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In this paper we study the discrete approximation of a Dirichlet problem on an interval for
a singularly perturbed parabolic PDE. The highest derivative in the equation is multiplied
by an arbitrarily small parameter ¢. If the parameter vanishes, the parabolic equation
degenerates to a first-order equation, in which only the time derivative remains. For small
values of the parameter, boundary layers may appear that give rise to difficulties when
classical discretization methods are applied. Then the error in the approximate solution
depends on the value of ¢. An adapted placement of the nodes is needed to ensure that the
error is independent of the parameter value and depends only on the number of nodes in the
mesh. Special schemes with this property are called -uniformly convergent. In this paper
such e-uniformly convergent schemes are studied, which combine a difference scheme and
a mesh selection criterion for the space discretization.

Except for a small logarithmic factor, the order of convergence is one and two with
respect to the time and space variables, respectively. Therefore, it is of interest to develop
methods for which the order of convergence with respect to the time variable is increased.
In this paper we develop schemes for which the order of convergence in time can be
arbitrarily large if the solution is sufficiently smooth. To obtain uniform convergence, we
use a mesh with nodes that are condensed in the neighbourhood of the boundary layers.
To obtain a better approximation in time, we use auxiliary discrete problems on the same
time-mesh to correct the difference approximations. In this sense, the present algorithm is
an improvement over a previously published one. To validate the theoretical results, some
numerical results for the new schemes are presented.
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1. Introduction

In this paper we study e-uniform schemes for time-dependent singular perturbation
problems. For a general discussion of e-uniform schemes for singular perturbation
problems we refer to Doolan et al. (1980), Shishkin (1992), Hemker et al. (1997), Morton
(1996), Roos et al. (1996). In earlier papers (Farrell et al., 1996a, b, c; Hemker et al., 1997)
we have introduced and analysed e-uniformly convergent difference schemes for singularly
perturbed boundary value problems for elliptic and parabolic equations. If the problem
data are sufficiently smooth, for the parabolic equations without convection terms, the
order of e-uniform convergence for the scheme that was studied is Q(N~2In? N + K™!),
where N and K denote, respectively, the number of intervals in the space and time
discretization. For this scheme the amount of computational work is primarily determined
by the time discretization, which is of first-order accuracy only. The difficulty for the
singular perturbation problem, however, lies essentially in the space direction where we
have second-order accuracy. Therefore, it is natural to search for a method that has the same
order of accuracy for both variables. To this end, we want to improve the accuracy with
respect to the time step, without essentially increasing the amount of computational work.
The improvement of the accuracy in time, maintaining e-uniform convergence, by means
of a defect correction technique was also studied in Hemker ez al. (1997). In that paper,
higher-order backward differences were used to obtain a better approximation of the time
derivative. To determine the derivatives, finite difference schemes on a sequence of finer
time-meshes were used. Therefore, the implementation of the schemes in Hemker et al.
(1997) appeared somewhat cumbersome. In the present paper we develop a new approach,
also based on the defect correction principle, but which is easier to implement and analyse,
as it only uses a single time-mesh, which is the same for all auxiliary problems.

By this method we are able to achieve the same order of accuracy in both variables.
Moreover, we present a method which can achieve a higher order of accuracy with respect
to the time variable. Thus, the accuracy of this method is restricted essentially by the
second-order accuracy in space, which is the natural limit set by the character of the
problem.

2. The class of boundary value problems studied

On the domain G = (0, 1) x (0, T], with boundary S = G \ G we consider the following
singularly perturbed parabolic equation with Dirichlet boundary conditions’:

Lonu(x, t)Eezz% <a(x, t)g—i(x, t)) —c(x, Du(x,t) (2.1a)
_p(xst)z_l:(x7t)=f(x’t)v (xat)EGv
u(x,ty=p,t), (x,t) e S. (2.1b)

For S = Sy U Sy, we distinguish the lateral boundary S; = {(x,#) : x =0orx =1,
0 <z < T}, and the initial boundary Sy = {(x, ) : x € [0, 1], £ = 0}. In (2.1b), a{x,?),

 The notation is such that the operator Lg p) is first introduced in equation (a.b).
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c(x, 1), p(x, 1), f(x,t), (x,2) € G, and @(x,1), (x,1) € S are sufficiently smooth and
bounded functions which satisfy

0 <ag <alx,i), 0 < po<plx,1), c(x, 1) 20, (x,)eG. (2.lc)
The real parameter £ may take any small positive value, say
g€ (0,1]. (2.1d)

When the parameter ¢ tends to zero in (2.1a), layers appear in the solution in the
neighbourhood of the lateral boundary, which are described by an equation of parabolic
type (parabolic boundary layers). If an additional first-order term b(x, )(du(x)/dx) was
present in (2.1a) then we would see a boundary layer at the outflow boundary, that would
be described by an ordinary differential equation (an ordinary boundary layer).

3. An arbitrary non-uniform mesh

To solve problem (2.1) we first consider a classical finite difference method on a (possibly)
non-uniform mesh. On the set G we introduce the rectangular mesh

Gr =@ X @y, (3.1

where @ is the (possibly) non-uniform mesh of nodal points, x%,in [0, 1], @p is a uniform
mesh on the interval [0, T]; N and K are the numbers of intervals in the meshes @ and @y
respectively. We define t = T/K, h' = x'*! —x! h = max; k', h < M/N,Gj, = GNGy,
Sp=SNG.

Here and below we denote by M (or m) sufficiently large (or small) positive constants
which do not depend on the value of the parameter ¢ or on the difference operators.

For problem (2.1) we use the difference scheme (Samarski, 1989)

Aaz(x, 1) = f(x, 1), (x,1) € Gy, (3.2a)
z(x, 1) = p(x, 1), (x,1) € Sp. (3.2b)
Here

Aapz(x,t) = e26; (ah (x, )dxz(x, t)) —c(x, Dz(x,t) — plx, D&z (x, 1),
5@l 0) gra(e 1)) = 206+ )T (h I D82t 1) — a6, gz )

a'(x", 1) =a ((x"'I +xi)/2,t>,
Ssz(xt ny=h'"H7! (z(xi, 1) —z(x 7 l)) ,
Sez(xl, 1) =(hH)™! (z(x’*‘,t) - z(xi,t)),

8yz(xi, H=t"! (z(x’, t) — z(xi, t — r)) ,
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8xz(x, 1) and dxz(x,t), &z(x,t) are the forward and backward differences, and the
difference operator and &3 (a"(x, )85z (x,1)) is an approximation of the operator
% (a(x, t)g"’;u(x, t)) on the non-uniform mesh.

From Samarski (1989) we know that the difference scheme (3.2), (3.1) is monotone.
By means of the maximum principle and taking into account estimates of the derivatives
(see Theorem 5 in the Appendix) we find that the solution of the difference scheme (3.2),
(3.1) converges for a fixed value of the parameter ¢:

w(x, 1) — 20, )| < M IN" + 1), (x,1) € Gp. (33)

This error bound for the classical difference scheme is clearly not g-uniform.

