






























































































































































































































































































































































































































































218 CHAPTER V 

(4. 9) K ( (Adx) x, (Adx) Y) = K (X, Y) 

for all x, YE g and x E G. Using (4.8), it follows that 

((ToAdx)X, (Adx)Y) (TX, Y) 

--for all X, Y E g, whence (Adx) * oTo (Adx) = T for every x E G. Taking deter

minants we obtain ldet(Adx) 12 = 1, because det T f 0. By (4.4), this means 

that b(x) 2 = 1 for every x E G. Since n > O, the desired result follows. 

(ii) Let W be a neighbourhood of e such that exp induces a bijection of a 

neighbourhood of O in g onto W. Then for x E W there is a unique X E g such 

that x =exp x. In view of (4.4) and Theorem IV.2.15(d) it follows that 

b(x) ldet(Ad x) I 
adX 

e 

I det Ad (exp X) I 
tr (adX) 

e 

where tr(adX) denotes the trace of the linear operator adX on g. Since adX 

is a nilpotent operator, it follows that tr (adX) = 0, Hence b (x) = 1 for 

x E W. However, nilpotent Lie groups are connected (by definition), so 

using Proposition IV. 1.11 and 3.8(ii), it follows that n(x) = 1 for every 

x E G. D 
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