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Chapter 1

Defect Correct Processes

1.1 Introduction

Many problems in numerical mathematics can be cast into the form of an equation
Fz =y,

Here zeD is an unknow quantity or function; a right-hand-side yeD and a mapping
F:DCE—DcE are given; F and E are linear spaces. The element z&D has
to be found such that the equation Fz = y is satisfied. Frequently we cannot or do
not want to solve the above mentioned equation directly, because this would exceed our
computational capabilities. On the other hand we may be able solve simpler equations
that are all similar to the previous equation:

Fz =j,
for some approximation F : D — D of the operator F' and for arbitrary g§eD. Sometimes

this yields the possibility to solve the original equation by means of an iterative process
known as a DCP: Defect Correction Process [69] [5].

Defect correction processes are based on the following idea:

e let an initial approzimation zp for the solution to the original equation be given,

e consider the defect dy := F(z) — y of this initial approximation as a quantity
which indicates to what extent the problem has (not) been solved,

e use this information in a simplified version of the problem, i.e. consider the ap-
proximate operator F', to obtain an appropriate correction quantity,

e apply this correction to the initial approximation to obtain a new (hopefully better)
approximation.

Of course, the above process may now be repeated, using the newly obtained approxi-
mation as a new ‘initial’ approximation.
A few instances of the basic principle are well known. We mention a few examples:

Example 1.1 Newton’s method
We are interested in computing a zero of the nonlinear function F'. The equation to be

solved is then given by



Let an initial approximation zo for the solution be given. A (hopefully convergent)
sequence zi, 29, ... of approximations for the solution is then generated by

2i41 = 25 — (F'(Z,'))_ldi, 1= 0,1,2,...,
where the defect d; is defined by
di = F(z) — 0 = F(z).

Note that in each step of this iterative process a different approximation F; for the
function F is used. In the i-th step this approximating function F; is a local linearisation
of F, given by:

Fi(z) = F(z) + F'(z) (2 = 2),
where F'(z;) is defined by

F(z) = F(z) + F'(z) (z — z) + O(|z — &|]%).

Example 1.2 Iterative refinement

A second example of a DCP is the iterative refinement of a given approximate solution
for a linear system. Usually one obtains an approximate solution 2, for the linear system
Az = y by computing a decomposition A = LU (L and U respectively lower and upper
triangular matrices), and then solving the two triangular systems Lw = y, Uz = w
directly. The approximation z; will be contaminated by rounding errors that affect the
matrix-decomposition and the solution of the triangular systems; 2z can be improved by
the following DCP:

Ziy1 = 2 — €, 1=0,1,2,..

with e; the solution of the system

LUe; = d;, where d; = Az —y.

1.2 Elementary Defect Correction Processes

We consider the equation
Fz =y, (1.1)
where F: DCE—DcCEisa bijective, continuous, generally nonlinear operator; E
and E are Banach spaces. The domain D and the range D are closed subsets given with
F; D contains an appropriate neighbourhood of 4. Hence, for every jeD there exists, in
D, exactly one solution of Fz = ¢. The solution of the given equation (1.1) is denoted
by z*.
We call the problem of finding z such that Fz = § (for a given gjef)) a neighbouring

problem. In order to introduce the Defect Correction Processes to solve the equation
(1.1), we make the following assumptions:

e We assume that the defect indexdefect
d(i2) 1= Fz —

can be evaluated for approximate solutions Z€ D to all neighbouring problems F'z =

Y.



e Furthermore, we assume that we can readily solve the approzimate problem
Fz =, (1.2)

for jeD, i.e. we assume that we can evaluate the solution operator G of (1.2). In
other words, we assume the existence of G : D — D, an approzimate inverse of F
such that (in some appropriate sense)

GF3 ~ 3 for 3eD,

and
FGy = gy for geD.
DCPA:
ocPB:
z =2 -EF: 4€y -
i+ 1 I lpq=l =FGl+y
F:D>D
By y
i E ; / y
z* ‘ / z FG 1,
/ GFz
¢ i Fz
i, I 24
\
A !
z g1, !
8:D+D

Figure 1.1: DCPA and DCPB

The basic defect correction processes are described by the the following iterative algo-
rithms:

20 = Gya
(DCPA) { zign = (I— éF)z, + Gy,

and

lO =
(DCPB) { i = (I-FG)lLi+y.

In the latter process we define approximations z; by z; = Gl;.
Remarks:

e In (DCPA) or (DCPB) we formulate both the iterative process and the (standard)
initial approximant.

e It is essential that G is relatively simple, i.e. it is much easier to find a solution for
(1.2) than for (1.1).

o It is the existence of the approximate inverse G which is essential, it is not the
existence of the approzimate operator F.

If and only if the mapping G : D — D is injective, its left inverse F exists. Similarly
the right inverse F': D — D of G exists if and only if G is surjective. In general our
approximate inverse G needs not to be linear and is neither necessarily injective nor

3



surjective.

If G is injective, its left inverse F exists and we can write DCPB as

* FZO = 3{,
(DCPB) {FZ,’.H = Fz,-—-Fz,-+y,

or, equivalently, .
20 = qy,~
zipn = Gl(F - Fzi+yl.

