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INTRODUCTION 

This volume contains the notes of a short course given at the algebra 

seminar of the Department of Pure Mathematics of the Mathematical Centre. 

Preceding to this course we studied HUMPHREYS' "Introduction to Lie algebras 

and representation theory" (see [Hu], in particular Ch .I, II, III and Theorem 

25.2); also a few introductory lectures on the theory of Lie groups were 

given before (see for instance [He,Ch.II], [War] or [Koo]). The principal 

aim of these notes is to provide the required knowledge about structure 

theory of real semisimple Lie groups to the beginning research student in 

analysis on Lie groups who already knows about complex semisimple Lie al­

gebras and general Lie groups. In particular, Chapters I,II and the first 

section of Chapter III serve this purpose. Certainly, this material is also 

included in standard texts like HELGASON [He] or WALLACH [Wa], but there it 

is embedded in a much wider context, and the student looking for a quick in­

troduction may get lost. 

A second purpose of this volume is to point out connections between 

the structure theory of real semisimple Lie groups and other fields of ma­
thematics, notably the geometry of Tits systems (Chapter III) and topologi­

cal dynamics (Chapter IV). In particular, section 2 of Chapter III and sec­

tions 1-4 of Chapter IV can be used as introductions to these other topics, 

even for people who are not interested in semisimple Lie groups. The final 
chapter, Ch.V, is of algebraic nature. It discusses the classification of 

real semisimple Lie algebras, a well-known result·of which the proof is 

often skipped. 

All authors have their present address at the Mathematical Centre. I 

want to thank them for their contribution and also the audience attending 

the course for stimulating discussions. A.M. Cohen kindly offered hospi­

tality to this course in his algebra seminar and it is due to him that the 

scope of the course was extended with the topics from Chapters III, IV. 

T.H. Koornwinder, editor 
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Chapter I 

REAL SEMISIMPLE LIE ALGEBRAS 

T.H. KOORNWINDER 

This chapter presents the basic structure theory of real semisimple Lie 

algebras. It is assumed that the reader knows the structure theory for com­

plex semisimple Lie algebras, cf. for instance HUMPHREYS [Hu, Ch. I, II, III 

and Theorem 25.2]. Our development of the theory is parallel to parts of 

HELGASON's book: see Ch. II (§5,6), Ch. III (§6,7), Ch. V (§2,6), Ch. VI 

(§3), Ch. VII (Theor. 2.16) and Ch. X (Theor. 3.25) in [He]. However, in 

contrast with [He] we have formulated everything in terms of the restricted 

root system L of g rather than the root system ~ of gc. 

I • GENERALITIES ABOUT SEMISIMPLE LIE ALGEBRAS 

Let g be a Lie algebra over a field lF of characteristic 0. Throughout 

this chapter, when speaking about a Lie algebra, we mean a finite-dimension­

al Lie algebra. 

DEFINITION I.I. The Killing foY'm of g is the bilinear form B defined by 

B(X,Y) := tr(ad X o ad Y), X,Y E g. 

DEFINITION 1.2. The Lie algebra g is called serrrisimple if its Killing form 

B is a nondegenerate bilinear form. 

The easy proofs of (I.I), (1.2) and Prop. 1.3. below are left to the 

reader: 

(I. I) . B(crX,crY) B(X,Y), X,Y E g, cr E Aut(g), 

(I. 2) B(X,[Y,Z]) B([X,Y],Z), X,Y,Z E g. 
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PROPOSITION 1.3. Let a be an ideal in g. Then B restricted to a x a equals 

the Killing form Ba of a. Furthermore, 

al := {X € giB(X,Y) = 0 VY € a} 

is an ideal in g. 

PROPOSITION 1.4. Let g be semisimple and let a be an ideal in g. Then 

g = a e al (direct sum of Lie algebras) and a and al are semisimple. 

PROOF. dim a+ dim al =dim g, since B is 

X,Y € a n al then B(Z,[X,Y]) = B([Z,X],Y) 

an abelian ideal in g. If Z € g and X € a 

and ad X ad Z (a n al) = {O}, so B(X,Z) 

nondegenerate. If z € 

= o, so [X,Y] = 0 and 

n al then ad X ad Z(g) 

O, hence X = 0 and an 

Thus g =a e al. By Prop. 1.3, Ba and Bal are nondegenerate. D 

g and 

a n al is 

c a n al 

al = {O}. 

PROPOSITION 1.5. Let g be semisimple. Then ad is an isomorphism from g onto 

Der(g). 

PROOF. See [Hu, Theorem 5.3]. The proof given there does not use that lF is 

algebraically closed. D 

DEFINITION 1.6. Let g be a real Lie algebra. The ad.joint group of g, denoted 

by Int(g), is the analytic subgroup of GL(g) whose Lie algebra is ad(g). 

If g is real then clearly Aut(g) is a closed 'subgroup of GL(g). This 

observation, together with Prop 1.5 yields: 

PROPOSITION 1.7. Let g be a real semisimple Lie algebra. Then Int(g) is the 

identity component of Aut(g). In particular, Int(g) is a closed subgroup 

of Aut(g) and of GL(g). 

DEFINITION 1.8. A real Lie algebra g is said to be aorrrpaat if Int(g) (with 

its own Lie group topology) is compact. 

PROPOSITION 1.9. Let g be a real semisimple Lie algebra. Then g is compact 

if and only if B is negative definite. 

PROOF. Assume that B is negative definite. Int(g) is closed in Aut(g) and 

Aut(g) is closed in O(g,B) (the orthogonal group on g with respect to the 



inner product -B). Since O(g,B) is compact, the same holds for Aut(g) and 

Int(g). 

3 

Conversely, assume that Int(g) is compact. Then there is an Int(g)-in­

variant inner product (.,.)on g; Let O(g) be the corresponding orthogonal 

group. Since Int(g) c O(g) we have ad(g) c o(g), where o(g) is the Lie alge­

bra of skew-symmetric matrices on g. Let X E g and let ad X have matrix 

(A .. ) with respect to some orthonormal basis. Then 
l.J 

B(X,X) tr(ad X ad X) I A .. A .. I 2 (A .. ) $ 0. 
i,j l.J J l. i,j l.J 

Suppose B(X,X) = 0 then (A .. ) = o, so ad x 0, hence x = o. D 
l.J 

Let g be a real Lie algebra. Let gC := g + ig be the complexification 

of the real vector space g and extend the bracket operation for g to a 

complex bilinear operation on 9c· Then gc is a complex Lie algebra: the 

corrrpZexification of the real Lie algebra g. 

If gc is a complex Lie algebra then (gC)R denotes 9c considered as a 

real Lie algebra. 

A real form of a complex Lie algebra 9c is a real subalgebra g of 

(gC)R such that (gC)R = g e ig (direct sum of real vector spaces). Then 

9c is isomorphic to the complexification of g. 

LEMMA 1.10. Let g, gc and (gC)R be related to each other as above. Let B9 , 

B and B( ) be the corresponding Killing forms. Then 
9c 9c R 

( !. 3) X,Y E g, 

(I. 4) 

PROOF. (1.3) follows immediately. For the proof of (1.4) choose a basis 

x1, ••• ,Xn of 9c and let ad X ad Y have matrix P + iQ with respect to this 

basis (P,Q real nxn matrices). Then x1, ••• ,Xn' iX 1, ••• ,iXn is a basis of 

(gC)R and ad X ad Y has matrix (~ -~) with respect to this basis. Thus 

and 

tr ad X ad Y 
9c 

tr P + i tr Q 

2 tr P. D 
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PROPOSITION I.II. The Lie algebras g, gc artd (gC)R are all semisimple if 

one of them is. 

PROOF. Evident from Lemma I.ID. D 

The radical of a Lie algebra g is the largest solvable ideal in g. 

PROPOSITION 1.12. Let g be a real Lie algebra. Then g is semisimple if and 

only if the radical ~ of g is {O}. 

PROOF. If g is semisimple then, by Prop. 1.3, each abelian ideal of g equals 

{O}. Hence~= {O}. Conversely assume~= {O}. Let 9c have radical -OC and let 

a be the conjugation of gc with respect tog, i.e. cr(X+ iYJ := X-iY, 

X,Y E g. Then a -Oc is again a solvable ideal of gc, hence a -Oc = -OC. It 

follows that -OC = -0 + i-O, with -0 being a solvable ideal in g. So -0 c ~ = tO}. 

Thus, by [Hu, Theorem 5.1], B is nondegenerate, so g is semisimple by Prop. 
9c . 

I. 11. D 

DEFINITION 1.13. A subalgebra h of a Lie algebra g is said to be reductive 

in g if ad9 (h) acts on gin a semisimple way (i.e., for each ad9 (h) - in­

variant linear subspace V of g there is a complementary ad9 (h) - invar­

iant linear subspace W). Furthermore, a Lie algebra g is called reductive 

if it is reductive in itself. 

PROPOSITION 1.14. Let g be a real or complex Lie algebra. The following two 

statements are equivalent: 

(a) g is reductive. 

(b) g = c e [g,g] (direct sum of Lie algebras), where e is the center of 

g, and [g,gJ is semisimple. 

PROOF. If (b) holds then (a) follows by Prop. 1.4. Conversely assume (a). 

Since g is reductive, each abelian ideal of g is included in e. Again by 

reductivity, g is the direct sum of e and an ideal h. Then h will not have 

abelian ideals # {O}. Hence the radical of h is {O}, so h = [h,hJ = [g,g] 

and h is semisimple. D 

2. COMPACT REAL FORMS 

Let 9c be a complex Lie algebra. The subalgebra he is called a 

Cartan subalgebra if he is nilpotent and equal to its normaliser in 9c· 



The subalgebra he is called toral if, for each H E he, ad H is a semi­

simple endomorphism of 9c· 
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PROPOSITION 2.1. Let 9c be a complex semisimple Lie algebra with subalgebra 
he. The following three statements are equivalent: 

(a) he is a Cartan subalgebra. 

(b) he is a maximal toral subalgebra. 

(c) he is a maximal abelian subalgebra and he is toral. 

PROOF. 

(a) ~ (b): [Hu, Cor. 15.3] 

(b) => (c): [Hu, Prop. 8.2] 

(c) .. (b): [Hu, Lemma 8. I] D 

Let gC be a complex semisimple Lie algebra. Fix a Cartan subalgebra 

he of gc (CSA's exist, cf. [Hu, §8.1] and they are all conjugate under 

Int(gC)' cf. VARADARAJAN [Var, Theorem 4.1.3]). We remember some of the 

structural properties of the pair (gc,hc) (cf. [Hu, §8]). For a E h~ (dual 

vector space of he) let 

(2. I) 

Let the set ~ consists of all a E h~\{O} such that dim ga > 0. Then dim 

dim ga = I for a E ~ and 

(2.2) (direct sum of vector spaces). 

The restriction of the Killing form B of gC to he is a nondegenerate form 

h h* h on c· For each A E C define TA E C such that 

(2.3) 

* Define a nondegenerate form<.,.> on he by 

(2.4) 

Let 

(2.5) 
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Then~ is a real form of he, Bis positive definite on hR and<.,.> is 

positive definite on h;. The set <P, as a subset of h; with inner product 

<.,.>satisfies the axioms of a reduced root system: 

DEFINITION 2.2. Let E be a finite-dimensional real vector space with inner 

product<.,.>. A finite subset E of E\{O} is called a root system if: 

(a) E spans E; 

(b) If a,S E Ethen S - 2<S,a>a E E; 
<a,a> 

(c) If a,S E E then 2<S,a> E ?l. 
<a,a> 

The root system E is called reduced, if it satisfies the additional condi­

tion: 

(d) If a E E then the only multiples of a in E are ± a. 

Define 

(2.6) H a 
:= 2 a E cp, 

<a,a> 

For each a E <P choose X E ga\{0}. For a,S E <P with a+ SE <P let c "E 
a a,µ 

E ~\{O} be defined by 

(2. 7) 

THEOREM 2.3.(cf. [Hu, Prop. 25.2]). With notation, as above the X 'scan be 
a 

chosen such that: 

(a) 

(b) 

[X ,X ] 
a -a 

Then the c 's are real. a,S 

a E <P; 

a,S,a + S E <P. 

If the Xa's satisfy condition (a) of Theorem 2.3 then, for a,S E <P: 

(2.8) {
2/<a,a> 

B(X ,X") = 
a µ 0 

if S -a, 

if S f -a. 

Provide h; with an ordering > such that each pair of elements of h; is 

related and such that for \,µ,v E h; and t > 0 we have the implications 
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A > µ,.A + v > µ + v .and A > µ,. tA > tµ. Then we call n; an ordered veator 

spaae. This induces an ordering on ~. Let 

(2.9) ~+ := {a € ~la > O}. 

Choose the X 's as in Theorem 2.3. Then we have a decomposition (dir­a 
ect sum of vector spaces) 

(2. 10) g = • a(x _x )) • 
C a€~+ a -a 

• < • + a(ix +ix )) • ea 0 (ihR)) 
a€~ a -a 

which is orthogonal with respect to B, and 

(2. 11) 

B(X -X ,X -X ) = a -a a -a 
4 

- <a,a>' 

4 
B(ix +ix ,ix +ix ) = - <N,N>' a -a a -a ~ ~ 

Bj.h is negative definite. 
1. R 

Furthermore, we find for a,$ + 
€ ~ ; 

[X -X ,X -X ] = c (X -X ) + 
a -a $ -$ a,$ a+$ -a-$ 

- c (X -X ) 
a,-$ a-$ -a+$ ' 

[X -X ,i(X0 +X 0 )] a -a µ -µ 

+ c 0 (iX 0 +iX +0 ), a,-µ a-µ -a µ 
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[X -X ,i(X +X )] ex -ex · ex -ex 2iH • ex 

COROLLARY 2.4. Let the Xex's be as in Theorem 2.3. Then i~ together with the 

veators x -X (exE~+) and iX +iX (exE~+) span a reai fo'I'111 u of gc on whiah 
ex -ex ex -ex 

B is negative definite. 

Combination with (1.3) and Prop. 1.9 yields: 

THEOREM 2.5. Every aompfox semisimpie Lie aigebra has a aompaat reai fo'I'111. 

REMARK 2.6. If u is a compact real semisimple Lie algebra then Int(u), being 

a closed subgroup of the compact group O(u,B), is compact. By [He, Theorem 

II. 6.9] the universal covering group u* of Int(u) is then compact. Hence 

every connected Lie group U with Lie algebra u is compact. 

3. CARTAN DECOMPOSITIONS 

Let gC be a complex semisimple Lie algebra and let u be a compact real 

form of 9c· Let T be the conjugation of gc with respect to u. Then T is an 

involutive automorphism of (gC)R. Since B is negative definite on u (Prop. 

1.9), the form 

(3.1) BT(X,Y) := -B(X,TY), x,Y E gc, 

is positive definite Hermitian on gC. 

PROPOSITION 3.1. Let gc, u, T be as above. Let g be a reai fo'I'111 of gc and 
iet o be the aonjugation of gc with respeat to g. Then, for some $ E 

Aut(gc), $.u is invariant under o. 

2 PROOF. OT is in Aut(gC) and hermitian with respect to BT. Hence P := (OT) 

is in Aut(gc) and positive definite hermitian with respect to BT. Let 

{X.} be a basis of eigenvectors for P, i.e. PX. = A.X. with A. > 0. For 
l. t l. l. l. l. 

t E lR define the linear endomorphism P of g by ptx. := A. tx .. Let us c l. l. l. 
prove that Pt E Aut(gc). Put 

[X.,X.] = l c .. kx.. Then 
l. J k l.J -K. 

l c .. kAkX. = P[X.,X.] = [PX.,PX.] 
k l.J -K. l. J l. J 

l c .. kA.A.X.. 
k l.J l. J-K 
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t t t t Hence c .. k>..k = c .. k>...>..., which implies c .. k>..k = c .. k>...>.. .. Thus p E Aut(g ). l.J l.J l. J -1 l.J -1 l.J l. J C I 
The proposition will follow from O$T$ $T$ o. We will show that $ := P4 

-1 satisfies this identity. Since PoT = OTP and PT = TP , we also have 
! ! l _1 

P 2 oT = OTP 2 , P4T TP 4 Hence 

_! 
OTP 2 

-! 
p 20T 

! -1 
p 2 P OT IJ 

Let g be a real form of g with corresponding conjugation o and let u c 
be a compact real form of g with corresponding conjugation T. Clearly we c 
have: 

(3.2) o(u) U - OT TO - T(g) g. 

It follows from Prop. 3.1 that, for a given g, we can choose u such that 
the three equivalent statements of (3.2) hold. In that case, put 

(3.3) k := g n u, p := g n iu, e := Tlg· 

Then 

(3.4) g k + p 

is the decomposition of g into eigenspaces k,p of 8 with eigenvalues 1, -1, 

respectively. Let Bg be the Killing form of g. Th~n Bglk is negative de­
finite and Bglp is positive definite. Indeed, by (1.3): 

Bglk Bg lk 
ing applies to p c iu~ 

Bulk is negative definite, and a similar reason-

DEFINITION 3.2. Let g be a real semisimple Lie algebra with Killing form B. 
An involutive automorphism 8 of g is called Cartan involution and the 
corresponding eigenspace decomposition g = k + p into 1 and -1 eigenspaces 

of 8 is called Cartan decomposition if B!k is negative definite and Bip is 
positive definite. 

Note that the conditions of this definition imply that 

(3.5) [k,kJ c k, [k,pJ c p, [p,pJ c k. 
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Clearly, for any real form B of Be we realised a Cartan decomposition by 

(3.3) and (3.4). Conversely, starting with some Cartan decomposition B = 

= k + p for a real semisimple Lie algebra B. we can consider the complexi­

fication Be of B. which is again semisimple, and we can define 

(3.6) u := k + ip, 

which turns out to be a compact real form of Be· 

THEOREM 3.3. Let B be a real semisirrrple Lie algebra. Then B has a Cartan de­

aorrrposition. If B = k1 + p1 = k2 + p2 are two Cartan deaorrrpositions of B 
then w.k2 = k1, w.p2 = p1 for some w E Int(B). 

PROOF. We already settled the existence of a Cartan decomposition. Consider 

the compact real 

T., j = 1,2. Let 
J 1 - 1 Tl(P u2) - p u2, 

forms u. := k. + ip. of Be with corresponding conjugations 
J 2 J J 

P := (T 1T2) • By the proof of Proposition 3.1 we have 

hence 

where B is negative definite on the first summand and positive definite on 
1 

the second sullllllB.nd. However, Bis negative definite on P4u2 by (I.I) and 

Prop 1.9. Hence P1u2 c u 1, so Piu2 = u 1 by equality of dimension. Leto be 

the conjugation of Be with respect to B· Then OT.= T.O (j=l,2). Hence 
t t t J J t 

oP =Po for all real t, so P E Aut(B)· The transformations P form a 

continuous one-parameter group of automorphisms of B· Thus Pt = exp tX with 

X E Der(B) ad(B) (cf. Prop. 1.5). Hence p! E Int(B)· The theorem follows 
1 ! 

since P4 (B n u2) = B n u 1 and P4 (B n iu2) = B n iu 1• 0 

For i = 1,2 let ui be a compact real semisimple Lie algebra with in­

volutive automorphism ei. We call (u1,e 1) and (u2 ,e 2) isomorphia if there 
-I 

is an isomorphism w from ul onto u2 such that e2 = welw • 

DEFINITION 3.4. An isomorphy class of real semisimple Lie algebras and an 

isomi>rphy class of compact real semisimple Lie algebras with involution are 

called dual to each other if they contain members B and (u,e) respectively, 

such that B and u are both real forms of the same.complex Lie algebra Be' 
B has a Cartan decomposition B = k + p, and u = k + ip with el~ = id, 

e1ip =-id. 



It follows from Theorem 3.3 that an isomorphy class of the one type 

has precisely one dual isomorphy class of the other type. If g and (u,6) 
belong to dual isomorphy classes then g and (u,6) are called dual to each 
other. 

The proof of the following proposition is immediate. 

PROPOSITION 3.5. Let g be a real semisirrrple Lie algebra with involutive 
automorphism e. Then 

(3. 7) B6(X,Y) := - B(X,6Y), X,Y e g, 

11 

defines a nondegenerate bilinear symmetric form on g. This form is positive 
definite if and only if e is a Cartan involution: If e is a Cartan involu­
tion with corresponding Cartan decorrrposition g = k + p then, for X e g, 
ad X is symmetric (respectively skew-symmetric) with respect to B8 if and 
only if X e p (respectively X e k). 

Observe that, with subalgebras and involutions chosen as in (3.2), 
(3.3), the form B6 is the restriction of the form BT (cf. 3.1)) to g. 

Let g be a real Lie algebra with subalgebra h. The analytic subgroup 
of Int(g) with Lie algebra ad (h) will be denoted by Int (h). The subalgebra g g 
h is called a corrrpactly imbedded subalgebra of g if the group Int9 (h) is 

compact (with its own Lie group topology). 

LEMMA 3.6. Let g be a real Lie algebra. Let s e Aut(g). Define 

s(g) 
-I 

:= sgs g e Int(g). 

Then s e Aut(Int(g)) and 

ds(ad x) ad(sX), X E g 

-I PROOF. Let X e g. Then s(ad X)s -I ad sX and s(exp ad X)s exp(ad sX). 

D 

PROPOSITION 3.7. Let g be a real semisirrrple Lie algebra with Cartan decom­
position g k + p. Then k is a corrrpactly imbedded subalgebra of g. 

PROOF. Let X e g. Then: 
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(da)(ad x) ad X - ad(BX) ad x - ex = x - x € k.. 

Hence Int9 (k.) is the identity· component of the closed subgroup 

{g E Int(g)IS(g) = g} of Int(g), which in its turn, is a closed subgroup 

of GL(g) (cf. Prop. 1.7). It follows that Int9(k.) is closed in GL(g). By 

Prop. 3.5 we have ad9 (k) c o(g;B0). Hence Int9 (k) c SO(g;B0). We conclude 

that Int9(k), being a closed subgroup of a compact Lie group, is compact 

itself. 

4. ROOT SPACE DECOMPOSITIONS 

From now on let g be a real semisimple Lie algebra with Killing form 

B, Cartan involution e and corresponding Cartan decomposition g = k + p. 
Also assume that g is a noncompact Lie algebra, i.e. dim p ; O. Then p 

always contains nontrivial abelian subspaces, namely the I-dimensional sub­

spaces. Thus the maximal abelian subspaces of p have nonzero dimension. 

LEMMA 4.1. Let a be a maximal abeUan subspace of p. Choose X E a suah 

that 

(4. I) 

has minimal dimension. Then Px = Gt. 

PROOF. Clearly Gt c Px c p. Suppose there exists Z'E Px\Gt. Then for some Y 

in Gt we have [Y,Z] ; 0 and thus [X+tY,Z] ; 0 if t ; O. Since ad X and ad Y 

are symmetric (Prop. 3.5) and mutually collDlluting endomorphisms, it follows 

that ker(ad(X+tY)) c ker(adX) for sufficiently small nonzero t, i.e. 

Px+tY c Px· But then Px+tY = Px by the choice of X. Hence [X+tY,Z] = o, 
which is a contradiction. 

THEOREM 4.2. The maximal abelian subspaces of p are mutually conjugate under 

Int9(k). If a is a maximal abelian subspace of p then 

(4. 2) p u k.Gt. 
k€Int9 (k) 

PROOF. Let He a such that pH(cf. (4.1)) has minimal dimension. Let X E p. 

We will prove that k.X E Gt for some k e K := Int9(k.). The function 

k ~ B(H,k.X) is continuous on the compact (cf. Prop. 3.7) Lie group K, 



so it attains a minimum for some k0 E k. Hence, for all T E Q: 

Now [k0 .X,H] E [p,pJ c k and B is negative definite on k, so [k0 .X,H] = O. 
Hence k0 .x E pH= a (cf. Lennna 4.1). This settles (4.2). 
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Finally, let a and H be as above and let a' be another maximal abelian 
-I subspace of p. Let k EK such that k.H Ea'. Then [H,k .X] = 0 for all 

X Ea', so k- 1.a• c pH= a. Hence k- 1 .a'= a because a' is maximal abelian. D 

REMARK 4.3. Let a be a maximal abelian subspace of p and let b be a subset 
of a. Let zb(p) denote the centraliser of b in p and Zb(K) the centraliser 
of bin Int9 (k). Then, in the same way as for Theorem 4.2, it can be proved 
that 

zb(p) = U k.a. 
kEZb (K) 

(4. 3) 

DEFINITION 4.4. The (real) ra:nk of the real semisimple Lie algebra g 
is the dimension of a maximal abelian subspace of p. 

In view of Theorem 3.3 and 4.2 the rank of g is well-defined. 

(4.4) 

Fix a maximal abelian subspace a of p. For a E a* define 

g := {X E 91 [H,X] a a (H)X VH E a}. 

k + p 

a Ea* is called a root of the pair (g,a) if a~ 0 and dim ga > 0. Let ~ 
be the set of all roots. Since the endomorphisms ad H (HEa) of g are sym­
metric w.r.t. Be and mutually connnuting, we have the root space decomposi­
tion 

(4.5) g = go + l 
ClE~ 

g • 
a 

This is a direct sum of vector spaces, orthogonal with respect to Be. Clearly, 
~ is a finite set. Obviously we have 

(4.6) 
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In particular, eg0 = g0 , so g0 = (g0 n 12.) + (g0 n p). Since a is maximal 

abelian in p, we have g0 n p = a. Let m be defined as the centraliser of 

a in k. Then m = g0 n k, so 

(4.7) go = m + a. 

It is also clear that 

(4.8) 

so g0 , and hence m, are subalgebras of g. 
It follows from (4.6) that a E E iff -a E E. Make a* into an ordered 

vector space. Let E+ denote the set of positive roots. Define 

(4.9) It := l g • 
aEE+ a 

Because of (4.8) It is a nilpotent subalgebra of g. 
Let a€ E+, X € g_a· Then X = (X+eX) - ex€ (ga+g_a) n k + ga. Hence 

g = g0 n k + a + l (g +g ) n 12. + l g • 
aEE+ a -a aEE+ a 

Thus 

(4.10) g=k+a+n (direct sum of vector•spaces). 

This is called the Iwasa:wa deaomposition. 

5, THE ROOT SYSTEM E 

The Killing form B restricted to a is positive definite, For A € a* 

define AA E a by 

(5. I) A(H) VH E a.. 

Define an inner product<,,,> on a* by 

(5.2) 
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LEMMA 5.1. Let a E Land choose X E g \{O} such that, possibly after a a 
rrrultiplying X with a nonzero real scalar, a 

(5.3) B8 (x ,X ) = 2/<a,a> a a 

Define 

x := -ex a' H := [X ,X J. -a a a -a 
(5 .4) 

x E g_a• H E a, -a a Then 

2A 
(5 .5) H a =---

a <a,a> 

[H a'Xa J 2X a' [H a'X-a J -2X -a 
(5.6) 

Thus Xa,Ya,Ha span a suhalgebra of g isomorphic to -0!(2,JR) and they form a 
standard basis for this copy of -Ol (2, :R) • 

PROOF. Ha E g0 and 8Ha = -Ha' so Ha E a. For all H E a we have 

B(HN,H) = B([X ,X J,H) = B([H,X J,X ) 
~ a -a a -a 

2 (H) 2A = a(H)B(X X ) = a(H)B (X X ) = _a __ = B(--a-) H). a' -a e a' a <a,a> <a,a> ' 

2a(A ) 
This settles (5.5). Now [H ,X ] = __ a_ X = 2X , and similarly for the a a <a,a> a a 
other formula in (5.6). Finally, the statement about -0!(2,R) follows from 
[Hu, Example 2.1]. 0 

LEMMA 5.2. Let X,Y,H be a standard basis for -Ol(2,JR), i.e. [X,Y] = H, 
[H,X] = 2X, [H,Y] = -2Y. Let W be a finite-dimensional real -Ol(Z,"R)-module. 
Then W has a basis of weight vectors w (i.e. H.w = mw) with integer weights 
m such that for each m E Ll the multiplicities of the weights m and -m are 
equal. 

PROOF. Let W := W+iW. This naturally becomes a -Ol(2,C)-module. Let V be c c 
an irreducible subspace of W. Then V has a basis v0 ,v1, •.. ,v such that c c m 11 

H.v. = (m-2j)v. and Y.v. = (j+l)v.+I (cf. [Hu, §7.2])._ Write v. = v! + iv. J J J J J J J 
with v! ,v'.' E W. Then, since W is a -0!(2,JR) -module, we have H.v! = (m-2j)v! J J J J and Y.v! = (j+l)v! 1 and similarly for v" Thus V = V+iV, where Vis an J J+ j. c 
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irreducible submodule of W with weights m,m-2, ••• ,-m+2,-m each occurring 

with multiplicity I. Since W is a direct sum of irreducible submodules c 
(cf. [Hu, Theorem 6.3]), the same holds for W. D 

Remember the axioms of a root system, cf. Def. 2.2. 

THEOREM 5.3. E, as a sUbset of a* with inner product<.,.>, is a root 
system. 

PROOF. First we prove that E spans a* Let HE a such that a.(H) = 0 for all 

a. E E. Then (ad H)(9a.) {0} for all a. E E, so (ad H)(9) = {O}, so His in 

* the center of 9. Hence H 0 by semisimplicity of 9, so E spans a • 

Next we prove (b) and (c) of Def. 2.2. Fix a. E E and Xa.,X-a.,Ha. as in 

Lemma 5.1. Then, via the adjoint action of Xa.,X-a. and Ha. on 9, 9 becomes a 

.6l(2,R) -module. Let 8 E E. Then V := E. 7l 9o+· is a .6l(2,:JR) -submodule 
J E µ JCV. 

and 

( 2<8 ,a.> + 2j )X, 
<a.' a.> X E 9[3+ja. • 

Thus, for j = O, we obtain (c) of Def. 2.2 by applying Lemma 5.2. Again by 

Lemma 5.2 it follows that 

d' dim 9 0 • if j im 98 = .,+Ja 

This settles (b) of Def. 2.2. D 

- 2<8,a.> 
<a. ,a.> 

PROPOSITION 5.4. Let E be a root system. If a. E E then the only possible 
multiples of a. in E are ± !a., ± a., ± 2a.. 

PROOF. Let 8 = ea. E E. Then 2 < 8,a.>/<a.,a.> and 2 < 8,a.>/<8,8> are integer. D 

Note that, if E is a root system then 

(5. 7) El := fo E El~a. t E} 

and 

(5 .8) 

are reduced root systems. 



DEFINITION 5.5. Let E be a root system in E. The Weyl gr>oup W of E is the 

group of orthogonal transformation of E generated by the reflections 

A + A _ 2<A,a> 
<a,a> a EL 
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Let Ebe the root system of (g,a). The multiplicityµ of a E E is de­a 
fined by 

(5 .9) 

It follows from the proof of Theorem 5.3 that: 

PROPOSITION 5.6. Let Ebe the root system of (g,a) UJith Weyl group W. If 

a E E, w E W then µ = µ • w.a a 

We conclude this section with some corollaries of Lemma 5.1 and of the 

proof of Theorem 5.3. 

LEMMA 5.7. Let a E E. If 0 + x E g then [go,X] = g • a a 

PROOF (due to G. van Dijk). Without loss of generality we may assume that 

X = Xa as in Lemma 5.1. The Lie algebra generated by Xa,X-a and Ha acts by 

the adjoint representation on E. ~ g. with weights -2,0,2 and possibly 
]Ea. Ja 

-4,4. By the representation theory of ~l(2,lR) g has a basis of weight a 
vectors v belonging to irreducible submodules and 'each such v can be writ-

ten as v = Xa.w for some w E g0 (cf. [Hu, §7.2] and the proof of Lemma 5.2). 

COROLLARY 5.8. For each a E E, g is an irreducible ad(m)-module. a 

PROOF. Let 0 + X E g • Then, by Lemma 7.7: a 

ad(m)X + :RX. D 

COROLLARY 5.9. If q is a subalgebra of g which includes the subalgebra 
+ m + a + n then, for each a E E , q n g_a = g_a or {O}. 

COROLLARY 5.10. If a E E, 0 + X E g , 0 +YE g then [X,Y] + O. a -a 
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PROOF. Suppose [X,Y] = 0. Then, for all Z E gQ: 0 = B(Z,[X,Y]) = B([Z,X],Y). 

Choose Z such that [Z,X] = -8Y (cf. Le= 5. 7). Then Be(Y,Y) = 0. Hence 
y = o. This is a contradiction. D 

6. EXAMPLES 

EXAMPLE 6.1. Let gC be a complex semisimple Lie algebra. Use the notation 

of §2. Let u be the compact real form of gC obtained in Cor. 2.4 with 

corresponding conjugation T. Then T is an involution of (gC)R and (gC)R 

= u + iu is the corresponding decomposition into the 1 and -1 eigenspaces. 

Let BR be the Killing form of (gC)R. Then BR is negative definite on u and 

positive definite on iu by (1.4). Thus Tisa Cartan involution of (gC)R. 

Now hR is a maximal abelian subspace of iu. The root system of ((gC)R,hR) 

coincides with the root system~ of (gC,hC). If a E ~ then the root spaces 

g and ga also coincide. However, ga is considered as a complex vector a 
space of dimension 1 and ga as a real vector space of dimension 2. Since 

he is maximal abelian in gc, the centralizer of hR in u (the space m for 

(gC)R) equals ihR. Thus m is an abelian Lie algebra in this case. 

