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AbstractWe group in this paper, within a uni�ed framework, many applicationsof the following polyhedra: cut, boolean quadric, hypermetric and metricpolyhedra. We treat, in particular, the following applications:� `1- and L1-metrics in functional analysis,� the max-cut problem, the Boole problem and multicommodity owproblems in combinatorial optimization,� lattice holes in geometry of numbers,� density matrices of many-fermions systems in quantum mechanics.We present some other applications, in probability theory, statistical dataanalysis and design theory.
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Applications of cut polyhedra 31 IntroductionIn this paper, we show that cut polyhedra are exceptional, among otherpolyhedra, by the great diversity of their applications and connections. Themain �elds of applications include: `1-metrics in functional analysis, combi-natorial optimization, geometry of numbers, quantum mechanics. We givesome other connections, in particular, with probability theory, statisticaldata analysis, multicommodity ows, designs. Another purpose of this pa-per is to present an extended bibliography on cut polyhedra and relatedareas.We present more extensively the applications which were not well doc-umented outside of their speci�c context. For example, we treat at lengththe connection with quantum mechanics and with the Boole problem.Examples of important applications, but already well presented else-where, include applications of the maximum cut problem to VLSI circuitdesigns and spin glass problems.The more peripheric applications are presented briey, but references arealways supplied in case of absence of de�nitions.On the other hand, we do not cover at all generalizations of cut polyhedraand their applications, as multicut polytopes (with applications to clusteringand qualitative data analysis) (see e.g. [56]) and cycle polytopes of binarymatroids (see e.g. [22]). Many complexity results are known on cut andembeddings problems, but we do not survey them here.Our central objects are the cut cone Cutn, the cut polytope CutPn andthe boolean quadric polytope BQPn, respectively de�ned by:Cutn = Cone((jxi � xj j)1�i<j�n : x 2 f0; 1gn);CutPn = Conv(jxi � xj j)1�i<j�n : x 2 f0; 1gn);BQPn = Conv((xixj)1�i�j�n : x 2 f0; 1gn);(where "Cone" denotes the operation of taking the conic hull and "Conv"that of taking the convex hull). In fact, the cut polytope CutPn+1 and theboolean quadric polytope BQPn are in one-to-one correspondence (via thecovariance linear bijective map, see section 2.4). Also, all the facets of thecut polytope CutPn can be deduced from those of the cut cone Cutn (viathe switching map, see section 2.6).



4 M. Deza and M. LaurentCut polyhedra have been extensively studied, in particular, from thefollowing points of view: facets (see the survey [60] and references there),simplicial faces (see the survey [58]), geometrical questions ([25], [54], [68]);see section 2.4 for a detailed bibliography. We refer to section 1 for a cat-alogue of de�nitions and basic facts about the objects considered in thepaper.Cut polyhedra arise naturally in various contexts. We now list some ofthe main �elds or questions in which cut polyhedra are directly involved.This will also give a avor of the contents of the paper and of the type ofquestions which have been considered about cut polyhedra.`1-metrics. The points of the cut cone Cutn have the following inter-pretation: a semi-metric d on n points belongs to Cutn if and only if itis isometrically `1-embeddable, i.e. dij =k ui � uj k1 for all i; j, for somevectors u1; : : : ; un 2 Rm. Hence, characterizing `1-embeddable metrics byinequalities amounts to �nd the valid inequalities for the cut cone Cutn.More detailed connections with `1- and L1-metrics are described in section3. For rational metrics, `1-embeddability is equivalent to embeddability,up to multiplicative factor, in a hypercube. For the case of graphic met-rics, both concepts of `1- and hypercube embeddability (binary addressing)have important applications, in particular, for the design of communicationnetworks and hypercube multiprocessors. For a graph, hypercube embed-dability of its path metric means that the graph is an isometric subgraph ofa hypercube. See section 4.2 for details.Combinatorial optimization. The cut polytope and the booleanquadric polytope are used in combinatorial optimization. Indeed, the max-cut problem can be formulated as a linear program on the cut polytope and,thus, the polyhedral approach to the max-cut problem leads to the studyof the facet de�ning inequalities for the cut polytope. Similarly, the poly-hedral approach to unconstrained boolean quadratic programming leads tothe study of the facets of the boolean quadric polytope. See section 5.1 fordetails.The Boole problem. Given n events in a probability space (
;A; �),the Boole problem consists of �nding the best estimation of �(A1[ : : :[An)in terms of the joint probabilities pij = �(Ai \ Aj) for 1 � i � j � n. Infact, the answer relies directly on the knowledge of the facets of the boolean



Applications of cut polyhedra 5quadric polytope; namely, we have:�(A1 [ : : :[An) � max(wTp : wTx � 1 is facet de�ning for BQPn)where p = (pij)1�i�j�n . See section 5.3 for details. The above fact relieson the following probabilistic interpretation of BQPn: a point p belongs toBQPn if and only if pij = �(Ai \ Aj) for 1 � i � j � n, for some eventsA1; : : : ; An in some probability space (
;A; �) (see section 3.1).Quantum mechanics. The physical state of a quantum mechanicalsystem of N particles is represented by a wavefunction  , which is a unitvector of a Hilbert space H(N). For each wavefunction  is de�ned itsdensity matrix �(2) (xjx0) of second order. An important problem in quan-tum mechanics is the N -representability problem: given a function �(xjx0),when is � N -representable, i.e. �(xjx0) = �(2) (xjx0) for some wavefunction 2 H(N) ? In fact, when restricted to the diagonal terms, i.e. asking onlythat �(xjx) = �(2) (xjx), this problem is equivalent to the membership prob-lem in the polytope Conv((xixj)1�i�j�n : x 2 f0; 1gn;P1�i�n xi = N). Fora variable number N of particles, the N -representability problem in its diag-onal form leads to the membership problem in the boolean quadric polytope.See section 7 for details. Moreover, the dual of BQPn can be interpreted asthe cone of positive semi de�nite two-body operators (see relation (56) insection 7.2).Multicommodity ows. Let (G;H; c; r) be an instance of the multi-commodity ow problem, where G is the supply graph with capacities ceon its edges, and H is the demand graph with demands re on its edges.The instance is said to be feasible if there exists a multiow such that thecapacities are not exceded and the demands are ful�lled. The well knownso-called Japanese theorem asserts that the problem is feasible if and only if(c� r)Td � 0 holds for all d 2Metn. Hence, the metric cone Metn, consist-ing of all semi-metrics on n points, is the dual cone to the cone of feasiblemultiows. When restricting the condition (c� r)Td � 0 to the cut metricsd, we obtain the well known cut condition, which is always necessary, andsometimes su�cient for some classes of graphs. See section 5.2 for details.Hypermetrics and L-polytopes. The hypermetric inequalities are anatural strengthening of the metric condition, which are still satis�ed bythe cuts. They de�ne the hypermetric cone Hypn which is contained inthe metric cone Metn and contains the cut cone Cutn. The hypermetricsd 2 Hypn are in one-to-one correspondence with L-polytopes of holes in



6 M. Deza and M. Laurentlattices. Therefore, the study of the extreme rays of the hypermetric conetranslates into the study of "rigid" L-polytopes (see Theorem 6.5). Seesection 6 for details.Designs. Each hypercube embedding of the equidistant metric 2td(Kn) =(2t; : : : ; 2t) corresponds to some design. The embeddings of minimum size,i.e. in a hypercube of minimum dimension, correspond to special classesof designs (Hadamard designs and projective planes), depending on the pa-rameters. These connections are described in section 8.3.Several additional applications are described, in particular, in section 8.One more interesting application of cuts is for the disproval of the fol-lowing conjecture by Borsuk: Every set of diameter one in the space Rdcan be partitioned into d + 1 subsets of diameter smaller than one. Forn = 4k with k prime power, consider the set X of the incidence vectors ofthe equicuts, i.e. corresponding to a partition into two sets of size n2 , of thecomplete graph Kn. Then X cannot be partitioned into fewer than 1:1nparts so that each part has diameter smaller than the diameter of X . Thisis a counterexample to Borsuk's conjecture; it is given in [106].Finally, a curiosity about cuts is the link existing between the cut coneand Fibonacci numbers. Namely, the number of cuts on one of its facets isexpressed directly in terms of the Fibonacci numbers [67].2 Objects2.1 Cut and intersection vectorsSet Vn = f1; : : : ; ng, En = f(i; j) : 1 � i < j � ng, then Kn = (Vn; En)denotes the complete graph on n nodes.� For S � Vn, �(S) � En denotes the cut de�ned by S, with (i; j) 2 �(S) ifand only if jS \ fi; jgj= 1. The incidence vector of the cut �(S) is called acut vector and, by abuse of language, is also denoted as �(S). Hence, �(S) 2f0; 1g(n2) with �(S)ij = 1 if and only if jS \ fi; jgj = 1 for 1 � i < j � n.Therefore, �(S) = �(Vn � S) holds, i.e. a cut can be de�ned by any of itstwo shores S or Vn � S.� For S � Vn, �(S) 2 f0; 1g(n+12 ) is the intersection vector de�ned by S with�(S)ij = 1 if and only if i; j 2 S for 1 � i � j � n.� Let I be a collection of subsets of Vn. For S � Vn, we de�ne its I-intersection vector �I(S) 2 f0; 1gI by �I(S)I = 1 if and only if I � S, for



Applications of cut polyhedra 7I 2 I. We shall consider, in particular, the following set families I: I=mconsisting of all I � Vn with jI j =m, and I�m consisting of all I � Vn with1 � jI j � m, for 1 � m � n. For instance, for I = I=1, �I(S) is simplythe incidence vector of S and, for I = I�2, �I(S) coincides with the usualintersection vector �(S).2.2 Inequalities� For distinct i; j; k 2 Vn, the inequalities:xij � xik � xjk � 0 (1)and xij + xik + xjk � 2 (2)are called triangle inequalities; (1) is homogeneous while (2) is not.� Given n integers b1; : : : ; bn, we consider the inequality:X1�i<j�n bibjxij � 0: (3)When � := P1�i�n bi = 1, the inequality (3) is called a hypermetric in-equality and denoted by Hypn(b1; : : : ; bn). The triangle inequality (1) is thespecial case bi = bj = 1, bk = �1, bh = 0 for h 2 Vn � fi; j; kg, of thehypermetric inequality (3). When P1�i�n jbij = 2k + 1, the inequality (3)is called 2k + 1-gonal. The 5-gonal inequality is Hyp5(1; 1; 1;�1;�1).When � = 0, the inequality (3) is called a negative type inequality andwhen P1�i�n jbij = 2k, it is called 2k-gonal.� More generally, let b1; : : : ; bn be integers such that � = P1�i�n bi is oddand such that there exists a subset A � Vn with Pi2A bi = ��12 . Then, weconsider the inequality: X1�i<j�n bibjxij � �2 � 14 (4)refered to as the non homogeneous hypermetric inequality. The triangleinequality (2) is the special case bi = bj = bk = 1, bh = 0 for h 2 Vn�fi; j; kgof the inequality (4).



8 M. Deza and M. Laurent� Given integers b1; : : : ; bn, set � =P1�i�n bi and  = min(j� � 2Pi2S bij :S � Vn), called the gap of the bi's. The inequality:X1�i<j�n bibjxij � �2 � 24 (5)is valid for the cut polytope CutPn+1; it is called a gap inequality [117].The class of gap inequalities includes the negative type inequalities (for� = 0), the hypermetric inequalities (for � = 1) and the non homogeneoushypermetric inequalities (4) (for � odd and when there exists a subset Asuch that Pi2A bi = ��12 ).2.3 `1, Voronoi and covariance mapsWe introduce three useful maps:� the `1-map '` : Rn �! R(n2) de�ned by '`(x) = (jxi � xj j)1�i<j�n forx 2 Rn.� the Voronoi map 'v : <n �! <(n+12 ) de�ned by 'v(x) = (xixj)1�i�j�n forx 2 Rn.� the covariance map 'c0 : R(n+12 ) �! R(n+12 ) de�ned by 'c0(x) = p, forx = (xij)0�i<j�n, p = (pij)1�i�j�n, with( pii = x0i for 1 � i � npij = x0i+x0j�xij2 for 1 � i < j � n (6)The subscript "0" in 'c0 refers to the fact that the index "0" has beenspecialized in relation (6), but any other index i 2 f0; 1; : : : ; ng can bespecialized as well yielding the map 'ci .The cut and intersection vectors are linked via these maps. Namely,given a subset S � f1; : : : ; ng and its incidence vector 1S 2 f0; 1gn, then�(S) = '`(1S) and �(S) = 'v(1S). Moreover, if S is a subset of f0; 1; : : : ; ngwith 0 62 S and if �(S) denotes the cut vector de�ned by S in Kn+1, then�(S) = 'c0(�(S)).2.4 PolyhedraWe de�ne now a list of polytopes and cones to be considered in the paper.For a general account of the theory of polyhedra, we refer e.g. to [145].



Applications of cut polyhedra 9� The cut cone Cutn is the cone generated by all cut vectors �(S) for S � Vn.� The cut polytope CutPn is the convex hull of all cut vectors �(S) for S � Vn.Both Cutn and CutPn are full dimensional polyhedra in R(n2).� The boolean quadric cone BQn is the cone generated by all intersectionvectors �(S) for S � Vn.� The boolean quadric polytope BQPn is the convex hull of all intersectionvectors �(S) for S � Vn. Both BQn and BQPn are full dimensional poly-hedra in R(n+12 ).� More generally, given a family I of subsets of Vn, the cone BQIn (resp.the polytope BQP In ) is de�ned as the conic hull (resp. convex hull) of theI-intersection vectors �I(S) for S � Vn. Hence, for I = I=1, BQP In is then-dimensional cube and, for I = I�2, BQP In coincides with BQPn .� The hypermetric cone Hypn is the cone de�ned by the hypermetric in-equalities (3), i.e.Hypn = fx 2 R(n2) : P1�i<j�n bibjxij � 0for all integers b1; : : : ; bn with P1�i�n bi = 1g:� The hypermetric polytopeHypPn is the polytope de�ned by the inequalities(4).� The negative type cone Negn is the cone de�ned by the negative typeinequalities (3), i.e.Negn = fx 2 R(n2) : P1�i<j�n bibjxij � 0for all integers b1; : : : ; bn with P1�i�n bi = 0g:� The metric cone Metn is the cone de�ned by the triangle inequalities(1) and the metric polytope MetPn is the polytope de�ned by the triangleinequalities (1) and (2).� The cone Qn of the positive semi-de�nite quadratic forms can be de�nedas Qn = fx 2 R(n+12 ) : X1�i;j�n bibjxij � 0 for all b1; : : : ; bn 2 Rg:There are several connections between the above polyhedra. An easy, butfundamental, fact is that Cutn+1 and BQn (resp. CutPn+1 and BQPn) arein linear one-to-one correspondance via the covariance map 'c0 , since theirgenerators are in one-to-one correspondance via 'c0 . It was rediscovered,independently, by several authors, e.g. [98], [47], [150].