In some applications, the operator F — F is much simpler to evaluate than F, so that
there is an advantage in using this approach.

In case of a linear operator G we can write both DCPA and DCPB as:

20 = éya ~
(DCPL) { G = Zi— G (Fzi —y) = 2z — Gd(z).

Definition 1.3 A mapping f : X — Y is called affine if there exists a constant element
ceY such that f(-) — ¢ : X — Y is a linear mapping.

This definition implies:
o f(0) =¢
o flz+y) = f(z) + fy) — ¢
o flz—y+2) = f(z) - fly) + f(2),

Theorem 1.4 If G is an affine mapping, then the sequences {2} in DCPA and {z} in
DCPB are identical.

Proof: Let {li}i=012,., and {z:}i=0.12,., be defined as in DCPB, then:

20 = G~lO = G’yv

Ziy1 = éli.H =é(l,'—~Fél,'+’y)

Gl + Gy — G (FGL)

= 2+ Gy - GFz = (I - éF)zi + Gy.

This means that the values from this sequence {z;} satisfy exactly the generation rules
for the sequence {2;} from DCPA. Hence both sequences are identical. O

1.3 Convergence of the basic defect correction pro-
cesses

In the following F: DC FE—- DC Eisa general nonlinear operator.

Definition 1.5 F is called bounded if bounded subsets of D are mapped onto bounded
subsets in D, and F is called Lipschitz if

3k >0 Vaz,y,€D [[Fx — Fy|lp < kllz — y||5-

4



The Lipschitz constant |||F||| is defined by

|Fz — Fyllg

IEN] = sup, yep ety Iz —ylle

F is called a (strict) contraction (mapping) if |||F||| < 1; F is non-ezpansiveif |||F||| < 1.

Apparently
IFz = Fyllg < [IFlllpcpopce Iz — 9lls,

and for a linear operator F'
IF( = NIF]l-

Definition 1.6 An iterative process z(+Y = H(2(® 2(-1) ) has a fized point z* if
¥ = H(2*, 2%, ...).

Because D (or D) is a closed subset of a Banach space E (or E), the set D (or D)
is a complete metric space. For contraction mappings of a complete metric space into
itself, we have the following important theorem.

Theorem 1.7 (Banach’s contraction principle). Let M be a contraction mapping of a
complete metric space D into itself. Then M has a unique fixed point » in D. Moreover,
if 7 is an arbitrary point in D, and {z,} is defined by

Tpy1 = Mz,, (n=0,1,2,..),

then lim, _,oc , = v and

HHEZHT

€ — ull £ =5
L= {lIM]]

llz1 — 2ol (1.3)

Proof: Let zgeD and let z,4; = Mz,, (n=0,1,2,..), and set k = |||M|||. Then we
have
Zr41 = Toall = |Mzr — Mz, < kllzr — 2|

and hence
|Zr+1 = z0]] < &7 [|lz1 — ol
For given p and q with p > g we have
lzp — 4ll < K9||zp—g — o]
< k|lzp—g = Tp—g1ll + - + |21 — o[}

< kP 4 L+ k4 1|z — x|
< Ellz = zo-

(1.4)

The right-hand side of eq.(1.4) tends to zero as ¢ — oo. Hence the sequence {z,} is
Cauchy, and since D is complete, {z,,} converges to an element u of D. As ||Zn41—Mul| =
|Mz,— Mul|| < k||z,—ul|| and ||z, —u| — 0 for n — oo, we have Mu = limpoTnt1 = U,
i.e. u is a fixed point of M.

For uniqueness, suppose v is another fixed point of M, veD, v # u, and v = Mv,
then ||u — v|| = ||[Mu — Mv|| < k||lu — v||. This gives (1 —k)||u—wv|| < 0. Since 1 —k >0
we have |ju — v]| =0, i.e. u = v.



To obtain eq.(1.3) we have

n

k
= 2al] < llu = zpll + llzp — zall < flu— 2l + m”ﬂfl — o]
for n < p by (1.4). Letting p — 0o, we obtain

o=zl €

llzx = ol
O

For many generalisations of the Banach contraction principle see [35]

1.3.1 Convergence of DCPA
For DCPA we have 24, — 2* = (I — GF)z + GFz* — 2*, hence
zig1—2° = (I = GF)z — (I - GF)z*.
Definition 1.8 We define the amplification operator of the error in DCPA to be
My = I - GF.

The exact solution 2* of (1.1) is a fixed point of the iteration DCPA, i.e. 2* = (I —
GF)z* + Gy. Moreover, for any fixed point Z of DCPA we have:

2= (I-GF): + Gy,
and hence ) } 3

GFz: = Gy = GFz".
As a direct consequence of this we find the following

Theorem 1.9 If DCPA has a fixed point €D with F3eD and if G is injective, then
F% = y, i.e. then % is a solution of (1.1).

