
Methods and Applications of Analysis 
6 (2) 1999, pp. 131-146 

© 1999 International Press 
ISSN 1073-2772 

APPROXIMATIONS OF ORTHOGONAL POLYNOMIALS 

IN TERMS OF HERMITE POLYNOMIALS 

Jose L. Lopez and Nico M. Temme 

Dedicated to Professor Richard Askey on the occasion of his 65th birthday. 

ABSTRACT. Several orthogonal polynomials have limit forms in which Hermite 
polynomials show up. Examples are limits with respect to certain parameters of 
the Jacobi and Laguerre polynomials. In this pa.per, we are interested in more 
details of these limits, and we give asymptotic representations of several orthog
onal polynomials in terms of Hermite polynomials. In fact, we give finite exact 
representations that have a.n asymptotic character. From these representations, 
the well-known limits ca.n be derived easily. Approximations of the zeros of the 
Gegenba.uer polynomials C;:{(x) and Laguerre polynomials L~(x) a.re derived (for 
large values of/ and et, respectively) in terms of zeros of the Hermite polynomials 
and compared with numerical values. We also consider the Jacobi polynomials 
and the so-called Tricomi-Garlitz polynomials. 

1. Introduction 

It is well known that the Hermite polynomials 

Ln/2J (-l)k 
Hn(x) = n! ~ k!(n - 2k)! (2x)n-2k (1.1) 

play a crucial role in certain limits of the classical orthogonal polynomials. For exam
ple, the Gegenbauer polynomials CJ(x), which are defined by the generating function 

00 

(1 - 2xw + w2 )-'Y = L CJ(x)wn, -1 :5 x :5 1, lwl < 1, (1.2) 
n=O 

have the well-known limits ( cf. [11, pp. 168, 169)) 

1. CJ(x) n 

'Y~~ CJ(l) = x ' 
(1.3) 

lim 'Y-nl2CJ(x/V'i) = ~1 Hn(x). 
-y-+oo n. 

(1.4) 

These limits give insight into the location of the zeros of CJ(x) for large values of 
the order 'Y· The first limit shows that the zeros of CJ(x) tend to the origin if the 
order 'Y tends to infinity. The second limit is more interesting; it gives the relation with 
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132 L6PEZ AND TEMME 

the Hermite polynomials if the order becomes large and the argument x is properly 
scaled. 

For the Laguerre polynomials, which are defined by the generating function 
00 

(1-w)-a-le-w:i:/(l-w) = _'EL~(x)wn, a,x EC, lwl < 1, (1.5) 
n=O 

similar results are 

(1.6) 

(1.7) 

This again gives insight into the location of the zeros for large values of the order a, 
and the relation with the Hermite polynomials if the order becomes large and x is 
properly scaled. 

In this paper, we describe the asymptotics that govern the above limits with the 
Hermite polynomials. We consider large values of orders a and / and obtain asymp
totic representations of CJ(x) and L~(x) from which the above limits can be derived 
as special cases. 

For large values of the degree n and fixed values of the order a, the Laguerre 
polynomials L~(x) are considered in [6]; see also [13]. In our present paper, we keep 
n fixed, and we do not use the complicated analysis of uniform expansions [9]. Our 
results are rather simple to derive and can be considered as first approximations before 
considering uniform expansions. 

We also discuss Tricomi-Carlitz polynomials, which have been considered recently 
in [7, 8]. These polynomials are related to Laguerre polynomials L~(x) with negative 
order a. 

In the following section, we give the principles of the Hermite-type asymptotic ap
proximations used in this paper. In later sections, we give expansions for the Gegen
bauer, the Laguerre, the Jacobi, and the Tricomi-Carlitz polynomials. The same 
method can be used for many other classes of polynomials. 

2. Expansions in terms of Hermite polynomials 

The Hermite polynomials follow from the generating function 

e2:i:w-w2 = ~ Hn(x)wn L.J 1 , x,w EC, 
n=O n. 

which gives the Cauchy-type integral 

Hn(x) = -. e2:i:z-z z-n-l dz n! 1 2 

271"t c 
where C is a circle around the origin and the integration is in positive direction. 

(2.1) 

(2.2) 

2.1. An expansion in terms of Hermite polynomials. Many special functions 
satisfy a relation in the form of a generating series, which usually has the form 

00 

F(x,w) = LPn(x)wn (2.3) 
n=O 
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where F is a given function, which is analytic with respect to w in a domain that 

contains the origin, and Pn is independent of w. Examples are the generating functions 
given in (1.2), (1.5), and (2.1). 