10 M. Deza and M. LaurentNamely, let Cutn+1 and CutPn+1 be de�ned on the n + 1 points off0; 1; : : : ; ng, thenBQn = 'c0(Cutn+1); BQPn = 'c0(CutPn+1): (7)It can be checked that'c0(Hypn+1) = fp = (pij)1�i�j�n :P1�i;j�n bibjpij �P1�i�n bipii � 0for all integers b1; : : : ; bng (8)'c0(Negn+1) = Qn (9)since p 2 'c0(Negn+1) if and only if P1�i;j�n bibjpij � 0 for all integersb1; : : : ; bn.We deduce the following inclusions.( Cutn � Hypn �Metn; CutPn � HypPn �MetPnCutn � Hypn � Negn; i.e. BQn � 'c0(Hypn+1) � Qn: (10)Some of the above cones and polytopes can be de�ned, more generally,for an arbitrary graph G = (Vn; E), where the edge set E is a subset of En.Given a subset S � Vn, let �G(S) 2 RE denote the cut vector de�nedby S in G, i.e. �G(S) is the projection of �(S) on the edge set E of G.Similarly, let �G(S) denote the projection of the intersection vector �(S) onRE, i.e. �G(S) = (�(S)ij)1�i�j�n;(i;j)2E if i6=j . The corresponding cut cone,cut polytope, boolean quadric cone, boolean quadric polytope, are denoted,respectively, by Cut(G), CutP (G), BQ(G), BQP (G). For the completegraph G = Kn, they coincide, respectively, with Cutn, CutPn, BQn, BQPn.The projection of the metric cone Metn and of the metric polytope MetPnon the edge set E of G are the cone Met(G) and the polytope MetP (G)de�ned, respectively, byMet(G) = fx 2 RE : xe � x(C � e) � 0 for C cycle of G and e 2 C0 � xe � 1 for e 2 Eg (11)



Applications of cut polyhedra 11MetP (G) = fx 2 RE : x(F )� x(C � F ) � jF j � 1 for C cycle of Gand F � C; jF j odd0 � xe � 1 for e 2 Eg: (12)We list now briey the main papers where the above cones and polytopeshave been considered. The papers are listed by alphabetic order.The metric cone was considered in [12], [13], [92], [123], [124] (and refer-ences there), [101], [122], [147] and the metric polytope in [68], [116], [118],[119].The hypermetric cone was considered in [7], [8], [17], [50], [51], [53], [55],[112] and the negative type cone in [99].The boolean quadric cone was considered in [47] and the boolean quadricpolytope in [31], [79], [127], [131], [135], [150].The cut cone and polytope are considered in [2], [16], [19], [21], [23], [25],[46], [47], [54], [58], [64], [65], [66], [68], [91], [152]. A detailed survey on thevalid inequalities and facets for the cut cone can be found in [60].The uniform cut cone (generated by cuts with the same shore size) isconsidered in [63], the uniform boolean quadric polytope BQPn(N) in [79](and references there), [127], [161], the equicut polytope in [40], [41], [49],[153], and even cut polyhedra (generated by the cuts whose shores have bothan even cardinality) in [57].2.5 Metric notionsLet d = (dij)1�i<j�n 2 R(n2). It may be convenient to view d as a symmetricn � n-matrix by setting dij = dji and dii = 0 for i; j 2 Vn.� d is a semi-metric if d satis�es the triangle inequalities (1), i.e. d 2Metn,and d is a metric if, moreover, dij 6= 0 for distinct i; j 2 Vn. However, weoften use the term "metric" even if dij = 0 for some distinct i; j. We alsosay that (Vn; d) is a metric space.� d 2Metn is said to be metrically rigid if d lies on a simplicial face ofMetn,i.e. on a face whose generators (the extreme rays lying on it) are linearlyindependent; d is an extreme metric if d lies on an extreme ray of Metn .� d is hypermetric if d satis�es the hypermetric inequalities (3), i.e. d 2Hypn, and d is 2k + 1-gonal if it satis�es all 2k + 1-gonal hypermetric in-equalities; d is of negative type if it satis�es the negative type inequalities,



12 M. Deza and M. Laurenti.e. d 2 Negn, and d is 2k-gonal if it satis�es all 2k-gonal negative typeinequalities.� d is `p-embeddable if there exist n vectors x1; : : : ; xn 2 Rm for somem � 1 such that dij =k xi � xj kp for 1 � i < j � n, where k x kp=(P1�h�m jxhjp) 1p for x 2 Rm. We consider here especially the cases p = 1; 2.� d is hypercube embeddable (h-embeddable, for short) if dij =k xi�xj k1 for1 � i < j � n, for some binary vectors x1; : : : ; xn 2 f0; 1gm, m � 1.� If d is rational valued, then d is `1-embeddable if and only if �d is h-embeddable for some scalar � [10]. The smallest such � is called the scale ofd. This fact is easy, but crucial, since it permits to link combinatorial andanalytical aspects.� For d 2 Cutn, any decomposition of d as d = PS �S�(S) with �S � 0(resp. �S � 0, integer) is called a R+-realization (resp. Z+-realization) ofd; PS �S is its size. The minimum size of a R+-realization of d 2 Cutn isdenoted as s(d) and the minimum size of a Z+-realization (if exists) of d iscalled its h-size and denoted by sh(d).If d =PS �S�(S) with �S � 0, then P1�i<j�n dij =PS �S jSj(n� jSj),with n � 1 � jSj(n � jSj) � bn2 cdn2e for 1 � jSj � n � 1. Therefore, ford 2 Cutn, we have the following bounds on its minimum size s(d):P1�i<j�n dijbn2cdn2 e � s(d) � P1�i<j�n dijn� 1 : (13)� d 2 Cutn is said to be `1-rigid if it lies on a simplicial face of Cutn, i.e. dhas a unique R+-realization or, equivalently (in view of Theorem 3.3), d hasa unique `1-embedding. Similarly, if d is h-embeddable, d is said to be h-rigidif d has a unique h-embedding or, equivalently, a unique Z+-realization.2.6 Operations on facesWe saw above that the cut polytope Cutn+1 and the boolean quadric poly-tope BQPn are in one-to-one correspondance via the covariance map 'c0 .We now see in more detail how the covariance map acts on the valid inequal-ities. Consider the inequalities:X0�i<j�n cijxij � d (14)



Applications of cut polyhedra 13X1�i�n aipii + X1�i<j�n bijpij � d (15)where a; b; c are linked by( c0i = ai + 12P1�j�n;j 6=i bij for 1 � i � ncij = �12bij for 1 � i < j � n: (16)Then, the inequality (14) is valid (resp. facet de�ning) for CutPn+1 if andonly if the inequality (15) is valid (resp. facet de�ning) for BQPn.The cut polytope enjoys a lot of symmetries, namely the symmetriesinduced by the permutations of Vn and the switching maps that we nowdescribe. The full symmetry group of the cut polytope CutPn is describedin [54].Given a cut �(A) of Kn and v 2 R(n2), we de�ne the maps R�(A) andr�(A) from R(n2) to <(n2) byR�(A)(v)ij = ( �vij if (i; j) 2 �(A)vij otherwise (17)r�(A)(v)ij = ( 1� vij if (i; j) 2 �(A)vij otherwise. (18)Hence, r�(A) is an a�ne map, called switching map, whose associatedlinear map is R�(A). Then, the inequality vTx � v0 is valid (resp. facetde�ning) for CutPn if and only if the inequality R�(A)(v)Tx � v0 � vT �(A)is valid (resp. facet de�ning) for CutPn. An important consequence is thatall the facets of the cut polytope can be deduced from those of the cut cone,via the switching map [25].For instance, the non homogeneous triangle inequality (2) is a switchingof the homogeneous triangle inequality (1) and the inequalities (4) are allpossible switchings of the hypermetric inequalities (3).The switching operation was introduced in [47] for the cut cone Cutnand in [25] for the cut polytope CutP (G) of an arbitrary graph.



14 M. Deza and M. LaurentVia the covariance map, we have also an analogue of switching for theboolean quadric polytope, namely, the map 'c0r�(A)'�1c0 which acts on theboolean quadric polytope BQPn as follows. It transforms the inequalityX1�i�n aipii + X1�i<j�n bijpij � dinto the inequality X1�i�n a0ipii + X1�i<j�n b0ijpij � d0whered0 = d�Pi2A ai � 12P1�i<j�n;i;j2A bija0i = ( ai +Pj2A bij if i 62 A�ai �Pj2A�fig bij if i 2 Ab0ij = ( �bij if jA \ fi; jgj= 1bij if jA \ fi; jgj 6= 1:Several other operations on the faces of the cut polytope were considered,see e.g. [25], [63],[64], [151], [152].3 Applications in functional analysis: `1- and L1-metrics3.1 The cut cone and `1-metricsIn this section, we mention how the members of the cut cone and polytope,or of the boolean quadric cone and polytope, can be interpreted in terms ofmetrics and measure spaces. We essentially follow [6] and [11].Clearly, every member d 2 Cutn de�nes a semi-metric on n points.Hence arises the question of characterizing the class of semi-metrics de�nedby the cut cone. As stated in Theorems 3.1, 3.3 and 3.8, the semi-metricsbelonging to the cut cone are those that are L1-embeddable or, equivalently,`1-embeddable or, equivalently, d 2 Cutn if and only if dij = �(Ai�Aj), 1 �i < j � n, for some non negative measure space (
;A; �) and some eventsA1; : : : ; An 2 A. The corresponding statement for the boolean quadric conereads: p 2 BQn if and only if pij = �(Ai \ Aj), 1 � i � j � n, for somenon negative measure space (
;A; �) and some events A1; : : : ; An 2 A. Thepolytope case corresponds to the case when (
;A; �) is a probability space,i.e. �(
) = 1.



Applications of cut polyhedra 15Before stating the results, we recall some de�nitions.A measure space (
;A; �) consists of a set 
, a �-algebra A of subsetsof 
, and a measure � de�ned on A which is additive, i.e. �(Sn�1An) =Pn�1 �(An) for all pairwise disjoint sets An 2 A, and satis�es �(;) = 0.The measure space is non negative if �(A) � 0 for all A 2 A. A probabilityspace is a non negative measure space with total measure �(
) = 1.If (X; d) and (X 0; d0) are two semi-metric spaces, (X; d) is said to beisometrically embeddable into (X 0; d0) if there exists a map � (the embedding)from X to X 0 such that d(x; y) = d0(�(x); �(y)) for all x; y 2 X . One alsosays that (X; d) is a subspace of (X 0; d0).Recall that k k1 denotes the `1-norm, de�ned by k u k1= P1�j�m juj jfor u 2 Rm.Theorem 3.1 Let d = (dij)1�i<j�n 2 R(n2). The following assertions areequivalent.(i) d 2 Cutn (resp. d 2 CutPn).(ii) There exist a non negative measure space (resp. a probability space)(
;A; �) and A1; : : : ; An 2 A such that dij = �(Ai�Ai) for all 1 �i < j � n.Theorem 3.2 Let p = (pij)1�i�j�n 2 R(n+12 ). The following assertions areequivalent.(i) p 2 BQn (resp. p 2 BQPn).(ii) There exist a non negative measure space (resp. a probability space)(
;A; �) and A1; : : : ; An 2 A such that pij = �(Ai \ Aj) for all 1 �i � j � n.Theorem 3.1 was given in [6] and Theorem 3.2 was given in [133], [135].This interpretation of BQPn is already used in [127] for describing the pairdistributions of particles in lattice sites. In fact, both Theorems 3.1 and 3.2are easily seen to be equivalent using the covariance map. We give the proofof Theorem 3.2, following [133].Proof. Assume p 2 BQn. Then, p =PS�f1;:::;ng �S�(S) for some �S � 0.We de�ne a non negative measure space (
;A; �) as follows. Let 
 denotethe family of subsets of f1; : : : ; ng, let A denote the family of subsets of 
 andlet � denote the measure on A de�ned by �(A) =PS2A �S for each A 2 A



16 M. Deza and M. Laurent(i.e. A is a collection of subsets of f1; : : : ; ng). De�ne Ai = fS 2 
 : i 2 Sg.Then, �(Ai \ Aj) = �(fS 2 
 : i; j 2 Sg) = PS2
:i;j2S �S = pij holds, forall 1 � i � j � n. Moreover, if p 2 BQPn , then we have PS �S = 1, i.e.�(
) = 1, that is (
;A; �) is a probability space.Conversely, assume pij = �(Ai \ Aj) for 1 � i � j � n, where (
;A; �)is a nonnegative measure space and A1; : : : ; An 2 A. Set AS = Ti2S Ai \Ti62S(
 � Ai) for each S � f1; : : : ; ng. Then, Ai = SS:i2S AS , Ai \ Aj =SS:i;j2S AS and 
 = SS AS . Therefore, p =PS�f1;:::;ng �(AS)�(S), showingthat p belongs to the boolean quadric cone BQn. Moreover, if (
;A; �) isa probability space, i.e. �(
) = 1, then PS �(AS) = 1, implying that pbelongs to the boolean quadric polytope BQPn .Another characterization of the cut cone is given in [6], [11] in terms of`1�metrics.Theorem 3.3 Let (X; d) be a semi-metric space with X = f1; : : : ; ng. Thefollowing assertions are equivalent.(i) d 2 Cutn.(ii) (X; d) is `1-embeddable, i.e. there exist n vectors u1; : : : ; un 2 Rm forsome m such that dij =k ui � uj k1 for all 1 � i < j � n.Proof. (i) ) (ii). Let d 2 Cutn, then d = P1�k�m �k�(Sk) with�1; : : : ; �m � 0. For 1 � i � n, de�ne the vector ui 2 Rm with compo-nents (ui)k = �k if i 2 Sk and (ui)k = 0 otherwise, for 1 � k � m. Thendij =k ui � uj k1 holds, showing that (X; d) is `1-embeddable.(ii) ) (i). Assume that (X; d) is `1-embeddable, i.e. there exist nvectors u1; : : : ; un 2 Rm for some m � 1 such that dij =k ui � uj k1, for1 � i < j � n. We show that d 2 Cutn. It su�ces to show the result forthe case m = 1 by additivity of the `1-norm. Hence dij = jui � uj j whereu1; : : : ; un 2 R. Without loss of generality, we can suppose that 0 = u1 �u2 � : : :� un. Then, d =P1�k�n�1(uk+1 � uk)�(f1; 2; : : : ; k� 1; kg) holds,showing that d 2 Cutn.There is an analogue characterization for h-embeddable metrics.Theorem 3.4 Let (X; d) be a semi-metric space with X = f1; : : : ; ng. Thefollowing assertions are equivalent.



Applications of cut polyhedra 17(i) d =PS �S�(S) for some non negative integer scalars �S.(ii) (X; d) is h-embeddable, i.e. there exist n vectors u1; : : : ; un 2 f0; 1gmfor some m such that dij =k ui � uj k1 for all 1 � i < j � n.Proof. The proof is analogous to that of Theorem 3.3. Namely, for(i) ) (ii), assume d = P1�k�m �(Sk) (allowing repetitions). Consider thebinary n � m matrix M whose columns are the incidence vectors of thesets S1; : : : ; Sm. If u1; : : : ; un denote the rows of M , then dij =k ui � uj k1holds, providing an embedding of (X; d) in the hypercube of dimension m.Conversely, for (ii) ) (i), consider the matrix M whose rows are the ngiven vectors u1; : : : ; un. Let S1; : : : ; Sm be the subsets of f1; : : : ; ng whoseincidence vectors are the columns of M . Then, d = P1�k�m �(Sk) holds,giving a decomposition of d as a non negative integer combination of cuts.3.2 The cut cone and L1-metrics (in�nite case)In fact, there is a deeper connection between the cut cone and functionalanalysis, namely with L1-spaces. It was established in [6] (see also [11]).For this, we need some more de�nitions. In what follows, we shall considera semi-metric space (X; d) where the set X may be �nite or in�nite, sincesome results remain valid in the in�nite case.Given a measure space (
;A; �) and given a function f : 
 �! R, itsL1-norm is de�ned by: k f k1= Z
 jf(!)j�(d!):Then L1(
;A; �) denotes the set of measurable functions f , i.e. with kf k1<1. Hence the L1-norm de�nes a metric structure on L1(
;A; �).Given a non negative measure space (
;A; �), another metric space(A�; d�) can be de�ned, where A� = fA 2 A : �(A) < 1g and d�(A;B) =�(A�B) for A;B 2 A�. In fact, (A�; d�) is the subspace of L1(
;A; �)consisting of its 0-1 valued functions.When 
 is a set of cardinality m, A = 2
 is the collection of subsetsof 
 and � is the cardinality measure, i.e. �(A) = jAj for A � 
, thenL1(
; 2
; j:j) is simply denoted as `1(m), or `1. Hence, the m-dimensional



