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Conclusion: 

We showed that the minimum in (4.6.2) equals the maximum in (4.6.3) 
for grafts with no K4-partition and no K3 •2-partition. Implicitly we show­
ed that (4.6.2) and (4.6.3) can be solved by solving a circulation problem 
{(4.6.4)) and its dual ((4.6.5)), as soon as T1 and T2 are known. It is 
interesting to note that in case T1 and T2 are known, Edmonds' algorithm 
in Section 4.1 can be simplified in the sense that only a minimum weight 
perfect matching in the complete bipartite graph with colour classes T1 
and T2 has to be found. 

As mentioned the min-max relation min (4.6.2) = max (4.6.3) holds in 
grafts with no K4-partition. This follows from the just proved case (no 
K4-partition and no K302-partition) by using Theorem 4.4.3. {Compare with 
Cases I and II in the proof of Theorem 4.2.2.) See also Truemper [1987a] 
for deriving min-max relations for matroids with no F7-minor using a spe­
cific element from such min-max relations for regular matroids, using 
decomposition. 

PACKING T-JOINS 

Let w E zE{G). The T-join packing problem is: + 

(4.6.8) Find a maximum cardinality w-packing with T-joins. 

The shortest T-cut problem is: 

(4.6.9) Find a T-cut 6(U) C E(G), which minimizes L w. 
eE6(U) e 

Assume T1 and T2 from a partition of T as is meant in Theorem 4.5.2. 
~ ~ Replace all edges uv in G by two directed edges uv and vu. Denote the set 

of arcs obtained in this way by A. Consider the following primal-dual pair 
~ of linear programming problems (If uv EA then~ := ~ := wuv 

(uv E E(G)). 



(4.6.10) 

(4.6.11) 

max k 

s.t. 

}: f 
a enters u a 

min L w l 
eE:E(G) e e 

-
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}: f = 
a leaves u a 

f-+ + f-+ < 
UV vu = 

f > a = 

s.t. "v - "u + .tuv ~ O if 

[ -: 
w 

UV 

0 

-+ 
UV e: A; 

.t > 0 if e e: E(G); 
e = 

n e: R if u E: V(G); 
u 

if u E: T1; 

if u E: T2; 

if u e: V(G)\T; 

if uv E: E(G); 

if a e: A. 

In order to prove that (4.6.10) is equivalent with (4.6.8) we derive 

the following propositions. 

Proposition 4.6.12: Problem (4.6.10) has an integral optimal solution. 

A Proof: Let k* e: Q, f* e: Q be an optimal solution, that is not a convex 

combination of other optimal solutions. Obviously, it suffices to show 

that k* e: z. (Observe the construction in Figure 3.11.) 

Let E' := {uv E: E(G)IO < f-+ + f-+ < w }, and let V1, •.• , V, be the 
UV VU UV A-

components of the subgraph G' of G with V(G') := V(G), E(G') := E'. If E' 

contains a T-join, then one easily shows that k*, f* is not an optimal 

solution for (4.6.10). (See the first part of the proof of Proposition 

4.6.6 to find a k > 0 and an 1 such that k* + k, f* + 1 is feasible for 

(4.6.10).) Hence lvi n TI is odd for some i = 1, ... , .t. Therefore 

al(V(G)\Vi) has at least one component with node set W (say) such that 

lw n TI is odd. This set W satisfies the following properties: 

- f: e: Z if a e: £(W) (as £(W) f £(Vi)); 

- lw n T11 - lw n T21=±1 (as alw and al(V(G)\W) are connected). 
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Combining these two properties with the feasibility of k*, f* for (4.6.10) 
we get: ± k* = lw n T1 1k* - lw n T2 1k* = L f* - L f: E Z. 

a leaves W a a enters W This contradicts our assumption that k* ~ Z. [] 

Proposition 4.6.13: Let k E Z , f E -z!' be a feasible solution, with k > 1. + + 
Then there exists a solution k E Z , f E -z!' with k = 1, such that for + + 
each a EA: fa ~ fa. 
Proof: Define the following capacitated digraph D: 

V(D) := V(G) u {s, t}. (sand tare two new nodes); 
A(D) :=Au {~!u E T1} u {Uf!u E T2}; 
c := f (a EA)· c~ := 1 {u ET)· c~ := 1 (u E T2 ). a a ' su 1 ' ut 

The statement in the proposition is equivalent with the existence of a 
flow from s tot in D with value IT1 1 and satisfying the capacities. So 
suppose such flow does not exist. Then from the max-flow min-cut Theorem 
of Ford and Fulkerson {[1956]) there exists a set U C V(G) such that 

L ca < IT2 1. 
aEA(D) 

a leaves Uu{s} 

Hence 
aEA 

a leaves U 

Ask and f form a feasible solution to (4.6.10), we have 

aEA 
a leaves U 

Combining the last two inequalities we get 

which contradicts k > 1. [] 

Corollary 4.6.14: (4.6.8) and (4.6.10) are equivalent. 
Proof: The fact that each w-packing with k T-joins yields a feasible solu­
tion of (4.6.10) of value k is obvious. Conversely, let f* E Q~, k* E Q+ 



be an optimal solution of (4.6.10). From Proposition 4.6.12 it follows 

that we may assume that f* and k* are integer valued. Now Proposition 
J. k . 

4.6.13 yields the existence of fi € c- (i = 1, ... , k*} such that L f 1 ~ 
+ i=l 

f* and such that fi together with k = 1 forms a feasible solution to 

(4.6.10) for each i = l, ... , k*. Hence the collection F. := {uv € 
1 

E(G)Jf~ + f~ is odd} (i = 1, ... , k*) forms a w-packing of T-cuts in G. UV VU 

D 

To prove that max (4.6.8) 

the following proposition. 

min (4.6.9) we now only need to prove now 

Proposition 4.6.15: (4.6.9) ts equivaient with (4.6.11). 

Proof: First, let 6(U) be a minimum weight T-cut. By Proposition 4.6.7 we 

may assume that Jun T1 1 - Jun T2 1 = 1. Define: "u := 1 if u € U; "u:= 0 
if u € V(G)\U; l := 1 if e € 6(U) and l = 0 if e € E(G}\(6(U}). Then rr e e 
and l form a feasible solution of 4.6.11. Moreover L w = L w l . 

6 e e e 
V(G) E(G) e€ (U) e€E(G) 

Conversely, let rr € Q , l € Q be an optimal solution of 4.6.11. 

By Proposition 4.6.13 and Corollary 1.2.19 we may assume l to be integer 
valued. Since L rr - L rr 1, there exists a A € Q such that V .-u u ucr1 ucr2 
{ulrru =A} satisfies Jv n T1 1 ~ Jv n T2 J. Obviously le~ 1 for each 

e € 6(V). By Proposition 4.6.7, there exists a T-cut 6(U) C 6(V). This T-

cut 6(U) satisfies: L w < L w < L w l . D 
e€6(u) e = e€6(V) e e€E(G) e e 

Conclusion: 

From Corollary 4.6.14, Proposition 4.6.15 and linear programming dua­

lity (for (4.6.10) and (4.6.11)) we see that for grafts with no K4-parti­

tion and no K3 ,2-partition the maximum in (4.6.8) is equal to the minimum 

in (4.6.9). To extend this result to grafts with no K3 , 2-partition (see 
Theorem 4.6.1) one can use Lemma 4.4.4. (Cf. Truemper [1987a] for the 

general way to use decomposition to derive min-max relations for binary 

matroids with no F7-minor containing some fixed element from the fact that 
these min-max relations hold for regular matroids.) 
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