the second inequality in (2.3.6) mustbe

an equality because the left-hand side equals 1 for Tn = n_1 Z:=1 Xi. Con-

versely, if the second member of (2.3.6) equals 1 then for all ¥ € Wf ,
a(y,f) =0 or dn(w,f) = 0. If dn(w,f) = 0, then the equality sign must hold

in (2.3.5). This means that, for some c. ¢ R, the differential equation

0

] ] = ]
VE' + Y'E = o f

holds Lebesgue almost everywhere on R. Hence wf-cof is constant and be-
cause JYf = 0, it follows that c0 = 0 and a(y,£f) = 0. We may therefore
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assume that a(y,f) = 0 for all ¢ € Wf and prove normality of’ f.

Consider

. c

2 2 2 2

wc(x) = (¢ -x )1(—c,c)(x) -2 j (c"=y ) £(y)dy.
' 0

Note that wc € Wf for all ¢ > 0 so that

'

[
0=a(,f) =2 J (c®-x?) (£' (x) /£(x)) 2 (x) ax
0

c
- 2I(f) J (czfxz)f(x)dx -4 J x(£' (x)/£(x)) £(x)dx.
0 0

Differentiation of this equality with respect to c yields

c c
£'(c) = J (f‘(x)/f(x))zf(x)dx - I(f) J f (x)dx,
0 0

for Lebesgue almost all ¢ > 0. This implies that f' may be chosen absolutely
continuous on (0,») with derivative f" satisfying

(2.3.12)  ((£")2-£em /€% = 1(6)

Lebesgue almost everywhere on those open intervals of (0,®) where f is posi-
tive. So f£'/f is a nontrivial linear function and log f a nontrivial qua-
.dratic one on these intervals. In view of the continuity and symmetry of £,
f must be positive and log f must be quadratic on the entire real line, i.e.
f is a normal density.

Now let £ € D.. Then wf € Wf and it remains to prove that the equality

0
a(wf,f) = 0 implies normality of f£. Since

J (Wef' + v £") J(wff'/f4-¢%)(f'/f)f + I b (£"/£ - (f'/f)z)f

a.('\(’flf) - b (lllf,f)
and

(J £ s 1) J vee
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are finite, both limits in

J(’Jifff' + P ) = ;1: Ve ()£ (B) - alji V()£ (a)

exist and equal zero. Hence
W €) = bW, B = | vie
alVgrt) = DlWerkl = | Vg

and therefore a(wf,f) = 0 implies (2.3.12), which was seen to be equivalent

to normality of £. 0O

Theorem 2.3.2 provides the following answer to the question raised

before.

COROLLARY 2.3.1. Let f € D. There exists an estimator Tn € Tn for which

(2.3.1) is an equality iff f is a normal density.

PROCF. If f is a normal density then with Tn = n-1 Z?—l Xi the equality sign

in (2.3.1) holds. Theorem 2.3.2 proves that equality implies normality. ]

The result of this corollary has been given by FRECHET (1943), page
191, without explicit mention of regularity conditions. It should perhaps
also be pointed out that it is not a consequence of the theorem of WIJSMAN
(1973), since one of his assumptions is not satisfied here. Moreover, it is
not clear that normality follows from the exponentiality as given by
Wijsman.

The final result in this section concerning the variance is a generali-

zation of the Cramér-Rao inequality (2.3.1) to all symmetric densities.

THEOREM 2.3.3. For all densities f with respect to Lebesgue measure on

(R, B) which are symmetric about zero, and for all Tn € Th with EflTn! < o,

1

(2.3.}3) var T 2 sup 8

2 n n
8" (2a,-1)/(1-ay)
f'n 0£0 0 6

where

ag = I f%(x—e)f%(x)dx
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is the Hellinger-affinity of the densities f(+-6) and f. Furthermore,

(2.3.13) is at least as sharp as (2.3.1) for all £ € D.

R : 2
PROOF. Without loss of generality we assume that E Tn < o, Because

£

2
Ef(-—B)Tn = 0, the Cauchy-Schwarz inequality and the inequality (a+b) <

2a2 + 2b2 yield
/ n ) n
02 { (t_(x x )-%0) ( T £(x,-0)- Mf(x,))dx dx }2
o n' 1" n . i . i 1°°"""n
n i=1 i=1

R

nooy nooy
= {f - [ (£ (% eeerX )-H0) (T £7(x,=0) + T £(x,))

R i=1 i=1
n n
(2.3.14) aem f%(xi—e)- m flz(xi))dxl...dxn}2
i=1 i=1
2 n n
< {J - J (tn(xl,...,xn)—%a) (2_n f(xi-e)+2_n f(xi))dxl...dxn}
n i=1 i=1

n n
-{J .o J n f%(xi-e)- 1 f%(xi))zdxl...dxn}
n i=1 i=1

= {4var_T +62}{2—2an}.
n 6

£
This string of (in)equalities implies (2.3.13).

Now let f € D. We shall prove that the right-hand side of (2.3.13)
equals at least (nI(f))_l. To this end we first note that by Fubini's

theorem for 6 > 0O

oo © X
J 48-2(f%(x—9) - f%(x))zdx = J (6_1 J f'(y)/f%(y)dy)zdx
o0 —o x-0
© X o y+6
-1 2 -1 2
< f 6 I (£'(y))"/£f(y)dydx = J 8 " (f'(y))"/f(y)axdy
-00 x-0 -y

I(f).
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The same result holds for 8 < 0 and we arrive at

2

(2.3.15) 8° 2 (I(f))—l(l—ae) >0

1
8
for all 6 € R. These inequalities imply that

(2.3.16) lim ag = 1.
60

Combining (2.3.15) and (2.3.16) we conclude the proof of the theorem as

follows

sup %92(1-;6‘)'1(2513_1) > sup (I(f))—l(l—ae) (1-a‘g)‘1(2a2-1)
0#0 040
> lim (1(8) ! (1-a) (1-a") "t (2aR-1)
a>1
-1
= (nI(f)) . ]

REMARK 2.3.1. Inequality (2.3.13) is a special case of an inequality given
by IBRAGIMOV and HAS'MINSKII (1979) in Theorem 6.2 of Chapter 1. They show
in a more general setting that the variance and the expectation of an esti-

mator T under the parametervalues 61 and 62 satisfy the inequality

(2.3.17) var, T+ var, T =2 %(E, T-E T)2(1—p)/p
o % o %

where

2
o= | (£ -2 ) 2ax.
6 6
1 2
The proof of this inequality is based on a generalization of (2.3.14). With
£4(x) = n2=1 £(x;~6), T=T eT , 8, =0 and 6, = 6 inequality (2.3.17) re-
duces to (2.3.13).
The main idea in the proof of (2.3.13) also occurs in PITMAN (1978),

page 71.

REMARK 2.3.2. Applying the above technique to the equality
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(1—a+ab2)e =

o]

n

i=1

n

and optimizing with respect to a one may arrive at

for all

r T 2
var T

6 ¢ R,

value of b seems hard to determine.

REMARK 2.3.3.

(2.3.1),

(2.3.7),

In Table 2.3.1 the lower bounds for nV'arf

(1.3.15) and (2.3.13) are summarized for a number of sym-

metric densities. In some cases only estimates are given.

62> (4axelb-1—b2)l (1469 " (1-by 2 + 4 (1-ag)b (140%)) ~

2
(tn(xl,...,xn)—ae)( n f(xi—6)43 i:llf(xi))dxl...dxn

1

b =2 0. The choice b = 1 results in (2.3.13); the optimal

Tn provided by

density (2.3.1) (2.3.7) (1.3.15) (2.3.13)
normal | (2m) '!’e'!’x2 1 1 1 1
logistic e_x(1+e_x)_2 3 3(1-+§§é%734 3 3
Laplace %—e-lxl 1 not defined 214‘4;;6 214-9;;3
Cauchy | (m(1+x%)) ! 2 2(1+ —1—0%%) 2 22
uniform 1-1 (x) not defined not defined 0 2-1—

2 7(-1,1) 2n

no name %41—|x|)21(_1,1)(x) f? not defined 0 23%41-+48i_2)
Table 2.;i;:~;;;;;~;;;nds ;;; nvarg T, given by fo;mulas (2.3.1), (2.3.7),

(1.3.15) and (2.3.13) for selected densities.

Next we shall study the quantiles of the distribution function Gn' Do-

ing this we shall encounter the symmetric distribution functions L and M

defined

by
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u € [5,131

cosz+zsinz

-1 z sin z %
(2.3.18) L "(u) = 22[ ] '

where z is the unique solution in [0,%n] of the equation

(2.3.19) 2(1-u) (cosz+zsinz) - cosaz =0
and
-1 %
(2.3.20) M (u) =2-2[2(1-u)]", ue [%,1].

We note that L_l(u) and M—l(u) only depend on u, that L has support (-m,m)
and that M corresponds to the symmetric triangular distribution with support

(-2,2) (cf. Corollary 2.2.1).
THEOREM 2.3.4. Let u € (%,1). For all £ € D and all Tn € Tn

Ll = v,

v

(2.3.21) Ggl(u) > K;l(u)

Furthermore

(2.3.22) inf inf K_l(u) L_l(u).

feD nelN

PROOF. The first inequality of (2.3.21) has already been established in the
proof of Theorem 2.2.1. In the same way inequality (2.2.12) implies K;l (u) =
-1

M " (u). Since M does not depend on n or £, (2.3.22) now yields (2.3.21). Be-

cause of its rather technical character the proof of (2.3.22) is postponed

to Appendix 3. 0

' . ) -1 -1 -1 .n

If £ is a normal density then Kn = & ° and for Tn =n Zi=1 Xi we
have G;l = <I>_1. In view of this the lower bound K;1 (u) seems to be a reason-

able one. However, it has the disadvantage of being hard to determine in gen-
eral. The other bounds in (2.3.21) do not have this disadvantage, since they
are independent of the underlying density f € D and of the sample size n. The
best possible bound in this sense is L_1 (u) and M_1 (u) has the desirable pro-
perty of being extremely simple. The counterpart of Theorem 2.3.4 for the

distribution functions Gn' Kn, L and M themselves reads as follows.
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THEOREM 2.3.5. Let x € (0,®). For all £ € D and all T ¢ Tn
(2.3.23) G (x) €K (x) < L(x) <M(x).

Furthermore

(2.3.24) sup sup Kn(x) = L(x).

feD nelN

PROOF. This theorem is a straightforward consequence of Theorem 2.3.4. 0

In Figures 2.3.1-2.3.4 and Tables 2.3.2 - 2.3.5 we present some numeri-
cal information concerning L and M and their densities £ and m. The standard

normal distribution serves as a basis for comparison.

.040 .

.032+

.024 4

.016+

.0084

.000 T T T T T T T T T T

T T
.00 .50 1.00 1.50 2.00 2.50 3.00 3.50

Figure 2.3.1. Comparison of the distribution functions L and M (cf.