The relation (2.3) gives, for the special function Pn, the Cauchy-type integral 

1 1 dw 
Pn(x) = 27l"i c F(x,w) wn+l (2.4) 

where C is a circle around the origin inside the domain where F is analytic (as a 
function of w). 

We write 

F(x,w) = eAw-Bw2 f(x,w) 

where A and B do not depend on w and can be chosen arbitrarily. This gives 

( ) 1 1 Aw-Bw2 f( ) dw Pn x = -2 . e x,w ---+T· 
7!'2 c wn 

Because f is also analytic (as a function of w), we can expand 

00 

f(x,w) = I>kwk 
k=O 

and substitute this in (2.6). By (2.2), the result is the finite expansion 

( ) _ n ~Ck Hn-k(() 
Pn x - z ~ zk (n - k) ! ' 

k=O 

z = .JB, A 
( = 2..;B' 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

because terms with k > n do not contribute in the integral in (2.6). The quantities A 
and B may depend on x, and if B happens to be zero for a special x-value xo, say, 
we write 

n 

Pn(xo) =An L Ak (~k- k)!. 
k=O 

(2.9) 

In the examples considered in the following sections, the choice of A and Bis based 
on our requirement that c1 = c2 = 0. This happens if we take 

A= P1(x), (2.10) 

and if we assume that F(x, 0) = po(x) = 1 (which implies co = 1). This is easily 
verified from (2.3) by writing 

ln[F(x, w)] = P1(x)w + [P2(x) - ~Pi(x)] w2 + O(w3 ), w ~ 0. 

This choice of A and B makes the matching at the origin of the exponential function 

in (2.5) with F(x, w) as best as possible. 
We will show in later sections that, for several interesting cases, the finite sum 

in (2.8) gives the desired asymptotic representations, from which well-known limits 

can be derived. The special choice of A and B is crucial for obtaining asymptotic 
properties. 
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3. Gegenbauer polynomials 

From (1.2), we obtain the following Cauchy-type integral 

C'Y (x) = __!__ f dw 
n 27ri Jc (1 - 2xw + w2)'Y wn+I 

(3.1) 

where 'Y is a circle around the origin with radius less than unity. Initially, we assume 
that x E (-1, 1), but later we do not need this restriction. We assume that (1- 2xw + 
w2 )'Y assumes real values for real values of x, w and 'Y· 

We have 

CJ(x) = 1, Ci(x) = 21x, CJ(x) = 21(/' + l)x2 - 'Y· (3.2) 

Hence, by (2.10), 

It follows that 

where 

A= 2x1, B = "f(l - 2x2). 

Cl( ) = n ~ Ck Hn-k(() 
n x z L.J zk ( n - k) ! 

k=O 

z = Vi3 = v1(1 - 2x2), (=~=X"f. 
2-/B z 

The coefficients follow from (cf. (2.7)) 

00 

(3.3) 

f(x, w) = e-21xw+1(1-2x2)w2 (1- 2xw + w2)-'Y = L CkWk. (3.4) 
k=O 

We have 

co= 1, 
2 2 

C1 = C2 = 0, C3 = 31x(4x - 3), 

Higher coefficients follow from the recursion relation 

kck = 2x(k - l)ck-1 - (k - 2)ck-2 + 21x(4x2 - 3)ck-3 + 2'Y(l - 2x2 )ck-4· (3.5) 

This relation follows from substituting the Maclaurin series of f (see (3.4)) into the 
differential equation 

df 
(1 - 2xw + w2 ) dw = 21(-3x + 4x3 + w - 2x2w)w 2 f. 

In (3.3), no restrictions on x and 'Y are needed, although ( and 1/ z become infinite 
if x2 = ~; this singularity is removable because of the term zn in front of the series. 
It follows from (2.9) that, if x~ = 1/2, we have 

n 

C~(xo) = (2xo'Y)n L (2 )~( _ k)' 
k=O Xo'Y n • 

(3.6) 

where the Ck are as in (3.4) and (3.5) with x = x0 • 
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3.1. Asymptotic properties of the expansion (3.3). To verify the asymptotic 
character of (3.3), we observe that the sequence {\Pk} with \Pk= ck/zk has the fol
lowing (somewhat irregular 1) asymptotic structure: 

\Pk = 0( 7Lk/3J-k/2), k = 0, 1, 2, ... ' (3.7) 

where lxJ means the integer part of x. 
More importantly, the successive Hermite polynomials Hn((), Hn-1((), ... , in (3.3) 

are of lower degree with respect to 'Y· This means that, using (3.7), 

cz Hn-k(() = O(-ynf2+Lk/3J-k), 'Y-+ oo. 
z 

This gives the asymptotic nature of the terms in (3.3) for large values of"(, with x 
and n fixed. We also can estimate the remainder. 