The convergence of DCPA clearly depends on the contractivity of the amplification op-
erator My, = I — GF. We formulate the following

Theorem 1.10 Let M4 : D — D be a contraction and let G : D — D be injective.
Then DCPA converges to the solution z* of (1.1).
Proof: The DCPA iteration operator A: D — D is given by:

Az = I -GF)z + Gy. (1.5)

Clearly A is a contraction on (the complete metric space) D as well, hence a unique fixed
point 2 for A exists and DCPA converges to this fixed point 2. By theorem 1.9 we know

that 2 is a solution of (1.1). By assumption F is bijective, hence 2 is the unique solution
of (1.1). O

Remark: Even, if G is not injective, then the solution z* of (1.1) and the fixed point
% of DCPA are mapped by GF onto the same element of G(D), although we have not
necessarily F2 = y = Fz*. In other words: if G is not injective, G defines equivalence
classes in D, viz. the classes of points that are all mapped to the same point of D. Now
FZ and Fz* are elements of the same equivalence class.
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1.3.2 Convergence of DCPB
For DCPB we have, with GI* = 2*,

ligg =" =TI -F&)l — (I-FG)I.
Definition 1.11 We define the amplification operator of the residual in DCPB to be
Mg = I — FG.

For any fixed point [ of DCPB we have: [ = (I - Fé)f + y, hence FGl =1y = Fz*.
As direct consequence of this, we find the following.

Theorem 1.12 If DCPB has a fixed point [eD then Gl is a solution of (1.1) in G(D).
Because we have assumed F' to be injective, we also know that GI is the unique solution
of (1.1).

Remarks:

e The convergence of DCPB depends on the contractivity of the amplification oper-
ator Mg = I — FG.

eIfG:D— Dis not surjective, it may occur that solutions z* of (1.1) have the
property that 2* £G(D) and hence no leD exists such that GI = 2*. In that case
no fixed point [€D can exist.

Theorem 1.13 Let Mg : D — Q be a contraction on the Banach space D. Then
DCPB converges to an element [*€D such that z* = GI* is the solution of (1.1).

1.3.3 Convergence of DCPL
For DCPL (with G linear) we have:

Ziyp — 2F = zi—@Fz,-:l—@Fz*—z*
= Zi-%*—*G(FZi—FZ*)
= (I-GF)z — (I -GF)z".

If F is linear as well, the amplification operator M, = I — GF of the error and the
amplification operator My = I — FG of the residual are both linear operators and for
the convergence of the iteration we can consider ||My||, ||MLll, p(ML), p(ML) . (We
notice that p(My) = p(Mp) = lim, o (||M}|[*") .

Example 1.14 Relazation methods
All stationary, fully consistent iterative methods of degree one for the solution of linear
systems Az = b can be written as

Tiy1 = Ty — P(A.’L‘, —'b),

where P is a non-singular matrix (cf. [76]). These iterative methods are defect correc-
tion processes of type A with approximate inverse G = P~!. They are equivalent to
the corresponding DCPBs, hecause P~! is linear. Many of these methods (known as

7



relaxation methods) are often used for the solution of special sparse linear systems. We
introduce the following notation:

A=L+ D+,

L is a strictly lower triangular matrix D = diag (A), a diagonal matrix, and U is a strictly
upper triangular matrix. Using this notation, Table 1.1 summarises some possible choices
for F = P, together with the name of the corresponding iterative method.

F =P Name of the method Remarks
D J Jacobi
w D JOR w>0
D+L |GS Gauss Seidel
w!D+ L | SOR w>0

p I RF  Stationary Richardson | p scalar
P! GRF Generalized Richardson | P non-singular
diagonal matrix

Table 1.1: Relaxation methods

1.4 More elaborate versions of the principle

In this section we extend the idea of the defect correction process in several ways. First,
we allow different approximate inverses to serve in one iteration process and we consider
the process obtained when a fixed combination of approximate inverses is used repeatedly
in a defect correction process. Secondly, it is possible to substitute different operators F;
for F' during iteration. Further, we describe the iterative and the recursive application
of the defect correction principle.

1.4.1 Non-stationary DCPs

We can use different approximate inverses in each iteration step and thus obtain non-
stationary DCPs. Then the iteration steps of DCPA and DCPB read respectively

ziy1 = (I = éiF)zi + Gz‘y,
and _
li+l = (I*— FGz)ll + y.

In this way we are able to adapt the approximate inverse during the iteration and we

can try to find proper sequences {G;} to accelerate the convergence of the iteration. We
mention three examples: (i), (ii) and (iii).

(2) é’i = G(Zi).

Here the approximate inverse depends on the last iterand computed. This is the case
e.g. in Newton's method for the solution of the non-linear equations, where é(z) =
(F'(2))7!, with F' the Fréchet derivative of the operator F in the problem (1.1). See
e.g. example 1.1 .

) Gi = G(w).
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The approximate inverse depends on a single real parameter w;. This is the case e.g. in
non-stationary relaxation processes for the solution of linear systems. The value w; can
be taken from a fixed sequence of values or it can be computed adaptively during the
iteration process.

(221) Gie {él, éz}-
Here, in each iteration step the approximate inverse is chosen from a set of two (or
possibly more) fixed approximate inverses. This is the case e.g. in Brakhage’s and

Atkinson’s methods for the solution of Fredholm integral equations of the 2nd kind.
(See [3] and [6]).