The proof of (3.3) follows the lines of the classical convergence proof for monotone
difference schemes (cf. Samarski, 1989; Shishkin, 1992). Taking into account an a priori
estimate for the solution (Appendix, Section A.1), this results in the following theorem.

THEOREM 1 Let the estimate (A.2) hold for the solution of (2.1). Then, for a fixed value
of the parameter ¢, the solution of (3.2), (3.1) converges to the solution of (2.1) with an
error bound given by (3.3).

4. The ¢-uniformly convergent method

In this section we discuss an e-uniformly convergent method for (2.1) by taking a special
mesh, condensed in the neighbourhood of the boundary layers. The location of the nodes
is derived from a priori estimates of the solution and its derivatives. The way to construct
the mesh for problem (2.1) is the same as in Shishkin (1992) and Hemker et al. (1997).
Specifically, we take

G, =3*(0) x @, (4.1)

where @y is the uniform mesh with step-size T = T/ K, i.e. Wy = wo(3.1), and w* = @*(0)
is a special piecewise uniform mesh depending on the parameter o € R, which depends
on € and N. We take 0 = o@.1y(g, N) = min(1/4, melnN), where m = m4.1) is an
arbitrary positive number. The mesh @* (o) is constructed as follows. The interval [0, 1]
is divided into three parts [0,0 ], [0, 1 =0 ],[1—0, 1],0 < 0 < 1/4. In each part we use
a uniform mesh, with N /2 subintervals in [0, 1 — ¢ ] and with N /4 subintervals in each
interval [0,0]and[1 — o0, 1].

THEOREM 2 If the solution of problem (2.1) satisfies the conditions of Theorem 5
(Appendix), then the solution of (3.2), (4.1) converges g-uniformly to the solution of (2.1)
and the following estimate holds:

lu(x, ) —2(x, )] S M(N* I’ N+ 1),  (x,1) € G),. 4.2)
The proof of this theorem can be found in Shishkin (1992).

5. Numerical results

To see the effect of the special mesh in practice, we take the model problem

5 %u du
Lisyulx, 1) =¢ é?(x,t) g D=F&.0, (x, 1) €G, G-
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ulx,t) = o(x, 1), (x,t) €S,
where
flx, 1) =4, (x,0) €G, o(x, 1) =0, (x,1) € S.

In Hemker et al. (1997) we compared the numerical results for scheme (3.2) on the
uniform mesh Z?_Z = 5;, (3.1, where @ = @ is a uniform mesh, and on the special mesh
(4.1), adapted to the value ¢. For T = 1 we presented the error E(N, K, ¢), defined by

E(N,K,&)= max_|z(x,1) — u*(x, 1) 5.2)
(x,t)eGp
Here u*(x, t) is the piecewise linear interpolation obtained from the numerical solution
z(x, t) on an adapted mesh with parameters 0 = min(1/4,2¢InN), N = K = 512.
Notice that no special interpolation is needed for the time variable.

In Hemker et al. (1997) we compared results for the uniform and adapted mesh, and
we showed the errors E(N, N, ¢), for N = 2k, K = 3, ..., 8, for various values of ¢.
From the results in Hemker et al. (1997), e-uniform convergence can be observed but it
is difficult to analyse the order of e-uniform convergence in space and in time. Therefore,
here we want to supplement these numerical results with values for E(N, N 2, g), for the
adapted mesh, for the same N and for the same values of ¢.

In Table 1 we give the results for the same scheme (3.2), (4.1) but with K = N2.
Here we can clearly see that, in accordance with estimate (4.2), the order of convergence
is O(N"2In>2N + K~1). For large N the order of convergence 2 (resp. 1) with respect to
the space and time variable corresponds with the theoretical results.

TABLE 1
Errors E(N, N 2 &) for the special method (3.2), (4.1). In this table the function E(N, N 2, €) is
defined by (5.2), but now z(x, t) in (5.2) is the solution of (3.2), (4.1) with m = 2, Gj = E:,
N = 512. In the last row E(N) gives the maximum over each column.

e\ N 8 16 32 64 128 256

1-0 7-411E-04 1-843E—04 4-588E—05 1-133E—05 2-698E—06 5-395E—07
2-1 7-305E-03 1-821E—-03 4-538E—04 1-121E—04 2-669E—05 5-338E—06
22 2-184E—-02 5-459E-~03 1-361E—03 3-362E—04 8-005E—05 1-601E—05
273 3-086E—02 1-150E—02 3-064E—03 7-699E—04 1-844E—04 3-699E-05
24 3-148E—02 3-433E—02 1-391E—02 3-630E—03 8764E—04 1-760E—04
273 3-149E—-02 3-827E—02 3-325E—02 1-434E—-02 3-597E—03 7-292E-04

276.2-12 3.149E-02 3-796E—02 3-275E—02 1-358E—02 4-015E—03 1-683E—03

E(N) 3-149E—02 3-827E—02 3-325E—02 1-434E—02 4-015E—-03 1-683E-03

6. Improved time accuracy
6.1 A scheme based on defect correction

In this section we construct a new discrete method based on defect correction, which also
converges e-uniformly to the solution of the boundary value problem, but with an order of
accuracy (with respect to t) higher than in (4.2).
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The idea is similar to that in Hemker et al. (1997). For the difference scheme (3.2),
(4.1) the error in the approximation of the partial derivative (3/9¢) u(x, t) is caused by the
divided difference &7 z(x, t) and is associated with the truncation error given by the relation

33u
at3

where ¢ € [0, r]. Therefore, with the notation from Section 3, we now use for the
approximation of (3/3t) u(x, t) the expression

] a2
Bi‘{(x, 1) — S;u(x, 1) =2" tg;;(x, N —6122 L1 —9), ©.1)

Sru(x,t) + té7u(x,1)/2,

where &;7u(x,t) = é,7u(x,t — 1). Notice that §,7u(x, t) is the second central divided
difference. We can evaluate a better approximation than (3.2a) by defect correction

a2
A2t () = 6,0 =27 px DT 3 (e, ) (62)
with x € @ and ¢t € @y, where @ and wg are as in (3.1); 7 is the step-size of the mesh
@o; z(x, 1) is the ‘corrected’ solution. Instead of (32/8¢2) u(x, t) we shall use ;7 z(x, 1),
where z(x,1), (x,1) € Gya.1y is the solution of the difference scheme (3.2), (4.1). We
may expect that the new solution z¢(x, ¢) has an accuracy of O(z?) with respect to the
time variable. This is true, as will be shown in Section 6.3.
Moreover, in a similar way we can construct a difference approximation with a
convergence order higher than two (with respect to the time variable) and O(N 212N )
with respect to the space variable e-uniformly (see Section 6.2).