Let, for no = 0, 1, ... , n, the remainder .6.n0 be defined by 

11. ·= -n [c'Y( ) _ n ~ Ck Hn-k(()] = -n n ~ Ck Hn-k(() 
"-'no . I n x z ~ zk (n - k)! 'Y z ~ zk (n - k)! . 

k=O k=no+l 

Then we can estimate .6.n0 for large 'Y. For example, for n = 20, we have the following 
results: 

no= 0, 1,2, Ano = 0(7-2), 

no =3, Ano = O('Y-3), 

no= 4,5, Ano = o('Y-4), 

no =6, An0 = O('Y-5), 

no= 7,8, Ano = O('Y-6 ), 

no =9, Ano = 0( /-7), 

no= 10, 11, Ano = o('Y-8 ), 

no= 12, Ano = O('Y-9 ), 

no= 13, 14, Ano = O('Y-10), 

no= 15, Ano = O('Y- 11), 

no= 16, 17, An0 = O('Y-12), 

no= 18, Ano= 0(1'-13), 

no= 19, Ano = 0(1'-14), 

no= 20, Ano= 0. 

In fact, we have 

Ano= 0(7l(no+l)/3-no-1J), as 7-+ oo. 

For proofs of the asymptotic properties, we refer to the following subsection. 
It is not difficult to verify that the limits given in (1.3) and (1.4) follow from (3.3). 

1 It is irregular because, for example, 4>12 has the same estimate O("Y-2) as «I>10, whereas «I>u has 
the estimate o(!-5/2). 
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3.2. Proofs of the asymptotic properties. To prove the asymptotic properties of 
the expansion, we first show that the coefficients Ck in formula (3.4) satisfy 

Ck = O('ylk/3J ), 'Y - 00. (3.8) 

The proof follows by induction with respect to k and by using the recurrence relation 
(3.5), which we write in the form 

(3.9) 

where a, b, c, d are functions of k and x, generically different from 0 (a i= 0 for x i= 0, 
b ¥= O for all x, c i= 0 for x i= 0 and x i= ±-/3/2, and di= 0 for x i= ±l/.J2). 

(i) From the coefficients given after (3.4), it follows that (3.8) is true for k = 
0, 1, 2,3,4. 

(ii) Suppose that (3.8) is true for a given k ~ 4. Then, using (3.9), 

Ck+i = aO("Ylk/3J) + bO("YL(k-1)/3J) + cO("Yl+L(k-2)/3J) + dO('Yl+L(k-3)/3J) 

= (a+ d)O('Ylk/3J) + bO("YL(k-1)/3J) + cO('YL(k+l)/3J) 

= cO( 7 L{k+l)/3J ). 

Therefore, (3.8) is proved, and by using <I>k = ck/zk and z = O('Y112), it follows 
that (3. 7) holds true. 

The above derivation fails when c = 0. However, the estimate of the order in 'Y can 
be improved when c = 0. That is, when x = 0 or x = ±v'3/2, we can show 

Ck= 0(1'Lk/4J). (3.10) 

In this case, the recurrence (3.5) reads 

Ck = aCk-1 + bCk-2 + d-yck-4, (3.11) 

(where a is also zero if x = 0). We can repeat the steps (i), (ii) in the above induction 
proof: 

(i) (3.10) is true for k = 0, 1, 2, 3, 4 (c3 = 0 for x = 0 or x = ±-/3/2). 
(ii) Suppose (3.10) is true fork ~ 4. Then, 

Ck+l = ao("'f Lk/4J) + bO( 'YL(k-1)/4J) + dO('Yl+L(k-3)/4J) 

= aO("Ylk/4J) + bO(-yl(k-1)/4J) + dO('YL{k+l)/4J) 

= dO("YL(k+l)/4J). 

And so, (3.10) is proved. Therefore, for c = 0, 

<I>k = O("Ylk/4J-k/2), k = o, 1, 2, .... (3.12) 

This derivation of (3.10) fails when d = O. But in this case c i= 0 and (3.7) holds. 

