Centrum voor Wiskunde en Informatica

REPORTRAPPORT

IMIAS

Modelling, Analysis and Simulation

fl Modelling, Analysis and Simulation

s A Runge-Kutta discontinuous-Galerkin level-set method for
unsteady compressible two-fluid flow

J. Naber, B. koren

ReporT MAS-EO0704 FeBrUuARY 2007



Centrum voor Wiskunde en Informatica (CWI) is the national research institute for Mathematics and
Computer Science. It is sponsored by the Netherlands Organisation for Scientific Research (NWO).
CWI is a founding member of ERCIM, the European Research Consortium for Informatics and Mathematics.

CWI's research has a theme-orienfed structure and is grouped into four clusters. Listed below are the names
of the clusters and in parentheses their acronyms.

Probability, Networks and Algorithms (PNA|
Software Engineering [SEN)

Modelling, Analysis and Simulation (MAS)

Information Systems (INS)

Copyright © 2007, Stichting Centrum voor Wiskunde en Informatica
P.O. Box 94079, 1090 GB Amsterdam (NL)

Kruislaan 413, 1098 S Amsterdam (NL)

Telephone +31 20 592 9333

Telefax +31 20 592 4199

ISSN 1386-3703



A Runge-Kutta discontinuous-Galerkin level-set
method for unsteady compressible two-fluid flow

ABSTRACT

In this work a numerical method for the solution of the two-dimensional Euler equations
describing unsteady compressible two-fluid flow is presented. The method is based on the
combination of a Runge-Kutta discontinuous Galerkin discretization of the Euler equations and
a level-set method for the treatment of the two-fluid interface. The corresponding level-set
equation is used in its advective form which, as opposed to the frequently used conservative
form, does not generate an erroneous off-set in the interface location. A simple fix is applied to
prevent the solution from becoming oscillatory near the two-fluid interface. Application of this fix
requires the development of a special two-fluid slope limiter for the discontinuous Galerkin
method. Numerical results show the competence of the developed method.
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Abstract. In this work a numerical method for the solution of the two-dimensional
Euler equations describing unsteady compressible two-fluid flow is presented. The method
s based on the combination of a Runge-Kutta discontinuous Galerkin discretization of
the Euler equations and a level-set method for the treatment of the two-fluid interface.
The corresponding level-set equation is used in its advective form which, as opposed to the
frequently used conservative form, does not generate an erroneous off-set in the interface
location. A simple fix is applied to prevent the solution from becoming oscillatory near
the two-fluid interface. Application of this fix requires the development of a special two-
fluid slope limiter for the discontinuous Galerkin method. Numerical results show the
competence of the developed method.

1 INTRODUCTION

Two-fluid flows, where two non-mixing fluids are separated by a sharp interface, find
many applications in both engineering and physics. The present work concerns the devel-
opment of a highly accurate numerical solver for the simulation of compressible, unsteady,
inviscid two-fluid flows described by the two-dimensional Euler equations of gas dynamics.

The two-fluid flow solver that is developed in this work is based on the level-set (LS)
method. This method, developed in 1964 by Markstein [14] and further extended by
Osher et al. [15, 17], describes the evolution of the interface in a two-fluid flow and as
such is able to distinguish between both fluids. The LS method has been applied to two-
fluid flow simulation regularly and corresponding results have shown its competence. The
novelty of the solver presented here is the application of a highly accurate Runge-Kutta
discontinuous Galerkin (RKDG) method for the temporal and spatial discretization of
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the governing equations. Here the method developed by Cockburn, Shu et al. [2, 3, 4, 5]
is followed. The possibility of obtaining very high orders of accuracy and the relatively
easy implementation of mesh and order of accuracy refinement (hp-refinement) makes the
RKDG method an attractive method for solving fluid-flow problems. Applying a RKDG
discretization to a two-fluid flow solver based on the LS method, combines the accuracy of
the former with the efficiency and easy implementation of the latter, and as such results
in an attractive numerical solver for two-fluid flows.