6.2 Modified difference schemes of second-order accuracy in ©

We denote by 8;7z(x, t) the backward difference of order k:
5()7 Z(x’ t) = Z(x9 I)a
Sz, t) = (87 z(x, 1) = &7 2lx, 1 — 1)) /7,
(x,0)€Gn, t2kr, k=1

When constructing difference schemes of second-order accuracy in 7 in (6.2), instead
of (8%/81%)u(x, t) we use 857 2(x, t), which is the second divided difference of the solution
to the discrete problem (3.2), (4.1). On the mesh G, we consider the finite difference
scheme (3.2), writing

A(3_2)z(1)(x,t)=f(x,t), (x9 [) € Ghv (63)
W, =k, 1), (x,1) € Sp.

Then for the boundary value problem (2.1) we now get for the difference equations for
t =t and ¢ > 27 respectively:

p(x,t) 92u
2 "™

A627P 0, 1) = flx, 1) + 0, t=r, (64)
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p(x, 1)

AazP .0 = flx, 1) + 78,720 (x, 1), t > 21, (x,1) € Gy,

P, =9k, 1),  (x,1) €S

Here z(1(x,1) is the solution of the discrete problem (6.3), (4.1), and the derivative
(8%u/dt?)(x, 0) is obtained from equation (2.1a). We shall call z@® (x, ¢) the solution of
difference scheme (6.4), (6.3), (4.1) (or in short, (6.4), (4.1)).

For simplicity, in the remainder of this section we take a homogeneous initial condition:

@(x,0) =0, x €[0,1]. 6.5)

Under the homogeneous initial condition (6.5), the following estimate holds for the
solution of problem (6.4), (4.1)

lue, =z @[ <M [NV +e2], @nelh (66)

THEOREM 3 Let condition (6.5) hold and assume in equation (2.1) that a €
H@t2=D(G) ¢, p, f € Het=ID(G), 9 € HO2(G), @ > 4,n = 1 and let
condition (A.1) be satisfied for n = 1. Then for the solution of difference scheme (6.4),
(4.1) the estimate (6.6) holds. '

The proof of this theorem is found in Section A.2 of the Appendix.

6.3 A difference scheme of third-order accuracy in time

Analogously we construct a difference scheme with third-order accuracy in 7. On the mesh
G we consider the difference scheme

32 3u
AazP(x, 1) = fx, )+ px, 1) (Cnré—}—iu(xyo)-l- Cipt?—(x,0) |, t=r1,

ar3
(6.7a)
2

02u 3u
A3z (x, 1) = flx, 1) + p(x, 1) <C217W(X, 0) + czerE;(x, 0)) ,  t=2r,

Apz®(x, )= fx,D+plx, 1) (C31r52;z(2)(x, 1)+ Ca128572V(x, z)), t >3,
(x,1t) € Gy,
2(3)(x, 1) =p(x,t), (x,t) € Sp.
Here z(V(x, r) and z@ (x, t) are the solutions of problems (6.3), (4.1) and (6.4), (4.1)
respectively, the derivatives (82/8t%)u(x,0), (83/8t3)u(x, 0) are obtained from equation

(2.1a), and the coefficients C;; are determined below. They are chosen such that the
following conditions are satisfied

du 8%u 33u 3
5, (6D =8ul, 0+ Cut oz (x, 1 = r)+C12128—t3—(x,t— ) + 0@,

du 8%u du 3
5 D =8u(x, ) + Cntoz(x,t =20 + szrz—a—t—i-(x, t—21) + O(1?),

3
a—':(x, 1) = 8:u(x, 1) + C317807u(x, ) + C32712857u(x, 1) + O(%).
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It follows that
Ci1 = Cy =C31 =1/2, Cpp=C3p=1/3, Cy = 5/6. (6.7b)

We shall call z® (x, £) the solution of the difference scheme (6.7), (6.4), (6.3), (4.1) (or
in short, (6.7), (4.1)).
Again we assume the homogeneous initial condition

p(x,0) =0, f(x,0)=0, x € [0, 1]. (6.8)

Under condition (6.8) the following estimate holds for the solution of difference
scheme (6.7), (4.1)

luGe, ) — 2P, 0| < M [N'z In? N + 1:3] . (.1 €eCn (6.9)

THEOREM 4 Let conditions (6.8) hold and assume in equation (2.1) that a €
H@¥2=D(G) ¢, p, f € HEt=D(G), ¢ € HO2W(G), o > 4, n = 2 and let
condition (A.1) be satisfied with n = 2. Then for the solution of scheme (6.7), (4.1) the
estimate (6.9) is valid.

The proof of Theorem 4 is given in Section A.3 of the Appendix.

In a similar way we could construct difference schemes with an arbitrary high order of
accuracy
ONNT I’ N+, n>2.

7. Numerical results for the time-accurate schemes
The solution of the problem in the half-strip,
LsyVx,t)=0, 0<x < oo, 0<1<T, (7.1)

VO,n=r*  0<tgT, V(x,0) =0, 0<x < o0,

is given by

8 6 4 2
X X X X 5 2x 3 4
\% )= fc t 2 ‘
Gozer (25J?><168Os8+3056 Tl Tt +r> (7.2)

1 —x2 xT 9x3 37x3 93x
— - /2 3/2 5/2 DX 2
ex t t + — .
Jr p<452t) (8406‘7 * 140¢5> + 423 ! 35¢ g

We consider the model problem

L(5,1)u(x, 1) =0, (x, e G,

ulx, 1) = Vo (x, t), (x,1) € S. 73

Then the function V(7 2y(x, t) is the solution of problem (7.3).
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The solution has a boundary layer character, and at the point x = 1, V(x,1) is
exponentially small in ¢ fore — O.

According to Theorems 3 and 4, the difference schemes (6.4), (4.1) and (6.7), (4.1)
converge respectively with order 2 and 3 with respect to t. To demonstrate this effect
numerically, we consider the schemes (6.3), (4.1); (6.4), (4.1) and (6.7), (4.1) for problem
(7.3). We solve problem (5.1), using the schemes (6.3), (4.1); (6.4), (4.1) and (6.7), (4.1)
for various values of N, K and ¢.

