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THEOREM 2. Let I c L 1. Then the 6ollowing 6tatement6 a4e 

equivalent 

I i6 a elo6ed ideal ofi L 1 

b I i6 a elo6ed linea4 6ub6paee ofi L 1 with the p4ope4tlj that 

i6 f E I, then eve4y t4an6late 06 f i6 al6o in I. 

PROOF. The implication a* b is a direct consequence of 

the previous theorem. 

Now suppose that~ holds true and let g EI and h E L 1 • 

Since I is a linear subspace of L 1 and ga E I for all a ER, it 

follows that T c I and since I is closed it also follows that 

T is an idealgof L 1 so that g * h ET and hence g * h E I. 
g g 

It follows that I is an ideal and since I was given to be 

closed, the proof is complete. D 

DEFINITION. For each A E R we write 

(4) M = {f E L 1 
A 

f(A) = O}. 

THEOREM 3. Eve4y MA i6 a elo6ed maximal ideal in L1 . 

PROOF. (i) MA is closed. In order to see this consider the 

map ~: L 1 + [ defined by 

(5) ~(f) := f(A). 

It is easily seen that this map is continuous and since 

~- 1 (0) =MA, it follows that MA is closed. 

(ii) MA is an ideal in L 1 • Indeed, it is easily verified that 

MA is a subalgebra of L 1 and if g E MA and h E L 1 , then 

(6) (g * h)~ (A} = g(A) ·h(A} = O·h(A) 0 

so that g * h E MA, proving claim (ii). 

(iii) MA is maximal. In order to see this let M be any ideal 

in L 1 such that 

( 7) 

Then it 

Since M 

for any 

(8) 

MA c M and M f 

suffices to show that 

f MA 

h E 

there exists a g 

LI we can define 

h := h - h(A) . g 
g (A) 

MA. 

M LI • 

E M such that g (!\) f 0 so that 
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Clearly 

(9) (h)~(A) 0 

so that n E M. 

Also, by assumption, g E M, so that h (as a linear combination 

of hand g) belongs to M. It follows that L 1 c Mand the proof 

is complete. D 

We leave it as an excercise to the reader to show that MA f MA 

if Al f "2· 
I 2 

The next theorem will prepare us to show that the MA comprise 

all maximal ideals of L1 • 

THEOREM 4.16 I i-0 a elo-0ed ideal r L~ then the~e exi-0t-0 a A ER 

-0ueh that I c M,... 

PROOF. We proceed by contradiction. Assume that I is not con­

tained in any MA. From this we shall derive that I= L 1 , which 

is contradictory to our hypothesis. 

Fix any positive integer N. By the assumption that I is not 

contained in any MA, it follows that for each A E [-N,N] there 

exists an fA EI such that fA(A) f 0. Let gA be defined by 

(I 0) 

Then 

( I I ) f e ixt 
fA (-t) dt 

"" f -ixt 
e fA(t) dt fA(x) 

so that 

(I 2) 

Defining 

( I 3) 

we have 

( I 4) and 

so that 

( 1 5} ~A(x} ~ 0 for all x E R and ~l(t..) > 0. 
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Since hA is continuous, this implies that hA(x) ~ 0 for all x in 

some neighborhood UA of A. The interval [-N,N] can be covered by 

a finite number of these neighborhoods 

(16) UA ' UA ' . . . ' UA ' 
say . 

I 2 n 

Defining h € LI by 

( 17) h := hA + hA + ... + hA 
I 2 n 

we have 

(I 8) h E I and h(x} > 0 for all x E [-N,N]. 

oN as before we have for some k E L1 

(19) 
AN (x) 

h(x) 
for all 

so that 

(20) oN = h * k * oN 

which implies that oN E I. Thus I contains oN for all N E N and 

. I . 1 d . ·1 f 11 h I h. h . h since is c ose it easi y o ows t at I = L , w ic is w at 

we wished to show. D 

THEOREM 5. I6 M i-0 a e!o-0ed maxima! idea! in L1 , then M MA 

6011. -Oome A E R. 

PROOF, Since M is maximal we have M f L1 , so that by the previ­

ous theorem 

(21) M c MA for some A E R. 

Since MA~ L1 it follows from the maximality of M that M =MA. D 

Wiener's general Tauberian theorem is a simple consequence of 

Theorem 4. In order to see this let f E L1 such that ~(x} f 0 

for all x € R. We know that Tf is a closed ideal. If Tf r L 1 ' 

then, Aby Theorem 4, there exists a A ER such that Tf c MA so 

that f(A) = O, contradicting our hypothesis, 0 
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CHAPTER 10 

SOME ANALYTIC REFORMULATIONS 

In this chapter we present a collection of analytical consequences 

of Wiener's general Tauberian theorem. 

THEOREM I. (Wiener) I 6 f L6 bounded and mea.6u.fl.able on R and 

K 1 E L 1 ~.6 .6u.eh that K1 (x) f 0 601!. all x ER and 

( I ) lim J 
x+oo 

f(t) K1 (x-t) dt 0 

then al.6 a 

(2) lim J 
x+oo 

f(t) K2 (x-t) dt 0 

6 Oil. evefl.lj K2 E LI . 

PROOF. Since K1 E L 1 and K1 (x) f 0 for all x ER we have 

LI . (3) TK 
I 

Fix any K2 
that 

E LI and let £ > 0 be given. Choosing h E TK such 
] 

(4) II K2 - hll 1 . < 
llfn 00 +] 

£ 

we have 

(S) f K2 (x-t)f(t) dtl :S J {K 2 (x-t) - h(x-t)}f(t) dtl + 

+I J h(x-t)f(t) dtl :S llK2-hll1 •llfll 00 + J J h(x-t)f(t) dtl. 

Since h E TK it is clear that 
I 

(6) lim J h(x-t)f (t) dt 0 

so that 

(7) 

x+oo -oo 

lim sup 
x+oo 

I J K2 (x-t)f(t) dtl :S 

completing the proof. D 

From this theorem we easily derive 

£ • II f II 
llflJ 00 +l 
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THEOREM 2. 

K1 E LI .L6 
(Wiener) 16 f -i..6 bounded and mea.!Ju~able on R and 

.6 uc.h :t.ha:t. R1 (x) ; o nOll. all x E R and 
co 

(8) lim I 
x+co -co 

:t.hen al.!io 
co 

(9) lim f 
x-+co -co 

l 
60~ eve~y K2 E L • 

K1 (x-t)f(t) dt 

K2 (x-t)f (t) dt 

PROOF. Observing that for all x E R 

co 

L· 

L• 

(I 0) J K1 (t) dt = J K1 (x-t} dt 
-co -co 

we have 

f K1 ( t) 

I K2 (t) 
-co 

(I I ) lim J K1 (x-t){f(t) - L} dt = 0. 
x-+co -co 

dt 

dt 

Hence, the theorem follows from the previous one. D 

We now modify these theorems by an exponential transformation. 

They then become theorems concerning functions defined on 

R+ := (O,co), and it is in this form that they are usually most 

convenient for applications. 