1.4.2 Combined DCPs

We now assume that F' is linear and consider a fixed combination of two linear ap-

proximate inverse operators G and G. Then we consider two iteration steps in the
non-stationary DCPA in which, in turn, the one and the other of the two approximate
inverses is used. These two iteration steps

Zit1/2 = (I had éF)Zi + C:'y
and < <
Zi+1 = (I - GF)Z,:+1/2 + G'y

combine into a single iteration step of the form

sin1 = (I =GF)(I[ - GF)z + (G- GFG +G)y =

= (I = (G = GFG + G)F)z + (G — GFG + G)y.
This is again an iteration step of type (DCPA) with the approximate inverse

G =G - GFG + G.

The amplification operator of this new process is the product of the amplification oper-
ators of the elementary processes:

M =1-GF = (I-GF)(I-GF).

Thus, the combination of two different DCP-steps (with linear F and G) can be seen as
one “big” DCP-step.

Again assuming that F' and G are lincar operators, we now consider o applications
of the same approximate inverse. Using DCPA, this can be described in matrix notation

as follows:
Zito _ I - éF G’ 7 Z3
Y - 0 I Y

( (- fF)" om0 p GF)"G ) ( § ) .

Thus, we see that these o applications of the same DCPA-step lead to the following
process:

o—1 »
zip = (I-GF)’z + Y. (I - GF)"Gy.

m=0



Then the relation

o—1 - - R

SUT-GF)"G=[I-(I- GF)’|F,

m=0
allows us to consider the above process as a new DCPA with amplification operator of
the error

M = (I-GF)
and approximate inverse
o-—1
G=SYU~-GF)"G = [I-(I-GF)y|F ™. (1.6)
m=0

1.4.3 Iterative application of DCPs

We will now pay attention to another possibility mentioned before, viz. the substitution
of different operators F; for F' during iteration. This is important if we study discretised
continuous problems. We consider all (discrete) F; as approximations to one (contin-
uous) ‘target’ operator F*. As long as the approximate solution is not a very good
approximation, i.e. in the beginning of the iteration, we take operators {F;} that are
simple to evaluate and we will take better approximations that converge to F™ in some
sense as the iteration proceeds.

If we apply this technique, we approximately solve a sequence of problems { Py }k=1,2,..,
of the form

(Px) Frz = yx,

where we use the approximate solution of (Px_;) as a starting value for the iteration of
(Pe)-

One possible application is to select { F;} which are discrete approximations of hzgher
and higher order to a continuous operator F. The approximate inverse G = Fy ! may
be kept constant during the process.

Another example is the Mesh Continuation Method in which {F;} are discretisations
on finer and finer meshes of an analytic operator F. When combined with a multigrid

technique for the solution of the discrete problems, this is called Nested Iteration ([17])
or Full Multigrid (FMG) [9].

1.4.4 Recursive application of DCPs

Generally, the evaluation of the approximate inverse operator G; implies the solution of
an equation which is (essentially) of a simpler type than the original equation. However,
also this simpler equation may be of a kind that we want to solve by means of a DCP.
For this we need an even simpler equation to solve, etc.. Thus, the execution of a single
iteration step may imply the activation of a new (simpler to solve) DCP. In this way we
can construct a recursive application of DCP’s in which on the lowest level of recursion a
very simple equation is to be solved. Multigrid iteration is an example of this procedure.

1.4.5 Generalisation for nonlinear problems: DCPN

A generalisation of DCPA, specially for nonlinear problems, can be introduced via DCPL.
Let us first consider the process DCPA and suppose that G is differentiable. Since G'(7),
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g"jeﬁ, is a linear operator we can use it to obtain a linear approximation (linearisation)
of the operator G. We then simply use DCPL with approximate inverse G'(7):

Zitl N 2 — é’(?}) (Fzi — y).

For pelR, p # 0 and ueE we have:
) — uG(T).

Because, in general, the Fréchet derivative G'(7) is not available for computation, we
replace (using the above with u = Fz; — y) the form G'(3)(Fz — y) by

uG(G + (Fzi—y)/n) — nG(@).

We then obtain the following DCP:

20 = éy
(DCPN) { zip1 = 2z — pG@+ (Fz —y)/u) + pG(7).

Remarks:

e In this new defect correction process one still has the freedom to choose the pa-
rameters p and 7. For the choice 7 = y and 4 = 1, DCPN coincides with DCPA.

e For a large enough i, we may guarantee that for any defect F'z; — y, the operator
G is evaluated only in a sufficiently small neighbourhood of 7.

e In the general case (i.e. for arbitrary values of p and ), the solution z* of (1.1) is
a fixed point of DCPN. Sometimes the converse is also true:

Theorem 1.15 Let Z be a fixed point of DCPN and let G : D — D be injective. Then
% is the solution of (1.1).
Proof: Because 2 is a fixed point of DCPN we immediately see that

G+ (Fz—y)/p) = G@).