As the solution of the boundary value problem (7.3) has a boundary layer on the left-
hand side, for its solution we use the locally condensed mesh

G =3 x @, (1.4)

where 3™ = @™ (o) isa special mesh, condensed in the neighbourhood of the left-hand
side of the interval [0, 1]; o is a parameter depending on & and N. The mesh @™ (o) is
constructed as in Section 4, with the understanding that there is now only one boundary
layer. We take 0 = min[ 1/2, me In N ], where m is an arbitrary positive number. Then
for the solution z of the discrete problem (3.2), (7.4) we have the estimate:

lu(x, 1) — 2 (x, )| < M(N‘21n2N+t), x, 1) eGy. as)
For the solution z(!) of the problem (6.3), ( bneq.7.4) we have the following estimate:
=200 < M(NZIPN+7),  (0eT,. 76

For the solution z® of the problem (6.4), (7.4), where zW(x, 1) is the solution of
problem (6.3), (7.4), the following estimate holds:

luGe.t) —2@(x, 1) < M (N"2 ln2N+r2), x,1) e G, a7

For the solution z® of the discrete problem (6.7), (7.4), where z @ (x,t)and z WV (x, 1)
are the solutions of problems (6.4), (7.4) and (6.3), (7.4) respectively, the following
estimate holds:

ke, =200 < M(NPRIN+),  xneTy. 78

The results from numerical experiments for the above model problem are given in Tables
2-5.

We know that the error consists of two contributions: one caused by the discretization
of the time derivative and the other by the space derivative (put briefly, the time and space
errors). From theory we know that the order of convergence is one for 7, and two for .
This dependence can be observed from the error tables, in regions where one component
of error is negligible compared with the other. Thus, to see first-order convergence in T,
we should consider the errors where the contribution from the discretization of the space
derivative is relatively small. Referring to Table 2, these errors are in the upper-right corner
of the table.
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TABLE 2
Table of errors E(N,K,¢) for scheme (6.3), (74). E(N,K,¢) is defined by (5.2), where
z(x, 1) = zgé.):,))(x, t), u*(x, t) = V(7.2)(x, 1), Eh = G;l)?]“)
N
£ K 8 16 32 64 128 256 512 1024 2048

1 8 336-2 3342 3332 3332 3332 3332 3332 3332 3332
16 1792 1752 17742 17742 1742 1742 1742 1742 1742

32 949-3 9-02-3 890-3 887-3 887-3 886-3 886-3 886-3 8:86-3

64 517-3 4653  452-3  449-3  448-3 448-3 4483 4483 4483

128 297-3 2433 2303 2263 2253 2253 2253 2253 2253

256  186-3  131-3 1173 1143 1-13-3  1-13-3  1-13-3  1-13-3  1-13-3

512 1303 7514 6124 5774 568-4 5664 5654 5664 5654

1024 1-:02-3 4704 3304 2944 2:86-4 2834 2834 2834 2834

2048 8854 3294 1884 1534 144-4 1424 1424 1414 1414

272 8 576-2 4872 4652 461-2 460-2 4592 4592 4592 4592
16 366-2 2:68-2 2422 2372 2352 2342 2342 2342 23422

32 2:58-2 1552 1272 1212 1192 1182 1-18-2 1-182 1-18-2

64 2:03-2 9703 6873 6193 6:00-3 596-3 5953 595-3 594-3

128 1762 6813 3943 3223 3043 2993 2983 2983 2:98-3

256  162-2 5353 2463 174-3  1'55-3  1-51-3  1-50-3  1-49-3  1-49-3

512 1552 4623 1733 9944 8084 7624 7504 7474 7474

1024 1512 4263 1363 6214 4354 3894 3774 3744 3744

2048 1:50-2 4073 1'17-3 4354 2494 2024 1914 1884 1874

2-4 8 7242 6682 5322 4872 4652 4612 4602 4592 4592
16 566-2 4672 3262 2682 242-2 2372 2352 2342 2342

32 4872 3652 2192 1552 1272 12212 1192 1-182 1:18-2

64 4482 3142 1652 970-3 6:87-3 619-3 6003 5963 5953

128 4282 2882 1382 681-3 394-3 3223 3:04-3 2:99-3 2:98-3

256 4192 2752 1242 5353 246-3 1743 1-55-3 1513 1-50-3

512 4142 2682 1172 462-3 1:73-3 9944 8084 7624 7504

1024 411-2 2652 11142 4263 136-3 6214 4354 3894 3774

2048 4102 2632 1'12-2  407-3 1-17-3 4354 2494 2024 1914

276 8 7242 6682 5322 4922 470-2 4622 4602 4602 4592
& 16 566-2 4672 3262 2722 2472 2382 2352 2352 2342
278 32 4872 3652 2192 1582 1-32-2 1232 1202 1192 1182
64 448-2 3142 1652 1002 7-33-3 640-3 6093 5993 596-3

128 4282 2882 1382 7133 440-3 3443 3133 3023 2993

256 419-2 2752 1242 568-3 2923 196-3 164-3 1-54-3 1-51-3

512 4142 2682 11172 4953 2193 1223 8974 7934 7604

1024 4112 2652 1142 4583 1-82-3 8484 5244 4204 3874

2048 4102 2632 11122 440-3 163-3 662-4 3384 2334 2014

We say that the global error has the correct behaviour with respect to time if, by
doubling X for fixed N, we obtain the ratio of the errors not less than some fixed number
my. If e.g., for Table 2 we take mo = 1-7, which is sufficiently close to two, the domains
with correct and incorrect behaviour of the errors are separated by diagonals going in the
direction from upper left to lower right.

From Table 2 we see that, for ¢ = 1, the domain with the correct behaviour of the error
is almost the whole table, except for a few values in the lower-left corner. As & decreases,



2 — —
z(x, t) = 226?4)(x, B, u*(x,t) = V(742)(x, 1), Gy = Gﬁz,?]4)

E-UNIFORM SCHEMES

TABLE 3
Table of errors E(N, K, ¢) for scheme (6.4), (7.4). E(N,K,¢) is defined by (5.2), where
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N

£ K [ 16 32 64 128 256 512 1024 2048
1 8 6-64-3 6183 6043 6013 6003 6003 6003 6003 6003
16 2:33-3  1-80-3  166-3 1633 1623 162-3 1613 1613 1613
32 1-16-3 6064 464-4 4304 4214 4194 4194 4184 4184
64 850-4 2944 1534 1184 1-094 1074 1074 1064 1064

128 7714 2154 7385 3865 2975 2755 2705 2685 2685

256 7524 1954 5385 1855 964-6 7436 6886 6746 670-6

512 747-4 1904 4875 1345 458-6 2386 1826 [69-6 1656

1024 7454 1884 4755 1225 3326 1116 5657 4337 4017

2048 7454 1-884 472-5 1185 3:00-6 793-7 2677 1567 135-7

277 8 2-13-2 1082 7983 7273 709-3 705-3 7043 7043 7-04-3
16 1-65-2  572-3 2843 2:11-3 1-92-3 1883 1873 1863 1863

32 1522 436-3 1-46-3 7264 5-41-4 4954 4834 4804 4804

64 1-49-2 4013  1-11-3 3704 1-84-4 1374 1254 1234 1224

128 1-48-2  392-3  1-02-3 2794 9-28-5 462-5 3455 3165 3095

256 1-48-2  390-3 9944 2504 6995 2325 1166 8666 793-6

512 1-48-2  3-89-3 9884 2:51-4 6415 175-5 5836 2926 2196

1024 148-2 3-89-3 9874 2494 6275 161-5 4406 149-6 7-80-7

2048 148-2 3-89-3 9-86-4 2494 6235 1575 4046 1156 450-7

2~4 8 449-2 3212 1762 1082 7983 7273 7093 7053 7043
16 4192 277-2 1282 5723 2843 2:19-3 1923 1883 1-87-3