18 M. Deza and M. Laurenthypercube (K2)m is the subspace of `1 consisting only of the binary se-quences.A semi-metric space (X; d) is L1-embeddable if it is a subspace of someL1(
;A; �) for some non negative measure space, i.e. there is a map � fromX to L1(
;A; �) such that d(x; y) =k �(x)� �(y) k1 for x; y 2 X .Lemma 3.5 For a semi-metric space (X; d), the following assertions areequivalent.(i) (X; d) is L1-embeddable.(ii) (X; d) is a subspace of (A�; d�) for some non negative measure space(
;A; �).Proof. The implication (ii) ) (i) is clear, since (A�; d�) is a subspaceof L1(
;A; �). We check (i) ) (ii). It su�ces to show that each spaceL1(
;A; �) is a subspace of (B� ; d�) for some non negative measure space(T;B; �). Set T = 
 � R, B = A � R where R is the family of Borelsubsets of R, and � = � 
 � where � is the Lebesgue measure on R. Forf 2 L1(
;A; �), let E(f) = f(!; s) 2 
�R : s > f(!)g denote its epigraph.Then, the map f 7�! E(f)�E(0) provides an isometric embedding fromL1(
;A; �) to (B� ; d�), since k f � g k1= �(E(f)�E(g)) holds.The next theorem is an analogue of Theorem 3.3 for the general casewhen the set X may be in�nite.For each subset Y of X , let �Y denote the cut function induced by Yde�ned by �Y (x; y) = 1 if jY \ fx; ygj = 1, �Y (x; y) = 0 otherwise, forx; y 2 X ; so �Y is just the symmetrization of the usual cut metric �(Y ). LetD(X) denote the set of all cut functions �Y for Y � X .Theorem 3.6 Given a semi-metric space (X; d), the following assertionsare equivalent.(i) (X; d) is L1-embeddable.(ii) There exists a non negative measure � on D(X) such that d(x; y) =RD(X) �(x; y)�(d�) for x; y 2 X.Proof. (i) ) (ii). Assume (X; d) is L1-embeddable. Then, by Lemma3.5, there exist a non negative measure space (
;A; �) and a map x 7�! Ax



Applications of cut polyhedra 19from X to A� such that d(x; y) = �(Ax�Ay) for x; y 2 X . For ! 2 
, setA! = fx 2 X : ! 2 Axg. We de�ne a measure � on D(X) additively bysetting: �(f�Y g) = �(f! 2 
 : A! = Y g) for each Y � X .Note that ! 2 Ax if and only if x 2 A! and ! 2 Ax�Ay if and only ifjA! \ fx; ygj = 1. Therefore,d(x; y) = �(Ax�Ay) = �(f! 2 
 : jA! \ fx; ygj = 1g)= �(f! 2 
 : �A! (x; y) = 1g)= �(SY�X:�Y (x;y)=1f! 2 
 : A! = Y g)= RD(X) �(x; y)�(d�):(ii) ) (i). Conversely, assume that d = RD(X) ��(d�) for some nonnegative measure on D(X). Fix s 2 X and set Ax = f� 2 D(X) : �(s; x) =1g for each x 2 X . Then, d(x; y) = �(Ax�Ay) holds, since �(x; y) = 0 if� 62 Ax�Ay and �(x; y) = 1 if � 2 Ax�Ay . This shows, using Lemma 3.5,that (X; d) is L1-embeddable.Let C(X) denote the set of all semi-metrics d on X for which (X; d) isL1-embeddable.Theorem 3.7 (i) C(X) is a convex cone.(ii) The extremal rays of C(X) are the rays generated by the non zero cutfunctions �Y for Y � X, ; 6= Y 6= X.Proof. The proof of (i) is based on the fact that the direct sum of twoL1-subspaces is again an L1-subspace. Namely, assume that (Xi; di) is asubspace of L1(
i;Ai; �i) for i = 1; 2. Consider their direct sum (X =X1 � X2; d = d1 � d2), where d((x1; x2); (y1; y2)) = d1(x1; y1) + d2(x2; y2)for x1; y1 2 X1 and x2; y2 2 X2. Let (
 = 
1 [ 
2;A; �) denote themeasure space obtained by extending Ai and �i to 
1 [ 
2. If �i denotesthe embedding of (Xi; di) into L1(
i;Ai; �i), then we obtain an embedding� of (X1 �X2; d1� d2) into L1(
;A; �) by setting �(x1; x2)(!) = �i(xi)(!)if ! 2 
i, for i = 1; 2. Indeed,d1 � d2((x1; x2); (y1; y2)) = d1(x1; y1) + d2(x2; y2)=k �1(x1)� �1(y1) k + k �2(x2)� �2(y2) k=k �(x1; x2)� �(y1; y2) k :We check that d1 + d2 2 C(X) if d1; d2 2 C(X). Indeed, if (X; d1) and(X; d2) are L1-embeddable, then (X; d1 + d2) is L1-embeddable, since it isa subspace of (X � X; d1 � d2) (via the embedding x 7�! (x; x)) which isL1-embeddable by the previous argument.



20 M. Deza and M. LaurentWe now check (ii). It is easy to see that each cut function lies on anextreme ray of C(X) (it lies, in fact, on an extreme ray of the metric cone).Consider now d 2 C(X) which is not a cut function. We can suppose thatd(x1; x2) = 1, d(x1; x3) = � > 0 and d(x2; x3) = � > 0 for some x1; x2; x3 2X with � � �. Set d1 = RD(X) �(x1; x2)�(x1; x3)��(d�) and d2 = d � d1.Then, d1; d2 2 C(X) by Theorem 3.6. But d1(x1; x2) = 1+���2 > 0, since2�(x1; x2)�(x1; x3) = �(x1; x2) + �(x1; x3) � �(x2; x3) for each cut function�. Also, d1(x2; x3) = 0 and d2(x2; x3) = �. Therefore d does not lie on anextreme ray of C(X) since d = d1+d2 where d1 and d2 are not proportionalto d.In the case X �nite, the following result is an immediate consequence ofTheorems 3.3 and 3.6.Theorem 3.8 Let X = f1; : : : ; ng be a �nite set and let d be a semi-metricon X. The following assertions are equivalent.(i) (X; d) is L1-embeddable.(ii) (X; d) is `1-embeddable.(iii) d 2 Cutn.In fact, even for X in�nite, the study of the L1-embeddable semi-metricson X can be reduced in some sense to the �nite case and thus to the studyof the cut cone. Indeed, based on the fact that C(X) is closed for thetopology of the pointwise convergence, it was shown in [33] that (X; d) isL1-embeddable if and only if (Y; djY ) is L1-embeddable for each �nite subsetY of X , where djY denotes the restriction of d to the set Y .Let d be de�ned on a set X ; d is said to be hypermetric if its restrictionto any �nite subset Y of X is hypermetric, i.e. P1�i<j�n bibjd(xi; xj) � 0for all integers b1; : : : ; bn with P1�i�n bi = 1, for all x1; : : : ; xn 2 X andall n � 1. Let Hyp(X) denote the set of the hypermetrics d on X . Then,C(X) � Hyp(X) holds clearly. However, the inclusion is, in general, strict.It is strict, for instance, if 7 � jX j < 1 or if X is the set of non negativeintegers.However, there are many examples of classes of semi-metric spaces (X; d)for which the properties of being hypermetric and L1-embeddable are equiv-alent. Such examples are given in section 4; see sections 4.3 and 4.4 forexamples with X in�nite.



Applications of cut polyhedra 214 Metric propertiesIn this section, we give a hierarchy of metric properties, together with ex-emples showing the irreversibility of the one-way implications. Then, weconsider three classes of metrics: graphic metrics, metrics from normedspaces, metrics from lattices, for which the hierarchy partially collapses.4.1 A hierarchy of metric propertiesIn this section, we consider several metric properties, in particular, hyper-metricity, hypercube and `1-, `2-embeddability, ultrametricity, the negativetype, four point and rigidity conditions. We indicate which implicationsexist among them.We �rst recall some facts about the cut lattice, graphic metrics, ultra-metrics and the four point condition.Let Ln denote the cut lattice, consisting of the integer combinationsPS �S�(S), �S integer, of the cut vectors of Kn. It is easy to check that,for d integral, d 2 Ln if and only if d satis�es the following parity condition:dij + dik + djk � 0 ( mod 2) for i; j; k 2 Vn: (19)Therefore, every h-embeddable metric satis�es the above parity condi-tion.Given a graph G = (V;E), its path metric dG is de�ned by letting dG(i; j)denote the length of a shortest path from i to j in G, for i; j 2 V . If nonnegative weights we are assigned to the edges e of G, the path metric of theweighted graph (G;w) is de�ned similarly by de�ning the length of a path asthe sum of the weights of its edges. When its path metric is `1-embeddable,we also say that the graph is an `1-graph. A metric is called graphic if itis the path metric of some graph. Speci�c results on graphic metrics aregrouped in section 4.2.A metric d is called ultrametric if it satis�es the condition:dij � max(dik; djk) (20)for all distinct i; j; k, i.e. each triangle is isoceles with the third side shorteror equal to the two others; this implies that any two distinct balls with the



22 M. Deza and M. Laurentsame radius are disjoint. See [4] and references there for a description ofapplications of ultrametric spaces. An important class of ultrametric spacesarises from valuated �elds (see e.g. [35]). Let F be a �eld and let j:j be anon-archimedean valuation on F (e.g. the p-adic valuation on the �eld ofp-adic numbers), i.e. j:j is a map from F to R+ satisfying:� jaj = 0 if and only if a = 0, for a 2 F ,� jabj = jajjbj for a; b 2 F ,� ja + 1j � 1 for all a 2 F such that jaj � 1, or equivalently, ja + bj �max(jaj; jbj) for a; b 2 F .Then, d(a; b) = ja� bj de�nes an ultrametric on F .Ultrametrics can be represented by weighted trees in the following way(see [4]).Let T = (V;E) be a rooted tree with root r 2 V and let X denote itsset of leaves (nodes of degree 1) other than the root. Let we; e 2 E, be nonnegative weights assigned to the edges of T and let dT;w denote the pathmetric of the weighted tree (T; w). We suppose that dT;w(r; x) = h for allleaves x 2 X , for some constant h, called the height of the tree; then, theweighted tree is called a dendogram (or indexed hierarchy). The height h(v)of a node v of T is de�ned as the length of a shortest path connecting vto a leaf of T . A metric space (X; dX) is de�ned on the set X of leavesby de�ning dX(x; y) as the height of the �rst predecessor of the leaves x; y.Then, dX is ultrametric and, moreover, every ultrametric is of the form dXfor some dendogram.This tree representation for ultrametrics is used in classi�cation theory,especially in taxonomy (see [88] and references there for details).We give another connection with weighted trees. The following conditionis called the four point condition:dij + dkl � max(dik + djl; dil + djk) (21)for i; j; k; l 2 Vn. It implies the triangle inequality (1) (for k = l).The metrics satisfying the four point condition (21) are exactly the pathmetrics of weighted trees (with non negative weights); for this reason, theyalso called tree metrics.



Applications of cut polyhedra 23It is easy to see that the condition (20) implies the condition (21), i.e.every ultrametric satis�es the four point condition. Actually, every treemetric can be characterized in terms of an associated ultrametric (see [20]).Given r 2 Vn and a constant c � max(dij : i; j 2 Vn), de�ne d(r) by:d(r)ij = c+ 12(dij � dir � djr) for i; j 2 Vn:Then, d is a tree metric, i.e. satis�es the four point condition (21), if andonly if d(r) is ultrametric.Observe that each ultrametric d is `2-embeddable (indeed, if d is ultra-metric, then d2 too is ultrametric and, thus, of negative type, implying thatd is `2-embeddable - see Table 1 for the implications). In fact, it is easy tocheck that:d is ultrametric () da is ultrametric for all a 2 R+() da is `2-embeddable for all a 2 R+() da is a metric for all a 2 R+:The inequality: min(m : d is `2-embeddable into Rm) � n� 1, holds forall `2-metrics with equality for ultrametrics [100].We summarize in Table 1 below the implications existing between thevarious metric properties considered here.First, we add some examples showing that the one-way implicationsshown in Table 1 are irreversible, and some additional remarks. Pn denotesthe path on n nodes and Cn the cycle on n nodes.� If d is 2k + 1-gonal, then d is 2k + 2-gonal; if d is n + 3-gonal, then d isn+1-gonal ([46]). Counterexamples to the reverse implications are given in[11].� The equivalence: d is `2-embeddable () d2 2 Negn, was proved in [144].� Let d be the path metric of K4� P3, then d 2 Cutn, but d2 62 Negn; also,d is metrically rigid, but not h-embeddable.� Let d be the path metric ofK7�P3, orK7�P4, orK7�C5, then d 2 Hypn,but d 62 Cutn.� Let d be the path metric of K5 � K3, or K9 � P3, then d 2 Negn, butd 62 Hypn.� Let d be the path metric of K7 �K5, or K11 � P3, then d (considered asthe symmetric matrix (dij)1�i;j�n, with dij = dji and dii = 0) has exactlyone positive eigenvalue, but d 62 Negn. Note that the path metric of Kn+1�Kn�1, n � 6, has eigenvalues 2n � 1;�1;�2 with respective multiplicities



24 M. Deza and M. Laurent1,1,n�1 [159]. Also, the path metric ofKn+2�P3 has one positive eigenvalueif n � 9 and two otherwise [18].� Let d be the path metric of P3, then d2 2 Negn and d satis�es the fourpoint condition, but d is not ultrametric.� Let d be the path metric of K5 � P3, or K6 � P3, then d is `1-rigid, butd is not metrically rigid. The path metric of K4 is `1-embeddable, but not`1-rigid.� Let d be the path metric of K6 � P2, then 2d 2 Cutn \ Ln, but 2d is noth-embeddable. The path metric of K2;3 is not hypermetric, since it is not5-gonal.� For n = 7; 8, the path metric of Kn � P3 lies on a simplicial face (in fact,on an extreme ray) of Hypn, but it does not lie on a simplicial face ofMetn,i.e. it is not metrically rigid; moreover, it does not belong to Cutn.� Let d be the path metric of K5, then 2d is h-embeddable and h-rigid, butnot `1-rigid.



Applications of cut polyhedra 25d is `2 � embeddable () d2 2 Negn (= d is ultrametric+ + md is `1 � embeddable () d 2 Cutn da 2Metnfor all a 2 R++ +d 2Metn (= d 2 Hypn d is the path metricof a weighted tree+ *d has one (= d 2 Negn d is the path metricpositive eigenvalue of a tree+d is metrically (= d is the path metric (= d is the path metricrigid of a bipartite graph of an isometric subgraphof a hypercube+ +d is `1 � rigid d 2 Cutn \ Ln (= d is h� embeddable(if d 2 Cutn)+ + +d is h� rigid d 2 Cutn and () �d is h� embeddable( if d is h-embeddable) d is rational valued for some integer � � 1Table 1



26 M. Deza and M. Laurent4.2 Metric properties of graphsWe group here several results on the metric properties of graphs.A graph G = (V;E) is said to be an isometric subgraph of a graphH = (W;F ) if there is a map (embedding)f from V toW such that dG(i; j) =dH(f(i); f(j)) for all nodes i; j of G.A typical question in the metric theory of graphs is whether G is anisometric subgraph of another graph H , where H has a simpler structure,e.g. H is a hypercube, a half-cube, or a product of complete graphs (see [90],[160]). One of the motivations comes from the applications to the problemof designing addressing schemes for computer communication networks (see[28], [89]).Recall that the n-dimensional hypercube is the graph (K2)n (also denotedby H(n; 2)) whose node set is f0; 1gn with two nodes u; v 2 f0; 1gn adjacentif their Hamming distance is equal to 1. The half-cube 12H(n; 2) has node setfu 2 f0; 1gn :P1�i�n ui is even g with two nodes adjacent if their Hammingdistance is equal to 2. The cocktail party graphKn�2 has 2n nodes: 1; : : : ; 2nand its edges are all pairs except the n pairs (i; i+ n) for 1 � i � n.It is clear from the de�nition that, for a graph G, its path metric dG ish-embeddable if and only if G is an isometric subgraph of some hypercube.Also, dG is `1-embeddable with scale 2, i.e. 2dG is h-embeddable, if andonly if G is an isometric subgraph of some half-cube. Note that, if d is thepath metric of the cocktail party graph Kn�2 and n � 5, then 2d 2 Cut2n(so Kn�2 is an `1-graph), 2d 2 L2n, but 2d is not h-embeddable.The question of isometric embedding is directly linked to the problematicof cuts; namely, by Theorem 3.4, G is an isometric subgraph of a hypercubeif and only if its path metric dG can be written as a non negative integercombination of cut vectors.The following results are known for graphic metrics.Theorem 4.1 The graph G is an isometric subgraph of a hypercube if andonly if G is bipartite and, for all nodes a; b of G, the set G(a; b) := fu 2V : dG(u; a) < dG(u; b)g is closed under taking shortest paths ([70]), orequivalently, if and only if G is bipartite and dG is 5-gonal ([14]).Theorem 4.2 Let G be a bipartite graph. The following properties areequivalent [141]:� dG is h-embeddable,



Applications of cut polyhedra 27� dG is `1-embeddable,� dG is hypermetric,� dG is 5-gonal,� dG is of negative type,� dG (as symmetric matrix with zero on its diagonal) has exactly onepositive eigenvalue.Moreover, every bipartite graph is metrically rigid [122], implying that everyisometric subgraph of the hypercube is `1-rigid [62].Theorem 4.3 [149](i) G is an `1-graph if and only if G is an isometric subgraph of a cartesianproduct of half-cubes and cocktail party graphs.(ii) If G is an `1-graph on n nodes, then its scale � is equal to 1, or is evenwith � � n� 1. Moreover, if G is `1-rigid, then its scale � is equal to1, or 2.Theorem 4.4 [154] Let G be a graph. Then its path metric dG is hyper-metric if and only if G is an isometric subgraph of a cartesian product ofhalf-cubes, cocktail party graphs and copies of the Gosset graph G56. (TheGosset graph G56 is a graph on 56 nodes arising as the 1-skeleton of theGosset polytope 321 [34].)The following result gives a characterization of `1-graphs within the classof graphs having a universal node. Given a graph G, rG denotes the graphobtained by adding a node adjacent to all nodes of G. So the path metricof rG takes only the values 1,2.Theorem 4.5 [9] Let G be a connected graph on n nodes. The followingassertions are equivalent:� rG is an `1-graph.� G is an induced subgraph of a cocktail party graph, or G is a line graph(i.e. G does not contain any of nine given graphs [26]).