By the assumption that G is injective, we see that Fz2 — y = 0. O

11



Chapter 2

Defect correction and discretisation

2.1 Introduction

In the foregoing chapters we discussed defect correction and discretisation. It will now be
shown how these techniques can be combined to approximate efficiently the solution of
a continuous problem. The basic principle is that less accurate discretisations accelerate
the solution of more accurate discretisations. More precisely

1. the solution of a lower order discretisation may accelerate the solution of a higher
order discretisation, or

2. the solution of a coarser discretisation may accelerate the solution of a finer dis-
cretisation.

The first case will be considered in the next section, the latter will be treated in more
detail in Section 2.3.

2.2 A fundamental theorem

Example 2.1 An accurate and an inaccurate discretisation

We consider a two-dimensional second-order linear elliptic boundary value problem, e.g.
problem

—Au=fq on Q,
u+€g—;=f[‘ on I'=0Q,

and two discretisations of it, both obtained by the finite element method. The first
discretisation with piecewise linear functions on a triangularisation, is denoted by

(2.1)

thh = Yn, Fh : Eh — Eh. (22)

The other discretisation, with piecewise quadratics on the same triangularisation, is
denoted by
Fim=vi, Fp:E— B, (2.3)
Because we use b@sicly the same triangularisation for both discretisations, we can identify
Ey, Ej;, Ey, and Ej; all with RV, and the matrices F}, and F;* have the same dimension.
If the solution of the boundary value problem is smooth, the operator F} will yield a
more accurate approximation than Fj. From this point of view, it seems advantageous
to solve (2.3) to obtain an approximation of the solution of the continuous problem.

12



Naturally, Fjy has a more complex structure than Fj,. Therefore we prefer to solve (2.2)
and we shall use its solution as the initial value in a defect correction process for (2.3)

as follows
{ th;ll) = yh

i i 2.4
Pl = (F = F)2P +yp i=1,2,.... (24)

A stationary point for the iteration (2.4) is a solution for (2.3). Later we shall see that
in many cases one or a few of these iteration steps may be enough to obtain a sufficiently
accurate approximation to the solution of the original problem. An approximation not
less accurate than the one that will be obtained by direct solution of (2.3).

We will now place the above example in a more general context. We consider the
continuous problem

Lu=f, (2.5)

where L : E* — E* is a linear operator, and {E®| oy < o < a1}, {E%)ay < o < a;} are
scales of Banach spaces. The solution of (2.5) is called 4. We consider a less accurate
discretisation of (2.5):

Lhuh = Rhf (26)

and a more accurate discretisation of (2.5):
Liuy = R} f (2.7

where Ly, Lt : EX — E¢ are linear operators, and {Ef|ap < o < a1}, {Eglqo <a<a}
are scales of Banach spaces corresponding with {E%jap < @ < e} and {E%|ay < a <
a;} respectively. As in the example, the defect correction process

1) _ p

Ll =Ly - L)W + Ryf, i=1,2..,

is used to approximate the solution of (2.7). When the defect correction process (2.8)
converges slowly (or does not converge) the use of (2.8) will be less efficient than the
immediate solution of (2.7). The following theorem will show under what conditions the
use of (2.8) might be preferable.

Theorem 2.2 Let the problem (2.5) be discretised by (2.6) and (2.7), and let
1. L, be o-stable for some o > 0,
2. L, be consistent of order p, for all $€0, p|,
3. L; be consistent of order p*, for all p*€[0,p*], p* > p,
4. L, and Lj be relatively consistent of order p.

Then the iterands in (2.8) satisfy the error estimate
luf) = Radlley < CR™"®"P|[a] pusas, (29)
with 3; = min (o + p*,i(c + p)) and C independent of h and further w, such that

w,w + i(p + 0)€lay, ay).
Proof: We will first put the conditions 1) - 4) in a more explicit form:
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1. 3C, independent of A : ||L;1”E§““«—E: < Gy

2. p is a real number for which
|RhL — Lth”E‘vz‘_Ea+ﬁ < Coh?
for all 0 < p < p and some C, independent of h. This implies that
| Ry La — Lthﬁ”E;: =||Rnf — Lthﬁ”E; , < Coh?||ii|| gats (2.10)
forall0 <p<p.
3. p* is a real number for which
IRLL — LiRullgggoss < C3h?
for all 0 < p < p and some Cj independent of h. This implies that
|RiLa - LiRuillgy = R3S ~ LiRiillgy < Cobflallgs

forall0 <p<p*

124~ Lillgg _pgos < Cib?
for all 0 < p < p and some C, independent of h.
Now we are in the position to prove the theorem by induction:
WY — Ryt = L7 Ry f — Ryd = L [RiL — LyRy)i.