32 4122 266-2 1'15-2 4363 1463 7264 5414 4954 4834

64 4-10-2 2632 1-11-2 4013 1-11-3 3704 1844 1374 1254

128 4092 2622 1102 3923 1-02-3 2794 9285 4625 345-5

256 409-2  262-2 1-10-2 3903 9944 2:56-4 6995 2325 1-16-5

512 409-2 2622 1102 389-3 9884 2514 6415 1755 5836

1024  4-09-2 262-2 1102 3-89-3 9-87-4 2494 6275 1615 440-6

2048 4-09-2 262-2 1102 3893 9864 2494 6235 157-5 404-6

2-% 8 4492 3212 1762 1-11-3  834-3 7:50-3 7183 7083 7053
& 16 4192 277-2 1282 6043 3273 2343 2013 1913 1883
2-8 32 4-12-2 2662 1152 4693 1923 95544 6304 5264 4934
64 4-10-2 2632  1-11-2 4333 1-57-3 5984 2734 1684 1364

128 4092 2622 1102 4253 1483 5074 1824 773-5 4475

256 4092 2622 1-10-2 4223  146-3 4844 1594 5445 2185

512 4092 2622 1102 4223 1453 4784 1534 4865 1615

1024 4-09-2 2622 1-10-2 4223 1453 4774 15244 4725 1465

2048  4-09-2 2622 1102 422-3 1453 4774 1514 4685 1435

the domain of correct behaviour of the error tends to decrease. This can be explained by
the relative increasing influence of the space error for smaller e. In the case of € < 2-6
the domain of correct behaviour of the error no longer changes. Thus, we can observe
e-uniform convergence, of order (approximately) one with respect to time.

Now we consider Table 3, which gives the errors for z? (x, t), that is the corrected
solution. Note that, in principle, the time correction does not improve the accuracy with
respect to the space variable. By the correction we improve only the part of the error that
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is caused by the approximation of the time derivative, depending on 7, and we observe
the improvement only when the space-dependent contribution of the error is small in
comparison with the time-dependent part. For & = 1 the space error is relatively small,
and the improvement in accuracy can be seen immediately.

Analysing Table 3, we define the domain where the error behaviour is correct, e.g.,
by the value mg = 3 (see above). This number is larger than 2 and smaller than 4,
corresponding to the second-order convergence in 7. When the parameter & decreases,
the domain with correct behaviour of the error decreases. Note that, for small &, the part
of Table 3 with the correct behaviour of the error is much reduced because the effect
of the space error is relatively large for the corrected solution. Again, for ¢ < 276 the
errors for the same N, K do not change. Consequently, we see the e-uniform effect of the
improvement of accuracy, and the order of convergence with respect to the time-step size
is about two.

In Table 4 we recognize the third-order time-accuracy described in Section 6.3. We
define the domain of correct behaviour of the error by mg = 5 (for third-order convergence
we should take 4 < mg < 8). For ¢ = 1 we see that the errors for the same N, K in
Table 4 are smaller than those in Tables 2 and 3. (In the same way that the errors in
Table 3 are smaller than those in Table 2.)

Therefore, the time error in Table 4 is much smaller than in Tables 2 and 3. With
decreasing ¢ the domain of correct behaviour of the error decreases and, for given N and
K, practically disappears if & < 276, Note that the errors in Table 4 for ¢ < 276 are
close to the errors in Table 3 in that part of the table where the errors almost do not vary
with doubling K. In the remainder the errors in Table 4 are smaller than the corresponding
errors in Table 3.

Comparing Tables 2, 3 and 4, we see that: (i) for all € and N, by K = 16 the errors
for z3(x, r) are smaller than those for z()(x, r) at K = 2048; (ii) the order of £-uniform
convergence with respect to 7 is higher for scheme (6.4), (7.4) than that for scheme (6.3),
(7.4), and the order for scheme (6.7), (7.4) is higher than for scheme (6.4), (7.4); (iii) the
order of convergence with respect to T increases for the functions z*) (x, ¢) with increasing
k; (iv) for sufficiently large N the order of convergence with respect to the space variable
is nearly two, uniformly in ¢.

Because the space error is smaller for ¢ = 1, this case shows more clearly the effect
of the defect correction in time. Hence, for illustration, Table 5 is derived from the values
E(N;, K;, &) shown in Tables 2, 3 and 4, for ¢ = 1. In Table 5 we give the ratios

r = E(N,‘, Kj, 1)/E(N,‘, Kj-i—l’ 1) > mo,

where the value my is chosen as above. From Table 5 we see that the function E(N, K, )
for N = 2048 for z(!) decreases by a factor 2, when K is doubled, for z? it decreases by
a factor 4, and for z® by a factor of 8 for not too large K.

When the parameter ¢ increases, a similar behaviour of the function E(N, K, €) is
observed, however for much larger values of the number N. From the tables we can see
that the order of convergence with respect to the space variable is close to 2, uniformly in
&, for sufficiently large N.

Comparing the present results with those in Hemker et al. (1997) we can make the
following remarks: (i) for the model problem (7.3), the errors for the schemes (6.3), (7.4);

e e—
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TABLE 4
Table of errors E(N, K,g) for scheme (6.7), (74). E(N, K,¢) is defined by (5.2), where
2. 1) = 28 (. ), u* (. 1) = Vagy (4, 1), Gh = Cygray

N

€ K 8 16 32 64 128 256 512 1024 2048
1 8 1643 1113 9664 9324 9234 9214 9204 9204 9204
16 861-4 3084 1674 1324 1234 1214 1214 1214 1204

32 7604 2034 6235 170-5 1835 161-5 1555 1545 1-53-5

64 7-47-4 1904 490-5 1375 4836 2636 2086 1956 1916

128 7454 1884 4735 1205 3146 931-7 3997 2787 2:51-7

256 7454 1884 4715 1185 2926 7187 2:04-7 1167 1-01-7

512 7454 1884 4715 1-17-5 2906 692-7 1-81-7 1067 9-24-8

1024 7454 1884 4715 1175 2896 6887 1787 1057 9138

2048 7454 1884 4-71-5 1-17-5 289-6 6887 1787 1057 911-8

2-2 8 1592 5013 2133 1403 1213 1173 1163 1153 1153
16 14492 4043 1-13-3 3964 2104 1634 1524 1494 1484