28 M. Deza and M. LaurentMoreover, if n � 37, then rG is an `1-graph if and only if its path metricis 5-gonal and of negative type; if n � 28, then rG is an `1-graph if andonly if its path metric is hypermetric.Theorem 4.6 [50] Let G be a regular graph of diameter 2. The followingassertions are equivalent:(i) dG is of negative type,(ii) dG is hypermetric,(iii) drG is of negative type,(iv) the minimum eigenvalue of the adjacency matrix of G is greater orequal to �2.Moreover, the path metric dG of a regular graph G of diameter 2 ishypermetric if and only if G = Kn�2 for some integer n, or G is an isometricsubgraph of a half-cube, or dG lies on an extreme ray of the hypermetric cone.The classi�cation of hypermetricity, `1-embeddability, and `1-rigiditywas done for many classes of regular graphs (see, in particular, [50], [62],[113]).The following result is an analogue of Theorems 4.5 and 4.6 for the classof (non necessarly graphic) metrics with values 1; 2; 3.Theorem 4.7 (i) [10] Let d be a metric with values in f1; 2g. Then, d is h-embeddable if and only if d is 5-gonal and satis�es (19), or equivalently,if and only if d is the path metric of K1;n�1, K2;2, or d2 is the pathmetric of Kn.(ii) [15] Let d be a metric on n � 9 points with values in f1; 2; 3g andsatisfying (19). The following assertions are equivalent:� d is h-embeddable,� d is `1-embeddable,� d is hypermetric,� d is 11-gonal.



Applications of cut polyhedra 29In [59], a characterization of h-embeddability is given for a larger classof metrics including those whose values are all odd, or equal to 2.We mention another application of isometric subgraphs of the cube interms of oriented matroids.Theorem 4.8 [85] A graph G is isomorphic to the tope graph of an ori-ented matroid of rank at most three if and only if G is planar, isometricallyembeddable in some hypercube, and antipodal (i.e. for each vertex v, thereis a unique vertex v� which is not closer to v than any neighboor of v�).Finally, we mention a characterization of trees within `1-graphs, usingthe notion of minimum size.Proposition 4.9 [52] Let G be an `1-graph and let s(dG) denote the mini-mum size of its path metric. Then, 2� 1dn2 e � s(dG) � n� 1. Equality holdsin the lower bound if and only if G = Kn and in the upper bound if and onlyif G is a tree.Note also that, for d 2 Cutn, equality holds in the upper bound of (13),i.e. s(d) = P1�i<j�n dijn�1 , if and only if d is the path metric of a weighted starK1;n�1.4.3 L1-metrics from normed spacesA convex polytope is called a zonotope if it is the vector sum of some linesegments. A convex body which can be approximated by zonotopes withrespect to the Hausdor� metric is called a zonoid. Zonotopes and zonoidsare central objects in convex geometry and they are also relevant to manyother �elds (see e.g. [143] for a survey). They are, in particular, relevant tothe topic of L1-metrics as we now explain.We �rst recall some de�nitions.Let K be a convex body ( i.e. a convex compact set) in Rd, K is centeredif it has a center of symmetry. Its support function is de�ned by:h(K; x) = max(xTy : y 2 K)for x 2 Rd. It is easy to see that, if K is a centered convex body, thenk x k:= h(K; x) de�nes a norm on Rd with K� as unit ball. Conversely,every norm k : k on Rd is of the form h(K; :), where K is the polar of theunit ball. Each norm k : k on Rd de�nes a metric dk:k on Rd, called norm (orMinkowski) metric, by setting dk:k(x; y) =k x � y k. The following resultsgive several equivalent characterizations for L1-embeddable normed spaces.



30 M. Deza and M. LaurentTheorem 4.10 (see [1], [6], [143]). Let k : k be a norm on Rd and let Ube its unit ball. The following assertions are equivalent:(i) dk:k is of negative type.(ii) dk:k is hypermetric.(iii) (Rd; dk:k) is L1-embeddable.(iv) The polar of U is a zonoid, i.e. k : k= h(U�; :) is the support functionof a zonoid.(v) There exists a positive Borel measure � on the hyperplanesets of Rdsuch that the norm k : k is de�ned by the following formula (calledCrofton formula): k x� y k= �([[x; y]])where [[x; y]] denotes the set of hyperplanes meeting the segment [x; y].Theorem 4.11 (see [6], [143]). Let k : k be a norm on Rd for which theunit ball U is a polytope. The following assertions are equivalent:(i) k : k satis�es the Hlawkla inequality:k x k + k y k + k z k + k x+ y+ z k�k x+ y k + k x+ z k + k y+ z kfor all x; y; z 2 Rd.(ii) dk:k is 7-gonal.(iii) The polar of U is a zonotope.(iv) (Rd; dk:k) is L1-embeddable.These results can be partially extended to the more general concept ofprojective metrics. A continuous metric d on Rd is called a projective metricif it satis�es d(x; z) = d(x; y)+d(y; z) for any collinear points x; y; z lying inthat order on a common line. Clearly, every norm metric is projective. Thecone of projective metrics is the object considered by the unsolved fourthHilbert problem in Rn (see [1], [3]).We have the following characterization of L1-embeddability for projectivemetrics.



Applications of cut polyhedra 31Theorem 4.12 [1] Let d be a projective metric on Rd. The following as-sertions are equivalent:(i) d is hypermetric.(ii) There exists a positive Borel measure � on the hyperplanesets of Rdsatisfying�([[x]]) = 0 for all x 2 Rd0 < �([[x; y]])<1 for all x 6= y 2 Rdsuch that d(x; y) = �([[x; y]]) for x; y 2 Rd. (As in Theorem 4.10,[[x; y]] is the set of hyperplanes that meet the segment [x; y]):(iii) (Rd; d) is L1-embeddable (namely, d(x; y) = �([[x; y]]) = �([[0; x]]�[[0; y]])).Remark that, for d = 2, Theorem 4.12 (ii) always holds, i.e. everyprojective metric onR2 is L1-embeddable. On the other hand, the projectivemetric arising from the norm k x k= max(jx1j; jx2j; jx3j) in R3 is not evenhypermetric (it is not 5-gonal).4.4 L1-metrics from latticesWe give in this section results on the metrics arising from lattices. A goodreference on lattices is [27].Let (L;�) be a lattice (possibly in�nite), i.e. a partially ordered set inwhich any two elements x; y 2 L have a join x _ y and a meet x ^ y. Avaluation on L is a function v : L �! R+ satisfyingv(x _ y) + v(x ^ y) = v(x) + v(y)for all x; y 2 L. The valuation v is isotone if v(x) � v(y) whenever x � yand it is positive if v(x) < v(y) whenever x � y; x 6= y. Setdv(x; y) = v(x_ y)� v(x ^ y)for x; y 2 L. Then, (L; dv) is a semi-metric space if v is an isotone valuationon L and (L; dv) is a metric space if v is a positive valuation on L; in thelatter case, L is called a metric lattice (see [27]). Clearly, every metric latticeis modular, i.e. satis�es: x ^ (y _ z) = (x ^ y) _ z for all x; y; z with z � x.A lattice is called distributive if x^ (y _ z) = (x^ y)_ (x^ z) for all x; y; z.The metric lattices which are distributive are characterized in [111]:



32 M. Deza and M. LaurentTheorem 4.13 Let L be a metric lattice with positive valuation v. Thefollowing assertions are equivalent:(i) L is a distributive lattice.(ii) (L; dv) is 5-gonal.(iii) (L; dv) is hypermetric.(iv) (L; dv) is L1-embeddable.Proof. It su�ces to show the implications (ii)) (i) and (i)) (iv).(ii) ) (i). Using the de�nition of the valuation v and applying the 5-gonal inequality to the points t1 = x_y, t2 = x^y, t3 = z, s1 = x, s2 = y, weobtain the inequality: 2(v(x_y_z)�v(x^y^z))� v(x_y)+v(x_z)+v(y_z)�v(x ^ y) � v(x ^ z) � v(y ^ z). By applying again the 5-gonal inequalityto the points t1 = x, t2 = y, t3 = z, s1 = x _ y, s2 = x ^ y, we obtainthe reverse inequality. Therefore, the equality holds in the above inequality.In fact, this condition of equality is equivalent to L being distributive (see[27]).(i) ) (iv). Take a �nite subset L0 of L. We show that (L0; dv) is L1-embeddable. Let K be the sublattice of L generated by L0. Suppose Khas length n. Then, K is isomorphic to a ring N of subsets of a set X ,jX j = n ("ring" means closed under [ and \). Via this isomorphism, wehave a valuation, again denoted by v, de�ned on N . We can assume withoutloss of generality that v(;) = 0. Then, v can be extended to a valuation v�on 2X satisfying: v�(S) = Px2S v�(fxg) for S � X . Now, if x 7�! Sx isthe isomorphism from K to N , then we have the embedding x 7�! Sx from(L0; dv) to (2X ; v�) which is isometric. Indeed, dv(x; y) = v(x_ y)� v(x^ y)= v(Sx [ Sy)� v(Sx \ Sy) = v�(Sx [ Sy)� v�(Sx \ Sy) = v�(Sx�Sy). Thisshows that every �nite subset of (L; dv) is L1-embeddable, and thus (L; dv)is L1-embeddable.The following example was given in [5]. Let L be the set of positiveintegers with order relation x � y if x divides y. Then, x ^ y is the g.c.d.of x and y, x _ y is their l.c.m. and (L;�) is a distributive lattice. Hence,(L; dv) is L1-embeddable for every positive valuation v on L. For instance,v(x) = log x is a positive valuation on L, hence dv(x; y) = log( l:c:m:(x;y)g:c:d:(x;y) ) isL1-embeddable.The following result was proved in [5], [6]; it implies Theorem 4.13.



Applications of cut polyhedra 33Theorem 4.14 Let (S;_) be a commutative semi-group. Given v : S 7�!R, set dv(x; y) = 2v(x_ y)� v(x_ x)� v(y _ y) for x; y 2 S. Suppose that,either S is a group, or x_ : : :_x = x for all x 2 S, where the join x_ : : :_xis repeated 2n times, for some integer n � 1. Then, the following assertionsare equivalent:(i) (S; dv) is L1-embeddable.(ii) (S; dv) is of negative type.This result applies, in particular, to the case when S is a subset of alattice L which is stable under the join operation _ of L and contains theleast element of L. Therefore, when applied to S = L, it gives that, fora metric lattice L, (L; dv) is of negative type if and only if (L; dv) is L1-embeddable.5 Applications in combinatorial optimization5.1 The maximum cut problemGiven a graph G = (Vn; E) and non negative weights we, e 2 E, assigned toits edges, the max-cut problem consists of �nding a cut �(S) whose weightPe2�(S)we is as large as possible. The max-cut problem is a notorious NP-hard problem [87]. If we replace "as large" by "as small", then we obtainthe min-cut problem which can be solved using network ow techniques[84]. Several classes of graphs are known for which the max-cut problemcan be solved in polynomial time. This is the case, for instance, for planargraphs [96], for graphs not contractible to K5 [21], for weakly bipartitegraphs, i.e. the graphs G for which the polytope fx 2 RE+ : x(C) � jCj �1 for all odd cycles C of Gg has all its vertices integral [95]. In fact, theclass of weakly bipartite graphs includes the graphs not contractible to K5([83], or [136]).For de�nitions of the terms used in this section, see e.g. [94], [145].The max-cut problem can be reformulated as a linear programming prob-lem over the cut polytope, namely,max wTxsubject to x 2 CutP (G):This is the polyhedral approach, classical in combinatorial optimization,which leads to the study of the facets of CutP (G). This approach has beenused in practice for solving large instances of the max-cut problem (see



34 M. Deza and M. Laurente.g. [23], [24]). Its success depends, of course, on the degree of knowledgeabout the facets needed for the problem at hand and of their tractability,i.e. whether they can be separated in polynomial time or, at least, whethera good separation heuristic is available.For instance, CutP (G) =Met(G), i.e. the inequalitiesx(F )� x(C � F ) � jF j � 1 for F � C cycle with jF j oddare su�cient for describing CutP (G), if and only if G is not contractible toK5 [25]. Moreover, the above inequalities can be separated in polynomialtime, implying that the max-cut problem in graphs not contractible to K5is polynomially solvable [25].The max-cut problem in an arbitrary graph G on n nodes can always beformulated asmax wTxsubject to x 2 CutPnafter setting we = 0 if e is not an edge of G. This permits to fully exploitthe symmetry of the complete graph.The max-cut problem has many applications in various �elds. For in-stance, the problem of determining ground states of spin glasses with anexterior magnetic �eld, or the problem of minimizing the number of vias(holes on a printed circuit board) subject to pin assignment and layer pref-erences, can both be formulated as instances of the max-cut problem; theyarise, respectively, in statistical physics and VLSI circuit design. We refer to[23] for a detailed description of these two applications, together with a com-putational treatment. In fact, the spin glass problem was already mentionedin [127] as an optimization problem over the boolean quadric polytope.Another application is to unconstrained quadratic 0-1 programming,which consists of solvingmax P1�i�j�n cijxixjsubject to x 2 f0; 1gnwhere cij 2 R. If we set pij = xixj for 1 � i � j � n, this problem can beequivalently formulated as a linear programming problem over the booleanquadric polytopemax cTpsubject to p 2 BQPn:Just as the points of the boolean quadric polytope and of the cut poly-tope are in one-to-one correspondence (via the covariance map; see section



Applications of cut polyhedra 352.4), the max-cut problem and the unconstrained quadratic programmingproblem are equivalent.Other approaches, beside the polyhedral approach, have been proposedfor attacking the max-cut problem. In particular, an approach based oneigenvalue methods is investigated in [45], [138]. We mention briey somefacts, permitting to connect it with polyhedral aspects.The Laplacian matrix L of the graph G is the n � n matrix de�nedby Lii = degG(i) for i 2 Vn and Lij = �aij for i 6= j 2 Vn, where A =(aij)1�i;j�n is the adjacency matrix of G. Set'(G) = n4 min(�max(L+ diag(u)) : u 2 Rn; X1�i�n ui = 0)where diag(u) is the diagonal matrix with diagonal entries u1; : : : ; un and�max(L+ diag(u)) is the largest eigenvalue of the matrix L+ diag(u). Set (G) = max(12Trace(AY ) : 12J�Y is positive semi de�nite and Yii = 0 for 1 � i � n)where J is the n � n matrix with all entries equal to 1. Let mc(G) denotethe maximum cardinality of a cut in G. Then,(i) mc(G) � '(G) [45](ii) mc(G) �  (G) [146]The quantity  (G) can be easily reformulated as (G) = max( X1�i<j�n aijxij : x satis�es the inequalities (22) for all integers b1; : : : ; bn);X1�i<j�n bibjxij � (P1�i�n bi)24 (22)The inequalities (22) are clearly valid for the cut polytope CutPn, but theyare never facet de�ning since they are dominated by the gap inequalities (5)(de�ned in section 2.2).In fact, using general duality theory, it is shown that '(G) =  (G) holdsby [137].