De;f;:i,ne 

( l 2} F(t) ;= f (log t), ( t > O} 

and 

(13) l 
k.(t):= -t K.(-log t), 

;L 1 
(t > O; i = 1,2). 

Then it is easily verified that for all x E R (in particular 

for x = O) 

(14) J k.(t) t-:i.x dt = j K.(u) eiu.x du, 
1 1 

(i=l,2) 

0 -co 

whereas F is bounded and measurable on R+ as soon as f is 

bounded and measurable on R. Also, if K. E L1 (R) then 
1 

k. E L 1 (R+) and conversely. 
1 

Observing that for all x > 0 

(I 5) 
co 

- I k. (!)F(t) dt x 1 x 
0 

f x K.(-log !)f(log t} dt 
x t l. x 

0 



J K. ((log x) - u)f(u) du, 
-oo l. 

( i I , 2) 

1 b ex) we easily obtain (rep ace x y 

THEOREM 3. 16 F i-0 bounded and mea~u~able on R+ and i6 

kl E L 1 (R+) i~ -Ouch that 

(I 6) J t -ix 
k I ( t) 1' 0 fiM all x E R 

0 

and 

(I 7) lim x J kl (i)F(t) dt L J k I ( t) dt 
x+oo 0 0 

then al~o 

(I 8) lim _!_ J k 2 (~)F(t) dt L f k2(t) dt 
x x+oo 0 0 

60~ eve~y k 2 E LI (R +). 

Finally we have 

THEOREM 4. 16 f i~ bounded and mea~u~able on R+ and i6 

g 1 E L 1 (R+) i-0 ~uch that 

(I 9) f ix 
t gl(t) dt 1' 0 6M aU. x E R 

0 

and 

(20) lim J 
t dt J g] ( t) dt g] <x-)f(t) L 

x-1-0 x 
0 0 

then al~o 

( 2 I) lim _!_ f t 
J g2<x)f(t) dt L g2(t) dt 

x-1-0 x o 0 

60~ eve~!:! g2 E 
LI (R +). 
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PROOF. Let F, k 1 and k 2 be as in the previous theorem and define 

(22) ( t > 0} 

and 

] ] 
gi(t}:= 2 k.(t), 

t l. 
(23) (t > O; i = 1,2). 

The remaining details of the proof are left to the reader. D 
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CHAPTER 11 

PITT's GENERAL TAUBERIAN THEOREM 

1. PITT's THEOREM FOR SLOWLY OSCILLATING FUNCTIONS ON R 

DEFINITION. A function f : R -+ a: is called slowly osei l lating 

on R if for every E > 0 there exist numbers 0 > 0 and N such 
E E 

that lf<y)-f(x)I :5: E for all x,y satisfying x ;::: N and ly-xl E 

EXAMPLE. If f is differentiable on Rand lf'(x)I s G for some 

fixed G and all sufficiently large x E R, then f is slowly 

oscillating on R. 

$ 

DEFINITION. A function f : R + R is called slowly decreasing 

on R if for every E > 0 there exist numbers oE > 0 and NE such 

that f(y) - f (xl ;::: - E for all x,y satisfying x ;::: NE and 

0 $ y - x $ 0 . 
E 

EXAMPLES. (i) If f is real valued and slowly oscillating on R, 

then f is also slowly decreasing on R. 

(ii) If f is differentiable on R such that f'(x)? -G 

for some fixed G and all sufficiently large x, then f is slowly 

decreasing on R, 

(iii) If f : R -+ R is roonotonically non-decreasing 

on the interval x ? a for some a, then f is slowly decreasing 

on R. 

0 

PROPOSITION 1.1. I6 f l6 6lowly deehea6lng on 

(6on 6ome 6lxed n) 6on anbltnanlly lange x [= 

R and f(x) ;::: n > 0 

x + 00 a6 n + oo), then f(x) 
n 

lapping) lntehval6 05 6lxed 

n . ;::: 2 .{..n 

length 

x , 6ay, whene 
n 

lntllnltely many [non-oven-
on the po6ltlve neal axl6, 

E 

PROOF, In the definition of "slowly decreasin_g on R'1 take E = ~ 
and corresponding o and N. Then we have the following implication 

(I. I) (x ;::: N and 0 $ y-x $ o) 
n 

f(y) - f(x) ? - 2 * 

n * f(y) ? f(x) - z 
If n 1 is large enough then x ? N so that x 

n nl nl 
that f(y) ;::: n - 2 . 
Now choose x 

nz > x +20 and proceed as before. 
nl 

s y s x +o implies 
Ill 

D 
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PROPOSITION 1.2. 16 f i6 6lowly decnea6ing on Rand f(x) $ -n 
(6on 6ome 6ixed po6itive n) 6on anbitnanily lange value6 06 x 
{= x , 6ay) then thene exi6t in6initely many (non-ovenlapping) n 
intenval6 on the po6itive neat axi6 in which f(x) $ - 1 . 
PROOF. In the definition of "slowly decreasing on :R." take E: = 1 
and determine corresponding c and N. Then we have the implication 

(I • 2) (x ~ N and 0 $ y-x $ c) ~ f(y) - f(x) ~ - 1 
Take n such that xn - c ~ N and let y = xn' Then for all 

x E [xn-6,xn] we have x ~ xn-6 ~ N and 0 $ y-x = xn-x $ c and 
n hence f(xn) - f(x} ~ - 2 or 

(I • 3) n 
2' 

From here on proceed as before. D 

THEOREM 1. I. I 6 f i6 bounded and 6lowly decnea6,ing on R and -l6 
fion eueny A. > o 

(I. 4) lim (c\*f)(x) A, (whene c\ -i.6 a6 on page 46) 
X+co 

then 

(I. 5) lim f(x) A. 
X+co 

PROOF. Since 

( I • 6) f c\(x-t) dt f ct,(t) dt = 

= f A.c(A.t) dt = f c(t) dt = i 

it is no essential restriction to assume that A = 0. Proceeding 
by contradiction we assume that f (x} does not tend to 0 as x + ""· 

Then there exists a positive n such that f(x} ~ n or f(x) $ -n 

for arbitrarily large values of x. Let us assume the first alter­
native (leaving the other alternative to the reader). By the pre­
vious proposition there exist infinitely many non-overlapping 

intervals [xn-E'xn+EJ on the positive real axis in which f(x) 
Now observe that for all n E N 

( 1 • 7) 

x + E 
n 

J 
x -n 

6 1 (x -t) f (t) dt + 
~ A Il 
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x -I; 
n 
J + J 

x -I; 
n 
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f + f} o\(xn-t) dt 
x +I; 

n 

= n 

A.I; 
= n J o(t) dt - 211 f JI f o(t) dt. 

0 A.I; 

Since 

A.I; 
(I • 8) lim {n J 0 ( t) dt - 211 fll f o(t) dt} 

\+co 
0 A. I; 

= n J o(t) dt = .!!. 
2 

0 

we may determine A.O such that for all n E N 

(I. 9) J o\ (xn -t) f(t) dt ;:>: n 
4 

-co 0 

Letting n + 00 we arrive at a contradiction, proving the theorem. 

