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A.2.2. DEFINITION. A discounted Markov decision problem with interest rate 

aE(0, 00), is a Markov decision situation fox which the stream of payoffs 

is evaluated as 

v sµ := 

00 

I: (-1-) T VT 
T=O l+a • sµ· 

Note that, in definition A.2.2, VT equals the expected payoff at 
sµ 

decision epoch T for initial state s and strategy µ. So Vsµ is the total 

discounted expected payoff for starting state s, strategy µ and discount 

factor (1+a} -l. 

A.2.3. DEFINITION. An average reward Markov decision problem is a Markov 

decision situation fox which the stream of payoffs is evaluated as 

k 
W : = lim inf -- I: VT • 

sµ k-+«> k+1 T=O sµ 

T 
In definition A.2.3 V has the same meaning as in definition A.2.2. sµ 

So Wsµ equals the average expected reward per unit time for starting state 

s and strategy µ. 

Like in stochastic games obviously V and w exist for each s and µ. sµ sµ 

A.2.4. DEFINITION. Let G be the evaluation function fox a Markov sµ 
decision problem. A strategy µE is said to be E-optimal, given 

if fox each sES: 

G sup G -E. 
sµE µEST sµ 

Zero-optimal strategies axe called optimal. 

Markov decision problems are extensively studied in the literature. 

See for example Blackwell (1962, 1965), Derman (1970}, Hordijk (1974} and 

Federgruen (1978). 

We now quote a number of results of Markov decision theory, which are 

referred to in this monograph. The way in which we use these theorems is 

as follows: fix for the two-person zerosum stochastic game a stationary 

strategy for one player; then the other player faces a Markov decision 

problem; apply the results of the Markov decision theory to this problem 
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and then return to the stochastic game. 

In the following theorems r(s,p ) and p(tjs,p ) with p EP(A ) are defined 
s s s s 

as r(s,ps):=EiEA r(s,i).ps(i) andp(tjs,ps):=EiEA p(tls,i).ps(i). 
s s 

A.2.5. THEOREM. For an infinite horizon discounted Markov decision problem, 

the vector v*Emz defined as v* :=sup V for each sES, is the unique 
s sµ 

solution of the following set of f~nctional equations in the variable 

xEmz: 

z 
x = max {r(s,i) + l+a E p(tjs,i) .xt} 

s iEA t=l 
, sEs. 

s 
* * * * A stationary strategy p =Cp 1 ,p 2 , ••• ,pz) is optimal if and only if for 

each sES: 

* v s 
* z * * 

r(s,ps) + l+a E p(tls,p ) .vt. 
t=l s 

Also an optimal pure stationary strategy exists. 

A proof of this theorem can be found in Blackwell (1965) and in Derman 

(1970). 

A.2.6. THEOREM. For an infinite horizon average reward Markov decision 

problem let the vector w*Emz be defined as w* :=sup W , for each sES. 
s µEsT sµ 

Consider the following set of functional equations in the variables 

x,yEmz: 

(A.2.1) 

and 

(A.2.2) 

x 
s 

max 
iEA 

s 

z 
E p(tjs,i).xt 

t=l 

z 

, sEs 

xs+ys = max {r(s,i)+ E pCtls,i).yt} 
iEE t=l 

where E 
s 

s 
z 

:= {iEA Ix= E p(tls,i).xt}. 
s s t=l 

, sES, 
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* * Then this set of equations is solvable and for each solution (x ,y we 

* * * * * * have x =W. Furthermore a stationary strategy p =(p 1,p 2 , ... ,pz) is 

optimal if and only if the following holds: (i) p (i)=O for i~E 
* z * * s * * s (hence W = l: p(tjs,p ) .Wt) and (ii) for any solution (W ,y) of the 
s t=l s 

equations (A.2.1) and (A.2.2) it holds that for each state sES which 

* is recurrent with respect to p ** * z I** we have W +y =r(s,p )+l: 1p(t s,p ) .yt. s s s t= s 
Also an optimal pure stationary strategy exists. 

A proof of this theorem can be found in Schweitzer & Federgruen (1978). 

A.2.7. REMARK. If we have to do with a minimizing Markov decision problem, 

then in the theorems A.2.5 and A.2.6 "max" must be replaced by "min". 

we conclude this section with a theorem which is used in chapter III 

of this monograph. 