(2.3.18) - (2.3.20)) with the standard normal distribution
function 0.



x [ L M L-9 M-®
0 .5000 .5000 .5000 .0000 .0000
1 .5398 .5484 .5488 .0085 .0089
2 .5793 .5935 .5950 .0142 .0157
3 .6179 .6355 .6388 .0175 .0208
4 .6554 .6744 .6800 .0190 » .0246
.5 .6915 .7105 .7188 .0190 .0273
.6 .7257 .7437 .7550 .0180 .0293
7 .7580 .7743 .7888 .0163 .0307
8 .7881 .8023 .8200 .0141 .0319
.9 .8159 .8278 .8488 .0118 .0328
1.0 .8413 .8510 .8750 .009% .0337
1.1 .8643 .8719 .8988 .0076 .0344
1.2 .8849 .8907 .9200 .0058 .0351
1.3 .9032 .9076 .9388 .0044 .0356
1.4 .9192 .9225 .9550 .0033 .0358
1.5 .9332 .9357 .9688 .0025 .0356
1.6 .9452 .9473 . 9800 .0021 .0348
1.7 .9554 .9573 .9888 .0019 .0333
1.8 .9641 .9660 .9950 .0019 .0309
1.9 .9713 .9733 .9988 .0020 .0275
2.0 .9772 .9795 1.0000 .0022 .0228
2.5 .9938 .9966 1.0000 .0028 .0062
3.0 .9987 1.0000 1.0000 .0013 .0013
n .9992 1.0000 1.0000 .0008 .0008

Table 2.3.2. Comparison of the distribution functions L and M (cf.
(2.3.18) - (2.3.20)) with the standard normal distribution
function ©.
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X .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

.0 .5000 .5050 .5099 .5149 .5197 .5246 .5294 .5342 .5389 .5437
.1 .5484 .5530 .5576 .5622 .5668 .5713 .5758 .5803 .5847 .5891
.2 .5935 .5978 .6021 .6064 .6106 .6148 .6190 .6232 .6273 .6314
.3 .6355 .6395 .6435 .6475 .6514 .6553 .6592 .6630 .6669 .6707
.4 .6744 .6782 .6819 .6855 .6892 .6928 .6964 .7000 .7035 .7070

5 .7105 .7139 .7174 .7207 .7241 .7274 .7308 .7340 .7373 .7405
6 .7437 .7469 .7501 .7532 .7563 .7593 .7624 .7654 .7684 .7713
.7 .7743 .7772 .7801 .7829 .7858 .7886 .7914 .7941 .7969 .799%
8 .8023 .8049 .8076 .8102 .8128 .8153 .8179 .8204 .8229 .8253
9 .8278 .8302 .8326 .8350 .8373 .8397 .8420 .8442 .8465 .8487

1.0 .8510 .8531 .8553 .8575 .8596 .8617 .8638 .8658 .8679 .8699
1.1 .8719 .8739 .8758 .8778 .8797 .8816 .8834 .8853 .8871 .8889
1.2 .8907 .8925 .8942 .8960 .8977 .8994 .9010 .9027 .9043 .9060
1.3 .9076 .9091 .9107 .9122 .9138 .9153 .9167 .9182 .9197 .9211
1.4 .9225 .9239 .9253 .9267 .9280 .9293 .9306 .9319 .9332 .9345

1 .9357 .9369 .9382 .9393 .9405 .9417 .9428 .9440 .9451 .9462
1.6  .9473 .9483 .9494 .9504 .9515 .9525 .9535 .9545 .9554 .9564
1.7  .9573 .9582 .9592 .9601 .9609 .9618 .9627 .9635 .9643 .9652
1 .9660 .9668 .9675 .9683 .9690 .9698 .9705 .9712 .9719 .9726
1.9 .9733 .9740 .9746 .9753 .9759 .9765 .9772 .9778 .9783 .9789

2.0 .9795 .9800 .9806 .9811 .9817 .9822 .9827 .9832 .9837 .9841
2.1 .9846 .9851 .9855 .9859 .9864 .9868 .9872 .9876 .9880 .9884
2.2 .9888 .9891 .9895 .9898 .9902 .9905 .9908 .9912 .9915 .9918

.9921 .9924 .9926 .9929 .9932 .9934 .9937 .9939 .9942 .9944
2.4 .9946 .9949 .9951 .9953 .9955 .9957 .9959 .9961 .9962 .994

-9966 .9967 .9969 .9970 .9972 .9973 .9975 .9976 .9977 .9979
2.6 .9980 .9981 .9982 .9983 .9984 .9985 .9986 .9987 .9988 .9988
2.7 .9989 .9990 .9991 .9991 .9992 .9992 .9993 .9994 .9994 .9995
.9995 .9995 .9996 .9996 .9997 .9997 .9997 .9998 .9998 .9998
.9998 .9998 .9999 .9999 .9999 .9999 .9999 .9999 .9999 1.0000

Table 2.3.3. The distribution function L (cf. (2.3.18) and (2.3.19)). In
rounding off 5 should be read as 4.



u ! u 1! u 1!
.5000 .0000 .7500 .6198 .9750 1.9256
.5500 .1035 . 8000 .7916 . 9900 2.2347
.6000 .2151 .8500 .9957 .9990 2.7116
.6500 .3364 .9000 1.2537 .9999 2.9398
.7000 .4701 .9500 1.6257 1.0000 3.1416

Table 2.3.4. Quantiles of the distribution function L (cf. (2.3.18) -
(2.3.19)).

Figure 2.3.2. Comparison of the density £ of L (cf£. (2.3.18)) with the
standard normal density ¢.
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Figure 2.3.3. Comparison of the density m of M (cf. (2.3.20)) with the
standard normal density ¢. )

.10
-
.06
.02+ m-¢
£-¢
-.02+
-
—.06 T T T T B | T T T T 1 L T L] L L] 1
0 .50 1.00 1.50 2.00 2.50 3.00 3.50 4.00

Figure 2.3.4. Comparison of the densities £ of L and m of M (cf. (2.3.18) -
(2.3.20)) with the standard normal density ¢.



X ¢ L m L-¢ m-¢
0 .3989 .5000 .5000 .1011 .1011
1 .3970 .4672 .4750 .0702 .0780
2 .3910 .4354 .4500 .0443 .0590
.3 .3814 .4046 .4250 .0232 .0436
4 .3683 .3749 . 4000 .0067 .0317
5 .3521 .3463 .3750 -.0057 .0229
.6 .3332 .3188 .3500 -.0144 .0168
7 .3123 .2925 .3250 -.0198 .0127
.8 .2897 .2673 .3000 -.0224 .0103
9 .2661 .2432 .2750 -.0229 .0089
1.0 .2420 .2203 .2500 -.0216 .0080
1.1 .2179 .1986 .2250 -.0192 .0071
1.2 .1942 .1781 .2000 -.0161 .0058
1.3 .1714 .1588 .1750 -.0126 .0036
1.4 .1497 .1406 .1500 -.0091 .0003
1.5 .1295 .1236 .1250 -.0059 -.0045
1.6 .1109 .1078 .1000 -.0031 -.0109
1.7 .0940 .0932 .0750 -.0008 -.0190
1.8 .0790 .0798 .0500 .0008 -.0290
1.9 .0656 .0674 .0250 .0018 -.0406
2.0 .0540 .0563 .0000 .0023 -.0540
2.5 .0175 .0165 .0000 -.0011 -.0175
3.0 .0044 .0007 .0000 -.0037 -.0044
m .0029 .0000 .0000 -.0029 -.0029

39

Table 2.3.5. Comparison of the densities £ of L. and m of M (cf. (2.3.18) -

(2.3.20)) with the standard normal density ¢.
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Inspection of Table 2.3.2 and Figure 2.3.1 shows that M lies at most
.036 and L lies at most .019 above the standard normal distribution func-'
tion ¢ on (0,«). That ¢ plays a central part here, may be seen from the

following theorem which is of Berry-Esseen type.
THEOREM 2.3.6. Let x € (0,»). For all f € D and all Tn € Tn the inequalities

(2.3.25) G (x) S K (x) < 0(x) + apn_;zx(1+x)_1

hold, where o is a positive constant independent of £, n and Tn and where
-3/2 3
o= ()Y (J [£'/£]17£)

is possibly infinite.

PROOF. By Fubini's theorem we see that, for s ¢ (%,1),

-1
H " (t)

]

1 1

-1
J Hn (t)dt J dydt
S S

]

-1
(1-s)Hn (s) + J (1-Hn(y))dy-

Because the same relation holds for ¢, we obtain
1
J H;l(t)dt - J s teyae + @t (s) - o~ 1(s)) (1-5)

S S
+ ! (1—Hn(y))dy - I (1-2(y))dy
H—l(s) <I>—1(S)

= ¢(<I>_1(s)) + J (2 (y) *Hn(y))dy

o L(s)

+ (s - Hn (y))dy,
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which implies (cf. (2.2.5))

(2.3.26) kn(K;ll(s)) < 60 (s)) + J le(y) -H_(y)lay

@ " (s)

for all s € (%,1). Let G, be the symmetric distribution function defined by

0

3

t
Gal(t) = f [¢(®'1(s)) + J l@(y)—Hn(y)Idy]_lds, L <t
]

A

1,

o " (s)

and let 9 be its density. Then
-1
0 < GO (®(z)) < =z

for all z € (0,») and 9 is decreasing on (0,«). These properties of G0 and

9 imply
-1
gy(2) = gO(G0 (2(2))) = ¢(2) +J |2 (y) —Hn(y)ldy
z

for all z € (0,») and by integration with respect to z € (0,x)

oo x/\y
Go(x) < d(x) + J J |¢(Y)-Hn(y)|dzdy
0 O

©

o (x) + J (xAy) 1 2(y) -H (¥) |ay
0
for all x € (0,~). Together with (2.3.26) this inequality yields

(2.3.27) Kn(x) < 9 (x) +J (xAy)lQ(y)—Hn(dey
0

for all x € (0,~). Theorem V.14 of PETROV (1972) states that for all ye (0,«)

L 3

(2.3.28)  |o(y) -H_(v) | < 200n” “(14y)~

holds. Combining (2.3.23), (2.3.27) and (2.3.28) we obtain the theorem. ]

Let us now consider the remaining measure of performance on our list,
the truncated variance. Strictly speaking we have here a class of measures

of performance; a class indexed by the truncation constant c > 0.
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THEOREM 2.3.7. Let ¢ > 0. For all £ € D and all Tn € Tn the inequalities

1

* -1 2 2

(2.3.29) varf[Tn]c > J [Kn (u)]cdu > (2Kn(c)—1) ,
1 0

-1 2 2 2 3 1 4 2
(2.3.30) j [Kn (u)]cdu > (c -3¢ +ge ) A 3
0

hold.

PROOF. With £(x) = [x]i in Theorem 2.2.1 and P (x) = [x]c in Lemma 2.2.3 we
obtain (2.3.29). Inequality (2.3.21) yields

1 1
-1 2 -1 2
>
(2.3.31) J [Kn (u)]cdu 2 J [M (u)]cdu,
0 0
which by straightforward computations reduces to (2.3f30). 0

By an analysis similar to the one leading to (2.3.22) it is possible

to derive an expression for

1
. . -1 2
(2.3.32) inf inf [K ~ (u) ] du.
n c
feD neIN 0

However, this expression is rather unwieldy and its derivation is highly
technical. We shall therefore not present this result here.