In section 2 the flow model is presented. The numerical method is treated in section 3,
followed by a discussion of fixes for the pressure oscillations in section 4. A simple fix by
Abgrall and Karni [1] is applied to prevent the solution from becoming oscillatory near the
two-fluid interface. Application of this fix requires the development of a special two-fluid
slope limiter for the RKDG method. In section 5 numerical results of several one- and
two-dimensional problems show the competence of the developed method. As a showcase
for the present method’s capabilities a supersonic, two-fluid jet flow is considered.

2 TWO-FLUID FLOW MODEL
2.1 Euler equations

The Euler equations form a system of nonlinear hyperbolic conservation laws repre-
senting conservation of mass, momentum and energy. For the two-dimensional case they
read:

0q _9q  9f(q)  99(q)

—+ V. F =0, 1
a TV F@=5 5, +t 75, (1)
where the conservative state vector ¢ and the flux vectors f and g are given by:
p pu pv
| pu _ | pt+pu o puv
= , f= puw and g=| . 2 | (2)
pE puH pvH

In here, p is the density of the fluid, v and v the velocity components, p the pressure, E the
total energy and H the total enthalpy. The total energy can be written as a combination
of the internal energy e and the kinetic energy:

1
E:e+§(u2+v2). (3)
The total enthalpy H is defined as:
H=E+Z2 (4)
P

We restrict ourselves to perfect gases. This allows for the use of an equation of state
that explicitly relates the internal energy e and the primitive thermodynamic variables
(density p and pressure p):
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p=pe(y-1), (5)

with ~ the ratio of specific heats. In the two-fluid flow model used here this ratio of
specific heats is what distinguishes one fluid from the other. Hence, when treating a two-
fluid flow, both fluids are characterized by their own specific value for . Two-fluid flow
simulation thus means solving the Euler equations with a correct distribution of the ratio
of specific heats.

2.2 Level-set method

The evolution of the two-fluid interface, and thus of the distribution of the ratio of
specific heats 7, is described by the level-set (LS) method. It makes use of a signed
distance function ¢ — the LS function — to implicitly describe the interface location. The
LS function labels every discrete point in the flow domain with a value representing the
shortest distance to the interface and a sign indicating in which of the two fluids the
discrete point is located. As such the zero LS contour represents the interface.

2.2.1 Level-set equation

The LS function ¢ is a scalar parameter that is advected by the flow with the local flow
velocity without influencing the flow itself; a passive scalar. The well-known advection
equation can be used to describe its motion:

¢

0 0
at-i—V-V(p:—-i-u——i-v—:O. (6)

Besides the advective form of the LS equation there exists a second frequently used form;
the conservative form. Multiplying equation (6) with the density p and adding it to the
equation for conservation of mass multiplied with the LS function ¢, results in:

dpyp Opp | Opup  Opvp

W-FV',OVQD: (,% + (9.’1: + 8y —0. (7)

This conservation law for the LS function can be added to the Euler equations as an addi-
tional equation. As such the LS equation can be solved with exactly the same numerical
techniques as the original Euler equations. Although this conservation approach seems
preferable above a separate treatment of the LS equation, it was shown in, e.g., [10] that
it is not.

Numerically solving for the LS function using the conservative approach introduces
numerical errors which lead to an unphysical off-set of the LS function and thus a wrong
location of the interface. These errors do not occur when the advective approach is taken,
as can be seen from the numerical results of a simple one-dimensional test problem — the
translating interface problem — in figure 1. This problem treats an interface separating
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two fluids with initial conditions (p,u,p,v), = (1000.0,1.0,1.0,1.4) and (p,u,p,7)x =
(1.0,1.0,1.0,1.6), which moves from its initial position z = 0 with a constant velocity to
the right.

Clearly visible in the left plot of the distribution of the ratio of specific heats v is the
difference between the location of the numerical and the exact interface. The location
of the numerical interface has a clear off-set to the right compared to the exact interface
location. This off-set leads to the use of the wrong fluid properties near the interface and
thus in an incorrect calculation of the flow solution (density, velocity and pressure). In
the case of the advective approach this off-set is not present as can be seen in the right
plot of figure 1.