EXAMPLE 6.2. Use again the notation of §2. It follows from Theorem 2.3 that 

hR together with the vectors Xa (a E ~) span a real form g of gc. It also 

follows from Theorem 2.3 that 8 defined by 

(6. 1) e I h := -id, 
R 

ex 
a 

-x -a' 

is an involution of g. Then 1 eigenspace k of 8 is spanned by Xa-X-a (aE~), 

the -1 eigenspace p by~ and Xa+X_a (aE~). Because of (2.11) and (1.3), 

8 is a Cartan involution. Note also that the dual compact Lie algebra 

k + ip equals u as defined by Cor. 2.4. The space hR is a maximal abelian 

subspace of p. It is also maximal abelian in g. Real semisimple Lie algebras 

with this property are called normal. It can be proved that the Lie algebra 

g under consideration is unique up to isomorphism as a normal real form of 

9c (cf. [He., Theorem IX. 5. 10]). The root system of the pair (g ,hR) co-

incides with the root system ~ of (gc,hc). If a E ~ then g = ]Rx a' a 
i.e. one-dimensional. The subspace m of g has dimension zero • 

EXAMPLE 6.3. Let 9c .ol(n+ 1 ,C), the Lie algebra of all complex (n+ 1) x (n+ I) 

* matrices with trace zero (n~l). Let A denote the Hermitian adjoint of 
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of A E -Ol(n+l,ir:). Then T, defined by TA :=-A*, is a conjugate linear in­

volutive automorphism of 9c· The fixed point set of T is u := -OU(n+I), the 

real Lie algebra of all skew-hermitian (n+l)x(n+l) matrices with trace zero. 

The compact Lie group SU(n+l) has Lie algebra u, so u is a compact real 

form of 9c· Let J be the (n+l)x(n+l) matrix diag(-1,1, .•• ,1) and let 

GA := -JA*J. Then G is also a conjugate linear involutive automorphism of 

gc and GT= TG. The fixed point set of G is g := -Ou(n,1), the real Lie 

algebra of all matrices 

Let k := g nu, p := g n (iu), 8 :=GT. Then 8 is a Cartan involution for 

g and g = k + p the corresponding Cartan decomposition. We see that k con­

sists of all matrices 

(- -trB 

~ 0 :) B E U(n), 

so k is isomorphic to u(n), and that p consists of all matrices 

( 0 zl ••. zn 

I zl zl, .•• ,zn E I[;. 

\ 
0 

:.. 
z 
n 

Let a be the abelian subspace of p consisting of all matrices 

(6.2) t E lR 

It follows easily that a is maximal abelian in p. Thus g has rank 1. 

Let a E a* such that a(Ht) = t. We find that E = {a,2a,-a,-2a}. ga 
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consist of all matrices 

0 

~I 
0 

0 

so dim ga = 2n-2. 

g2a consists of all matrices 

it 0 . . 0 -it 
0 0 

0 

0 0 
it 0 . . . 0 -it 

so dim g2a = I. 

m consists of all matrices 

-!trC 0 • • • O 

0 

c 
0 

0 •••• 0 -!trC, 

0 

-z 
. I 

-z n-1 

0 

z1 '•. • ,zn-1 € IC, 

' t € lR, 

, C € u(n-1) 

In these examples, in particular the last one, some important differ­

ences can be observed between root space decompositions for complex and real 

semisimple Lie algebras: 

ii> reduced; 

dim ga = Va € ii>; 

go = h 
c 

(g ,a) 

E may be non-reduced; 

dim ga may exceed 1; 

a may be a proper subspace of g0 • 



21 

7. DYNKIN DIAGRAMS 

Let E be a root system and let E1 and E2 be the associated reduced root 

systems, cf. (5.7), (5.8). The root system Lis called irreducible if it 

cannot be decomposed into two disjoint nonempty mutually orthogonal subsets. 

Clearly, if one of the root systems L, LI' L2 is irreducible, then all of 

them are irreducible. A subset l of L is called a base of E if l is a basis 

of span(L) such that each S E L is a linear combination of elements of l 

with either all coefficients being nonnegative integers or all coefficients 

being nonpositive integers. Any base l for the reduced root system LI (which 

exists by [Hu, Theorem 10.1]) is also a base for L. We will use the nota­

tion 

( 7. I) 
2<a,S> 

:= <S,8> ' a.,8 E L. 

THEOREM 7.1. The irreducible nonreduced root systems are precisely the root 

systems 

(be) 0 := {±e.±e.(l5i<jQ'..), ±e.(l5iQ'..), ±2e.(l5iQ'..)}, l 
~ i J i i 

I , 2, ••• 

PROOF. It follows by direct verification that (be)l is a root system. (This 

can also be seen, because (be)l is the root system of ~u(l,l).). Clearly 

(be)l is nonreduced. If E = (be)i then LI = bl, so (be)l is irreducible. 

Conversely, let L be a nonreduced irreducible root system and let l 

be a base of L 1• Since each a ELI is Weyl group conjugate to an element in 

l (cf. [Hu., Theorem I0.3(c)]), we can take a El such that 2a EL. Let 

S E l\{a}. Suppose <a,S> # 0. Then a 0 and a 0 2 are negative integers and µ,a. µ, C(, 

a 0 = 2a0 2 • 
µ,et µ, a. 

Hence a 0 = -2, a 0 = -I (cf. [Hu. ,§9.4]), so fo,S} is a µ,a. a.,µ 
double link in the Dynkin diagram of (L 1,A) with <S,S> = 2<a,a>. By the 

classification theorem (cf. [Hu., Theorem 11.4]) it follows that the Dynkin 

diagram equals 

0 
a 

or 

bl := o-o 0-0~ 0 

S a 
(l 2 2). 

Now we know (cf. [Hu., §12.1]) that there exists an orthonormal basis 

{e 1, .•• ,el} of span E such that 
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r 1 = {±e.±e.(15i<j~), ±e.(15i~)} 
]_ J ]_ 

and 

b.= {e.-e. 1 (15i~-I), a= e 0 }. ]_ i+ .(.. 

We showed that 2el E: l:. The reflection associated with ei-el sends 

On the other hand, since ae.,±e.±e. =±I, 2el to 2ei' so 2e. E: L 
]_ 

2(±e.±e.) 
]_ J I. L D ]_ ]_ J 

Use the notation of §4 and 5. Let l: be the root system of g and sup­

pose that l: is irreducible. Then at most three root lengths occur in l: and 

all roots of a given length are conjugate under W(cf. Theorem 7.1 and [Hu, 

§10.4, Lemma CJ). Thus, by Prop. 5.6, the multiplicity µa only depends on 

the length of a E: l:. Below we list the possible Dynkin diagrams for irre­

ducible l:, together with the possible multiplicities. A mode o'µ denotes a 

single root with multiplicity µ. A node@µ I [µ 2J denotes a double root with 

multiplicity µ 1 for the smaller root and multiplicity µ2 for the bigger root. 

All multiplicities are assumed to be nonzero. We used [Hu, Theorem 11.4] and 

Theorem 7. I • 

(be.) I : 

µ µ µ µ 

µ µ µ µ /0].I 

o---o-... --o----o '-oµ 

~ ... -o µ µ µ µ 
µI µI µ2 µ2 

0---0 ~ 0---0 

It can be shown that two real semisimple Lie algebras which have the 
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same Dynkin diagram and multiplicity function, are isomorphic. However, the 

proof is indirect, using the Dynkin diagram of g , cf. Ch. V. 
c 
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Chapter II 

REAL SEMISIMPLE LIE GROUPS 

B. HOOGENBOOM 

In this chapter the basic structure theory of real semisimple Lie 

groups is developed. It is assumed that the reader knows the basic theory 

of Lie groups, cf. for instance eh. II of HELGASON'S book [He]. 

As in Ch. I, most of the theory is developed parallel to parts of 

[He]: see eh. IV (§3), eh. V (§6), eh. VI (§1,2,5), eh. VII (§2) and 
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eh. IX (Theorem I.I). However, in contrast to [He], we do not use any 

differential geometry, and the Weyl group theory is developed here for 

symmetric spaces of the noncompact type instead of symmetric spaces of the 

compact type. Our treatise of the Iwasawa decomposition is mainly based 

on WALLACH'S book: see [Wal,§7.4]. 

I. ORTHOGONAL SYMMETRIC LIE ALGEBRAS 

DEFINITION 1.1. The pair (g,s) is called an orthogonal symmetric Lie al­
gebra if g is a real semisimple Lie algebra, s an involutive automorphism 

of g and the set of fixed points of s, vzhich we shall denote by k, is a 

compactly imbedded subalgebra. If, in addition kn z = (0) (Z center of g), 

then we shall call (g,s) effective. 

Let (g,s) be an orthogonal symmetric Lie algebra. Then a pair (G,K) 

is said to be associated with (g,s) if G is a connected Lie group with Lie 

algebra g, and K is a Lie subgroup of G with Lie algebra k. 
Clearly, if g is a noncompact semisimple real Lie algebra and 8 is a 

Cartan involution of g, then (g,8) is an effective orthogonal symmetric 

Lie algebra; such orthogonal symmetric Lie algebras are said to be of the 

noncorrrpact type. 

If G is a Lie group, and a an automorphism of G, then we shall write 

G for the set of fixed points of a in G, and (G )0 for.the identity com-a a 
ponent of Ga. 
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DEFINITION 1.2. The pair (G,K) is called a syrronetric pair if G is a connected 

Lie group, K a closed subgroup of G and there exists an analytic involutive 

automorphism a of G such that (Ga)O c Kc Ga. If, in addition, AdG(K) is com­

pact, (G,KJ is called a Riemannian syrronetric pair. 

If (G,K) is a syrrnnetric pair, we shall always let TI denote the canon­

ical projection of G onto G/K, and we put o := n(e). G will be considered as 

a Lie transformation group of G/K, and for g E G we define a diffeomorphism 

T(g) of G/K onto G/K by T(g)•g'K := gg'K (g' E G). 

In view of what we have said already, the following lerrnna is obvious: 

LEMMA 1.3. Let (G,K) be a Riemannian syrronetric pair, a an involutive auto­
morphism of G such that (G )0 c Kc G • Let g,k be the Lie algebras of G,K, a a 
respectively. Let s := da. Then (g,s) is an ortfiogonaZ syrronetric Lie algebra. 

In the situation of Lerrnna 1.3 a is uniquely determined bys. If, in 

addition, (g,s) is of noncompact type, then s is uniquely determined by k, 
hence a is uniquely determined by K. 

REMARK 1.4. Let (g,s) be an orthogonal syrrnnetric Lie algebra, and (G,K) a 

pair associated with (g,s). Then (G,K) is not necessarily a Riemartnian 

syrrnnetric pair, because (i) it may be impossible to lift s to G, (ii) K may 

not be closed. However, if s can be lifted to an involutive automorphism of 

G, say a, then we may choose K :=Ga (or K := (Ga) 0;, and (G,KJ becomes a 

Riemannian syrrnnetric pair. For example, let g be ~ noncompact semisimple Lie 

algebra, e a Cartan involution of g. Let G := Int(g), or a simply connected 

Lie group with Lie algebra g, then e can be lifted to G (cf. Theorem 3.3). 

One of the main facts for Riemannian syrrnnetric pairs is that they give 

rise to so called Riemannian syrrnnetric spaces (which will be defined in 

due course), and that all Riemannian syrrnnetric spaces arise in this way. 

Thus the classification of Riemannian syrrnnetric spaces can, via Lerrnna 1.3, 

be reduced to the classification of certain orthogonal syrrnnetric Lie alge­

bras, cf. [He, eh X]. These things, however, lie outside the scope of this 

book. 

DEFINITION 1.5. ([War, p.52]). Let M be a C00-manifold. A Riemannian struc­
ture on Mis a choice of a positive definite inner product Q(.,.)m on each 

tangent space Mm' such that if X,Y are C00-vector fields, then Q(X,Y) is a 

C00-function on M. If Q is not positive definite, but only non-degenerate, 
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we'll speak of a pseudo-Riemannian structu:t'e on M. A differential manifold 

together with a (pseudo-) Riemannian structure is called a (pseudo-) 

Riemannian manifold. 

DEFINITION 1.6. Lat M be a Riemannian manifold.Mis called a Riemannian 

symmetric space if for all m E M there exists an involutive isometry sm such 

that m is an isolated fixed point of s • s is called the symmetry around m. 
ID ID 

REMARK 1.7. What we have called a Riemannian symmetric space is called in 

[He] a Riemannian globally symmetric space. 

THEOREM 1.8. Let (G,K) be a Riemannian symmetric pair. Then there exists a 

G-invariant Riemannian structure Q on G/K, and in each such Q the manifold 

G/K is a Riemannian symmetric space, with s0 given by s 0 (gK) = (ag)K (a the 

invoiutive automorphism of G such that (G0 ) 0 c K c G0 ). 

PROOF. Let do and dTI denote the differential of a and TI at e. Let g,k denote 

the Lie algebras of G,K,respectively. Let p := {X E g: da(X) = -X}, then 

g = R + p. Let X E p, k EK. Then a(exp Ad(k)(tX)) = k exp(-tX)k-I => 

da(Ad(k)X) = -Ad(k)X. Hence p is AdG(K)-invariant. 

Let T0 denote the tangent space to G/K at o, then dTI: g -+ T0 , ker(dTI) = R, 

and dTI: p-+ T0 is a linear bijection. Now 

(I. 1) dTI 0 Ad(k)X d<(k) 0 dTI(X), k EK, x E p. 

, -I 
(This follows because (exp Ad(k)(tX)).K = (k exp(tX)k ).K = <(k)TI(exp(tX)). 

Now there exists an AdG(K)-invariant inner product B on p (since AdG(K) is a 

compact group). Define Q0 := B 0 (dTI)-I, then Q0 is a d<(k) (k EK) invariant 

form on T0 • Denote the corresponding symmetric bilinear form on T0 x T0 also 

by Q0 • Now define a bilinear form Q ( ) on (G/K) ( ) x (G/K) ( ) 
< g .o < g .O < g .o 

(<(g).o E G/K) by 

(I. 2) Q<(g).o (d<(g)(X),d<(g)(Y)) := Q0 (x,Y), X,Y E p. 

Q<(g).o is well defined because Q0 is AdG(K) invariant. Now it follows that 

<(g).o-+ Q ( ) is a G-invariant analytic Riemannian structure on G/K (be-
' g .o ' 

cause <(g) is analytic for all g E G). But on the other hand, each G-invariant 

Riemannian structure on G/K arises in this fashion from an Ad(K)-invariant 

quadratic form on p. 
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Let so be defined by solgK) := lcrg)K, then Su is an involutive diffeo­

morphism of G/K onto itself, and (ds0) =-Id. Now, let g E G, X,Y E 
1 °-1 

(G/K)T(g).o· Then dT(g- J(X) E T0 , dT(g )(Y) E T0 • It follows from the 

definition of s0 that 

(I. 3) s0 ° T(g)(xK) = cr(gx)K = cr(g)cr(x)K = (Tlcr(g)) o s0)(xK). 

-1 -I 
Thus so 0 T(g) = T(cr(g)) 0 so. Let Xa := dT(g )(X), Yo:= dT(g )(Y). Then 

Q(X,Y). 

Hence s0 is an isometry. But for an arbitrary point in G/K, say T(g).o, the 

synnnetry around T(g).o is given by 

(I .4) -I 
s ( ) := T(g) o SQ o T(g ). 

T g .o 

This being an isometry the space G/K becomes a Riemannian symmetric 

space. D 

REMARK 1.9. The converse of theorem 1.8 is also true. This lies, however, 

again outside the scope of this book, the proof being more difficult than 

that of Theorem 1.8. But for the sake of completeness, we shall state this 

converse here, for the proof see [He, Theorem IV.'3.3 (i) and (ii)]: Let 

M be a Riemannia:n symrnetnc space, Zet ~ be a fixed point in M and Zet s0 
denote the symmetry around m0 • Let G := I0 (M) (that is, the connected com­

ponent of the identity of the group of aU isometnes of M), and 'let K be 

the subgroup of G Zeaving ~ fixed. Then (G,K) is a Riemannian symmetric 

pair with respect to the invoiutive automorphism cr defined by cr(g) := 

:= s0gs0 (g E G), and Mis diffeomorphic to G/K. 

2. THE CARTAN DECOMPOSITION OF A SEMISIMPLE LIE GROUP 

In this section we shall state and prove the so-called Cartan decom­

position of a semisimple Lie group. A refinement: of this decomposition, 

which to some extent gives a uniqueness condition, will be given later on, 

cf. Theorem 6.2. 

Let g be a noncompact semisimple Lie algebra over lR, let e be a Car-
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tan involution of g, and let g = k + p denote the corresponding Cartan 

decomposition of g (cf. §I.3). Then (g,e) is an orthogonal symmetric Lie 

algebra of the noncompact type. Let (G,KJ be a pair associated to (g,e), and 

assume K to be connected. Let gc denote the complexification of g, and let u 
be the compact real form of g , defined by u := k + i: p . Let T be the conjuga-c 
tion of g with respect to u (thus TI = e), and define, just as in (I.3.1), c g 
B by B (X,Y) := -B(X,TY)(x,Y E g ), B8 by Be(X,Y) := -B(x,eY) (X,Y E g). 

T T C 

Then Be = B I • 
T gxg 

LEMMA 2.1. (i) If X Ek, then ad X is skew-syrronetric with respect to Be. 

(ii) If X E p, then ad X is syrronetric with respect to Be. 

PROOF. Let x E k. Then for all Y,Z E g: 

Be(ad X(Y),Z) B ([Y ,X] 'ez) B (Y' [X, ezJ) B (Y, 8[X,Z]) - Be(Y,ad X(Z)). 

The proof for X E p is similar. D 

Now Proposition I.3.7 yields: 

LEMMA 2.2. AdG(K) is a compact subgroup of AdG(G). 

Let O(n) denote the set of all n x n orthogonal matrices, and S(n) the 

set of all n x n symmetric matrices. We shall now prove a polar decomposition 

for G, the prototype of which is given by: 

LEMMA 2.3. The mapping (O,S) + Oe8:0(n) x S(n) + GL(n,lR) is a homeomorphism. 

For a proof, cf. [Che, eh.I]. As a second step, we shall prove the polar 

decomposition for Ad(G) = Int(g). 

PROPOSITION 2.4. The mapping (k,X) + k exp(ad X): Int9 (k) x p + Ad(G) is a 

homeomorphism. 

PROOF. Let z1, ••• ,Zn be an orthonormal basis of g with respect to Be. Let 

Y,U,V E g. Then a straightforward calculation shows that Be(ad Y(U),V) = 

Be(U,(ad(8Y)(V)), hence t(ad Y) = -ad(8Y). Thus ijJ E Ad(G) ~ tiji E Ad(G). 

Now according to Lemma 2.3, each X E GL(n,lR) can be written as 
s X = Oe , where O is an n x n orthogonal matrix, and S is an n x n sym-

metric matrix. Let ijJ E Ad(G), then ijJ = oe8• Thus e28 = tijJ.ijJ E Ad(G) by 
2S 2tS the above remark. Hence e E Aut(g). Hence e E Aut(g) Vt E lR (cf. proof 
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of Prop. I.3.1), hence SE Der(g) = ad(g). 

Hence S = ad Y for some Y E g. But also ad(9Y) = _t(ad Y) - s 
-ad Y (S being synnnetric). Hence SY= -Y, or YE p. 

Thus OE Ad(G) n O(g,B9). This group has Lie algebra ad(g) n o(g,B 9) = 

= k. Now we claim that 0 is in the identity component Int9 (k) of 

Ad(G) n O(g,B9). To see this, let t + ~(t) be a continuous curve in Ad(G) 

such that ~(O) = e, ~(!) = ~. Hence, by Lemma 2.3 and the preceding remarks, 
~(t) = O(t)ead Y(t), where t + O(t) is a continuous curve in Ad(G) n O(g,B9) 

joining e and 0. Hence OE Int (k). 

Thus the map Ad(K) x p + ~d(G), defined by (~,X) + ~ead X is a sur­

jective homeomorphism. O 

The (simple) proof of the following lemma is left to the reader. 

LEMMA 2.5. Let G be a connected Lie group, Ka closed Lie subgroup of G. 
If G/K is sirrrply connected, then K is connected. 

THEOREM 2.6. Let G be a connected semisirrrple Lie group with Lie algebra g. 

Let g = k + p be a Cartan decomposition of g. Let K be the analytic sub­
group of G corresponding to k. Let Z denote the center of G. Then: 
(i) Z c K. 

(ii) The map K x p + G, given by (k,X) + k exp X is a homeomorphism of 
Kx p onto G. Moreover, K is closed. 

PROOF. It follows from the proof of Proposition 2~4 that the map P + Ad(G) 
-. - b ad X Ad( . h h' . h h given y X + e = exp X) is a omeomorp ism into, ence t e map 
p + G given by X +exp X is a homeomorphism into. Now, let H := Ad- 1(Ad(K)). 

Then H is closed,Z c H and H = KZ. From Proposition 2.4 it follows that 

Ad(G)/Ad(K) is homeomorphic with p. But also G/H is homeomorphic with 

Ad(G)/Ad(K), hence G/H is simply connected. Thus, by Lemma 2.5, His 

connected. H has also Lie algebra k, hence H = K. Since Z is discrete (g 

being semisimple, ker(ad) = O, and ad is the differential of Ad, hence 

ker(Ad) = Z is discrete), it follows that Z c K. This proves (i). 

To prove (ii), let g E G. Then we have seen that Ad(g) = Ad(k)e ad X 

with k E K, X E p. Hence g = zk exp(X) with z E Z. Since z E K (by (i)) 

it follows that the map K x p + G is injective. To prove that it is also 

surjective, assume that k 1 exp x1 = k2 exp x2 (ki EK, Xi E p). Then 
Ad(k1)ead X1 = Ad(k2)ead X2. But we have proved in Proposition 2.4 that 

the mapping Ad(K) x p + Ad(G) is a surjective homeomorphism, hence x1 = x2, 
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and thus also k 1 = k2• D 

REMARK 2.7. In the preceeding lelillilas, etc., the word "homeomorphism" can be 
replaced by "diffeomorphism". However, this would make the proofs more com­
plicated, especially 2.3, cf. [Wal, Prop. 3.2.10]. 

COROLLARY 2.8. (Cartan deconrposition). G = KAK. 

PROOF. Let g E G. Then it follows from Theorem 2.6 that g can be written as 

(2. I) g k exp X, k E K, X E JO. 

But it follows from expression (I.4.2) that X can be written as 

(2.2) 

Combination of (2.1) and (2.2) yields g 

corollary. D 

-1 kk 1 exp Hk 1 which proves the 

3. MAXIMAL COMPACT SUBGROUPS 

Let notations be as in §2. That is, g is a noncompact semisimple Lie 
algebra over lR, 8 is a Cartan involution of g. Then, as we have remarked in 
§1, (g,8) is an orthogonal SYIIlliletric Lie algebra of the noncompact type. 
Let (G,K) be a pair associated to (g,8). In this section we shall prove that 
K is connected, (G,K) is a Riemannian SYIIlliletric pair and all maximal compact 
subgroups of G are conjugate under inner automorphisms of G. 

THEOREM 3.1. (i) K is connected and closed. 

(ii) K is compact iff Z is finite. 

PROOF. It was shown in Theorem 2.6 that K0 is closed (K0 denoting the id­
entity component of K), and if we define$: K x p + G by $(k,XJ := k exp X 
(k EK, X E p), then $(K0 x p) =G. 

Now suppose there exist k 1,k2 EK, x 1,x2 E p such that k 1exp x 1 = 
k2exp x2. Then, by the fact that k EK implies that Ad(k) E O(g,Be), and 

Ad(k) colillilutes with 8 (because Ad(k)k. ck., and thus Ad(k)p c p) , we can show 
that kl= k2, x 1 = x2 , that is$ is_!_-_!_. Since $(K0xp) = $(Kxp) by the above 
remark, this implies that K0 = K. Hence K is connected and closed. 



32 

Let K* := Kfz. Then K* is compact (since k is a compactly imbedded 
subalgebra by Definition I.I, this follows from Remark I.2.6) and Z is dis­
crete. Hence K is compact iff Z is finite. 0 

COROLLARY 3.2. Suppose Z is finite. Then K is maximal compact. 

PROOF. Let K1 be a compact subgroup of G such that Kc K1 c G. Let k 1 denote 
the Lie algebra of K1• Then kl is a compactly imbedded subalgebra. But k is a 
maximal compactly imbedded subalgebra of g. (This follows from the fact 
that k is compactly imbedded, Blkxk is negative definite and Blpxp is 
positive definite, cf. §I.3.J Hence k = k1• But then by Theorem 3.1 we get 
K = K1• 0 

THEOREM 3.3. There exists an involutive, analytic automorphism e of G such 
that Ge= Kand (dS)e e. 

This makes (G,K) a Riemannian symmetric pair. 

PROOF. e is an automorphism of g. Let G be the universal covering group of 
G. Then 6 extends to G~. Calling this extension 0, then d0 =e. By Theorem 
2.6 we have Z~ c (G") 0 . Let n~:G~ + G denote the covering map, then 
ker(n~) c Z~. 0 induces an automorphism of G = G~/ker(n~), say e, such 
that n~((G~) 0 ) =Ge· Now it follows from Theorem 2.6 and Theorem 3.1 that 
Ge = K, and thus is (G,K) a Riemannian symmetric pair. 0 

Now we have to make use of the following lemma, a proof of which can 
be found in [Mos]. For about thirty years, the only known proof was Cartan's 
original proof, which uses quite deep results of Riemannian manifolds of 
negative curvature (cf. [He]). In Mostow's exposure, some of Cartan's re­
sults are proved without using any differential geometry. 

LEMMA 3.4. ([Mos,§3]). Let (G,K) be a Riemannian syrrmetric pair of the non­
compact type. Let K1 be a compact subgroup of G. Then K1 acting on G/K has 
a fixed point. 

-I COROLLARY 3. 5 • Conditions as in Lemma 3. 4. Then 3 g E G such that g K I g c K. 

-I G PROOF. g K1g c K ~ gK is a fixed point of /K under the action of K1• 0 

THEOREM 3.6. Let (G,K) be a Riemannian symmetric pair of the nonaompact type. 
Then K has a unique maximal subgroup which is also maximal compact in G. 

PROOF. AdG(KJ is by definition compact, and its Lie algebra is k. Hence k 
is a compact lie algebra. We can write k = ~ + a, with ~ semisimple and a 
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abelian. Let S and A be analytic subgroups of K with Lie algebras h and a, 

respectively. Then S is compact, by Remark I.Z.6 (h being a compact Lie 

algebra) and A is abelian. Hence we can write A= T x V (direct product), 

where T is a torus and V is analytically isomorphic to a euclidean space. 

Put K' := ST. Then K' is compact, since S and T are both compact. But K' 

and V connnute, and K' n V is a compact subgroup of V. Since V is euclidean 

this implies that K' n U = {e}. Thus K' x V is an analytic subgroup of K 

with Lie algebra k. Hence K = K' x V (direct product). Hence K' is a unique 

maximal subgroup of K. The second assertion follows from Corollary 3.5. D 

Combination of Corollary 3.5 and Theorem 3.6 yields: 

COROLLARY 3. 7. AU ma.ximaZ aorrrpact subgroups of a aonneated semisimpZe Lie 

group G are aonneated and aonjugate unde:r> an inne:r> automo:r>phism of G. 

4. THE IWASAWA DECOMPOSITION OF A SIMISIMPLE LIE GROUP 

In this subsection we shall give a global analogue of the Iwasawa de­

composition of a semisimple Lie algebra as given in (I.4.10). Thus, as in 

(I.4.10), let g = k +a+ n be an Iwasawa decomposition of the semisimple 

Lie algebra g over R. Let G be a connected Lie group with Lie algebra g, 

and let K,A and N be analytic subgroups of G with Lie algebras k,a and n, 

respectively. Then we shall prove that the mapping: 

(4.1) (k,a,n) + kan (ke:K,ae:A,ne:N) 

is an analytic diffeomorphism of the product manifold K x A x N onto G. 

The decomposition G =KAN given by (4.1) is called an Iwasawa deaorrrpos­

ition of G. 

LEMMA 4.1. Suppose g = h 1 + hz + h3 (di:r>eat sum of veato:r> spaaes), with hi 

subalgeb:r>a of g. Let H. be an anaZytia subgroup of G with Lie aZgeb:r>a h., 
i i 

and suppose that [hz,h3J c h3• Define a.: H1 x HZ x H3 + G by a.(hl'hz,h3) := 

:= h 1hzh3• Then a. is eve:r>yWhe:r>e :r>eguZar. 

PROOF. Identify the tangent space (H1 x Hz x H3)(h 1,hz,h3) with 

Hh 1 e Hhz e Hh3• Take xi e: hi. 
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Then 

Thus: 

a(h 1 exp tX 1,h2 ,h3) 

a(h 1 ,h2 exp tX2 ,h3) 

a(h 1,h2 ,h3 exp tx3) 

hlh2h3 

hlh2h3 

hlh2h3 

-I -I 
exp(tAd(h3 )Ad(h2 )X 1), 

-I 
exp(tAd(h3 )X2) , 

exp(tX3). 

-I -I 
d1ti h h (Ad(h3 )Ad(h2 )X 1 + 

I 2 3 

-I + Ad(h 3 )X2+x3). 

(L denoting left translation by p E G), since the tangent vector to the 
P -I -1 -I 

curve x exp tX at x is dLx(X). Now suppose Ad(h3 )Ad(h2 )X 1 + Ad(h3 )X2 + 

+ x3 = O. Then X1 + Ad(h2)x2 + Ad(h2)Ad(h3)x3 = 0. But x1 E h1, Ad(h2)x2 E 

h2 and Ad(h2)Ad(h3)x3 E h3 since Ch2,h3J c h3 • Hence x1 = O, x2 = O, 

x3 = o. D 

This lemma implies: 

COROLLARY 4. 2. Let g, h. , H. and a be as in Lemma 4. I. If, in addition, 
1 1 

a(H 1 x H2 x H3) is closed in G and a is injective, then a is a surjective 

diffeomorphism. 

The next lemma is taken from [Wal, Lemma 7.4.2]; it gives the proto­

type of the Iwasawa decomposition for GL(n,lR): 

LEMMA 4.3. Let O(p) be the group of all p x p orthogonal matrices. Let D(p) 

be the group of all p x p real diagonal matrices' With positive entries on 

the diagonal. Let N(p) be the group of all p x p upper triangular matrices 

with I's on the diagonal. Then the map 

(k,a,n) + kan: O(p) x D(p) x N(p) + GL(p,lR) 

is a surjective homeomorphism. 

PROOF. Suppose there exist k,k' E O(p), a,a' E D(p) and n,n' E N(p) such 
-- -I I I 
that kan = k'a'n'. Then (k') k a'n'n- a- is on the one hand upper tri-

angular with positive diagonal entries, but on the other hand an orthogonal 

matrix. Hence it is the identity, hence k = k'. Thus an= a'n'. This implies 
I -I -1 -1 that (a) a= n'n • Now n'n is upper triangular with I's on the diagon-

al, thus a' = a. Thus n' = n. 

Now we shall construct a continuous map of GL(p,R) to O(p) x D(p) x 
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x N(p). This map gives the inverse of the map (k,a,n)-+ kan, and this proves 

the lemma. Let g E GL (p, R). I.et e 1, ••• ,e be the standard basis of RP. Let 

v. := g- 1e .• Apply the Gram-Schmidt orth~gonalization process to the basis 
l. l. 

v I , ••• , v p. This 

a .. > 0 for all 
l.l. 

a(g) 

n(g) 

gives a basis u 1, ••• ,u such that u. = Z.<. a .. v. with 
p l. J-l. Jl. J 

i. Define a(g) E D(p) and n(g) E N(p) by 

'= (a~ I• .:p) 

\

all · • • a:lp) := a(g)-1 

0 a· 
pp 

Then a(g)n(g)v. = u .• Let k(g) be defined by k(g)u. =e .• Then k(g) E O(p). 
l. !1 l. l. 

Hence k(g)a(g)n(g)g e. =e. for all i. Hence g = k(g)a(g)n(g), and since 
l. l. 

g-+ k(g), g-+ a(g), g-+ n(g) are all clearly continuous, the lemma 

follows. 0 

Now, identify ad(g) and g. Let G0 denote the adjoint group of G. We 

shall prove the Iwasawa decomposition for G0 first. Let K0 ,A0 ,N0 be the 

analytic subgroups of G0 corresponding to R,a,n, respectively. Since the 

elements of G0 are endomorphisms, we can represent them by a matrix once 

we have chosen a basis for g. Hence, choose an o~thonormal basis relative 

to B6 of a,m and ga (for all a E Z). Write this as an ordered orthonormal 

* basis of g, compatible to the chosen linear ordering on a • Then, with 

respect to this basis, K0 consists of orthogonal matrices, A0 consists of 

diagonal matrices with positive diagonal entries and N0 consists of upper 

triangular matrices with I's on the diagonal. That is, K0 c O(p), A0 c D(p) 

and N0 c N(p), where dim g = p. 

LEMMA 4.4. The mapping ~: K0 x A0 x N0 -+ G0 given by ~(k,a,n) := kan is an 

a:naZytic diffeomorphism. 