THEOREM 1.2. (Pitt) ~et a : R + R be bounded and -0lowly deenea-0ing 

on R. I6 g " L 1 and g(x) # 0 6on all x "R, then 

(I.JO) lim J g(x-t) a(t) dt A f g(t) dt 
X+oo -oo 

impUe-0 that 

(I.II) lim a(x} A. 
X+co 

PROOF. By the previous theorem we only need to show that 

(I.12) lim f oil (x-t) a(t) dt A (= A !co<\ (t) dt). 
x+oo - 00 

However, I " 
since o\ E L and g(x} # 0 for all x E R the above limit 

relation is an immediate consequence of Wiener's general 

Tauberian theorem, completing the proof. D 

D 
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We now want to show how Wiener's theorem (page 69) can be obtained 
from Pitt's theorem. 

I Let f be bounded and measurable on R and let g 1 E 1 (R) be such 
that g1 (x) f 0, for all x ER. Fix any g 2 E L 1 (R) and define 

(I.13) a(x) := J g 2 (x-t) f(t) dt, (x E R). 
-oo 

Then a is continuous (and hence measurable) and slowly oscillating 
on R. In order to see this we observe that 

(I.14) Ja(y)-a(x}j I J g 2 (y-t)f(t) dt- J g 2 (x-t)f(t) dtl 

I J {g 2 <y-t2 - g 2 <x-t}} f(t) dtl ~ 

~ llfll . J lg 2 (y-t) - g 2 (x-t)I dt 

= 1ifll 00 • J Jg 2 (y-x+u} - g 2 (u)J du. 
-oo 

Since g 2 E L 1 (R) we have 

(I.JS) lim J Jg 2 (y-x+u) - g 2 (u)J du 
y-x-+O - 00 

so that a is slowly oscillating on R. 
Now assume that 

0 

(I.16) lim J g 1 (x-t)f(t) dt 
x~oo -oo 

0 (or A· f g 1 (t) dt). 

We will show that then 

(I.17) lim J g 1 (x-t)a(t) dt"' 0 (or 
x+oo -oo 

Observe that (using Fubini's theorem) 

(1.18) J g 1 (x-t) a(t) dt = J g 1 (x-t) J g 2 (t-u) f(u) du dt 
-oo -oo 

= J g 1 (x-t) J g 2 (u) f(t-u) du dt 

= L g 2 (u) J g 1 (x-t} f(t-u) dt du 

= J g 2 (u} J g 1 (x-t-u} f(t) dt du. 
-oo -oo 
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Since 

(1.19) 

1 
g2 E L (R) 

and 

(J.20) lim J g 1 (x-t-u)f(t) dt 0 (or A· f g 1 (t) dt) 
x+co -co 

we find by LDCT 

(1.21) lim J g 1 (x-t)a(t) dt 0 (or A.f g 2 (t)dt· f g 1 (t)dt) 
x+oo -oo -oo 

and Pitt's theorem yields 

(1.22) lim a{x) = lim J g 2 (x-t) f(t) dt 0 (or A·f g 2 (t) dt) 
x+oo x+co -oo 

proving Wiener's Tauberian theorem. D 

2. PITT's THEOREM FOR SLOWLY OSCILLATING FUNCTIONS ON R+ 

DEFINITION. A function f : R+ + ~ is called slowly oscillating 

on R+ if for every £ > 0 there exist numbers 0£ > 0 and NE such 

that !f(y)-f(x) I :<o: £ for all x,y satisfyin" x <". N and I~ - J j::<o:o • 
"' £ x £ 

DEFINITION. A function f : R+ + R is called slowly decreasing on 

R+ if for every £ > 0 there exist numbers o > 0 and NE such that 
£ 

f(y)-f(x) <". -£ for all x,y satisfying x ~ NE and 1 ~ ~ - I ::<o: l+oE. 

Clearly any real f that is slowly oscillating on R+ is slowly 

decreasing on R+. 

Pitt's theorem may be translated into the following 

THEOREM 2.1. Let a be bounded and ~lowly dee~ea~ing on R+ 

Io g e: L 1 (R+) and j tixg(t) dt 1 o, 60~ all x e: R, then 
0 

( 2. 1) lim J t a(t) dt J g{t) dt g<x-) = A x x+oo 0 0 

impLi.e~ 

( 2. 2) lim a{x) A. 
x+oo 

The proof is left to the reader. D 
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REMARK. In order to speak the same sort of language as in 

Chapter 4 we note that for x > 0 

co 
(2.3) J g(!) a(t) dt 

x x 
0 

3. SOME APPLICATIONS 

f g(v) a(xv) dv. 
0 

APPLICATION I. Let F be of bounded variation over [0,T], for all 

T > 0. Also let F be bounded on [0,co) and assume that F is slowly 

oscillating (or slowly decreasing) on R+. Furthermore assume that 

(3.1) 

Then 

( 3. 2) 

lim J e-st dF(t) = L. 
s+O o 

lim F(t) L + F(O). 
t-+co 

PROOF. Observe that 

(3.3) J -st dF(t) -st 
F(t) I~ -e e 

0 

co 
- F(O) J F(t) -st 

d t' + s e 
0 

Hence 

co co 

I F ( t) de -st 

0 

(s > O). 

s J -st F ( t) dt e (3.4) F(O) + J -st dF(t) e 

so that 

(3.5) 

0 

lim s 
s+O 

0 

co 
J e-st F(t) dt = F(O) + L 
0 

or, equivalently, (setting s = .!.) 
t x 

(3.6) lim .!_ J e x F(t) dt = (F(O) + L)· J 
x 

x-+co 0 0 

-t 
e d t. 

Pitt's Theorem 2.1 applies(!) and we obtain (3.2). D 

APPLICATION 2. Let F be bounded and slowly decreasing on R+. 

If in addition 

x 
(3.7) lim I F ( t) dt L x x-+co 0 

then 

(3.8) lim F ( t) L. 
t-+co 
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PROOF. Define g : R+ + R as follows 

(' (0 <; x s I ) 
g(x) 

O, (x > ] ) . 
L1 (R+}, 

00 00 

tixg(t) 
1 

tixdt= Then g € r g(t} dt = ] and J dt J !+ix 00 

tixg(t) 
0 0 0 

so that J dt .; 0 for all x € lL 
0 

Now observe that (3. 7) may be written as 
00 00 

(3. I 0) lim ..!.. J t F(t) dt f g(t) dt. g(-) = L• 
x+oo x 0 x 0 

Pitt's theorem applies and we obtain (3.8). D 

LITERATURE. 

(See page 72) 
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CHAPTER 12 

A RELATED TOPIC: CLOSED SYSTEMS 

Let V be a vector space over the complex field ~ and let G be a 

subset of V. By the span of G we mean the set of all finite 

linear combinations 

(I ) 

This set will be denoted by H(G). 

If in addition V is a topological vector space then G is called 

a fundamental (or closed) system in V if H(G) is dense in V, i.e. 

H(G) = V. Using this terminology we may formulate Wiener's 

theorem (2.4 in Chapter 9) as follows: 16 f E L1 (R) then Tf i-0 
a 6undamental -0y-0tem in L1 (R) io and only i6 f(t) r O, Vt ER. 

