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(5.3.6) I$ l < j $ k => TI 0 >TI. and TI 0 • •• for i I j. 
"- J -<-1 J 1 

Large departures from double monotonicity violate (5.3.5) and (5.3.6) and 

might be detected by inspection of these properties. Note that (5.3.5) and 

(5.3.6) only concern properties of the observable items. 

Analysis of a latent structure model satisfying the assumptions above 

with MCA may be motivated by the interpretation of this technique and by 

Theorem 5.3.2 below. Recall that in the dichotomous case the first MCA 

component 

equals the first principal component of the correlation matrix t of the 

items x1,x2 , ... ,Xk. Therefore, Y1 "best explains" the dependence structure 

between the items among all linear combinations of items. Since the latent 

variable completely explains this dependence, Y1 can be interpreted as the 

linear combination of the items which best fits the latent variable Z in 

this sense. The category scores on the first MCA component will be used to 

analyse the model. Let y 1 = (y 11 , .•• ,yk1)T be the vector with these scores 

for the correct categories of the items, thus Yfl =al1tDll(J) for l= 1, •.• ,k. 

Similarly, denote by w1 = (w 11 , ..• ,wk1)T, where wll = all<Pll(O) for 

l = l, ••• ,k, the vector with wrong category scores. Both vectors can be 

computed by solving an eigenvalue problem. 

PROPOSITION 5.3.1. The corrrponents of the vectors y 1 and w1 satisfy 

and 

n h ( )T · · 
J or -<- = I, ••• ,k, w ere tr1e vector a 1 = a 11 , ••• ,akl 1-S an e1-genvector, 

normalized such that a1a 1 = I and first non-zero corrrponent positive, cor­

responding to the largest eigenvalue of the correlation matrix t between 

the items. 

! 
PROOF. By the normalization conditions (5.1.1), <Pll(I) = ((l-Til)/Til) 2 and 

! 
<Pl 1(0) =-(Til/(l-Til)) 2 for l = l, •.• ,k, and thus the variance of Y1 is only 

maximized with respect to the vector a 1 containing the weights all for 

l = 1, ••• ,k. This is equivalent to finding the first principal component of 

the covariance matrix of <P11 (X 1) ,<P21 (X 2), •.. ,<Pkl (Xk), that is of the 

correlation matrix t of x1,x2 , .•• ,Xk. 0 
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Suppose a subset of items in the test satisfy the double monotonicity 

and total positivity conditions. Then these items possess strong orderings 

with respect to their difficulties. The next theorem shows that these 

orderings are reflected in the correct and wrong scores even when the re­

maining items do not match the orderings of the items in the subset (i.e. 

cannot be added to the subset without disturbing double monotonicity or 

total positivity). Note that by Proposition 5.3.1 the correct and wrong 

scores do not depend on the order in which items are presented to MCA. 

THEOREM 5.3.2. Suppose tfie test aonsists of m items whiah aZZ satisfy 

(5.3.1), with k repZaaed by m. Furthermore, suppose k of the items, whiah 

without Zoss of generality aan be taken as the first k, aan be ordered 

suah that (5.3.2) and (5.3.3) hold. Then tfie aorreat aategory saores of 

tfiese k items satisfy 

(5.3. 7) 

Similarly, if (5.3.1), (5.3.2) and (5.3.4) hold for tfiese first k items 

tfien 

(5.3.8) 

PROOF. It follows from Proposition 5.3.1 that y1 = (y 11 , •.• ,ym1)T is an 

eigenvector corresponding to the largest eigenvalue of the matrix C with 

elements 

for l,j = l, ... ,m. 

Recall that Sk denotes the k x k upper triangular matrix with unit elements 

on and above the diagonal and all other elements zero. Denote by T the m x m 

block diagonal matrix with diagonal blocks S~ and the identity matrix Im-k 

respectively. Then its inverse T-I is a block diagonal matrix with diagonal 
-IT 

blocks Sk and Im-k' Since T is non-singular, 

ponding to the largest eigenvalue of C iff d 

corresponding to the largest eigenvalue of D 

y 1 is an 
-I 

T y I is 
T-ICT. 

eigenvector corres-

an eigenvector 

2 Under the conditions of the theorem, D turns out to be TP 1 and D 

even turns out to be STP 1• This can be verified as follows. The elements 
-I 

of the matrix T C = B = (blj) are given by 
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Since (5.3. I) holds for all m items, it follows as in (5.3.5) that all cor­

relations are strictly positive and hence blj > 0 for f = I,k+l, ..• ,m and 

j = I,. . .,m. Furthermore, by (5.3.4), TI:[1Til(z) is TP 2 on {I,. .. ,k}xlR and, 

moreover, satisfies 

for l = I, ... , k. 