A.2.8. THEOREM. For an infinite horizon average reward Markov decision 

* problem MD, let the optimal value be W . Let MD be the Markov decision 

problem which only differs from MD by the immediate rewards: 
- * r(s,i)=r(s,i)-Ws. Then the average reivard problemMDhasoptimalvalue Oz. 

* * PROOF. For the problem MD, let (W ,y ) be a solution to (A.2.1) and (A.2.2). 

* As Oz trivially obeys (A.2.1) it follows immediately that (Oz,y ) is a 

solution to (A.2.1) and (A.2.2) for problem MD. Then, by theorem A.2.6, 

Oz is the optimal value of MD. 

D 
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A. 3. RECENT LITERATURE ON STRUCTURED STOCHASTIC GAMES 

The trend to analyse stochastic games with additional structure on the 

game parameters (rewards and transitions) has been continued during the last 

years. One reason is that for the general case computational procedures are 

complex, accentuated by the fact that even in the discounted case the value 

may be irrational while all the data are rational (cf. remark 4.2.5). Another 

reason is that structured stochastic games are often more suitable for prac­

tical applications. 

Independently Sobel (1981) and Parthasarathy, Tijs & Vrieze (1984) con­

sidered SER-SIT stochastic games, i.e. games with separable reward structure 

and state independent transition structure. To be more specific, the reward 

function r is of the form r(s,i,j}"" c(s) +a (i,j) and the transition map p 

is of the. form p ( t ! s, i, j ) = q ( t Ii, j ) . The action spaces are assumed to be 

the same for each. state. Hence the rewards are built up by a term depending on 

the actual state and a term depending on the chosen actions, while the tran­

sitions only depend on the actions. In Sobel (1981) it is outlined how such 

models can be used in inventory problems and in Parthasarathy, e.a. (1984) 

an application to air pollution problems is presented. 

For discounted zero-sum SER-SIT games the following results hold. The 

* value V 

* v s 

of the discounted game equals 

-1 -1 z = c ( s) + a ( 1 +a) Val [ a (. ,. ) + ( 1 +t'.'t) i:: t= 1 q ( t I . , . ) c ( t) ] . 
AxB 

Both players have optimal myopic stationary strategies. By a myopic strategy 

we mean a strategy that in each state prescribes the same (mixed) action. 

For a SER-SIT game an optimal myopic stationary strategy can be composed by 

an optimal (mixed) action of that player for the matrix game 

[a(.,.)+ (1+a}-l i::~=l q(t I.,.) c(t)]. The above facts can be derived in a 

straight way from theorem 4.2.4. 

For undiscounted zerosum SER-SIT games similar results hold. The value 

of the undiscounted game equals 

Val [a(.,.)+ i::tz=l q(t!.,.)c(t)].1 
AxB Z 

(so state independent) and optimal myopic stationary strategies can be 
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composed from optimal actions of the players in the matrix game 

[a(.,.)+ L~=i q(t!.,.)c(t)]. These ~acts follow at once from lemma 8.1.3 

since w := c and g* :=Val [a(.,.)+ Ltz=l q(t l.,.)c(t)] satisfy the equations 
AXB 

in (ii) of this lemma. 

In both Sobel (1981) and Parthasarathy, e.a. (1984) also nonzerosum 

SER-SIT games are analysed, resulting in ~yopic equilibrium points. 

Dirven & Vrieze (1986) too studied myopic equilibrium points. They 

showed how stochastic games can be used in analysing advertisement models. 

Their state variable corresponds to the number of customers allied to firm 

1 (player 1), while the rest of the market is attracted to firm 2 (player 2). 

Dirven and Vrieze gave economically interpretable conditions, sufficient for 

the discounted payoff s to be linear in the state variable for each pair of 

myopic stationary strategies. These conditions are (i) r(s,i,j) = f(i,j). s 
z l l 

+g (i,j),for player l = 1,2 and (ii} E(s,i,j) := L t=O p(t!s,i,j) (t-s) 

h(i,j).s+k (i,j). Different properties of the functions f 2 , g 2 , hand k 

appear to correspond to different market behaviour on advertisement budgets 

(the actions). They showed that if f 2(.,.) and h(.,.) are independent of 

i and j 1 then discounted myopic equilibrium points exist. 