Hence

lluf) — Ruillsy < 1L gy wse | BL = LnRall govogutess 1@l puvoss
With the use of 1) (¢ = w+ o) and 2) (@ = w + o) we find

[uf — Ruiill gy < CLORP ||| gt -

Because (2.7) is a discretisation of higher order than (2.6) we have p* > p and it follows
that ) )
“ugl) - Rh’&’”E;‘: S Chmln(p ’p)|lﬁ||Ew+min(a+p“',a+p) y

and thus the theorem is proved for : = 1.
Now, suppose that the theorem is proved for some ¢ > 1. We will prove it for i 4 1:

up ™ = Ruir = Li'[(La — L) + Ry f] = Rut

o — Ry — L7V [Liul? — Ry Ll

= [ - L7'L}] [u}) — Ryil] — L' [LiRa — Ri L]
= L' Ly, — L) [ul? — Ru@)] — L;'[LL Ry — Ry L)

il

It now follows that
6§D — Rudllse < IL7 (La — Ly [u) — Rut)llpe + | L7 (L4 Ra — RELlal 5y

14



< L7 llgg e 12 = Lill oo porosn [0 — Ril| gusesst

L5 gy oo | LaRR = RiLl gy o gt 1]l potosr -

Using 1) (e =w+0),3) (e =w+0) and 4) (a = w + o) we find

HugH) - Rh’ITL”E;: < C’104h”|]u$:) - Rh’fb”E’u:+o+p + ClC3h”'

ﬁ:” Eu+a+p* .
Application of the induction hypothesis leads to

[ Ryillge < C1CRPCsh™ || 4| putosprs; + CLC3hP"

| gotosr <

) Clc4cshmin(p*,(i+l)17)”1’},||Ew+3‘-+1 n ClCshmin(p*,(i+l)17)“'ﬁ,”Ew-rﬁs-r-l
< C,hmin(P"(i‘I'l)p)“’L'},”Ew+ﬁi+1 .

In the one but last inequality we used the fact that

I lla < llagn for n>0.

Remarks:
e The theorem requires no stability of Lj.

o If R, = R}, and the set of restrictions { Ry|h€’H} is stable, then the requirement 4)
from the theorem follows from the requirements 2) and 3):

1Ln = Lill gy gots = |(a = Li)RaPil g govs

< ”Lth - Lth||Eg<—Ea+ﬁ ”phllgwm_sgﬁ
< Cs||LnRy — RyL + R, L — L, Rl o pa+s
< Co{llLaRn — RuLl gopo+s + | RRL — Ly Rall gopass }

< Ce{Cyh? + C3hP} < ChP | forall 0<p<p.

2.3 DCP with an approximate inverse of deficient
rank

Example 2.3 A fine and a coarser discretisation

Here we show how a coarser discretisation can be used to accelerate the solution pro-
cess for a finer discretisation. Again we take as a model problem the two-dimensional
second-order linear elliptic boundary value problem. We are interested in a coarse and
a fine finite-element discretisation of this problem with piecewise linear functions on a
triangularisation. Again the finer discretisation is denoted by

Frzn = yn, (2.11)
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and the coarser by
Fyzy =yu . (2'12)

It is assumed that the two discretisations are nested (e.g. H = 2h), i.e. that there exist
a prolongation P,y and a restriction Ry, with property

Py = PyPuy, Ry = RunRa.

It is clear that the solution of (2.11) is much more expensive to compute than the solution
of (2.12), because the size of matrix for F}, is larger than that for Fj. For this reason we
are inclined to use the solution of (2.12) as an auxiliary problem in a defect-correction
process for the solution of (2.11). It seems natural to use PupFy ! Ryp as an approximate
inverse for F,,. This results in the coarse grid correction process

{ Z,(ll) = PhHZH

. : ] ,. (2.13)
Zf,wl) = Z;(,) - PhHFEIRHh(thi(l) — Yn)

Notice that the operator PyyFy'Rpyy is not full rank: Rank(PygFg'Ryr) = N(H) <
N(R).
The following figure may illustrate this

U []
- Fu Rin
P

Figure 2.1: The incomplete rank matrix

P fn

From now on the above example will be generalised. The more general form of the

iteration step in (2.13) is
A = 0 _ G(F —y), (2.14)

where L
= PSR : E, — E, is not full rank,
: Ey — Ey is full rank,
. E, — Ey is a restriction and,
: Ey — Ej is a prolongation.,
: By — Eh is full rank.

Y L

Definition 2.4 Let S, R, P and F be as above. Then we call the operator E : Ey —
Ey, defined by

E=S"'-RFP,
the deviation from the Galerkin approzimation corresponding to (2.14).

Notice that with the use of Galerkin approximation S = (RFP)~!, we have E = 0.

Definition 2.5 Let R be a restriction related to P, i.e. its left inverse, R = (PTP)-1PT.
Let e be the error in the approximation 29| i.e. e = 2() — F~1y. Then we define e, the
smooth part of the error, and e,, the unsmooth or rapidly varying part of the error by

es = PRe; e, = (I — PR)e.
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Remark: The operator PR represents the projection of Ej, on Range(P) C Ej. The
smooth part of the error is the part of the error lying in Range (P), the remaining part,
eu, lying in its complement Range(P)7.

We now want to examine the effect of the amplification operator of the error, M =
I —GF, on an error e = e, + ¢,. We examine e, and e, separately. Since e,€ Range(P),
we have e, = Pf?,es, and

Me,= MPRe, = (I — PSRF)PRe, = P(I — SRFP)Re,
= P(I — S(S7! — E))Re, = PSERe, € Range(P), and
Me, = (I — PSREF)e, = e, — PSRFe,.