32 1-48-2 3913 1003 2674 8105 344-5 2285 1995 1925

64 14482 3-89-3 9884 2514 6465 180-5 631-6 341-6 2:69-6

128 1-48-2  3:89-3 9864 2494 6255 159-5 4226 1336 631-7

256 1482 389-3 9864 2494 6235 1565 3966 1076 6317

512 1482 389-3 9864 2494 6225 1565 393-6 1046 3497

1024 1482 3:89-3 9864 2494 622-5 1565 392-6 103-6 3-45-7

2048 1482 3-89-3 9864 2494 622-5 1-56-5 3:92-6 103-6 3-45-7

2% 8 4-16-2 272-2 1212 5013 2133 140-3 121-3 1173 116-3
16 4102 2632 1122 4043 1133 3964 2104 1634 1524

32 4092 2622 11102 3913 1003 2674 810-5 3445 2285

64 4092 2622 1102 3893 9884 2514 646-5 180-5 631-6

128 4092 2622 1102 3893 9864 2494 6255 1595 4226

256 4092 2622 1102 3893 9864 2494 623-5 156-5 396-6

512 4092 2622 1102 3893 9864 2494 6225 156-5 393-6

1024 4092 262-2 1102 3893 9864 2494 622-5 1565 3-92-6

2048 4092 2:62-2 11102 3-89-3 9864 249-4 622-5 156-5 392-6

2% 8 4162 2722 1212 5343 2593 1633 130-3 120-3 117-3
& 16 4102 2632 1122 4363 1603 6224 2994 1944 1624
2-8 32 4092 262-2 1102 4233 1473 4954 17704 655-5 3305
64 4092 262-2 1102 422-3 1453 4794 1544 491-5 1655

128 4092 2622 1102 4223 1453 4774 1514 4705 1455

256 4092 262-2 1102 4223 1453 4764 1514 468-5 1425

512 4092 2622 1102 4223 1453 4764 1514 4675 1425

1024 4092 2622 11102 4223 1453 4764 1514 467-5 1425

2048 4092 2622 11102 4223 1453 4764 15144 467-5 1425

(6.4), (7.4) and (6.7), (7.4) are comparable with those in Hemker ez al. (1997), but now we
can show results for a wider range of parameters N and K; (ii) in Hemker et al. (1997)
defect correction schemes were considered for sequences of embedded time-refined meshes
(meshes that were refined in the time variable). Here we use a single time mesh, both for the
corrected solution and for the auxiliary solutions. This essentially simplifies the structure
of the schemes and consequently their computer implementation. Finally: (iii) in Hemker
et al. (1997) an order of convergence with respect to the space variable of O(N “1nN)
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TABLE 5
Table of the ratios r = E(N;, Kj, 1)/E(N;, Kjt1,1) > mg. Here E(N;, Kj, 1) is the
errorinz®) (x,1), k = 1,2, 3, as in Tables 2—4; m is as described in the text. Where the
space error dominates, r < my is indicated by *.

N
k K 8 16 32 64 128 256 512 1024 2048
1 8 1-88 191 192 192 192 192 192 192 192
16 188 194 195 196 196 196 196 196 196
32 184 194 197 198 198 198 198 198 198
64 174 191 197 198 199 199 199 199 199

128 * -85 195 198 199 199 199 199 199
256 * 175 192 198 199 2:00 200 200 2-00
512 * * 1-86 196 199 2:00 2:00 2:00 2-00
1024 * * 1-75 192 198 199 200 200 200
2 8 * 343 364 370 371 372 372 372 372
16 * * 3-57 378 384 385 38 38 386
32 * * 303 364 38 391 393 393 393
64 * * * 306 368 3-89 395 397 397
128 * * * * 3-09 371 392 398 4-00
256 * * * * * 313 377 399 4-06
512 * * * * * * 323 389 4-12
1024 * * * * * * * * *
3 8 * * 578 705 748 7-60 763 764 7-64
16 * * * * 676 755 778 7-84 7-85
32 * * * * * 6-11 745 790 802
64 * * * * * * 522 7:00 763
128 * * * * * * * * *
256 * * * * * * * * *
512 * * * * * * * * *
1024 * * * * * * * * *

could be shown theoretically. Here, with the simpler defect correction schemes, a better
theoretical order of convergence for the space variable, O(N~2 In? N), is achieved.

8. Conclusions

In this paper we showed a possible defect correction procedure that can easily be
implemented in order to improve the time accuracy, whilst still retaining £-uniform second-
order accuracy in the space discretization, for a parabolic PDE.

The approximation error consists of two components. One is due to the discretization
of the space variable and the other is due to the time discretization. The defect correction
process only improves the accuracy with respect to the time and does not change the
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approximation with respect to the space variable. Therefore, by application of the defect
correction, the principal part of the total error becomes that due to the approximation of
the space variable.

By using the defect correction we are able to increase the accuracy of the approximate
solution essentially, i.e. from Ist to 2nd and 3rd order in 7. In the present paper we use the
same time mesh for the corrected solution and for the auxiliary solutions. Therefore the
structure of the present schemes is much simpler than that of those introduced in Hemker
et al. (1997). Numerical results illustrate that, also in practice, the order of convergence
with respect to the space variable is close to two.
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Appendix
A.l  Estimates of the solution and its derivatives

In this appendix we rely on the a priori estimates for the solution of problem (2.1) on the
domain G = D x [0, T], and its derivatives as derived for elliptic and parabolic equations
in Shishkin (1987, 1992).

We denote by H @ (G) = H **/2(G) the Hélder space, where o is an arbitrary positive
number (Ladyzhenskaya & Ural’tseva, 1973). We suppose that the functions f(x,t) and
@(x, t) satisfy compatibility conditions at the corner points, so that the solution of the
boundary value problem is smooth for every fixed value of the parameter &.

For simplicity, we assume that at the corner points So N S; the following conditions
hold

gk gko
a—ﬁfﬁ(x,f):é?,aw(xvf):(), k + 2ko < ] + 2n, (A1)
ak'l-k()
Wf(x,t)=0, k+2ko <[] +2n -2,

where [«] is the integer part of a number ¢, @ > 0, n > 0 is an integer. We also suppose
that [e] + 2n > 2.

Using interior a priori estimates and estimates up to the boundary for the regular
function #(£, t) (cf. Ladyzhenskaya & Ural’tseva, 1973), where u(£,t) = u(x(§),t),
£ = x /e, we find for (x,1) € G the estimate

(x, 1)

‘ ak+k0

-k
3k gk SMe™, k42 <2n+4, n=0. (A2)

This estimate holds, for example, for
u € H @+ (G, v >0, (A.3)

where v is some small number.

For example, (A.3) is guaranteed for the solution of (2.1) if the coefficients satisfy
ae He*t2=0(G), ¢, p, f € H@t2=2((), ¢ € H@t™)(G), > 4, n > 0 and
condition (A.1) is fulfilled.