Conservative approach Advective approach

Figure 1: 1D translating interface problem. Ratio of specific heats v at ¢ = 0.1. The grid has 200 cells
and At/Az = 0.5. Solid lines are exact solutions, markers are numerical solutions. Left: Conservative
approach. Right: Advective approach.

2.2.2 Redistancing

The advection equation for the LS function transports the values of ¢ with the local
velocity. In the general case of a non-uniform velocity field this results in the advection of
the different LS values such that the signed distance function is not preserved. Only the
interface, having ¢ = 0, remains correct because it is not measured relative to another
point, all non-zero values for ¢ are distorted as the LS function is changed in time. To
assure that the LS function remains a true distance function at all time it is therefore
necessary to redistance the LS function after each time step.

A commonly used method for the redistancing of the LS function is the so-called PDE
approach presented by Sussman et al. [19, 20]. For this the following differential equation
is solved until its steady state is reached:
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Op

— =5 (pr=0) (1 = |Vyl|), 8

22 = 5 (pr0) (1= V9] ®)
where 7 is an artificial time scale only used within the redistancing procedure and S (¢,—o)
the sign function of ¢y. A steady state, i.e. g—f = 0, is reached when the gradient of ¢
is equal to one. When this is the case, the LS function has been transformed to a true
signed distance function again.

3 NUMERICAL METHOD

The choice for the advective LS approach allows for a separate numerical treatment
of the Euler equations and the LS equation. Given an initial distribution of the ratio of
specific heats ~, the Euler equations can be solved for the flow variables. The resulting
velocity field V' can then be used to solve the LS equation for a new LS distribution, and
thus a new distribution of the ratio of specific heats. The discretization methods for both
solution steps will be discussed here.

3.1 RKDG discretization of Euler equations

For the discretization of the Euler equations the RKDG method by Cockburn, Shu
et al. [2, 3, 4, 5] is used. This discretization method combines the well-known explicit
Runge-Kutta (RK) time-marching method with a discontinuous-Galerkin (DG) finite-
element discretization of the Euler equations. A slope limiter is introduced to prevent the
solution from becoming oscillatory near flow discontinuities.

3.1.1 Space discretization

The spatial grid is chosen to consist of uniform rectangular cells. Within these cells
an approximate solution vector g, is defined, which is allowed to be discontinuous over
the cell-faces. Following the work of Cockburn and Shu the approximate solution in a cell
E; ; is written as a combination of unknowns and basis functions of the order p:

w (2,7, 1) Zq“” '@ P (y),  Va,ye By, 9)

k,l1=0

where gb( and ¢() are the basis functions in z- and y-direction, respectively and q( A
the degrees of freedom or unknowns of the approximate solution. For the basis functlons
one-dimensional orthogonal Legendre polynomials are used, which read for the z-direction:

2
) _ My _ =% o _ (z—z) 1
V=1 ) — = 1
o; O Ay o; A2 12’ (10)

The basis functions for the y-direction are similar. Substitution of the expression for g,
into the weak formulation of the Euler equations results in a system of equations for the
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unknowns q(k’l)

;i - The integral terms in these equations are approximated using standard
Gaussian quadrature rules with p + 1 integration points. Solving the resulting system
for the unknowns requires the calculation of cell-face fluxes. For this Roe’s approximate
Riemann solver is used. It was shown by Cockburn and Shu that the resulting DG method

is formally O(AzP™!) accurate for systems of hyperbolic conservations laws.

3.1.2 Time discretization

The semi-discrete system of equations following from the DG discretization can be
written as a system of ODE’s, 4q,, = Ly, (g;,). For the time discretization of this system
of equations an explicit RK method is used. In order to have a time discretization that
has the same order of accuracy as the spatial discretization, a RK scheme with p +
1 intermediate stages is chosen. The resulting scheme that marches the approximate
solution from time level " to t"*! = " + At reads:

0 _

qh - qz;
k—1

@ =3 {akmqgm) + B AL™ L, (qgm)>} o k=1,...,p+1, (11)
m=0

qz—H _ qELP-H).