So we have the situation as shown in Figure 2.2. We can follow the same procedure for

the residual.
s » PSER e s Range(P)
PSRF e smooth
u
\ Range(P) +
e e unsmooth

u - u

Figure 2.2: The effect of the coarse grid correction on the error

Definition 2.6 Let P be a prolongation related to R, i.e. a right inverse, e.g. P =
RT(RRT)~!. Let r be the residual for some approximation z®, i.e. r = Fz(® — y. Then
we define 7y, the smooth part of the residual, and r,, the unsmooth or rapidly varying
part of the residual by

ro=DPRr; r,=(I- PR

Remarlf: The operator PR represents the projection of Ej, on the complement of
Kernel(R) and r,€ Kernel(R). L )
The effect of the amplification operator of the residual, M = I — FG,on 7 = r, + 1o,
can now be derived from its effect on r, and 7,:
Mr, =(I- FPSR)r,

= (I - PRFPSR + PRFPSR — FPSR)r,

= (I - P(S™' = E)SR+ (PR — I)FPSR)r,

= (I + PESR- PR— (I - PR)FPSR)r,

= PESRr,— (I — PRYFGr,,

k]

where (- I%I?A)FérseKernAel(f%), and f’ESI—?,rseKernel(fﬁ)T, the complement of Kernel(R)
because PR(PESRTS) = PESRr, .
Furthermore, because r,eKernel(R), we have

Mr, = (I — FPSR)r, = r,,

We summarise this in Figure 2.3.
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/ s > PESRT o Kernel (R)‘L
smooth
\r (PRDFGT & ol )

u o ru unsmooth

Figure 2.3: The effect of the coarse grid correction on the residual
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Chapter 3

Multigrid algorithms

3.1 Introduction

In the framework of defect correction processes multigrid algorithms are easy to explain.
For this purpose we consider a continuous problem (1.1) and two discretisations of this
problem on grids with meshwidth h and H:

thh = Ypn and FHZH = YH, H > h. (3.1)

The operators Fy, : D, C Ejp, — Dy, C E’h and Fy : Dy C Eyg — by C FEy are mappings
between discrete spaces Ej, Eh, Fy and Ey. Further a linear injhection f’h;, : By — Ey
(prolongation or interpolation) and a linear surjection Ry : Ep — Ey (restriction)
are given. A multigrid algorithm for the approximate solution of a discretised problem
Fyz, =y, is an itcrative process in which one iteration cycle consists of

o p (pre-) relaxation steps (pelV),
e a coarsc grid correction step,

e g (post-) relaxation steps (gelV).

The relaxation steps are defect correction steps as e.g. damped Jacobi (JOR),
Gauss-Seidel (GS), symmetric Gauss-Seidel (SGS), incomplete LU-decomposition iter-
ation (ILU) ete. Their main purpose is to reduce the unsmooth part of the error (see
Section 2.3). The remaining, smooth error can be represented well on a coarser grid by
means of some restriction.

The coarse grid correction step is a defect correction step of type DCPA where the
approximate inverse Gy is given by

Gh = PuuFi'Run (3.2)

(sce Figure 3.1). The use of the approximate inverse (3.2) implies that we solve the defect
cquation on a coarse grid, with the help of a coarse discretisation of our problem. This
is only meaningful if (part of) the error before the defect correction step is representable
on the coarse grid.

Thus far we have only described an algorithm using two grids. If we do not solve
the defect equation on a coarser grid directly, but if we approximate its solution by
application of a few iteration steps of the same algorithm on the coarser level, we obtain
a recursive process where we have to solve a discretised problem directly only on the
very coarsest grid. The resulting process is a true multigrid-algorithm. One complete
iteration step in a multigrid process is called a multigrid cycle.

19



3.2 Two-level algorithms

Again we consider the two discretisations (3.1). Their relation via restrictions and pro-
longations is shown in Figure 3.1. We present the algorithms in the form of ALGOL-like

Phn RHh | E;'Ih
15}

Figure 3.1: Relations between operators and spaces in a two-grid algorithm

programmes. First we describe two auxiliary procedures:

e proc solve = (operator Fj, ref vector 2z, vector y;) void:
This procedure uses the operator Fj, and the right-hand-side yp, to solve (approxi-
mately) the equation

Frzp = yn.

On entry, z, should contain an appropriate initial value for the (possibly) itera-
tive solution process. On exit z; contains a (better approximate) solution of the
problem Fyzp = ys.

e proc relax = (operator F}, ref vector zj,, vector y,) void:
This procedure performs one iteration step of a suitable relaxation method for the
equation Fjz, = yp.