From this we derive the following 

THEOREM 1. Let$ 
c.lo-0 ed -0 y-0tem in 

1 + 
E L (R ). Then the -0y-0tem {$(~x)};. 

L 1 (R+) i6 and only i6 j $(x)xit dx 
0 

PROOF. For any f E L 1 (R+) define 

Then it is easily seen that f* E L1 (R). Also 

(3) 
iut 

e du = 
-co 

co 00 

= f eu$(eu)eiut du = f $(x)xit dx r O, Vt ER. 
-co 0 

€ R + i-0 a 
# 0, Vt € R. 

By Wiener's theorem we may choose constants c E ~and h ER 
n n 

such that 

(4) llf*(u) -
N 
E 

n=l 
c $*(u+h )111 

n n 
< e:. 

The left-hand side of this inequality may be rewritten as 

N 
(5) f if*(u} - E c $*(u+h )i du 

-co n=l n n 

co N u+h u+h 
f leuf(eu) - E c e n$(e n> I du 

n=l n 
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N 

J lf(x) - i:: c ;\ <PO x) I dx 
n=l n n n 

0 

N 

J !f(x) - i:: S <PO x) I dx 
n=l n n 

0 

h 
where s ;i.. 

n 
<C and ;i.. > 0. c c e E 

n n n n n 
Hence 

N 
(6) II f (x) - i:: S <P 0 x) II 1 < £ 

n=l n n L (R+) 

and the proof is complete. D 

We leave it to the reader 

is fundamental in L1 (R+), 

to show that.if the system {<jJ(;\x)};\ER+ 

then f <jl(x)x 1 t dx f 0, Vt ER. 

EXAMPLE. Let <jJ(x) -x 
= e 

(7) 
00 • t 
J <P(x)x 1 dx 
0 

0 
1 + 

x > 0. Then <P E L (R ) and 

J -x it e x dx r(l+it). 
0 

-;\x 
Since the Gamma-function has no zeros at all the system {e };\>O 

is fundamental in L1 (R+). 

1 ;\-1 ;\ } 
THEOREM 2. Let <PEL (0,1). Then the ~y~tem {x <P(x) ;\>0 i~ 

6undamental in L 1 (0,1) i6 and only i6 
l 

(8) J <P (x) (log !2it 
x dx f o, Vt E R. 

a 

PROOF. For any f E L1 (0,1) define 

(9) f*(u) -u -u 
= e f(e ), (u > 0) • 

Then f* E L l (R +) and 

( 1 0) 
00 

• ] it f </l*(u)u 1 t du = f <jl(x)(log x} dx f 0, Vt ER. 
0 0 

The completion of the proof is left to the reader (compare the 

proof of Theorem 1). D 

EXAMPLE I. Let </l(x) =I, (O < x < l). Then 
1 

( 1 1 ) J <P (x) (log _!_)it dx = J (log !) it 
x x 

0 0 

J it -u du r(l+it) f o, Vt u e 
0 

dx 

E R. 
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A-I I 
Thus the system {x }A>O is fundamental in L (0,1). 

(Compare this result with the Stone-Weierstrass theorem.) 

1-xN 
EXAMPLE 2. Let N be a fixed positive integer and let •Cx)= -,-::x· 
Then• E L1 (0,1} and 

(12) 

l 
I · t 00J ]-'e-Nu it -u J •Cx}(log -) 1 dx = u e du 
x O 1-e-u 0 

J (e-u + 

0 

N 00 

i:: f -nu e 
n=lo 

r(l+it) 

-2u e + ••• + 

it N 00 

du i:: f u 
n=lo 

N 
i:: l+TI" n=l n 

e-x(~)it dx 
n n 

Since the Gamma-function has no zeros this leads us to the 
N -I-it 

question whether ngl n has any real zeros. For N s 10 it 

is known that this function does not vanish on R (see [2]). 

For large values of N the answer is not known, although we 

conjecture that for all N E N the above function does not vanish 

on the real line. 

EXAMPLE 3. Let •(x) 1 (O < x < I). Then we have 
(I+x) 2 ' 

( 13) 

For a > 0 we 

(I 4) 

where 

(I 5) 

0 

-x 
lim I e 

(l+e-x)2 a-t'O 0 

have (s cr+it) 

-x 
f e s dx 

(I +e -:x) 2 
x 

0 

00 x 
J s d-e __ x 

l+e x 
0 

"' s-1 
I x dx = s 

l+e :x 
0 

n(s) := i:: 
n=I 

-x it J e x dx 
o (l+e-:x)2 

cr+it dx. x 

f s d-1-x -x 
0 l+e 

00 

I s d-1-x x 
0 l+e 

sr(s)n(s) = sr(s)(l-2 1 -s)~(s) 

and ~(s) := i:: 
n=l 

-s 
n 

(a > O) (a > I) 



It follows that 
1 

(I 6) f $(x)(log !)it dx = r(l+it)(l-2 1-it)t(it). 
x 

0 

We thus have to investigate whether t(it) + 0, for all t € R. 

It is well known that t(l+it) + O, for all t € R and that the 

zeta-function satisfies the functional equation 

( l 7) s -l+s 1-s 
r<2)t(s) = TI r<-2-)t(l-s) 

(see TITCHMARSH [4; p. 22]). From this it is easily seen that 
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t ( i t ) + 0 , f or a 11 t € R • >.- 1 

Conclusion: The system { x A 2 }>.>0 is fundamental in 1 1 (0,1). 
( l +x ) 

In the remaining part of 

to prove that the system 

thiJ chapter we will use this result 
x 00 

{~~} _ 0 is fundamental in C[O,IJ. 
l+xn n-

In order to do so we first prove the following 

PROPOSITION I. Suppo4e that{$ } A i4 a eolleetion 06 eontinuou4 
a aE 

6unetion4 on [a,b] 4ueh that 6on eveny a € A(= index 4et) we have 

(18) 

l 
I6 {$a}aEA i4 a 6undamental 4y4tem in L [a,bJ,then {l}u{$a}aEA 

i4 a 6undamental 4y4tem in C[a,bJ (equipped with the topology 

06 uni6onm eonvengenee). 

PROOF. Let f € C[a,b] and £ > 0 be given. According to the Stone­

Weierstrass theorem there exists a polynomial P(x) such that 

(I 9) max If ( x) - P (x) I < ~ 
XE[a,b] 

I 
Clearly P'(x) belongs to 1 [a,b] so that we may choose coeffi-

cients b € ~ such that 
n 

(20) 
N 

lip• - l: b $1111 
n=l n n 

£ 
< 2 

For all x E [a,b] we thus have 

N N 
( 21 ) i{P(x)- l: b $ (x)}-{P(a)- l: b $ (a)}i 

n=l n n n=I n n 

x N 
f {P'(t) - l: b $ 1 (t)} dt[ ~ 
a n=l n n 
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b N 
::; I IP, <t> - E b $' c t) I dt 

n=l n n 
a 

N 
0 P' - E b $' u E 

n=l n n 1 < 2 

Hence 

N N 
(22) if(x) - E b $ (x) - {P(a) - E b $ (a)}i < 

n=I n n n=l n n 

< if(x) - P(x)i +t< e:, Vx E [a,b] 

and it follows that {I}u{lj> } A is fundamental in C[a,b]. D 
a aE 

Hence, in order to reach our goal it suffices to prove that 

the system 

n 
(23) {_!_x_}"" 

dx l+xn n=l 

I is fundamental in 1 [O,I]. 