It can be shown that for the scheme described above to be numerically stable the following
condition has to be satisfied:

At 1

i 12
ch_Qp—i-l’ (12)

where ¢ is the maximum wave speed present in the problem treated.

3.1.3 Slope limiting

To avoid spurious solution oscillations, we need to introduce a nonlinear dissipative
mechanism into our numerical scheme. Following the work of Van Leer [12, 13], Cockburn
and others have applied the so-called local projection limiting or slope limiting technique to
the DG method. Their TVDM slope limiter ensures that the solution remains monotone
without degrading the accuracy of the numerical method to first-order accuracy, which is
what a slope limiter normally tends to do locally. The limiter used here is based on the
one-dimensional limiter developed by Cockburn and Shu [2]. In order to implement slope
limiting the approximate solution is replaced by a limited version (indicated by the *):

* _ (0,0 (z — ) (1,0)% (y — y;) (0,1)%
q (z,y,t) = q;; + qui,j + qui,j T+ (13)
Here the unknowns qz(,lj’o) and qﬁf}’” are interpreted as the first-order derivatives or slopes

of the approximate solution, which are replaced by the limited versions:



Jorick Naber and Barry Koren

q(O,O) q(O,O) q(O,O) q(O,O)

(170)* J— 3 (150) Z+17.7 B ZJ 17.7 B 7/_17]
q;; = minmod <qi,j ) b\ ) X > ) (14)

(0,0) (0,00 (0,0 (0,0)

ons _ . o1 %ij+1 — ;" Ly — i1
q;; = minmod <qi’j , 5 , 3 (15)

When A\ is set equal to one this is the slope limiter used in the MUSCL schemes of Van
Leer [12, 13]. A less restrictive limiter is obtained when X = 3 is used.

It is assumed that spurious oscillations are only present in the linear part of g;,. So if
the slope limiter decides to limit, the higher-order parts of the approximate solution g,

are neglected.

3.2 Discretization of LS equation

For the discretization of the LS advection equation many techniques are available.
Here a finite-volume discretization based on the slope limiter by Koren [11] is used for the
space discretization. Marching in time is done using an explicit fourth-order Runge-Kutta
method. Discretization of the redistancing equation (8) is rather straightforward. It is
explained in [16].

4 PRESSURE OSCILLATIONS

One of the major problems of conservative methods for compressible two-fluid flows is
the occurrence of spurious pressure oscillations. Due to the inconsistency of conservative
schemes near the interface large errors occur that do not disappear with decreasing mesh-
size. These oscillations have been the subject of extensive research for the past ten years,
leading to several adequate fixes, among which the ghost-fluid method by Fedkiw et al. [6]
and the fixes by Karni [8, 9]. Here a locally non-conservative fix, proposed by Abgrall and
Karni [1], is used. The approach is comparable to the ghost-fluid method but is simpler
to implement and requires less computational power.

4.1 Simple fix

Abgrall and Karni [1] showed in 1D that for a two-fluid model based on a jump in the
distribution of the ratio of specific heats 7, the numerical solution remains oscillation-free

only in the special case that:
yw=vr and P =1f

where 77, and g are the ratio of specific heats of the fluids left and right of the interface
respectively, and " and 4" the ratio of specific heats in cell i at discrete time levels
n + 1 and n. Thus, spurious pressure oscillations are prevented when there is locally no
jump in the distribution of the ratio of specific heats (y;, = yg) and when the interface
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is temporarily frozen during the update of the ratio of specific heats (7! = 77). The

simple fix makes that both conditions are satisfied.

The first of these conditions is satisfied by using only one value of 7 in the calculation
of the cell-face fluxes. Thus instead of a flux update that uses information of both fluids
(when an interface is present), the method is allowed to use only information from one
fluid. The fluxes are made blind for any other fluid than the one present in the cell the
flux updates. Although this implies that conservation is locally abandoned — the flux
updating the cell with ~;, is no longer equal to the flux updating the cell with g (see
figure 2) — it is a necessary condition for an oscillation-free solution.