Theorem 2.3.7 implies Theorem 2.3.1 as may be seen by taking limits as
c > = in (2.3.29). If £ is a normal density then K;l = o7 ana the first
bound of (2.3.29) is the best possible one. The final theorem of this section
presents two lower bounds for the second expression in (2.3.29) and therefore
for the truncated variance of T:. They have the following properties. The
first one is optimal if the underlying density f € D is normal. It depends
on £f €e Dand n € IN, but it seems easier to handle than the first lower bound

of (2.3.29) itself (cf. Corollary 2.3.1). The second one is independent of f
and n. It improves the bound of (2.3.30) for c¢ > 1.3479 and tends to 1 as

C > o,

THEOREM 2.3.8. Let ¢ > 0 and define
b4
2 2
I (x) = exp{%(y"-c”) lay
0



for x € R. Ifne N and £ € D, then

1
J [K;I(u)]zdu > 2(1—exp{—%.c2}) -4 | (x-3_(x)) (1-H_(x))ax
0

O —-0

(2.3.33) ‘ -4 (c—Jc(c)) (1—Hn(x))dx

Q——38

> 2(1-(cAk)) (1—exp{—%c2}) .
PROOF. Let b > 0.. It is easy to check that
-1 2 _ -1 -1 -1 2 -1 -1 2
[Kn (u)]b _42Hn (u) [Kn (u) ]b- (Hn (u)) + f[Hn (u)]b-Hn (u))
2kt - w1 a w -5 w)
n b n b n b n
-1 -1 2
+ ([Kn (u) ]b-[Hn (u)]b) .
Since for all reals x and y
([x]b—[y]b)([y]b—y) z 0,
we obtain the inequality

-1 2 -1 -1 -1 2 -1 -1 2
(2.3.34) [Kn (u)]b > 2Hn (u)[Kn (u)]b— (Hn )+ ([H (u)]b—Hn (u))

for all u € (0,1). Integrating over (0,1) and applying (2.2.13) of Lemma
2.2.3, we arrive at
1
-1 2 -1 -1 2
f [Kn (u)]bdu z 4(K_ (b)-1) +1+f (85 (u)]b_Hn (u)) “du,
0 0
or
b o
2 2
2 Jx dKn(x) + 2 f (b +2)dKn(x) 2 1+2
0 b

(x-b) 2dI—In (x).

o8

43
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Since this inequality is valid for all b > 0, we may integrate both sides

with respect to b after multiplication by the nonnegative weight function

bexp{%(bZ-cz)}l ).

b
0,0
Making use of Fubini's theorem we see that this results in the inequality

2

c
(2.3.35) 2 J x2dKn(x) + 2 c dKn(x) 21 - exp{—%cz}
0

(x—b)den(x)bexp{%(bz—cz)}db.

O——0 0 “——38

Fubini's theorem may be applied again to prove that for all b =2 0

2(y-b)dydH (x) = dHn(X)Z(Y-b)dY

O —X Q O‘hng

(2.3.36) I (x—b)den(x)
b

1}
O—-38
O+—38

Koe—3

2 (1—Hn(y)) (y-b)dy

o—38

and
c ®
j J (x-b) an_(x)b exp {4 (b°~c”) Jab
0 b
Cc X
= J j 2g—b)bexp {%(bz-cz)}dbu-ﬂn(x))dx
oo -
®© ¢
(2.3.37) + f f 2 (x-b)b exp {%(bz—cz)}dbu—ﬁn(x))dx
c O

c (e
-2 I (x—Jc(X))(l-Hn(x))dx -2 J (c—Jc(c))(l—Hn(x))dx
0 c

+ 2(1—exp{—%cz}) I x(l—Hn(x))dx.
0

Since
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o
2 1
J b4 dHn(x) =3
0
we arrive at the first inequality of (2.3.33) by combining (2.3.35), (2.3.37)
and (2.3.36) for b = 0. Furthermore the inequality

(2.3.38) X - Jc(x) < (1—exp{—%cz})x
holds for all x > 0. Hence

C o
(2.3.39) I (x-J _(x))(1-H_(x))dx + J (c-J _(c)) (1-H_(x))dx
C n [of n
0 c

< (1-exp{—%c2}) J (xAc)(l—Hn(x))dx.
0

By (2.3.36) the integral on the right in (2.3.39) may be bounded by
-]
x(1-H _(x))dx = L
n 4’
0
another bound for the same quantity is
dHn(y)dx =c

c J (1-Hn(x))dx dden(y)
0

]

Q
OoO——38
X —-38
OoO———8
O

) J IyldHn(y) < ke.

Hence

o

(2.3.40) 4 J (xAc) (1-H_(x))dx < (2¢) A 1,

0
and by combining (2.3.39) and (2.3.40) we obtain the second inequality of
(2.3.33). a

REMARK 2.3.4. Let £ € D and let
%

1
_ -1, 2
Oy = (J [Kn (U)]ch)
0
0,

Clearly, for c >
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o} ©

(2.3.41) 02 = 2 x2k (x)dx + 2 c2k (x)dx > 2 2(1 K (c))

.3. c = 0 X a X c K, c)),
0 c

where the strict inequality sign applies because kn is nonincreasing on (0,«)

(cf. (2.2.5)). on the other hand (2.3.29) implies
(2.3.42) o 2 2K (c) - 1.
. c n

Combining (2.3.41) and (2.3.42) we arrive at

-2 2
oc p 1—2(1-Kn(c)) >1-c cc,

which implies

(2.3.43) 02 >—4
(o]

(1471447622

This bound is comparable in simplicity to (2.3.30) and the second bound of
(2.3.33). It improves (2.3.30) for large values of ¢ and (2.3.33) for small
ones. However, (2.3.43) is worse than the maximum of (2.3.30) and (2.3.33).
The lower bounds for oi of (2.3.30), (2.3.33) and (2.3.43) are compared with
each other and with

1
(2.3.44) J Lo (w 2au

0
in Figure 2.3.5 and Table 2.3.6.

Together with a Berry-Esseen bound Theorem 2.3.8 yields the following
inequality.

COROLLARY 2.3.2. Let £ € D and let o and p be as defined in Theorem 2.3.6.

IfFT € T , then
n n

- ¢ (1-expl-4c’})
1+c

.

1
(2.3.45)  var.[T"1 > | [o Y (uw1%au - 40pn
T f-"nc c
0
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Figure 2.3.5. Lower bounds for the truncated variance plotted as functions

of the truncation constant and compared with the truncated
variance of a standard normal random variable. The correspon-
dence between the letters A-D in the plot and the formulas
in the text is as follows: A -+ (2.3.44), B -+ (2.3.33),

C » (2.3.43), D + (2.3.30).

c A B C D
(2.3.44) (2.3.33) (2.3.43) (2.3.30)
.25 .0542 . 0462 . 0487 .0526
.50 .1851 .1175 .1524 .1745
.75 .3500 .2452 .2701 .3208
1.00 .5161 .3935 .3820 .4583
1.25 .6622 .5422 .4800 .5656
1.50 .7785 .6753 .5625 .6328
1.75 .8633 .7837 .6306 .6619
2.00 .9205 .8647 .6863 .6667
2.50 .9776 .9561 .7690 .6667
3.00 .9950 .9889 .8251 .6667
3.50 .9991 .9978 .8639 .6667
4.00 .9999 .9997 .8916 .6667
Table 2.3.6. Lower bounds for the truncated variance tabulated as functions

of the truncation constant c and compared with the truncated
variance of a standard normal random variable. The letters A-D
correspond to those in Figure 2.3.5.
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PROOF. If Hn = ¢, then Hn = Kn = & and (2.3.34) becomes an equality. It fol-

lows that there is also equality in the first part of (2.3.33), viz.

1 c
J [o7"  Pau = 2(1-exp{-4c’}) - 4 J (x-3_ (x)) (1-0 (x)) ax
0 0

- 4 [ (c—Jc(c))(1-¢(x))dX-
c

Therefore, combining (2.3.28) and the first inequality of (2.3.33) we obtain

1 1 c
J [Kgl(u) ]:du 2 J [(D—l(u)]idu - 8apn—12{J (x-J_(x)) (14x) “3ax
0 0 0

+ J'(c—Jc(c))(1+x)"3dx}.
C

Applying (2.3.38) to the right-hand side of this inequality we arrive at
(2.3.45) by straightforward computation. 0

2.4. ASYMPTOTICS

The asymptotic behavior of an arbitrary sequence {Tn} of location esti-
mators Tn € Th, n=1,2,... under a fixed density f € D will be considered
in this section.

Let £: R +R be a loss function, i.e. £ is symmetric about zero and
nondecreasing on [0,%). From Theorems A.4 and 4.1 of HAJEK (1972) it follows
that the asymptotic inequality

©

(2.4.1)  liminf Efz(rr*) > J £(x) ¢ (x)dx
n+e n

holds. Clearly this is the best possible first order asymptotic result. Here
we shall demonstrate the strength of the finite sample inequality (2.2.9) of
Theorem 2.2.1 by showing that it yields (2.4.1) by a simple limiting argument.
In doing so we incidentally provide an alternative route to (2.4.1).

We shall need the following lemma.

LEMMA 2.4.1. Let Fn' n=1,2,... be distribution functions on R, which are
symmetric about zero and which have variance 1. If there exists a distribu-

tion function F with



(2.4.2)  lim F_(x) = F(x),
n-)°°n

for all continuity points x of F then, for all u € (0,1),

u 1
R -1 -1 -1 -1
(2.4.3) 1lim J (J F " (t)dt) "ds = J (J F " (t)dt) “ds.
n-o n L s

PROOF; In terms of F;l the Bienaymé-Chebychev inequality reads as follows
1
-1 2 - 2
y = J  Lsndas > (1-v) @ )
n n
]
for all t € (%,1), or

2.4.0  Flo s @)

for all t € (%,1). From Satz 2.11 of WITTING and NOLLE (1970) it follows
that

(2.4.5)  lim F;l(t) = F iy

n->o
for Lebesgue almost all t € (0,1). By the dominated convergence theorem
(2.4.4) and (2.4.5) imply that
1
. -1 -1
(2.4.6) lim | F_"(t)dt = | F " (t)dt
n->o n
s
for all s € (%,1). Let now u € (%,1) be fixed. If
1
-1
f F “(t)dt > 0,
u
then there exist in view of (2.4.6) an € > 0 and an integer ne such that
1
-1
J F " (t)dt 2 €
n
‘u
for all n 2 ne, which implies
1
(J F;I(t)dt)_l <et

S
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for all n 2 n, and all s € (%,ul. Again applying the dominated convergence

theorem we see that this inequality and (2.4.6) yield (2.4.3). If
1

J F_l(t)dt =0
u
then
1
-1
J F " (t)dt =0
S

for all s € (%,1) and by Fatou's lemma we have

u 1 u 1
- -1 -1 -1 -1
liminf J (J Fn (t)dt) “ds = J (f F “(t)dt) "ds = o,
n-o 4 ) s

From symmetry considerations the validity of (2.4.3) for all u ¢ (0,1) fol-

lows. 0

We are now able to prove the main result of this section.

THEOREM 2.4.1. For all £ € D, all sequences {Tn}’ Tn € Tn' n=1,2,... and
each loss function £ (i.e. £ is symmetric about zero and nondecreasing on

[0,»)) the asymptotic inequality

*
(2.4.7) liminf E_L(T ) > J £(x) ¢ (x)dx
lminf BT, ¢

holds.

PROOF. For all £ € D it follows from the central limit theorem that Hn con-

verges to ¢ pointwise. In view of Lemma 2.4.1 this implies

u 1
. -1 -1 -1 -1
(2.4.8) lim K " (u) = (] & "(t)dat) ds = & " (u)
o O
5 s
for all u € (0,1). Hence by (2.2.9) of Theorem 2.2.1 and by Fatou's lemma
we have
1 1
liminf EfC(T*) > liminf Jl(K_l(u))du zj liminf £ }(w)du
n-+o n n->e n n-w n

1 1
J £ (1im K_l(u))du = J £(¢-1(U))dur
o = " 0
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where the first equality holds, since £ has countably many discontinuities.[]

For the four measures of performance we have considered in the preced-

ing section Theorem 2.4.1 has the following consequences.