In order to prove this we will use the following 

PROPOSITION 2. Let G be a 6ub6et 06 the no4med linea4 6paee 
v (ove4 t). Then G L!i a 6undamental 6y1item in V i6 and only i6 
eve1r.11 eontinuou6 l-lnea4 6unet..lonal en y wh..leh vani1ihe6 on G, 
vani6he4 on all 06 v. 
PROOF. Assume G to be a fundamental system in V and let lj> be 

any continuous linear functional on V .which vanishes on G. Then 

$ vanishes on H(G} by linearity and on H(G) by continuity. 

The remaining part of the proof is a simple consequence of the 

Hahn-Banach theorem for normed linear spaces (see RUDIN [3;. 

p. 108]}. D 

Hence, in order to reach our goal we take any continuous linear 
I functional lj> on 1 [O,I] such that for every positive integer n, 

n-1 n 2 
lj>(x /(l+x ) ) = 0 and then show that such a functional must 

vanish identically on 1 1[0,I]. 

It stands to reason that we now want to know all continuous 
1 

linear functionals on 1 [0,1]. Therefore we state the following 

PROPOSITION 3. Fo4 eue4y eontinuou6 linea4 fiunetional $on 1 1co,1J 

the4e exi6t6 a "unique" bounded mea6u4able 6unetion ion [O,IJ 



.6 uc.h :tha.:t 

(24) •<f) J f(x)i(x) dx, 
0 

PROOF. See RUDIN [3; p. 128]. 0 
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I 
Vf € L [0,1]. 

So we take any bounded measurable function• on [O,I] such that 

for all 

n-1 
f x i(x) dx = 0 

n 2 o (I +x ) 
(25) 

and from this we will derive that then • must be a null-function. 

We consider 

s-1 
(26) H(s) = J x 2 •<x) dx, 

0 (I +x s) 
(Re s > O) 

and will show that there exist positive constants K and o such 

that 

(27) 

Writing A 

(28) 

I H( s) I s K· Is I ' Re s ~ 0. 

II$\"'' we have 
1 s-1 

I H ( s) I s A • f I x I dx 
0 (l+xs)2 

-su 
J I e I du 
o (l+e-su)2 

-su I I Is I 
{ ! + f } I e I du 

l/lsl (l+e-su) 2 0 

Setting s = cr+it we have 

(29) 
-su 

e 
-cru-itu 

e 

so that, for 0 s u s 1 

TST' 
(30) larg e-sul = 1-tul s ulsi s 

and hence (draw a picture} 

(31) 11 + e-su I ~ 1. 

Consequently we have 

l/lsl 
f e-cru du s J e-cru du (32) 
0 0 

a 
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For 12 we have the following estimate 

-su 
(33) I2 = J I e I du :<:; 

1/lsl (l+e-su) 2 

-au 
-1 I 00 J 

e du :<:; 

1/lsl(l-e-au)2 l-e-au l/lsl 

-I 
I I + 

1 -a/lsl 
:<:; 

1 -a/lsl -e -e 

= a/ Is I hl :<:; chl. 
1-e-a/sl a a 

Hence, for a ? cS > 0, 

(34) I I + I2 :<:; - + £1.tl :<:; K· Is 1. D a a 

Now we utilize the following 

PROPOSITION 4. In f(z) i~ ~egula~ on a ? 0 and f(z) = O(ekJzl) 

on a? 0 60~ ~ome k < n and i6 f(z) = 0 60~ z = 0,1,2,3, ... , 

then f(z) = 0 identieally. 

PROOF. See TITCHMARSH [4; p. 168]. 0 

In this proposition we take 

(35) f( ) = H(z+l) 
z z+l ' (Re z? 0). 

Then f(z) is bounded on Re z ? 0 so that we may take k O. 

Furthermore 

(36) 

we have by assumption 
1 

f(n) = H(n+I) = __ J_ J 
n+l n+l 

0 

and it follows that H(z) = 0 identically. 

In particular we find that 
1 A,- I 

(3 7) J x A 2 '$(x) dx = O, 
0 ( 1 +x ) 

VI- > 0. 

We already know that the system 
I in L [0,1]. 

1--1 
x } is 

( l +x !- ) 2 !- > 0 

0 

fundamental 



According to Propositions 2 and 3 

null-function, 

in L 1[0,I]. 

so that the system 

n 

we thus obtain that ~ is a 
xn-1 °' 

2 } _ 1 is fundamental 
(l+xn) n-

ConaZusion: The system {~x~} 00 is fundamental in 
l+xn n=O 

C[O,l]. 

REMARK. Example 3 has been taken from KOREVAAR [J]. 
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CHAPTER 13 

IKEHARA's THEOREM 

O. INTRODUCTION 

Let F(x) := Aex, (A; O; x > 0). Then the Laplace transform 

of F is 

( 0. I) Hs) := J 
0 

-sx x A 
e Ae dx = s-l , (s = cr+it € E; cr > I). 

Note that ~ is regular (analytic, holomorphic) on E except at 

s = I where it has a simple pole with residue A. 

Now let G be a measurable function such that G(x)e-x is bounded 

on R+ and lim G(x)e-x = A. Then the Laplace transform of G is 
x+oo 

regular on cr > l, Since F and G share a certain property, namely 

F(x) ~ Aex and G(x) ~ Aex, as x + 00 , one may expect that also 

the Laplace transforms of F and G have some properties in common. 

THEOREM 0.1. 16 F(x) ~ Aex, (x + 00 ), then the Laplace t~an-Ooo~m 
~ 06 F ha-0 no pole-0 on cr = 1, except pe~hap-0 at s = I. 

PROOF. For cr > 1 we have 

(0.2) 

Take s 

(0.3) 

where 

(0.4) 

A 
~(s) - s-1 J e-sxF(x) dx - J Ae-(s-l)x dx 

0 0 

a> 

J e-(s-l)x{F(x) ~ A} dx. 
x 

o e 
l+o+y 0 i, o > o and s 0 = l+y 0 i. Then 

a> 

e-(o+y0 i)x{F(x) I (s-s 0 )U(s) - ~}I ol I s-1 x 
0 e 

a> 

e-oxlF(x)_AI 
T QO 

}e-oxlF(x) - Al $ 0 I dx o{ I + I x 0 T x 
0 e e 

T 
IF(x) -ox 

$ 0 I - Al dx + 0. E:T. I e dx $ 

0 
x 

e T 

T 
IF(x) $ 0 f - Ai dx + e:T 

0 x e 

e:T := sup IF(~) - Al' (T > 0). 
x;:::T e 

- A} dx 

dx $ 

I $ 



Hence 

(0.5) 

and since 

( 0. 6) 

lim ET = 0 we obtain 
T-+oo 

lim (s-s 0 ){1(s) - ~ 1 } 
ofO s 

If y 0 # 0 this is equivalent to 

(O. 7) lim (s-s 0 )w(~) = 0 
o+o 
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0. 

and from this it is clear that in case I has an analytic contin­

uation up to o ~ l, s # I, it can have no poles on o = 1, s # 1. D 

The (Tauberian) theorem in the next section contains some con­

ditions under which the converse of the previous (Abelian) 

theorem holds true. 