The second part of the simple fix consists of temporarily freezing the ratio of specific
heats. Conversion of the total energy pE to the pressure p, which is a necessary step
in the solution of the Euler equations, is done using an old or frozen value of 7, i.e.
4+t = 4. This makes that the pressure distribution, and consequently the velocity and
density distributions, produce no spurious oscillations.

FEy 4 £R

-~

—_——

1—2 1—1 1 1+ 1

Figure 2: The simple fix applied to grid cell ¢ containing an interface (dotted line) separating two fluids
with vy, # vgr- The simple fix locally abandons conservation by using two different numerical fluxes f at
the cell interface separating both fluids.

The resulting simple fix effectively prevents spurious oscillations from occurring when
used in a finite-volume setting for two-fluid problems. When applied to the DG method
however, it is not sufficient to solely adapt the cell-face fluxes and freeze the ratio of specific
heats during the update step. This because in the DG method the complete approximate
solution is limited, instead of only the solution values used for the flux calculation as is
the case for general finite-volume solvers. Since the limiter looks out of the cell and is thus
able to detect a possible jump in the distribution of the ratio of specific heats 7, spurious
oscillations can be generated. To prevent this, the abovementioned simple fix needs to
be extended to the slope limiter used in the DG method, resulting in a two-fluid slope
limiter.

4.2 Two-fluid slope limiter for DG

Also in the slope limiter a fix is applied that prevents the limiter from seeing two
different values of . Since the oscillations result from the equation for the total energy
this fix is only applied to the approximation of the total energy pE. The original slope
limiter for the energy equation reads as follows:
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+ _1(00) (z — ;) (1,0)* (y — y5) (0,1)%
pE, = pE; ;" + TxpEi,j + TypEi,j +oe (16)
with the limited slopes:
EOD _ 500 500 _ ,E00)
pEi(;’O)* = minmod <pEi(;’0), Pty — Py , P Pty , (17)
p p )\ )\
EOY _ g0 500 _ ;500
pEZ’(g"l)* —  minmod <pEZ(3,1), P 4,7+1 5 P 4y ’ P 4,7 S P 1,7—1 ) (18)

Spurious oscillations occur when this limiter uses two different values for v during the
calculations. It is clear that only the terms pEi(g’f?j, Ei(i’f’)j, PEZ'(,(;"E)l and PEi(g'ﬂ can
be responsible for such a situation. Whenever an interface is present in the cells under
consideration, such that for example v; ; # 7;_1,;, these expressions will introduce different
values of 7 into the limiter, resulting in the spurious oscillations..

To prevent the solution from becoming oscillatory we require the limiter to use only
7:,; instead of ;11 ;. Therefore we replace the original expressions for the total energy

—~ (0,0 _
in the neighboring cells with fized expressions: pEEil,)j = ,oEi(i’f;('yi,j), and the same in

the y-direction. Given the expression for the total energy pE = £ + 1p(u® 4+ v?) these
expressions for the z-direction can be written as follows:

— (0,0) (O 0) (0 0) [ ( ]_ > ( 1 > |

PL; 1,5 pEi—,l,‘ + D1 -1 —\ T ) (19)
’ ! TN =14, Y= 1]

~(00) 00) , , (0,0) 1 1

PEi+1,' = pLyh t P 7 T ) (20)
! ! T\ =14, Y= 1 i)

(0,0)

where p;
9

is the mean pressure that can easily be calculated from the mean total energy.

It is clear that, similar to the simple fix applied in the flux calculation and the pressure

update, the fized slope limiter developed above also introduces numerical errors that are
not present in the original single-fluid slope limiter. From (19) and (20) it follows that
the difference between using the correct value of v and the fized value of v is equal to:

— p00) A 1 21
pz:l:l,] <'Y _ 1) ) ( )

which is similar to the expressions found for the original simple fix. The errors introduced
by the fix can be neglected with respect to the errors made when this fix would not be
applied.