COROLLARY 2.4.1. For all f € D and all sequences {Tn}, T € Tn' n=1,2,...

*
(2.4.9) liminf var T 2 1
n-+o

(2.4.10) liminf Ef[szi 21+ 2(c2-1)(1-¢(c)) - 2cé (c)
n-+o

for all ¢ > O,

(2.4.11)  liminf Ggi(u) > o)

n+w

for all u € (%,1) and

(2.4.12) limsup G_(x) < &(x)
n
n+o

for all x > O.

PROOF. (2.4.9), (2.4.10) and (2.4.12) follow immediately from Theorem 2.4.1
by making appropriate choices for £ and (2.4.11) is a consequence of
(2.4.12). 0

Theorem 2.4.1 gives a first order asymptotic result for a large class
of loss functions. For the variance a second order asymptotic result can be

obtained from Theorem 2.3.2.

THEOREM 2.4.2. Let £ € D be twice differentiable with derivatives f' and f",
let

Ve = (£/07 - /8 - 1(9)

be absolutely continuous with derivative Y and let {Tn}, T € Tn’ be a se-
quence of estimators with EflTnI <w,n=1,2,... . If w% is bounded on fi-
nite intervals and if fwff < o, then

(2.4.13) liminf n(var Tz-l) 2 (I(f))—2 I ¢2f-

e £ £
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PROOF. Let f and wf be as in the theorem. Because fwff is finite, [f" is
finite. Together with

(]'f')2 < IE) <
this implies that both limits in

J f" = 1lim £'(b) - lim £f'(a)
b a-—o

exist and equal zero. Hence
(2.4.14) J wff = 0.
For y > 0 we define

_ _ -1
xy(x) = l[O’Y](IXI) + (2-|x]ly ) (1=,

Liy.2y)

Jy) = J lbfxyf,

wy(x) = wf(x)xy(x) - J(y).
Note that

2 2 2. [ 2 2

(J(y))" = (J lbf(xy-l)f) < J wff J (Xy-l) f < 2(1-F(y)) f VeE <,
which implies that the above definitions are proper and that
(2.4.15) lim J(y) = O.

y-)co

Because wf is continuous and ¢% is bounded on finite intervals, wy and

¢§ are bounded on R. By partial integration it follows that (cf. (2.3.3))

v ] ] = ] 2 ret
(2.4.16) a(tby,f) = J N)yf /f+wy) (£'/£) £ J wy(f /E)Tf + J wyf

- ] 2_ " /4 T 1] - 3 . 1 =
= J q,y{(f JE) -£"/f}E+ lim wy(b)f (b) - lim wy(a)f (a) J xpwaf.

b0 a0
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Furthermore (cf. (2.3.3))

2
2.4. ’ £ @y
( 17) b('JJY £) J ’JJY <

2
e Ze ’ f‘ ! ©
(2.4.18) c(wy £) J wy /f+¢°y) £ <

and it is not difficult to verify that wy € Wf (cf. (2.3.4)).

‘By the dominated convergence theorem (2.4.16) and (2.4.14)

. . 2 [ 2
(2.4.19) lim a(wy:f) lim [ J wfxyf-J(y) jwff] = J wff.

y>° yo®

Similarly

. 2.2 2 2
(2.4.20)  lim b(y,,f) lim[f Vex - (N = J PeE.

y-o y—)@

Without loss of generality we may assume that fwzf > 0, because otherwise
(2.4.13) is trivial. Combining (2.3.6) of Theorem 2.3.2, (2.4.17), (2.4.18),
(2.4.19) and (2.4.20) we arrive at

liminf n(var_T'-1) > lim (1(£) 2(a(_,£) b, )"
n->o y_m y y
= ()2 J Vit ' O

In Chapter 5 of ALBERS (1974) it has been shown that for all f € D1 the

maximum likelihood estimator én £ satisfies
- ’

- _ -1 -2 2 -1
nI(f)varfG)n, =14+n " (I(f)) waf+0(n )

£

as n > o, Here D1 is the set of densities satisfying the conditions of Lemmas

5.2.1 and 5.2.2 of ALBERS (1974). It is easy to verify that D, < D and that

1

every £ € D, satisfies the conditions of our Theorem 2.4.2. Consequently, if

1
the performance of estimators is measured by their variance, then the per-
formance of the maximum likelihood estimator is asymptotically optimal with
respect to the bound (2.4.13) for all f € D

(2.4.13) is sharp for all f € D

1° It also follows that the bound

1 The asymptotic optimality to this order of
the maximum likelihood estimator has been proved in a different setting and

by a different technique in PFANZAGL and WEFELMEYER (1978, 1979).
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Theorem 2.4.2 also shows that the second order asymptotic behavior de-
pends on the second derivative of f. Hence there is no point in extending
Theorems 2.3.6 and 2.4.1 by computing asymptotic expansions for Kn and Kgl,
since in such expansions only coefficients of the form f(f'/f)kf, k € NN,
would play a part. One way to introduce the second derivative of £ into in-

equalities like the spread-inequality (2.2.8) is to consider

-2
6 (Gn(y+9) +Gn(y-9) - 2Gn(Y))

- n -
=j .. fe 20 T, £(x.+(nI(£)) )
i=1 i

(nI(f))lztn(xl, ceerx )Y

]

n - n
+ T £0x-(nI(6)70) - 2,1, £x,) Jdx, .. .dx .

We shall pursue this point elsewhere.
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CHAPTER 3

THE BEHAVIOR OF LOCATION ESTIMATORS OVER A CLASS OF DENSITIES

3.1 INTRODUCTION

' This chapter contains results which are applicable in the statistical
situation where the density £ € D is unknown. For the variance of an estima-
tor a fixed sample size inequality is given in Section 3.2 (cf. Theorem
3.2.1) and an asymptotic comparison with the variance of Pitman estimators
is made in Section 3.3 (cf. Theorem 3.3.2). A fixed sample size inequality
for the distribution function of an estimator is proved in Section 3.2 (cf.
Theorem 3.2.2) and the possible limit distributions of an estimator under

sequences'{fn}, fn € D, n + o, are studied in Section 3.3 (cf. Theorem 3.3.1).
3.2. FIXED SAMPLE SIZE

Let n € IN and Tn € T&. In this section we shall study the behavior on

D of

nI(f)varfTn
and

b
P_((nI(f)) T < x), x € R.
£ n
In Theorem 3.2.1 we establish a lower bound for the normed variance

nI(f)varan, which is the sum of

(1) the Cramér-Rao bound (2.3.1),

(2) a term involving the integrated mean square error under f of a statistic
Zn(-) which may serve as an estimator of the score function Jf(°) (cf.
(1.2.4)).
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Here the statistic Zn(-) is defined by

n
(3.2.1) z (x) = 121 Ef(Tnl 1% 1reenIx 1 X, = %), x € R.
Note that Zn(') does not depend on f and that it is derived from the location
estimator Tn. Hence the behavior on D of the lower bound (3.2.2) depends on
Tn. As has already been indicated in Section 1.1, the inequality (3.2.2)
shows that an estimator Tn € Tn can not perform well over a class of densi-
ties f unless it is possible to estimate the score function Jf(-) accurately
over this class.

In order to avoid assumptions like EfITnl < o we shall consider EfTﬁ

instead of var_T .
f'n

THEOREM 3.2.1. Let £ € D, let Tn € Tn be an estimator of location and let
Zn(-) be the associated estimator of Jf(-) defined in (3.2.1). Then

o

(3.2.2) nI(f)Efol > 1+ I(f)Ef(j [Z_(x) —Jf(x)]zf(x)dx).

-00
PROOF. Let f € D, n € N and T, € Tn be fixed. Without loss of generality we

may assume that EfTﬁ < o, Let (cf. (1.2.5))

-1 B
s,=n [ 3.,
i=1

o
]

n

LB ®[Ix L. 0% ], son X))

i=1

For all ¢: {-1,1} > R and for i = 1,...,n
E.(¥(sgn X,) (R-R) | 1% loeeeslx 1) =0

and

BRI IX 1reeenlx D = E LR IX Irens IX D = 0.
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This implies that conditionally on Ixil,...,lxnl, R is the projection of R

on the linear space of sums of functions of sgn Xi, i=1,...,n. Consequently
2 ~2
EgR™|Ix Leees1x D 2 BELRT | IX 1,een1x D)
v 2
= Ef(1£1 {E R Ix Lo Ix 1, sgn x) ¥ [ Ix 1ol 1x D
By taking expectations it follows that

n
-1 2
£ Ef(izl {Ef(TnI lxlll---llxnlr sgn Xi) -n Jf(Xi)} )

5]
o
[\

% n
._1 2
Ef(J izl {Ef(Tnl |X1|:-..p|Xn|, Xi=x) -n Jf(x)} £ (x) dx)

(3.2.3)

\"2

% n
-1 , oyl 2
Ef(J n [izl{Ef(Tn“X“,...,IXnI,Xi—x) n 3. (x) }17E (x) ax)

n e ( f [z (x) - T (x) 1£ (x) ax) .

£

With Rf = (nI(f))%R the formulas (1.2.2), (1.2.6), (2.3.9) and (3.2.3) yield
(3.2.2). 0

Let us now study the lower bound of (3.2.2) and let us ignore the spe-
cial structure (3.2.1) of the estimator Zn(-) of the score function. Then
the theorem merely asserts the existence of an estimator Zn(-) such that
(3.2.2) holds. It is clear that there does not exist an estimator Zn(-) for
which the integrated mean square error vanishes uniformly on D. In fact the
supremum on D of the integrated mean square error equals at least 1, which

is the content of the following result.

COROLLARY 3.2.1. For all Tn € Tn

2
«2. 2 2.
(3.2.4) sup nI(f)EfTn 2

feD

PROOF. Consider a density £ € D with distribution function F and let

A=1{86]0<6<%, 0<£E S < 1)
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For all § € A we define

csexp{bs(x-F—1(6))} x < F_i(é)

(3.2.5) £, =4a f(x) for F 1(8) < x < F 1(1-6)

csexp{—bs(x—F_l(l-G))} F_1(1—6) < x

where

(1-28+28{£(F *(6)) 1)L,

a5=

pg = (8£ 1 (6171,
= a £(F (&)

CG—aG -

Then, for § € A, f6 is an absolutely continuous symmetric density with

-1

bG x < F " (8)
(3.2.6) fé(x)/fs(x) =q f' (x)/£(x) for F—1(6) < x < F—1(1—5)

_bé F_l(l—d) < x
and

-1
F ~(1-9)
(3.2.7) I(fG) = ag (f'(x)/f(x))zf(x)dx + 2a6<‘3_1 < o,
r 1 (8)

It follows that fG € D.