36 M. Deza and M. Laurent5.2 Multicommodity owsAn instance of the multicommodity ow problem consists of two graphs: thesupply graph G = (Vn; E) together with a capacity function c : E �! R+,and the supply graph H = (T; U) together with a demand function r : U �!R+, where T � Vn is the set of nodes spanned by U . Given a pair of nodes(s; t), Pst denotes the set of st-paths in G and we set P = [(s;t)2UPst. Amultiow is a function f : P �! R+. The instance (G;H; c; r) is said tobe feasible if there exists a feasible multiow, i.e. a multiow f : P �! R+satisfying the following capacity and demand requirements:XP2P;e2P fP � ce for e 2 E;XP2Pst fP � rst for (s; t) 2 U:Using Farkas lemma, it can be checked that:Proposition 5.1 The problem (G;H; c; r) is feasible if and only if cTy �rTz � 0 for all (y; z) 2 C(G;H), where C(G;H) is the cone de�ned byC(G;H) = f(y; z) 2 RE+�RU+ : Xe2P ye � zst � 0 for P 2 Pst and (s; t) 2 Ug:The cone C(G;H) is studied in detail in [109] and, in particular, thefractionality of its extreme rays.Without loss of generality, we can suppose that G is the complete graphKn; then, r is extended to Kn by setting re = 0 for the edges e 62 U andU = fe : re > 0g is called the support of r and we simply say that the pair(c; r) is feasible. An alternative characterization for feasible multiows isgiven by the following so-called Japanese theorem (from [103], [130], restatedin [123], [124]).Theorem 5.2 The pair (c; r) is feasible if and only if(c� r)Td � 0 for all d 2Metn : (23)Therefore, the metric cone Metn is the dual cone to the cone of feasiblemultiows.An obvious way for testing feasibility of the pair (c; r) is to solve thelinear program min((c� r)Td : d 2Metn) which has �n2� variables and 3�n3�



Applications of cut polyhedra 37constraints (the triangle inequalities (1)). An alternative way is to checkthe condition (23) for all extreme rays d of Metn. This approach leads tothe study of the extreme rays of the metric cone Metn (see references on itin section 2.4).There are other variants of the Japanese theorem, in particular, in themore general setting of binary matroids (see [148]). In particular, the metriccone Met(G) (de�ned in relation (11)) arises naturally when studying mul-ticommodity ows. It is shown in [148] that all extreme rays ofMet(G) are0; 1-valued (i.e. Met(G) = Cut(G)) if and only if G is not contractible toK5. The graphs for which all extreme rays of Met(G) are 0; 1; 2-valued arecharacterized in [147]. The graphs for which all the vertices of the metricpolytope MetP (G) (de�ned in relation (12)) are 13-integral are studied in[119] (x is said to be 13-integral if 3x is integral).Since the cut cone Cutn is contained in the metric cone Metn, a neces-sary condition for the existence of a feasible multiow is the following cutcondition: Xe2�(S)(ce � re) � 0 for all S � Vn: (24)The well known Ford-Fulkerson theorem [84] states that the cut conditionis, in fact, also su�cient for feasibility in the case of single commodity ows,i.e. when jU j = 1. We give below some results of this type. An integralmultiow is a multiow f with integral values.Theorem 5.3 Assume that the support of the demand function r is K4,C5, or the union of two stars (i.e. all edges are covered by two nodes).Then, the pair (c; r) is feasible if and only if the cut condition (24) holds[132]. Moreover, if c; r are integral, (c � r)T�(S) is even for all cuts and(24) holds, then there exists an integral multiow (see [124] and referencesthere).Theorem 5.4 [108], [110]. If the support graph of the demand function ris a subgraph of K5 (including K5), c; r are integral and (c�r)T�(S) is evenfor all cuts, then there exists an integral multiow if and only if (23) holdsor, equivalently, if and only if (24) holds and (c � r)Td � 0 holds for all0-extensions of the path metrics of K2;3.



38 M. Deza and M. LaurentThere is a close connection between these results and L1-embeddability,as noted in [16]. Given a semi metric d on Vn, an extremal graph ([123],[124]) for d is a minimal graph K = (V0;W ) such that, for each x; y 2 Vn,there exists (s; t) 2 W satisfying dsx + dxy + dyt = dst, and V0 is the setof nodes covered by W . The extremal graph is unique if dij > 0 for alli; j 2 Vn. The notion of extremal graph is a key notion for testing feasibilityof multiows.Proposition 5.5 ([123], [124]). The pair (c; r) is feasible if and only if(c� r)Td � 0 holds for all d 2Metn having an extremal graph K = (V0;W )such that W is a subset of the support of the demand function r.Theorem 5.6 [107] If d 2 Metn has an extremal graph which is K4, C5,or a union of two stars, then d 2 Cutn. Moreover, if d satis�es the paritycondition (19), then d is a non negative integer sum of cuts, i.e. d is h-embeddable.Note that the latter two results imply the �rst part of Theorem 5.3.We conclude with some additional related results.Given a supply graph G, a capacity function c and a demand graphH , the maximum multiow problem consists of �nding a multiow f notexceeding the capacity constraints whose value PP2P fP is as large as pos-sible. By linear programming duality, this problem is equivalent to the linearprogramming problem:min(cTy : y 2 RE+; y(P ) � 1 for all P 2 P):This leads to the study of the polytope P (G;H) = fy 2 RE+ : y(P ) �1 for all P 2 Pg. The fractionality of the vertices of P (G;H) is studied indetail in [109]; in particular, the demand graphs H for which all vertices ofP (G;H) are 14-integral for an arbitrary demand graphG with V (H) � V (G),are characterized.5.3 The Boole problemLet (
;A; �) be a probability space and let A1; : : : ; An be n events of A. Aclassical question, which goes back to Boole [30], is the following:Suppose we are given the values pi = �(Ai) for 1 � i � n, what is thebest estimation of �(A1 [ : : :An) ?



Applications of cut polyhedra 39It is easy to see that the answer is:max(p1; : : : ; pn) � �(A1 [ : : :An) � min(1; X1�i�n pi):More generally, let I be a collection of subsets of f1; : : : ; ng.Suppose we are given the values of the joint probabilities pI = �(\i2IAi),for all I 2 I. What is the best estimation of �(A1 [ : : :[ An) in terms ofthe pI 's ?In fact, the answer to this problem is given by the facet de�ning inequal-ities for the polytope BQP In (de�ned in section 2.4). Namely,�(A1 [ : : :[An) � max(wTp : wT z � 1 is facet de�ning for BQP In )(see Proposition 5.8 and relation (29)). In particular, when I consists of allpairs and singletons, then the lower bound for �(A1 [ : : :[ An) is in termsof the facets of the boolean quadric polytope BQPn.Estimations for �(A1 [ : : :[ An) via linear programming.First, we observe that Theorem 3.2 remains valid for the polytope BQP In ,for an arbitrary non empty set family I.Theorem 5.7 Let I be a non empty collection of subsets of f1; : : : ; ng andlet p = (pI)I2I 2 RI. The following assertions are equivalent:(i) p 2 BQIn (resp. p 2 BQP In ).(ii) There exist a non negative measure space (resp. a probability space)(
;A; �) and A1; : : : ; An 2 A such that pI = �(\i2IAi) for all I 2 I.Proof. It is identical to that of Theorem 3.2.Given p 2 BQIn , consider the following two linear programming prob-lems.minimize P;6=S�f1;:::;ng �Ssubject to P;6=S�f1;:::;ng �S�I(S) = p�S � 0 for ; 6= S � f1; : : : ; ng (25)



40 M. Deza and M. Laurentmaximize P;6=S�f1;:::;ng �Ssubject to P;6=S�f1;:::;ng �S�I(S) = p�S � 0 for ; 6= S � f1; : : : ; ng (26)Let zmin (resp. zmax) denote the optimum value of the program (25)(resp. (26)).So, the program (25) (resp. (26)) is evaluating the minimum value (resp.the maximum value) ofPS �S for a decomposition p =PS �S�I(S), �S � 0,of p 2 BQIn. In particular, in the case I = I�2, if we set d = '�1c0 (p), thend 2 Cutn+1 and zmin coincides with the minimum size s(d) (de�ned insection 2.5). This approach, in the case of I�2, is considered in [114], [135].Proposition 5.8 zmin � �(A1 [ : : :[An) � zmax.Proof. For S � f1; : : : ; ng, set AS = Ti2S Ai \ Ti62S(
 � Ai). Then,\i2IAi = [I�S�f1;:::;ngAS , 
 = [SAS and A1 [ : : :An = [S 6=;AS . We havepI = �(\i2IAi) for each I 2 I. Therefore, p = PS 6=; �(AS)�I(S) holds,with �(AS) � 0. Hence (�(AS) : ; 6= S � f1; : : : ; ng) is a feasible solutionto the program (25), or (26), with objective value �(A1 [ : : : [ An). Thisproves the result.The dual programs to (25) and (26) are the following programs (27) and(28), respectively.maximize wTpsubject to wT�I(S) � 1 for ; 6= S � f1; : : : ; ng (27)minimize wTpsubject to wT�I(S) � 1 for ; 6= S � f1; : : : ; ng (28)By linear programming duality, we have:zmin = max(wTp : wTz � 1 is a valid inequality for BQP In ) (29)and it is easily veri�ed that, in relation (29), it is su�cient to consider facetde�ning inequalities. Similarly,



Applications of cut polyhedra 41zmax = min(wTp : wTz � 1 is facet de�ning for the polytopeConv(f�I(S) : ; 6= S � Vng):(The latter polytope is distinct from BQP In since it does not contain theorigin).Therefore, by (29), every valid inequality for BQP In yields a lower boundfor �(A1 [ : : : [ An) in terms of the joint probabilities pI = �(\i2IAi) forI 2 I. Examples of such lower bounds are exposed below (after Proposition5.9).The case when the collection I of index sets is I�m is considered in [32].The following estimations for �(A1 [ : : :[ An) are given there:ymin � �(A1 [ : : :[An) � ymax (30)where ymin is the optimum value of the linear program (31) below and ymaxis the optimum value of (32) below, setting Sk = P1�i1<i2<:::<ik�n �(Ai1 \Ai2 \ : : :\Aik) for 1 � k � n.minimize P1�i�n visubject to P1�i�n �ik�vi = Sk for 1 � k � mvi � 0 for 1 � i � n (31)maximize P1�i�n visubject to P1�i�n �ik�vi = Sk for 1 � k � mvi � 0 for 1 � i � n (32)In fact, the programs (25), (26) give sharper bounds than the programs(31), (32), respectively. Namely, we have:Proposition 5.9 In the case I = I�m for some integer m, 1 � m � n, wehave ymin � zmin � �(A1 [ : : :[An) � zmax � ymax:Proof. Indeed, every feasible solution for (25) yields a feasible solution for(31) with the same objective value. Namely, let (�S; ; 6= S � f1; : : : ; ng)be a feasible solution for (25), i.e. �S � 0 and p = PS �S�I�m(S). Setvi =PS:jSj=i �S for 1 � i � n. Then,



42 M. Deza and M. LaurentP1�i�n � ik�vi =P1�i�n � ik�PS:jSj=i �S=P1�i1<:::<ik�nPS:i1;:::;ik2S �S=P1�i1<:::<ik�n pfi1;:::;ikg=P1�i1<:::<ik�n �(Ai1 \ : : :\ Aik)= Sk:Therefore, (v1; : : : ; vn) is a feasible solution for (31) withP1�i�n vi =PS �S .This shows that ymin � zmin. The inequality zmax � ymax follows from thesame argument.Examples of bounds for �(A1 [ : : :[An). The best lower bound for�(A1 [ : : :[An) is given by zmin, de�ned by relation (29), whose evaluationrelies on the knowledge of the facets of the polytope BQP In . In the caseI = I�2, the facet structure of the boolean quadric polytope BQPn has beenextensively studied (directly or indirectly, via the covariance map, throughthe cut polytope). We describe below several examples of valid inequalitiesfor BQPn, together with the lower bounds they yield for �(A1 [ : : :[ An).First, note that, if p = PS �S�(S) with �S � 0, then nP1�i�n pi �2P1�i<j�n pij = PS �S jSj(n + 1 � jSj), where n � jSj(n + 1 � jSj) �bn+12 cdn+12 e if S 6= ;. Hence, we have:nP1�i�n pi�2P1�i<j�n pijbn+12 cdn+12 e �P;6=S�f1;:::;ng �SnP1�i�n pi�2P1�i<j�n pijn �P;6=S�f1;:::;ng �S (33)and, therefore, from the de�nition of zmin, zmax and from Proposition 5.8,nP1�i�n pi � 2P1�i<j�n pijbn+12 cdn+12 e � �(A1 [ : : :[An) � nP1�i�n pi � 2P1�i<j�n pijn :(34)Note that the inequalities equivalent to (33) in the context of the cutcone are the bounds on the minimum size of d 2 Cutn+1 given in (13).The inequality:2k X1�i�n pi � 2 X1�i<j�n pij � k(k + 1) (35)



Applications of cut polyhedra 43is valid for the boolean quadric polytope BQPn, for 1 � k � n � 1; it isfacet de�ning if 1 � k � n � 2 and n � 4. Setting b0 = 2k + 1 � n andb1 = : : : = bn = 1, the inequality (35) corresponds (via the covariance map)to the inequality: X0�i<j�n bibjxij � k(k + 1) (36)which is valid for the cut polytope CutPn+1; (36) is a switching of thehypermetric inequality Hypn+1(2k+1�n; 1; : : : ; 1;�1; : : : ;�1) (with n� kcoe�cients +1 and k coe�cients -1). (See e.g. [60].) Therefore, we have thefollowing lower bound for �(A1 [ : : :[ An):2k + 1 X1�i�n pi � 2k(k + 1) X1�i<j�n pij � �(A1 [ : : :[ An) (37)for each k, 1 � k � n � 1; it was found independently by several authors,including [36], [44], [86]. Note that (37) coincides with the lower bound of(34) in the case n = 2k.More generally, given integers b1; : : : ; bn and k � 0, the inequality:X1�i�n bi(2k+ 1� bi)pi � 2 X1�i<j�n bibjpij � k(k + 1) (38)is valid for BQPn. This yields the bound:1k(k + 1)( X1�i�n pibi(2k+ 1� bi)� 2 X1�i<j�n bibjpij) � �(A1 [ : : :[An):The programs (31), (32) provide weaker bounds than the programs (25),(26), but they present the advantage of being easier to handle, especiallyfor small values of m. Exploiting their special structure, the bounds yminand ymax were explicitely described in [32] in terms of the Sk's (de�ned inrelation (30)).Let M denote the matrix corresponding to the program (25) or (26). itscolumns are the n vectors ai, where ai = (�i1�; �i2�; : : : ; � im�), for 1 � i � n.



44 M. Deza and M. LaurentSet b = (S1; : : : ; Sm). The matrix M is full rank, hence a basis B consistsof a set of m linearly independent vectors among a1; : : : ; an. The basisB is called dual feasible if the vector y = 1TmM�1B is feasible for the dualprogram of (31), i.e. yTai � 1 for i 2 f1; : : : ; ng � B, since equality holdsfor the indices i 2 B (MB is the submatrix of M whose columns are thosevectors ai belonging to the basis B; 1m has m coordinates equal to 1). IfM is dual feasible, then the inequality 1TBM�1B b � �(A1 [ : : :[ An) holds.The dual feasible bases are explicitely described in [32] together with thecorresponding bounds for �(A1 [ : : :[An).For example, form even, fa1; a2; : : : ; amg is a dual feasible basis, yieldingthe bound:�(A1 [ : : :[ An) � S1 � S2 + S3 � S4 : : :+ (�1)m�1Smwhich was �rst given in [29]. For m = 2, this is the special case k = 1 of thebound (37); another choice of basis yields the general bound (37).In fact, the method from [32] also works for �nding estimates of theprobabilities �(f� � rg) and �(f� = rg), where � denotes the randomvariable counting the number of events that occur among A1; : : : ; An.The inequality (38) can alternatively be written as( X1�i�n bipi � k)( X1�i�n bipi � k � 1) � 0 (39)with the convention that, when developing the product, the expression pipjis replaced by the variable pij (setting pii = pi). This inequality (or specialcases of it) was considered under this form by many authors (e.g. [79], [114],[127], [135], [161]). This suggests naturally the following generalization ofthe inequality (39) in the case I�m, when m is an even integer. Givenintegers b1; : : : ; bn and k1; : : : ; km � 0, the inequalityY1�l�m( X1�i�n bipi � kl)( X1�i�n bipi � kl � 1) � 0 (40)is clearly valid for the polytope BQP I�2mn . Thus arises the question ofdetermining the parameters b1; : : : ; bn; k1; : : : ; km for which (40) de�nes afacet of BQP I�2mn . This problem is, however, already di�cult for the casem = 1 of the boolean quadric polytope.