I. IKEHARA's THEOREM 

THEOREM I.I. (1931, IKEHARA [3]} Suppo6e that F : R+-+ R i6 

non-deenea6ing and non-negative and that the Laplaee tnan6fionm 

(I; I) 1(s) J e-sx F(x) dx 

0 

eonvenge6 6on o > 1. 

(I. 2) Li(s) := l(s) - ..A..= l(l+a+Si) - ~ 
s-1 · a+Si ' 

(a > 0) 

tend6 uni6onmly to a limit 6unetion r(S) i6 a f o and -\ ~ s $ \ 

(whene \may be taken a6 Lange a6 we plea6e), then 

(I. 3) lim F(x) = A. 
x x+00 e 

REMARK. If l(s) has an analytic continuation up too~ 1, s # l, 

having a simple pole at s = 1 with residue A, then the conditions 

in Ikehara's theorem are certainly satisfied. 

PROOF. Writing L(x) := e-xF(x) we have for a > 0 

(I • 4) Li (I +a+Si) 

0 0 
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Let H(B) be complex valued and continuous on [-2A,2AJ. 

Then the integral 

(I • 5) 
2A 
J H(B){ J e-Bixe-axL(x) dx} dB 

-2A 0 

exists and equals (see TITCHMARSH [4; p. 392]) 

2A . 
J e-axL(x){ J H(B)e-Bix dB} dx. (I • 6) 

0 -2A 

In particular this holds for 

(I • 7) (n constant). 

Note that for this particular function we have 

(I • 8) 

Defining 

(I. 9) 

2A . 0 f H(B)e-iµx 
-2A 

2A 
.?. J (1 
7f 0 

B TI} cos B(n-x) dB 

. 2, 
sin "i:; := 2 

7r Ai:; 

_?_ sin 2t..(n-x) 
71 t..(n-x) 2 

we thus have 

(1.10) 
2A 
f H(B)~(l+a+Bi) dB 

-2A 

J -ax J -ax = 2 e KA(n-x)L(x) dx - 2A e K;\(n-x) dx. 
0 0 

It is clear that, if a+ 0, then the left hand side of (I.JO) 

tends to 

(1.11) 

Since 

(1.12) 

2A 
f H(B)r(B) dB. 

-ZA 

00 •. 2 . ;l.n .•. 2 J KA(n-x) dx = J sin t..(n-~) dx = { J sin2 u du 
o o 7rA (n-x) - 00 u 

we have by a simple (Abelian) continuity theorem for Laplace 

transforms (see DOETSCH [2; p. 156]} 

(1.13) J -ax lim e K;\(n-x) dx 
a+O o 

J K,_(n-x) dx 
0 



and hence 

( 1 • 14) 

Now we let 

( 1 • 15) 

and 

(1.16) 

so that 

(1.17) 

I -ax lim e KA(n-x}L(x) dx = 
a-1-0 o 

(use the fact: KA (n-x) <: 0) ..• 

00 

I KA(n-x)L(x) 
0 

2'. i J H(B)r(B) 
-2A 

n -+ co. Then (by 

2A 
lim J H(B)r(B) 
n+00-2A 

00 • 2 
I sin u du = 11 --2-
-oo u 

00 

dx = 

dB + 

RLL) 

dB = 

lim J KA(n-x)L(x) dx 
n+oo 0 

A An . 2 
-J~ du. 
1T 2 -co u 

0 

A 
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which may also be written as 

( 1 • l 8) 
An sin2u 

lim J L(n- ~) ~-2~ du 
n+oo -oo u 

11A. 

;:: 1 that An ;:: h and hence n 7X so ! Choose 

(l.19) 
An ... 2 /'}., .. 2 
I L (n- !! ) sin u du <: J L (n - !! ) sin u du ;:: 

A --2-
- fA A --2-

u u 

<: t 1 then F(t 2 } <: F(t 1 ) so that 

tl tl-t2 
<: e L(t 1 ) and hence L(t 2 ) <: L(t 1 )e ) 

IA .2 
;:: I L(n - h> exp(- h + x> sin2 u du ;:: 

-IA u 

1 2 /A . 2 
<: L(n- -n;> exp(- 7?;") J sin2 u du. 

-IA u 

From this it follows that 

(I. 20) 1 
L(n- TA) 

An . 2 * IA . 2 l 
s ( J L(n- ¥>sin2 u du) evA { J sin2 u du}- • 

- u -~ u 
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Combining this with (1.18) we thus obtain 

2 
I>. 2 

du} - I. (1.21) lim sup L(n) $ rrAexp(TA){ J sin u 

-h u 2 n+oo 

By letting >. + 00 we obtain from this 

(1.22) lim sup L(n) $ A. 
n+oo 

2 We have just seen that L(n) is bounded at +oo 
' 

i.e. 

(I.23) (O s) L(n) S G, 

I 
For n > 7I we thus have 

(I. 24) 
>. n • 2 
J L(n-~' sin u du 

>. 1 2 -oo u 

-h h >.n • 2 
'~ { J + J + J }L(n-¥2 sin u du s 

- 00 -h h " u 2 

-h h . 2 
s J. ~ du + J L(n-~1 sin2 u du + J £_ du s 

-oou -I>. >. u hu 2 

... (see the note in part !) . .. 
2G h 

I I 
2 

+ f L(n+ ~) sin u du $ $ TA TA) exp(n + --2-
-h ;\. 

u 

/'A, • .2 
<2G L( I) (2)·js1nud _ 7I + n+ 7I exp TA --2- u. 

-h u 

Combining this with (1.18) we easily obtain that 

(I.25) lim inf L(n) ~ A 
n+oo 

and the desired result 

(I.26) lim L(n} = A or lim 
'1!' (x) 

~ A 
x+oo x n+oo e 

follows from l and ~· D 

REMARK. The original proof of Ikehara's theorem was based on 

Wiener's general Tauberian theorem. The proof above is Doetsch's 

version of Bochner's simplification of Ikehara's proof. 
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2. BOCHNER's THEOREM 

Without proof we state Bochner's 

THEOREM 2.1. (1933, BOCHNER [l]) Let a 

ing and let 

[0, 00 ) + R be non-de.ene.a6-

( 2. I ) f -sx 
f(s) = e da(x) 

0 

be eonve.nge.nt 60~ Res> 1. 

16 
( 2. 2) 

A 
f(s) - s-l + g(t), o 4- I 

( 2. 3) lim a(x)e-x =A. 
x+oo 

As an immediate consequence of this theorem we have the following 

useful 

THEOREM 2.2. Let 0 $Al < A2 < A3 < ••• + 00 and an~ 0, Vn EN 

and 6uppo6e. that the. 6e.nie.6 
-A s 

(2.4) f (s) ~ a e n 
n=l n 

i6 eonve.nge.nt 6on Res> 1. 