Now, for all o € (0,1), all § € A and all estimators
Zn(x) = zn(Xl,...,Xn;x)

we have
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sup I(£)E *([ z x) -3 (% }zf*(x)dx)
£*eD £ 2" £

v

£ () }2f6 (x) dx)

8

aI(fG)Efs( J {Zn(x) -J

2
, + (1—a)I(f)Ef(f {Zn(x) —Jf(x)} £ (x)dx)
(3.2.8) -

2 n
J. .. J [{zn(xl.--.,xn;x) —Jfa(x)} atI(fd;){il;l1 fs(xi)}fs(x)
n+1
R 5 n
Hz (xgreeerx %) =T () (- IO (T £(x,) F ()]

ax, ...dx_dx.
1 n

The integrand of the last integral attains its minimum for

a0 .
zn(xl,...,xn;x) = [aI(fS){iLT1 f6(xi)}f6(x)Jf6(x)

+1- TE T £6e) MEGOT 00
n n -1
eI T £,k () + (-0 TO T £} T,

unless both {ﬂ?=1 fa(xi)}fﬁ(X) and {ﬂ2=1 f(xi)}f(x) equal zero. Substituting
this expression in (3.2.8) we find that (3.2.2) of Theorem 3.2.1 yields

2 _ 1

*
sup nI(f )Ef*Tn

£*eD

. 2 .. n
(3.2.9) > J . I {st(x)-Jf(x)} ot(l—ct)I(f‘s)I(f){il;l1 fs(xi)f(xi)}fd (x) £ (%)
]Rn+1

n n
-1
°[aI(f5){iL_|1 fa(xi)}fé(x)+ (1—a)I(f){iT=11 f(xi)}f(x)] ax, . ..dx dx

1
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\'2

. n
J ... J{I(f)/x(fs)—1}2Ji(x)a(1—a)1(fs)x(f){iglf(xi)}

@ by, (1-)) L

(3.2.9) . ' -f(x)ag+1[aI(fs)a§+1+(1—u)1(f)]_1dx1...dx ax
(cont'd) n
= {I(f)/I(fS)—l}zu(l—a)I(f)a§+1[aag+1+(1—u)I(f)/I(fG)]-1
Fl(1-6)
< (1-26)" Ji(x)f(x)dx.
F (8)

In view of the continuity of f there exists a sequence {§(m)} in A with

(3.2.10) lim 8§ (m) = O.
m->
For such a sequence

(3.2.11) lim
m-o

a6(m) =1,

(3.2.12) lim I(
mo

f(s(m)) = o,

which together with (3.2.9) implies

251+ (1-a).

sup nI(f*)E *Tn

£*eD £

Since the last inequality holds for all o ¢ (0,1), (3.2.4) follows. ]
Corollary 3.2.1 yields the greatest lower bound for

2

sup nI(f)Ean,

feD
which one can obtain from Theorem 3.2.1 if one ignores the special structure
of Zn(-). To see this it suffices to note that for Zn(x) = 0 the right-hand
side of (3.2.2) equals 2 for all f € D. However

sup nI(f)EfTi =

feD
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for all T € T, because for all x > 0 and all T e T
n n n n

inf P ((nI(f))%T < x) =k,
£ n
feD
The last equality follows immediately from the fact that there exist subsets
*
D of D with

. * %T
(3.2.13) inf sup P _((nI(f)) < x) =%, x > 0.
* ok * n
£f¥ep* T T £
n n
*
The existence of subsets D of D for which (3.2.13) is wvalid, is intu-
*
itively clear from the following reasoning. There exist densities £ and f
in D for which I(f*)/I(f) is arbitrarily large and for which at the same time

*
the joint densities of a sample X ,...,Xn under £ and f are almost indistin-

1

guishable. As a consequence of the latter phenomenon it is impossible to

estimate the location parameter considerably better under f* than under £ on
*

the basis of n observations. Because I(f ) is arbitrarily much larger than

I(f) this implies that

sip P (I < x)
T eT £ n
n n

is arbitrarily much closer to % than

sup P ((nI(f))ET < x).
£ n
T eT
n n
For a precise formulation of these assertions we need two definitions.
*
Let dn(f +£) be the total variation distance between the n-fold products of

*
f and £, viz.

* n * n
(3.2.14) 4 (£,) =% f j]igl £ () - T £(x,)|dx,...ax .
r®
We write d(f*,f) for di(f*,f). Furthermore we shall call a subset D* of D
irregular iff for every € > 0 and every § > O there exists a pair of densities

f* € D* and £ € D such that
* *
(3.2.15) a(f ,£f) < ¢, I(£)/I(E) < 6.

We may now formulate our result as follows (cf. KLAASSEN (1979)).
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THEOREM 3.2.2. Let x € (0,), n € IN and D* c D. If D* is irregular (cf.
(3.2.15)), then

(3.2.16)  inf sup Pf*(mx(f*))!’Tn <x) =%
f*eD* TnETn
and hence for all T e T
n n
. * 0%
inf Pf*((nI(f )) T S X = 5.

* %
f eD
PROOF. Let € > 0, § > 0 and let D* be irregular. Then there exists a pair
*
f* € D and £ € D with d(f*,f) < g and I(f)/I(f*) < §. For these f* and £

and for all Tn € Th and x > 0 we have

%

Pf*((nI(f*))%THSX) < Pf((nI(f*)) T <) + dn(f*,f)

%

IA

(3.2.17) Pf((nI(f)) TnSX(I(f)/I(f*))lz) + nd(£",£)

pf( (n]:(f))lzTnﬁ xG!E) + ne.

IA

From (2.2.10) we see that

(3.2.18) -g;-Pf((nI(f))%Tn <y) £k, y € IR.

Combining (3.2.17) and (3.2.18) we arrive at

L < Pf*((nI(f*))%Tn <x) <%+ xS + ne.

Because € and 6 may be chosen arbitrarily small this string of inequalities

proves the theorem. 0

Theorem 3.2.2 would be meaningless if no subsets of D would be irregular.

We settle this point in the following lemma.

LEMMA 3.2.1. For each £ € D there exists a segquence {fm}, fm e D, m=1,2,...,

with

(3.2.19) lim d(fm,f) =0,
m>eo
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(3.2.20) lim I(fm) = o,
me

Hence D itself as well as its subsets of the form
* *
{£ ep|a(e,f) <n}

are irregular for all n > 0 and £ € D.

REMARK 3.2.1. Let £ € D be fixed and let fm € D oscillate very rapidly around
f with a very small amplitude. Then fr'n/fm is arbitrarily large on a set of
positive f-measure, whereas d(fm,f) is arbitrarily small. Hence the truth of
Lemma 3.2.1 is intuitively clear. However, we shall prove it in a computation-

ally simpler way by choosing fm = f6 as defined by (3.2.5) and (3.2.10).

(m)

PROOF OF LEMMA 3.2.1. Let £ € D be fixed and let f6 € D be as defined in
(3.2.5). Then

F_1(1-6) F_l(G)
(3.2.21) d(fs,f) <k I |1-a6|f(x)dx + J (fG(X) + £(x))dx
._1 -00

F " (8)

< 5|1—asl(1-26)4-a66{f(p“1(a))}2 + 6.

Furthermore, let the sequence {6(m)}, §(m) ¢ A, m = 1,2,..., be chosen as in
(3.2.10) - implying the validity of (3.2.11) and (3.2.12) - and define fm =
fﬁ(m)' m=1,2,... . Combining (3.2.10), (3.2.11), (3.2.12) and (3.2.21) we
obtain (3.2.19) and (3.2.20) and thereby the lemma. |

From Lemma 3.2.1 we may not conclude that every irregular subset of D
has to contain a sequence {fm} satisfying (3.2.20). The next lemma shows that
every irregular set does indeed possess at least countably many densities,
but it also shows that these densities do not necessarily have unequal Fisher

information.

LEMMA 3.2.2. The set
{fen|1(f) =1}

3 . * 0] ) . ] 3 : .
is irregular. Furthermore, if D is irregular then it contains infinitely

many densities.
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PROOF. Let f0 and f1 belong to D and let ¢ = (I(fo))%. Define

Fo=2e®, fw=2ed, x>o.

1
Now f* and £ belohg to D and
1(£) = 1.
Also
*
d(f lf) = d(folfl)l
T(E)/T(E") = T(£,)/T(£).

From this observation and from the existence of irregular subsets of D the
irregularity of the set {f ¢ D| I(£f) = 1} follows.

Let f* € D and € > 0 be fixed and define
* *
D(e,£) = {f e D] dA(£f ,£) < e}.

In order to prove the second statement of the lemma it suffices to prove

that (cf. (3.2.15))

(3.2.22) inf I(f) > 0.

feD (e, £%)
Because I(*) is lower semi-continuous on D with the metric d(+,°) (see Theo-
rem 3 of HUBER (1964)) it attains its minimum on the compact set D(e,f*) at
fO' say. Since f
(3.2.22). a

0 € D, the Fisher information I(fo) is positive which implies

3.3. ASYMPTOTICS

Let {Tn}, Tn € Tn' n=1,2,... be a sequence of location estimators and
consider the distribution functions and variances of {Tn} under the densities
in D. In this section we shall study the behavior on D of these quantities
for sample size n tending to infinity.

First of all, one might wish to consider the following characteristics

of this behavior
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(3.3.1) inf liminf P ((nI(f))%T < x), x >0,
£ n
feD n->o
(3.3.2) limsup inf Pf((nI(f))!:Tn < x), x > 0.

n+« feD

For the adaptive estimators of STONE (1975) and BERAN (1978) the quantity
(3.3.1) equals &(x) and in view of Theorem 3.2.2 and Lemma 3.2.1 the quantity
(3'3ﬂ2) equals % for all sequences {Tn}, T, € Tn' n=1,2,... .

Let {fn}, fn € D, n=1,2,... be a sequence of densities and define the
distribution functions Gn' Hn and Kn as in (1.2.3), (1.2.7) and (1.2.8) with
f replaced by fn' In Theorem 3.3.1 we shall consider yet another quantity
like (3.3.1) and (3.3.2), viz.

%

(3.3.3) limsup Gn(x) = limsup Pf ((nI(fn)) Tn < x), x >0,

n-+ow n-+o n

as well as the quantity
1
. - -1 2
(3.3.4) lim liminf | [G " (u)]°du.
CHo nw n ¢
0
HODGES and LEHMANN (1956) have noted that (3.3.4) equals the variance of the
limit distribution of Gn if this limit distribution and its variance exist,

that this variance equals at most the limit of the variances of Gn’ i.e.
s -1 2 . -1 2
(3.3.5) lim liminf | [G " (u)] du < liminf (G_"(u))“du
CH0 n>o n ¢ n-+owo n

and that strict inequality in (3.3.5) may occur.

If F, Fn' n=1,2,... are distribution functions such that

lim Fn(x) = F(x)
n-»eo

for all continuity points x of F, then the sequence'{Fn} converges weakly to

F as n -+ « which we shall denote by
(3.3.6) F_3F.

With this notation we may formulate the results concerning (3.3.3) and (3.3.4)

as follows.
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THEOREM 3.3.1. Let {fn}, £ €D, n= 1,2,... be a sequence of densities and
suppose that the sequence {Hn} converges weakly to a distribution function

H. If K is the distribution function defined by

u 1
(3.3.7) Kl = J (f g ! (t)ar) las, ue (0,1),
L s

and if {Tn}, T € Tn' n=1,2,... is a sequence of location estimators then

(3.3.8) liminf 6 1 (w 2 K 1w, ue (%1),
nre O
and consequently
1 1
. - -1 2 -1 2
(3.3.9) lim liminf | [G_ " (u) ] du = (K " (u)) “du.
CcH© n > n ¢
0
Furthermore
1
(3.3.10) J « ! () 2au
0
and equality holds iff H = ®.

v
-

PROOF. Lemma 2.4.1 implies

. lim K '(w) = K L), ue (0,1).
nseo D
Together with the first inequality in (2.3.21) this implies (3.3.8) which
w
by Fatou's lemma yields (3.3.9). Since Hn -+ H we have by Satz 2.11 of
WITTING and NOLLE (1970) and by Fatou's lemma
1 1
(3.3.11) J @ w)2au < Lim j @ ) %au = 1.
0 we o "

By Fubini's theorem (see also Lemma 2.2.3)

1 u 1
(3.3.12) f gl wr twau = 2 j H_l(u)[J a1 ! (t)at] lasau
0 s s

1 1
EJ H'l(u)du][J 5 (e)ael tas = 1.
S

S

s
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Applying the Cauchy-Schwarz inequality to (3.3.12) and combining the result
with (3.3.11) we arrive at

1 1
(3.3.13) J ® ! () %au > [J @ L)) Zand™t 2 1,
0 0
where both equality signs hold iff for some a > O
u 1
(3.3.14)  am l(w =k () =J (J 5! (v)at) las, ue (0,1),
L s
1
(3.3.15) J @ ) 2au = 1.
0

Differentiating (3.3.14) twice we see that (3.3.14) and (3.3.15) are equiva-
lent to H = & and the proof is complete. 0

If fn = f is fixed then by the central limit theorem Hn X ¢ and conse-
quently the conclusions of Theorem 3.3.1 hold with H = K = &. Furthermore
(3.3.8) with K—1 = ¢_1 implies (2.4.7). Hence Theorem 3.3.1 is an extension
of Theorem 2.4.1 and this extension is nontrivial only if H can differ from

®. That this is indeed possible is a consequence of the following lemma.