Applications of cut polyhedra 456 Hypermetrics and geometry of numbers6.1 L-polytopesWe recall here some de�nitions about lattices and L-polytopes. A detailedtreatment can be found in [42], [55].Given x; y 2 Rk, we set d0(x; y) = (k x � y k2)2 (the square of theeuclidian distance). Recall that the hypermetric cone Hypn is de�ned bythe hypermetric inequalities:X1�i<j�n bibjxij � 0 for b1; : : : ; bn integers with X1�i�n bi = 1: (41)For d 2 Hypn, (Vn = f1; : : : ; ng; d) is called a hypermetric space. It isconvenient to work with the hypermetric cone Hypn+1 de�ned on the n+ 1points 0; 1; 2; : : : ; n.A subset L � Rk is a lattice if, up to translation, L is a discrete subgroupof Rk. So, the notion of lattice considered in this section is distinct fromthe notion of lattice (as partially ordered set) used in section 4.4. A subsetB = fv0; v1; : : : ; vmg � L is generating for L if, for each v 2 L, there existintegers z0; z1; : : : ; zm such that P0�i�m zi = 1 and v = P0�i�m zivi. If,moreover, there is unicity of the integers zi, then B is an (a�ne)basis of L;in this case, m = jBj � 1 is called the dimension of L.Let L be a k-dimensional lattice in Rk. Let S = S(c; r) denote thesphere with center c and radius r. The sphere S is called an empty sphere(in Russian literature), or hole (in English literature), in L if the followingtwo conditions hold:� k v � c k2� r holds for all v 2 L,� S \ L has a�ne rank k + 1.Then, the polytope P de�ned as the convex hull of S \ L is called anL-polytope (or Delaunay polytope, or constellation); S is its circumscribedsphere and c is its center. The L-polytope P is generating if its set of verticesV (P ) generates L, and basic if V (P ) contains an a�ne basis of L. Actuallyall known generating L-polytopes are basic.For v 2 S, let v� = 2c�v denote its antipode on S. Every L-polytope Pis either asymmetric, i.e. v� 62 V (P ) for each vertex v 2 V (P ), or centrallysymmetric, i.e. v� 2 V (P ) for each v 2 V (P ).



46 M. Deza and M. LaurentTwo L-polytopes P; P 0 have the same type if they are a�nely equivalent,i.e. P 0 = T (P ) for some a�ne bijective map T .Examples of L-polytopes include the n-dimensional simplex �n, hyper-cube n, cross polytope �n := Conv(�ei : 1 � i � n) (where e1; : : : ; en arethe unit vectors in Rn). Both �n and n are centrally symmetric, �n is asym-metric. All types of L-polytopes in dimension k � 4 have been classi�ed in[80]:� for k = 1, there is only �1 = �1 = 1,� for k = 2, they are: �2 and �2 = 2,� for k = 3, they are: �3, �3, 3, the prism (with triangular base) andthe pyramid (with square base),� for k = 4, there are 19 types.The following polytope Pmp;q was studied and named repartitioning poly-tope by Voronoi (see also [17]). Let P be a polytope and let v be a pointwhich does not lie in the a�ne space spanned by P ; the convex hull of P andv is called the pyramid with base P and apex v and is denoted by Pyr(P ).We de�ne iteratively Pyrm(P ) as Pyr(Pyrm�1(P )), setting Pyr0(P ) = P .Let Sp, Sq be two simplices of respective dimensions p; q and lying in a�nespaces which intersect in one point. Then, Pmp;q := Pyrm(Conv(Sp [ Sq)) iscalled a repartitioning polytope; it has dimension m+p+q and m+p+q+2vertices. In fact, Pmp;q does not denote a concrete polytope, but correspondsto a class of a�nely equivalent polytopes of the same type.A construction of symmetric L-polytopes is given in [51]. Let L be anintegral lattice (i.e. uT v integer for all u; v 2 L) and set m = min(uTu : u 2L; u 6= 0). For c 2 L; c 6= 0, set Pc = Conv(fu 2 L : utu = m and 2uT c =(k c k2)2g). Then, Pc is a symmetric L-polytope. Moreover, under somecondition, the set of diagonals of Pc is a set of equiangular lines. (Seesection 6.4 below.)Finally, we mention the connection between L-polytopes and Voronoipolytopes. Given v0 2 L, the Voronoi polytope PV (v0) is the set fx 2 Rk : kx� v0 k2�k x� v k2 for all v 2 Lg. The vertices of PV (v0) are exactly thecenters of the L-polytopes in L which contain v0.



Applications of cut polyhedra 476.2 Hypermetrics and L-polytopesWe state here the beautiful connection existing between hypermetrics andL-polytopes.Theorem 6.1 [7](i) Let P be an L-polytope with set of vertices V (P ). Then, (V (P ); d0) isa hypermetric space.(ii) Let d 2 Hypn+1. Then, there exist a lattice Ld � Rk of dimensionk � n, an L-polytope Pd in Ld and a map fd : f0; 1; : : : ; ng �! V (Pd),fd(i) = vi for 0 � i � n, such that� fv0; v1; : : : ; vng generates Ld,� dij = d0(vi; vj) = (k vi � vj k2)2 for 0 � i � j � n.Moreover, the triple (Ld; Pd; fd) is unique, up to translation and or-thogonal transformation.Therefore, hypermetrics on n + 1 points correspond to generating L-polytopes of dimension k � n.Proof. (i) Let S(c; r) denote the empty sphere circumscribed to P . Letbv, v 2 V (P ), be integers with Pv2V (P ) bv = 1. Then,Pu;v2V (P ) bubvd0(u; v) = Pu;v2V (P ) bubv(k (u� c) + (c� v) k2)2= Pu;v2V (P ) bubv(2r2 + 2(u� c)T(c� v))= 2r2 � 2(kPu2V (P ) buu � c k2)2 � 0;because Pu2V (P ) buu 2 L.We now give a sketch of the proof of (ii). One of the basic tools used in theproof is the covariance map 'c0 . De�ne p = 'c0(d), p = (pij)1�i�j�n. Byrelation (8), d 2 Hypn+1 if and only ifP1�i;j�n bibjpij�P1�i�n bipii � 0 forall integers b1; : : : ; bn. Therefore, if d 2 Hypn+1, then the symmetric matrix(pij)1�i;j�n is positive semi de�nite and, thus, pij = vTi vj , 1 � i � j � n, forsome vectors v1; : : : ; vn 2 Rk, where k is the rank of the matrix (pij)1�i;j�n,k � n.Moreover, one can show the existence of c 2 Rk such that 2cTvi =(k vi k2)2 for 1 � i � n. Therefore, v0 = 0; v1; : : : ; vn lie on the sphereS(c; r :=k c k2). Remains only to show that fv1; : : : ; vng generates a latticeL and that the sphere S is empty in L.



48 M. Deza and M. LaurentProposition 6.2 [55] Let P be an L-polytope and let V be a subset of its setof vertices V (P ). Let P 0 be the L-polytope associated with the hypermetricspace (V; d0). Then, V (P 0) � V (P ) with equality if and only if V is agenerating subset of V (P ).In particular, every face of an L-polytope is an L-polytope.We summarize in Table 2 below the correspondences between some spe-cial hypermetrics and their associated L-polytopes. Given d 2 Hypn+1,F (d) denotes the smallest face of Hypn+1 containing d.hypermetric d associated L-polytope P[7]d 2 Cutn+1 () V (P ) is contained in the set ofvertices of a parallepipedd is a cut () P = �1[7]F (d) = Hypn+1 () P = �n[17]F (d) is a facet () P is a repartitioning polytope[55]F (d) is an extreme ray () P is extreme[55]F (d) = F (d0) () P; P 0 are a�nely equivalentTable 2The hypermetric cone is de�ned by an in�nite list of inequalities. Thusarises naturally the question of deciding whether it is a polyhedral cone, i.e.whether among the in�nite list of inequalities (41) only a �nite number isnon redundant. The answer is yes, as stated in the following result.Theorem 6.3 [53] The hypermetric cone Hypn is polyhedral.The proof given in [53] is based on the following two facts:



Applications of cut polyhedra 49� the correspondence between the hypermetrics of Hypn+1 and the L-polytopes of dimension k � n,� the fact that, in given dimension, the number of types of L-polytopesis �nite [157], [158] (a direct proof is given in [53]).Let bnmax denote the largest value of maxi jbij for which the inequality(41) de�nes a facet of Hypn. Then, bnmax < 2n�2(n�1)!n+1 is shown in [17].6.3 Rank of an L-polytopeLet d 2 Hypn+1 and let F (d) denote the smallest face of Hypn+1 containingd. The dimension of F (d) is called the rank of d and denoted as r(d),or r(Vn+1; d). Hence, r(d) = 1 if d lies on an extreme ray of Hypn+1,r(d) = �n+12 � if d lies in the interior of Hypn+1 and r(d) = �n+12 �� 1 if F (d)is a facet of Hypn+1.Let P be an L-polytope. The rank r(P ) of P is de�ned as the rank ofthe hypermetric space (V (P ); d0). In fact, the rank of a hypermetric d is aninvariant of the associated L-polytope Pd, namely, r(d) = r(Pd).Proposition 6.4 [55] Let P be an L-polytope and let V � V (P ) be a gen-erating subset. Then, r(V; d0) = r(V (P ); d0) = r(P ) holds.Proposition 6.5 [55] Let P be an L-polytope. Then, r(P ) = 1 if and onlyif the only a�ne bijective transformations T (up to translation and orthog-onal transformation) for which T (P ) is an L-polytope are the homotheties.The extreme L-polytopes, i.e. those having rank 1, are of special impor-tance since they correspond to the extreme rays of the hypermetric cone.For n � 5, Hypn+1 = Cutn+1, i.e. the only extreme rays are the cut vectors.Therefore, the only extreme L-polytope of dimension k � 5 is �1.Proposition 6.6 [55] Let Pi, i = 1; 2, be an L-polytope in Rki. Then,P1 � P2 is an L-polytope in Rk1+k2 with rank r(P1 � P2) = r(P1) + r(P2).For instance, r(k) = kr(1) = k. An important consequence of Propo-sition 6.6 is that, if P is an extreme L-polytope in a lattice L, then L mustbe irreducible.Proposition 6.7 [55] Let P be a basic L-polytope of dimension k. Then,



50 M. Deza and M. Laurent(i) �k+22 � � r(P ) � �k+22 �� jV (P )j,(ii) for P centrally symmetric, r(P ) � �k+12 �� jV (P )2 + 1.For instance, for �k , r(�k) = k+ 1 yielding equality in both inequalitiesof (i); for �k, r(�k) = �k+12 �� k + 1 yielding equality in (ii).6.4 Extreme L-polytopesA direct application of Proposition 6.7 yields the following bounds for anextreme basic L-polytope of dimension k:jV (P )j � k(k + 3)2 (42)jV (P )j � k(k + 1) if P is centrally symmetric: (43)There is a striking analogy between the bounds (42) and (43) and someknown upper bounds (see [121]) for the number Np of points in a sphericaltwo-distance set of dimension k and the number Nl of lines in a set ofequiangular lines of dimension k, namely,Np � k(k + 3)2 and Nl � k(k + 1)2 :Moreover, if Nl = k(k+1)2 , then k + 2 = 4; 5, or k + 2 = q2 for some oddinteger q � 3 (see [121]). The �rst case of equality is for q = 3, k = 7,Nl = 28; it corresponds to the set of 28 equiangular lines de�ned by thediagonals of the Gosset polytope 321. The next case of equality is for q = 5,k = 23, Nl = 276; it corresponds to the set of 276 equiangular lines de�nedby the diagonals of the extreme L-polytope P23 constructed from the Leechlattice (see below). For q = 7, k = 47, Nl = 1128, it is not known whethersuch set of equiangular lines exists.However, there are examples of extreme L-polytopes realizing equalityin the bounds (42) or (43), but not arising from some spherical two-distanceset or from some equiangular set of lines; this is the case for the polytopesP 8, P 16 constructed from the Barnes-Wall lattice (see below). There arealso examples of extreme L-polytopes not realizing equality in the bounds(42), or (43).



Applications of cut polyhedra 51We have given in [55] several examples of extreme L-polytopes achievingor not equality in the bounds (42) or (43). We refer to [55] for a detailedaccount and to [42] for details on lattices.Extreme L-polytopes in root lattices. All the extreme L-polytopesin root lattices are classi�ed. Indeed, by Witt's theorem, the only irreducibleroot lattices are An (n � 0), Dn (n � 4) and En (n = 6; 7; 8). All types ofL-polytopes in a root lattice are given in [154], or [75]. They are the half-cube hn, the cross polytope �n, the simplex �n, the Gosset polytope 321and the Schl�ai polytope 221 (whose 1-skeletons are, respectively, the half-cube graph 12H(n; 2), the cocktail party graph Kn�2, the complete graphKn+1, the Gosset graph G56 and the Schl�ai graph G27). Among them,the extreme polytopes are: the segment �1, the Schl�ai polytope 221 andthe Gosset polytope 321, of respective dimensions 1,6,7. The polytope 221is asymmetric with 27 vertices, realizing equality in the bound (42). Thepolytope 321 is centrally symmetric with 56 vertices, realizing equality in thebound (43). Both are basic. We do not known any other extreme L-polytopeof dimension k � 7 beside �1, 221, 321.Extreme L-polytopes in sections of the Leech lattice �24. TheLeech lattice �24 is a lattice of dimension 24. By taking suitable sectionsof the sphere of minimal vectors of �24, two extreme L-polytopes are con-structed in [55]:� P23, centrally symmetric, with 552 vertices, dimension 23, realizingequality in the bound (43),� P22, asymmetric, with 275 vertices, dimension 22, realizing equality inthe bound (42).Extreme L-polytopes in sections of the Barnes-Wall lattice �16.The Barnes-Wall lattice �16 is a lattice of dimension 16. Several examplesof extreme L-polytopes are constructed from �16 in [55]:� P , centrally symmetric (constructed from a deep hole of �16), with512 vertices, dimension 16 (equality does not hold in (43)),� Q, centrally symmetric, with 272 vertices, dimension 16, realizingequality in the bound (43),� P 8; P 16, asymmetric, with 135 vertices, dimension 15, realizing equal-ity in the bound (42),



52 M. Deza and M. Laurent� Q0, asymmetric, with 1080 vertices, dimension 15 (equality does nothold in (42)).Extreme hypermetric graphs. Let G be a hypermetric graph on nnodes, i.e. whose path metric dG is hypermetric, and let PG denote theL-polytope associated with dG. It is shown in [50] that, if G is an extremehypermetric graph, i.e. dG lies on an extreme ray of the hypermetric coneHypn and if G 6= K2, then G is of one of the following two types:Type I: PG = 321, implying that 8 � n � 56 and G has diameter 2 or 3,Type II: PG = 221, implying that 7 � n � 27 and G has diameter 2.Moreover, for G of diameter 2, G is extreme of type II if and only if itssuspension rG is extreme of type I.In particular, the number of extreme hypermetric graphs is �nite.7 Applications in quantum mechanics7.1 Preliminaries on quantum mechanicsThe object of (non relativistic) quantum mechanics is to study microscopicobjects, e.g. molecules, atoms, or any elementary particles. One of thefundamental di�erences with classical (Newtonian) mechanics is that manyphysical quantities can take only discrete values at the microscopic level andthat the state of microscopic objects is disturbed by observations. More-over, identical particles, i.e. with the same physical characteristics as mass,size, charge,etc, can be distinguished in classical mechanics (for instance,by following their trajectories) but they are undistinguishable within quan-tum mechanics. J. von Neumann [156] laid the foundations for a rigorousmathematical account of quantum mechanics. We recall below some basicde�nitions and facts from quantum mechanics needed for our treatment.Useful references containing a detailed account of these facts include [81],[93], [125], [127], [161].Consider a system of N � 2 identical particles. Each particle is repre-sented by a vector x = (r; s) composed by a space coordinate r 2 R3 and aspin coordinate s 2 Z2; X = R3�Z2 denotes the space of the coordinates.Let H(N) denote the set of the measurable complex valued functions de�nedon XN ; H(N) is a Hilbert space, called the Fock space, with inner product