Therefore, since TI.(z) is increasing in z for each j = l, ... ,m, it follows 
J 

by Proposition 3.1 in KARLIN (1968, p. 22) or by Theorem 3.2.3 that for 

f -I 
each j = I, ... ,m, 'Ill Til(z)Tij(z)dH(z) is increasing in l, i.e. 

for l 2, ... ,k and all j f l-1,l. 

Hence blj ~ 0 for l = 2, ... ,k and all j f l-1,l. Obviously, bll > 0 and 

bll-l < 0 for l = 2, .•. ,k. Thus the matrix B has positive elements exept 

for bll-I' l = 2, ... ,k. But by (5.3.2), 'Ill-I> 'Ill for l = 2, •.. ,k and it 

easily follows that bll-I + bll > 0 for l = 2, ... ,k. Therefore, D = BT is 

TP 1. Moreover, since blj > 0 for l = l,k+l, ... ,m and j = I, ••• ,m and since 

bll-l + bll > 0 for l = 2, ••. ,k, it follows that the elements in the first 

row of D and the elements in the first column of D are strictly positive. 

This implies that D2 is STP 1. 

Application of the Perron-Frobenius theorem (cf. GANTMACHER, 1977, 

vol II, p. 53) or of Lemma 3.1.5 with s =I yields that the eigenvector 

d = (d 1, •.. ,dm)T corresponding to the largest eigenvalue of the matrix D 

has 

d = 

for 

strictly positive components, i.e. dl > 0 for l = I, ... ,m. Since 
-1 

T y 1 or equivalently dl = yll for l = I,k+l, ... ,m and dl = yl1 -yl-IJ 

l = 2, ... ,k the result (5.3.7) follows. The proof of (5.3.8) is 

similar. D 

The result (5.3.7) also holds when (5.3.2) and (5.3.3) are relaxed to 

(5.3.9) 

and 

(5.3.10) 
z -I 

~ f 'Ill Til(l;)dH(I;;) for all z ElR and l=2, ... ,k; 
-00 

however, the latter assumption involves the distribution H of Z. 

Theorem 5.3.2 shows that the MCA correct and wrong category scores 
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reflect the difficulties of the items. This in combination with (5.3.5) and 

(5.3.6) can be used for a first investigation of the model assumptions. More­

over, Theorem 5.3.2 suggests that ordering the individuals according to their 

MCA test score Y1 is reasonable: responding a difficult item correctly 

yields a large contribution to this test score and responding it wrongly 

does not cost much, whereas for an easy item it is the other way around. 

The test score Y 1 is a weighted sum of items with small weights for items 

which are less related to the latent variable than the other items. This 

procedure is an alternative to the method proposed by MOKKEN (1971) in 

which individuals are ordered according to the (unweighted) sum of correct 

responses. It is unknown, however, in which cases (exept in the Rasch model; 

see below) which procedure actually works better. An advantage of the MCA 

approach is that a natural generalization of Theorem 5.3.2 to the case of 

items with three or more ordered categories can be given. 

In practice the probabilities TI! for l = I, ... ,k and Tilj for 

l,j = I, ... ,k have to be estimated by the relative frequencies of correct 

responses. Although the MCA scores based on these estimates need not reflect 

the difficulties of the items even when the underlying model satisfies the 

conditions of Theorem 5.3.2, one would expect the total score Y1 to reflect 

the appropriate ordering of the individuals quite well. 

Latent structure models for dichotomous variables studied in the 

literature (e.g. ANDERSEN, 1980; FISCHER, 1974; LORD and NOVICK, 1968) are 

commonly of parametric form, that is, the functional form of the trace 

lines is specified. However, there is often no evidence that the specific 

functional form is actually present in the test at hand. The parametric 

examples below generally satisfy the double monotonicity and total posi­

tivity conditions and therefore analysis both with MCA or with Mokken's 

method is legitimate. These examples are also discussed in MOKKEN (1971). 