16 
( 2. 5) f(s) - 2-_ 

s-1 

ha6 a eontinuou6 e.xte.n6ion up to a~ 1, then 

( 2. 6) lim e-x ~ 
x+oo A Sx 

n 

a "' A. 
n 

PROOF. See BOCHNER [I]. 0 
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CHAPTER 14 

THE PRIME NUMBER THEOREM 

I. NUMBER-THEORETICAL PRELIMINARIES 

DEFINITION. By rr(x) we denote the number of prime numbers not 

exceeding x E R. Furthermore we set 

(I. I) 8(x) := E log p' (x > 0) 
pSx 

and 

(I. 2) tjJ( x) := E 8(xm), (x > O}. 
m=l 

LEMMA I. I6 x > o, then 

(I • 3) rr(x) < x 

and 

(I. 4) 8(x) $ rr(x) log x. 

PROOF. If 0 < x < 2 then rr(x) 

From (I. I) it is clear that 

0 and if x ~ 2 then rr(x)Sx-l<x. 

(I • 5) 8(x) E log p $ E log x rr (x) log x. D 
pSx pSx 

LEMMA 2. 

(I. 6) lim 
ljJ (x) - 8(x) o. = 

x+co x 

PROOF. If x ~ 4 and N : = [log XJ then ·1og 2 
] 

N l 
(I. 7) 0 $ ljJ (x) - 8(x) = E 8(xm) $ (N-l)El(x 2 ) < 

m=2 

! log x ! 
log x ! log 

2 l 
N·8(x 2 ) $ rr (x 2 ) x x2 < 

log 2 
< 

2log 2 

and the lemma follows easily. D 

LEMMA 3. Let {ak}~=l be an inc~ea6ing 6equence 06 po6itive 
intege~J.i. Ve6ine P (x) a6 the numbe~ 06 element6 06 thiJ.i 6equence 
not exceeding x and let 

(I. 8) L(x) := E log ak. 
aksx 



16 L(x) ,[1.i 
x 

(I. 9) 

PROOF. For 

(I.JO) 

or 

(I. I I) 

Clearly 0 :s; 

(1.12) 

bounded .:then 

I 

lim {P(x)log x L(x)} 0. 
x x 

X+oo 

< y < x we have 

L(x)-L(y) = l: log ak "' {P(x)-P(y)}log 
y<ak:s;x 

P(x) P(y) L(x) - L ( l'.) :s; + log y 

L(x) :s; P(x)log x and P(x) :s; x so that 

L(x) :s; P(x)log x :s; {p ( y) + 
L(x)-L(l'.) }log x 

x x log y x 

:s; (y + L(x) ) log x 
log y x 

y log x + L(x) log x 
x x log y 

Now choose y = xl-p(x) with 

(J.13) p(x) = (log log x) 2 
log x 

(x>e). 

Then 0 < P(x) < I so that 1 < y < x. Hence 

(1.14) :s; P(x)log x :s; x-plog x + L(x) 
x x 1-p 

or 

y 

:s; 

(1.15) 0 :s; P(x)log x _ L(x) :s; x-plog x + L(x){~l- - l}. 
x 1-p x x 

Since 

(J.16) 

(1.17) 

and 

(1.18) 

. 2 
exp{-(log log x) + log log x}, 

L (x) :s; G 
x 

1 im p (x) = 0 
x+oo 

for some constant G, 

the lemma follows. D 

LEMMA 4. 

(1.19) (0 :s;) e(x) < 4 log 2, 
x 

(x > O). 

95 
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PROOF. Since 2 2n 
2 2n 2 

(l+I) n = k~O ( :), (n EN), we have 

(1.20) 2 2n 
< ' (n E N). 

Note that the binomial coefficient ( 2n) is a positive integer 
n 

which is divisible by all prime numbers p satisfying n < p s 2n. 

Hence 

(1.21) 

or 

(1.22) 

II 
n<pS2n 

8(2n) - B(n) < 2n log 2. 

m-1 
For n = 2 we get 

(I . 23) 

and it follows that 

(1.24) 

Now observe that for every x ~ I there exists a positive integer 

m such that 2m-l s x < 2m, so that 

(1.25) (4log 2)2m-l s (4log 2)x 

and the lemma follows. D 

In Lemma 3 let {ak}:=I be the sequence of prime numbers: 2,3,5,7, ... 

Then P(x) = TI(x) and L(x) = B(x). We have just shown that B(x)/x 

is bounded, so that by Lemma 3 

(1.26) lim {TI(x)log x _ B(x)} = 0 
x x X+oo 

and combining this with (1.6) we obtain 

LEMMA 5. 

(1.27) lim {TI (x) log x 1/1 (x)} 0. = x x X+oo 

Hence, in order to prove the prime number theorem, i.e. 

(1.28) lim 
TI (X) 10 g x 

1 = x x+oo 



we may just as well prove that 

(1.29) 

LEMMA 6. 

( 1. 30) 

PROOF. 

(I • 31) 

lim ljl (x} = 1. 
x 

X+m 

ljl(x) = 

00 

(m € E; p prime) 

ljl(x} E e(xm} = E E log p E log p • 
m=l m=I psxl/m pmsx 
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REMARK. From this lemma it is clear that "1 is a step function 

having its jumps at the points x =pm, (p prime; m € E). 

DEFINITION. 

(I • 32) A(n) := ljl (n} - ljl(n-1), (n € E). 

LEMMA Z. 
log -l6 m 

= { 
p n = p 

(I • 33) A(n} (m 
0 -l6 n <f m 

p 

PROOF. This is clear from Lemma 5. D 

LEMMA 8. 

(I • 34) E A(m} = log k, 
mlk 

(k € E}. 

~ l) • 

PROOF. In the sum in the left hand side we only need to consider 

those divisors of k which have the form pm, m ~ l. 

The lemma is clearly true fork= l. 
al a2 ar 

Therefore suppose that k ~ 2 and that p1 p 2 ···Pr is 

canonical prime decomposition of k. Then 

(I • 35) E A(m) 
mlk 

r 
E 

i=l 

0 
A(p.) = 

l 

r 
E 

i=J 

the 
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2. SOME FUNDAMENTAL FACTS ABOUT t(s) 
00 -s 

The series n~l n is absolutely convergent for a > l and defines 

a regular function (denoted by t(s)) on this half plane. 
n dx 
I As usual ns, s E E, is defined as exp(slog n), where log n 

If a > we may write 

00 

( 2. I) t(s) = I: -s 
n 

n=l 

[x]x-sJ7-o -

dx I J = s - s s 
l x 

00 

1 

00 

J x-s d[xJ 
1-0 

[x] dx -s = 

x-[x] 
= 

s 

s 
~ 

dx 
s-1 x 

I 

[xJ I dx s+T 
l x 

00 

x-[x] J dx. - s ~ 
1 x 

Since x-[x] is bounded, the last integral represents a regular 

function on a > O, so that t(s) has an analytic continuation up 

to a> O, having a simple pole at s = 1 with residue I. 
00 -s 

LEMMA 2.1. The -0e~~e-0 n~l A(n)n ~-0 ab-0olutely conve~gent 60~ 
a > I and -0at~-06~e-0 

(2.2) t ( s) I: 
n=l 

-s A(n)n -t'(s), (a > 1). 