LEMMA 3.3.1. Let HO be the set of distribution functions H for which there
exists a sequence'{fn}, fn €e D, n=1,2,..., such that the associated se-
quence {Hn} converges weakly to H. Furthermore, let H1 be the set of sym-
metric infinitely divisible distribution functions with variance not greater

than 1. Then HO and H1 coincide.

PROOF. Let H € HO' It is clear that H is symmetric and, in view of (3.3.11),
that its variance belongs to [0,1]. From e.g. Theorem IV.1 of PETROV (1972)
it follows that H is infinitely divisible. Hence HO c Hl' Let H € Hl' From
Theorem II.6 of PETROV (1972) we conclude that a function ¥: IR - IR is the
cumulant generating function of a symmetric infinitely divisible distribu-

tion with a finite variance iff it admits the representation

©
(3.3.16)  Y(t) = a J x 2 (cos tx-1)dL (x) , te R,

-
where o € [0,2) and L is a symmetric distribution function and where the
function under the integral sign equals —%tz for x = 0., Dividing (3.3.16)
by n we see that there exist independent identically and also symmetrically
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distributed random variables X ,,X .,...,X , such that Z? X . has distri-
nl’'"n2 nn i= ni

1
bution function H, n=1,2,... . Let 02 e [0,1] be the variance of H and let
Ynl’Yn2""'Ynn be independent random variables which are independent of

X ,1e00.X and for which
nn

nl
P(Y ;=0) =1 - n"2,
p(yni==n%(1-c2)%) - p(yni==—n5(1-02)5) = 4n2
if 02 < 1 and
P(Y_ =0) = 1
ifo®=1,1i=1,...,nandn =1,2,... . Then 23, ¥, * 0 in probability

n . . .
as n > ©, So Zi=1 (Xni+Yni) converges in distribution to H as n - « and

n
var( ) (x_+Y ) = 1.
i=1

It follows from the next lemma that there exist fn € D, such that for eachn

5

= (nI(£)) f;(x)/fn(X)

has under fn the same distribution as xni.FYni' i=1,...,n. This proves

H1 c HO and thereby the lemma. 0

LEMMA 3.3.2. Let H be a symmetric distribution function with variance 1, then
there exists a density £ € D with I(f) = 1 such that -f'(X)/£f(X) has distri-

bution function H under f.

PROOF. Let H be as in the lemma. The distribution function F, defined by

u 1
Flu) = J (J' a1 ! (tyar) las
L s

for u € [0,1], is symmetric and possesses an absolutely continuous density

f with derivative f'. Its score function satisfies

£ tayzeE tw) = 5w
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for Lebesgue almost all u € [0,1]; see also Lemma 2.2.2 and its proof. So
1
1(£) = J @) Zau = 1
0
and f € D. Finally, if U has a uniform distribution on [0,1] then

P(-£' (X)/E(K) $2) = B(-£' (0 (U)/£@ ) < 2)

P () <z) = H(z)

holds for all z € R. 0

Let {Tn}, T € Tn' and {Dn}, D < D, n=1,2,... be sequences of estima-
tors and subsets of D respectively. In the second part of this section we
shall study asymptotic properties of the sequence of sets {EfTil f e Dn}.
First we consider for a fixed f € D and for a fixed sample size n the guan-

tity

inf EfTi‘
T €T
n n
Provided that f£ does not behave too badly, this infimum is finite and is
attained by the so-called Pitman estimator (cf. (1.3.9))

£ £
(3.3.17) Tn = tn(xl""'xn)'

O T, £(x,-6)a8

r

£ [—m
tn(xi,...,xn) = —
f_eo

m_, £(x;-0)ae

for those (xl,...,xn) € R" for which the right-hand side is well-defined;
see PITMAN (1939), page 400. The estimator Tﬁ may be considered as the Bayes
estimator with the Lebesgue measure on IR as an improper prior distribution

and with squared error loss. We note that there exist densities f € D such
that '

(3.3.18) Pf(Tﬁ is undefined) > 0;

see Appendix 4.
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In the proof of Theorem 3.3.2 we shall encounter a slightly more general

situation. Let A be an index set and let £, € D for all A € A. Let U be a o-

A
finite measure on A with respect to some o-algebra of subsets of A and sup-
pose that fA(y) is jointly measurable with respect to A and y. Finally, let
h be a density with respect to u on A and let

)

ST 00, T, £, (x,-0)h(\)au(1)a8

h -
(3.3.19) tn(xl,...,xn) = p-
f_mfA

M_; £ (x;=8)h(A)du(A)ae
for those (xl,...,xn) € R" for which the right-hand side is well-defined.

LEMMA 3.3.3. Let n be fixed, let A, u, h and £, be as above. If (cf.

A
(3.3.19))
h h
T o=t (Xeea X)),
f Pf (T: is undefined)h(A)du(x) = O,
A
A
j g, (™ hau) <=,
fA n
A
then

(3.3.20)  inf | E. T2 han) =] B, (M 2han).
£f.'n £ n
T T A A
n nA A

PROOF. See the first half of Section 4.7 of FERGUSON (1967). ]

If A consists of one element we are back again in the situation of
PITMAN (1939) and it follows that for all T, € Th and for all £ € D for which
Tﬁ is properly defined and for which Ef(Tﬁ)z is finite, the inequality

2 £ 2
>
(3.3.21) Ean > Ef(Tn)
holds. Therefore it makes sense to consider for all f ¢ D, n ¢ IN and Tn € 75
the efficiency of Tn with respect to Tﬁ as defined by
£y2
E.(TY)
fn if P (Tf is undefined) =0 and E (Tf)2~<w,
T2 f''n £f''n
(3.3.22) e, (T ) =4 “fn
n n

1 otherwise.
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It is intuitively clear that for all n € IN and T € Tn

inf es (T ) < 1.
feD mon

The following theorem shows that this strict inequality also holds as n tends
to infinity, even when the infimum is taken on neighborhoods of a normal

density which shrink with increasing n.

THEOREM 3.3.2. With e. n(Tn) as defined in (3.3.22) the asymptotic inequality
14

(3.3.23) limsup sup inf ec n(Tn) <1
n+>w TneTn fep '

holds. More precisely: if p and 0 are positive numbers and if Dn, V and §

are defined by

(3.3.24) p = {f e D| 1<I(£) < 1+p, ff2/¢s 1+on” 13,

(3.3.25) V= {(g,8) l0<¢-:6<p;§, 0<8<a’l,
57 nexp {8 (c_ cos [enlss_sin [en])-56°}¢ (n)any2
(3.3.26) £ = sup ’zE[ — ] '
(e,8)ev 1+.I'_wexp{6(ce cos [en]+s€ sin [en])—%ﬁz}cb(n)dn
where
(3.3.27) Ce = U, cos[eUz] + U1 sin [eUZJ,
(3.3.28) S, = 01 cos[eU2] - UO sin [eUz]

and where UO’ U1 and U2 are independent standard normal random variables,

then

(3.3.29) limsup sup inf e (Tn) < S 1.

+
nse T T fep 'R 142
n n n
REMARK 3.3.1. Analogous to (3.3.22) one may define the efficiency of Tn with
respect to the Cramér-Rao bound as
* 1

2..
ef'n(Tn) = (nI(f)Ean) .
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As has already been indicated in Section 1.1 (see (1.1.4) and the comment

following it) the results of Section 3.2 suggest that the variance of an

estimator should be compared with the variance of the Pitman estimator rather
*

£ f,n(Tn)

is studied in Theorem 3.3.2. Here we shall state without proof the analogues

*

of (3.3.23) and (3.3.29) for e n(Tn)' In the notation of Theorem 3.3.2 we
’

than with the Cramér-Rao bound. For this reason, e n(Tn) and not e
’

have

*
(3.3.30) limsup sup inf e (Tn) =0,

n+e T el _ feD £/m
n n
(3.3.31)  1i inf e (T) = —
.3. imsup sup inf e = —.
n-+>o Tne'l'n feDn £,n° n 1+o

For the proof of Theorem 3.3.2 a number of lemmas are needed.

£
LEMMA 3.3.4. Let A, u, h, f)\ and Tﬁ be as in Lemma 3.3.3 and let Tn)‘, A€ A,

be as defined in (3.3.17). If
)
J Pf (Tn is undefined)h(A)du(r) =0
A
A

and if the assumptions of Lemma 3.3.3 hold then

£ £
A2 B h A2
(. HIhman) = I E. (T -T ") "h()au).

. 2
(3.3.32) inf J {Ef T - Eg X

TneTn 1 A A 1

PROOF. Let f € D and let Txf1 be as in (3.3.17) with Ef(Ti)2 < o, If Tn € Tn
satisfies Efo1 < o, then for all a € R

f
= + (1- T
Tn’a aT (1-a) Tn eT,

and in view of (3.3.21)

2 £ 2
Ef(Tn,a) -Ef(Tn)

£ £..2 £.2
Ef(Tn+0L(Tn—Tn)) —Ef(Tn)

- + - >
[+ Ef (T T) 2U.EfT (T T ) =2 0.

Consequently

1l
o

£ £
Ean (Tn - Tn)
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and hence

2 £ .2 £.2
Ean - Ef(Tn) = Ef(Tn-Tn) .

Together with (3.3.20) this implies

£
: 2 A2
inf J {Ef T -E ('1'n Y I (A)du(r)

£
TneTn A A A

£
h, 2 A2
J {Ef (T )" -Eg (T ") Yh(d)au(A)

£
A A A

[

[Ef (T -T, )zh(A)du(A). 0
A

LEMMA 3.3.5. Let a,e,&,al,az,... be positive numbers with

(3.3.33) lima_=a
n>e n

and let UO’ U1, U2 and Y1,Y2,. .. be independent standard normal random vari-
ables. Define

- -1 2
(3.3.39) ¥=n" } v,

- 2
(&n) z cos[sn (Y -1,

i=1

(3.3.35) cn,s

(3.3.36) Sn,e

(lm)—l! Z sin[en;s(Yi-i_{)]
i=1

and define the function we & (0,») x ]R2 + IR by
’
a f o nexp{8(xcos [enl+y sin [en]) }¢ (n)dn

(3.3.37) L s@xy) = : .
’ 1+a J'_m exp{§(x cos [enl+y sin [en]) }4 (n)dn

If CE and Ss are as defined in (3.3.27) and (3.3.28), then

(3.3.38)  liminf E(_ 4(0,C . /S, e))2 > By, a‘“'ce'ss))z'
n-o 4 '
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PROOF. First we shall prove that (Cn e'sn e) converges in distribution to
’ 4

(CE,SE) as n > @, which we shall denote by

2
(3.3.39) (¢, /S )% (CS)-

Let a, b and ¢ be real numbers and define

% %

5 . b .
Yi rl(a,b,c) = 2°acoslen Yi]+2 b sin[en Yi]+ch, i=1,2,...