- (070)

PE 15— pESY)

i+1.5
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5 NUMERICAL RESULTS

In this section numerical results are presented. Besides two standard problems, also
a novel problem — a supersonic jet flow — is considered. Unless stated otherwise results
are obtained using quadratic basis functions (p = 2) and the less restrictive limiter with
A=1

2

5.1 Two-fluid Sod problem

The initial data for this problem are (p,u,p,7v); = (1.0,0.0,1.0,1.4) and (p,u,p,V) s =
(0.125,0.0,0.1,1.6). The results are plotted in figure 3. The numerical results comply well
with the exact solution. The discontinuous phenomena, i.e., the contact discontinuity and
the shock wave, are in their correct locations. The shock and contact discontinuity are
sharp and show no signs of undesired oscillations, indicating that the limiter performs
well.

5.2 Shock-bubble interaction

The performance of the numerical solver for two-dimensional problems is tested on
a problem treating the interaction of a shock moving in air and a bubble containing a
different gas which is initially at rest. This problem is taken from the experiments by
Haas and Sturtevant [7]. Numerical results obtained for this problem can be found in,
e.g., [18, 21]. In the test to be considered the circular bubble in air contains helium.
The initial conditions are given in table 1. The grid is taken equal to 400 x 200 cells in
accordance to the simulation by Wackers [21].

| vy [ [ w v [ p ]
airstag,wnt 14 1.40000 | 0.00000 | 0.00000 | 1.00000
airmm,ing 14 1.92691 | 0.33361 | 0.00000 | 1.56980
helium 1.648 | 0.25463 | 0.00000 | 0.00000 | 1.00000

Table 1: Initial conditions for the ‘shock-bubble interaction’ test case.

In the plots of the density and the pressure (figure 4) one recognizes the characteristic
wave pattern. The refracted shock, travelling faster than the incoming shock, is clearly
visible. Even after having passed twice through the two-fluid interface this shock is still
surprisingly sharp and in the correct location, indicating that there is no apparent loss
of accuracy due to the method being locally non-conservative. The resulting two-fluid
interface itself is also very sharp.

To further evaluate the results obtained with the present method the velocities of
several waves are compared with known data. In table 2 the velocities of the incoming
shock, the refracted shock and the interface, cg, ¢, and c¢;, respectively, are given. The
first is measured at the top of the computational domain, the latter two at the symmetry

10
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0
-0.25 -0.2 -0.15 -0.1 -0.05 0
X

0.2

0 L L
-0.25 -0.2 -0.15 -0.1 -0.05 0
X

Velocity

-0.2
-0.25

io of specific heats

L L L
-0.05 0 0.05 01 0.15 0.2 0.25
X

-0.05 0 0.05 01 0.15 0.2 0.25
X

Figure 3: Results of two-fluid Sod problem. Primary variables against the z-location in the tube at
t = 0.1. The grid consists of 200 cells. The values in cell centers are plotted. Solid line: exact solution,

markers: numerical solution.
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line. From the table it appears that the present method performs reasonably well. The
incoming shock speed complies very well with previous results. The refracted shock speed
and the interface speed lie somewhat higher than the other results.

| | eslm/s] | ei[m/s] | cilm/s] |

Present method 419 955 181
Quirk & Karni [18] 422 943 178
Wackers & Koren [21] | 419 950 173
Haas & Sturtevant [7] | 410 900 170

Table 2: Wave speeds in helium-bubble test. Incoming shock speed c¢; measured at the top of the domain,
refracted shock speed ¢, and interface speed c¢; at the symmetry line.