PROOF.~ is clearly injective. Since K0 is compact, it is closed in O(p). 

A0 is closed in D(p). Since G0 and N(p) are both closed in GL(p,R), 

G0 n N(p) is closed in N(p). G0 n N(p) has Lie algebra ad(g) n n(p) = ad(n) 

(n(p) being the lie algebra of N(p)). Hence N0 is the identity component of 

G0 n N(p), hence closed in N(p). Letmna 4.3 implies that K0A0N0 is closed in 
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GL(p,ll). The lemma now follows from Corollary 4.2. 0 

The next theorem gives us the so-called Iwasa:wa decomposition. In fact, 

it states that the mapping~ in (4.1) is an analytic diffeomorphism. 

THEOREM 4.5. G = KAN. 

PROOF. First we prove that N0 is simply connected. By taking inverses we get 

from Lemma 4.4: G0 = N0A0K0 , hence (n,a) + naK0 : N0 x A0 + GO/Ko is a homeo­

morphism. But the mapping X + exp(ad X): p + Go/KQ is also a homeomorphism. 

Hence N0 x A0 is homeomorphic with p. Since p is simply connected, it follows 

that N0 is simply connected (NB. It is in general true that a connected nil­

potent linear Lie group is simply connected, cf. [He, §Vl.4]). Now Ad: G + G0 
and Ad(K) = K0 , Ad(A) = A0 , Ad(N) = N0 , and ker(Ad) c Z(G) c K (Theorem 2.6). 

Hence G0 = K0A0N0 ,thus G = ker(Ad)KAN = KAN. Suppose k 1a 1n 1 = k2a 2n2• Apply­

ing Ad and using Lellllila 4.4 this implies that Ad(k 1 ) = Ad(k2), Ad(a 1) = Ad(a2), 

Ad(n 1) = Ad(n2). But A0 and N0 are both simply connected, hence a 1 = a2 , 

n 1 = n2• Thus k 1 = k2• The theorem now follows from Corollary 4.2. 0 

5. THE WEYL GROUP OF E 

Let, just as in §I.5, E be the set of restricted roots, that is, the 

roots of the pair (g,a). 

DEFINITION 5.1. Let M* be the normalizer of a in K, and let M be the central­

izer of a in K. 

That is: M* {k E K: Ad(kJa c a}, 

M {k E K: Ad(k)H H for all H E a}. 

Let m denote the centralizer of a in k. 

LEMMA 5.2. M and M* have the same Lie algebra, namely m. Moreover, the group 
M* /M is finite. 

PROOF. The Lie algebra of Mis obviously m. Let m* be the Lie algebra of M*. 

* Let X E m2 • Thus, for HE a, [X,H] Ea. Hence B(ad(H)X,ad(H)X) = 

- B(ad(H) X,X) = 0, a being abelian. Hence, since B is positive definite on 

p, [X,H] = 0 for all HE a. Hence X Em, hence m = m*. 



Let 

Ad-I (M0) 

M;/M is 
0 

* . . subgroups K0 ,M0 ,M0 defined Just as for G. 

and ker(Ad) c M. Hence M*/M = Mo*/Mo· But 

G0 := Int(g), with 
-I * * = M, Ad (M0) = M 

compact (since K0 is compact) and discrete, hence finite. D 
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Then 

* REMARK 5.3. Since m* + Ad(m*) (m* € M*) induces an isomorphism of M /M into 

GL(a), we can regard M*/M as a group of linear transformation of a. 

Let W be the Weyl group of E as defined in §1.5. We shall prove here 

that W is isomorphic with M*/M. Remark that via the correspondences A-<--+ AA, 

a*-<--+ a we can regard Was acting on a instead of acting on a*. We shall 

always consider W as acting on a. We know that W is generated by the reflec­

tions s (a€ E), with s defined by 
a a 

(5. I) sN(H) := H - 2 a(H) A 
u a(Aa) a 

(H €a). 

Thus we have to prove that s E M*/M and that M*/M is generated by the s • 
a a 

LEMMA 5.4. Let a€ E. Then s E M*/M. 
a 

PROOF. Let XN, x_N, H be as in Lemma I.5.1. Put y := x 
u u a a a 

x + ex . Then YN € p, ZN € k, and [H ,Y J = 2Z ' [H ,Z J 
a a u u a a a a a 

[Z ,Y ] = 2H • Thus for all t € JR: 
a a a 

Ad(exp tZ )H 
a a 

I (-l)n (2t)n A + 
n=O (2n) ! a l 

I ( 2t) 2n+ly 
(-1) n+ 

(2n+ I)! a 
n=O 

Hence 

(5.2) Ad(exp ~TIZ )H = - H . 
a a a 

Let k0 := exp ~TIZa, then (5.2) becomes 

(5.3) 

But the hyperplane a(H) 0 is left pointwise fixed by Ad(k0), because 

a(H) = 0 implies [Za,H] O. Hence sa is the restriction to a of Ad(k0) 

(cf. [Hu, Lemma 9.1]). Since it is also clear that Ad(k0)a c a, the lemma 

follows. D 

* * k -1 LEMMA 5.5. Let k E M . If A E a , put A (H) := A(Ad(k )H) for H € a. Then 

A E E iff Ak E E. 

PROOF. Let x E ga. Then for all HE a 
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Hence 

[H,Ad(kJX] Ad(k)[Ad(k-l)H,X] 

a(Ad(k- 1)H) Ad(k)X 

ak(H) Ad(k)X. 

Let, as usual, the connected components in a - {H E a:a(H) 
a E E} be called Weyl chambers. 

0 for some 

THEOREM 5.6. Lets E M*/M. Then s perrrrutes the Weyl chambers. Also M*/M is 
sirrrply transitive on the set of Weyl chambers in a. 

PROOF. Remark first that it is enough to show the theorem for Int(g), since 
ker(Ad) c M. Let k EM* be such that s = Ad(kJla· Lemma 5.5 implies that if 
some root in E vanishes at a point H E a, then a root in E vanishes at 
Ad(k)H. Hence s permutes the Weyl chambers. 

Now we know from [Hu, Theorem 10.3] that the subgroup of M*/M generated 
by all s (a E E) is transitive on the Weyl chambers, hence M*/M is transi­a 
tive on the Weyl chambers. 

Now suppose s E M*/M such that sC = C for a Weyl chamber C. Let N de-
1 N-1 note the order of s. Choose H0 EC, and set H := N (H0+sH0+ .•• +s H0). Then 

* sH = H, and H E C since Weyl chambers are convex. Let k0 E M be such that 
s = Ad(ko)la· Then Ad(ko)tH = tH Vt E :JR. 

Ad(k0J acts as a complex linear transformation on gc, and thus we can 
consider Ad(k0 ) as an element of the analytic subgroup u0 of Int((gc)R) 
corresponding to the Lie algebra u := k + ~p (M* c K). u0 is compact (§I.2). 
Let ZH be the centralizer of iH in u0 . Then Ad(k0) E ZH. But ZH is also the 
centralizer in u0 of y := {exp(t ad(iH))lt E :JR} c u0 . Let zH be the Lie 
algebra of ZH. Then we claim that zH = zu(ia) := centralizer of ia in u. To 
see this, we only have to prove that if X E zH, then X E zu(ia). Let X E zH. 

Then X = x0 + EaEEXa, with x0 E me + ac, Xa E (gaJc. 
Then: 

0 [H,X] a(H)X , 
a 

a(H) t 0. 

Hence X 
a 

= 0 for all a E E. Hence X Em +a , hence X E z (ia). c c u 
Now ZH is the centralizer in the compact group u0 of the t·oral subgroup 

c.l(y) (c.l denoting closure), hence by [He, cor. Vll.2.8] ZH is connected. 



Hence ZH is generated by exp(ZH). Hence Ad(k0) E ZH acts as the identity on 

ia, hence on a. Thuss is the identity, hence M*/M is simply transitive. D 

From Theorem 5.6 we obtain: 

COROLLARY 5.7. M*/M is generated by the refiections sa (a E L). 

Now combination of Lennna 5.4 and Corollary 5.7 yields: 

THEOREM 5.8. W ~ M*/M. 

6. THE CARTAN DECOMPOSITION REVISITED 

PROPOSITION 6.1. Let ao c a, and Zet k EK be such that Ad(k)ao c a. Then 
3s E W such that 

(6. I) s.A = Ad(k)A VA E a0 • 

-I PROOF. Let HE Ad(k )a be -I such that z (H) = Ad(k )a (such elements exist, 
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p -I 
EK n Za0 such that HE Ad(z0 )a (by Remark I.4.3). cf. Lemma I.4.1). Then 3z0 

-I -I -I * . kz0 E M • But since z0 E K n Za0 , 

D 

Hence Ad(k )a = Ad(z0 )a, hence 

s := Ad(kz~ 1 )1a satisfies (6.1). 

The Cartan decomposition G = KAK as given in §2 has the following dis­

advantage: it is not a unique decomposition (note that only the A part can 

be unique). A refinement of Corollary 2.8 in which the A part indeed is 

unique is established here in Theorem 6.2. 

Recall that the connected components of a - {H E a: a(HJ = 0 for some 

a E L} are called Weyl chambers. Fix a Weyl chamber a+ (called the positive 
WeyZ chamber), and call a root a E La positive root if a(H) > 0 for all 

HE a+. Let A+ := exp(a+). Now it is clear from Corollary 2.8 and Theorem 

5.6 that each g E G can be written as g = k 1ak2 , with ki E Kand a E cl'.(A+J. 

We claim that the a E Cl(A+) in the above decomposition is unique. To see 
I k 1 • h k k 1 + this, suppose that k 1 exp H1 k1 = k2exp H2 2 wit i, i EK, Hi E a 

Thus for some k, k' E K we have k exp H1k 1 = exp H2• By applying the Cartan 

involution 8 we get k exp(-H1)k' = exp(-H2). Hence exp(Ad(k)(-2H 1)) = 

= exp(-2H2). Thus Ad(k)H 1 = H2 , since Ad(kJH 1 E p and exp is 1-1 on p. But 

Proposition 6.1 states that there then exists s E W such that sH 1 = H2• 

Now [He, Th.Vll.2.22] states that the only element of the Weyl group which 
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sends an element of a Weyl chamber to another element of the same Weyl 

chamber is the identity. Hence H1 H2• Thus we have proved: 

THEOREM 6.2. G = KCl(A+)K, that is, each g E G can be written as g 

with k. EK a:nd a E Cl(A+). In this decorrrposition a is unique. 
i 
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Chapter Ill 

SEMISIMPLE LIE GROUPS FROM A GEOMETRIC VIEWPOINT 

AM. COHEN 

In Chapter II the Cartan decomposition and the Iwasawa decomposition 

for a connected real semisimple Lie group G have been discussed. In this 

chapter we shall deal with yet another decomposition, named after Bruhat, 

and some of its geometric consequences. 
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More specifically, we shall discuss the topic of 'B,N-pairs'. The 

prosaic name of this topic is connected with two particular subgroups of G, 

usually denoted by N and B. However, in the present text B stands for the 

Killing form and N is a nilpotent subgroup not contained in M*A, the 

(biggest possible) group N of the B,N-pair in G. Therefore, we shall from 

now on refer to a B,N-pair as a Tits system, thereby displaying the name of 

its founder (see TITS [TI] and the references therein). The groups B0 , N0 
that appear in the sequel will play the roles of B,N in Tits' theory. 

The geometries of our interest will be based on the cosets with respect 

to a maximal subgroup of G containing B0 . 

I. THE BRUHAT DECOMPOSITION OF A REAL NONCOMPACT CONNECTED SEMI-SIMPLE LIE 

GROUP. 

In this section, G is a real noncompact connected semi-simple Lie 

group with finite center. e,g,k,p,a,n,m,K,A,E,N,M,M*,w are as defined in 

Ch. I and II. The material of this section is taken from HELGASON [He], 

STEINBERG [S] and WARNER LW]. 

I.I. Since Ad(m) form EM fixes a pointwise, it stabilizes each g (a E E). 
a 

Therefore, M centralizes A and normalizes N. Similarly, M* normalizes A. 

* Thus B0 = MAN and N0 = MA are subgroups of G. Moreover, B0 and N0 are 

closed in G and have Lie algebras b0 = m + a + n = g0 + n and m + a res­

pectively. Write H0 = B0 n N0 • 
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LEMMA (i) B0 is semidirect product of M and (normal) AN, but also of MA and 
(normal) N. 

(ii) N is nilpotent and simply connected, and consists solely of unipotent 
elements. 

(iii) A is abelian. 

(iv) H0 =MA is normal in M*A and w ~ M*A/MA. 

PROOF. (i), (ii), (iii) Straightforward in view of the previous chapter. 

(iv) If x E H0 = B0 n N0 , then there are m EM, m' EM*, a,a' EA and 

n EN with x =man= m'a' (according to the definition of B0 and N0). Thus 
-I 

(m') man= a', and n =I by uniqueness of the Iwasawa decomposition. This 

yields x = ma E MA, whence H0 .::_ MA. The converse is trivial. 

Finally, W ~ M*/M ~ M*A/MA owing to Theorem II.5.8 and a standard 

isomorphism lemma. LJ 

1.2. From now on, we shall identify the two groups Wand M*/M. For w E W, 

let m be an element of M* that maps onto w under the natural projection w 
M* + W (in other words, such that w = mwMJ. We are mainly interested in 

cosets of B0 in G indexed by elements of M*. For w E W, the left coset · 

mwB0 , the right coset B0mw and the double coset BOmwBO do not depend on the 

particular choice of mw' as M .::_ B0 • Thus there is no harm in writing wB0 , 
B0w and B0wB0 respectively, and we shall frequently do so. In fact, this 

remark applies to cosets of any subgroup of G containing M. Also for X a 

subset of W, we write B0xB0 to denote UxEX B0xB0_, and so on. 

THEOREM (BRUHAT'S LEMMA). Let G be a real noncompact connected semi-simple 
Lie group with finite center. Retain the notations of above. Then G = B0i.ra0 
and, for w,w' E W, the equality B0wB0 = B0w1 B0 is equivalent tow= w'. 

This result is the socalled Bruhat decomposition. It states that G con­

sists of double cosets of B0 indexed by N0 . Thus knowing B0 , N0 and their 

interaction under multiplication determines knowledge of G. For complex semi­

simple Lie groups, such a decomposition also exists. 

Before going into the consequences of this celebrated 'lemma' we shall 

present Harish-Chandra's proof in five steps, four of which are lemmas. 

The first of these is a general lemma about nilpotent Lie groups. 

1.3. LEMMA. Let V be a connected Lie group with nilpotent Lie algebra v. 
(i) The map exp: v + V is regular and surjective. 
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(ii) If V is simply connected, then exp: v + V is a diffeomorphism. 
(iii) If U is an analytic subgroup of V and V is simply connected, then U 

is simply connected and closed in V. 

PROOF. (i) We proceed by induction on dim V. If vis abelian, then state­
ment (i) is well known. 

Suppose Vis nonabelian (hence, dim V > I). Let c be the center of v, 
and write C = exp c. Then C is the connected component of unity of the cen­
ter of V, so C is a closed connected normal subgroup of V. Therefore, V/C 
is a connected Lie group with Lie algebra v 1 = v/c. As dim v/c > 0 and 
dim c > 0, the induction hypothesis yields that exp: v 1 + V/C and 
exp: c +Care regular and surjective maps. Thus, if v E V, there are X E v 
and c E C such that v = (exp X)c, and there is Y E c with exp Y = c, so that 
v = (exp X)(exp Y) = exp(X + Y). This shows that exp:u + U is surjective. 

In order to establish regularity, suppose that for X,Y E v we have 
d expX(Y) = O. Then YE c as exp: v 1 + v/c is regular. But exp(X + tY) = 
(exp X) (exp tY), sod expX(Y) = 0 implies Y = O, proving regularity of exp. 

(ii) Again, we use induction on dim V, the abelian case being well known. 
If V is simply connected, then so is V/C. Therefore, the induction 

hypothesis yields that exp: v 1 + V/C is injective. Let u be a linear sub­
space of v complementary to c. If expX1expY 1 = expX2expY2 for x1,x2 E u 
and Y1,Y2 E c, then x1-x2 E c by the injectivity just established. But also 
x1-x2 E u, so that x1 = x2• This shows that the map (u 1,u2) + u 1u2 from 
(exp u) x C to V is a diffeomorphism, so that C is simply connected. By 
the induction hypothesis, exp: c + C is injective. Now suppose that expz 1 
= expZ2 for z 1,z2 E v. There are x1,x2 E u and Y1,Y2 E c such that Zi =Xi+Yi 
(i=l,2). Thus expX1expY 1 = expX2expY2, and, reasoning as above we get that 
x1 = x2• Injectivity of exp: c + C yields that Y1 = Y2, hence that z 1 = z2, 
so that exp: V + V is injective. 

Being bijective and regular, this map must be a diffeomorphism. 

(iii) This is iDmlediate from (ii). D 

1.4. Since N is a nilpotent simply connected Lie group with Lie algebra 
n, we know that N and n are diffeomorphic by means of exp from what we have 
just seen. Here is a collection of diffeomorphisms in the other direction. 

LEMMA. Take H E a with a(H) # O for all a E ~. Denote $: N + n the map given 
by 
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<P (n) (Ad(n)-I)H (n E N). 

Then <P is a diffeomorphism of N onto n. 

PROOF. Let n EN. There is X E n with n =exp X. Clearly, <P(n) = 

= (exp(ad X)-I)H En as [a,n] c n. If n 1 EN with <j>(n) = <P(n 1), then 
I -1 I- -I I 

Ad(n) H = Ad(n )H, so Ad(n n ) fixes H. Suppose Y E n satisfies n n 

exp Y. Then exp(ad Y) H H. We claim that this implies Y = 0. Write 

Y = Il3E2:,l3>0 Y13 , where Y13 E 9 13 . 

If Y f 0, then there is a E I+ with Y =Ya + Il3E2:,l3>a Y13 and Ya ~ O, 

so that exp(adY)H E H - a(H)Y + e 0 ~ a 90 • a ,,E,,,,,>a ,... 
Thus exp(adY)H j H as a(H) # 0, contradiction. 

- I I . I Hence Y = O, and n n = I, so that n = n • We have shown that <P is in-

jective. 

Next we establish surjectivity. Suppose there is Z En - <P(N). Then 

z # 0 as <P(l) = o. Write z za + Il3E2:,13>a zl3' where za # 0. As L has finite 

cardinality, we may choose Z such that U = Il3>a,l3E2: u13 with u13 E 9 13 implies 

U E <P (N). 

Now the choice of H implies that ad H is nonsingular on n. Thus there 

is z 1 E n\{O} with [H,z 1J = Z. Put n 1 =exp z 1 and consider Ad(n 1)(H+Z)-H. 

This element is contained in e 9 and hence, by the 'minimality' 13E2:,13>a 13 
assumption on z, in <j>(N). Thus, for some n2 EN, we have 

which amounts to <P(n~ 1 n2 ) = z. This yields surjectivity of <j>. 

It remains to derive that <P is regular at any point n of N. Since for 

free parameter t and X E n, we have µ(n exp tX) = <j>(n) + Ad(n)(t[X,H]) + O(t2J 

as t + 0, we get 

(d<j>) (dL (X)) = -Ad(n)(ad(H)X), 
n n 

where Ln denotes left multiplication by n. 

This shows that (d<j>) (dL X) 0 implies X = O, by nonsingularity of n n 
ad H. Hence, $ is regular at any n E N. D 

1.5. LEMMA 

(i) a + n {X E b0 Jad X has real eigenvalues only}. 
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(ii) tl = {X E b0 Jad X is nilpotent}. 

(iii) a {X E g0 Jad X has real eigenvalues only}. 

PROOF. (i) Choose a basis for g as in the proof of Lennna II.4.3. Let Z E b0 , 

Z = T + H + X with T E m, H E a, X E n.. Each eigenvalue of ad(T+M) is an 

eigenvalue of ad Z. Hence, if ad Z has real eigenvalues only, then ad(T + H) 

has real eigenvalues only. But ad T and ad H are skew-syillllletric and syillllletric 

respectively (with respect to the chosen basis) and coilllllute. Therefore 

ad T = O, so T = 0. This proves (i). 

(ii) is an easy consequence of (i). 

(iii) is straightforward. D 

1.6. LEMMA. For each x E G, b0 = b0 n Ad(x)b0 + n. 

PROOF. Since b0 obviously contains the right hand side, we need only show that 

the dimensions of the spaces at both sides of the equality sign are the same. 

Let x E G. Then x E kB0 for some k E K by the Iwasawa decomposition. As 

Ad(x)b0 = Ad(k)b0 , we may restrict to the case where x E K. 

Now n n Ad(x)b0 = n n Ad(x)n. by Lennna 1.5, and b0~ =en, so 

dim(b0 n Ad(x)b0 + n) = dim g + dim(b0 n Ad(x)b0 + n.) - dim n 

- dim b0 = dim g - dim(n. n Ad(x)b0) + dim b0 n Ad(x)b0 - dim b0 

dim g - dim(n. n Ad(x)n.) + dim b0 - dim(b0 + Ad(x)b0 ) 

dim(b0 + Ad(x)b0 )~ - dim(n. n Ad(x)n.) + dim b0 = 

dim(Sn. n Ad(x)Sn) - dim(tt n Ad(x)n.) + dim b0 = dim b0 , 

where the last equality holds since Ad(x)Sn. = 8Ad(x)n as x E K. The con­

clusion is dim(b0 n Ad(x)b0 + n) = dim b0 , as wanted. D 

1.7. PROOF OF THEOREM 1.2. Let x E G. We shall first prove that x E B0WB0 • 

Pick HE a with a(H) # 0 for all a E Z. Then by Lennna 1.6, there is X En 

with H + X E b0 n Ad(x)b0 • In view of Lennna 1.4, Ad(n)H = H + X for some 

n E N, so that Ad(x- 1n)H E b0 . But H, and hence Ad(x- 1n)H has real eigen-
. -I 

values only, so Ad(x n)H Ea+ n by Lennna 1.5. Take H1 Ea and x1 En with 
-I 

Ad(x n)H = H1 + x 1. Now the eigenvalues of ad H1 and ad H coincide, so 

a(H 1) # 0 for all a E Z. Due to Lemma 1.4, there is n 1 EN with 
-1 -1 Ad(n 1)(H 1+X 1) = H1• It follows that Ad(n.1x n)H = H1. Therefore Ad(n 1x n) 
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maps the centralizer in g of H into the centralizer in g of H1• But these 

centralizers both coincide with g0 = m +a (by an easy argument). Hence 
-I -I -I -I 

Ad(n xn1 )g0 = g0 • But then also Ad(n xn 1 )a= a owing to Leilll!la 1.5. Let 
-I -I 

n xn1 n2ak with k E K, a E A, n E N be the (reverse) Iwasawa decomposi-

tion for n- 1xnjl. Then Ad(k)a .'.:. Ad(a- 1n2- 1a) .'.:.a+ n, hence Ad(k)a .'.:. (a+n) n 

n p = a, since Ad(k) coilll!lutes with 8. Thus k E M* and n2 normalizes a. It 
-I -I * * * follows that n2 = I and that n xn 1 E AM , so that x E nAM n 1 .'.:. NAM N .'.:. 

.'.:_ B0WB0 • This proves G = B0WB0 • 

I * I Suppose that for m,m E M , we have B0mB0 = B0m B0 • 
I I I I 

Then m E B0m B0 NAMm MAN = Nm MAN, so after replacement of m by an 

1 I • I I . h e ement of m M, we may assume the existence of a E A and n,n E N wit 

nm= m1a 1n 1• Now for HE a, we have Ad(nm)H E Ad(m)H + n, and Ad(m1a 1n 1)H E 
I ~ -I I -I I 

E Ad(m )H + g0 • Thus Ad(m m )H = H for any H E a, whence m m E M and 

m1M = mM, as wanted. This ends the proof of Theorem 1.2. D 

1.8. Bruhat's lemma has a refinement which we intend to discuss now. Set 

en (= ~ - g ) and N = exp n = SN. 
ClE L a 

LEMMA. Bo n N {I}. 

PROOF. Let x E B0 n N • Then x =man for certain m EM, a E A, n E N by 

Theorem II.4.5. Choose H E a with a(H) # 0 for all a E E. By (a slight 

generalization of) Leilll!la 1.4 there are x1,x2 En, Y1 E n such that 

H + Y1 = Ad(x)H = Ad(ma)(H+X1) = H + x2• Hence YI = O. Consequently, Ad(x) 

fixes H, and by a reasoning as in the proof of Theorem 1.2, we get x EMA. 

As MA n N {I}, it follows that x = I. D 

1.9. For w E W (pick mw EM* with w mwM' as before and) set 

and set N 
w 

u w 

n = n n Ad(m )n, 
w w 

u = n n Ad(m )n-
w w 

exp(uw), 

exp(u ) • 
w 

Note that the notation makes sense as Ad(M) stabilizes both n and n . More-

over, it is easily seen that n 
w 
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LEMMA. Let V be a niipotent simply connected Lie group ~ith Lie algebra v. 

Suppose v = v0 ~ v 1 ~ ••• ~ vr ~ 0 is a chain of ideals of v such that 
[v,v.J c v. 1 for all i (0$i$r). If u 1 and u2 are ~o linear subspaces of v 

l. - i+ 

such that vi = u 1 n vi $ u2 n Vi for all i, then the map (X,Y) + expXexpY 

(X E u 1,Y E u2) is a bijection from u1 x u2 onto V. 

REMARK. With a little more effort one can show that this map from u1 x u2 

to Vis in fact a diffeomorphism (cf. [He, Lemma VI.5.2]), 

PROOF. Injectivity is a consequence of Lemma l.3(ii). As for surjectivity, 

this will be established by induction on dim V. As Vr = exp vr is a closed 

subgroup of V contained in the center, we have by induction that (X,Y) t+ 

(expX)(expY)Vr (XEu 1,YEu2) is a surjective map from u1 x u2 to V/Vr. Thus, 

for any v E V, there are X E u 1, YE u2 , Z E vr such that v = (expX)(expY) 

(expZ). 

Writing Z = z1 + z2 with Zi E ui n vr (i=I,2), we get v exp(X+Z 1) 

exp(Y+Z2) and hence the desired surjectivity. D 

1.10. PROPOSITION. N and U are closed simply connected subgroups of N. w w 
Furthermore, Nw n Uw = {I} and N =NU =UN • w w w w 

PROOF. Straightforward application of Lemma 1.3 establishes the first state­

ment, and N n U = {I}. As for N =NU =UN , this follows from the 
W W WW WW 

preceding lemma (where for the (Vi)J$i$r one may take the collection 

($SEL,B~ags)aEL+)· D 

I.II. For w E W, and Ca subset of G normalized by H, write Cw= w- 1cw. Then 
w w Nw = Nw-I and Uw = 6(Uw_I). The latter subgroup of G will also be denoted 

u:_ 1• These notations enable us to rewrite B0wB0 as follows: 

We claim that Uw parametrizes the left cosets B0wB0/B0 of B0 in B0wB0 
properly: 

LEMMA. 

(i) G = U UwwB0 
WEW 
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is regular and bijective. 

PROOF. (i) results from Theorem 1.2 and the remark just made. 

(ii) Let~ be the map u1+ uwB0 under consideration. It is surjective by (i). 
I I -I -I I w -I Suppose uwB0 = u wB0 for u,u E Uw. Then mw u u mw E B0 n Uw .::_ B0 n N = 

={I} according to Lemma 1.8, so that u = u 1. This yields that~ is injec­
tive. It remains to settle regularity. For X E uw, we have u(exptX)wB0 = 
=um exp(tAd(m- 1)X)B0 , so that d~ (X) = dL (Ad(m- 1JXmodb0). Therefore, 

W W -I u _ ull\v W 
d~ (X) = 0 implies Ad(m )X E b0 n n 0, whence X 0. D u w 

1.12. Next, topologize the quotient space G/B0 by its natural quotient top­

ology, i.e., such that the natural map G + G/B0 is open and continuous. Note 
that G/B0 is a Hausdorff space as B0 is closed in G. 

For a E l• put µ = dim g (as in (5.9) of Chapter I) and for r c ~ set µ(f) a a 
= laEf µa. 

PROPOSITION. (i) dim B0wB0/B0 = µ(l+nwl-) for any w E W. (ii) There is a 
unique w0 E W with w0I+ = l-· This element is an involution (i.e., w~ = I). 
Mo:t'eover, B0w0B0 is open and dense in G. 

PROOF. (i) dim B0wB0JB0 =dim Uw dim uw = µ(l+nwI-) in view of I.II. 
(ii) The first statements are well-known propert~es of Weyl groups, see 

BOURBAKI [Bou, Ch VI, no0 1.6]. 

Since g = n ED b0 and N- n B0 ={I}, the map (n,b) 1+ nb from N x B0 to 
G is open and injective. It follows that N-B0 /B0 is open in G/B0 and that 

n1+ mwnB0 defines a diffeomorphism from N- onto mwN-B0/B0 for any w E W. But 
U-w-1 is a closed connected subgroup of N-, so UwwB0 /B0 = mwU_w_IB0/B0 is 

regularly embedded in mwN-B0/B0 (i.e., its topology as a submanifold is the 
induced topology), which is open in G/B0 • Hence, UwwB0/B0 is regularly em­
bedded in G/B0 • Since, according to (i), dim UwwB0/B0 = µ(l+nwI-) < µ(L+) = 

= dim uw0w0B0/B0 if w f w0 , we obtain that B0w0B0/B0 , being the complement 

of the strictly lower dimensional subvariety UwEW\{w }B0wB0/B0 , is open and 
dense in G/B0 • This yields that B0wB0 is open and deRse in G. D 

1.13. Let R be the set of fundamental reflections of W, whose members are 

the reflections sa (see (5.1) of Chapter II) for a E ~.i.e. the reflec­

tions corresponding to fundamental roots. 



The set l+ n Wl- appearing in the foregoing proposition has a very 

explicit description. For w E W, denote by l(w) the length t of a minimal 

expression w = r 1r 2 ••• rt of was a product of fundamental reflections 

r. (ISiSt), also referred to as the tength of w. 
1. 
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LEMMA. Let w E W and r E R. Suppose a is the fundamentai root corresponding 

to r. Then 

(i) ltwr) = l(w) ± I. 

(ii) l(rw) > l(w) iff a E r n wt 

(iii) l(wr) > l(w) iff a E r n w-lr 

(iv) l(rw) < l(w) iff a E t n wI-

(vJ l(wr) < l(w) iff a E r n w-lr 

(vi) If w = r 1r 2 ••• rt· is a minimai expression of was a product of funda­

mentai refZections ri (ISiSt), then l+ n wI- = {r 1r 2 ••• ri-laiiai is a posi­

tive root of r.; ISiSt}. 
1. 

(vii) If l is reduced, then l(w) =II+ n wI-1. 

(viiiJ The unique eZement w0 in W with w0I+ = l- (cf. Theorem II. 5.6 and 

Proposition 1.12) satisfies l(w) + l(ww0) = l(w0). 

PROOF. See BOURBAKI [Bou, Ch. IV no0 1.7, Ch. VI no0 1.6] for (i), (vi) 

and (viii). The other statements are easy consequences. D 

w0 is called the opposite invoZution or just iongest etement of w. 

1.14. We are out to determine the closure B0wB0 qf B0wB0 in G for arbitrary 

w E W and to verify the axioms of a Tits system for B0 , N0 • A collection of 

special Lie subgroups of G will be used which we shall introduce now. 

Recall that ~ is the base (or set of fundamental roots) of l• deter­

mined by an ordering on a (cf. Section 7 of Chapter I). Fix a subset J of 

~. Write L(J) = l n l J lRa. This is again a root system (see [Car, Prop. aE 
2.5.1]), whose Weyl group will be denoted by WJ. Let n(J) = eaE~(J),a>O ga 

and n-(J) = en(J), and let g(L) denote the subalgebra of g generated by 

n(J) and n-(J). Then, clearly, g(J) is a subalgebra of n(J) + g0 + n-(J). 

For c a linear subspace of g, put c(J) = c n g(J). Note that this is in 

accordance with n(J), n-(J) and g(J) as previously defined. 

LEMMA. Let J be a subset of ~. 

(i) g(J) is semisiJrrpte. 

(ii) g(J) has Cartan-decomposition g(J) k.(J) + p(J), 

(iii) a(J) is a maximai abeZian subatgebra in p(J), and a(J) 



50 

where A is defined in (5.1) of Chapter I. a. 
(iv) (g(J),a(J)) ha.s root system L(J). 

n(J) + e 
a.e:I:(J) 

is contained in g(J). On the other hand, l is a Lie algebra containing 
n(J),n-(J)(Use the Jacobi identity to verify that the part of l con-

tained in g0(J) is in fact a Lie subalgebra). 

Thus, l = g(J). Since l is a-invariant, any ad l-invariant linear sub­

space of g has an ad l-invariant complement (namely, the orthoplement with 

respect to the inner product B6 defined in (3.7) of Chapter I). Thus l is 

reductive in g, whence reductive (see Definition I.1.13). According to Lennna 

I.5.1, we also have l = [l,lJ, so that l is semi-simple by Proposition 

I. I. 14. 

(ii) Clearly, k(J) and p(J) are the eigenspaces of 8 in l. In view of 
I Definition I.3.2, it remains to show that B :(X,Y) >+ Bl(GX,Y) is a negative 

definite form on l. For X e: g, the map ad X 0 ad ex is semi-simple with real 

non-positive eigenvalues (as it is - ad X 0 (ad X)t, where the transpose 

(ad X)t is take~ with respect to -B6). Therefore (ad X)il 0 (ad 6X)ll has 

real nonpositive eigenvalues only for any X e: l, so that B1 is negative 

semidefinite. But B1 is nondegenerate, since (X,Y) t+ Bl(X,Y) is nondegener­

ate according to (i). This shows that B1 is negative definite, as wanted. 