4

By the Riemann-Lebesgue lemma (see Lemma XV.4.3 of FELLER (1971))

(3.3.40) lim n%EY_ (a,b,c) = lim (2n)%a J cos[engy]¢(y)dy
n-o i/ n-w 2

lim 212e—1a [ YSin[En;:Y]‘fJ(Y)dY
n->eo e

=0

and

©

lim E(Y, (a,b,c))> limI (2a%cos?[en’y]+2b%sin’[eny]
n-o Len n->o

2.2 .3/2

+ ¢y +27 “bey sin[en%y])¢(Y)dY

(3.3.41)

a2-+b2-+c2+-1im J (a2—b2)cos[23n%y]¢(y)dy
n->co

a2+b2+c2.

From (3.3.40), (3.3.41) and Lindeberg's theorem (cf. Theorem 7.2 in Chapter
1 of BILLINGSLEY (1968)) it follows that

2 %

n
(3.3.42) n * Y v, (a,b,c) ? (a2,
i=g 0

where Z is a standard normal random variable. Note that Lindeberg's condition

is easy to verify here since sine and cosine are bounded functions. Define

n n
((lzn)—12 Y cos[en%Yi],(En)_% y sin[en%Yi],n%§L

i=1 i=1

@ 'Bn,e'“%‘”

n,e
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By the Cramér-Wold device (see Theorem 7.7 in Chapter 1 of BILLINGSLEY
(1968)) it follows from (3.3.42) that

b, D
(3.3.43) (An,e'Bn,e'n Y) +> (UO'UI’UZ)'

Since

Q
n

A cos[en5§] + B sin[en%§],
n,e n, e n, e

0
1]

B cos[en%§] - A sin[en%§],
n,e n, e n, e

the convergence in (3.3.39) follows from (3.3.43).
Since we s is continuous (3.3.33) and (3.3.39) yield
’

D
we,s(an'cn,e'sn,s) M lPt-:,cs(m’ce'se)'

which implies

2 2
ii: E[we,ﬁ(an'cn,e’sn,e)]c B Etwe,ﬁ(a'ce’se)]c

and consequently (3.3.38) holds true. ]

This section is closed by a proof of Theorem 3.3.2 in which use is made
of a sequence of densities which oscillate around a fixed density (cf. Remark
3.2.1).

PROOF OF THEOREM 3.3.2. Let p, O, Dn’ CE, Se and V be as in the theorem, let
(e,8) € V and let

©

(3.3.40) B_= [f exp{ (4n) ~“6cosleny1}¢ (y)dy1 ™Y,
(3.3.45) fn(x) = Bnexp{(5n)_%6cos[en%x]}¢(x), x € R.
Then fn is a symmetric absolutely continuous density with derivative fﬁ and

(3.3.46) —f;(x)/fn(x) =x + 2%eﬁsin[en5x], x € R.

It follows from the Riemann-Lebesgue lemma that
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1 1

(3.3.47) B = [1+%%n T +om 178,

-]

(3.3.48) lim J (x+2%5651n[en%x])2¢(x)dx =1+ 5262.
n->w

Together with (3.3.46) these relations imply
: 2.2
(3.3.49) lim I(f ) =1+ €767,
n>o n
Similarly we obtain from (3.3.47)
(3.3.50) lim n[(jf2/¢)~1] = lim n[ (1+%8%07 1) "2 (1426%0 71 -17 = 6°.
n-so n N

It follows from (3.3.24), (3.3.25), (3.3.49) and (3.3.50) that fn € Dn if n
is sufficiently large.

Since all f € D are bounded and since for all f € Dn and all x € R

J l0] £(x-0)a6 < [J 92¢(x-e)de]1’tf £2 (x-6) /6 (x-0)a01% < w,

the Pitman estimator Ti is well-defined for all f € Dn and n € N (cf.
(3.3.17)). Furthermore we obtain from (3.3.21) and (3.3.24) that for all

feD
n

n 0
(3.3.51) ne_(r)? <ne 7t} oxpP=14 f *2 (£ (x) - ¢ (x))dx

L %

n .

IA

1+ [I x‘?’d)(x)dx]lz[(sz/d))—l];2 <1 + (30)

Henceforth we shall write

N e}
R
n n
.2
v = E¢(Tn)
$, 2 n 2 °
E¢(Tn) +Efn(Tn)

It follows from (3.3.22) and (3.3.51) that for sufficiently large n
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sup inf e (T)
T T fep PP
n n n
EfTﬁ
{1 + inf sup (*———'f—z—
T T £eD_ E_(T))
n n n f''n

-yt

2
E¢T§ EfnTn
{1 + inf [y(———F—=- 1)+ (1-Y)('——-—;;—-

T €T E 2
n n ¢

(3.3.52)

IA

¢
(Tn) E (Tn)

¢, 2 2 n 2
¢(Tn) }+12{Ef T -E. (T) 1]
n n ,-1
n, 2 4
£ (T)
n

T2-E
oo

2inf [&{E
S Tne,Tn... )

= {1+

E (T2)2+E

¢

Applying Lemma 3.3.4 with A = {0,n}, ¥ counting measure on A, h(0) =h(n) =%,
fo = ¢ and fn as in (3.3.45), we obtain from (3.3.52)

‘ Ey (T::—Tﬁ)z -1
(3.3.53) sup inf ef,n(Tn) < {1+ 52 = 2} ’
T T feD E (T')"+E_ (T))
n n n ¢ "n fn n
where
57D T 4(x,-0)+% TT_ £ (x,-0)1as
(3.3.54) T2 - = i=1 i i=1l "n i

o B
ST (X, -8) 4k T, £ (x;-6) a6
is well-defined. Note that

o _ -1 -3

(3.3.55) T =n ) X =X

h
and that by the translation equivariance of Tn

% h =
n (Tn— X)

L %

ffmr1[1+ezexp{(%n)_ 8 22=1 cos[sn;’(xi—)_()-en]}]ﬂ:il:1 ¢(Xi—§-n- n)dn

(3.3.56)

%

57 [1+B expl (am) 776 I, cos[en%(xi-i)-en]}]ﬂ?=1 ¢ (x,-%-n" "m)an

n
- wela (Bn'cn,e'sn,E) [
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where ¢ is defined in (3.3.37) and where C
€,§ n,€

and Sn c are defined as in
14

4
(3.3.35) and (3.3.36) with Y, and ¥ replaced by X, and X. Because (cf.
(3.3.47))

lim g° = exp{—%62}
e O

(3.3.55), (3.3.56) and Lemma 3.3.5 yield

(3.3.57)  liminf nE, (T -1H2 > B(y_ . (exp{-%6°},c_,5))2.
$'"n "n €,8 e'"e
n-—+o
Combining (3.3.53), (3.3.57), (3.3.55) and (3.3.51) we arrive at the first
inequality in (3.3.29) with £ as defined in (3.3.26).
It remains to show that § is positive. Since by the dominated conver-
gence theorem

- 2 -
3 = J n¢(n)dn = 1,

i J nsinlenl¢ (n)dn

e=0

there exists an Eo > 0 with

J n sin[eon]¢(n)dn # 0.

%

Hence for 60 € (O,G%A (ealp ))

(50160) eV,

o

—% J n exp{éo(x cos [eon]+y sin [eon]) o (n)dn
-0 (X:Y)=0

= 60 f n sin[aon3¢(n)dn #0

and the positivity of £ follows. 0
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APPENDIX 1

PROOF OF LEMMA 1.2.2

Let a and h be as in the lemma and let h' be a version of the Radon-

Nikidym derivative of h. Let A be the Lebesgue measure on R and define
N={xe R |hx = al,

a, h'(x) # 0},

=
1]

{x e R | h(x)

=
1]

{x ¢ R |h(x) = a, h is differentiable at x with

1im = h'(x)}.

h (x+y) -h (x)
y>0 ¥

In view of Theorem 18.3 of HEWITT and STROMBERG (1965)

(A.1.1) X(N—Ni) = 0.

Because h is continuous, N is closed and it follows from Theorem 6.66 of
HEWITT and STROMBERG (1965) that there exist sets C and P with C countable,
P perfect and N = CUP. We note that if Nlth = @, then (A.1.1) implies

A(NO) < A(N) < A(N—Nl) + A(C) = 0.

We shall therefore assume that NlrﬁP # @. Let x € Nlr\P, then there

exists a sequence {x } with # x, € P and
*x *x *x

lim = X.
ke "
Consequently
h(x )-h(x)
h' (x) =1im—ikx——_;———=o
k- k

and hence

N, © (CU[P—(NlnP)]) =CuU (N—Nl).
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Together with (A.1.1) we arrive at

A(NO) < A(c) + X(N—Nl) = 0.
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APPENDIX 2
ASYMPTOTIC BEHAVIOR OF BHATTACHARYYA BOUNDS

LEMMA A.2.1. Let k be an integer larger than 1 and let £ € D be k times
differentiable with

J (f(i)/f)2f<°°, i=0,...,k,

(1)

where f . is the i-th derivative of £. Then the quantities Vij’ 1<i,j<k,
and bk(n,f) as defined in (1.3.12) and (1.3.13) exist and are finite.

Furthermore
-1 -2
(ar.2.1) b, (n,£) = (nI(£)) (140(n %)) as n > =,

PROOF. Let ]No be the set of nonnegative integers. Define for 1<£<i<n,

n
. _ n .
A(i,n) = {(al,...,an) € ]No | 2 a = i},
m=1
n
Al(i,n) = {(al,...,an) € A(i,n) | zl 1{0}(am) =n-4L}.

For a = (al,...,an) € A(i,n) we denote

iy _ o n [} -1
G =il @

It is not difficult to see that for all (xl,...,xn) e R®

n (a )

e D R
aet ™1™ a0 aea(i,n) 2! "
and that consequently
s . (a )
Vs = -0 e (7 (;) [mﬁl g 0 (x ) 1)
J aeA(i,n) B
. o () n i
(3.2.2) D) Arnm e ™ onim £x )17
bea (3 ,n) b’ "m=1 m m=1 m
_ gy itd i, . B
= (-1) ) I Q@O I ,p)]

aeA(i,n) beA(j,n)
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with
I(a,b) = J(f(a)/f) ® /o), 0<a,bcsk.
Note that (cf. the proof of (2.4.14))
I(a,b) = I(b,a), 0<a, b £k,
I(a,0) =0, 1 <a <k,
1(0,0) =1,
I(1,1) = I(f).
Hence, if ﬂz=1 I(am,bm) # 0, then am =0 iff bm =0, 1 <m < n. It follows
(see Section IV.2 of FELLER (1968)) that, for 1 < i < j <k,

i3 n
) S NeB! (.m @ b))

aeA(i,n) beA(j,n) (0,)
3 i
(a.2.3) < ) ) QL
£=1 aeAK(i,n) U

Il B~10

0" -3
0 H

- % [ § -0 & -t § -n¥r ¢
£2=1 £ v=0 v u=0 u

) (-w 31 = 0@y .
Together with (A.2.2) this yields

@.2.4) v, = 0@y, 1<1i, j <k,

where i A j denotes the smaller of i and j. Note that

. on
¥ Gy LM I(a ,b)]
aeA, (i,n) beA(i,n) b'm=1 " mm
(A.2.5) 1
- 7 anaent - (’i‘ui:)sz))i

aeAi(i,n)

and that (cf. (A.2.3))
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i-1

s s n
Y y ¥ Oy, (LT T b))
=1 ach,(i,n) bea(i,n) a b (0,®) mEt T e
it n £ v, £ i £ nwa i
(a.2.6) < ] [G) L DQUEWIL DR @-wT)
2=1 v=0 =0 s
=0t
Combining (A.2.2), (A.2.5) and (A.2.6) we arrive at
@.2.7 v, = Manfaet +oeth, 151 sk,
11 1
i.e. Vii is exactly of the order ni. The symmetry of f implies that for
1 <i, j £k with i+3j odd
(A.2.8) v,. = 0.

