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Recently the author derived a Laplace integral representation, a 
product formula and an addition formula for ,facobi polynomials P~"·fJ>. 
The results are 
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In formulas (1) and (2) it is supposed that 

rx>fJ>-t. 
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In formula (3) the coefficient is 

c~;f.>1 = 
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(1X+k+l) I'(tx+,B+n+k+ 1) I'(<X+k) I'(,8+ 1) I'(f1+n+ 1) I'(n-k+ 1) 
I'(1X+/1+n+ 1) I'(tx+n+l+ 1) I'(/1+k+ 1) I'(f1+n-l+ 1) 

If p = 0 the factor 
p+k-l p o~_i(cos cf>) 

in formula (3) is replaced by 

2 cos (k-l)cf> if k-l=l=O 
and by 

1 if k-l= 0. 

The analogous formulas in the ultraspherical case l\'. = p are due to 
GEGENBAUER [8] (cf. ERDELYI [3], § 3.15, formulas (22), (20) and (19)). 
They can be obtained as degenerate cases of our formulas (1), (2) and 
(3) respectively. 

It is easy to see that (2) follows from (3) by integration and that (1) 
follows from (2) by dividing both sides by P!,;·P> (cos 202) and then letting 
!cos 2021 -+ oo. 

Formula (3) was proved by the author by using group theoretical 
methods. For integer IX the polynomials P':·o> can be interpreted as 
spherical functions on the complex projective space SU(1X+2)/U(<X+ 1) 
( cf. CARTAN [1], [2]) or as spherical functions on the sphere U(!X + 2)/ U(iX + 1) 
(cf. IKEDA [9], IKEDA and KAYAMA [10], IKEDA and SETO (ll]). In the 
last mentioned interpretation the classical notion of spherical harmonics 
is refined for the case that the sphere is the unit sphere in a complex 
vector space and the symmetry group is the group of unitary transfor
mations. The usual methods for classical spherical harmonics ( cf. for 
instance ERDELYI (4], Oh. ll, MULLER [12], VILENKIN (14]) can be ex
tended for this case. The author proved an abstract addition formula 
and constructed a canonical orthonormal system of generalized spherical 
harmonics expressed as products of certain Jacobi polynomials. Thus 
formula (3) was proved for tx= 1, 2, ... and /1=0. 

By repeated differentiation with respect to cos cf> of both sides of (3) 
this formula can be proved for all integer IX and {J, such that IX>/1>0. 
Analytic continuation with respect to l\'. and f3 finally gives the general 
case of formula (3). Detailed proofs will be published in one or more 
subsequent papers. 

By the substitution 

cos 03 e("' = cos fh cos ()2 +sin ()1 sin 02 re'"' 

the product formula (2) is transformed into another product formula 
which was obtained earlier in a different way by GASPER [7]. Gasper 
used his result to prove a convolution structure for Jacobi series. 
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Let for arbitrary complex v and 1 .;;;x<oo Jacobi functions be defined as 

Then it follows from (1) and (2) that 
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for cx>fJ> -t. 
This is proved by analytic continuation with respect to v where a 

theorem of Carlson is applied (cf. TrTCHMARSH [13], p. 186). Formulas 
(4) and (5) generalize well-known results for Legendre and Gegenbauer 
functions (cf. [3], § 3.15.2 (22) and § 3.11.1 (2)). 

Formulas (4) and (5) have applications for the harmonic analysis with 
respect to the functions R~"'·/3l. Flensted-Jensen who had already obtained 
some Paley-Wiener type theorems for this case in [5] could simplify his 
proofs in [6] by using formula (4). In joint work Flensted-Jensen and 
the author used formula (5) to develop a convolution structure for the 
harmonic analysis with respect to Jacobi functions. These results will 
also be published in a near future. 

ACKNOWLEDGEMENT 

The author is due to Professor Richard Askey for suggesting him this 
problem. 'rhe research summarized here was done at the Institute Mittag
Leffier in Djursholm, Sweden. The author is also due to Professor Lennart 
Carleson for his kind hospitality. 

REFERENCES 

1. CARTAN, E., Sur la determination d'un systeme orthogonal complet dans un 
espace de Riemann symetrique clos, Rend. Circ. Mat. Palermo 53 
217-252 (1929). 

2. , Le9ons sur la geometrie projective complexe, Gauthier-Villars, 
Paris (1931). 



191 

3. ERDELYI, A. et al., Higher Transcendental Functions, Vol. I, McGraw-Hill, 
New York (1953). 

4. , Higher Transcendental Functions, Vol. II, McGraw-Hill, New York 
(1953). 

5. FLENSTED-JENSEN, M., Paley-Wiener type theorems for a spectral decomposition 
of a differential operator with application to symmetric spaces. 
Report Institut Mittag-Leffler (Djursholm, Sweden), May 1971. 

6. , Paley-Wiener type theorems for a differential operator connected 
with symmetric spaces, to appear in Arkiv for Matematik. 

7. GASPER, G., Positivity and the convolution structure for Jacobi series, Ann. 
of Math. 93, 112-118 (1971). 

8. GEGENBAUER, L., -Uber einige bestimmte Integrale, Wiener Sitzungsberichte 
70, 433-443 (1874). 

9. IKEDA, M., On spherical functions for the unitary group (I, II, III), Mem. 
Fae. Engineering Hiroshima Univ., 3, 17-75 (1967). 

10. and T. KAYAMA, On spherical functions for the unitary group (IV), 
Mem. Fae. Engineering Hiroshima Univ. 3, 77-100 (1967). 

11. and N. SETO, On expansion theorems in terms of spherical functions 
for the unitary group (I), Math. Jap. 13, 149-157 (1968). 

12. MULLER, C., Spherical harmonics, Lecture Notes in Math. 17, Springer-Verlag, 
Berlin (1966). 

13. TITCHMARSH, E. C., The theory of functions, Oxford University Press, 
second ed. (1939). 

14. VILENXIN, N. J., Special functions and the theory of group representations, 
Am. Math. Soc. Trans!. of Math. Monographs, vol. 22 (1968). 