In fact we need a more accurate estimate than (A.2). Therefore, we represent the
solution of the boundary value problem (2.1) in the form of the sum

w,t) =Ux,t)+ W(x, 1), (x,n) € G, (A4)

where U (x, t) represents the regular part, and W (x, t) the singular part, i.e. the parabolic
boundary layer. The function U (x, t) is the smooth solution of equation (2.1a) satisfying
condition (2.1b) for t = 0. For example, under suitable assumptions for the data of
the problem, we can consider the solution of the Dirichlet boundary value problem for
equation (2.1a) smoothly extended to the domain G - (where G is a sufficiently large
neighbourhood of G). On the domain G the coefficients and the initial value of the extended
problem are the same as for (2.1). Then the function U (x, 1) is the restriction (on G) of the
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solution to the extended problem, and U € H®"t4+V)(G), v > 0. The function W (x, 1)
is the solution of a boundary value problem for the parabolic equation

LonyWx, 1) =0, (x,1) € G, (A.S5)

W(x,t) =u(x,t) - U(x,t), (x,t) € S.

If (A.1) is true then W € H@+4+Y)(G). Now, for the functions U (x, t) and W (x, t) we
derive the estimates

8k+k()
Pyl ACIRl IS (A.6)
and
ak+k0
3o g W06 D) < MeT exp(=maneT'r(x, ), (A7)

(x,1) € G, k+ 2k <2n+4,

where r(x, y) is the distance between the point x € [0, 1] and the set y which represents
the endpoints of the segment [0, 1], ma . 7) is a sufficiently small, positive number. The
estimates (A.6) and (A.7) hold, for example, when

U, We H@HH) (G, v>0. (A8)

The inclusions (A.8) are guaranteed if a € H@*""D(G), ¢, p, f € HE D (G),
@ € H@t*2(G) o > 4,n > 0 and condition (A.1) is fulfilled. We summarize these
results in the following theorem.

THEOREM 5 Assume in equation (2.1) that a e H@*=D(G), ¢, p, f €
H@t2=2(G) o € H@t2)(G), a > 4, n > 0 and let condition (A.1) be fulfilled. Then,
for the solution, u(x, t), of problem (2.1), and for its components in the representation
(A.4), it follows that u, U, W e H @*2"(G) and that the estimates (A.2), (A.6), (A.7)
hold.

The proof of the theorem is similar to the proof in Shishkin (1992), where the equation

e a(x t) (x t) —c(x,u(x,t) — p(x, t) (x )= f(x,t)

was considered.

A2  The proof of Theorem 3

Let us show that the function 8; z(x, t), where z(x, ) = z(3)(x, ) is the solution of the
difference problem (6.3), approximates the function &7 u(x, t) e-uniformly. For simplicity
we assume a(x, ) to be constant on G. The function & z(x, ) is the solution of the
difference problem

An9drz(x,t) = fiag(x, 1), (x,1) € G, (A.9a)

Srz(x,1) = a9 (x, 1),  (x,2) e S (A.9b)
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Here

_G;Ek] =GpN{t =k}, GE,k] =G N{t > kt}, SI['Lk] = Ei[zk] \ G}, k21,

Anoydz(x,1) = [82a Sgs — E0x, 1) — pr(x, 1) — px, 1) 3;] S-2(x, 1),

Jaoy(x, )= fr(x, 1) + cz(x, D)z(x, 1),
o9 (x, 1) =pr(x, 1), x=0,d, (x,0) e s,

Pa9(x, D=phe® =17 (20, 0) —0(x,0)], t=7, (x,neS,
v(x,t) = vix,t—1).

The function d7u(x, 1) = [u(x, ) —u(x,t — )1/7, (x,t) € G, t > t is the solution
of the differential problem

Latodu(x, 1) = fain(x, 1),  (x,1) e G, (A.10a)
Su(x, 1) = pat0(x, 1),  (x,1) € SUL (A.10b)

Here
¥ _Gnuzk), GW=cnis>kr), SO=G¥\GH¥ = k31,

2

a2 5 3
Lia10)dsu(x, 1) = eza-a—;i —&x, 1) = pr(x, 1) — p(x, t)a&u(x, 1),

)
Ffaa0y(x, )= fr(x, 1) + ¢r(x, Hu(x, 1) + pr(x, 1) (—ai:-(x, t) — dpu(x, t)) ,

a0, ) =¢i(x, 1), x=0,d, (x,0) e st
oa10)(x, =05 0 =17 u@x, 1) —ekx,0],  r=7, (x,neS

Let us estimate
‘P&,]o)(x) - ‘P&,g)(x) = .[-lw(x’ ),

where .
w(x,t) =ulx,t)—z(x,1), (x,1) € Gy.

The function w(x,t) is the solution of the problem
Ay, 1) = (A3 — Lan)ulx, 1), (x,1) € Gy,
w(x,t) =0, (x,1t) € Sy.

The above assumptions and Theorem 5 lead to the estimate of the truncation error

(A3 = Lan)uix, D] < M [N“‘ InN + r], x.1) € Gp.
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Using the maximum principle we estimate w(x, ¢)
e, D <M[NTIN+z]t (.0 €T
Further, for the derivatives we proceed similarly. On the boundary we have
[srucx, ) = 8205, 0| = 010/ — 0% 90| < M [N N + 7],

x,0) e s, t=r1,

i.e. the function &7z(x, T) approximates d;u(x, t) e-uniformly. Now, it is easy to see that

the difference problem (A.9) approximates the solution of the differential equation for the

divided difference (A.10). Thus, using the same argument as above, we derive the estimate
|7, 1) — 82(x. 1) < M [N“‘ InN + r] . neGt

Now, for the 2nd difference derivative we show that under condition (6.5) the function

. . . —=[2
857 z(x, t) approximates the function &,7u(x,t) e-uniformly on the set G,[l ! So, the
functions 8,7z(x, t) and 8,7u(x, ) are solutions of the equations

Aanydgz(x, 1) = fan@.n, (.0 eGP, (A.11a)
Laindagu(x, 1) = fiany(x1),  (x,1) eGP (A.12a)

The equations are found by applying the operator &7 to equations (A.9a), (A.10a). At the
left and right boundary the following conditions are satisfied:

Sypz(x, 1) = pain(x, 1),  (x,1) € S, (A.11b)
Sypu(x, 1) = pain(x, 1),  (x,1) €SP, (A.12b)
where
oy ) =pxx, 1), x=0,d, (x,1) €SP, (A.11c)
2
paan(x, 1) = ¢(&_11)(x) = 8y7z(6.3)(x, 1), t =21, (x,t) € S}l 1
a2 (x, 1) = @ap(x, 1), x=0,d, (x,1) € SB, (A.12¢)
Qa5 1) = o 10 (0) =8 u (k. 1), =21,  (x,0) €SP
First we estimate
g"(()A.lz)(x) - gD(OA,] 1)(-") = Sy u(x,t) — by 2(x, 1), t =21

For this purpose we write the function u(x, r) in a Taylor expansion for ¢

u(x, 1) = aD )t +a®@ ) +vax, 1) = ulP(x, ) + va(x, 1), (x,1) € G, (A.13)
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where the coefficients aP (x), a® (x) should be determined. Inserting u(x, ), in its form
(A.13), into equation (2.1a) we come to the systems

—p(x, 00aP(x) = £(x,0),

—2p(x,0a? (x) + ¢ aaa aVx) - (c(x,O) - %p(x,O)) a(”(x)=5a;f(x, 0),

from which the functions a¥ (x), a® (x) are found successively. The function va(x, 1) is
the solution of the boundary value problem

Lonpv(x,t) = flanx, 1) = fx, 1) — Loyu(x, 1), (x,t)e G, (Al4)

v2(x, 1) = paay(x, 1) = o(x, 1) — uPl(x, 1), (x,1) € S.