1]

Let il’iz""’i and jl’jz"'°'jk be permutations of the numbers

k
1,2,...,k. Then (A.2.4) yields

k
x [z, (1.Aj )]

(A.2.9) mov, , =0m ™1 momry,
o= ImIm

Now
k k

(A.2.10) Y@ A3 S Y i = 4k (k+1)
s i=1

with equality iff im = jm for all m, 1 €< m £ k. Furthermore

k
mzl (lmAJm)

Lk (k+1) -1
iff there exist s and t with

(A.2.11) ls = Js-l = 1t—1 = jt
and with im = jm for allm, 1 <m<%k, m#s, m# t. If (A.2.11) holds then

is+jS is odd and in view of (A.2.8)

k
(A.2.12) mgl Vi 3 = 0.
m-m
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It follows from (A.2.9), (A.2.10), (A.2.7), (A.2.11)

o(n%k(k+1)—2

H v, . = )y

IA

unless im = jm, 1 m £ k, in which case

k k
mnv, . =0 Vv,
m=1 i j i=1 'ii
m-m
is exactly of the order n%k(k+1). Hence
Vi o0 Vi
. . k -
(A.2.13) det| . . = (0, V,)(1+0(n 7))
i=1 ii
Vkl .. Vk
and likewise
Voo =0 - Uk .
. . -2
(A.2.14)  det = (0, v, )@+ 0m 7).
Vk2 © 0 Vi

Finally (A.2.13) and (A.2.14) imply

b () = (v, ) (14007 = i)+ 0m™),

which completes the proof of the lemma. O

and (A.2.12)

that
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APPENDIX 3

GREATEST UNIFORM LOWER BOUND FOR QUANTILES

Let L be the distribution function defined by (2.3.18) and (2.3.19)
and let u € (%,1) be fixed. We shall prove here that (cf. Theorem 2.3.4 and
(1.2.8))

(A.3.1)  inf inf K '(u) =L (u).

feD neIN
By H we denote the class of symmetric distribution functions with vari-
ance 1. In view of Lemma 3.3.2 and (1.2.8), (A.3.1) is equivalent to
u 1
. -1 -1 -1
(A.3.2) inf (| H# " (t)dt) "ds =L " (u).
HeH i

Fix H € H and define

1
(1-u) t f g leat,
)

a=
u
b= J @ty Zat + (1-wa?,
y
—(2b) " 7a 0<t<1-u
Hal(t) =1 (= for 1-u < t < u
(2b)—%a u<t<i1

Then HO e H,

1]
Ny

1
b < J @ ey 2at
i

and hence

u

1 ) u 1 ul
(a.3.3) J(J Hai(t)dt)_lds J((zb)'12 J H_l(t)dt)—lds < J(J H-l(t)dt)_1ds.
s Pl s L s

5
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Let ¥ be the class of nondecreasing functions y: [%,1] - [0,») with
¥(%) = 0, ¥ constant on (u,1] and
1
2
(A.3.4) po(t)at = k.
]
The map A: ¥ - [0,«) is defined by

1

1
(a.3.5) A(p) = (J V(t)dat) ds.
S

N a—

It follows from (A.3.3) that (A.3.2) is equivalent to

(3.3.6)  inf A(Y) = L (u).

Pe¥

For all wo,wl € ¥ and all a € IR we define
1
(a.3.7) p =2 J Yo (D) ¥, (B)at,
]

(3.3.8)  y(a) = [1-2a(1-0) (1-p) 1%,
_ -1
@.3.9) ¥, = (r@) T Ta-a v+ v, 1.
If o € (0,1) and
1
(A.3.10) f (Wy(6) -, (1) %at > 0,
5

then p € (0,1), y(a) € [{5(1+p)}5,1), b, € ¥ and

by Jensen's inequality

u 1 1
A(Wa) Y (@) J [(1~G)J wo(t)dt-+af wl(t)dt]-lds
] s s

(A.3.11)

IA

Y(G)[(l—a)A(wo) + aA(¢1)]

A

(1—a)A(w0) + oA(Y,).
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We shall exhibit in (A.3.19) a function wo € Y such that for all wl eV
(cf. (A.3.9))

4.

(A.3.12) 3o

A ) = 0.
o
a=0

It follows from (A.3.11) that this wo satisfies

(A.3.13) inf A(Y) = A(@,.).
0
Pe¥
Because for all ¢ € ¥ and all s € [%,ul

1
(A.3.14) 1-u < I p(t)at < %,

s
we obtain by the dominated convergence theorem

d = -
3q A = -(1-p)A(Yy)

a=0

Vo0 atl %as

0N —-

u 1 1
(a.3.15) + J [J wo(t)dt-f by (B)aell
5 s s
1 ul 1
= 2a(y) J Vo (8)y, (s)as - J[f wl(t)dt][J ¢o<t)dt]'2ds.
5 5 s s
As we shall see, we can take wo to be absolutely continuous with derivative

wé. Since all Yy € ¥ are bounded, viz.

0= () < vlt) < plw) < [2(1-0)177, i

<t<1,
we arrive by partial integration at
1 u 1
(A.3.16) J ¢0(s)¢1(s)ds = J wé(s)[J wl(t)dt]ds.
5 ] s
Combining (A.3.15) and (A.3.16) we see that (A.3.12) holds, if
u 1

(a.3.17) J [J by (t)dt]{2A(\b0W(')(S) - [[ lpo(t)dt]_z}ds = 0.

5 s s
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1

Let A”  be the inverse function of the strictly increasing function

A: R -+ IR given by
2. -1
(A.3.18) A(x) = arctg x + x(1+x) .

We define the function wo: [%,1] > [0,») by

287 (n(e-k)) ™

A
ct
A
[+

(A.3.19) lbo(t) =

In
t
A

28t (n (u-t)) u 1,

where

(cosz + zsin z)%(z sin z)—;“,

't
1

2(cosz + zsin z) (sin z)_1

=3
1

and z as in (2.3.19). As we shall verify below, 11;0 is an absolutely contin-
uous function in Y satisfying

1
(a.3.20) 220y )y (s) = EJ wo(t)dt]'z,  <s <u,

s

(a.3.21)  A( =L .

Combining (A.3.20), (A.3.17), (A.3.12), (A.3.13) and (A.3.21) we arrive at
(A.3.6) or equivalently (A.3.1).

It is easy to see that \bo is an absolutely continuous nondecreasing
function on [%,1] with 1])0(1:) =0and wo constant on (u,1]. It remains to check
that d)o satisfies (A.3.4), (A.3.20) and (A.3.21). In view of (2.3.19)

n(u-%) - A(tg z)

2(cosz + zsin z) (sin z)—1 {%- 1:cc:s:‘}z(cos z + zsin z) _1}

{z+tgz (1 +tg’z) 1}

2 2
cotgz + 2z - cos zcotgz -z -cos ztgz =0



89

and hence
(a.3.22) A" (n(u-})) = tgz.

Since

[} 2. -2
-é;A(x) =2(1+x") 7,

the substitution A-1 (n(t-%)) = x and (A.3.22) imply

1 tgz
J w(z)(t)dt = ;2n"1 J 2x2(1+x2)'2dx + (1—u)a;2tg2z.
] 0
Substituting x = tgy we see that
tgz z

J 2x2(1+x2)—2dx = J 2sin2y dy = 2z - sinzcos z
0 0

and consequently that (cf. (2.3.19))
1
J wé(t)dt
b

?nY(z-sinzcosz) + (1-u) Cztgzz

‘zz_l (z-sinzcosz) + 1zcos:sz(z sin z) —1tgzz =%

which shows that q;o satisfies (A.3.4). In an analogous way we obtain for all
s € (%,u)

1 tgz
J NCEE J 2% (14x%) 2ax + (1-u)gtgz
s 2" n(s-1))

1

(2.3.23) ot a4 s 1D 7Y+ r{(t-witgz - 0 (14eg?2) TH

ot + e 1H 7L,

and again by the substitution A_l(n(s—‘:)) = X we arrive at

tgz
(A.3.24) A = f i) o aed) ax = 207z = v

0
which implies (A.3.21). From (A.3.19), (A.3.23) and (A.3.24) we see that for
all s € (%,u)
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1
28 (Y bh(s) - [J wo(t)dt]_z
S

=221+ n(s=9)119 20 - 2722+ a7 (n(s-4)) 192
equals zero iff
22 - £ %0 = 0,

and indeed this relation holds. Consequently wo satisfies (A.3.20) and the

proof is complete.
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APPENDIX 4

NONEXISTENCE OF PITMAN ESTIMATORS

In this appendix we shall construct a density £ € D such that for all

positive integers n (cf. (3.3.18))
(a.4.1)  P_(T. is undefined) > O.

This density f is given in (A.4.4) in the proof of the following lemma which

implies (A.4.1).

LEMMA A.4.1. Let € > 0. There exists a density £ € D such that for all posi-

tive integers n
(A.4.2) P.(lx,] <e,i=1,...,n) >0,

n
(a.4.3) f °i51 f(xi—e)de = o, |xi| <g, i=1,...,n.
0
PROOF. Without loss of generality we may assume that € < 1. We take

-1

11r2] '

a.k=ak ' k=1,2,...

and we define the functions tpk: R + R and £f: R + R by

ao(l—lx[)21 (x),

Y (%)
0 (-1,1)

2
a (1 - Ix—2kk|) 1 (%), k=1,2,...,

P, (x)
k (2k*-1, 265+1)

(a.4.4) - £(x) = § ¥ (IxD.
k=0

Straightforward computations show that for k = 0,1,..

=2
[ le(X)dx =3 akl
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J (W () /9y () 2, (x)ax = Ba

and hence

o

J f(x)dx = 1.

—00

Furthermore f is a symmetric absolutely continuous density with
(o]
3
I(f) = 8.5- f(x)dx = 12
-00

and consequently f € D. Finally
€
. n
Pf(IXiI <g,i=1,...,n) = ( J wo(x)dx) >0
—-€

and for lxil <eg, i=1,...,n,
(o]
n
J 6.1, f(x,-6)d6
i=1 i
0

©

© n
k,,2
> kzl [ 9151 [ak(l —Ie-xi—2k D! . . (e—xi)]de
0 (2k-1,2k +1)
w 1-€
k
=) 2k +y)al M (1-ly—x, D ay
k i=1 i
k=1
-14e
1-€
° k n -2n B 2
=) 2k agk © M (1-e-y)“dy
s 0 i=1
k=1
0
2n+1 n
_ e e T oxtke2m
2n+1 k=1

which proves the lemma. 0
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