Raghavan, Tijs & Vrieze (1985) treated stochastic games with additive 

reward and transition structure, i.e. games for which r(s,i,j) = r 1(s,i) 

and p(tls,i,j:p1Ct!s,i) + p 2(t!s,j). The reward structure can readily be 

interpreted. Concerning the transition structure, let 

q 1(s,i) := L~=l p(tls,i) and q 2 (s,j} := r~=l p(t!s,j). Clearly 

q 1(s,i) +q2 (s,j) = 1. Then it can be seen that the additive transition 

structure can be explained as: when cell (i,j} turns up in states then with 

probability q 1 (s,i) player 1 governs the transitions according to the 

probability vector (p1(1ls,i), p 1 (2js,i), ... ,p 1 (zls,i))q~ 1 (s,i) and with 

probability q 2 (s,j) player 2 governs the transitions according to the 

probability vector (p2 Clls,j}, p 2 C2!s,j), ... ,p2 (zJs,i))q; 1cs,j). 

For AR-AT games, when inserting the structure of the game into the 

discounted optimality equation, it can be seen that the matrix game 
* -

[GSa.{V )] (cf. section 4.2) can be decomposed in a part only depending on i 

and a part only depending on j. Hence both players have optimal pure 

stationary strategies. 

When regarding undiscounted games as the limit of discounted games with 

a. tending to 0, then by the above result ( a.nd the finiteness of the action 

sets and the state space), there is a sequence of a.'s tending to 0 for which 



197 

for both players the same pure stationary strategy is optimal for each a of 

this sequence. It is well-known that uniformly discount optimal stationary 

strategies are optimal for the undiscounted version (cf. lemma 7.2.5 and 

Bewley & Kohlberg (1978)). Thus for AR-AT games both players possess op­

timal pure stationary strategies for the average evaluation criterion. 

For the nonzerosum case, neither for the discounted nor for the un­

discounted version equilibrium points of pure stationary strategies need 

to exist for AR-AT games, as examples in Raghavan, e.a. (1985) show. 

The models so far discussed satisfy the orderfield property (cf. sec­

tion 9. 2), i.e. that the solution (value and optimal stationary strategies 

respectively equilibrium points) lie in the same Archimeadian field as the 

data of the problem. Only for models with this orderfield property a relative 

simple algorithm (like linear programming) might be expected and indeed for 

each of the above models this appears. 

A further model for which the orderf ield property holds is considered 

in Vrieze, Tijs, Parthasarathy & Dirven (1985). They analysed a two-person 

nonzerosum stochastic game with two states and in both states two actions 

of the players. Furthermore the rewards are governed by one player, say 

player 1, i.e. rl(s,i,j) = rl(s,i), l = 1,2 for both states and all actions. 

They showed that for the extreme points of the set of stationary equilibrium 

points the orderfield property holds. 

Finally we like to mention a paper of Raghavan (1984).He surveyed 

nearly all algorithms for as well discounted as undiscounted two-person 

zerosum stochastic games. Moreover he started interrelating the subclasses 

of games determined by the structure on the parameters. Most of these al­

gorithms can also be found in this monograph (cf. chapter 6 and chapter 9). 

DIRVEN, C.A.J.M. & O.J. VRIEZE (1986), Advertisement models, stochastic games 

and myopic strategies, to appear in Operations Research. 

PARTHASARATHY, T., S.H. TIJS & O.J. VRIEZE (1984),Stochastic games with state 

independent transitions and separable rewards. In: Hammer, G. & 
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RAGHAVAN, T.E.S. (1984), Algorithms for stochastic games, a survey, Dep. of 
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SYMBOL INDEX 

(Symbols with only local significance are not included). 

Greek English 

C4 11 A 7 
s 

s 26 <A,B,K> 181 

r 27 B 7 

f (pc) 170 Sr ck8k/M 111 
k=-oo 

f(So,g,w,p°,{E2slsESO}) 170 c 60 ra 
r < {p 1 p EP <A ) , s s s sEs1 ) 91 CSG(S) 57 

K (w) 129 dCr ,r • l 59 

J\1S (T) 171 e. 84, 186 
l. 