Estimating f(a.14)(x, t) and ¢(a.14)(x, t), and using the maximum principle we derive the
estimate

a(x, )| < M2, (x,1) €G. (A.15)
Further, we have to construct the function z(x, t) in the form
206, =) + b Py + 5P )% + vl (x, 1)
=P, ) +v)(x, 1),  (x.1) € G,

i.e. as an expansion in powers of T and ¢. Inserting z(x, £) into equation (6.3), we arrive
at the equations

~p(x, )b (x) = f(x,0),
—2p(x, 0067 (x) + £%a aa Sby D (x) — (c(x, 0) + a%p(x,m) by (x) = %f(x,O),

bP @) +bP(x) =0
So, we have .
B =ulPe, )+ 0P, (x,1) € Ghe (A.16)

The function vzh (x, 1) is the solution of the discrete boundary value problem
Ay (D) = fam @, 1) = flx, 1) — AezP(x, 1), (x,1) € Gy, (A1)
vy (x, ) = Qaan(x, 1) = p(x, 1) — 2P(x, 1), (x,1) € Sp.

Taking into account estimates of the functions fa 17)(x, t) and ¢a 17)(x, t), we derive the
estimate

prenl <M [N TN+ (x0) €T (A.18)
By virtue of relations (A.15), (A.16), (A.18) the following inequality is valid:
| 012y @) — @01y () | =| gu(x, 1) — 8z (x, 1) | (A.19)
<M[N"1n1v+r], (x.1) €Cp,  t=2t.
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We continue by estimating Sy;u(x, t) — §yz(x, t) for t > 27. Note that the functions
Syu(x,t) and éy5z(x,t) are solutions of differential and difference equations, obtained
from equations (2.1) and (6.3) respectively by applying the operator §,7. Moreover, the
difference equation for 8,7z(x, t) approximates the differential equation for §y;u(x, 1) -
uniformly. On the boundary Sy, for x = 0 or x = 1, we have dyu(x,t) = §yz(x,t).
Taking into account estimate (A.19) we find

| 87u(x, 1) — 6332(x, 1) | < M [N‘l InN + r] , (A.20)

(x,1) € Gy, 1t > 2.

Taking into account (6.5) we easily see

| (A3 — L) ulx,t)| < M[N"2In* N + 1], x#0,d—o,
| (A3 — Lo ulx,t) | < M[min@, DN"'InN +1], x=o0,d-o,
(x,1) € Gy.
Proceeding in the same way as we did to obtain (A.20), we obtain the estimates
|sute, ) =8z | <M[NIN +7], o eCh 13w
|6, 1) =672V (x, 1) | < M [N‘21n1v + z], (x.0)€Gn, 13221 (A21)
lute, 0 = 2P0, 0 | <MV N +22], ey

This completes the proof.
Now, as a direct consequence of the theorem, we make two remarks to prepare the
proof of Theorem 4

REMARK 6 In the above we have found (A.22) for k = 1. In completely the same way
we derive this bound for k = 2, so that we obtain

|67 uCx. 1) — 8372 ¥ (e, 1) | < M [N‘z N + rk], (A22)

(x,1) € Gy, r> 21, k<2

REMARK 7 Making use of (A.22), similar to the derivation of estimate (A.21), we also
find
|657u(x, ) =85 20 (x, )| < M [N"2 2N + r] : (A23)

(x,1) 66;,, t > 31.

We briefly indicate the differences with the proof given above for (A.21). To estimate the
difference between 857 u(x, t) and 837 z(x, t) for f = 37 we represent the function u(x,t)
(with condition (6.8)) in the form

u(x, t)=a(2)(x)t2 + a(:*)(x)t3 + wu3(x,t)=u m(x, 1) + v3(x, 1), (x,t) e G,
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and the function z(x, ¢) in the form
26, t) =ulx, )+ 6P @) 4+ 6P )+ 5P ()T + vl (x, 1)

=B, )+ 0,1,  (x,1) € Gy

The coefficients of these expansions are found using equations (2.1) and (6.3) respectively.
For the coefficients we have the system

0
—p(x, 0P (x) = 77,0,

92 P 9
=3p(x,00a®Px) + 2a—a@ ) — [ c(x,0) +2—p(x,0) | a®P (x) =27 = f(x, 0),
3x? ot ot

5P +a@x) =0,

d
~2p(x, 06" () + 5-p(x, 00a P (x) +3p(x, 0)a P (x)
9 W 2 9%
+ "(T)?P(X,O)—C(x,O) bl (X)+8 aﬁbl (X)=0,

~b (1) —a® ) + 5P ) = 0.

The unknown functions a®, a®, bgl), bgz), bgl) can be found successively. For the
functions v3(x, t) and v;‘ (x, t) the following estimates are derived

lvs(x, ) <Mt (x,0) €,

vk [<M[N 2PN+, (0 €T,

For these inequalities and the expression for zBl(x, 1) it follows that (A.23) holds &-
uniformly for ¢ = 3t. The remainder of the proof of the estimate (A.23) repeats, with
small variations, the proof of the estimate (A.21).

A3 The proof of Theorem 4

Notice that, if for the functions z U (x, 1), z @(x, 1) the following relations hold

’83,-u(x,t)—63;z(”(x,t)|<M[N'2ln2N+r], (x,t) e Gy,  t3>31,
(A24)
'52;u(x, 1 = 8;2®P0, 1) | <M [N"2 2N + rZ] . @neGn 132t

then for the difference u(x, t) — z® (x, 1) = w® (x, 1) we have the following

|A(6.3)w(3)(x,t)’ <M [N‘21n2N+r3] , (x,1) € Gy,
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w(3)(x, ) =0, (x,1) € Sp.
Hence we have

u(x, 1) =z, 1) ’ <M [N"2 In2N + 13] . (x.1) € Gp.

Thus, for the proof of the theorem it is sufficient to show inequalities (A.24). These
inequalities follow from (A.22), (A.23). Thus we have proved Theorem 4.