Applications of cut polyhedra 53<  1;  2 >= Zx2XN  �1(x) 2(x)dxfor  1;  2 2 H(N). The physical state of the system is represented by a unitvector  2 H(N), called the wavefunction. Using the fact that no physicalobservation can be made that permits to distinguish the particles, it can beshown that, either all functions of H(N) are symmetric, or all of them areantisymmetric. In the symmetric case, the particles are called bosons andin the antisymmetric case, they are called fermions. We consider here thecase of a system of N fermions, i.e. the wavefunctions are antisymmetricfunctions  2 H(N) with <  ;  >= 1. In fact, the case of bosons canbe treated in a similar way if the antisymmetry condition is replaced bythe symmetry condition and the determinants by permanents in the Slaterdeterminants (de�ned below).A physical quantity of the system, or observable, is represented by aHermitian operator A of the space H(N) and the expected value of A in thestate  is given by< A > :=<  ;A >= Z  �(x)A (x)dx:Among the observables of the system, the simplest ones are those that thesystem may have (then the expected value of the observable is equal to one),or lack (then the expected value is zero). Such observables are representedby orthogonal projections on subspaces of H(N).Every observable A being a Hermitian operator admits a spectral de-composition. For simplicity, we assume that A can be decomposed asA = Pi�1 �iEi, where the �i's are the eigenvalues of A and Ei denotesthe projection on the eigenspace associated with the eigenvalue �i. So, theprojection Ei corresponds to the property "The observable A has value �i".If the system is in the state  , then it has the property associated with Ei if< Ei > = 1, i.e. if A = �i , that is  is an eigenvector of A correspondingto the eigenvalue �i.The standard deviation of the observable A in the state  is given by� (A) = j < A2 > �(< A > )2j 12 :Heisenberg's uncertainty principle states that, if A;B are two observables ofthe system in the state  , then � (A)� (B) � 12 j <  ; (AB � BA) > j,



54 M. Deza and M. Laurenti.e. A;B cannot be simultaneously measured with precision if they do notcommute.An important observable of the system is its energy, represented by theHamiltonian operator and denoted by 
. The average energy of the systemin the state  is given by < 
 > . A fundamental problem in quantummechanics is to derive bounds on the average energy of the system withoutknowing explicitely the state  of the system. In fact, as we shall explainbelow, this problem has some tight connections with the problem of �ndingthe linear description of the boolean quadric polytope.The density matrix of order p of  2 H(N) is the complex valued func-tion �(p) de�ned on Xp �Xp by:�(p) (x01 : : :x0pjx1 : : : xp) =  Np!Zy2XN�p  �(x01; : : : ; x0p; y) (x1; : : : ; xp; y)dy(44)Density matrices were introduced in [102] (see also [125]); Dirac [69] alreadyconsidered density matrices of order p = 1. Density matrices have a simplerand more direct physical meaning than the wavefunction itself, in particu-lar, the diagonal elements �(p) (x1 : : : xpjx1 : : : xp) which are of special impor-tance. Indeed, N�1�(1) (x1jx1)dv1 is the probability of �nding a particle withspin s1 within the volume dv1 around the point r1, when all other particleshave arbitrary positions and spins. Similarly, �N2 ��1�(2) (x1x2jx1x2)dv1dv2is the probability of �nding a particle with spin s1 within the volume dv1around the point r1, and another particle with spin s2 within the volumedv2 around the point r2, when all other particles have arbitrary spins andpositions, etc...From the antisymmetry of the wavefunction  , �(p) (x1 : : : xpjx1 : : : xp) =0 if xi = xj for distinct i; j. In other words, particles with parallel spins arekept apart. This phenomenon is a consequence of the Pauli principle.Density matrices have been widely studied. In particuler, they were thecentral topic of several conferences held at Queen's University, Kingston,Canada, yielding three volumes of proceedings ([39], [78], [81]).Every Hermitian operator A of H(N) can be expanded asA = A0 + X1�i�N Ai + 12! X1�i6=j�N Aij + : : : (45)



Applications of cut polyhedra 55where the n-th term is an (n�1)-particle operator. Therefore, the expectedvalue of A in the state  can be expressed, in terms of the density matrices,as follows:< A > = A0 + ZfA1�(1) (x01jx1)gx01=x1dx1 ++ ZfA12�(2) (x01x02jx1x2)gx01=x1;x02=x2dx1dx2 + : : : (46)with the following convention for the notation fA1�(1) (x01jx1)gx01=x1 : A1operates only on the unprimed coordinate x1, not on x01, but after the actionof A1 has been carried out, one sets again x01 = x1. The same conventionapplies to the other terms.By the Hartree-Fock approximation (see [93]), one can assume that theexpansion of the Hamiltonian 
 in relation (45) has only terms involvingtwo particles at most, i.e. 
 = 
0+P1�i�N 
i+ 12Pi6=j 
ij . In other words,one takes only into account pairwise interactions between the particles andthe interaction of each particle with an exterior potential. Observe that 
can then be expressed as 
 = 12Pi6=j Gij , where Gij = 
ij + 1N�1(
i +
j) + 2N(N�1)
0. Therefore, from relation (46), the average energy dependsonly on the second order density matrices �(2) . Hence, the question of�nding bounds on the average energy reduces to the question of �ndingthe boundary conditions on the second order density matrices. In fact, thedensity matrices of �rst and second order contain already most of the usefulinformation about the physical state of the system accessible to physicists.Let �k; k � 1, be an orthonormal set (assumed to be discrete for the sakeof simplicity) of functions of H(1) such that each function f 2 H(1) can beexpanded as f = Xk�1 < �k; f > �k: (47)The functions �k are called the spin-orbitals. Given a set K = fk1; : : : ; kNg,with 1 � k1 < : : : < kN , the Slater determinant �K is de�ned by�K(x1; : : : ; xN) = 1pN !det(�k1(x); : : : ;�kN (x)) (48)



56 M. Deza and M. Laurentwhere �k(x) denotes the vector (�k(x1); : : : ;�k(xN )). Equivalently,�K(x1; : : : ; xN) = 1pN ! X�2Sym(n) sign(�)�k�(1)(x1) : : :�k�(N)(xN): (49)Then, each wavefunction  2 H(N) can be expanded as (x1; : : : ; xN) = XK=fk1;:::;kNg;1�k1<:::<kN CK�K (50)where CK = < �K ;  >= pN ! Z  (x1; : : : ; xN)��k1(x1) : : :��kN (xN)dx1 : : : dxN (51)with PK jCK j2 =<  ;  >= 1.A usual assumption consists in selecting a �nite set of n spin-orbitalsf�1; : : : ;�ng so that the �nite sumXK�f1;:::;ng;jKj=N CK�K (52)constitutes a good approximation of the wavefunction  . From now on,we assume that  is, in fact, equal to the �nite sum in (52). It can beshown ([125]) that the 2nd-order density matrix �(2) can also be expandedin terms of the Slater determinants. Namely, if  is given by (52) where thecoe�cients CK are given by (51), then�(2) (x01x02jx1x2) = X1�i<j�n;1�h<k�n  (ijjhk)��fi;jg(x01; x02)�fh;kg(x1; x2) (53)The coe�cients  (ijjhk) are given by (ijjhk) =XC�ICK�Ii;j;I�fi;jg�Kh;k;K�fh;kg (54)



Applications of cut polyhedra 57where the sum is over all subsets I;K � f1; : : :ng of cardinality N such thati; j 2 I , h; k 2 K and I � fi; jg = K � fh; kg, and we set �j1:::jpi1:::ip = sign(�)if there is a permutation � mapping i1 on j1, : : : , ip on jp and �j1:::jpi1:::ip = 0otherwise. In particular, the diagonal terms are given by (ijjij) = Xi;j2K�f1;:::;ng;jKj=N jCKj2 (55)They have the following physical meaning: �N2 ��1 (ijjij) is the probabilityof �nding a particle in the i-th spin-orbital and another one in the j-thspin-orbital while all other particles occupy arbitrary spin-orbitals.7.2 The N-representability problemGiven a complex valued function � de�ned on X2 �X2, � is said to be N -representable if there exists a wavefunction  2 H(N) such that � = �(2) .The pure state representability problem consists of �nding the conditionsthat � must satisfy in order to be N -representable. This problem can berelaxed to the ensemble representability problem as follows. Instead of askingwhether � is the second order density matrix of a single wavefunction  , onemay ask whether there exists a convex combinationPw  (w � 0,Pw =1) of wavefunctions such that � = Pw �(2) is the convex combination oftheir second order density matrices.Note that, from the point of view of �nding a state of minimum energy,it is equivalent to consider pure states or ensembles (mixtures) of states. In-deed, both < 
 > andPw < 
 > have the same minimum (equal to theminimum eigenvalue of the Hamiltonian 
 and attained at a correspondingeigenvector).Let P(2)N denote the convex set consisting of the convex combinationsP w �(2) (w � 0, P w = 1) of second order density matrices of nor-malized wavefunctions  2 H(N). The question of �nding a characterizationof P(2)N was formulated in [37] as the ensemble N -representability problem.The convex structure of P(2)N was studied e.g. in [38], [43], [76].The N -representability problem can be formulated similarly for densitymatrices of any order p � 1. The ensemble N -representability problem fordensity matrices of order p = 1 was solved in [37] (see also [115]). Namely,a matrix �(x01jx1) is is of the form Pw �(1) (x01jx1) for w � 0, Pw = 1,



58 M. Deza and M. Laurent<  ;  >= 1 and  2 H(N) if and only if Tr(�) = R �(x1jx1)dx1 = Nand the eigenvalues of � satisfy 0 � � � 1. However, the ensemble N -representability problem is already di�cult for density matrices of orderp = 2. In fact, as stated in the next Theorem 7.1, the representabilityproblem for their diagonal elements is equivalent to the membership problemin the boolean quadric polytope and hence it is NP -hard. For p � 2,the representability problem involves not only conditions on the eigenvaluesbut also on the interrelations of the eigenvectors. On the other hand, nosatisfactory solution exists for the pure N -representability problem even forthe case p = 1.Let BQP I=2n (N) denote the polytope de�ned as the convex hull of thevectors �I=2(K) for K � f1; : : : ; ng of cardinality N . From relation (55), if = �K is a Slater determinant, then  (ijjhk) = 0 except if (i; j) = (h; k)and i; j 2 K in which case  (ijjij) = 1. Therefore, the diagonal termsof �K coincide with the vector �I=2(K). For that reason, the polytopeBQP I=2n (N) is sometimes called the N -Slater hull (e.g. in [77],[79]).From (53), theN -representability problem amounts to �nding the bound-ary conditions on the coe�cients  (ijjhk). In fact, the boundary conditionsfor the diagonal terms  (ijjij) are precisely the valid inequalities for theN -Slater hull BQP I=2n (N).Theorem 7.1 Given  = ((ij))1�i<j�n, the following assertions are equiv-alent:(i) There exists a normalized wavefunction  2 H(N) such that (ij) = (ijjij) for all 1 � i < j � n.(ii) There exists a convex combination Pw  (w � 0, Pw = 1) ofnormalized wavefunctions  2 H(N) such that (ij) =Pw  (ijjij)for 1 � i < j � n.(iii) The vector  belongs to BQP I=2n (N).Proof. (i)) (ii) is clear.(ii) ) (iii): Suppose �rst that (ij) =  (ijjij) for some normalized  2H(N) given by (52). Then, from (55),  =PK�f1;:::;ng;jKj=N jCKj2�I=2(K)with P jCK j2 =<  ;  >= 1. Hence  2 BQP I=2n (N). Suppose now that(ij) =Pw  (ijjij) with w � 0,Pw = 1,  2 H(N) and <  ;  >= 1.



Applications of cut polyhedra 59Then,  = PK tK�I=2(K), where tK = P w jC Kj2 � 0 and PK tK = 1.Therefore,  2 BQP I=2n (N).(iii) ) (i): Assume  = PK tK�I=2(K) for tK � 0 and PK tK = 1. SetCK = ptK and  =PK CK�K . Then,  =  holds.Therefore, the pure and ensemble representability problems are the samewhen restricted to the diagonal terms. However, in their general form, theyare distinct problems. For instance, P(2)N has additionnal extreme pointsbesides the second order density matrices of the Slater determinants (eventhough those are the only extreme points when restricted to the diagonalterms). Other extreme points for P(2)N are given in [38], [76].We conclude with some additional remarks.� The N -representability problem for variable N leads to the study of theboolean quadric polytope BQPn.� The polytopes BQP I=2n (N) and BQPn(N) = BQP I�2n (N), lying respec-tively in R(n2) and R(n+12 ), are in one-to-one correspondance. Indeed, eachpoint x 2 BQPn(N) satis�es the equations:P1�i<j�n xij = �N2 �;P1�j�n;j 6=i xij = (N � 1)xii for 1 � i � n:Hence both polytopes have the dimension �n2�� 1.� The combinatorial interpretation of the N -representability problem fromTheorem 7.1 was given in [162]. Actually, this paper treats the general prob-lem of N -representability for density matrices of arbitrary order p � 1. Wehave exposed only the case p = 2 for the sake of simplicity and because thisis the case directly relevant to our problematic of cuts. For arbitrary p � 2,the analogue of Theorem 7.1 leads to the study of the polytope BQP I=pn (N)in R(np), de�ned as the convex hull of the I=p-intersection vectors �I=p(K),for K � f1; : : : ; ng, jKj = N .The facial structure of the polytope BQP I=pn (N) is studied in [161]; inparticular, the full description of its facets in the cases: p = 2, N = 3,n = 6; 7 and partial results in the case: p = 2, N = 3, n = 8 are given there.� An additional alternative interpretation of the boolean quadric polytopeBQPn is given in [79], in terms of positive semi-de�nite two-body operators.



60 M. Deza and M. LaurentLet ai denote the annihilation operator of the Fock space [N�1H(N)and ayi , its adjoint, the creation operator (see [93]). Both are de�ned bytheir action on the Slater determinants. Namely, for K = fk1; : : : ; kNg with1 � k1 < : : : < kN ,ai(�K) = ( 0 if i 62 K(�1)j�1�K�fig if i = kj 2 Kayi(�K) = ( 0 if i 2 K(�1)j�1�K[fig if i 62 K and kj�1 < i < kjHence, ayiai(�K) = jK \ figj�K, for each K � f1; : : : ; ng. Therefore, theSlater determinants �K are common eigenvectors for the operators ayiai andthus for any two-body operator of the formB = b0 + X1�i�n biayiai + X1�i�j�n bijayiaiayjaj : (56)The cone Q+(In), consisting of the two-body operators B of the form(56) which are positive semi-de�nite, is considered in [79]. Since any suchoperator has the same eigenvectors �K associated with the eigenvalues b0+Pi2K bi+Pi;j2K bij, the cone Q+(In) can be equivalently de�ned as the coneof the vectors b := (b0; bi 1 � i � n; bij 1 � i � j � n) for which b(x) := b0+P1�i�n bixi+P1�i�j�n bijxixj � 0 for each x 2 f0; 1gn. Therefore, Q+(In)is the dual cone to BQPn, i.e. b 2 Q+(In) if and only if the inequalityb(x) � 0 is valid for BQPn.The cone Q+(Zn) := fb : b(x) � 0 for all x 2 Zng, which correspondsto the case of a system of bosons (when several particles may occupy thesame spin-orbital) while Q+(In) corresponds to a system of fermions (withat most one particle per spin-orbital), is also considered in [79].Let us �nally mention a connection between the hypermetric coneHypn+1and the cone Q+(Zn). It can be established via the covariance map 'c0 .Namely,'c0(Hypn+1) = fa = (aij)1�i�j�n : X1�i;j�n aijxixj� X1�i�n aiixi � 0 for x 2Zngand, therefore,'c0(Hypn+1) = Q+(Zn) \ fb : b0 = 0; bi = �bii for 1 � i � ngis a section of the cone Q+(Zn).