(iii) Suppose X e: p(J) connnutes with all of a(J). Write X = x 1 + Y + x2 
with x 1 e: n, x2 e: n and Y e: g0 , and take H e: a(J) with a.(H) ~ 0 for all 

a. e: I<J). Then O = [H,X] = [H,x1J + [H,YJ + [H,x2J, so [H,X 1J = [H,YJ = 
= [H,X2J = 0 by decomposition of g. Since ad His nonsingular on l't- and 

on nit follows that x 1 = x2 = 0, whence X e: (m+a) n p(J) = a(J), as wanted. 

(iv) Is a direct consequence of earlier statements. D 

1.15. Let G(J) (respectively K(J), A(J), N(J)) denote the connected Lie sub­

group of G whose Lie algebra is g(J) (respectively k(J), a(J), n(J)). 

Writing G(J) = K(J)exp p(J) yields that in fact G(J) is a closed subgroup 

of G (note that K(J) is compact). Denote by M(J) (respectively M*(J)) the 

centralizer (respectively normalizer in K(J)) of a(J), and set B0 (J) = 
= M(J)A(J)N(J). Then M(J) is in M, since the centralizer of a(J) in k(J) is 

contained in m (to prove this, use that the centralizer of H e: a is 
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g0 + $ ~ (H) 0 g ). Moreover, the reflection s for a E L(J) of Lennna aE~,a = a a 
II.5.4 is actually defined by means of k0 in M* (J), so that -rl (J) is con-
tained in M*. 

Also, observe that l+ n wI- = L+(J) n Wl- for w E WJ (as w preserves 
L+\L+(J)), so that u u (J) and U is contained in N(J). Later on, we shall w w w 
use that for the unique involution wJ E WJ with wJL+(J) = L-(J), we have 
UWJ = N(J). 

PROPOSITION. Let J be a nonempty subset of~. Then G(J) is a noncompact 
connected semi-simple Lie subgroup of G with finite center. Thus G(J) = 
K(J)A(J)N(J) is an Iwasawa decomposition of G(J) and G(J) = U W U wB0 (J) WE J W 
is a refined Bruhat decomposition of G(J), where WJ is the Weyl group of 
L(J). Moreover, WJ ;;;' n*(J)/M(J). 

PROOF. Since J is nonempty, n(J) is nontrivial; hence p(J) I 0. So G(J) is 
noncompact. Semi-simplicity of G(J) is innnediate from the previous lennna. 
The center of G(J) is finite as K(J) is compact in regard to Theorem II.3.1. 
Thus, G(J) is a Lie subgroup as specified (cf. Lemma I.II and Theorem 
II.5.8). D 

1.16. For the moment, restrict attention to the case where J consists of a 
single fundamental root a. Then G(a),A(a), •.• will be used rather than 
G({a}),A({a}), •.•. Let r be the reflection corresponding to a(thus r = sa). 
The Bruhat decomposition reads G(a) = B0 (a) u rU:B0 (a). Moreover, Ur 

ga + g2a (where possibly g2a = O). 

The following lennna concerns multiplication of double cosets of B0 in 
G. 

LEMMA. Let w E W and r E R. Then 

(iJ BorBorBO = Bo u BorBO 
(iiJ If l(wr)>l(wJ, then B0wB0rB0 
(iii) If l(wr)<l(w), then B0wB0rB0 

B0wrB0 . 

BowBO u BowrBO. 

PROOF. Let a be the fundamental root corresponding to r. 
(i) As B0rB0 = UrrB0 we have B0rB0rB0 = B0rUrrB0 .::_ B0G(a)B0 .::_ B0B0 (a)B0 u 

u B0B0 (a)rB0 (a)B0 = B0 u B0rB0 (where in the one but last equation, the 
Bruhat decomposition for G(a) is used). On the other hand B0 .::_ B0rB0rB0 ~ 
~ B0 , for otherwise N(a) \{I}.::_ rUrr .::_ rB0r .::_ B0 , conflicting Lemma 1.8. 
(ii) Suppose l(wr)>l(w); then a E w-ll+ by Lemma I. 13 (iii). It suffices 
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to establish that wU r is contained in B0wrB0 • Let u = m ur for some r _ 1 w 
u E U • Take Y E u with u = expY. Now x = (mum )m r = exp(Ad(m )Y)m r E r r WWW w w 
E Nmwr .=. B0wrB0 as wn EI+, so that we are done. 

(iii) Suppose l(wr)<l(w); then l((wr)rJ>l(wrJ, so B0wB0rB0 = B0wrB0rB0rB0 = 
= B0wrB0 (B0uB0rB0) = B0wrB0 u B0wrB0rB0 = B0wrB0 u B0wB0 by use of (i) and 

(ii). 

This settles the lenuna. D 

1.17. The results obtained so far on the refined Bruhat decomposition are 

collected in the theorem below. 

THEOREM. Let G be a noncompaat aonneated real semi-simple Lie group with 

* finite aenter. Retain the usual notations, and put B0 = MAN and N0 = M A. 

Then the following holds: 

(i) 

(ii) 

(iii) 

(iii) l 

(iii) 11 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(ix) 

(x) 

(xi) 

(xii) 

(xiii) 

(xiv) 

PROOF. 

(i) 

(ii) 

B0 and N0 generate G. 

The group H0 = B0 n N0 is a noT'l7!ai subgroup of N0 and w = N0/H0 . 

W aontains a generating set R suah that for any w E W and r E R: 

BowBorBO .=. BowBO u BowrBO. 
-1 rB0r <j_ B0 

W is a Weyl group with root system I and opposite involution w0 . 

If w,r are as in (iii) then B0wB0rB0 = B0wrB0 iff l(wr)>l(w), where 

l(w) is the usual Length of w with respeat to R. 
W - WO -

nWEW BO - BO n BO - HO. 
B0 = H0N, where N is a noT'l7!al subgroup of B0 and H0 n N {I}. 

B0 is the normalizer of N in G. ' 

N0 is the noT'malizer of H0 in G. _ 1 
For any w E W, we have N = N U = U N , where N = N n Bw and WW WW W 0 
U = N . Furthermore N n U = {l}. 

W WWo W W -l _ 
G = U WB0wB0 = U WU wB0 = U Wm U B0 , where mw E N0 is suah WE WE _ W W WE _1w W 
that mwHO = w, and Uw = B0 0 n NW 

B0 ,N0 are alosed subgroups of G. 

A,N,N ,U (for w E WJ are alosed nilpotent sirrrply-aonneated sub­w w 
groups of G. 

HO =MA. 

is a direct consequence of Theorem 1.2. 
* . * * H0 B0 n N0 = MAN n M A = MA in M A as M is normal in M • 

* * Furthermore, N0/H0 = M A/MA = M /M = W. 
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(iii),(v) See Lennna 1.16. 

(iv) is well known. 

(vi) MA c n Bw c MAN n MANwo =MA, since according to Lemma 1.8 - WEW 0 -

(vii) 

(viii) 

(ix) 

(x) 

(xi) 

BO n NWQ =BO n N {I}. Consequently HO= MA= nwEW B~ 
is known from the construction of B0 . 

Suppose x E G normalizes N. Write x = b 1mwb 2 for b 1,b2 E B0 and 
m b1m_-bzb2-I b -I w E W (cf. Theorem 1.2). Then Nw = N --,,, c N 2 N, so 

h l' Th' . l' ,+ ,+ t at mw norma izes N. is imp ies wl = l , whence w and 

x E b 1Mb2 .::_ BQ. 

Suppose x E G normalizes H0 . Since m + a is the set of fixed points 
of Ad(H0), this subalgebra is stabilized by Ad(x). Thus Ad(x)a .::_ 
m +a. In view of Lemma 1.5, this yields Ad(x)a .::_a, whence 

* x E M A = N0 • 

Let N and U be defined as in 1.9. In view of Proposition I.IQ we 
wow-I w w w-1 

only have to prove Nw = N n B0 and Uw N n B0 . Now, Nw 
w-1 = exp(n. n Ad(mw)n.) .::_exp n n exp(Ad(mw)n) c N n B0 , 

U = exp(Vl n Ad(m__)n-) c exp n n exp(Ad(m m n) c N n w ··w - -I w--wO -
N =NU = (NnB0-1J(N n B0wow ). As N n B0wo- 1 n 

Thus 

w w -1 
N n (B0 n B0w0 )w : N n H0 = {l} owing to (vi) and Lemma 1.8, 

w I w w-l we obtain 
w-1 

Uw-1 u 
w 

to finish 

N N n B0 and U = N n B0 O as wanted. 
w -I w I 

= (N n B0wow)w NW- n B0wo. Now refer to Lemma. 1.11 

the proof of (xi). 

(xii), (xiii), (xiv) are well-known facts by now. D 

The setting of the above theorem will later be recognized as that of a 
Tits sys tern. 

1.18. We end this section with a topological consequence of the Bruhat de­
composition. 

For each fundamental root a in L with corresponding reflection r, 
choose mr E rM(a) and define Yr =Ya = Urmr. Then G(a) = B0 (a) u YrB0 (a) and 
Yr is a system of left coset representatives of B0 (a) in G(a) - B0 (a) as 
well as of B0 in B0rB0 (cf. Theorem 1.17 (xi)). Furthermore, denote by Zr 
the intersection YrA(a)N(a) n K. Then Zr is in bijective correspondence with 
Yr. For, irt view of Iwasawa's decomposition to each y E Yr there belong 
z E YrA(a)N(a) n K, a E A(a) and n E N(a) with y = zan, leading to a bi­
jection yt+ z from Y to Z. 

r r 

LEMMA. Let w = r 1r 2 .•• rt be a minimal expression of w E W with ri ER. Then 
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PROOF. (i) By Lemma I.6, we have B0wB0 = B0wrtBOrtB0 . Using induction, we 

get B0wrtBO = YrIYr2 .•• Yrt-IB0 , while B0rtBO YrtBO by construction of Yrt 
It follows that B0wB0 = YrIYr2 •.. Yrt-IBOrtBO YrIYr2 j .. YrtB0 . As for unique­
ness, if y 1 ••• y b = yII •.• y 1bI·with b,bI E B0 and y.,y. E Yr. (IsistJ, then 

-I I I I t -1 I -I i i i -1 I 
y2 ••• y b = y 1 YI···Y b • As yI YI E mrIUrimrI :::._ rIB0 r 1, we have YI YI EBO U 

t -I I t . -1 I I I 
u BOrIBO. But Y1 YI E BOrlBO would imply Yz•••Ytb = Y1 YI···Ytb E Bor2··· 
••• rtBO n B0wB0 according to Lemma 1.16, and hen~e w = r 2 .•• rt by Theorem 
1.2, which is absurd. Thus y~ 1 y: E B0 , so yI = y 1 (cf. Lemma I.II). Now 

I I lb I d f. . h b . d . A f B B y2 ••. ytb = y2 .•• y2 ... yt , an we can inis yin uction. s or 0w 0 = 
= ZrIZr2 .•• ZrtB0 , the proof is similar. 

(ii) B0wB0 = Yr 1 ••• YrtBO :::._ (B(aI)rIB(a 1))(B(a2)r2B(a2)) •.• (B(at)rtB(at))B0 :::._ 
B0r 1B0r 2B0 ••• B0rtBO = B0wB0 . As all inclusions must be equalitites, the 
proof of (ii) is settled. D 

1.19. THEOREM. Let G be a noncompact connected real semi-simple Lie group 
with finite center. Then 

(i) G/B0 is diffeomorphic to K/M, and hence compact. 

(ii) Let Sw for w = rir2 •.• rt as in Lemna l.18 be the set of elements in 
W that are products of subsequences of the expression (r 1,r2 , ... ,rt). Then 
S is independent of the chosen expression of w and w 

PROOF. (iJ The map : K + G/B0 given by kt+ kB0 (kEK) is continuous and con­
stant on xM for any x E K. Therefore, a continuous map of K/M to G/B0 is 
induced, which is surjective as G = KB0 (Iwawasa's decomposition) and in­
jective as M = B0 n K. Since K/M is compact, the map is open, too. The 
tangent space Q/m of K/M at kM for k E K, is mapped onto the tangent space 
g/b ~ Q/m (as vector spaces). Therefore, the map is regular, whence (iJ. 

(ii) B0wB0 .:::_ B(aI)rIB(aI)B(a2)r2B(a 2) ....• B(at)rtB(at)B0 = G(a 1)G(a 2) ... 
G(at)B0 by Proposition I.12(ii) applied to G(ai) (lsist). 
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But the right hand side is the image under a continuous map of a product 
of compact spaces, hence compact, and therefore closed. 
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As it contains Zr 1Zr2 ..• ZrnB0/B0 = B0wB0/B0 according to (ii), we get 
-B-0w_B_0__,/,_B-0 = B0wB0 /B0 ~ G(a 1)G(a2) •.• G(at)B0/B0 , whence B0wB0 = G(a 1)G(a2) ..• 
G(at)B0 = UwlESw B0w B0 , as wanted (to settle the latter equality, reason as 
in the proof of Lemma J.18(ii)). 

Finally, independence of Sw from the minimal expression of w follows 
since B0wB0 is independent of the chosen expression (use uniqueness of 

I . I ) D w E w in B0w B0 • 

The above theorem supplies a computational set up for the cohomology 
of G/B, which in turn is of relevance for certain representations of G. We 
shall not dwell on these matters any further and refer the interested 
reader to KLEIMAN [K]. 

2. TITS SYSTEMS 

In this section, G is an arbitrary (abstract) group. The theme of this 
section is that for groups with a Tits system, in particular those of the 
previous section, a lot of structure is determined by a relatively small 
group W. As notation suggests, W is the Weyl group of G if G is a Lie group 
such as in Section I. Since many properties of Tits systems are derived in 
BOURBAKI [Bou], the reader is referred to this excellent exposition for 
proofs of several statements below. 

2.1. DEFINITIONS. A pair (B0 ,N0 ) of subgroups of G is called a Tits system 
provided there is a group W and a generating subset R of W such that 
(i) B0 and N0 generate G 

(ii) H0 = B0 n N0 is a normal subgroup of N0 and w N0/H0 
(iii) 

(iii) 1 

(iii) 11 

For any w E W and r E R 

BawBarBO '.:. BowBO u BowrBO 
-1 

rB0r 1_ BO 

Note that expressions such as wB0 for w E W are well defined as H0 :;_ B0 . 
For w E W, denote by mw an element of N0 such that mwHO = w. The group W 
will be called the Coxeter group of the Tits system (though, in Tits [Ti] 
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it is called the Weyl group of the system; as we shall see below, W is al­

ways a Coxeter group but not necessarily a Weyl group; hence the change of 
w terminology). The Tits system is called satu:r>ated if nwEW B0 = H0 , and split 

if B0 contains a normal subgroup N with B0 = H0N and H0 n N = {I}. It is easy 

to check that if (B0 ,N0) is a Tits system, then (B0 ,Nb) for Nb = 

= (nwEW B~)N is a saturated Tits system with the same Coxeter group. A tuple 
(W,R) consisting of a group W and a generating subset R of W is called a 
Coxeter system if there are natural numbers m > I depending on distinct r,s 
r,s E R and satisfying m = m r,s s,r 

such that the following set of relations 

for r,s E R with r # s forms a presentation of W: 

r 2 = I 

m 
(rs) r,s I. 

Set m I. r,r 

The matrix (m ) is called the Coxeter diagram and the group W is r,s r sER 
called the Coxeter'group of (W,R). 

The Coxeter diagram has a pictorial presentation by means of the graph 
(R,~) in which r ~ s for r,s E R iff m > 2 and in which the edge {r,s} r,s 
is labeled m provided m > 3. If in a Dynkin diagram, the bonds O=:=O r,s r,s 4 
(or o"*'°) and ~ (or ~) are replaced by the labeled edges o-'--0 and 
~ respectively, a Coxeter diagram results. Thus Dynkin diagrams may 

(upon disregarding the 11 >11 signs) be viewed as Coxeter diagrams. This em­
bedding also makes sense at the group level: this is stated in Lemma 2.3 

below. If w E W, then l(w) denotes the length of w (with respect to R), 
i.e. the length t of a minimal expression w = r 1r 2 ••• rt of was a product 

of ri ER (l~i~t). Actually, we shall employ this notion of length for any 
tuple (W,R) of a group W and a generating subset R. 

2.2. PROPOSITION. Suppose (W,R) is a pair consisting of a group Wand a 
finite generating sUbset R of involutions in W. Then the following state­
ments are equivalent: 

(i) (W,R) is a Coxeter system 

(ii) There is a collection (Pr)rER of subsets of W such that 



(ii) I 

(ii) 11 

(ii) 111 

(iii) 

I E Pr for all r E R 

P n rP = 0 for all r E R r r 
If r,r' E Rand w E P with wr' i P , then rw = wr! r r 
For any w E W, r E R with l(rw) ~ l(w) and for each mini.rnal 
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expression w = r 1r 2 ••• rt of was a product of ri E R(l~i~t), 

there is an integer j (l~j~t) such that rr 1 ••• rj-l r 1 ••• rj-Irj. 
Moreover, if these statements hold, then P {wEWll(rw) > l(w)}. r 

PROOF. See BOURBAKI [Bou, Chapter IV, §1.6 and §1.7]. 0 

The property formulated in (iii) above is known as the Exchange condi-
tion. 

2.3. LEMMA. If (W,R) is a pair consisting of a Weyl group Wand a set R of 
fundamental reflections of W, then (W,R) is a Coxeter system. 

PROOF. See BOURBAKI [Bou, Chapter V, §3, Theorem I], or do it yourself by 
establishing (ii) 1 with P = {w E wll(rw) > l(w)} using Lemma 1.13. 0 r 

2.4. EXAMPLE. Let G be a noncompact connected real semi-simple Lie group with 
finite center, and let B0 , N0 , W, R, E be as in the previous subsection. 
Then (B0 ,N0 ) is a split saturated Tits system whose Coxeter group is a Weyl 
group of type Eby (i),(ii), ..• ,(vi),(vii) of Theorem 1.17. In the sequel 
we shall see that some of the other statements in Theorem 1.17 follow from 
this observation. Note that B0 is the connected ~ie subgroup of G whose Lie 
algebra is g0 + n and that N0 is the normalizer in G of g0 . The parallel 
between this Tits system and the Tits system (B0c,N0C) of the complexified 
Lie group Ge is easy to spot: B0C is the connected Lie subgroup of Ge whose 
Lie algebra is goc and N0c is the normalizer in G of goc· 

2.5. For w E W, let Sw be the subset of W whose members are products of sub­
sequences of a minimal expression for w (cf. Theorem 1.19). 

PROPOSITION. Suppose (B0 ,N0) is a Tits system with Coxeter group W and 
distinguished generating subset R of W. Then (i) (W,R) is a Coxeter system. 

I Moreover for w,w E W and r E R we have 
(ii) l(rw)>l(w) <=> B0rB0wB0 BorwBO 
(iii) l(wr)>l(w) <=> B0wB0rB0 B0wrB0 
(iv) f(rw)<l(w) <=> B0rB0wB0 BowBO u BorwBO 
(v) f(wrJ<l(w) <=> B0wB0rB0 BowBO u B0wrB0 
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(vi) 

PROOF. (i) We first show that each element of R is an involution. Thus let 
r ER. Clearly r f I in view of axiom (iii) 11 in Definition 2.1. 

By Definition 2.l(iii) with w = r-J the union of double cosets 
-I B0r B0rB0 is contained in B0rB0 u B0 and distinct from B0 . Since it 

clearly contains B0 , this implies 

Taking inverses left and right yields 

-I whence B0r B0 B0rB0 . 

Applying (iii) 1 of Definition 2.1 with w r yields 

But B0rB0rB0 = B0 u B0rB0 by what we just saw. Hence B0r 2B0 = B0 , i.e. 
r 2 E B0 . As mr E N0 , we get mr2 E B0 n N0 = H0 , proving r 2 = I. 

This shows that (B0 ,N0), or rather (G,B0 ,N0 ,R) is a Tits system in the 
sense of BOURBAKI [Bou, Chapter IV, §2.1]. 

The remainder of the proof can now be found in BOURBAKI [Bou, Chapter 
IV, §2.4, Theorem 2]. It runs as follows: for r E R define Pr by 
p 

r 
(ii) 

{w E WIBrBwB = BrwE! and verify (ii) of Proposition 2.2. 
follows as p = {w E wll(rw) > l(w)} by Proposition 2.2. r 
follows from (ii) by inversion, since l(w) = l(w- 1). 

is equivalent to (ii). 

(iii) 

(iv) 

(v) is equivalent to (iii). 
(vi) is obtained by repeated application of axiom (iii) 1 of Tits systems. D 

2.6. Let W be a group with generating subset R of involutions. For J a sub­
set of R, denote by WJ the subgroup of W generated by J. Clearly, this is in 
accordance with the definition of WJ given in 1.14 for the case where W is a 
Weyl group with generating set R of fundamental reflections. 

Write D = {w E wll<rw)>l(w) for all r E J} = n J p and J _ 1 rE r. 
DJ {w E Wil(wr)>l(w) for all r E J} = nrEJ Pr . Here Pr is as in the 
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last statement of Proposition 2.2. Furthermore, if .I is a(nother) subset 

of R, put DI,J =ID n DJ. Thus D~,J = JD and DJ,~= DJ. Clearly, DR= {I}, 
and D~ = W. 

LEMMA. Let (W,R) be a Coxeter system. Suppose I,J,K are subsets of Rand w 

is an element of W. Then 

(i) (WJ,J) is a Coxeter system, WJ n R J, and if w E WJ, then l(w) is 
the length of w with respect to J. 

(ii) WI n (WJWK) = WinJ WinK 
(iii) There is a bijection DI J + WI\W/WJ such that if wI J E WiwWJ n DI J 

' ' ' there are w1 E WI' w2 E WJ with w = w1wI Jw2 such that l(w) = l(w 1) + 
' + l(wI J) + l(w2). 

' 
PROOF. (i), (ii) See BOURBAKI [Bou, Chapter IV, §1.8 and Exercize I.I]. 

(iii) See BOURBAKI [Bou, Chapter IV, Exercise 1.3]. 0 

2.7. From now on, assume that B0 , N0 is a Tits system of G with Coxeter 
1roup W and associated generating set R of involutions in W. For J a sub­

set of R, put GJ = B0WJB0 . 

PROPOSITION. Let I,J be subsets of R. Then 

(i) GJ is a subgroup of G. In particular G = GR= B0WB0 and G~ = B0 . 

(ii) The mapping WiwWJ t+ G1wG J is a bijection of WI \W/W J onto GI \G/G J. 

(iii) GI n GJ = GinJ I 

(iv) Far any subgroup G of G containing B0 , there is a subset K of R 

such that G1 = GK. 

(v) The normalizer in G of GJ is G3. 

(vi) No two distinct subgroups of G containing B0 are conjugate. 

PROOF. See BOURBAKI [Bou, Chapter IV, §2]. 0 

Note that the case I = J = ~ of statement (ii) above is the Bruhat 

decomposition for (arbitrary) Tits systems. 

2.8. DEFINITIONS. The subgroups of G containing B0 are called the standard 
?araboZic subgroups of G. A subgroup of G containing a conjugate of B0 is 

called a parabolic subgroup of G. The maximal parabolic subgroups are 

those parabolic subgroups which are maximal proper subgroups of G (i.e. 

corresponding to subsets J of R of cardinality I RJ-1). The mim:mal para-
0olic subgroups are those parabolic subgroups which are minimal among 
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those that properly contain a conjugate of B0 (i.e. they correspond to sub­

sets J or R of cardinality 1). In some literature ([W]), minimal parabolics 

are defined as the conjugates of B0 • Here, the conjugates of B0 will be 

called Borel sUbgroups. Note that this definition does not coincide with 

that of a Borel subgroup of a linear algebraic group, cf. BOREL [Bor]. 

2.9. EXAMPLE. Let G be a real noncompact connected semi-simple Lie group 

with finite center. We want to establish, first of all, what the parabolic 

subgroups of G look like. We shall identify J .::_ R with the corresponding 

subset of l (consisting of roots in l of reflections in J). Recall the 

definition n(J) = ~ g g(J) <n(J),en(J)>, etcetera from 1.14. LaEl::(J),a>O a' 
Define gJ = n-(J) + g0 + n. Then gJ is a Lie subalgebra of g containing 

b. In fact, GJ is the connected Lie subgroup of G whose Lie algebra is 
gJ. For, the latter subgroup contains B0 , so equals G1 for some I.::_ R 

according to Proposition 2.7 (iv). If a El is a root corresponding to 

sa E J, then G(a) has Lie algebra g({sa}) .::_ gJ' so G(a) .::_ G1 . In particular, 

sa E GI' and J .::_I. On the other hand, if a E I, then Ad(sa)ga = g-a' while 

ga .::_ gJ, so g_a .::_ gJ. Hence a E J. The conclusion is that I= J, and G1 

= GJ" 

In the present situation, more is known of the structure of the para­

bolic subgroups than can be derived from the axioms of Tits systems. Let 

J .::_ R. By the above paragraph, the pair (B0 (J), M*(J)A(J)) defines a Tits 

system for G(J) (see 1.14 for notation). 

Thus, in particular, for any w E WJ' r E J,.we have mwB0 (J)mr .::_ 

.::_ B0 (J)mwB0 (J) u B0 (J)mwrB0 (J). From this inclusion it is readily derived 

that BL = H0N(J) and NL = M*(J)M define a Tits system for the subgroup 

LJ of G generated by BL and NL. The Bruhat decomposition of LJ yields 

where wJ is the longest element in WJ (see 1.13). Thus, GJ 

NwJUwJHOWJUwJ NwJLJ. Moreover, 

(by uniqueness of the Bruhat 

(N B WJ) (B B WowJ) n O n O n 0 
decomposition) 

l1}' 
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while Ad(N(JJ), Ad mw (w E WJJ stabilize YlwJ = ~aEE+\E(JJ ga' so that L3 
normalizes NwJ· We conclude that GJ is the semidirect product of a nilpotent 
simply connected subgroup NwJ and the socalled Levi-factor LJ of G with 
respect to J, a group closely related to its subgroup G(J). This decomposi­
tion of GJ is known as the Levi-decomposition of G3 and plays an important 
role in many inductive arguments in a manner analogous to what we have seen 
in Theorem I . 19. 

2.10. At the end of this section, the quotient topology on G/G3 is discussed 
for G as in the above example. The remainder of this section is devoted to 
the proof that statements (x) and (xi) of Theorem 1.17 hold for arbitrary 
split Tits systems whose Coxeter groups are Weyl groups. As this result is 
inessential for the next section, it may well be skipped by those who are 
primarily interested in geometry. 

I w -I _ 1 For w,w E W, set B0 = w B0w; Bw 
Bw B 
w-1 w· 

w (B I) • Thus, 
w 

LEMMA. Suppose (B0 ,N0) is a Tits system with Coxeter group W and distin­
guished generating set R. Then for any w E W and r E R with l(rw)>l(w) the 
following holds: 

-1 
(i) BorBO n B~ 0 and B rw 
(ii) BO = B B • 

r w l 
Moreover, if w,w l(w) + l(w 1), then 

(iii) Bwwl ::_ Bw. 

PROOF. (i) By Propositions 2.5 and 2.7 we have B0rB0wB0 n B0wB0 = 0. Multi-
-I w-l w-1 plying from the right by w yields B0rB0B0 n B0B0 0, whence 

w-1 r r w-1 ( B0rB0 n B0 0. Now B0 ::_ B0 u B0rB0 , so B0 n B0 ::_ B0 u 
-I 

= B0 n B w B. Conjugating by r yields B c Br, whence 0 w rw - w 
Since the other inclusion is obvious, this proves (i). 

-1 r w-1 (ii) As rB0w ::_ B0rwB0 , we have B0 ::_ rB0rwB0w = B0B0 Let b E B0 and 
r -I -1 r w-1 write b = xy with x E B0 and y E B~ . Then y x b E B0B0 n B0 c 

~ (B0 u B0rB0 J n B~-I = Bw by (i). r~ 1 particular, y E B0 , whence x E B0 • 
r w It follows that b E (B0 nB0 )(B0 n B0 ) = BrBw. Thus B0 ::_ BrBw and we are 

done as the other inclusion is trivial. 
(1"1"1") • I h 0( 0 ) V( -I 0 -1) First of all, assume w = r. T en~ wr) > ~(w , so~ rw ) > ~(w . 
Hence by (i), 

B wr 

-I 
(Br B )rw 

w-1 n 0 
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so that BwwJ .::_ Bw if w1 E R. The full statement follows by repeated applica­
tion of the latter inclusion. 0 

2.11. From now on in this section, W is a Weyl group and Risa set of 
fundamental reflections generating W. Therefore, W is finite and there is 
a longest element w0 in W (cf. Lennna l.IJ(viiiJ). For w E W, set B w B 

wwo 

LEMMA. Suppose (B0 ,N0) is saturated. Then for w E W and r E R with l(rw)>l(w) 
we ha:ve: 

(i) Bwo = Ho 
(ii) B c B 

r - w 
(iii) B- = B-(B-)r 

rw r w 

PROOF. (i) By Lemmas 2.10 (iii) and 1.13 (viii) we have Bwo = B (-I ) c B 
V V WO - V 

for any v E W. Hence HO nuEW B~ = nuEW Bu = Bwo' proving (iJ. 
(ii) According to Lennna 1.13 (viii) and the hypothesis l(w0) - I= l(w- 1rw0) + 

-I -I -I -I + l(w r) - I = l(w rw0) + l(w), or l(w(w rw0)) = l(w) + l(w rw0). There-

fore, Lennna 2.10 (iii) yields B: = Bw(w-lrwo) .::_ Bw' as wanted. 
(iii) First of all, note that l(r(rww0)) = l(ww0 ) = l(w0 ) - l(w) > l(w0)_­
- l(rw) = l(rww0), so that B- c B- by (ii). r - rw 

Now B0 = B B B B B B in view of Lennna 2.10 (ii). Therefore, 
- - r ~O E r E r_ - -

B = B n B0 = B n B B = B (B n B) (recall that B c B ). Since rw rw rw r r r rw r r - rw r - r -B( )cB byLennna2.IO(i),weobtain(BJ cB cB0 ,sothat E rwwo - rwwo w w-Ir r - r - w - ~ - - -B n B = B0 n B00 n B0 = B0 n (B ) = (B )r, and B = B (B n B ) rw r w w rw r rw r 
= B-(B-)r, as stated. D 

r w 

2.12. PROPOSITION. Suppose (B0 ,N0) is a saturated Tits system whose Ccxeter 
group W is a Weyl group. Then for w E W the following prevails: 

Bo = B B- with B n B Ho. w w w w 

PROOF. First of all observe that Bw n Bw = B0 n 

= H0 in regard to Lennna 2.11 (i).We next show 

l(w). Note that the statement is equivalent to 

represent groups. 

-I 
Bw 
0 

BO 

BO 

w w- 1 
n B 0 = B0 n 

0 
BWBW by induction 

B B as all terms WW 

O, then B0 = B0H0 = BwBw as w = I, and we are done. 

-) 
Bw 
w 
on 

If l(w) 

If l(w) I, then w E R and the equality hol.ds as we have seen in the 
proof of Lennna 2.11 (iii). 

Suppose l(w) ~ 2, and write w = rw 1 with r ER and l(w) > l(w 1). Then 
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B B WW (by Lennnas 2. 10 (i) and (2. 11 (iii)) 

- r (as B '.':_ B0 by the proof of Lennna 
WI 

B B = B 
r r 0 

This establishes the proposition. D 

2.11 (iii)) 

(by induction) 

2.13. From now on, let (B0 ,N0J be a split saturated Tits system (whose 
Coxeter group W is a Weyl group). Decompose B0 = H0N fo: N a normal subgroup 

w -I w I of B0 with H0 n N ={I} and set N = w Nw, Nw = N n B0 and Uw = Nww0 as 
before (cf. Theorem 1.17). The following corollary mimics statement (x) of 
Theorem I • I 7. 

COROLLARY. N Nu = u N with N nu = {I}. WW WW W W 

PROOF. Since Bo = BWBW, we get HON HONwUw. But NWUW '.':_ N, so NWUW = N in 
view of H0 n N ={I}. Finally, H0 = Bw n B: = H0 (Nw n Uw), whence Nw n Uw 
= {I}. 

2.14. Next we show that Theorem 1.17 (xi) has a generalization to the present 
setting. For I,J '.':_ R, recall from 2.6 that DI J = {w E wJl(rwJ l(ws) > 

' > l(w) for all r E I, S E J} and that D = Dljl,J" Write LI J(wJ DJ n WiwWJ. J 
' 

PROPOSITION. Let (B0 ,N0 ) be a split saturated 1'its system whose Coxeter 
group w is a Weyl group. Then for I,J '.':_ R and w E W, the following holds: 
(i) If w E Dj, then GJ n B~ '.':_ Bw-1· 

(ii) G1wGJ = UdELI J(w) UddGJ' 
' 

with uniqueness of expression at the right hand side (up to the choice of a 
representative md for each d ELI J(w)). 