3.3. Approximating the zeros. When computing approximations of the zeros of 
the Gegenbauer polynomials for large values of 'Y, we start with the zeros of the 
Hermite polynomial Hn(() in (3.3). 

Let Un,m, hn,m, m = 1,2, .. .,n, be the mth zero of CJ(x), Hn(x), respectively. 
Then, for given "( and n, we take the relation for ( used in (3.3) to compute a first 
approximation of Un,m by writing 

'Y9n,m h 
~/y(l - 2g~,m) "' n,m· 
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Inverting this relation, we obtain 

hn m 1 2 (3.13) 
9n,m "' J 'Y + ~h;,m ' m = ' ' ... 'n. 

The accuracy is rather limited, unless 'Y is very large. For example, if / = 1000, 
n = 20, the best relative accuracy in the zeros is about 1/1000, but the worst result 
(for the largest zero) is 0.016. In the next section, we give more details on how to 
obtain better approximations from the representation like (3.3) for the case of the 
Laguerre polynomials. 

4. Laguerre polynomials 

We take 
00 

F(x, w) = (1 + w)-a:-lew:.c/(l+w) = LPn(x) wn (4.1) 
n=O 

as the generating function (see (1.5)) with 

Pn(x) = (-ltL~(x). (4.2) 

We have 

L0(x) = 1, 
1 

Lr(x) =a+ 1 - x, L~(x) = 2[(a + l)(a + 2) - 2(a + 2)x + x2]. 

This gives 

Writing 

we obtain 

Co= 1, 

A= x-a-1, 
1 

B = x - 'i(a + 1). 

00 

f(x, w) = F(x, w) e-Aw+Bw2 = L ckwk, 
k=O 

C1 = C2 = 0, 
1 

ea= '3(3x - a - 1), 

and the recursion relation 

(4.3) 

kck = -2(k - l)ck-l - (k - 2)ck-2 + (3x - a - l)ck-3 + (2x - a - l)ck-4· (4.4) 

This relation follows from substituting the Maclaurin series of f into the differential 
equation 

It follows that 

where 

(1 + w)2 dj = [3x - a - 1 + (2x - 1 - a)w] w2 f. 
dw 

L°'( ) = (-l)n n ~ Ck Hn-k(() 
n x z L.- zk ( n - k) ! 

k=O 

z = v'x - (a+ 1)/2, 
x-a-1 

(= . 
2z 

(4.5) 

(4.6) 
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The representation in ( 4.5) holds for n = 0, 1, 2, ... , and all complex values of x 
and a. If z = O, it is more convenient to write 

L°'( ) n~ (-l)kck 
n Xo = Xo L..J k ( - k)' 

k=O Xo n . 

where the Ck are determined from (4.3) and (4.4), with x = xo = ~(a+ 1). 
The representation in {4.5) has an asymptotic character for large values of lal + lxl; 

the degree n should be fixed. To verify the asymptotic character, we write 'Y = a+ 1, 
x = "'fe. We observe that the sequence { ~k} with ~k = ck/ zk has the following 
asymptotic structure: 

n.. - O[ -Lk/3J-k/2j k - 0 1 2 'll'k- "Y ' - ' ' , ••• , (4.7) 

as 'Y -+ oo. The derivation of ( 4. 7) runs as in the case of the Gegenbauer polynomials 
(Section 3.1). The only difference is that, in this case in the recurrence relation (3.9), 
we have c = 3e - 1 and d = 2e - 1. Therefore, condition c =/:- 0 reads e -:/:- 1/3 and 
d =i O reads e =f. 1/2. Also, in this case, a never vanishes. 

Again, the successive Hermite polynomials Hn((),Hn-1((), ... , in (4.5) are oflower 
degree with respect to 'Y· This, together with (4.7), explains the asymptotic nature of 
the representation in (4.4) for large values of !al+ lxl, with n fixed. 

It is not difficult to verify that the limits given in (1.6) and {1.7) follow from (4.5). 

4.1. Approximating the zeros. Let ln,m 1 hn,mi m = 1, 2, ... , n, be the mth zero 
of L~(x),Hn(x), respectively. Then, for given a and n, we use the relation for (in 
( 4.6) to compute a first approximation of ln,m by writing 

ln,m -a-1 h 
--;:::=::===== "' nm• 
2Jzn,m - ~(a+ 1) ' 

Inverting this relation, we obtain 

ln,m,..., a+ 1+2h~,m + hn,mJ2(a + 1) + 4h;,m . (4.8) 

In [3], the following asymptotic result has been given: 

ln,m =a+ v'2ahn,m + ~(1+2n + 2h~,m) + O(a-!), (4.9) 

as a-+ oo. This result does not follow from (4.8), but we can derive (4.9) from (4.5). 
We give a few steps of this method. 