5.3 Overexpanded rocket jet

A free jet occurs when a high-velocity flow exits a nozzle into a gas, often air, producing
a jet with characteristics depending on the properties of the jet and the ambient gas.
Interesting situations occur when the jet exits in a gas with either a higher or a lower
pressure. For a fixed nozzle geometry, the exhaust conditions of the nozzle flow will remain
the same while the ambient pressure decreases with increasing height. When the jet is
below its so-called design height, i.e., the height for which the jet at the nozzle exit and
the ambient air have exactly the same pressure, the jet is called overerpanded. Then, the

12
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004 |- 004 -
5 [|r56382
003 | 003 |-
1 | 156382
>
7 oot 002 |
0oL 001 -
.
13
b
1 | Q I
0.02 0 0.02 004
X
004 |- 156382 004 |-

003 | 003 |-
> >
002 |- 002 |
0oL 001 -
004 004 |-
003 | 003 |-
> >
002 |- 002 [
001 | 001 -
I | 1 ! I | 1 1
002 0 002 004 0.02 o 002 004
X X
004 - 004 |-
003 | 003 [
> >
002 | 002 |
001 | 001 -
! I 1 1 I
0.02 0 002 004 0.02 0 002 004
X X

Figure 4: Shock hitting helium bubble at t = 5x 1072, ¢ =13 x 1073, ¢t = 19.8 x 1073 and ¢t = 25 x 10~3.
First, second and third series: density, pressure and ratio of specific heats, respectively. The grid has
300 x 150 cells and At = 0.25 x 1073.
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exhaust pressure is lower than the ambient pressure. In case the jet is above its design
height it is called underexpanded. In both cases the jet will deform due to the appearance
of shocks and expansion fans, which adapt the jet pressure to the ambient pressure.

In our test problem, the exhaust gas is taken to be COs, and for the ambient gas air
is used. We consider an overexpanded case. The initial thermodynamic state variables
(scaled) are given in table 3. The ratio of specific heats for CO, is assumed to be 1.3,
while that of air is 1.4. For the air, atmospheric conditions at sea level are used, which
are scaled such that the speed of sound is equal to 1. The air is further assumed to flow
with a supersonic speed, in the same direction as the jet. The conditions for the C'O, are
chosen such that also the jet has a speed of sound equal to 1. Note that these conditions
correspond to a jet temperature of Top, = 1.657 ;.

| [y [ pfufv]p]
Air (overexp.) |14|14]20/0.0|20
CO, (overexp.) | 1.3 | 1.3 | 4.0 [ 0.0 | 1.0

Table 3: Initial conditions for the supersonic free jet problem.

The numerical results for the overexpanded jet are given in figure 5. In the plots of the
ratio of specific heats v, the start-up of the jet is clearly visible. Due to the start-up bow
shock, a negative pressure gradient in transverse direction is built up around the head
of the jet. Hence, the head also grows wider. At later stages the outer parts of this jet
head curve backwards and form the characteristic mushroom shape. Together with the
start-up shock also the jet head moves out of the computational domain.

6 CONCLUSIONS

In this work a numerical method for the solution of the two-dimensional Euler equa-
tions describing unsteady compressible two-fluid flows has been presented. The method is
based on the combination of a Runge-Kutta discontinuous Galerkin (RKDG) discretiza-
tion method for the Euler equations and a level-set (LS) method for the treatment of the
two-fluid interface.

Typical for conservative two-fluid flow methods is that they generate spurious oscilla-
tions near the two-fluid interface. In order to prevent these oscillations a simple fix has
been applied. The first part of this fix is based on the requirement that a numerical cell
can only use information from one fluid. The second part of the fix requires that during
an update of the state variables only the old value of the ratio of specific heats can be
used. A novel two-fluid slope limiter has also been proposed. It is based on the simple
pressure fix.

Numerical tests have been performed to evaluate the performance of the present method.
Shock waves and two-fluid interfaces show less numerical diffusion than results obtained
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t=20 t=0.25

23193
221333
| 210735
2.00138
1.6854
= 1.78843
1.68345
— 157748
— 147151
= 1.36553
1.25856
1.15358
1.04761

t=3.5 t=4.5

Figure 5: Supersonic overexpanded jet at different time levels. First, second and third series: ratio of
specific heats, density and pressure, respectively. Pressure of ambient air is 2 times higher than the
exhaust pressure. The grid has 400 x 200 cells and At = 1.25 x 10~*Az.
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with similar methods. The results do not suffer from pressure oscillations near the two-
fluid interfaces.
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