Moreover, the ordering properties of MCA under these parametric models 

have already been noted by GIFI (1981, Chapter 9), but proofs where not 

given. 

In Guttman's model the responses on the items are deterministic func­

tions of the latent variable. The trace lines are given by 

if z ~ ol 
for l I , ... , k, 

if z < ol 

where the item parameters satisfy o1 < o2 < ••• < ok. In this model an 
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individual cannot respond correctly to a difficult item and wrongly to an 

easy item. Hence a perfect analysis is possible. The conditions (5.3.J), 

(5.3.2), (5.3.3) and (5.3.4) are easily verified and therefore the results 

of Theorem 5.3.2 hold. Moreover, stronger ordering properties of the correct 

and wrong categories scores on higher MCA components hold. Denote by 

- ( T Yt - Ylt'''''ykt) the vector with correct category scoreson the t-th MCA 

component, so Yft = alt(j)lt(I) for l = 1, ..• ,k and t = J, ••• ,k, and write 

wt= (wlt'''"'wkt)T with wlt = alt(j)lt(O) for l = l, ... ,k and t = J, ••• ,k. 

THEOREM 5.3.3. Consider Guttman's model. For arbitrary real numbers 

ar,ar+l'''''as (I $ r $ s $ k, r~=r a~> O) the numbers of changes of sign 

of the vectors 

s s s 
y = r atyt, w r at wt and a r atat 

t=r t=r t=r 

satisfy 

r-1 s - (y) S+(y) s - (w) S+(w) s-1, $ $ $ s-1, r-1 $ $ $ 

r-1 s - (a) S+(a) $ $ $ s-1. 

PROOF. First consider the assertion for the vector a. By Proposition 5.3.1, 

the vectors a 1,a2 , ••. ,ak are eigenvectors of the correlation matrix t cor­

responding to eigenvalues µ 1 ~ µ2 ~ ... ~ µk. In Guttman's model, 

Tijl =min (nj,nl) for j,l = 1, ... ,k and hence the correlations between the 

items are given by 
l 

f/I-nl)/(nl(I-nj)): 

Tif(I-Tij)/(TI/1-Tif)) 2 

if l $ j 

if l > j 

Therefore, t is a so called Green's matrix which by a result in KARLIN 

(1968, p. Ill) is TPk and has some iterate which is STPk iff 
-I -I -I 

n 1 (l-n1) < n2 (I-n2) < ••• < Tik (1-Tik) or equivalently iff 

n 1 > n2 > .•• > Tik. Application of Lemma 3.1.5 gives the desired result. By 

Proposition 5.3.1, vectors yt and wt are eigenvectors of the matrices 

C = (clj) and W = (wlj) respectively with elements 

clj = (Tilj -Til1Tj)/(1Tl(I - nj)) and wlj = (nlj -nlnj)/(TI/1 -'lfl)) for 

j,l = I, •.• ,k. By the same arguments as above the result follows for the 

vectors y and w. D 

The practical relevance of these stronger ordering properties is 

limited. A slightly weaker result, with respect to the principal components 
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a 1,a2, ... ,ak has been proved by GUTTMAN (1950) and an interpretation is 

given in GUTTMAN (1954); cf. GIFI (1981). 

A somewhat more realistic generalization of the previous model is 

the latent distance model of LAZARSFELD and HENRY (1968). It§ trace lines 

satisfy 
if z 2 ol 

if z < 0,e_ 
for l l, .. .,k 

where o1 < o2 < .•. < ok and E2,e_ < l-E 1,e_ for l = l, ... ,k. If E2,e_ > O, 

Ell> 0 for l l, .•• ,k then the double monotonicity and total positivity 

conditions never hold simultaneously. But the weaker conditions (5.3.9) 

and (5.3.10) are satisfied when Til-l >TI!' TI,e_E 2,e__ 1 2 TI,e__ 1E2,e_, 

Til(l-E 1l-I) 2 Til-l(l-E 1l) for l = 2, .•• ,k and hence (5.3.7) remains valid. 

In the linear model of Lazarsfeld the trace lines are given by TI,e_(z) = 

alz+bl provided 0 ~ a,e_z+bl ~I for l = l, •.. ,k. The conditions (5.3.1) 

and (5.3.2) are for instance satisfied when al-I ~ a,e_ and bi-I 2 bl for 

l = 2, .•. ,k. The total positivity conditions (5.3.3) and (5.3.4) hold when 

al-I b,e_ ~ albl-l and al-I (I+ b,e_) 2 al(I + b,e__ 1) for l = 2, ... ,k. 