Using the recursion relations 

we obtain 

d 
2nHn-i(x) = 2xHn(x) -Hn+i(x) = dxHn(x), 

Hn-3(() = 4n(n _ :)(n _ 2) [(2(2 - n + l)H~(() - 2(nHn(()]. (4.10) 

Hence, the first two nonvanishing terms in ( 4.5) yield 

1 ~ 1 I 
n!Hn(() + (n _ 3)!zS Hn-s(() = n! [F(()Hn(() + G(()Hn(()] (4.11) 
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where 

F(() = 1 _ (nc3a, G(() = ca{2(2 - 3n+1), 
2z 4z 

with ea given after (4.3); x can be written as a function of (by inverting the relations 
used in (4.6), that is, 

x =a+ 1+2(2 +(y'2(a+1) +4(2. (4.12) 

Now, let h be a zero of Hn((). To solve F(()Hn(() + G(()H~(() = 0, we substitute 
( = h + e and expand in powers of e. Neglecting powers en, n 2 2, we obtain 

[G{h) + e{F(h) + G'(h)}]H~(h) + eG(h)H~(h) 
= [G(h) + e{F{h) + G'(h) + 2hG(h)}]H~(h),..., 0 

where we have replaced H~(h) with 2hH~(h) by using the differential equation of the 
Hermite polynomials. 

Solving for e, we find 

-G(h) 
e,..., F(h) + G'(h) + 2hG(h)' 

and, expanding the result for large a, we obtain 

e = ~../f (n - 1 - 2h2) + O(a:-1). (4.13) 

Substituting ( = h + e with the approximation (4.13) in (4.12) and expanding again, 
we find 

x =a+ ../2ah + ~{1+2n + 2h2) + O(a-!), a-+ oo, 

which is the same as Calogero's result (4.9). 
In Table 1, for n = 10, we show the relative accuracy in the approximation (4.9) 

for several values of a. That is, we show 

lliom -fiom I 'l ' , m= 1,2, ... ,10, 
10,m 

where l10,m are the approximations obtained by (4.9). 

5. The Tricomi-Carlitz polynomials 

The Tricomi-Carlitz polynomials are defined by 

t~o)(x) = t (-l)k (x ~a)(:~-;)!" 
k=O 

We have the relation with the Laguerre polynomials: 

t~>(x) = (-lt L~x-o-nl(x). 

The polynomials satisfy the recurrence relation 

(5.1) 

(5.2) 

(n + l)t~~1 (x)- (n+a)t~a)(x) +xt~~1 (x) = 0, n 2 1, (5.3) 
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a 10 50 100 250 500 1000 
m 
1 .17e + 1 .lle - 0 .35e-1 .77e- 2 .25e - 2 .84e - 3 
2 .73e - 0 .63e -1 .2le -1 .49e- 2 .16e - 2 .56e - 3 
3 .34e-O .36e-1 .12e-1 .30e- 2 .lOe - 2 .36e - 3 
4 .15e -0 .18e-1 .65e -2 .16e-2 .57e -3 .20e - 3 
5 .40e -1 .54e - 2 .20e -2 .52e - 3 .18e - 3 .64e -4 
6 .25e -1 .41e - 2 .16e- 2 .45e- 3 .17e - 3 .60e - 4 
7 .67e -1 .12e-1 .48e - 2 .13e - 2 .50e - 3 .18e - 3 
8 .95e -1 .18e -1 .77e -2 .22e- 2 .83e - 3 .31e - 3 
9 .12e -0 .24e-1 .lle -1 .3le - 2 .12e - 2 .45e - 3 
10 .13e -0 .31e -1 .14e -1 .42e - 2 .16e - 2 .62e - 3 

TABLE 1. Relative accuracy in computed zeros of Lf0 (x) by using 
approximation (4.9). 

with initial values t~a)(x) = 1, tia>(x) =a. A few other values are 

t~a)(x) =~(a+ a:2 - x), t~a)(x) = ~(2a + 3a2 + a3 - 2x - 3xa). (5.4) 

Tricomi [12] introduced the polynomials. He observed that { t~a) (x)} is not a system 
of orthogonal polynomials, the recurrence relations failing to have the required form 
(cf. [10, page 43]). However, [2] discovered that if one sets 

f~a) (x) = xn t~a) (x-2), (5.5) 

then {!A°') ( x)} satisfies 

(n + l)f~~1 (x)- (n +a) x f~°'>(x) + f~°'-\(x) = 0, n :2'.: 1, (5.6) 

with initial values fd°'>(x) = 1, fi°'>(x) = ax. A few other values are 

JJ°'> (x) = ~ [a:(l + a:)x2 - 1], f~a) (x) = ~ x ( - 2 + 2a:x2 - 3a + 3a:2x2 + a 3x2). 