' 
PROOF. (i) Let w E DJ. Owing to the exchange condition 2.2, we have wWJ n 
n Sw {w}, where Sw is defined in 1.19. Hence Sw_ 1w n WJ = tl}, so that 
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This yields GJ n B~ ~ B~ n B0 , ending the proof of (i). 

(ii) G1wGJ = B0w1wWJBO = UdELI J(W) B0dWJBO = 
= UdELr,J(w) B0dGJ = UdELI,J(w; UddGJ tha~ks to Pr~position 2;5 (vi). As 
for the uniqueness, suppose umdg = ulmd1g for u,u E Ud; d,d E LI,J(w); 

g,g 1 E GJ. Then d = d 1 as B0dGJ = B0d1GJ according to Proposition 2.7 (ii). 
I -1 -I I -I d I -I 

Thu~-f g md (u) umd E GJ n B0 ~ Bd_ 1 by (i), whence (u) u E Ud n 

n Bd-1 = N1n Bdwo n Bd = N n (Bw0 )d-I = N n H0 = {1}. The conclusion is 

that u u and g g1• O 

2.15. EXAMPLE. Let G be a real noncompact connected semi-simple Lie group 

with finite center. As a topological space, G/GJ is homeomorphic to K/(KnGJ). 

Hence it is compact. Analogously to the proof of Proposition 1.12 (ii), it 

can be shown that the submanifolds UwwGJ/GJ (w E DJ) are regularly em­

bedded in G/GJ. (Note that Uw0w0GJ is open in Gas Uw0w0B0 is open in G). 

For d E DJ, the submanifold B0dGJ/GJ = UddGJ/GJ is diffeomorphic to a 

vector space over JR of dimension dim ud. Thus, there is at least one 

element d E DJ such that µ(L+ n dL-) = dimG - dimGJ = µ(L+) - µ(L+(JJ). 

The nonclosed submanifolds of minimal dimension.among the B0wGJ/GJ (w E DJJ 

are those of the form B0rGJ/GJ for r E R\J. The closures of these sub­

manifolds will play the role of lines in the geometry on G/GJ to be dis­

cussed in the next section. 

3. THE GEOMETRY OF TITS SYSTEMS 

Throughout this section G is a group with Tits system (B0 ,N0) whose 

Coxeter group W has a distinguished generating set R of fundamental reflec­

tions. 

3.1. There are two formally distinct ways to describe geometries. They are 

illustrated by the following pair of definitions of a projective plane. 

(A) A projective plane is a set P of points together with a collection L 

of subsets of P, called lines, such that 
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(i) Any two points are in exactly one line 

(ii) Any two lines have a point in common 

(iii) Lines have at least three points 

(iv) There is a point and a line such that the point is not in the line. 

(B) A projective plane is a tuple (P,L) of sets P (points) and L (lines) 

together with a relation, called incidence, between P and L, such that (i), 

(ii), (iii), (iv) of (A) hold (here, a point p is said to be in a line l 
if p and l are incident, and so on). 

It is obvious how to obtain one description of a projective plane from the 

other. The advantage of (B/ over (A) is that duality between points and 

lines is more naturally present. On the other hand in the 'classical approach' 

(AJ a single set P with its structure is studied, rather than such a formal 

object as in (B). 

The Tits system in G gives rise to a geometry in the vein of (BJ, as 

we shall now see. 

J 3.2. DEFINITIONS. For J .::_ R, write G = GR\J 
{r} If r,s are distinct fundamental reflections of W, we say that xG and 

G{s} f G · ·d t "f Glr} G{s} 4 a y or x,y E are ~nc~ en i x n y r ~· 

The tuple (G/G{r}) R equipped with the incidence relation thus defined, rE 
will be called the Tits geometry associated with (B0 ,N0). This geometry is 

closely related to the notion of building, cf. Tits [TI] and [!2]. 

It is our purpose to derive properties of geometries defined as in (A) 

and obtained from Tits geometries by letting one of the sets G/G{r} for 

r E R be the set of points. We shall formulate this in terms of incidence 

systems. 

An incidence system (P,L) is defined to be a set P of points and a 

collection L of subsets of P, called lines, such that every line has at 

least two distinct points. If (P,L) is an incidence system, then the collin­
earity graph of (P,LJ is the graph whose vertex set is P and whose edges 

are the pairs of collinear points. The incidence system is called connected 
whenever its collinearity graph is connected. Likewise terms such as connect­
ed components, cliques, paths will be applied freely to (P,L) when in fact 

they are meant for the collinearity graph (a clique of a graph is a set of 

vertices in the graph such that each pair of mutually distinct members is 

an edge). For x,y E P, we let d(x,y) denote the ordinary distance in the 

collinearity graph and write x ~ y to express that d(x,y) $ I (i.e. x and 
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y are 

write 

collinear). Moreover, xi 
xi = n xi 

XEX 

ly E Ply ix}. For X a subset of P, we 

The subset X is called nondegenerate if X n Xi = 0; it is called a 

subspace (of (P,L)) whenever each point of P belonging to a line that has 

two distinct points in X, is itself in X. A subspace is called singular if 

it is a clique. The length i of a longest chain x0 ~ x 1 ~ ••• ~ Xi = X of 

nonempty singular subspaces X. of a singular subspace X is called the rank 
J 

of X and denoted by rk(X). The incidence system is called linear if two 

distinct points are in at most one line. 

From now on, 
G G{r}/Glr} (= 

g lr} 
X = tgJg E X}. 

{r} -fix r E R. If g E G, write g = gG and g = 

gBO<r>G{r}/G{r}). F X G · X l I X} d or .::_ , write = ~ g E an 

Then (G,G) is the incidence system that we are interested in. Note 

that for g E G the line g is (indeed) determined by the incidence relation 
I {r} -of the Tits geometry via g = {~ E Q xG n gG{r} f 0}. Thus g has at least 

two distinct points, namely g and gr. 
- -

This incidence system is said to be a Lie incidence system of type W 

over r, or just of type X . where X is the type of the Coxeter diagram n, i n 
for which W is the Weyl group, and where i is the node in Xn corresponding 

to r. To fix notation, we let the nodes in Xn (for connected diagrams) be 

numbered as depicted in the table. 

We shall establish some properties of (Q_,G). Note that G acts transi­

tively on (Q_,G) by left multiplication on G as a group of automorphisms. 

For I,J .::_ R (recall that GJ = GR\J and) write ~ '= WR\J. 



TABLE 

Coxeter diagrams with numbered nodes associated with Dynkin diagrams 

A (ne::J) 
n 

D (n~3) 
n 

CD-®- -e-© 

CD-®- -ED=© 

Q)-@- -9-@ 
I 

0 
CD-@-@-®-® 

I 
'© 

CD-®-@-®-®-0 
I 

® 
CD-®-@-®-@-0-® 

I 
® 

Q)-@==@-® 
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Finally, W is called irreducible if there is no partitioning R = I u J 

with I,J ~ R such that st = ts for all s E I, t E J. This is equivalent to 

connectedness of the Dynkin diagram, and to irreducibility of W in its 

natural linear representation as a group generated by reflections, cf. 

Bourbaki [Bou, Ch VI §1.2]. 

3.3. LEMMA. Suppose W is irreducible. Set P = {w E Wil(rw) > l(wJ} for 
r 

r ER (cf. Proposition 2.2). Then 

(i) sw:=. w3 whenever w E w3 . 

(ii) WJ n W1ww1 = WinJwWinJ for a:ny I,J :::_Rand w E w3. 

(iii) For a:ny J _::_ R a:nd r E R\J, we have Pr n rw3r = WJ n rw3r, a:nd the 

elements of this set commute with r. 
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PROOF. (i) This is an immediate consequence of Lemma 2.6. 

(ii) Clearly, WinJwWinJ .::_ WJ n WiwWI. 
In view of (i) and Lemma 2.6, there 

I 
w1w w2 . This implies WJ n such that w = 

I 
= WinJw WinJ' so that upon replacement 

w E DI In WJ. Due to Lemma 2.6, for u E WiwWI' there exist u 1,u2 E WI such 
' that u = u 1wu2 and l(u) = l(u1) + l(w) + l(u2). So if u E WJ n WiwWI' 

statement (i) yields that u 1,u2 E WJ' whence u = u 1wu2 E WinJwWinJ' and 
we are done. 
( .. ')A P d I ' f I ' iii ssume w E r an w E WJ satis y w = rw r. Since 
Exchange condition 2.2 yields l(w) = l(rw)-1 = l(w 1r)-I 

I 
rw = w r i WJ' the 

I l(w),i.e., 
l(w) = l(w 1). Using the Exchange condition once again, we obtain that either 

h . 11 W • h I 11 I I t ere is w E J wit w = rw r = w r or rw r = w . 
But the former case leads to the absurdity w1 E WJ n rWJ = 0, so r and 

I I w commute, and w = w . 

This shows that Pr n rWJr is contained in WJ n rWJr. Since the other 
inclusion is obvious, this settles the lemma. D 

3.4. LEMMA. Let r ER and Jc R\{r!. 3et D = WJ<r>WJ<r> ... <r>WJ 
(2d+I terms) and E WJ n rWJr. Then 

(i) BorBOWJ<r>Bo n BOWJ<r>Bo .::. Bo<r>EBO. 
(ii) bDB0 n B0rB0DB0 = b(DnrD)B0 for any b E B0 . 

(iii) BODBO n BorBODBO = Bo(DnrD)Bo = rBO(DnrD)Bo. 

PROOF. (i) Note that rPr n WJ<r> = rWJ n WJr = rE due to the previous lemma. 
Hence, 

BorBOWJ<r>Bo n BOWJ<r>Bo .::. 
.::_ (B0rwJ<r>B0 u (B0 (rPrnWJ<r>)B0 )) 

.::_ (B0 (rWJ<r> n WJ<r>)B0 u B0 (rPr n 

.::_ B0 (E u rE)BO B0<r>EB0 

n BOWJ<r>Bo c 
W <r>)B c 

J 0-

by use of Proposition 2.5. This ends the proof of (i). 

(ii) Let b E B0 . Suppose y E bwB0 n B0rB0w1B0 for w,w 1 E D. If l(rw 1) > l(w 1). 
I I I then B0rB0w B0 = B0rw B0 by Preposition 2.5, sow= rw E D n rD, and 

I I I y E bwB0 .::_ b(DnrD)B0 . Assume l(rw ) < l(w ). Then w i WJ. By the exchange 
condition there is an expression 

I w rd with d E D 



(Note that u E D implies S c D). 
I I u - I I 

Thus w ,rw E D n rD and y E B0rw B0 u B0w B0 .::_ B0 (D n rD)B0 . Hence 

w E D n rD and y E bwB0 .::_ b(D n rD)B0 . We have shown bDB0 n B0rB0DB0 .::_ 

b(D n rD)B0 . Since the other inclusion is obvious, this proves (ii). 

(iii) The first equality is obvious from (ii). Since r(D n rD) = D n rD, 

we have 

= B0 (D n rD)B0 . 

Therefore, also B0 (D n rD)B0 .::_ rB0 (D n rD)B0 , whence the second equality 

of (iii). D 

3.5. We are now ready to formulate some basic properties of Lie incidence 

systems. 

PROPOSITION. Let (G,G) be a Lie incidence system as described above. Then 

(i) ~·Y. are collinear points of (Q_,G) iff y- 1x E G{r}G{r}G{r}. 

(ii) G is transitive on ordered pairs of distinct collinear points. 
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(iii) (Q_,G) is a clique iff W = W{r}W{r}w{r}. If it is not a clique, it is 

nondegenerate. 
{r} 

(iv) Any two lines of (Q_,G) meet iff W = W{r}W W{r}" 

(v) (Q_,G) is a linear incidence system. 

(vi) Far d E N, ~ E Q_, and z E G such that z has two points of distance 

~ d to ~· any point of z has distance ~ d to x. 

(vii) If I.::_ R with r E I, then GI is a subspace of (Q_,G), which, together 

with the lines that it contains, is a Lie incidence system of type the 

Coxeter diagram of WI over r. 

PROOF. (i) ~·X are collinear iff there is z E G with ~·X E z. Since 
- {r} {r} {r} 

~·l E z ~ x,y E zG{r}G ~ z E xG G{r} n yG G{r}' w: 1get that ~·l 

are collinear iff y-lxG{r}G{r} n G{r}G{r} f ~. i.e. iffy x E G{r}G{r}G{r}. 

This establishes (i). 

(ii) Since G is transitive on Q, we need only check that the stabilizer G{r} 

of I in G is transitive on the neighbors of I. But it is immediate from (i) 

th h f ' hb f I . G{ r} -h h h k . . . 1 at t e set o neig ors o _ is __ r_, so t at t e c ec is trivia . 

(iii) This is a consequence of (i) and (ii), in view of Proposition 2.5 and 
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Lennna 2.6. 
- - - - - {r} {r} 

(iv) (Vx,y E G)(x n y f ~) *""> (Vx,y E G)(xG{ }G n yG{r}G f 0) ~ 
{r} _ {rl _ {r} 

~ (Vg E G)(g E G{r}G G{r}) ~ G - G{r}G G{r} ~ w - w{r}w w{r} where 
in the last equivalence Proposition 2.5 and Lennna 2.6 are used again. Hence 

(iv). 

(v) Suppose ~·l E z for x,y,z E G with! f l· Write y- 1x = g 1rg2 with 
{r} -1 {r} {r} -1 -1 {r} 

gl,g2 E G • Then z E y(y xG G{r} n G G{r}) so gl y z E rG G{r} n 
{r} {r} {r} {r} {r} n G G{r} = rB0w <r>B0 n B0w <r>B0 .=_ B0<r>EB0 , where E = w n rWr 

by use of Lennna 3.4 (iJ. Thus z E yg 1G{r}EB0 . It follows that if !•l E z 1, 

then 

so that z 1 z. 

This settles uniqueness of the line z on ~·l· The conclusion is that 

(Q,G) is a linear incidence system, as wanted. 

(vi) Since G is transitive on pairs of distinct collinear points, we may 

assume that z is the (unique) line on 1 and E• and that ! has distance 

~ d to 1 and r. This means that 

X E n 
{r} {r} 

rG <r> .... <r>G 

(2d+l) factors (2d+l) factors 

In other terms, with D as in Lennna 3.4, we have x E B0DB0 n rB0DB0 , whence 

rbx E B0DB0 . 

The previous lennna yields B0x .=_ rB0 (DnrD)B0 , whence rbx E B0DB0 for 

any b E B0 • This shows that ! has distance ~ d to br for any b E B0 , as 

z = {_.!._} u B0r, this yields (vi). 

(vii) Suppose x,y E G1 satisfy ! i l• ~ f l· Write y- 1x = g1rg2 with 
· {r} {r} {r} {r} 

g1,g2 E GI\{r} (note that G1 n G G{r}G = B0 (W <r>W n W1)B0 

= B0WI\{r}<r>WI\{r}BO = GI\{r}G{r}GI\{r} by Lennna 2.6). The line on ~·l is 
yg1, so if~ E yg 1, then~= yg1h for some h E G{r}" In particular~ E Q1 . 

This shows that the line on ~·l is entirely contained in Q1 . The conclusion 

is that G1 is a subspace. 



Finally, it is easily seen that the map 

{r} 
<j>(xGI\{r}) = xG 

leads to an isomorphism between the incidence systems 
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Since the former is a Lie incidence system of type the Coxeter diagram of 

WI over r, so is the latter. D 

3.6. The next result states some well-known facts of Weyl groups. The Weyl 

group whose Dynkin diagram is of type Xn will be denoted by W(Xn). The 

fundamental reflection in W(Xn) corresponding to the node i in the Dykhin 

diagram (numbered according to the table) is denoted ri. Recall from 2.6 

that DI J for I,J ::_ R is the set {w E wll(rw) > l(w) < f.(ws) for all r E I, 
' s E J} and that it is a set of WI - w3 double coset representatives. 

PROPOSITION. (i) If W = W(A ), 
n 

(ii) If W W(Bn) (n~2) or W = 

where 

w = I lrlr2 ... rn-lrnrn-I'''r2rl 

rlr2'''rn-lrnrn-2rn-3'''r2rl 

if" W,= W(B) 
n 

if w W(D ) 
n 

d -, . w{rl} an w1 normav~zes . 

PROOF. To facilitate notation, set U = wlr1}. 

(i) If n=I, there is nothing to prove. Let n>l. Suppose w EU. Then by in-
{rz} {rz} -U r 2u . Because r 1 centralizes 
u{rz} u{rz} u{rz} c u E u r 1r 2r 1 _ u 

frz} may assume w E U u duction on n, we 
U{rz} d an mr 

I, rz 
u ur2r 1r 2u = U u Ur 1u. Thus r 1ur 1 c U u ur 1u, and statement (i) readily 

follows. 

(We remark that another way of proof for this statement would be to 

identify the permutation representation of Won the cosets of W{r1} as that 

of the synnnetric group on n+l letters) 

(ii) The two cases W = W(Bn) and W = W(Dn) being much alike, we shall only 
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deal with W W(B ). First of all, note that for l<i<n we have 
n 

while 

so that w1 centralizes U (if W = W(Dn)' then w1 normalizes U but does 

centralize U). 

Next, we show that w1 i U u Ur 1U. If there are u1,u2 EU with w1 = 
-I -I -I -I u 1r 1u2 , then w1 r 1 = u 1 u2 E U as w1 centralizes U, whence w1 r 1 = 

r 1r 2 ... rn-lrnrn-J'''r2 E r 1U n U =~.a contradiction. Therefore, w1 i 
i Ur 1u. Suppose w1 EU. Then r 1w1r 1 EU n r 1ur 1, so that r 1w1r 1 = w1 by 

{rz} Lemma 3.3 (iii). But this yields r 2w1r 2 w1 E U , and so on, leading 

to w1 = rn. Since this implies that rn commutes,with rn-I contradicting 

W = W(Bn)' we conclude that w1 i U. 

By now, it is 2readily.verifi~d that w1 E DR\{r 1},R\{ri}' For,.by 

symmetry of w1 (w 1 = I), it suffices to check that w1 E DR\{ri}' i.e. 

that l(w 1ri) > l(w 1) for each i (l<i~n). In view of the Exchange condition, 

the converse would lead to an element w: obtained from w1 by omission of 

a single reflection from its minimal expression, such that w: i U u Ur 1u. 
Clearly, omission of r 1 is out of the question. Omission of ri (l<i<n) 

would lead to 

I 
wt rlr2"''ri-lri+J'''rn-lrnrn-l'''r2rl = 

ri+J'''rn-lrnrn-J'''ri+l(rlr2'''ri-J)riri-J'''rl E 

E Urlr2'''ri-2riri-lriri-2'''r2rlU 

Urlr2'''ri-2ri-lri-2'''r2rlU = 



while omission of r results in 
n 
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The conclusion is that there is no i (l<iSn) with l(w 1ri) S l(w 1), proving 

w I E DR\ { r I} ,R\ { r I}. 

It remains to establish that W consists of the three double U-cosets 

(represented by 1,r1,w 1) only. To do so, it suffices to derive that V = 

= U u Ur 1u u Uw 1u is closed under right and left multiplication by r 1. 

If n = 2, then V = <r2> u <r2>r 1<r2> u r 1r 2r 1<r2> = W, so we are done. 
Suppose, therefore, that n > 2. By induction, U = u{r2} u {r2Jr2u{r2} u 

ufr2} · 1. {r2} d h. · ld r 1w1r 1 • Since r1 centra 1ses U an r 1r 2r 1 = r 2r 1r 2 , t is y1e s 
{r2} {r2} {r2} {r2} {r2} r 1ur 1 = U u U r 1r 2r 1u u U w1u c V. As r 1uw1 = r 1w1u .=_ 

.::_ Ur 1u, we obtain r 1v = Vr 1 = V, as wanted. D 

3.7. Part (i) of the following lemma is a converse to Proposition 3.6 (i). 

LEMMA. Suppose W is an irreducible WeyZ group and r E R. 
(i) If w = w{r} u w{r}rw1r}' then there is n E ]N such that w 

r = r 1, or rn. 
{r} {r} {r} {r} (ii) If W = W u W r u rW u rW r, then W 

W(A ) and 
n 

PROOF. (i) In view of Lemma 3.3 (ii) applied to J c R with r E J, we have 

w3 = WJ\{r} u WJ\{r}rWJ\{r}" 
Taking J = {r,s} for s E R, we get m s 3. Suppose the Coxeter diagram r,s 

of W has a subdiagram of type Bn (n~2) or Dn(n~3) containing r as node 

numbered I. Then, taking for J the reflections of the nodes in this sub­

diagram, we get by the above equality that w3 has only two double cosets 

with respect to WJ\{r}' which conflicts Proposition 3.6 (ii). Therefore, 

using the table, we obtain that W = W(A ). 
{r } n 

(ii) Set U = W I . Since I E U n rUr, we have that there are at most three 

left U-cosets in W. Clearly, IW/UI ~ 2, and if IW/UI = 2, then rU = Ur, so 

that r centralizes U, which conflicts the irreducibility of W. Thus W has 

precisely three left U-cosets. Let s E R with rs 1 sr. Then W = U u rU u srU. 

Hence the group W has a representation as the full group of permutations on 

the three cosets of U. It is readily seen (e.g., as W(An) is isomorphic to 
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the symmetric group on n+l letters) that this representation is faithful, 
i.e., that W ~ W(A2) (as abstract groups). But then W = <r,s> = WtA2J and 
we are done. 0 

3.8. THEOREM. Let (B0 ,N0) be a Tits system in G whose Coxeter group W is 
an irreducible Weyl group. Then 
(i) The Lie incidence system Cg,G) is of type A2 1 (or, equivalently, of 

' type A2 2 ) iff it strictly contains a line and any two lines meet. 
In this case, (g,G) is a projective plane. 

(ii) The Lie incidence system (g,G) is of type A (or, equivalently, of n, I 
type A ) iff (G,G) is a singular space of rank n. If this holds, (g,G) is n,n -
a projective space of rank n. 

PROOF. (i) Suppose (g,G) is of type A2 1• Then W = W(A2) = <r 1><r2><r 1> = 
' = <r2><r 1><r2>, according to Proposition 3.6 (i) (or by direct verification!; 

so that Proposition 3.5 (iii), (iv) can be applied. Together with statement 
(v) of the same proposition, this yields that Axioms (i) and (ii) of a 
projective plane given in 3.1 hold for (G,GJ. As to Axiom (iii), note that 
I has cardinality 2 iff B0rG{r} = rG{r}, which is equivalent to B~ ::_ Gfr}. 
Since B0 ::_ G{r}, this would lead to G{r} = B0 u B0rB0 = B0rB0rB0 = 

= B0B~B0 ::_ G{r}, which is clearly absurd, in view of Lenuna 2.6. Hence, I, 
and therefore each line, has cardinality > 2. Finally, the point E2 is not 
on the line I, so Axiom (iv) holds, too. Thus, (§,G) is a projective plane. 
As for the other implication, assume G strictly ~ontains a line and any 

1 · h b · · 3-5 h 1 r} w{ r} w1 r} two ines meet. T en y Proposition • , we ave W = W u r u r u 
u rW{r}r, so by Lemma 3.7 (ii), W = W(A2J, and we are done. 
(ii) Suppose that (Q,G) is of type An 1, and put r = r 1• Then W = 

W{ r} { r} b P ' ' 3 6 (' ' (G G-) ' l' . d d If = <r>W y roposition • iJ, so _, is a c ique, in ee . 
n = I, then G consists of a line. Let n > I. 

We derive that g,G are the points and lines of a projective space by 
proving the fundamental axiom of Veblen and Young, cf. [VY]. This axiom 
states that any two lines meeting in a point span a projective plane. In 
other words, let l,m be two distinct lines intersecting in x, then any 
two lines intersecting both l,m outside x meet. In order to verify this 
we may assume x = l as G is transitive on G. Since the stabilizer G{r} 
in G of x is transitive on 

stabilizer of both x and l 
transitive on l~\J (for I~ 

lines through x, we may assume l =I. The 
· G{r,r2} · h 1 · contains . Since t e atter group is 

G{r}<r> = G{r,r2}<r> u G{r,r2}r G{r,r2}<r> 
2 
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.L - -\_ r r2} so that .!. \I = G ' r 2r), we may assume that 

m = r 2 • Thus, x,l,m are contained in G{r r 2}, so we may restrict attention 
to the latter subspace (cf. Proposition 3.5 (vii)). By the same proposition 

and Theorem 3.8, it results that l,m span a projective plane. Thus (Q,G) is a 

projective space. An easy induction argument shows that .!. = Gi_r} ~ 

c G } c ••. c G } is a maximal chain of nonempty singular ~ --lr,r2 ~ ~ {r,r2 , ... irn 
subspaces. Consequently, (Q,G) has rank n. 

To settle the reverse, observe that if (Q,G) is a singular space, then 
{r} i_r} 

W = W W{r.fW , so that W = W(Am) for some m E N, and r = r 1 or rn. 
If moreover, (Q,G) has rank n, so we must have m = n by the previous para­
graph. 

This ends the proof of the theorem. 0 

3.9. EXAMPLE. Consider the case where G is a real semi-simple connected non­
compact Lie group of type An (n>l) with finite centre. The incidence system 

(G,G) of type A 1 is then a projective space of rank n by the above theorem. - n, 
This incidence system has the topology of a compact Hausdorff space on which 
G operates as a topological transformation group. Its lines are closed sub­
varieties homeomorphic to one point compactifications of real vector spaces 
of dimension µ = µa for a a fundamental root of the root system of G (cf. 
(cf. J.12 and 1.19). 

In fact, the projective space is defined over a real division algebra F 
of dimensionµ. Thusµ= 1,2,4 (or 8 if n=2) according as F consists of the 

real, complex, quaternion (or octonion) numbers. The corresponding Lie groups 

* are G = SL(n+I,lR), SL(n+l,C), SU (2n+2) = SL(n+l,R) (and E6 (_26 )) in the 
respective cases. 

3.10. Here is another illustration of how to derive geometric properties 
from the Tits system. We derive the axiom that BUEKENHOUT & SHULT [BS] 

introduced to characterise Lie incidence systems of type B (n22) and n, I 
D 1 (n23) by means of earlier work of Veldkamp and Tits (see [TI]). n, 

THEOREM. Let (Q,G) be a Lie incidence system of type B 1 (n22) n, 
or D 

n, I 
(n23). Then for any point p E g and any line l E G, the point p is collinear 
with precisely one or all points of l. 

PROOF. Since W = W(Bn) or W(Dn)' we get from Proposition 3.6 (ii) that 
W = <r>W{r}<r>W{r}. We shall show that this implies p.L n l ~ 0. 

In view of transitivity of G on lines, we may assume l =I, so that 
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with p ~· we get 

PL n l 

Thus, pL n l f 0 iff 
= B0<r>W{r}<r>W{r}B0 

x E G G{r}G G{r} As G G{r}G G{r} = 
{r} {r} {r} {r} 

B0WB0 = G, we obtain pL n l 1 0, as wanted. The 
theorem now follows from Proposition 3.5 (vi). D 

3.11. We end this chapter with some references to further work in this area. 
First of all, [TI] is the basic reference for Tits systems and the geometries 
called buildings, while [T2] is of use for the connection between Lie inci­
dence systems and buildings. In [Cool], COOPERSTEIN derives for which Lie 
incidence systems the lines are of the form xL n yL for distinct collinear 
points x,y. In [Coo2], he characterizes finite Lie incidence systems of type 
An,d' D5 , 5 and E6 , 1• The An,d-characterization has been extended to the 
arbitrary (not necessarily finite) case by COHEN [Coh2]; other extensions 
of Cooperstein's result are forthcoming. Finally, dual polar spaces, i.e., 
Lie incidence systems of type B or D have been dealt with by CAMERON n,n n,n 
[Cam], and metasymplectic spaces, i.e. systems of type F4 1, by COHEN [Cohl]. 

' 
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Chapter IV 

THE FURSTENBERG BOUNDARY OF A SEMISIMPLE LIE GROUP 

J. de VRIES 

In this chapter we discuss the so-called Furstenberg boundary of a 
connected semisimple Lie group with finite center. Our approach is based 
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on [4]. In particular, our point of view is that of topological dynamics. 
First we shall introduce some notions and results concerning T-spaces; this 
will culminate in the proof of the existence of a so-called universal strong­
ly proximal minimal T-space for a given topological group T. Then for the 

case that T is a connected semisimple Lie group with finite Center, this 
"abstract" entity is identified in terms of an Iwasawa decomposition. In 3 

appendices, some results concerning compact convex sets in locally convex 
topological vector spaces and integration theory are summarized. 

I. BASIC DEFINITIONS AND ELEMENTARY RESULTS 

I.I. The symbol T shall always denote a topological Hausdorff group. A 

T-space (sometimes called a flow with phase group T or a topological trans­
formation group with acting group T) is a pair X := <X,TI>, where X is a 
topological Hausdorff space and TI : T x X 7 X is a continuous mapping, sat­
isfying the following conditions 

(i) TI(e,x) = x for all x E X; 

(ii) TI(s,TI(t,x)) = TI(st,x) for all s,t E T and x E X. 

In order to simplify the notation, we shall usually write tx instead of 
TI(t,x), tB instead of TI[{t} x BJ, Ax instead of TI[Ax{x}], and, in general, 
AB or A.B instead of TI[AxB]. It is easy to see, that for every t E T the 
mapping 

t TI x 1+ tx X7X 

-] 
is a homeomorphism of X onto itself with inverse (Tit)+= Tit 

the conditions (i) and (ii) above can be rewritten as Tie = JX and Tis t 
o TI 
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= rrst (s, t E T). 

1.2. EXAMPLES. 

(i) Let H be a closed subgroup of T and let T/H be the space of all left 

cosets sH of Hin T (sET), endowed with the quotient topology (i.e. the 
finest topology making the quotient mapping q : s i+ sH : T + T/H contin­
uous). Define rr : T x (T/H) + T/H by 

rr(t,sH) := tsH (s,tET). 

Then rr is continuous, and it is easily verified that rr satisfies the condi­
tions (i) and (ii) of I.I. So <T/H,rr> is a T-space (that T/H is a Hausdorff 
space follows from the fact that His closed). 

(ii) Let X be a topological Hausdorff space and let s 
morphism of X onto itself. Then the mapping 

n rr: (n,x) I+ s (x) := se ••• osos(x):7Z xx+x 

n times 

X + X be a homeo-

defines an action of 7Z on X, so that <X,rr> is a 7Z-space. Note, that rr 1 = s; 
therefore, we shall denote this 7Z-space by (X,s) and call it the discrete 
flow, generated by S. 

1.3. Let X = <X,rr> be a T-space. A subset A of X is called invariant when­
ever TA c A. If A is invariant, then also its closure A is invariant. The 
smallest closed invariant subset of X containing a point x is clearly Tx, 
the closure of the orbit Tx of x (Tx is called the orbit-closure of x). It 
is not always the case that for x,y E X one has y E Tx iff x E Ty (the 
orbit-closures may not form a partition of X). Orbit-closures with this 
property are called minimal. Formally, a subset M of X is called minimal 
whenever M # 0, M is closed and invariant, and if A is a closed, invariant 
subset of X such that A ::_ M, then either A = 0 or A = M. If M is a subset 
of X, then the following statements are equivalent: 

(i) M is minimal; 

(ii) M # 0 and Vx E M: Tx M· 
' 

In particular, it follows that an orbit-closure Tx is minimal iff Ty = Tx 
for every y E Tx, iff x E Ty for every y E Tx. 

Since minimal subsets of X are the minimal elements of the partial 
ordering (with respect to inclusion) of all non-empty, closed, invariant 
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subsets of X, ZORN's lemma implies: 

1.4. THEOREM. Every non-errrpty compact invariant subset of X includes a min­
imal subset. In particular, if X is corrrpact, then there is a minimal subset 
of x. D 

1.5. CONSTRUCTIONS 

(i) Let Y be an invariant subset of X, where X = <X,TI> is a T-space. Then 
the restriction of TI to T x Y is an action of T on Y, which will, for con­
venience, also be denoted by TI. Thus, we obtain the T-space <Y,TI> = V. Notat­
ion: V c X. 

(ii) Let A be an index set and let for every A E A be given the T-space 
XA = <XA,TIA>. Then the product of the T-spaces XA(AEA) is the T-space X 
= <X,TI>, where 

X := IT XA (cartesian product with the product topology 
AEA 

It is easily verified that X is, indeed, a T-space. Notation: X = IT XA 
AEA 

1.6. A morphism of T-spaces $: X +Vis a continuous mapping$: X + y*) such 
that $(tx) = t$(x) for all t E T and x E X. If $ is a surjection of X onto 
Y, then V is also called a factor of X by $, and X is called an extension of 
V by $. An isomorphism of T-spaces is, of course, a morphism of T-spaces 
$: X + V such that $ is a homeomorphism of X onto Y. In that case, $+: V + X 
is also an isomorphism of T-spaces. 

If $: X + V is a morphism of T-spaces, then $ defines an equivalence 
relation R$ on X, namely, 

R$ := {(x,x') E xxx: $(x) $(x')}. 

Clearly, R$ is a closed, invariant subset of X x X. 