Applications of cut polyhedra 617.3 The quantum correlation polytopeWe address in this section a connection between the boolean quadric poly-tope BQPn and the quantum correlation polytope, considered in [133], [134].Recall that the boolean quadric polytope BQPn arises naturally in thetheory of probability. Namely, from Theorem 3.2, given p = (pij ; 1 � i �j � n) 2 R(n+12 ), then p 2 BQPn if and only if there exist a probabilityspace (
;A; �) and n events A1; : : : ; An 2 A such thatpij = �(Ai \ Aj) for all 1 � i � j � n:For that reason, the polytope BQPn is also called the correlation polytope in[133], [134], [135]. For n = 3, BQPn is also called the Bell-Wigner polytope.As an extension, [133] introduces the quantum correlation polytope whosepoints represent the probability that a quantum mechanical system has theproperties associated with two projection operators in a given state. We �xsome notation.As we saw before, the state of a quantum mechanical system is repre-sented by a unit vector  of a Hilbert space H (H = H(N) if the systemhas N particles). Let E denote the projection operator from H to the linespanned by  , i.e. E (�) =<  ; � >  for � 2 H . Equivalently, a state ofthe system is given by such a projection operator E ; such a state is called apure state. More generally, we consider also non pure states, namely convexcombinations of pure states: W = P � E (� � 0, P � = 1,  2 Hwith <  ;  >= 1). Such states W are called ensemble states, or mixtures.Pure and ensemble states were already considered in section 7.2. Alterna-tively, a state of the system is a bounded linear operator W of H which isHermitian, positive semi-de�nite and has trace one.Given p = (pij; 1 � i � j � n) 2 R(n+12 ), we say that p has a quantummechanical representation if there exists a Hilbert space H , a state W , nprojections E1; : : : ; En (not necessarly distinct, nor commuting) such thatpij = trace(WEi ^Ej) for 1 � i � j � nwhere Ei ^ Ej denotes the projection from H to the subspace Ei(H) \Ej(H). So pij represents the probability that the system has the propertiesassociated with the projections Ei and Ej when it is in the state W . LetQCPn denote the polytope in R(n+12 ) consisting of those p which admit aquantum mechanical representation; QCPn is called the quantum correlationpolytope.



62 M. Deza and M. LaurentFinally let Tn denote the set of the vectors p 2 R(n+12 ) satisfying0 � pij � min(pii; pjj) � max(pii; pjj) � 1for 1 � i � j � n. It is easy to see that the extreme points of Tn are exactlythe vectors p 2 Tn with 0-1 coordinates.Theorem 7.2 (i) BQPn � QCPn � Tn.(ii) QCPn is is a convex set which contains the interior of Tn.(iii) The subset of QCPn consisting of those p admitting a quantum me-chanical representation in which the state W = E is pure is alsoconvex and contains the interior of Tn.For clarity, we give the proof of the statement (i) of Theorem 7.2.Proof. The inclusion QCPn � Tn follows from the fact that each stateW is positive semi-de�nite with trace 1. We check the inclusion BQPn �QCPn. Let p 2 BQPn. Hence p = PK�f1;:::;ng �K�(K) where �K � 0and PK �K = 1. Let H be a Hilbert space of dimension 2n and let ( K ,K � f1; : : : ; ng) be an orthonormal basis of H indexed by the subsets off1; : : : ; ng. Let W be the operator of H de�ned by W ( K) = �K K for allK. Let Ei denote the projection from H to the subspace Hi spanned bythe vectors  K with i 2 K; then Ei ^ Ej is the projection on the subspacespanned by  K for i; j 2 K. Note that the trace of the operator WEi ^ Ejis equal to Pi;j2K �K = pij . This shows that p belongs to QCPn.Note that, if p 2 QCPn has a quantum mechanical representation inwhich the operators Ei commute then, in fact, p 2 BQPn .Note also that every p 2 Ln with 0 < pij < 1 for all i; j belongs to QCPn.Therefore, except for some boundary cases, every p 2 Tn has a quantummechanical representation, i.e. the only requirements for joint probabilitiesin the quantum case are that probabilities be numbers between 0 and 1 andthat the probability of the joint be less or equal to the probability of eachevent. Hence the probabilities of quantum mechanical events do not obeythe laws of classical probability theory. New theories of quantum probabilityand quantum logic have been developped; see, for instance, [133], [134].The region QCPn � BQPn is called the interference region. Severalexamples of physical experiments are described in ([133], [134]) that yieldsome pair distributions p lying in the interference region. For example,



Applications of cut polyhedra 63the classical Einstein-Podolsky-Rosen experiment ([74]) yields p 2 QCP3 �BQP3.We conclude this section with a concrete example in the simplest casen = 2. Consider the vector p = (p11 = p22 = (cos �)2; p12 = 0). Then, p 62BQP2 if 1 > (cos �)2 > 12 , since it violates the inequality p11+p22�p12 � 1.On the other hand, p 2 QCP2. Indeed, let H = R3 be a Hilbert spacewith canonical basis (e1; e2; e3), W be the projection on the line spannedby e3 and let Ei be the projection on the line spanned by ui, for i = 1; 2,where u1 = (sin �; 0; cos�) and u2 = (� sin �; 0; cos�). Then, trace(WEi) =(cos �)2 = pii for i = 1; 2 and E1 ^E2 = 0.The vector p has the following physical interpretation. Consider a sourceof photons all polarized in the e3 direction in the space. Let  = e3 bethe quantum mechanical wavefunction associated with these photons, soW = E is the state of the system. The projection Ei corresponds to theproperty "the photon is polarized in the direction ui"; this corresponds to theexperiment where a polarizer is located in front of the source, oriented in thedirection ui and pii counts the frequency of the photons which pass throughthe polarizer . The relation p12 = 0 should be understood as follows. Theremay be some photons having both properties E1 and E2, but no experimentexists which could detect the simultaneous existence of the properties E1and E2.Note thatBQP2 has the following extreme points: (0,0,0), (1,0,0), (0,1,0),and (1,1,1), while T2 has one more extreme point (1,1,0). In fact, QCP2 =T2 � f(1; 1; 0)g.8 Other applications8.1 The L1-metric in probability theoryLet (
;A; �) be a probability space and let X : 
 �! R be a randomvariable with �nite expected value E(X) = R
 jX(!)j�(d!) < 1, i.e. X 2L1(
;A; �). Let FX denote the distribution function of X , i.e. FX(x) =�(f! 2 
 : X(!) = xg) for x 2 R; when it exists, its derivative F 0X iscalled the density of X . A great variety of metrics on random variables arestudied in the monography [140]; among them, the following are based onthe L1-metric:� the usual L1-metric between the random variables:L1(X; Y ) = E(jX � Y j) = R
 jX(!)� Y (!)j�(d!),



64 M. Deza and M. Laurent� the Monge-Kantorovich-Wasserstein metric (i.e. the L1-metric be-tween the distribution functions): k(X; Y ) = RRjFX(x)� FY (x)jdx,� the total valuation metric (i.e. the L1-metric between the densitieswhen they exist): �(X; Y ) = 12 RRjF 0X(x)� F 0Y (x)jdx,� the engineer metric (i.e. the L1-metric between the expected values):EN(X; Y ) = jE(X)� E(Y )j,� the indicator metric:i(X; Y ) = E(1X 6=Y ) = �(f! 2 
 : X(!) 6= Y (!)g).In fact, the Lp-analogues (1 � p � 1) of the above metrics, especially ofthe �rst two, are also used in probability theory.Several results are known, establishing links among the above metrics.One of the main such results is the Monge-Kantorovich mass-transportationtheorem which shows that the second metric k(X; Y ) can be viewed as aminimum of the �rst metric L1(X; Y ) over all joint distributions of X andY with �xed marginal. A relationship between the L1(X; Y ) and the engi-neer metric EN(X; Y ) is given by [140] as solution of a moment problem.Similarly, a connection between the total valuation metric �(X; Y ) and theindicator metric i(X; Y ) is given in Dobrushin's theorem on the existenceand uniqueness of Gibbs �elds in statistical physics. See [140] for a detailedaccount of the above topics.We mention another example of use of the L1-metric in probability the-ory, namely for Gaussian random �elds. We refer to [128], [129] for a detailedaccount. Let B = (B(x); x 2 M) be a centered Gaussian system with pa-rameter space M , 0 2M . The variance of the increment is denoted by:d(x; y) := E((B(x)� B(y))2) for x; y 2M:When (M; d) is a metric space which is L1-embeddable, the Gaussian systemis called a L�evy's Brownian motion with parameter space (M; d). The caseM = Rn and d(x; y) =k x � y k2 gives the usual Brownian motion with n-dimensional parameter. By Lemma 3.5, (M; d) is L1-embeddable if and onlyif there exist a non negative measure space (H; �) and a map x 7! Ax � Hwith �(Ax) < 1 for x 2 M , such that d(x; y) = �(Ax�Ay) for x; y 2 M .Hence, a Gaussian system admits a representation called of Chentsov typeB(x) = ZAxW (dh) for x 2M



Applications of cut polyhedra 65in terms of a Gaussian random measure based on the measure space (H; �)with d(x; y) = �(Ax�Ay) if and only if d is L1-embeddable.This Chentsov type representation can be compared with the Croftonformula for projective metrics from Theorem 4.12. Actually both comenaturally together in [3] (see parts A.8-A.9 of Appendix A there).8.2 The `1-metric in statistical data analysisA data structure is a pair (I; d), where I is a �nite set, called population,and d : I � I �! R+ is a symmetric map with dii = 0 for i 2 I , calleddissimilarity index. The typical problem in statistical data analysis is tochoose a "good representation" of a data structure; usually, "good" means arepresentation allowing to represent the data structure visually by a graphicdisplay. Each sort of visual display corresponds, in fact, to a special choiceof the dissimilarity index as a distance and the problem turns out to be theclassical isometric embedding problem in special classes of metrics.For instance, in hierarchical classi�cation, the case when d is ultrametriccorresponds to the possibility of a so-called indexed hierarchy (see [104]).A natural extension is the case when d is the path metric of a weightedtree, i.e. d satis�es the four point condition (see section 4.1); then the datastructure is called an additive tree. Also, data structures (I; d) for whichd is `2-embeddable are considered in factor analysis and multidimensionalscaling. These two cases together with cluster analysis are the main threetechniques for studying data structures. The case when d is `1-embeddableis a natural extension of the ultrametric and `2 cases.An `p-approximation consists of minimizing the estimator k e kp, wheree is a vector or a random variable (representing an error, deviation, etc. ).The following criteria are used in statistical data analysis:� the `2-norm, in the least square method; or its square,� the `1-norm, in the minimax or Chebychev method,� the `1-norm, in the least absolute values (LAV) method.In fact, the `1 criterion has been increasingly used. Its importance can beseen, for instance, from the volume [72] of proceedings of a conference enti-tled "Statistical data analysis based on the L1 norm and related methods";we refer, in particular, to [71], [82], [120], [155].



66 M. Deza and M. Laurent8.3 Hypercube embeddings and designsIn this section, we describe how some questions about the existence of specialclasses of designs are connected with questions about Z+-realizations of theequidistant metric 2td(Kn) and, in particular, about its minimum h-size.We recall some de�nitions.Given integers n; t � 1, d(Kn) denotes the path metric of the com-plete graph Kn and 2td(Kn) is the equidistant metric with components allequal to 2t. The metric 2td(Kn) is clearly h-embeddable, since 2td(Kn) =P1�i�n t�(fig), called its starcut realization. Any decomposition of 2td(Kn)as PS2B �(S), where B is a collection of (non necessarly distinct) subsets ofVn = f1; : : : ; ng, is called a Z+-realization of 2td(Kn) and jBj (counting themultiplicities) is its size. The Z+-realization is called k-uniform if jSj = kholds for all S 2 B. Let ztn denote the minimum size of a Z+-realization of2td(Kn). The metric 2td(Kn) is h-rigid if the starcut realization is its onlyZ+-realization, i.e. ztn = nt.In fact, the set families B giving Z+-realizations of 2td(Kn), i.e. forwhich 2td(Kn) =PS2B �(S), correspond to some designs. Let us �rst recallsome notions about designs; for details about designs, see e.g. [142].Let B be a collection of (non necessarly distinct) subsets of Vn, the setsB 2 B are called blocks. Let r; k; � be integers.Then, B is called a (r; �;n)-design if each point i 2 Vn belongs to r blocksand any two distinct points i; j 2 Vn belong to � common blocks.B is called a (n; k; �)-BIBD (BIBD standing for balanced incompleteblock design) if any two distinct points i; j 2 Vn belong to � common blocksand each block has cardinality k. This implies that each point i 2 Vn belongto r = �(n�1)k�1 blocks and the total number of blocks is b := jBj = rnk . It iswell known that b � n holds. The BIBD is called symmetric if b = n or,equivalently, r = k holds. Two important cases of symmetric BIBD are� the projective plane PG(2; t), i.e. (t2 + t+ 1; t+ 1; 1)-BIBD,� the Hadamard design of order 4t� 1, i.e. (4t� 1; 2t; t)-BIBD.It is well known that a Hadamard design of order 4t � 1 corresponds to aHadamard matrix of order 4t (i.e. a matrix with �1 entries whose rows arepairwise orthogonal).We have the following links between the Z+-realizations of 2td(Kn) anddesigns [61]:



Applications of cut polyhedra 67(i) There is a one-to-one correspondence between the Z+-realizations of2td(Kn) and the (2t; t;n� 1)-designs.(ii) There is a one-to-one correspondence between the k-uniformZ+-realizationsof 2td(Kn) and the (n; k; �)-BIBD, where the parameters satisfy: r =t(n�1)n�k , � = r� t = t(k�1)n�k .(iii)[142] If there exists a symmetric (n; � + t; t)-BIBD with n 6= 4t, n =2t+ �+ t(t�1)� , then ztn = n.In the cases � = 1, t, the implication of (iii) is, in fact, an equivalence.Namely, we have:(iv) [97] and [142]PG(2; t) exists () ztt2+t+1 = t2 + t+ 1[48]() 2td(Kt2+t+2) is not h� rigid;i.e. ztt2+t+2 < t(t2 + t + 2)[61]() ztt2+t+2 = t2 + 2t if t � 3t2 + t+ 1 if t = 1; 2(v) [142]There exists a Hadamard matrix of order 4t () zt4t�1 = 4t� 1() zt4t = 4t� 1:The following bounds hold for ztn:(vi) by (13), ztn � nt, with equality if and only if 2td(Kn) is h-rigid,(vii) [142] ztn � n � 1, with equality if and only if n = 4t and there existsa Hadamard matrix of order 4t,(viii) ztn � n, if we are not in the case of equality of (vii),(ix) by (13), ztn � atn := dn(n�1)tbn2 cdn2 e e = 4t� b 2tdn2 ec.



68 M. Deza and M. LaurentObserve that at4t = at4t�1 = 4t� 1, and att2+t+1 = att2+t+2 = 4t if t � 3.From (iv), there exists a projective plane PG(2; t) if and only if equalityholds in the bound (viii) for n = t2 + t+ 1 or, equivalently, there is a strictinequality in the bound (vii) for n = t2 + t + 2. From (v), there exists aHadamard matrix of order 4t if and only if equality holds in the bounds (vii)and (ix) for n = 4t or, equivalently, equality holds in the bounds (viii) and(ix) for n = 4t� 1.Therefore, the Z+-realizations of minimum size of 2td(Kn) provide acommon generalization of the twomost interesting cases of symmetric BIBD,namely projective planes and Hadamard designs.Finally, we mention a conjecture which generalizes the implication (iii)in the case � = t; it is stated and partially proved in [61].Conjecture 8.1 � For n � 4t, if there exists a Hadamard matrix of order4t, then ztn = atn.� If dn2 e divides 2t and there exists a Hadamard matrix of order 4t, thenztn = atn.8.4 MiscelleneousThe variety of uses of the `1-metric is very vast as we already saw in sections8.1 and 8.2. We group here several other examples where `1-embeddablemetrics are useful.On the integers, beside the usual `1-metric ja � bj, we have, for in-stance, the well known Hamming distance between the binary expansionsof a; b, and log( l:c:m:(a;b)g:c:d:(a;b) ) (mentioned after Theorem 4.13) which are both`1-embeddable.Two examples of `1-embeddable metrics are used in biology:� The Prevosti's genetic distance: 12rP1�j�rP1�i�kj jpij � qij j betweentwo populations P and Q, where r is the number of loci or chromo-somes, pij (resp. qij) is the frequency of the chromosomal ordering iin the locus or chromosome j within the population P (resp. Q); thelitterature on this distance started in [139].� The biotope distance: jA�BjjA[Bj between biotopes A;B (sets of species in,say, forests); it was introduced in [126] and it is shown in [5] to be`1-embeddable.
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