RASCH (1960) developped a model in which the (unweighted) sum of all 

correct responses is sufficient for Z. The trace lines for l = l, ... ,k 

satisfy TI,e_(z) = z/(z + O,e_) (or O) when z 2 0 (or z < 0), and where 

0 < o1 < .•. <Ok. This model is actually a special case of a model con­

sidered by Birnbaum. Moreover, Birnbaum proved that in this model Mokken's 

(unweighted) sum of correct responses "uniformly best discriminates" the 

individuals (see MOKKEN, 1971, p. 141). Double monotonicity and total posi­

tivity of trace lines is easily verified. 

The last example consists of models based on shifts in distribution 

functions. For an (univariate) distribution function F the trace lines are 

defined by TI,e_(z) = F(z-o,e_) for l = l,. .. ,k and where o1 < o2 < 

Double monotonicity is obvious. It follows from Corollary 3.1.3 and Example 

3.1.l that the TP 2 conditions (5.3.3) and (5.3.4) hold whenever the density 

p of F (with respect to some measure) is PF 2• Special choices of such PF 2 

distribution functions F yield well-known models, e.g. degenerate distri­

bution (Guttman's model), logistic distribution (Rasch's model), normal 

distribution (models of LAWLEY, 1943 and LORD, 1952). Other PF 2 distribution 

functions are the gamma, Poisson and binomial distribution function. 
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SUBJECT INDEX 

Approximate Bahadur efficiency, 30, 32, 59, 60 
Approximate slope 

definition of, 30 
of test statistics, 30, 31, 32, 60 

Association, see Dependence 
Asymptotic distribution 

of canonical correlations 
under null-hypothesis, 23 
under local alternatives, 23 
under fixed alternatives, 19 

of canonical functions 
under null-hypothesis, 23 
under fixed alternatives, 19 

of conditional Poisson distributions, 17 
of test statistics 

under null-hypothesis, 27, 33, 34, 56, 58 
under local alternatives, 27, 56, 58 

Basic composition formula, 36 
Biplot, 7 
Bivariate distribution 

bivariate beta, 54 
bivariate binomial, 54 
bivariate elliptical, 69 
bivariate exponential, 54 
bivariate F, 54 
bivariate gallUlla, 54 
bivariate hypergeometric, 54 
bivariate logistic, 54 
bivariate normal, 53, 69 
bivariate Pareto, 54 
bivariate Poisson, 54 
linear by linear interaction model, 54 
negative trinomial, 54 
standard Dirichlet, 54 
trinomial, 54 

CA, see Correspondence analysis 
Canonical correlation 

definition of, 9 
test statistic, 14, 26, 27, 28, 30, 32, 33, 60, 75, 83 

Canonical decomposition, 12, 16, 51 
Canonical function, 9, JO 
Canonical variables 

definition of, 9 
tests based on, 33, 34, 55 

Catergory scores 
of CA, JO 
of MCA, 88 

Chi-square test statistic, 14, 15, 26, 27, 28, 30, 32, 33, 60, 75, 83 
Column point, 14, 15, 48, 50 
Column variable, 6 
Complete set of vectors, II 



Complete Tchebychef f system, 39 
Concordant, 70 · 
Conditional Poisson distribution, 17 
Conditioning matrix, 17, 20 
Contingency table, 6 
Continuous version, 78, 79 
Correlation ratio, 75 
Correspondence analysis 

definition of, 9 
graphical representation of, 14, 15, 48 
ordering property of, 48- 51 

CR-dependence, see Dependence 

Dependence, forms of 
association, 64, 65, 77, 78, 82 
column regression dependence (CR-dep.), 41-60, 65, 76, 77, 78, 82 
double regression dependence (DR-dep.), 41-60, 65, 75, 82 
multiple double regression dependence (MDR-dep.), 90, 91, 92 
multiple order dependence, 90,92 
order dependence, 47-54 
quadrant dependence, 60, 64, 65, 78 
row regression dependence (RR-dep.), 41-60, 65, 76, 77, 78, 82 
totally positive dependence (TP-dep.), 40-54, 91 

diag[·], 5 
Disconcordant, 70 
Discretization, 16, 52 
Distribution, see Asymptotic distribution; Bivariate distribution 
Double monotonicity, 94 
Dual scaling, 7 
DR-dependence, see Dependence 