1.7. Let X and V be T-spaces and let$: X + V be a morphism of T-spaces. 
The following statements are easily verified: 

)*We shall adopt the following convention: unless stated otherwise, 
X := <X,TI>, V := <Y,cr> and Z := <Z,~>. 
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(i) If A is an invariant subset of X then cj>[A] is invariant in Y, and if 

B is an invariant subset of Y, then cp+[B] is invariant in X. 
(ii) If A is a minimal subset of X, then cj>[A] is minimal in Y (consider 

An cj>+[B] for a closed invariant subset B of cj>[A]). 

In particular, if X is compact (hence cj>[X] closed in Y) and Y is minimal 

then cl> must be surjective (so Y is a factor of X), and if X is minimal and cp 

is surjective, then Y is minimal. 
~ 

1.8. Our aim is, among others, to study factors of compact Hausdorff T­

spaces. So from now on aU OW' T-spaaes wiU be aorrrpaat and Hausdorff (al­

though for certain definitions and results compactness is not needed). 

2. PROXIMAL FLOWS 

2.1. Two points x,y in a T space X are called proximal whenever T(x,y) n 

n AX= 0; here AX := {(z,z) : z EX}. If the points x and y are proximal, 

then (x,y) is called a proximal pair. So (x,y) is a proximal pair whenever 

there exists a point z E X such that 

vu E vz 3t E T: tx E u and ty E u 

(here V denotes the neighbourhood filter of z). Obviously, if (x,y) is a 
z 

proximal pair, then Tx n Ty ; 0. 
A T-space X is called proximal whenever each.pair of points is a 

proximal pair. 

2.2. LEMMA. A T-Spaae X is proximal iff every minimal subset of X x X is 

aontained in AX. 

PROOF. If X is proximal and Mis minimal in X x X, then for (x,y) E M we 

have T(x,y) n AX ; 0, but also T(x,y) .=_ M. Hence M n AX ; ~. and M n AX is 

a closed, invariant subset of M. By minimality, Mn AX= M, that is, Mc 

.=_ AX. 

Conversely, if every minimal subset of X x X is contained in AX' then 

this is in particular the case for the minimal subset, which is included 

in T(x,y) (cf. 1.4). Hence T(x,y) n AX; 0 for arbitrary (x,y) EX x X. D 

2. 3. COROLLARY. If XA is a proximal T-spaae for every A E A, then IT A.EAXA. 

is proximal. 
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PROOF. Let X := IIAEAXA, and, for every A E A, pA:X-+ XA the canonical pro­
jection; obviously, each pA is a morphism of T-spaces. If M is a minimal sub­
set of X x X, then pA x pA [M] is minimal in XA x XA (cf. I. 7) hence pA x pA [M] c 

~ ~XA' by 2.2. This implies, that M ~ ~X' hence X is proximal by 2.2. D 

2.4. PROPOSITION. Let X be a proximal T-space. Then: 
(i) If Z is a closed, invariant subset of X, then Z is proximal. 
(ii) If $:X + Y is a factor, then Y is proximal. 

PROOF. (i) is obvious, and for (ii), observe that$ x $[T(x,y)] = T($x,$y). 
(Indeed, $ x $[T(x,y)] T($x,$y) because $ is a morphism of T-spaces. Hence 
$ x $[T(x,y)] ~ T($x,$y) because $ x $ is continuous. But $ x $[T(x,y)] is 
compact, hence closed, so that$ x $[T(x,y)] = T($x,$y).) Now it is clear 
that for each pair z 1,z2 E Y we have: 

here x,y E X are such, that $x = z 1 and $y = z2 • D 

2.5. PROPOSITION. Let for i = 1,2, $.:X + Y be a factor, X and Y minimal and, l. 

in addition Y proximal. Then $ 1 = $2 • 

PROOF. Consider for i = 1,2 the graph of $i: 

r. := {(x,$.(x))lx EX} c x x Y. 
l. l. 

Then ri is a closed, invariant subset of X x Y. As ri is the image of X under 
the mapping x + (x,$i(x)), and this mapping is a morphism of T-spaces, ri is 
minimal (cf. 1.7). 

We claim, that two points (x,y) and (x,y') in X x Y are always proxi­
mal. If this is true, then in particular for every x E X the points (x,$ 1 (x)) 
and (x,$2 (x)) are proximal. Let (u,v) E X x Y be the point such that for 
every neighbourhood of (u,v), say U x V (U E Vu and VE Vv), there exists 
t E T with 

t(x,$ 1 (x)) E uxv, t(x,$2(x)) EU x V,. 

This implies 
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(u,v) E T(x,$ 1(x)) and (u,v) E T(x,$ 2(x)), 

hence (u,v) E f) n r 2• As f) and r 2 are minimal, this implies that f) r 2 , 
hence $1 = $2• 

It remains to prove our claim. So consider (x,y) and (x,y') in X x Y. 
Since Y is proximal, there exists z E Y such that 

Since X is compact, the family of sets 

W' E Vz & W' c W} 

for W E V has a non-empty intersection in X. Let z 

X 1 E n 
WEV 

z 

Consider an arbitrary neighbourhood of the point (x' ,z) in X x Y, say U x V 
with U E V, and VE V. Since x' E FV, we have that x z 

So there exists W' E V W' _c V, such that z' 

tW1X E U. 

On the other hand, by (*) we have 

Hence tW 1 (x,y) EU x W' c U x V and tW 1 (x,y') EU x W' c U x V. This proves 

our claim. D 

2.6. COROLLARY. Let X be minimal and proximal. Then the only T-endomor"phism 
of X is Ix: X + X. D 

2.7. COROLLARY. If T is abelian, then the trivial one-point flow is the 
only flow which is minimal and proximal. 



PROOF. Suppose X is a minimal and proximal T-space. For 
: X + X is an endomorphism, because T is abelian. Hence 

t every t E T, TI : 
t . h TI = IX, 1 .e. t e 
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action is trivial. As X is minimal, this implies that the space consists of 
one point. D 

2.8. REMARK. If T is compact, then every minimal and proximal flow is triv­
ial as well. Indeed, for every x,y EX we have T(x,y) = T(x,y), hence proxi­
mality implies that T(x,y) n ~X f 0, i.e. there exists t E T such that 
tx = ty, hence x = y. A group T, which admits no nontrivial minimal proxi­
mal flows will be called strongly amenable. Thus, abelian groups and com­
pact groups are strongly amenable. 

2.9. If x <X,TI> is a T-space, and S is a subgroup of T, then the action 
of T on X induces an action of S on X. In general, one cannot expect that 
if X is minimal, then X is minimal under the action of S. For proximality, 
however, we have: 

2.10. PROPOSITION. Let S be a subgroup of T a:nd suppose that there exists 
a corrrpact subse"/; K of T such that T = K. S. If X is proximal, then X is 
proximal under the action of s. 

PROOF. First, observe that for any subset A of X x X (similarly: for a sub­
set A in any T-space Z) we have KA = KA. (Indeed, since K and A are compact, 
KA is compact, hence closed, and KA.::_ KA, so KA.::_ KA. On the other hand, for 
every k E K one has kA = kA .::_ KA, so KA .::_ KA). 

Now for every pair (x,y) EX x X we apply this to T(x,y); so 

T(x,y) KS(x,y) KS(x,y). 

However, T(x,y) n ~X f 0, so KS(x,y) n ~X f 0. Since ~X is invariant under 
K, it follows that S(x,y) n ~X # 0. D 

2.11. REMARK. If Sis a closed subgroup of T and T =KS with K compact, then 
the space T/S of left cosets of S (endowed with the usual quotient topology) 
is a compact Hausdorff space. Conversely, if T/S is compact and, in addition, 
T is locally compact, then it is easy to show that there exists a compact 
subset K of T such that T = KS. (Proof: let U be a compact neighbourhood of 
e in T. Since the quotient mapping q:t 1+ tS: T + T/S is open, the image under 
q of every translate sU of U (sET) is open in T/S. As T/S is compact, there 
are finitely many s 1, ••• ,s ET such that U~ 1q[s.U] = T/S, that is, n i= 1 
u:=I siUS = T. Now K := u:=l siU is the desired compact set.) 
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3. STRONGLY PROXIMAL FLOWS 

For results and notation from functional analysis, we refer to appen­
dix Al to this chapter. In particular, one can find there the definition of 
the space M(X) of probability measures on a compact Hausdorff space X. 

3.1. Consider a T-space X = <X,TI>. Then for every t ET the mapping M(Tit): 
M(X) + M(X) is defined according to Al.5. For convenience, we shall write 
fort ET andµ E M(X): 

~t 
µ o TI • 

Then (t,µ) 1+ tµ:T x M(X) + M(X) is a mapping, satisfying the following con­
ditions: 

(i) eµ = µ (for ;e is the identity mapping of C(X)) 
(ii) Vs, t E T: s(tµ) = (st)µ (for ;t o ;s = ;st) 

(iii) the mapping ( t, µ) 1+ tµ: T x M(X) + M(X) is continuous. 

(The proof is as follows; consider (t,µ) E T x M(X) and observe, that for 
every (s,v) ET x M(X) and for every (fixed) f E C(X): 

Itµ (f) - S\i (f) I 

As f 0 TI is continuous on T x X and X is compact, there exists for every 
E > 0 a neighbourhood V of t in T such that 

If 0 TI ( t ,x) - f o TI (s ,x) I < E for all s E V, x E X. 

Hence II f o Tit - f o Tisll :o: E for alls E V. Moreover, if v EU ({foTit},E) 
µ 

(see Al. 1 for the notation) we have 

Consequently, for all (s,v) in the neighbourhood V x U ({f o Tit},E) of (t,f) 
µ 

in T x M (X) we have Itµ (f) - sv (f) I < 2E. This proves the des ired continuity.: 
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It follows, that the mapping (t,µ) I+ tµ: T x M(X)-+ M(X) is an action 
of Ton the compact Hausdorff space M(X). 

3.2. Let us, again, consider a T-space X = <X,rr>, and consider the embedd­
ing mapping~: X -+M(X). It follows from the diagram in Al.S, that o is a 
morphism of T-spaces; so if we consider X as a closed subset of M(X) (via 
the embedding ~), then X is invariant in M (X) under the action of T on M (X), 
and the action of Ton X is the restriction of the action of Ton M(X). 
Therefore, for convenience (and in accordance with 1.S(i)) the action of 
T onM(X) will also be denoted by rr. So we have the following diagram for 
each t E T: 

M(X) 

x 

t rr 

t rr 

M(X) 

x 

The following observations are easily verified 

(i) Vt E T: rrt: M(X) -+ M(X) is affine (that is, for all µ,v E M(X) and 
a c [0,1] the equality rrt(aµ + (1-a)v) = arrtµ + (1-a)rrtv holds); this is an 
immediate consequence of the fact, that rrt is the restriction of a linear 
operator to a convex set. 

(ii) ex M(X) = ~[X] is a closed invariant subset of the T-space <M(X),rr>, 
which is different from M (X). So <M{X), rr> is not minimal. 

3.3. The T-space X = <X,rr> is called strongly proximal whenever <M(X),rr> 
is proximal. 

Since by 3.2 the T-space X is isomorphic with a closed invariant sub­
set of M(X), and invariant sub-T-spaces of a proximal T-space are also prox­
imal, we have: 

3.4. PROPOSITION. If X is strongly proximal, then X is proximal. D 

The following result characterises strong proximality: 

3.5. LEMMA. The following conditions are equivalent for a T-space X: 
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(i) X is strongly proximal; 
(ii) Vµ E M(X): Tµ n o[X] # 0 (i.e. 3x Ex: 0 ETµ). x 

PROOF. (i) ~(ii): Considerµ E M(X) and z EX. By proximality of M(X) we 
have (closures are in M(X)): Tµ n T6""" # 0 (see 2.1). Since o[X] is closed z 
and invariant, we have~ c o[X], z -
(ii)~ (i): Consider the mapping 

hence Tµ n £[X] I 0. 

$:(µ,v) + !(µ+v): M(X) x M(X) + M(X). 

* Then $ is continuous (this is a consequence of the fact, that the w -topology 
in C(X)' is a vector space topology) and$ is a morphism of T-spaces (each 
of the mappings rrt on M(X) is affine). As M(X) is compact, orbit closures 
are mapped onto orbitclosures by$, so for all µ,v E U(X): 

T($(µ,v)) = T(µ;v). 

By (ii), ox E T(µ;v) for some x EX, hence there are µ',v' E T(µ,v) such 
that $(µ',v') =ox' that is, !(µ'+v') =ox E ex M(X). Consequently,µ' =·v', 
hence T(µ,v) n 6X # 0. This proves (i). D 

3.6. EXAMPLE. Let G be a semisimple connected Lie group with finite Center, 
and let G = KAN be an Iwasawa decomposition of G. Then, if P := NG(N) 
(normaliser of Nin G), G/P is compact, and, under the natural action of G 
on G/P (cf. 1.2(i)), G/P is a compact, minimal G-'space (minimality: G/P 
consists of just one G-orbit). We shall show in 4.7 below that G/P is 
strongly proximal (this result is due to C.C. MOORE, 1964). In particular, 
it follows that G/P admits no invariant measure (if µ were an invariant 
measure on G/P, then Tµ = {µ}, hence by 3.5, µ is a point measure of the 
form o for x E G/P. But then x would be an invariant point in G/P (because x 
o is a morphism of G-spaces), a contradiction). 

3.7. If$: X + Y is a morphism of T-spaces, then$ induces a continuous 
mapping M($): M(X) + M(Y). Since for all t E T we have $ 0 rrt crt o $, we 
also have M($) o M(rrt) = M(crt) o M($). In view of the definition of the actions 
of Ton M(X) and M(Y), respectively,-it follows, that M($) is a morphism 
of T-spaces. 

3.8. PROPOSITION. Suppose that X <X,rr> is a strongly proximal T-space and 
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that Y is a closed, invariant subset of X. Then <Y,n> is strongly proximal. 

PROOF. By appendix Al.5, the inclusion mapping i:Y + X induces an injection 
M(i): M(Y) + M(X). So M(Y) may be considered as a closed invariant subset of 
the (proximal!) T-space M(X). Hence M(Y) is proximal, that is, <Y,n> is 
strongly proximal. D 

3.9. PROPOSITION. Let J be an index set and let, for every i E J, Xi := 

<Xi,ni> be a strongly proximal T-space. Then the product rriEJXi is strongly 
proximal as well. 

PROOF. (1). First we prove the result for finite products. Using induction, 
it is easy to see that we may restrict ourselves to the case of a product of 
two strongly proximal T-spaces X1 and X2. For j = 1,2, let pj: x 1 x x2 + Xj 
be the projection and let wj := M(x 1xx2 ) + M(Xj) be the induced mapping. Since 
w1 and w2 are morphisms of T-spaces and all orbit closures under considera­
tion are compact, it follows that 

(I) w.[Tv] 
J 

Letµ E M(xxx). Since xl is strongly proximal, it follows from 3.5, that 
-- (I) -Tw 1 (µ) n a [X1J # 0. Hence by (I) there existsµ' ETµ such that w1 (µ') E 
E o(l)[X1J. This implies that 

(2) WI [Tµ'] 

because a1 Cx1J is closed and invariant in M(X 1). Now 3.5, applied to X2 
implies, that Tw2 (µ') n o( 2)cx2J # 0, so there exists µ" E Tµ' with 
w2 (µ") E o(2)Cx2J. Then (2) implies that 

Consequently, we have x 1 E x 1 and x2 E x2 such that 

~ (µ") 
I 

0 (2). 
Xn 

L 
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Then it is not difficult to show that µ" 

x 1xx2). So we have 

)* 6(x 1 ,x2) (point-measure on 

hence 3.5 implies that X1 xX2 is strongly proximal. 

(2) Now suppose J is infinite. For every finite subset F of J, let 
pF:X := IT. JX. +IT. FX. =: X_ be the projection, and let ~F := 1€ 1 J€ J -~ 

M(pF): M(X) + M(~) be the induced mapping. Finally, let F be the set of all 
finite subsets of J. Since for each F € F we have a morphism of T-spaces 
~F:M(X) + M(XF)' we have a morphism of T-spaces 

~ : M(X) + IT M(~) 
F€F 

such that for every F € F andµ€ M(X):~(µ) = (~F(µ))F€F" By the first part 
of the proof, each M(XF) is proximal (for XF is strongly proximal), hence 
by 2.3, the full product rrF€F MS~) is proximal. However, by the Stone-Weier­
strass theorem, ~ is injective)* , hence a topological embedding (indeed, -
all spaces under consideration are compact Hausdorff). So M(X), being iso­
morphic with a closed invariant subset of a proximal T-space is proximal, 
i.e. X is strongly proximal. D 

)* 
If U. is open in X. (i=l ,2) and (x1 ,x2) i u 1 x U , then it is easy to 

see th~t 1µ"(U 1 xu2 ) 1 = 01 (suppose x 1 i.u1: then we 'hav~ µ"(U 1xu2) ,:;; µ"(p7u 1) 
~!(µ )(U1) = ox1 (U 1) = 0). If S 1s a compact subset of x 1 x x2 , and 

(x1,x2) i S, then Scan be covered by finitely many rectangles, none of 
which contains (x 1 ,x2), i.e. each having µ"-measure zero. Hence µ"(S) = O. 
This implies, that tfie support ofµ" is included in {(x1,x2)}, henceµ" 
=o(x1,x2). 

)** 
Consider µ,v E M(X) such that~(µ) 

all F € F. Let 
~(v), that is, ~F(µ) 

A:= {fopFlF € F & f € C(~)}. 

It follows immediately from the definitions and assumptions, that for every 
g E Awe have (say g = f 0 pF,F € F, f € C(XF)): 

~F(v) (f) = v(f o pF) = v(g). 

Now A is a subalgebra of C(X) containing the constant functions and separat­
ing the points of X, so A is dense in C(X) (Stone-Weierstrass). As µIA 
= vlA' this implies that µ = v. This shows, that ~ is injective. 



3.10. PROPOSITION. Let $:X + Y be a surjective morphism of T-spaces. If X 
is strongly proximal, then so is Y. 
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PROOF. The induced morphism M($):M(X) + M(Y) is surjective (Al.S). Now apply 
2.4(ii)). D 

3.11. THEOREM. There exists a unique (up to isomorphism) universal minimal 
strongly proximal T-space SPT which is characterized by the following proper­
ties 

(i) SPT is minimal and strongly proximal; 
(ii) For every minimal, strongly proximal Y there exists a unique morphism of 

T-spaces $:SPT + Y. 

PROOF. Since in every minimal T-space an image of T is dense, there is only 
a set of isomorphy types of minimal T-spaces)*. Let {X.}. J be a complete 

1 1E 
set of representatives of isomorphism classes of strongly proximal, minimal 
T-spaces. Let SPT be the T-space, defined by a minimal subset of the pro-
duct rr. J X. (cf. 1.4 and 1.S(i)). Then 3.8 and 3.9 imply, that SPT is strong-1E 1 

ly proximal; by choice, SPT is minimal. So condition (i) is fulfilled. 
If Y is an arbitrary minimal, strongly proximal T-space, then Y is iso­

morphic to Xj for some j E J. Therefore, the restriction to SPT of the pro­
jection p.:rr. J X. + X. defines a morphism of T-spaces from SPT into Y (and, J 1E 1 J 
by 1.7, onto Y). It follows from 2.5, that such a morphism is unique. So (ii) 
is satisfied. 

Finally, suppose that X' is a T-space with properties (i) and (ii). Then 
there exists (unique) morphisms of T-spaces $:SPT + X' and w:X' +SPT. Then 
by 2.6, w o $ is the identity map of SPT and $ow the identity map of X'. It 
follows that $ (and w as well) is an isomorphism. Thus, SP T is unique up to 
isomorphism. D 

3.12. REMARK. Let G and P be as in Example 3.6. We shall show in section be­
low, that G/P ~ SPG, i.e. G/P is the universal strongly proximal minimal 
G-space. For the proof we need, however, more knowledge about strongly 
proximal T-spaces; in particular, we need to know the relationship between 
strong proximality and (the non-existence of) invariant measures. 

2 1Tj 
)* The cardinality of a minimal T-space X is at most 2 =: K, because each 
point of X determines a filter in Tx (for given XEX), namely, the trace of 
the neighbourhood filter of that point in Tx. On a set of cardinality ,,;; 1c 2 there are no more than 22K topological structures, and no more than IT! x K 
possible actions of T. 
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4. AFFINE T-SPACES; FIXED-POINT THEOREMS 

4.1. Let Ebe a (real) locally convex topological vector space, Q a non­
empty compact convex subset of E and cr an action of T on Q. Then the T-space 
Q := <Q,cr> is called affine whenever each homeomorphism crt:Q + Q (t E T) is 
an affine mapping, i.e. crt(ax+(l-a)y) = acrt(x) + (1-a)crt(y) for x,y E Q and 
O~a~I. 

It is clear, that for every T-space X (on a compact space X) the 
corresponding T-space on M(X) is affine (cf.3.2). 

Note, that non-trivial affine T-space Q cannot be minimal: it is ob­
vious that ex Q is invariant, so ex Q is invariant as well. By the Krein­
Milman theorem, ex Q # 0, and also ex Q # Q, unless ex Q consists of just 
one point, in which case Q also consists of one point. In the study of af­
fine T-spaces it is, therefore, not the notion of minimality which is import­
ant, but the notion of irreducibility. A non-empty, closed invariant convex 
subset A of an affine T-space Q is called irreducible whenever the only 
closed, invariant convex subsets of A are 0 and A. Similar to theorem 
1.4 it follows from ZORN's lemma, that 

4.2. THEOREM. Every affine T-space Q contains an irreducible subset. D 

For our purposes, the most important result is the following theorem. 
For a part of its proof, we refer to appendix A2. 

4.3. THEOREM. Let Q be an affine T-space. The following conditions are equi­
valent: 

(i) Q is irreducible 

(ii) Q is strongly proximal and ei Q is minimal. 
(iii) ex Q is strongly proximal and minimal. 

PROOF. 

(i)~(ii): Let Y be a closed invariant subset of Q. Then co Y is invariant 
as well, hence by irreducibility of Q, co Y = Q. Now Al.3 (second part) im­
plies, that ex Q .::_ Y. Since this holds for every closed invariant subset 
Y of Q, it follows, that ex Q is minimal (in fact, it follows, that ei Q 
is the unique minimal subset of Q). 

In order to prove, that Q is strongly proximal, it is sufficient to 
show, that o(Q)[ex Q] is the unique minimal subset of M(Q): indeed, if 
this is true, then every orbit closure in M(X), since it contains by 1.4 a 



93 

minimal subset, contains the set o(Q)[ex Q]. As o(Q)[ex Q] c o(Q)[O], it fol­

lows, that every orbit closure in M(Q) meets o(Q)[Q]. But t~en the result fol­

lows from 3.5. 

So consider a closed, invariant subset Y' of M(Q). By A2.7, the bary­
center ma.p b(Q):M(Q) + Q is a morphism of T-spaces, so b(Q)[Y'] is a closed, 
invariant subset of Q. By the first part of our proof, ex Q c b(Q)[Y']. Then 
it follows from A2.4, that o(Q)[ex Q] _::. Y', and this implies~ that 

o(Q)[ex Q] c Y' = Y'. Since this holds for every closed invariant subset Y', 
this shows,-indeed, that o(Q)[-;;;;{ Q] is the unique minimal subset of M(Q). 
(ii)=>(iii): Clear from 3.8. 

(iii)=>(i): Let A be a non-empty compact convex invariant subset of Q. If we 
put X := ex Q and b (X): M(X) + Q the corresponding barycenter mapping, then 

. (X)+[ ] . . . the pre-image B := b A of A is a non-empty compact convex invariant 
(cf.A2.7) subset of M(X). Now X is given to be minimal and strongly proximal, 
so /vl(X) is proximal, and o (X) [X] is a minimal subset of M (X). If x E B and 
y E o(X)[X], then by proximality, their orbit closures intersect each other. 
Since Tx c Band Ty= o(X)[X], it follows that B n o(X)[X] f 0, and as 
o(X)[X] i: minimal, this implies that B ~ o(X)[X]. Hence M(X) = co o(X)[X] c 

_::. B (cf.Al.4), so that A Q. This shows, that Q is irreducible. D 

4.4. A topological group T is said to have the fixed point property when­
ever every affine T-space Q has a fixed point (=invariant point). A topo­
logical group T is said to be amenable whenever condition (ii) in the follow­
ing theorem is satisfied)*. 

4.5. THEOREM. The following properties are equivalent for a topological 
group T: 

(i) T has the fixed point property; 
(ii) Every T-space X (on a compact Hausdorff space!) has an invariant 

measure)**, i.e. T is amenable; 

(iii) Every minimal strongly proximal T-space X is trivial (i.e. X consists 
of one point); 

(iv) Sp is trivial. 
T 

)* Formally, the definition of amenable is different from, but equivalent 
to, condition (ii). See [5]. 

)**i.e. 3µ E M(X)'.tµ µ for all t E T. 
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PROOF. 

(i)=>(ii): If X is a T-space, then (i) implies that the induced affine T-space 
M(X) has an invariant point µ. 

(ii)=>(iii): Ifµ is an invariant point in M(X) and X is strongly proximal, 
then by 3.5 there exists x E X such that o E Tµ = {µ}. x 
Consequently, ox = µ, hence x is an invariant point in X. If X is also mini-
mal, this implies that X = {x}. 

(iii)<==>(iv): obvious. 

(iii)=>(i): Suppose Q is an affine T-space. Let Q0 be an irreducible subset 
of Q (cf.4.2). Then the T-space ex Q0 is strongly proximal and minimal by 
4.3, hence ex Q0 = {x} by the assumption. Then x is an invariant point in 

Q. D 

4.6. COROLLARY. If T is strongly amenable, then T is amenable. 

PROOF. Cf. 2.8 (definition of strong amenability), 3.4 and 4.5. D 

In our next theorem we indicate some amenable groups. It contains the 
Markov-Kakutani fixed point theorem (cf. [2]). First a leIIIllla: 

4.7. LEMMA. Let S be a closed normal sUbgroup of T and suppose that both S 
and T/S are amenable. Then T is amenable. 

PROOF. We show, that T has the fixed point property. Consider an affine T­
space Q, and let 

Qt := {xEQ1sx = x for all s E S}. 

Since S is amenable, Q1 1 ~. Moreover, it is easy to see that Q1 is convex 
and closed in Q, hence compact. In addition, Q1 is invariant under T (in­
deed: if t ET, then for every s ES there exists s' ES such that st = ts', 
so that s(tx) = t(s'x) = tx for all x E Q1, i.e. tx E Q1 for all x E Q1• So 
Q1 is a T-space, and because S is included in the stabilizer {tETltx = x for 
all x E Q1} of Q1 , there exists an action~ of T/S on Q1, defined by 

Tiq(t) := nt for all t E T 

(here q:T + T/S is the quotient map; as q is an open mapping, it is not 
difficult to show that the action ~ of T/S on Qt is continuous as a map-
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ping from (T/S) x Q1 into Q1). However, T/S is amenable, so there exists 
~u x 1 E Q1 such that TI x 1 

t = x 1 for all u E T/S, hence TI x 1 = x 1 for all t E T 
(cf. the definition of ;). So x 1 is a fixed point for Tin Q. D 

4.8. THEOREM. The following groups are amenable: 
(i) all abelian groups; 
(ii) all compact groups; 

(iii) all solvable groups; 

(iv) all compact extensions of solvable groups, i.e. groups T which contain 
a closed normal subgroup S such that T/S is compact and S is solvable. 

PROOF. All abelian and compact groups are strongly amenable (cf. 2.8), hence 
amenable (cf. 4.6). This proves (i) and (ii). 
(iii) If T is solvable, then we have subgroups T. of T (i = I, ... ,n) such 1 
that {e} TO c TI c ... c T T, and, in addition, Ti-I is a normal sub-n 
group of T. and T./T. I is abelian for i = I, ••• ,n. Then also 1 1 1-

c ••• c T 
n 

T, 

h · · - - r · · )* < w ere each Ti-I 1s a normal subgroup 1n Ti and Ti Ti-I 1s abel1an the 
proof is a straightforward consequence of the principle that the relations 
which have to be checked hold on a dense subset of the set in question, hence, 
by continuity, on the whole set). Now lennna 4.7 and case (i) above imply 
by induction that T1 ,T2, .•• ,Tn =Tare amenable. 
(iv) Follows from (ii), (iii) and lennna 4.7. D 

5. BOUNDARIES OF CONNECTED LIE GROUPS 

For the results from integration theory which we need in this section, 
we refer to appendix A3. 

)* We could do without taking closures. Let Trl denote the group T with its 
discrete topology. Then the proof, indicated liere, shows that 'I(! is amen­
able (using the original sequence {e} = T0 c T1 c •.• c T, without taking 
closures), and this obviously implies that T is amenable.TIN"otice, that the 
fact that we need a closed subgroup in lennna 4.7 comes merely from our 
agreement to consider only topological Hausdorff groups (T/S is Hausdorff 
if and only if Sis closed in T). However, we could do equally well with­
out this condition. 
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5.1. By the original definition in [3], a boundary of a (Lie) group G is 

a compact homogeneous space M such that for every probability measure µ 

on M there exists a sequence {t } ""P.T in G such that the sequence {t µ} -.... n nE~ n nE~ 

converges to a point measure. Here a homogeneous space M for G is a quotient 

space of the form M := G/H for some closed subgroup H of G; we shall always 

require M to be compact. By l.2(i), an action of G on Mis defined by t(sH) 

:= ts H (sEG;tEG). 

In the case of a Lie group G, G is metrizable, hence every homogeneous 

space Mis matrizable [cf. [6], 8.14). Now by Al.6, if Mis a compact metric 

space, then M(M) is first countable. Hence for µ,v E M(M), v E Gµ if and 

only if there exists a sequence {t } ...., in G such that v = lim t µ. n nE .u n-+«> n 
Keeping this in mind, we may restate the definition of a boundary as follows: 

a boundary of a Lie group G is a compact homogeneous space M which is, under 

the natural action of G, strongly proximal (cf. lemma 3.5). 

5.2. Let G be a connected semisimpl.e Liegroup with finite center, and let 

G = KAN be an Iwasawa decomposition. As G has finite center, K is compact 

(cf. Theorem II.3.1). Recall from chapter V, that if we put S :=AN, N is 

a normal subgroup of S. In addition, let 

Then P MAN (cf. Theorem III l.J7(viii)), hence obviously 

In fact, it follows from Lemma III.1.5. that P = H; this result will again 

be obtained as a by-product of the main result of this section, namely, that 

the universal minimal strongly proximal G-space SPG (cf. 3.11) is isomorphic 

with the homogeneous G-space G/P. 

5.3. LEMMA. The space SPG contains a point z which is invariant under the 

actions of S and of H on SPG. 

PROOF. Clearly, the groups S and H, being subgroups of G, act on SPG. Since 

Sis solvable, there exists an S-invariant measureµ E M(TP)G (cf. 4.8). 

Notice, that the action of G on M(SPG) is proximal - just by the definition 

of strong proximality, - and as G =KS with K compact, proposition 2.10 im­

plies, that M(SPG) is also proximal under the action of S, i.e. SPG as an 
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S-space is strongly proximal. So by 3.5, there exists a point z E SPG such 
that oz E Sµ. Since µ is S-invariant, it follows, that oz=µ, whence z is 
an S-invariant point in SPG. 

In order to prove that z is H-invariant, consider t E H. By the defini­
tion of H, for every s ES there exists s' ES such that st = ts', hence 
s(tz) = t(s'z) = tz. This shows, that tz is an S-invariant point for every 
t EH. However, S acts proximally onSPG (even strongly proximal: see above), 
so the S-orbit closures Sz and S(tz) meet each other. As z and tz are S­
invariant, it follows, that z = tz. This shows, that z is H-invariant. 0 

5.4. COROLLARY. Let L := {tEG:tz = z} be the stabilizer of the point z E SPG, 
considered in 5.3. Then H.::_ L, and the G-space SPG is isomorphic with the 
G-space G/L. 

PROOF. The only theory, which is not yet completely obvious from lemma s.3 
is, that SpG is isomorphic to G/L. To prove this, observe, that L ~ H ~ S. 
Hence G/L is the continuous image of G/S under the mapping tS 1+ tL:G/S + GL. 
But G/S is compact, hence G/L is compact. 

Next, consider the mapping 

cj>: tL1+ tz: G/L +SP . 
G 

It is easily checked, that this is a morphism of G-spaces. In addition, it 
is clear from the definition of L, that this mapping is injective. How­
ever, the image of G/L inSPG under this mapping is compact, hence closed, 
hence it contains the orbit closure of z. As SPG is minimal, it follows 
that cf> is surjective. So cf> is the desired isomorphism of G-spaces (con­
tinuity of cf>+ follows from the fact that cf> is bijective, G/L is compact, 
and TPG is Hausdorff). 0 

5.5. THEOREM. (FURSTENBERG-MOORE). Let G be a connected semisirrrple Liegroup 
with finite center. Then the G-space S PG is isomorphic to the G-space G/P, 
which is a boundary. Moreover3 for any closed subgroup G' of G, the homo­
geneous G-space G/G' is a boundary iff G' contains some conjugate of P. 