There is a generating function for f~a)(x): 
00 

F(x,w) = ew/x+(l-ax2)/x2 ln(l-xw) = Lf~°'>(x)wn, jwxl < 1. (5.7) 
n=O 

If x = O, this reduces to 
00 

e-!w2 = L f~~>(o) w2n, 
n=O 

giving 

JJ~> (0) = (-l)n rn /n!, f~~~l (0) = 0, n = 0, 1, 2, .... 

Garlitz proved that for a> 0, {!Aa)(x)} satisfies the orthogonality relation 

100 JI,::> fAa>(x) d'l/J(°')(x) = 2 ea 1 8mn (5.8) 
-oo (n+a)n. 
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where 1j;(01.)(x) is the step function whose jumps are 

d·1·(0!.)(x) = (k + a~~-l ck at x = Xk = ± 1 
o/ ~' k=0,1,2, .... 

141 

(5.9) 

The values Xk play a special role in the generating function because for these x-values, 
we have 

00 

ewfxk (1 - XkW)k = L f$,,01.)(xk) wn, 
n=O 

and now the series converges for all values of w. 
For further generalizations of the Tricomi-Carlitz polynomials, the reader is referred 

to [1] and [5]; [4] gives a brief treatment of the polynomials tha)(x). Goh and Wimp 
[7, 8] establish the asymptotic behavior of the Tricomi-Carlitz polynomials and discuss 
their distribution of zeros. They observe that the polynomials fn(x/ ,ja) have all zeros 
in the interval [-1, l]. They use, in their second paper, a probabilistic approach for 
improving their earlier results concerning the asymptotic distribution of the zeros of 

the polynomials f !;,, OI.) ( x). Saddle point methods are used to study the asyrn ptotics for 

JA°') (x) in the complex plane. 
In this section, we use the method of Section 2 for obtaining an asymptotic rep

resentation (for large values of a) of the Tricomi-Carlitz polynomials in terms of the 
Hermite polynomial. 

The role of the Hermite polynomials can be shown by observing that 

1. f(O!.) (x-/2) - 2-n/2 H ( ) Im n - l nX· 
Ol.--+oo a n. 

(5.10) 

This follows from the results given below. 

5.1. Hermite-type representation of the Tricomi-Carlitz polynomials. From 
the first polynomials given after (5.6), we obtain 

Hence, 

where 

1 
A = ax, B = "2 ( 1 - ax2 ). 

f (Oi.)( ) = n ~Ck Hn-k(() 
n x z L,; zk (n - k )! 

k=O 

z = J(l - ax2)/2, ( = ax 
J2(1- ax2 ) 

(5.11) 

For the special value x = xo that satisfies ax5 = 1, it is better to write an expansion 
of the form (2.9). 

The coefficients Ck in (5.11) are defined by 
00 

f(x, w) = F(x, w) e-Aw+Bw2 = L CkWk 

k=O 

where F(x,w) is given in (5.7). We have 

1 
co= 1, c1 = c2 = 0, c3 = 3x(ax2 - 1), 1 2( 2 

C4 = -x 1 - ax ). 
4 



142 L6PEZ AND TEMME 

The coefficients can be computed easily from the differential equation 

df 2) 2 f (xw-1)-=x(l-a:x w , 
dw 

which gives the recursion relation 

kck = x(k - l)ck-1 + x(a:x2 - l)ck-3, k = 3, 4, .... (5.12) 

Observe that co= f(O,w) = 1, and that ck= 0, k ~ 1 if x = O. 
To verify the asymptotic character of (5.11), we observe that the sequence {<Pk} 

with <Pk :=ck/ zk has the following asymptotic structure: 

<Pk= O[o:-Lk/3J-k/2j, k = 0, 1, 2, ... ' 

as a: - oo, x f= O. The main step in verifying this estimate is the proof of 

Ck= O(a:lk/31), a: - oo, 

which follows from (5.12) and the fact that the successive Hermite polynomials Hn((), 
Hn-i((), ... , in (5.11) are of lower degree with respect to a:. This explains the as
ymptotic nature of the representation in (5.11) for large values of a:, with x f= 0 and 
n fixed. 