J\2s(T) 172 e. 84, 186 
J 

IJ 9, 10 E.Q, I .Q,=1,2 112 

IJ (ilh ,s ) 9, 10 f* 47 T T T 
µT(sO,sT) 9, 10 f (8) s 138 

IJ (s ) 9, 10 F 103 T T 
\) 9, 10 FM 103 

\) (j I h Is ) 9, 10 FV(T) 105 T T T 
\)T (sO,sT) 9, 10 FVIJ 2 (T) 126 

VT (ST) 9, 10 FVvl (T) 126 

CJl(w) 104 g 121 

p 9 I 10 g(n) 109 
c 

170 g (8) 138 p 
s 

a 9, 10 [G (x)) 
s 105, 111 

T 9 [ G (v)] 
sa 28 

cj>T (w) 103 [GC4 (v)] 58 s 
8 103 [Gs8 (x)] 104 

h 9 T 
H 7 

HT 9 

i 188 

i 9 T 
j 188 

jT 9 
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(K] 186 <r,p,a> 59 
K-i 79 rn(p,cr) 109 
K-j 79 R(p) 118 

L 27 R(f) 165 apcr 
m 7 RCSG(S) 58 s 
M 27 s 7 

M 188 s 9 mn 1" 
MOS (cr) 19 s 7 

* MSTJI,, Jl.=1,2 10 s 139 

** n 7 s 139 s 
o(0y) 104 so 156 

o(0Y) 104 <SI {A jsES}, {B lsES}, r,p> 7 s s 
OJI., R.=1,2 39, 112 SG(S,a) 26 

0 JI, (K) , .l!.=1, 2 188 ST.I!., .1!.=1,2 10 

o~ CK>, i=1 ,2 184 SMST .I!. I .l!.=1,2 10 

0~5 (f) I 2=1,2 61 SST .I!. I .l!.=1, 2 10 

p 7 SVCSG 63 

p(tls,i,j) 7 SVCSG(S) 62 

p(tjs,p ,cr ) 27 u 27 s s a 
pVal (K) 58, 186 USG(S,a) 69 

P (cr) 155 USVCSG 66 

P(p,cr) 27 USVCSG(S) 64 

Pnn(p,cr) 107 Val (K) 188 

PSST R,, Jl.=1 ,2 10 v 11 sµv 
PU 58 v' 11 sµv 

lP 11 V (p ,cr) 28 sµv 
]p (1") 

sµv 10 VCSG 59 

P(A) 185 VCSG(S) 58 

P(B) 185 'Vw 126 

P(S) 7 Aw 126 

Q (p ,cr) 107 w 11 sµv 
Qnn(p,cr) 108 w 108 µv 
r 7 W (n) 

po 109 

r(s,i,j) 7 x* 106 

r(s,p 5 ,o5 ) 27 x*(0) 106 

r(p,crl 27 x' 11 µv 
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NOTATIONS 

JN, lR and lRm are the set of natural numbers, the set of real numbers 

and the m-fold Cartesian product of lR respectively. 

JN := {1,2, ... ,m} and JN := {-1,-2,-3, ... }. 
m 

1 := (1,1, ... ,l)ElRm and 0 := (0,0, ... ,0)ElRm. m m 

For x=(xl,x2, ... ,xm)ElRm, llx[J := maxkEJNm [xkl 

For x,yElRm, d(x,y) := [[x-yj[. 

For xElRm, Car(x) := {k[kElN I 
m 

For x,yEJRm, x?y if and only if xk?yk for each kEJNm 

and x>y if and only if x2y and at least for one component k it holds 

that xk>yk. 

xsy and x<y are defined analogously. 

By an mxn-matrix we mean a matrix consisting of m rows and n columns. 

Imm denotes the mxm-matrix with each entry equal to 1. 

If K is an mxn-matrix, KT represents the transpose of K. 

If K1 and K2 are two mxn-matrices, then 

d (K1 ,K2) : =maxmEJN , nEJN I K1 (m,n) -K2 (m,n) [ . 
m n 

The adjoint of an mxm-matrix K is denoted by adj(K) and the determinant 

of K is denoted by det(K). 

A vector is supposed to be a column vector. However, when no confusion 

arises we often write x.K instead of xT.K for xEJRm and Kan mxn-matrix. 

For a finite set S, lsl is the numer of elements of S. 
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