PROOF. By the result of C.C. Moore, the G-space G/P is a boundary, that is, 
G/P is strongly proximal (cf. 4.11 below). By the universality of SPG, there 
exists a (unique) morphism of G-spaces fromSPG onto G/P. Using 5.4 it 
follows that there is a morphism of G-spaces cj>: G/L + G/P. For clarity, let 
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us denote the elements of G/L by t (:= tL) and those of G/P by t (:=tP), 

He> -t E G. If t 0 , then for all t E L we have te = e, hence 

tt0 tHe> cp(te> He> to. 

So L leaves t 0 invariant, hence Lt0P ,=. t 0P, so 

Using the inclusions obtained in 5.2 and 5.5, we have 

Th . . l" h p -I)* is imp ies, t at P = t 0 t 0 , hence P H L. So the first part of our 

theorem follows from 5.4. 

As to the last assertion of the theorem, the universality of G/P implie 

that there exists a morphism of G-spaces w: G/P + G/G', and similar to the 

argument, used above, this implies that there exists t 1 E G such that Pt G' 
I . I 

I h . - p G' 0 _::. t 1G , tat is, t 1 t 1 5_ • 

5.6. COROLLARY. (See also Cor. II. 3.7, Theor. I.4.2, Le11lllla II. 5.4). If 
G =KAN and G K'A'N' are two Iwasa.UJa-deaorrrpositions, and P := NG(N), 

P' := NG(N'), then P and P' are aonjugate. 

PROOF. By theorem 4.4 (which applies also with P replaced by P'), each of 

the groups P and P' contains a conjugate of the other. 0 

5. 7. COROLLARY. Every minimaZ st1.'ongly p1.'oximaZ G-spaae is a bouruia:PiJ. 

PROOF. Let X denote an arbitrary minimal strongly proximal G-space. 

Then X is a homomorphic image of G/P. This implies, that X consists of one 

orbit, and similar to the proof of 5.4 one shows, that X ~ G/G' for some 

closed subgroup of G. So X is a boundary. 0 

5.8. We close this section with a proof, that G/P is strongly proximal. For 

)* This is, because in this situation P and t0Pt~ 1 have the same Lie alge­
bras, P being a closed subgroup with finitely many components. 



background knowledge, see the Appendices. 

In appendix A3.4 we show, that in order to prove that G/P is strongly 

proximal, it is sufficient to prove, that there exists one quasi-invariant 

measure µ0 on G/P and a sequence {t } N in G such that the sequence n nE 
{tnµO}nEN converges in M(G/P) to a point measure. 

Now we need the following facts concerning the structure of G/P: 

- there exists an open and dense subset Q in G/P such that the set G\q+[Q] 
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has (left) Haar-measure zero; hence Q: G + G/P is the canonical projection 

(in order to see this, recall from Lemma III.I.II that G = UwEW Uw wP; then 

U wP has lower 
w Q = q[Uw0w0J with w0 such that uw = N; for w E W, w f w0 , 

.. 0 
dimension, hence Haar measure zero). 

- the set Q has the structure of a vector space and the action of A on Q 

(induced by the action of G on G/P) can be diagonalized with respect to a 

certain basis. With coordinates with respect to this basis, put for r > 0: 

B := {x 
r ( ~ 1 • • • • , ~ ) E Q ! I ~. I < r for i n i 

Now t 0 E A can be chosen such that 

(*) 
n+I tn B • U 

to Br .=. o r' 
nE J\l 

Q 

(take t 0 :=exp Z, Zin the positive Weyl chamber). 

l, ... ,r}. 

Let µO E M(G/P) be quasi-invariant. Then for eve~y r > 0 and n E N we have 

hence by (*): 

+ 
Let ;\G denote left Haar measure on G. Then by v[B] := ;\G(q [BJ) for a Borel-

subset B of G/P, a measure on G/P is defined, which is easily seen to be 

quasi-invariant. Hence by one of the results, quoted in A3.I, v and µ0 have 

the same null-sets (both measures are quasi-invariant))* 

)*One might object that A3.I concerns only measures in M(G/P), i.e. measures 
v with llvll s I. However, since G/P is compact, all (Borel-)measures on G/P 
are bounded. In particular, for a suitable constant c > 0 the measure v de­
fined above satisfies cv E M(G/P). 
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Since AG(G\q+[QJ) = 0, it follows that µ0 ((G/P)\Q) = 0, hence µ0 (Q) = I. 

The sequence {t~nµO}n€N has in the compact, first countable space M(Q/P) 
a convergent subsequence, say with limit µ1• Now condition(**) implies, 
that 

Since Br is closed for every r > O, it follows, that the support of µ1 is 

included in nr>O Br = 0 (=zero-vector of Q), hence µI = o0 • This shows, that 
-n . some subsequence of {t0 µ0}nE1'1 converges to a point measure. 
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APPENDIX Al: COMPACT CONVEX SETS: C(X) AND M(X) 

For proofs of results in this appendix, we refer to [I], [8] and [10]. 

Al.I. Let X be a compact Hausdorff space, and C(X) the set of all continuous, 

real-valued functions on X. With the usual pointwise defined operations and 

the supremum norm, C(X) is a Banach space. Its (topological) dual will be 

denoted C(X)'; it is the space of all continuous linear mappingsµ: C(X) + lR. 

We shall consider two topologies on C(X)': the topology, induced by the 

norm II •II , where 

llµll := sup{lµ(f)I : f E C(X) and Hfll :5 I} 

forµ E C(X)', and, in addition, the w*-topology (also denoted as the 

cr(C(X)',C(X))-topology), which is the weakest topology on C(X)' for which 

all mappings µ 1+ µ(f): C(X)' + lR for f E C(X) are continuous. Thus, the 

w*-topology is the relative topology of C(X)' in lRC(X). It is important 

for our purposes to observe, that C(X)' with the w*-topology is a locally 

convex topological vectorspace)*. 

Let S' := {µ E C(X)' l llµll :5 I}, the unit ball in C(X)'. By Alaoglu's 

theorem, S' is a aorrrpaat Hausdorff space when endowed with the w*-topology. 

Consequently, 

M(X) := {µ E C(X)' : µ;:: 0 andµ(!)= I} 

. . * )I LS compact Ln the w -topology • To prove this, it is sufficient to show 

that M(X) is closed in C(X)', and that M(X) ~ S'. 

(I) M(X) is w*-closed in C(X)', because M(X) can be written as an inter­

section of w*-closed sets, as follows: 

M(X) n {µ E c(x)' 
fEC(X) 
f;::O 

µ(f);:: 0} n {µ E C(X)' I}. 

)I ! is the constant function on X with value I. Note, that I E C(X). More­
over, µ ;:: 0 means: f E C(X) and f ;:: 0,. µ(f) ;:: O; or equival~ntly, f ,g E C(X) 
and f :5 g,. µ(f) :5 µ(g) (monotonicity). 

)*A base for the neighbourhoodsystem ofµ E C(X)' is formed by the collec­
tion of all sets 

u (F,e:) :={VE C(X)'IVf E F: lµ(f) - V(f)I < e:} 
µ 

with e: > 0 and Fa finite subset of C(X). 
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(2) If µ E M(X), then by monotonicity we have for every f E C(X) that 

- µ(jfj) µ(-jfj) ~ µ(f) ~ µ(jfj), that is, 

for f E C(X). 

Clearly, J f I ~ II fll . I (recall, that If I (x) : = If (x) I) and, consequently, 

Thus, II µII ~ I for µ E M (X) • 

(3) It is easy to see, that M(X) is a convex subset of C(X) ',that is, if 

µ,v E M(X) and 0 ~a~ I, then aµ+ (I-a) v E M(X). 

Resuming, we ha:ve shown tha.t M(X) is a compact, convex subset of the 

locally convex tvs C(X)' with its w*-topology. 

Al.2. By Riesz's representation theorem there is a 1,1-correspondence be­

tween M(X) and the set of all regular probability measures on X, as follows: 

ifµ E M(X), then there exists a unique regular Borel measure m on X-such 
µ 

that 

µ(f) f fdmµ 
x 

for all f E C (X). 

As m (X) =µ(I)= I, it follows that m is a probability measure. 
µ - µ 
Conversely, it is clear that every regular Borel probability measure 

m on X induces an elementµ: f I~ fx fdm of M(X). As µm =µfor everyµ E m µ 
E M(X) and mµm = m for every regular probability measure, we shall just 

identify µ E M(X) with the corresponding measure. So we may write 

µ (f) f fdµ 

x 
for f E C(X), µ E M(X). 

Al.3. Let Ebe a locally convex topological vector space. The following 

result is the famous theorem of Krein and Milman: Let Q be a compact, con-
~ n . )* . vex subset of E, Q r ~· Then the set ex Q of all extreme points in Q 

is non-empty, and co(ex Q) = Q.)§ 

)* and )§ : see footnotes at next page. 
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Conversely, if B is any closed subset of the compact, convex subset Q of E 

such that co(B) = Q, then ex(Q) _=. B. 

(It should be observed, that usually, ex Q is not closed in Q; in this 
respect the next example is an exception.) 

AJ.4. Let X be a compact Hausdorff space. For x EX, let ox:C(X) + lR be 
defined by o/f) := f(x) for f E C(X). Then for all x E x, ox E M(X). The 
mapping o :x i+ ox X + M(X) has the following properties: 

(I) o: X + M(X) is injective, because C(X) separates the points of X. 
(2) o: X + M(X) is continuous (M(X) being endowed with the w*-topology), 
because x i+ ox(f) : X + lR is continuous for every f E C(X). 

(3) As X is compact and M(X) is Hausdorff (and compact), then o : X + M(X) 
is a topological embedding. Its range o[X] coincides with ex M(X) - which 
is therefore a closed subset of M(X). In fact, forµ E C(X)' the following 
equivalent: 

(i) µ E ex M(X) 

(ii) 3x E X : µ = OX 

(4) By (3) and Al.3(3), we have: M(X) co(O[X]). 

Al.5. If X and Y are compact Hausdorff spaces and cj>:X + Y is a continuous 
mapping, then cl> induces a continuous (norm decreasing) linear mapping 

cl>: f •+ f o cj> : C (Y) + C (X), 

and this induces a continuous linear mapping 

(cl>)' µI+ µ o cj> C (X) ' + C (Y) ' • 

)* . 
If Q is a convex set, then x E Q is called an extreme point of Q whenever 

Q\{x} is convex. Equivalently, x is an extreme point of the convex set Q 
iff x = ay + (1-a)z with y,z E Q and 0 ~ a ~ I implies either x = y or 
x = z. The set of all extreme points of Q will be denoted ex(Q) or ex Q 
and its closure in Q by ex Q. 

)§ If A is a subset of a vector space, then co(A) or co A is the convex hull 
of A : co A := n{Q:Q convex & A_=. Q} = {ExEF a(x)x ! F _=.A, F finite, 
a(x) ~ 0 for all x E F, ExEF a(x) = I}. If A is a subset of a tvs, then 
co(A) := co(A). Then co(A) is also convex: it is the least closed convex 
set, containing A. 
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It is easy to see, that (~)' is w:_continous and that (~)' maps M(X) into 
~ ' 

M(Y). Call the restriction of(<!>) to M(X) and M(Y): M(<!>). Thus, we have 

the continuous mapping 

M(<I>) M(X) + M(Y). 

If, for simplicity, we denote M(<I>) (µ) =: µ E l{(Y) for µ E ll(X), then, by 

definition, we have 

µ(f) µ(f 0 <I>) for f E C(Y) 

or, in a different notation, 

f fdµ = f f 0 <I> dµ for f E C(Y). 

y x 

A straightforward computation shows, that the following diagram commutes: 

----+ y 

M(<I>) 
j'y 

M(X) --->-,M(Y) 

where ox and oy are the canonical embeddings of X into M(X) and Y into M(Y) 

(according to Al.4). Using this and Al.4(4) it follows easily, that M(<I>) is 

a surjeation if anti only if <I> is a surjeation. 

Using the fact that every continuous function on a closed subset of 

Y can be extended to a continuous function on Y, (Y is a normal space, 

since Y is compact Hausdorff) it follows that, if <I> is injective, then 
~ ~ ' 
<I> : C(Y) + C(X) is surjective. This implies that (<!>) , hence M(<!>), is in-

jective. Since the converse follows easily from the diagram above, we have, 

that M(<I>) is injeative if a:nd only if <I> is injeative. 

Al.6. If X is a aorrrpaat, metrizable spaae, then M(X) is first aountable, i.e. 

each point in M(X) has a countable neighbourhood base. The proof is as follow 

First, observe, that the space C(X) is separable, i.e. C(X) has a count­

able subset D which is dense (in the topology of uniform convergence, of 
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course). This is a consequence of the Stone-Weierstrass theorem. We claim, 

that for µ E M(X) the family of all sets 

U (F' .!_) := {v E M(X) 
µ 'k lv(f) - µ(f)I <~for all f E F'}, 

k E N, F' a finite subset of D, forms a local base at µ. This will prove our 

statement, since the cardinality of the set of all finite subsets of the 

countable set D is countable. So consider an arbitrary basical neighbourhood 

U (F,£) of µ (£ > 0, F a finite subset of C(X)). Let k E N be such that µ 

3/k < £. Select for each f E Fan element f' ED such that llf-f'll < 1/k, and 

let F' := {f' : f E F}. Then for each v E M(X) and f E F we have 

lv(f) - v(f')I lv(f - f')I $; llvll llf - f'll < ~-

Hence for every f E F we have 

lv(f) - µ(f)I $; lv(f) - v(f')I + lv(f') - µ(f') I + lµ(f') - µ(f)I 

< ~ + lv<f') - µ(f')I 

This implies, that U (F' ,l/k) c U (F,E), which proves our claim. µ - µ 
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APPENDIX A2: THE BARYCENTER MAP 

A2.I. If X is a non-empty compact subset of a locally convex topological 

vector space E, andµ E M(X), then we say that a point x EE is represented 

by µ, or that µ has barycenter x, whenever 

$(x) f $ dµ 

x 
for every$ EE'. As E' separates the points of E (a consequence of the Hahn­

Banach theorem), the barycenter of µ, if it exists, is unique. In our next 

theorem it is stated, among others, that such a barycenter always exists; 

it will be denoted by b(µ). 

A2.2. THEOREM. Let X be a compact non-empty subset of a locally convex topo­
logical vector space E such that Q :=co X is compact)*. Then there exists 

a unique mapping b : M(X) + Q with the following properties: 

(i) For every µ E M(X), b(µ) is the barycenter ofµ. 

(ii) b : M(X) + Q is surjective, i.e. every point of Q is the barycenter 

of some probability measure on X. 

(iii) b : M(X) + Q is affine, and continuous with respect to the w*-topology 

on M(X). 

PROOF. Cf. [10], Chapter I. 0 

The mapping b: M(X) + Q (sometimes to be denoted by b(X)) will be 

called the barycenter map. The two cases which will interest us most are the 

following ones: (a) X = ex Q for a given compact convex set Q and (b) X = 

= Q for such a Q. 

)* Compactness of Q follows from compactness of X if E is complete or if E 
= F', Fa Banach space and E having the w*-topology; also, if we start with 
co.!!!12.act Q and put X :=ex Q, the conditions are fulfilled (by Al.3, Q = 
= co X in this case) 
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A2.3. EXAMPLE. Let Q be a compact convex subset in a locally convex topolog-

ical vector space E, 
Q "' f/J' and let X 5:.. Q be closed such that Q = co X 

(particular x ex Q and X = Q). For (X) cases are: every x E X we have 6 E 

b (6 (X)). 
x 

E M(X). We claim, that x = Indeed, for every <Ii E E' we have x 

<Ii (x) o(x)(</i) = J <Ii do(x). 
x x 

x 
Thus, we have b o o(X) identity mapping of X. 

The following result states, that extreme points of Q can be the bary­

center only of the corresponding point measures: 

A2.4. THEOREM. Let Q be as above. Ifµ E M(X) and if b(µ) E ex Q, then 
- (Q) 

µ - ob(µ)· 

PROOF. Cf. [JO], Prop. 1.4. 0 

The final result in this appendix will be, that in the case of an affine 

T-space Q and an invariant compact subset X of Q such that Q =co (X), the 

barycenter map b(X) : M(X) + Q is a morphism of T-spaces. Again, this result 

applies to the cases X = ex Q (indeed, ex Q is invariant under an affine 

action of T on Q, hence its closure is invariant as well) and X = Q. For 

this we need the following lemma and its corollary: 

A2.5. LEMMA. Let Q be as above. Then the set 

q, E E' & r E JR.} 

is dense in the space A(Q) of all affine continuous real-valued functions)* 
on Q endowed with the topology of uniform convergence on Q. 

PROOF. Cf. [10], Prop. 4.5. 0 

A2.6. COROLLARY. Let X and Q be as in Theorem A2.2. Then the barycenter map 
b : M(X) + Q has the property 

Vf E A(Q) f(b(µ)) f f dµ 

x 
(µ E M (X)) 

)* f E C(Q) is called affine whenever f (ax+(l-a)y) 
all x,y E Q and 0 s as I. 

af(x)+(l-a)f(y) for 
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PROOF. By the definition of barycenter, the formula holds if f = ~[Q for 

~ E E'. It holds also, if f = r.l for r E R, hence it holds for all map­

pings f of the form ~[ + r. l with ~ E E' and r E R. Now observe, that the 
Q 

mappings f ~ fx f dµ and f 1-+ f(b(µ)) from C(Q) to R are both continuous with 

respect to the topology of uniform convergence on Q. Since these mappings 

are equal to each other on a dense subset of A(Q), they are equal on A(Q). D 

A2.7. THEOREM. Let Q be an affine T-space and let X be a closed invariant sub· 

subset of Q such that co X = Q. Then the barycenter map b : M(X) + Q is an 

affine morphism of T-spaces. 

PROOF. We need only to show that b satisfies the condition b o at 

for all t ET (cf. A2.2 (iii) for the other properties). Since for all 

~EE' and t ET we have~ 0 at E A(Q), it is clear that 

~(b(atµ)) = J ~ d(atµ) = J (~ o at)dµ (A2•6) 

x x 
(~ o Gt)(b(µ)) = ~(Gt(b(µ))) 

(µ E M(X)). Since E' separates the points of E, it follows that b(otµ) 

= otb(µ) for allµ E M(X), hence b 0 at at ob. D 
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APPENDIX A3: QUASI INVARIANT MEASURES 

A3.I. Let G and P be as in section 4. Although we shall formulate the re­

sults here in the context of G/P (which is compact), all results about quasi­

invariant measures and convolution of measures are valid in the context of 

an arbitrary homogeneous space G/H (H a closed subgroup of G) for arbitrary 

locally compact G, satisfying the second axiom of countability (i.e. separ­

able and metrizable). Of course, in the general case one should consider 

K(G/H) (= space of continuous real-valued functions with compact support) 

instead of C(G/P). 

First, recall that in an arbitrary set X with a-field B for two finite 
B . . . )* measures µ and v on the following properties are equivalent. : 

(i) VB E B : µ(B) 

(ii) VE > o 3o > o 
0 => v(B) = 0 

VB E B (µ(B) < o => v(B) < E) 

If these conditions are fulfilled, then we write v << µ and we say that v is 

absolutely continuous with respect to µ. 

Now an arbitrary measure µ on G/H is called quasi-invariant whenever 

for every t E G we have 

tµ << µ and also µ << tµ 

(i.e. µand tµ have exactly the same sets of measure zero). The following 

facts can be shown (cf. [9], Ch.IX): 

- if µ E M(G/H) then µ is quasi-invariant iff 

V Borelset B .::_ G/P µ (B) 
+ 

0 - A.G(q [BJ) 0 

Here q G + G/H is the quotient map, and A.G is left Haar measure on G. 

- if µ1,µ 2 E Al(G/H) are both quasi-invariant, then µ 1 « µ2 and µ2 « µ1• 

)* . . . this is an easy consequence of the Radon-Nikodym theorem, but can also be 
proved easily in a straightforward way. 
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- there exists µ E M(G/H) which is quasi-invariant. 

(Note, that these results also hold for G = G/{e}; thus there exists A E U(G), 

A quasi-invariant.) 

A3.2. If v E M(G) andµ E M(G/P), then an element v *µof M(G/P) is defined 

by 

(I) 'J * µ(f) f f f(tx) dv(t)dµ(x) 

G/P G 

(f E C(G/P)). 

(In order to prove that this makes sense, one has to show that the mapping 

x1+ fG f(tx)dv(t) : G/P ~ lR is continuous. This is not difficult, once one 

knows that for all e > 0 there exists a compact subset C of G such that 

v(G\C) < e/2.) 

Some elementary computations(using FUBINI's theorem) show, that 

(2) for t E G, µ E M(G/P) 

and 

(3) t(v * µ) = ot*(v * µ) = tv * µ fort E G, v E M(G), µ E M(G/P). 

Moreover, for any Borel subset of G/P we have, if v E M(G) andµ E M(G/P): 

So we have 

v * µ(B) = f f XB(tx)dv(t)dµ(x) 

G/P G 

f ( f XB(tx)dµ(x)) dv(t). 

G G/P 

(4) v * µ(B) = f (tµ)(B)dv(t). 

G 

A3.3. LEMMA. Ifµ E M(G/P), and if A E M(G) is quasi-inva:r>iant, then A*µ 

is a quasi-invariant. 

PROOF. For a Borelset B in G/P we have, by (4) 

A * µ(B) f (tµ) (B)dA(t). 

G 



This implies, that A* µ(B) = 0 iff (tµ)(B) = 0 for A - a.e. tin G. 

Fors E G we have, by (3), s(A*µ) =SA*µ, so we obtain 

(s (A*µ)) (B) 0 - (SA*µ) (B) 0 - (tµ) (B) 0 for SA - a.e. 

l 11 

t in G. 

However, A and SA have the same nullsets in G, so the phrases "A-a.e. t in 

G" and "sA-a.e. t in G" have exactly the same meaning. Consequently A * µ(B) 

= 0 iff s(A*µ)(B) = 0. So by definition, A*µ is quasi-invariant. D 

A3.4. LEMMA. If there exists µ0 E M(G/P), µ0 quasi-invariant, such that 
{ t µ0 } .,.., converges for some sequence { t } .,., in G to a point measure a n nE.L• n nEi• x 
in M(G/P) (x E G/P), then G/P is strongly proximal. 

PROOF. Considerµ E M(G/P). We have to show that for some sequence {sk}kEN 

in G the sequence {skµ}kEN converges to ox. 

There exists a quasi-invariant A E M(G). By A3.3, A*µ is quasi-invar­

iant in M(G/P), hence A*µ<< µ0 (cf. A3.1). So 

(5) V£ > 0 3.S > 0 V Borelset B in G/P : µ0 (B) < a~ A * µ(B) < £. 

Let {Uk}kEN be a nested local base at x, and put Bk := (G/P)\Uk. Then Bk 

is closed, and x i Bk. Hence 

Using (5), this implies, that for every k E N there exists ~ E N such 

that for all n ~ ~: 

(6) 

However, by formula (4), 

(7) tnA * µ (Bk)= I sµ(Bk)d(tnA)(s) =I (tnsµ)(Bk)dA(s) 
G G 

Now (6) and (7) clearly imply that there exists sk E G.such that 

(8) 
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Now the sequence {skµ}kEN has (in M(G/P), which is a compact, first count­

able space) a convergent subsequence, say with limit v. In passing to this 

subsequence, we may assume, that v = li~_,.,, skµ. For any closed subset K of 

G/P, this implies that v(K) li~....,, skµ(K). However, if x i K, then 

Uk n K = 0 for almost all k E N, that is K .::_Bk. Then, by (8), 

hence v(K) = O. Since this holds for every closed subset K of G/P with 

x i K, this implies, that v = ox. Therefore, li~....,, skµ = ok. D 
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Chapter V 

CLASSIFICATION OF REAL SEMISIMPLE LIE ALGEBRAS 

A.G. HELMINCK 

This chapter gives a sketch of the classification of real forms of a 

complex semi-simple Lie algebra. The approach given here is close to that of 

ARAKI and SUGIURA (cf. [Satake], Appendix). Different treatments can be found 

f.i. in CARTAN, GANTMACHER (simplified by MURAKAMI) and HELGASON. 

I . NORMALLY RELATED REAL FORMS 

Let 9c be a complex Lie algebra and let (9c)IR denote 9c considered as 

a real Lie algebra. Put r for Gal(~,:JR.) = {J,y0 }. If one has an action of 

r on (gc):JR., then we denote the action of y0 by a. a is called a conjugation 
o.f 9c if it satisfies 

a (>-.X) = "5: a (X) 

We will use the notation 90 for the fixed point set of a conjugation a It 

is a reaZ form of 9. 

From now on assume that 9c is semi-simple. Let 90 be a non-compact real 

form of 9c· We know from (Ch.I, Proposition 3.1) that there exists a compact 

real form 9, of gc so that a o T = T 

the Cartan invoZution of g0 • Put k = 

= k + p is a Cartan decomposition of 

3.2). 

o a. Denote a 0 

9a n 9, and p 

ga in the sense 

T by e. 
' 

it is called 

go n i ·9,' then 90 = 

of (ChI., Definition 

For a subalgebra h of 90 let Intg (h) denote the analytic subgroup of 

Int(g0 ) with Lie algebra adg (h). 0 

0 

DEFINITION I.I. An Iwasawa C.S.A. h of g0 is a Cartan subalgebra (C.S.A) 

satisfying h ~ a, with a a maximal abelian subalgebra contained in p. 

They are obtained in the following way: 
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PROPOSITION 1.2. Let a be a maximal abelian subalgebra contained in p and 

h ~a a maximal abelian subalgebra of g0 • Then his an Iwasawa C.S.A. of g 0 • 

Furthermore all Iwasawa C.S.A. 's of g0 are conjugate under Intg (k). 
o 

PROOF. In order to prove that h is a C.S.A. of g 0 it suffices to show that 

h is e-stable, since all elements of k resp. p are ad-semisimple. 

Denote the centralizer of a in g0 by sg (a). Since a is 8-stable and 
o 

maximal abelian in p we have: 

s (a)= s (a) n k.+a. 
go go 

Let HE h c sgo(a), H = x + Y, x E sgo(a) n k., y Ea. Then x = H-Y Eh and 

the first assertion has been proved. 

Since all maximal abelian subalgebras in p are conjugate under Int g0 (k.) 

(Ch.I, Theorem 4.2 ) it suffices to show that two C.S.A.'s h1 ,h2 of 

g , containing a,are conjugate under Intg (k.n so (a). This result follows o o ~o 

from the fact that h.= h. n k. +a (i=l,2), with h. n k. maximal abelian sub-i i i 
algebras of the compact Lie algebra sg 0 (a) n k. and that all C.S.A.'s of a 

compact Lie algebra are conjugate. (cf. [He, Ch.V Theorem 6.4 and Ch.VII 

Corollary 2.7]). Q.E.D. 

Fix now a compact real form u gT of gc and a C.S.A. t of u. 

DEFINITION 1.3. A real form g0 of gc is called related to (u,t) if o 0 T 

= T 0 o and o(tc) = tc. g0 is called normally related to (u,t) if g0 is 

related to (u,t) and moreover a = it n g0 is maximal abelian in p = iu n g 0 • 

REMARK. If g0 is related to (u,t) and k. = g0 n u, then g0 k. + p. is a 
i 

Cartan decomposition of g0 with Cartan involution e = o 0 T. If moreover g0 

is normally related to (u,t) then a = it n g0 is maximal abelian in p and 

h = tc n g0 is an Iwasawa C.S.A. of g0 • 

Since all C.S.A's resp. compact real forms of gc are conjugate under 

the group of inner automorphisms of gc, we have: 

PROPOSITION 1.4. Every real form of gc is conjugate with one, normally re­

lated to (u ,t). 
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2. ACTION OF r ON THE ROOT SYSTEM 

* Let w c tc be the root system of g w.r.t. the C.S.A. t , X the root c c r 
lattice of w, W the Weyl group, Ta 

hJR = i::ad JR.Ta (See Ch.I, (2.5)) 

decomposition of gc. 

E t the vector corresponding to a E w, 
c a 

and g = t + i:: ~ g the root space 
C C aE'i' 

If g is a real form of gc s.t. n(t ) = t , then n induces an anti-n c c 
involution n* of t: defined by: 

(2. I) (n-A· A) (H) t *. A(n(H)) for all H E tc, A E c 

For a E X denote n*(a) by an. 
r 

In the following way one sees that n*(w) = w, n(Ta) 
a and n(h:R) = hJR: if a E w, H E tc, Y E g , then: 

[H,n(Y)J = n[n(H),YJ = a(n(H))n(Y) = an(H).n(Y) 

Hence an E w. Furthermore: 

a(n(H)) an(H) 

so that n(Ta) = Tan and n(hJR) = hJR. 

Tan for all a E w 

By means of n* one can define an action of r on (Xr,w) and we denote 
the action of y E r by : aY. 

REMARK 2.1. If one takes n equal to T where gT is a compact real form then 
we get for a E w: 

(2.2) T 
a - a 

because if H-# 0 E h:R with T(H) = H, then B(H,H) = B(H,T(H)) < 0 which 
contradicts the fact that B is strictly positive definite on hJR x hJR, 
hence T(H) = - H for every H E hJR. Similarly if 9a is related to (u,t) 

then a(hJR) = T(hJR) and the fact that BihIB.xhlR is positive definite imply 
that 
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(2.3) hJR. c i k. + p. 

The action of r on (Xr'~) gives rise to an important r-stable 7Z-module 

of Xr' namely 

(2.4) O}. 

Let TI be the natural projection : Xr + Xr/x0 and ~O = ~ n x0 ; ~O is a 
closed subsystem of ~ (i.e. if a,S E ~O' a + S E ~ then - a E ~O and a + S E 

E ~ 0 ). Denote n(~\~0 ) by L0 • 

Let gd be normally related to (u,t), a= it n g0 and L the set of 
restricted roots of the pair (g0 ,a) in the sense of (Ch.I, section 4). 

Then we have: 

LEMMA 2.2. Let g0 ,a,L and LO be as above. Then L = L0. 

PROOF. Since L u {0} is precisely the set of restrictions to a of the ele­

ments in ~. the assertion is clear. 

3. f-ORDER 

In this section let ~ be a not necessarily reduced root system, Xr the 
root lattice of ~with an action of r denoted by a+ ay for y E rand x0 ,~0 
defined as in (2.4). 

Recall that a linear order > on a 7Z-module X is a partial order satis­
fying: i) for all x f 0 in X: x > 0 or - x > 0. 

ii) if x1 > x2 then x1 + x > x2 + x for all x E x. 

DEFINITION 3.1. A linear order> of~ which satisfies the condition: 

(3. I) if x > 0 and x i XO' then xy > 0 for ally E r 

is called a r-order. 

An equivalent condition for (3.1) is: 

LEMMA 3.2. A linear order > on Xris a r-order if and only if the follow­
ing condition is satisfied: 
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(3.2) if X ¥ x0 , X > 0 and x' = X (mod x0) then x' > 0. 

PROOF. Suppose (3.1) is satisfied and x > O, x i x0 and x' = x mod x0 . Then 

x' = x + x0 for some x0 E XcJ·As EyEf x6 0 we have by (3.1): EyEf x'Y 

= E X > 0 hence x' > O. Conversely assuming (3.2), then by the yd 
definition of XO' xy = x mod XO for all x E xr. Q.E.D. 

A typical way to obtain a r-order is to take the lexicographic order 

on Xr relative to the following basis of Xr ®zz~: Choose a basis a 1, ••• ,ar 

of x0 ®zz ~ and extend these with ar+I, ••• ,an to a basis of X ®zz ~. Define 

then for X E Xr 

s 
x > 0 - x l 

i=I 
v. a. with v > O. 

1 1 s 

This order satisfies condition (3.2). 

Note that a r-order on Xr induces a linear order on x0 and Xr/x0 . 

Fix a r-linear order on Xr and let b be a fundamental system of ~ w.r.t. 

this order, a so-called r-fundamental system of ~. Write b0 for b n ~ 0 and 

b for n(b\b0). ~is called a restricted fundamental system of~ w.r.t. ~0 . 

Let w0 be the subgroup of W generated by the reflections sa' a E ~0 . Write 

W0 for {w E w!w(X0) = x0} then w0 is a normal subgroup of W . Namely if 
-I o 

w E W0 , a E ~O' then w. sa. w = sw(a) E w0 (w(a) E ~ n x0 = ~0 ). Every 
w E W induces an automorphism of Y X /X0 which we denote by n(w). We o r 
have now the relation: 

n (wx) n(w) .n(x) for X E Xr' W E W0 • 

PROPOS~TION 3.3. Notations being as above, then the following properties 
hold: 

i) bo is a fundamental system of ~O w.r.t. the induced order on x0 . 

ii) If b' is another r-fundamental system of~. b' = b' n ~ and~· = _o o 
= n(b'-bo), then b = b' iff bo = bo and~= b1 • 

iii) If w E W0 , then w(b) is also a r-fundamental system and the subsequent 
statements are equivalent: 

a) w E w0 
b) n(w) = 
c) n(w) a) = b. 
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PROOF. i) Assume a E ~O' a > 0. 
n 

Then a= Li=! miai' mi? O, ai E 6. Put B = Ljlaji60 mjaj. The assump-
tion: B f 0, gives B E x0 and B = 11\.ak + y with II\. > 0, y ? 0. Since 

11\.ak i x0 also y i x0 , consequently 

7f (-y) < 0. 

This contradicts the assumption. 