Elliptical distribution, 69 

First order correspondence analysis, 85 
Fisher's contingency table analysis, 7, 10 
Fisher-Yates normal score statistic, 73, 76, 82 
Fixed alternative conditional Poisson distribution, 22 

Generalized multiple hypergeometric distribution, 21 
Geometric mean test statistic, 14, 27, 28, 31, 32 
Gradient analysis, 7, 15 

Homogeneity analysis, 85 
Horseshoe phenomenon, 48, 50, 51, 52, 54 

Incidence matrix, 15, 54 
Increasing function, 5 
Invariant convexity preserving property, 41 
Item, 92 

Kendall's tau 
definition of, 74 
probability table version of, 57, 79-81 
test based on, 57-60, 76, 82 

Kronecker matrix product, 5 
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L-superadditive (lattice-superadditive), 71 
Latent structure models, 92-100 

Guttman's model, 98, 99 
latent distance model, 100 
linear model, 100 
models based on distribution functions, 100 
Mokken's model, 94 
Rasch' model, 100 

Latent variable, 92 
Likelihood ratio test statistic, 26, 27, 28, 30, 32, 33, 60 
Linear rank statistic, 72, 73 
Local alternative conditi_onal Poisson distribution, 22 
Local independence, 93 

Majorization, 13, 20 
MANOVA, 26 
MCA, see Multiple correspondence analysis 
MCA component, 85 
MCA variable weights, 85, 86 
MOR-dependence, see Dependence 
Mehler's expansion, 16 
Monotonicity, order of, 44 
Multinomial distribution, 20 
Multiple correspondence analsysis 

definition of, 85, 86 
graphical representation of, 90 
ordering property of, 91, 92, 96, 99 

Multiple order dependence, see Dependence 

Null-hypothesis conditional Poisson distribution, 21 
Non-linear rank statistic, 74 

Optimal scaling, 7 
Order dependence, see Dependence 
Order preserving property 

of CA, see Correspondence analysis 
of MCA, see Multiple correspondence analysis 
of measures of dependence 

in populations, 72, 82 
in samples, 75, 82 

Orderings for positive dependence 
equally dependent, 62 
in probability tables, 78 
more associated, 64 
more column regression dependent, 64 
more concordant, 62 
more quadrant dependent, 62 
more row regression dependent, 64 

Orthogonal polynomial system, 38, 51 
Oscillation diminishing property, 44, 45 

PF function (Polya frequency function), 38, 53, 100 
Pillai's test statistic, 27, 28, 30, 32, 33 
Pitman efficiency, 32, 33, 60 
Positive dependence, see Dependence; Orderings for positive dep. 
Positive definite matrix, 5 



Positive number, 5 
Principal component analysis, 7, 85, 86, 95, 99 
Probability table, 6, 8 
Probability table version, 79 

Quadrant dependence, see Dependence 
Quadrant statistic, 74, 76, 82 

Reciprocal averaging, 7 
Row point, 14, 15, 48, 50 
Row variable, 6 
RR-dependence, see Dependence 

Schur-convex function, 14 
Score-function, 73, 79 
SCR-dependence, see CR-dependence 
SDR-dependence, see DR-dependence 
Sign changes, 38 
Signed canonical correlation, 74, 76, 82 
Simultaneous linear regression, 7, 8, 9, 87 
Slope, see Approximate slope 
SMDR-dependence, see MOR-dependence 
Spearman's rho 

definition of, 73 
probability table version of, 57, 81 
test based on, 57-60, 76, 82 

SRR-dependence, see RR-dependence 
Standard sequence, 29, 30, 31, 59 
STP, see TP 
STP-dependence, see TP-dependence 
Support, 61 

Test statistic 
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see Canonical correlation, 'Canonical variables, Chi-square, Geometric 
mean, Kendall's tau, Likelihood ratio, Pillai's, Spearman's rho, 
Yates' 

see Asymptotic distribution 
Tie, 70, 79 
TP (total positivity), 35-54, 94 
TP-dependence, see Dependence 
Trace line, 93 
Trivariate reduction, 53, 69 

Underlying probability table, 17, 21 

Vander Waerden statistic, 74, 76 
Variation diminishing property, 38, 43 
vea[·], 5 

Yates' test statistic, 55, 56, 59, 60 
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