PROOF. The absolute convergence of the series for a > I follows 

from the estimate 0 s A(n) s log n. 

Now observe that (by absolute convergence) for a > 1 

00 

A (ml = ( ; _1 ) ( ; A(m)) 

ms n=J ns 111=1 ms 
(2.3) t ( s) i:: 

m=l 

00 

x 

i:: 
m,n=l 

A(m) 

(mn) s 
I: - 1 ( l: A(m)) 

k=l ks mlk 
i:: 

k=l 
-t'(s).D 

LEMMA 2.2. On a > 1 we have t(s) ~ O -00 that 

(2.4) i:: 
n=l 

A(n) 
s n 

t'(s) 
-nsT (a> 1). 

PROOF. Suppose that t(s) has a zero at s 0 
of order a(~ 1). Then the product 

(2.5) t(s) 
00 

I: 
n=l 

A (n) 
s 

n 

has a zero of order 6 ~ a at s 

Since t(s) has a zero of order a at s - s 0 , t 1 (s) has a zero of 
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order a-I at s = s 0 . This leads to the palpable contradiction 

a-1. D 

REMARK. The fact that t(s} f 0 also follows from Euler's identity 

( 2. ()} =TI ---
p 1- l 

s 
p 

(a> I). 

LEMMA 2.3. Fo~ the analytic continuation 06 t(s) we have 

( 2. 7) t(s) f 0 on a = l. 

PROOF. If a > I then we may write (see (2.6)) 

( 2. 8) 

Consequently 

( 2. 9) 

so that 

(2.10) 

t(s) TI (I-
I -1 

= -) 
s 

p p 

exp ( i:: exp(-ms 
m 

p ,m 

lt<cr+it) I exp ( i:: 
P ,m 

exp( 
I 

TI i:: -ms> 
m=I p mp 

log p)) . 

cos(mtlog p)) 
ma 

mp 

t 3 (1+E)jt(l+£+it}! 4 !t0+£+2it}j = 

= exp ( l: 
p,m 

3+4cos(mtlog p}+cos(2mtlog p}) . 
m(l+£) mp . 

Now observe that for every $ E R one has 

( 2. I I ) 

so that 

( 2. I 2) 

2 
3+4cos $ + cos 2$ = 3+4cos $ + 2cos $ - I 

t 3 (1+£)jt(1+£+it)l 4 !t0+£+2it)j ;:: 

which may also be written as 

(2.13) !t(l+£+it)! 4 ;:: 
l 

3 
1;; (1+£)jt(J+£+2it)j 

Since, for 0 < £ < I, 

2 
2(I+cos $) ;:: 0 

( 2. I 4) (O <) t(l+£) I ~ dx l+ _!_ < 2 
1+i::2---r+E<l+;l+E= £ "E 

n= n 1 x 
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the right hand side of (2.13) is larger than £ 3 /8j,(1+£+2it)j, 

and it follows that 

(2. 15) 1'(1+£+it),4;:: 
£ 8£ I d1+£+2it) I 

Since '(s) is analytic at s = l+2it, t f O, we clearly have 

c2.16> um £1,CJ+£+2it>I = o. 
£+0 

Combining this with (2.15) we obtain 

(2.17) lim I '< 1+£•it) I 
£+0 £ 

00' (t; 0). 

If '(l+it) = 0 for some t ; O, then 

( 2. 18) I 'U+£+itl I 
£ 

1 ,c1+c+itl - ,c1+itl I 
£ 

which (because of the regularity of '(s) on the line a= I, s; I) 

tends to l''(l+it)I as£+ 0. However, this contradicts (2.17) 

so that we have to conclude that '(l+it) ; o for all t r o. D 

LEMMA 2.4. The 6unc..U.on - ~~~:~ ,i.-6 11.e9ula.11. on a ;:: l, exc.ept a.t 
s = 1 whe11.e it ha-6 a. -6imple pole with ll.e-6idue 1. 

PROOF. From the previous analysis it is clear that the function 

under consideration is regular on a<:: l, a·f l. 

The Laurent expansion of '(s} around s = reads as follows 

( 2. 1 9) co< ls-11<1) 

from which it follows by straightforward computation that 

(2.20) 'I ( s) 1 
- s'(s) = s-1 - (co+ll + ••· 

for all s in some neighborhood of l (s r l, of course). D 

LEMMA 2.5. The 6unc.tion 

'' ( s) - S"'f(s) - s-1 ( 2. 21) 

i-6 11.egula.11. on a;:: 1. 

PROOF. This is a restatement of Lemma 2.4. D 

LEMMA 2.6. 

(2.22) '' ( s) - s'(s) (a> 1). 



PROOF. For a > I we have by Lemma 2.2 

(2.23) 
/;;I ( S) 

E 
A(n) 

~ n=l s n 

whereas the series may be written as 

(2.24) 
A(n) t/J (n) - t/J ( n-1) f dt/J (x) E E 

n=l s n=l s +O s 
n n x 

t/J(x)loo - f t/J (x) dx -s f t/J (x) dx s S+T s +O 
x +O x 

f -st t/J (et) dt s e 
0 

proving the lemma. D 

3. THE PRIME NUMBER THEOREM 

THEOREM 3. I. 

(3. I) lim t/J (x) = 1 . 
x x+oo 

PROOF. In Ikehara's theorem take 

( 3. 2) (t ? O). 

Clearly F(t) is non-negative and non-decreasing and the 

Laplace transform oi F(t) is -1;;'(s}/s1;;(s). 

I 0 I 

Since -1;; 1 (s)(s1;;(s) - J/(s-11 is regular on a? I, all conditions 

in Ikehara 1 s theorem are satisfied so that 

(3.3) 1 = lim 
t/J (et l 

t 
e 

lim t/J(xl 
x 

t+oo X+oo 

Combining (3.3) with (1.27) we obtain 

(The Prime Number} THEOREM 3.2. 

(3.4) 
ir (x} log x 

lim - =I. 
x X+oo 

D 

In the above derivation of the Prime Number Theorem the analytic 

behavior of -1;; 1 (s)/s1;;(s) - 1/(s-1} turned out to be of crucial 

importance. The analyticity of this function on a ? l was obtained 

from the fact that 1;;(s} f 0 on a? 1, sf 1. It was easy to show 

that 1;;(s) f 0 on a> 1, so that the PNT is mainly a consequence 

of the fact that 1;;(s) f 0 on a = 1. 
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We conclude by showing that this property of s(s) is also 

necessary for the PNT. 

Indeed, if (3.4) holds, then (by Lemma 5) lim lji(x)/x = I or 
t t t ~+oo 

lim lji(e )/e = I. Setting F(t) := lji(e ), we obtain from Theorem 0.1 
t+oo 
that the Laplace transform of F(t) has no poles on a = 1, s f. I. 

Hence, -~'(s)/ss(s) has no poles on a= 1, sf. 1, so that (by a 

simple function theoretic argument) ~(s} cannot have any zeros 

on a= l. 
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