(ii) ".:="Denote the linear order of 6' by>'. Take any a E 6. If a E 60 = 60, 
then a>' 0 (a is positive w.r.t. the order defining 6'). If a i 60 , then 

7r(a) E 6 = 6•, hence in both cases a>' 0. Since 6 determines~+= {aE~[a>O}, 
+ '+ + + one may conclude~ c ~ , consequently~ = ~· and 6 = 6 1 • 

iii) Since w(x0) = x0 , w(X+) ={w(x)[x > O} defines a r-order on X with w(6) 

as r-fundamental system of~ (see Lemma 3.2). The inclusions a)~ b) and 

b) ~ c) being obvious, we are left to prove c) ~a). Since 7r(w)6 = 7r(w(6)), 

it is a consequence of the next lemma: 

LEMMA 3.4. If 6,6' are r-fundamental systems of~ s.t. 6 

exists an unique w0 E w0 s.t. 6 1 = w0 6. 

6 ' , then there 

PROOF. 60 and 60 are fundamental systems of ~O' thus there exists a unique 

w0 E w0 such that w0 60 = 60. Now (w06) n ~O = 60 and 7r(w06) = 6 = 6• so that 

by ii) of Proposition 3.3 : 6 1 = w06. 

Put WL for {7r(w)!w E Wcr}, then the foregoing proposition implies 

Using similar arguments one can derive the following useful results, which 

we won't need however for the classification. 

LEMMA 3.6. If 7r(ai) = oj (where ai E 6, oj E 6) and y E r, then 

ar + l cik ak 
akE60 

a! 
l. 

-1 for some a E 7f (o.),c.k E ?l ? O 
r J l. 

See [Satake, 2.1.6] or [Warner, Lemma 1.1.3.2]. 

PROPOSITION 3.7. Let 6 = {01·····0 } (the o. mutually distinct). Then the r r. 
elements o1,.,.,8r are linearly independent. 

COROLLARY 3.8. Every 8 E LO can be expressed uniquely in the form: 
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REMARK. The notion of r-order can be introduced in a more general context. 

Namely one can replace lR by a perfect field k, C by a finite extension of 

k and ~ by the character group of a maximal torus of a connected semi­

simple algebraic group G, defined over k. 

Results analogous to the ones derived here are valid there. They play a 

role in the classification of K/k forms of G. More details can be found in 

[Satake, Ch.II]. The same remark holds for the notion of r-diagrams, to be 

introduced in the next paragraph. 

4. r-DIAGRAMS 

We keep to the notations of the previous section. 

r acts on the r-fundamental systems of ~. Namely if y E r and A a r-fund­

amental system of ~. then Ay = {ayla E A} is a r-fundamental system of ~ 

corresponding to the set of positive elements: <X:)y = {xylx E x;} of Xr· 

(w.r.t. a new r-linear order). 

Since ai = ar mod XO' for ai E A, y E r, it follows that ~y =A, hence 
y Yo 

there is a unique element wy E w0 s.t. A = wyA (lennna 3.4) (Since A 0 = 
- A0 , wy is the opposition automorphism of w0.)Using this, one can define 

a new action of r on Xrby: 

(4. 1) 
[y] 

x 
-1 y 

w x 
y 

[y] 
In particular x + x is an involutive automorphism of the triple (Xr,~,A). 

DEFINITION 4.1. A quadruple (~,A,A0 ,[y]) as defined above is called a r­

diagram. 

A r-diagram can be illustrated by giving the vertices of AO in the 

Dynkin diagram of (~,A) a black colour, and indicating the action [y] of 

r on (~,A) by arrows; for example: 

[y] 

~ 
O>----<e,..__~-,~~~------o 
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Note that a r-diagram is characterized by 60 and a diagram automorphism of 

order 2 of 6, leaving 60 invariant. 

DEFINITION 4.2. An isomorphism of r-diagrams s 1 = (~,6,60 ,[y]) and s2 = 
= (~ 1 ,6 1 ,60 ,[y]') is a linear bijection p between (~,6,60 ) and (~ 1 ,6 1 ,60 ) 

satisfying 

[y]' = p 0 [y] 
-) 

0 p 

PROPOSITION 4.3. Asswne r acts on~. Let 6 and 6' be r-fundamental bases of 
~and let S = (~,6,60 ,[y0 J) resp. S' = (~,6 1 ,6 0 ,t.y 0 J) be the 
corresponding r-diagrams. Then Sis isomorphic to S'. 

PROOF. Let w0 < W be the Weyl group of ~0 . 

Since the opposition automorphism of w0 w.r.t. 60 is conjugate to the 

opposition automorphism of w0 w.r.t. 60 (by the same w E w0 conjugating 60 
and 60) we may assume: 

But xYO = wy0 x[yoJ = wy0 /YoJ' (wy0 E w0 s.t. wy0 (60 ) = - 60) hence 

[y0J' = Cy0J. Since the action of [y0J on~ is involutive, it leaves an 

irreducible component of ~ stable, or it permutes two of the irreducible 

components of ~. In both cases the diagrams of S and S' are the same, what 

induces again an isomorphism 6 + 6 1 according to .the diagram. Q.E.D. 

We use notations as in section I and 2. 

If gcr is related to (u,t), then the induced r-action on (Xr,~) deter­

mines a r-diagram S = (~,6,60 ,Cy0 J) for every r-fundamental basis 6 of ~. 

The above result implies: 

PROPOSITION 4.4. The pair (g 0 ,tc) as defined above, determines the r-dia­
gram S up to isomorphism. 

In general real forms gcr1 and gcr of gc' related to (u,t), are not 
2 necessarily isomorphic by means of an element of Aut(gc), if their r-dia-

grams are so (f.i. if t c g n g and t c g n g).However: 
cr) T CJ2 T 

THEOREM 4.5. Asswne gcr and gCJ to be normally related to (u,t) and s1 resp. 

S 2 are the correspondi~ r-dia~rams. Then g is isomorphic to g CJ if and 
CJ I 2 
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only if s1 is isomorphic to s2 • 

The proof requires a bit more technique than we developed so far and 

can be found in [ARAKI, Theorem 2.10, 2.11] and [SATAKE, Theorem 2.4.I]. 

I want to pay more attention to the determination of the r-diagrams. 

For compact real forms the above correspondence is obvious since they 

are all isomorphic. In particular take (u,t) as in section I.Since T* acts 

as -id on Xr we get: 60 = 6 and 6Yo = T*(6) = -6 = wy0 (6) with wy0 E W = w0 
s.t. w00 (6) = -6. Consequently wy0 is the opposition automorphism of 6 (i.e. 

the longest element of W w.r.t. 6), 

-I * = w 0 T (x) = -wy0 (x) 
Yo 

for X E Xr 

and the r-diagram is: s 
listed in: 

(~,6,6,-wy0 ). The different possibilities are 

PROPOSITION 4.6. The r-diagram of a compact real simple Lie algebra belongs 
to one of the following types: 

i) 1xl where xl f Al (l~2), Dl (l odd) and E6 or 
(ii) 

(4.2) 2Al(l~2): ~or 2nl (l odd)._. ... <l 
2- ~ 

or t 6 : ••I•• 
PROOF. The opposition automorphism of 6 is nontrivial iff ~belongs to one 

of the following types: Al (l~2), Dl (l odd) or E6 • Therefore in these 

cases we get the diagrams (4.2). Q.E.D. 

Denote the group of automorphisms of Xr' which leave 6 and 60 invar­

iant by Aut (Xr,6,60). 

Whether an arbitrary diagram is a r-diagram can be decided with: 

PROPOSITION 4.7. If~ is a root system, 6 a fundamental system of~. 60 
a subset of 6 and[.] a homomorphism: r + Aut(Xr,6,60), then the quadruple 

s = (~,6,60 ,Cy0 J) is a r-diagram of some action of r on (Xr,~) iff 
<~ 0 ,60 ,60 ,[y]/x~) is the r-diagram of the action xYo = - x of r on 
(X0 ,~0 ), where x0 = {60 }r a:nd ~O = ~ n x0. Fu:r:>thermore the action of r 
on (Xr,~) is in that case completely determined by the corresponding r­
diagram (~,6,60 ,[y]). 
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PROOF. The assertion '~" being obvious, we assume that (w0,ll0 ,ll0 ,[y]/X0) 
satisfies the above conditions. Let wy0 be the unique element in w0 = W(ll0 ) < 

< W satisfying wy0 (ll0 ) = -ll0 . Define an action of r on (Xr,<P) by: 

Since (X0)~ and (X0 )~ are eigenspaces of both [y0J and wYO' they commute with 

each other. 
2 

Therefore xYO = x and x + xYo defines an action of r on X • 
r 

to see that (<P,ll,!10 ,[y]) is the r-diagram of this action. As the 

It is easy 

definition 

of xYO given above is the only possible way to define an action of r on 

(Xr,<P) giving rise to the given r-diagram, the last assertion is clear. Q.E.D. 

By combining proposition 4.6 and 4.7 we get a result that will be use­

ful at the classification of the r-diagrams: 

LEMMA 4.8. The following conditions for a quadruple s0 = (<P0,ll0 ,ll0 ,[y] are 
rr.utually equivalent: 

Yo i) s0 is the r-diagram of the action x = -x of r on Cx0,<P0) 
ii) [y0J is the opposition a:utomorphism of !10 
iii)-[y0J E w0 
iv) The quadruple s0 is the r-diagram of a compact real Lie algebra. 

v) If lli is an irreducible corrrponent of !10,then [y0J leaves lli invariant 
and (<Pi,lli,lli,[y]/lli) is the r-diagram of one of the corrrpact real lie alge­
bras of proposition 4.4. 

Since not every r-diagram comes from a real form, normally related to 

(u,t), we define: 

DEFINITION 4.9. Ar-diagram S = (<P,ll,!10 ,[y]), where <Pisa reduced root 

system, is called admissible if there exist a complex semisimple Lie algebra 

gc' a compact real form u of gc, a C.S.A. t of u and a real form gcr of he 
normally related to (u,t) s.t. the induced r-diagram is isomorphic to S • 

. We like to find necessary and sufficient conditions for a r-diagram to 

be admissible. Since the action of r on <P is characterized by an involution 

of <P, we are left to determine when an involution of <P can be lifted to a 

conjugation of gc. 



5. LIFTING CONDITIONS 

To lift an automorphism p of ~ to an automorphism of gc one uses a 

Chevalley basis [HU, 14.2]. To lift p to an automorphism of a compact real 

form of gc' we make use of the Weyl basis: 
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DEFINITION 5.1. A Weyl basis of g w.r.t. (u,t) is a basis {X la E ~}of g c a c 
mod tc with the properties: 

i) 

ii) 

X E g , [X ,X ] = H for each a E ~. a a a -a a 
[X ,X0 ] = c 0 X 0 where a,S,a + 13 E ~ and the constants c 0 satisfy: a µ a,µ a+µ a,µ 
= -c (E lR). 

-a,-S 
Xa - X_a and i(Xa+X_a) E ufor each a E ~. 

The existence of such a basis is clear from the construction of a corn-

pact real form from a given C.S.A. (cf., Ch. I, Corollary 2.4) and the fact 

that two compact real forms are conjugate under Int(gc). 

Note that iii) implies: 

(5. I) -x -a 

Fix a Weyl basis of gc w.r.t. (u,t). If g0 is a real form of gc with cr(tc) 

= tc' then o acts on~ as in (2.1). In particular: o(ga) = gaa . Put 

o(Xa) Ka X0 *(a) for Ka E IC, a E ~.From 5.1 i) and ii) follows: 

(5. 2) 

(5. 3) 

K .K a -a 

K .K 0 .C o 0 0 
a µ a , µ 

for every a,S,a~S E ~ 

Hence {Ka. la.Et., C. a fundamental basis of ~} determines {K laE~}. 
i i a 

If o and T commute, then: 

K 
a 

K -a 
(a E ~) 

and that is equivalent to (see (5.2)): 

(5. 4) for any a E ~. 

Moreover the fact that o is an anti-involution of g·c implies: 

(5 .5) I. 
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Whether a C.S.A. of a real form g6 is an Iwasawa C.S.A. is determined 

by a property of. the coefficients { K } ,. • From (5. 2), (5. 3) and (5. 5) Cl ClE '<' 

follows for a E <P 0 : 

(5. 6) K Cl K -a 

In particular: 

± I. 

(5. 7) K I <= o (Xa) = x -T (X ) <= 6 (X ) = -x <= x E pc Cl -a Cl Cl Cl Cl 

(5. 8) K = -I <= o(Xa) -x = T(Xa) <= 6(Xa) x <= x E k Cl -a Cl Cl c 

On the other hand if a E <P\<Po then we have: 

X -o(X ) E k a -a c 

0 

thus: ga + g-a = ~(Xa + o(X_a)) + ~ (Xa-o(X_a)). 

Write t = t+ + t- with t+ t n k , t- t n pc' then we get the c c c c c c c c 
following decompositions: 

(5. 9) k t+ l -
Cl 

l C(X -6(X )) + g + c c 
ClE<PO ClE cjl \ cjl O 

a -a 

-
(5. I 0) = t l + g 

Cl 
l C(X + o(X ) ) • Pc + + Cl -a c 

ado ClE<P\<PO 

where + 
<Po = {a E cjl I K = 0 Cl I } ' cjl = 

0 
fo E <Po I Ka -I}. 

Furthermore (5. I 0) implies: 

PROPOSITION 5.2. Let g0 be related to (u,t). The following properties are 
equivalent: 

i) g0 is normally related to (u,t) 

ii) ( is maximal abelian in pc 

iii) Ka = -I for all a E <P 0 • 

* REMARK 5.3. Let cp be an automorphism oft such that cj>(<P) = <P. Assume more-c 
= {a 1, ... ,an} an 

14.2] that there 

over that one has for every a. E ~ 
a. cj>(a.) 1 [ g 1+ g 1. Then we know from HU, 

such that: i) o/ (Xa. ) = aai xcp (ai)' aai E c. 
+ 1 

ii) o/ It* cp 

iii) o/I a":= 1T •• g 1 1 

isomorphism rri: 

exists a o/ E Aut(gc) 



One verifies that its proof can be modified such that if all ni com­

mute with <, then the same can be organized for W· 
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Note that the condition n. o < = < o n. 
l. l. 

(i 1, ••• ,n) is equivalent 

to: 

(5. 11) a a a. -a. 
l. l. 

and because of a .a 
a -a 

(5. 12) la I = a. 
l. 

(i 1, ••• ,n). 

1 this is equivalent to: 

(i 1, ... ,n). 

By using relation (5.2) the {a } • can be extended uniquely to a 
a. aiEu 

tuple {a } ~with a E C and la I =1 1 for all a E qi. We will prove now: a aEo/ a a 

PROPOSITION 5.4. Asswne r acts on qi and let s = (qi,!!.,!!.0 ,[y]) be the corres­

ponding r-diagram. Then Sis a.drnissible iff there exists a tuple {Ka.la.El!. 
l. l. 

s.t. IKail = 1; Kai= -1 for ai E !!.0 and if {Ka}aEqi is the unique extension 

satisfying (5.2) (exists by [HU., Theorem 14.2]) then Kai·Ka'.O = I for 
l. 

PROOF. That those conditions are necessary is a consequence of (5.4), (5.5) 

and proposition 5.2. 

As for the sufficiency, let gc, u,tc,qi be as before. Fix a Weyl basis 

of gc w.r.t. (u,tc) and let (qi)R be the real span of qi in t:. Extend the 

action of y 0 Er on~ to {qi}lR and denote it also' by y0 . Write cp for y0 ° ,* 
a· cp(a·) 

and define for a. E b.; n.:g 1 + g 1 by: n.(Xa.) = aa. x~(a·) with aa. 
l. l. l. l. l. o/ l. l. 

-Kai= -K-ai (See (5.11)). According to remark 5.3 there exists a w E 

E Aut(gc) s.t. wlgai = ni (ai E !!. ) and i1/ = cp on<· Since aai a_ai 

we have: 

W o T T 0 W 

2 
and by ii): aai·a-a.YO =I, hence w =id. 

l. 
The c.onjugation cr = w 0 < gives us the desired normally related real 

form gcr of he 
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6. NORMAL ROOT SYSTEMS 

To simplify the notations we denote from now on the action of y0 # 
# I E r on a root system ~ by a bar and its extension to a conjugation of 

gc (if it exists) by a. 

DEFINITION 6.1. A reduced root system~ equipped with an action of r is 
said to be normal if f 

a - a i ~ for any a E ~. 

The corresponding r-diagram is also called normal. 

PROPOSITION 6.2. If S = (~,6,60 ,[a]) is admissible then S is normal. 

PROOF. Since S is admissible the action of r on ~can be extended to a con­

jugation a of gc as in definition 4.9. 

Let {Ka}aE~ be the corresponding tuple of scalars, according to pro­
position 5.4. If a = -a then ~ - a = -2a i ~. Assume that ~ # -a and S = 
=a - a E ~. Then SE ~0 • hence a(XS) = x_s· 

By applying a on both sides of [Xa, a(X_a)] 

On the other hand we have: 

[a (X ),X ] 
a -a 

Therefore K_a = - Ku· Since K_a = Ka this would imply Ka 
have arrived at a contradiction. Q.E.D. 

For a normal root system LO appears to be a root system: 

0 and we 

PROPOSITION 6.3. Let ~ be a normal root system and E0 = ~(~\~0 ) as in section 
2. Then E0 is a root system itself. [WARNER, page 21]. 

Araki constructed first the possible normal.root systems and determined 

later the admissible ones. It is however easier to determine first the r­
diagrams, the normal r-diagrams follow then easily from them. 
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7. REDUCTION TO THE CASE OF REAL RANK ONE 

The real rank of a real semisimple Lie algebra g 0 = k + p, related to 

(u,t) is defined as the dimension of a maximal abelian subspace of p (cf. 

Ch. I, Definition 4.3). If S = (<P,b,b0 ,[y]) is the corresponding r-diagram, 

then proposition 3.7 gives that the real-rank is equal to J~J. Call l~J the 

real rank of a r-diagram. (So the real rank equals the number of [y0J-equi­

valent classes of the not-coloured vertices in the r-diagram). 

We want to reduce the problem of the classification of admissible r-dia­

grams to the case of r-diagrams of real rank equal to one. 

If s = (<P,b,bo,[y]) is a r-diagram and b' a [y]-stable subset of b. then 

one can form the subsystem Sb, = (<P' ,b' ,bo,[y]') of S. Here <P' is the inter-

section of the 7l- span of b' with <P, b0 = b0 n b and [y]' = [yJ I <P'. 

LEMMA 7.1. Let the notations be as above. Assume that Sis admissible and 

that b' satisfies 

(7. I) if a E b', SE band <a,S> f 0 then SE b'. 

Then Sb, is admissible. 

PROOF. To prove that r acts on <P' it suffices to show that if a. E b' then 
]_ 

- [y] 
ai E <P'. Now ai = wy ai , where wy Wa· o .•••• owa. , a .. E b0 • For 

is i I iJ 

I ~ k ~ s write ak for Waiko ..• a.wail <a£YJ) and denote aiy] by ao. We 

[y] 
prove by induction that ak E <P'. Since b' is [y]-stable: ai E b', so we 

may assume ak-l E <P'. If <CLik•b'> = 0 then ak ak-l' because ak = wai~ak-I) 

d ' "'' an CLk-I E ,, • 

If <aik•b'> f 0 then by condition (7.1) aik E b' and this implies 

CLk E <P'. Hence <P' is stable under the action of r on <P. As Sis admissible 

it suffices now to show that sb, is the r-diagram for this action of r on 

<P'. If W' is the Weyl group of <P' and w' E W' the unique element of W' 
y 

s.t. w'(b') = b'Y then if w = Ilw. · 
y ' y aij . 

w i<P' = rr w I 
y <a• • , b 1 >f 0 CL ij <jl 1 

1-J 

Hence for a E <P'. w'(ay) 
y 

rr w j --w'EW' 
a .. c. b 1 aij <P' - y 

1-J 

[y] I <PI 
CL • Q.E.D. 
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PROPOSITION 7. 2. Notations as before, assume I:!. = I:!.' u I:!." with I:!.' a:nd I:!." 

[y]-stable subsets of I:!. that satisfy both (7.1) and such that fl' n fl" c l:!.0 . 

If SI:!., and SI:!." are admissible, then Sis admissible. 

PROOF. Let {K~.} Al resp. {Ka".} A" be the systems of scalars as in prop-i a•Eu i aEu 
osition 5.4. Sine~ fl' n fl" c l:!.0 they coincide for common a. Define now 

r 
if a. E /).I 

a. i 
i 

K = a. 
if E fl" i K a. a. i i 

The tuple {Ka.} A satisfies the conditions of proposition 5.4, hence 
i aiEu 

S is admissible. Q.E.D. 

REMARK 7.3. Condition (7.1) on fl' and fl" implies that l:!.0 and fl{) consist of 

a number of connected components of fl0 • 

EXAMPLE 7.4. As will turn out later the following r-diagrams are admissible: 

fl': {).'': -...-0-. 

By proposition 7.2 the following r-diagram for E7 is admissible: 

REMARK 7.5. In view of the above results, the classification of admissible 

r-diagrams is reduced to the case of real rank equal to one. In fact every 

admissible r-diagram can be "built up" as follows: let S = {i!>,fl,fl0 ,[y]} be 

an admissible r-diagram and put X = n(fl-1:!.0) = {o 1, ••• ,or}. For each o., 
. I , i 

define fli = A0 u (n- (o.) n fl). Then fli satisfies the condition (7.1) and 
i [ J . 

is [yJ-stable. (n(a) = n(a y) = Oi for all a E /).i-fl0). Therefore the 

canonical subsystem Sf)., is admissible and has real rank one. The decomposi­

tion I:!.= fllu ••• uflr satisfies the conditionsof proposition 7.2. 

8. THE RANK ONE CLASSIFICATION 

First a definition of irreducibility for a·r-diagram: 
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DEFINITION 8.1. The system S = (~,A,A0 ,[y0 J) is R-irreducible if A is not 

the union of two mutually orthogonal [y0J-stable, non-empty, subsystems A' 

and A". The system S is absolutely irreducible if A is connected. 

Note that if A is lR-irreducible but not absolutely irreducible then 

A = A' u A" with A' and A" connected and A,[yoJ = A". 

Using proposition 4.7 and lemma 4.8 we can state: 

PROPOSITION 8.2. T'here exist twenty types of R-irreducible r-diagrams with 

t'he restricted rank one (See table 1). 

PROOF. Assume S is an absolutely irreducible r-diagram of R- rank. We give 

here a proof for the root system Al(l~r). For other types of root systems 

the proof can be carried out similarly. 

There are two possibilities: a) [y0 J =I and b) [y0 J 1 I. In the case 

a), a r-diagram S = (~,A,A0 ,[y0 J) with the restricted rank one has the 

following form: 

Ill • • -..o--e - - .. Ill Ill Ill 
~~ 

r s 

Hence ~O =Al x AS. By proposition 4.7 and lemma 4.8, S corresponds to 

an action of riff r ~I and s ~I. This gives the diagrams 2,3 and 4 in 

table I. 

In case b), l =rank~~ rand [y0J is the unique element in 

Aut(Xr,~.A)of order 2. Hence the r-diagram S has one of the following forms: 

r s r r r _____.._ ~ ~ 
o---111 •••• e--o--e ...... ~ ...... o---111 

~----------
or 
~ ~ e:--e ... e--o--e ...... G---0 

~ 
Now ~O = Ar x As x Ar' but the r-diagram of the compact real form of 

Ar x As x Ar looks like (cf. lemma 4.8): 

r s 
o---111. • • • • • o---111 •..... o---111 ••••• ,._._. 

~ ~ ~ 
By proposition 4.7, the r- diagram s corresponds to an action of r 

if and only if r = O, so the r-diagram S must be diagram no. 5 from table I. 

Suppose now that S is R -irreducible but not absolutely irreducible and 

of restricted rank one. Then A0 = ~. because every lR-irreducible component 

of s0 = (~0 ,A0 ,A0 ,[y0 Jlx') is absolutely irreducible. Hence Scan be only 
0 
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diagram no. I from table I. Q.E.D. 

PROPOSITION 8.3. Among the r-diagrams listed in table 1, the diagrams 3,7,8, 

17,19,20 are not normal. All other diagrams are normal. 

PROOF. For a non-normal system, we give the action of Yo as an element of 

Aut(Xr,q;),denoted by s 0 , and the root a E q; s.t. a - a E qi. We use the not a-

tions of roots in [BOURBAKI, Ch. VI, section 4] 

no.5: so 

no.7: so 

no.8: so s •..... s , a 
2E:2 2Ef 

no.17: so s .s s ,a=E1,a-a=E2-E 1, 
E:l-E:2 E:3 E4 

no.19: so s a= E:l-E:3' a-a= E:2-E:I. 
E: l-E:2' 

no.20: so s 2 ' a = E:l-E:2' a-a = - 2E:l+E:2+E:3. - E:l+E:2+E:3 

To prove that a system is normal, it is sufficient to show: 

a-a I q; for all a E q;-q;0 . 

As an example we prove that the diagrams no.II and no.13 are normal. The 

proof for the other types goes analogously. 
i 

In no.II and 13, one has: (X0)~ = ~.(E 1 -E 2 ) + ~i=3 ~E:i. So: 

q;+-q;O = {El+E:2,El±Ei'E2±E:i (i~3 )}. Since E:l+E2 - (E:l+E:2) = O I q;, 

E:l±E:i - (E:l±E:i) = E:2-E:l±2E:i I q; and E:2±E:i - E:2±E:~ = E:l-E:2+2Ei I q;, these 

diagrams are normal. Q.E.D. 

As will appear the normal r-diagrams of real rank one which are not 

admissible can be determined with the following result: 

LEMMA 8.4. Let S be an JR-irreducible r-diagram of real rank one and let 

q;~ = {aEq;I (a,q;0 )=0}. 

If q;~ f. q; and i!!·has a subsystem q;• of type.D4 , then S is not admissible. 

PROOF. We may assume that S is absolutely irreducible. Take a E q;~ and let 

q;a {SEq;I (S,a) = O}. Then q;0 c q;a and rank q;a ~rank q>-1. Since rank 

q;O rank q>-2 occurs only for q; of type Ai(i~2) which has no subsystem of 

type n4 , we may assume rank q;O n-1, hence q;0 =· q;a· Let q;• be a subsystem 

of type n4 s.t. a E q;•. Choose a fundamental basis a 1,a2,a3 and a4 of q;• 
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s.t. a is the highest root of w': 

cq az a3 

o~< 
i{ a4 

extended n4 : 

In particular a a 1+2a2+a3+a4 , a 1,a3 and a 4 Ewa= w0 are mutually ortho­

gonal roots and w' is r-stable. (One can prove that every A E w' not equal 

to ±a, ±c\ (i=l,3,4) is of the form ±~a±!a 1 ±!a3±!a4 .) Assume w is ad­

missible, hence also w' is admissible. We prove now: ~az·Kaz = -I using 

(5.15) and a2 = a2+al+a3+a4. Since al+a2,al+a2+a3 and a2 = al+a2+a3+a4 E w 

we have: 

i) 

ii) K ,C -K ,C 
al+a2+a3 al+a2,a3 al+a2 -al+a2,a3 

iii) K- .c -K ,C -
a2 al+a2+a3,a4 al+a2+a3 -al+a2-a3,-a4 

What gives: -c-al ,a2 .c_al +az-a3 ,-a4 

ca1+az,a3·ca1+az+a3,a4 

Using the following lemma one can verify that this amounts to: 

c .c 
-a1,a2 -al+a2-a3'-a4 

c .c 
a1+az,a3 al +az+a3,a4 

I. 

Contradiction. Q.E.D. 

- I 

LEMMA 8.5. Let g , t and w be as before. The following identities between c 
the structure constants c hold: 

a,S 
i) If a,S,y are roots satisfying a+S+y 0, then 

c = c = c a,S 13,y y,a 

ii) If a,S,y,o are roots satisfying a+S+y+o 

# 0, then: 

c c + c c + c c o. 
a,S y,6 a,y o,S a,6 S,Y 

[HE, lemma 5.1, 5.3]. 

o, S+y # o, y+6 # o and 6+S # 

This result is also used to prove that some of the normal rank one r­

diagrams are admissible. 
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THEOREM 8.6. The :JR.- irreducible admissible r-diagrams of real rank one are 

the diagrams no: l,2,4,5,6,9,10,12 and 18 in Table I. 

PROOF. That the diagrams 11,13,14,15,16 and 17 are not admissible follows 

with lemma 8.4, hence by the propositions 6.2, 8.2 and 8.3 it suffices to 

prove that the diagrams no. 1,2,4,5,6,9,10,12 and 18 are admissible. 

We use the notations of roots in [BOURBAKI, Ch. VI] 

no.I: Let~= {a 1 ,a2} and Kai Kaz be an arbitrary complex number with 

the absolute value I. Since a1 = a 2 , a2 = a 1 the conditions in proposition 

5.4 are satisfied. 

no.2: Let Kai be an arbitrary complex number with the absolute value I. 

Since ~I = a 1 proposition 5.4 is satisfied. 

no.5: Let Kai be an arbitrary complex number with the absolute value I 

and put: 

Cal,13 
where 13 a2+. ·.+al-I K -K Ez-El al al Cal,-13 

Since al al+l3 and 13 = -13 we get: 

by applying the extension of y0 E r to gc on both sides of [Xal'Xl3] = 

cal,13 Xal· So we have Kal·Kal -;al·Kal·cal,-13/.cal,13 = IKall 2 =I. 

Similarly we have -Kalc·;xl,-13 = c:a:l,13 .K(il and 

because ·cal,-13 c_l3,-a 1 = ca 1,13 and c;x 1,-13 = c-13,-al 
maining cases we refer to [ARAKI] Q.E.D. 

cal,13· For the re-

Together with proposition 7.2 we can determine now the admissible :JR.­

irreducible r-diagrams. An E.- irreducible and non absolutely irreducible 

r-diagram corresponds to a Lie algebra (gc) :JR. , where gc is a complex simple 

Lie algebra. So we can restrict to the absolutely irreducible case: 

THEOREM 8.7. The non-compact absolutely irreducible admissible r-diagrams 
are the ones given in table 2. 
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PROOF. The proof is easily obtained by using remark 7.5 and table 1. As an 

example we treat the case ~ of type Bl. 

As ~O corresponds to a compact Lie algebra, ~O must be of type: 

(r x A1) x Bs : ~ ••• o--e--o ..... e ••••.•. o--e--o.<,..:.~ 
k s 

Let ~l be the irreducible component of ~\~0 connected to Bs. 

If k 1~ 1 1 1 let ~l = S. 

Then ~· = So ~O has an irreducible component of type 

~ ..•• -=;;1:9 

which is not admissible. 
If k = 1~ 1 1 > 1, take SE ~l s.t. (S,~0 ) f 0 and (S,Bs) = 0. As before 

~· = So 40 has an irreducible componenL of the type: e--o which is not 

admissible. It follows r = 0, hence ~O of type Bs. (l~ssl). Q.E.D. 
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Table 1 IR-rank one f-diagrams 

no. Type r-diagram normal admisseble 

1 A1 xA1 o_o + + 

2 Al 0 
+ + 

3 A2 ()----9 - -

4 A3 e-o---e + + 

5 Al 0---.-- -- - - -e-o 
~ 

+ + 

6 Bl 0 • ·------- ---~ + + 

7 Bl e--o--e- - -- - - - ---~ - -

8 cl 0 • • n u - - - u ---=c. - -

9 cl e----c>----e---------~ + + 

10 D21 0 • ·---- -- ----e::::!:J + + 

(l;,2) 
11 D21 • 0 ·----------~ + -

(l;,2) 
12 D21+1 0 • ·--- --- -----e::::: + + 

(l;,2) 

~- -- --------=::::) 13 D21+1 + -

(1;,2) 

14 E ·~· + -
6 

15 E7 0 • • • : • + -

16 E8 • • ~ • • • 0 
+ -

I 7 F, 
~ 

- -
4 

18 F ----.:n-----o + + 
4 

19 G ~ - -
2 

20 G2 a:;Bt - -



Table 2 

Type artan Not. 

AI 

All 

AIII 

AIV 

BI 

BII 

Cl 

CII 

DI 

DII 

DIII 

• 

non-coQpact real forCTs 

r· 

r-diagram 

---(_) 
<11 Ut 

e----c -- -e -c;--e 
a 1 al' 

<l1 (l;!. 
,.- . ___ ( 

,. \ !''' -' 
./ 

;<'~-------~ 

. -·--- ·--"' 

. ·--· ,,, 

-•---,,, 
)- --O<::::.=·, ,,, ,,, 

• Ci • "' <lp 

-· ' -•<-=CJ a, Ut' I Ut' 

,,, a,, 

"' 
a, 1 

• o-•- ----•< 
a, • 

7S 

(_)-- ---0 

( 
.1, 

J.1 Ai' 
(I 21'+1, I' _,l) 

C==?O 
}.11-1 Ap 

-c~o 
},l' ),z'. I 

(1~21'-1-1, I' I) 

(I 2, 2~; p ~l) 

() 
!., 

,i,. 
- C{:=O 

(I -21', r 2) 

() 
.1, 

• •-o--•-- --- -o( 
a, al'-t Gal" 

)., ,i,. 
0-----0{=0 

(1~21', l' _;; 2) 

0 .1, !.,. 
•-o-•- --- -o--•< ) o- ----o~o 
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