Observe that the limit in (5.10) indeed follows from (5.11). 

5.2. Approximating the zeros. Let f n,m, hn,m, m = 1, 2, ... , n, be the mth zero 
of L~(x), Hn(x), respectively. Then, for given a: and n, we use the relation for ( in 
(5.11) to compute a first approximation of fn,m by writing 

a.fn,m h 

..j2{1 - a.f~,m) rv n,m· 

Inverting this relation, we obtain 

fn,m rv hn,m 
2 

(5.13) 
a.2 +2ah2 • n,m 

We can use the method of §4.1 for obtaining better approximations. 

6. Jacobi polynomials 

We give a few steps for the Jacobi case, which is quite complicated because of the 
many parameters involved. Consider the generating function 

20+,8 00 

F(x, w) = R(l -w + R)-0 (1 +w + R)-,8 = L p~a,,8)(x)wn (6.1) 
n=O 

where 

R = J1-2xw+w2. 
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We have 

Pda,(3) (x) = 1, 

P}a,f3\x) = ~[a - f3 +(a+ f3 + 2)x], 

p,(a,(3) ( ) 1 { 
2 x = 8 (1 + a)(2 +a)+ (1 + ,8)(2 + f3) - 2(a + 2)(,6 + 2) 

+ 2x[(l + a:)(2 +a:) - (1 + ,6)(2 + /))] 

+ x2 [(1 + a:)(2 +a)+ (1 + (3)(2 + (3) + 2(a: + 2)(f3 + 2)]}, 

from which A and B follow: 

1 
A= 2[a:-f3+(a:+f3+2)x], 

1 
B = 8 [a:+ f3 + 4 + 2x(f3- a:) - x2 (3a + 3f3 + 8)]. 

We obtain the expansion 

p(a,f3)(x) = zn ~Ck Hn-k(() 
n ~ zk (n- k)! 

k=O 

where 

and Ck are the coefficients defined by 

00 

f(x,w) = F(x,w)e-Aw+Bw2 = LCkWk, 
k=O 

with F(x, w) given in (6.1). We have 

Co = 1, C1 = C2 = 0, 
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(6.2) 

(6.3) 

(6.4) 

(6.5) 

1 
c3 = 12 [f3 - a - 3x(a: + f3 + 4) + 3x2 (a - (3) + x3(5a + 5(3 + 16)]. (6.6) 

For large values of the parameters a and (3, we can prove that the quantities <l>k := 
ck/zk have the asymptotic behavior as shown in (3.7). 

The following limit is of interest: 

lim (-8-)n12 p~a.,{3) (x,j 2 - 0 - f3) = ~ Hn(x), 
a.,/3-+oo a + f3 a+ ,6 a + f3 n! 

under the conditions that 

a -,6 
--a =o(l), 
a+,., 

x = 0(1), as a, fJ _. oo. 

(6.7) 

(6.8) 

Details on this limit will be given in the next section. Graphs of the polynomials of 
(6.7) (with a= 50, fJ = 40) are given in Figure 1. 
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Jacobi 

2/3 

Hennite 1/3 

-4 4 

FIGURE 1. Graphs of the Hermite and Jacobi polynomials that occur 
in (6.7) (with a= 50, /3 = 40). The graphs coincide when a, f3 -+ oo. 

6.1. Asymptotic properties of the expansion (6.3). We want to show formula 
(3.8) for the Jacobi case. It is very similar to the other cases, although somewhat 
more complicated. 

We can derive a linear second order differential equation pf" + qf' + r f = 0 (where 
derivatives are with respect tow) of the function f(x, w) defined in (6.5). The quan
tities p, q, and rare polynomials in a, (3, x, and w, and are available on request from 
the authors (together they fill several pages of Maple output). They have the following 
structure 

Let 'Y = max(a, /3). From the Maple output, we observe that, for all values of the 
index k, 

Pk= 0(1), 

By substituting this information into the differential equation pf" + qf' + r f = 0, we 
obtain, for the coefficients Ck of (6.5), a recurrence relation of the form 

Ck+l = ack + bck-1 + CCk-2 + dck-3 + eck-4 + f Ck-5 + gck-6· (6.9) 

We denote h = (k + l)(kp1 + qo) = 0(12). Then, we have 

a= k((k - l~p2 + q1) = O(l), b = (k - l)((k ~ 2)p3 + q2) = O(l), 

c = (k - 2)(k - 3)p\+ (k - 2)q3 + r2 = O('Y), d = (k - 3~q4 + r3 = O('Y), 

e = (k - 4)qs + r4 = O("'), f rs O( ) r6 ( ) 
h I =h= "(, g=h= 0 r• 

For the first four Ck, we have (cf. (6.6)) 

co= 1 = 0(1), C1 = C2 = 0 = 0(1), C3 = O(r). 
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By computing the next coefficients, we find that 

c4 = -(r3 + 3q1c3 + 6p2c3)/(12p1 + 4qo) = O('y), 
and similarly 

C5 = O('y), C6 = O('y2), C7 = 0(1'2 ). 

Therefore, equation (3.8) holds for k = 0, ... , 7. Now let us suppose that (3.8) holds 
for a certain k 2 7. Then, using the recurrence relation (6.9) and the orders of a, ... , g, 
we have 

Ck+l = ao(!Lk/3J) + bO('yL(k-1)/3J) + ~o(rHL(k-2)/3J) + ~0(71+L(k-3)/3J) 
')' ')' 

+ .::.o(!'i+ L<k-4)/3J) + lo(ri+ l<k-s)/3J) + :2.o('Yi+L<k-6)/3J) 
')' ')' ')' 

= ~O(!L(k+l)/3J) 
l 

= O(')'L(k+l)/3J ), 

unless c = 0. But, for generic x, c-::/:- 0. The order of c is governed by r 2 , which is a 
polynomial of degree 3 in x that vanishes, at most, for three real values of x. For the 
real roots of r2, the order (3.8) of Ck could be improved as in the other cases. Details 
on these special cases will not be given because they are not essential. 

We conclude with giving details on the limit in (6.7). For large a: and /3, the 
quantities A and B of (6.2) behave as follows: 

1 1 a:-/3 
A"' 2 (a:+ ,6) (x + p), B"' S (a:+ (3) (1+2xp- 3x2), p = a:+ (3' (6.10) 

Hence, 

/a+-rJ 
z ,.._, y -S v' 1 + 2xp - 3x2 , 

(rvJa+(3 p+x 
2 Jl + 2xp - 3x2 · 

(6.11) 

If x p and x 2 become small for large values of a: and (3, we can easily invert the relation 
between (and x, giving 

x ,.._, Ja: ! f3 ( - p, 
zrvJa+f3 8 . 

Hence, taking only the term k = 0 in (6.3), we obtain 

(6.12) 

p(a,f3) (J 2 (_a - (3) ,...., (a:+ (J)n/ 2 Hn((), as a, f3 -too. (6.13) 
n a: + (3 a + (3 8 n! 

Replacing x and (, we obtain (6.7) under the conditions given in (6.8). We can relax 
this condition and derive more complicated limits. But the simple form of (6.7) is 
rather attractive and will get lost under more general conditions on x and a: - /3. 

Again, an approximation of the zeros jn,m of PJa,f3) follows from (6.13): 

. /2 a:-(3 
Jn,m"' v a+,a hn,m - a.+ (3' m = 1, 2, ... , n, 

where hn,m are the zeros of Hn((). When we use the method of §4.1, we obtain the 
following: 

. - _a:-(3 2~hn,m + 2(a:-/3)(2n+1+2h~,m) +O(a:-~), (6.14) 
Jn,m - a+ /3 + (a+ ;3)! (a:+ ,8)2 
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for m = 1, 2, ... , n. This expansion is derived under the conditions a --> oo, f3 = bo:, 
b fixed, and not with the approximations given in (6.10)-(6.12), but by using the 
original values of A, B, z, (, and c3 given in (6.2), (6.4), and (6.6). The derivation 
of (6.14) is straightforward, but rather complicated. For example, the first step is to 
write x as a function of (by inverting the relation in (6.4) with A, B given in (6.2). 
This gives 

V+4(vfw 
x = ----'---

2U 
U = (o: + f3 + 2)2 + 2(2[3(a + {1) + 8], 

v = 2(o: - fj)[o: + /3 + 2(1 + (2)], 

W = 2(o: + 1)((3 + l)(o: + /3 + 4) + 4(2 [a2 + o:(J + /32 + 5(o: + /3) + 8]. 

With this x, the quantities z and ea of (6.4) and (6.6) should be used to construct 
F(() and G(() of (4.11). 
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