Now we explain the essential coarse grid correction step. Given an approximation zp to
the true solution z; of our discrete problem, we consider the residual

Th =Yn — Fhzn.
With the error e, = 2z, — z;, we have
Fu(zn — en) = yn =1h + Fazp. (3.3)
For a linear operator F}j this reduces to
Fuepn = — . (3.4)

Instead of solving equation (3.3) directly, we compute the solution of a similar equa-
tion on a coarse grid

Fywy = Runrn + FuRunzn (3.5)

and then use Pyy(wy — Rpynzy) as an approximation for the error —ey,, and hence as a
correction quantity in the DCP. For a linear operator F}, the above reduces to

Frey = —RygnTh,

which gives the correction quantity Pyjey . Now we describe one iteration step of the
nonlinear two-level algorithm:
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proc TGM = (int p, g, ref vector z;, yn) void:
begin
to p do relax (Fy, zn, Yn) ;
vector ry 1= Ryh(yh - thh) + FyRpnzn;
vector wy := Rygp2p;
solve (Fy,wy,7g);
zh := zp + Pou(wy — Runza);
to q do relax(Fj, 2n, Yn);
end;

For a linear operator Fj, we can use the following simplified version:

proc TGML = (int p, g, ref vector zj,y,) void:
begin

to p do relax (F, zn, Yn);

vector ry := Ryn(yn — Fazn);

vector wy = 0;

solve (Fy, wy,Tw);

zh = 2p + Prrwy;

to q do relax (Fh, zn, Yn);
end;

Remark: The coarse-grid correction in the two-level algorithm can easily be seen as
the instantiation of a DCPN as treated in Section 1.4.5. Therefore we take in (DCPN):
F = Fpyy:=un G := PuyF7' Ry and § := PrgFgRysul) with Phy such that
ﬁl!hﬁhll = ]H- Then we find éy = PhHRHhugj) and with u?,ld = R}{hug) and urf}ew the
solution of

FH’U,IflieW = Fyu?}d — Eyh(Fhug) - yh)/u,

the (DCPN) reads as
u*) = uf) — pPun (uB - ).

3

3.3 Multi-level algorithms

Consider a sequence of grids with meshwidths h;, hi—y > hi, 0 = 0,1,2, ... Often one
uses h;_, = 2h;. We now describe one cycle of a multi-level algorithm to solve the
problem Fj.zn, = 7. The algorithm uses a sequence of approximate solutions z =
(2hss Zhi_y» s Z1o) and a sequence of right-hand-sides r = [Thiy Thi_ys -1 The)- At entrance
these data are given only for the finest grid.

proc MGM = (int 4, p, q, o, ref vector z,r) void:
begin
operator Fy, = F,,,, Fyy = Fy,_,;
vector z, = Zn;, Y = Th;}
to p do relax (Fj, zs, yﬁ);
vector iy = h,_, = Rpn(yn — Fazn) + FruRunze;
vector wy = 2zp,_, = Rynzn;
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ifi=0
then solve (Fy,wy, )
else to 0 do MGM (i - 1,p,q,0,2,7)
fi;
zn = 2zn + Pua(wy — Runzn);
to g do relax (Fy, 24, y»); end,;

For a linear operator Fj, we have the following simplified version:

proc MGML = (int 4, p, g,o,ref [ ] vector z,r ) void:
begin
operator Fj, = F,, Fg = F,_, ;
vector zp = 2p,,Yn = T, ;
to p do relax (Fi, zn, Un);
vector ry = 14,_, == Rpn(yn — Frzn);
vector wy = z,_, := 0;
ifi=0
then solve (Fy,wy,TH)
else to 0 do MGML(: - 1,p,q,0,2,71)
fi;
zn = zp + Paywn;
to ¢ do relax (Fj, zn, up);
end;

Multigrid methods based upon MGM, respectively MGML, are also know by the names
FAS resp. CS. These names stand for Full Approzimation Storage scheme and Correction
Storage scheme respectively. As the names already indicate, with CS we only compute
corrections on the coarser grid, whereas with FAS we compute approximate solutions
on all levels. When the MGML-algorithm has converged we have Fjy2, = yp; when the
MGM-algorithm has converged we have in addition zp,_, = Rp,_,n,2n,, i.e. on the coarse
grids we find the restriction of the solution on the fine grid.

Theorem 3.1 Consider an application of MGM where h;/h;, = H/h is constant for all
t=0,1,2,.... Let d be the dimension of the grid, i.e. the number of space dimensions.
If o < (H/h)? then the total amount of work in a multigrid cycle is proportional to the
amount of the work on the fine grid.

Proof: Let W be the amount of computational work needed to perform relaxations,
operator evaluations, restriction and prolongation on the finest grid. On every next
coarser grid the number of nodal points is reduced by a factor (h/H)% Hence the
amount of work on the coarser grid is reduced by the same factor. If we consider an
infinite number of grids, the total amount of work is given by

w

Wio < i[a(h/H)d]nW = m'

n=0

The above serics converges if and only if o < (H/h)?. This implies that W,,, is propor-
tional to W if ¢ is sufficiently small. O

In the above multigrid algorithms (MGM, MGML) the fixed numbers p, ¢ and o deter-
mine the strategy of the algorithm. Other multigrid algorithms may terminate iterations
sooner or later, depending on the convergence or other conditions that can be checked
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during the computation. Multigrid algorithms that make use of this possibility have
an adaptive strategy; algorithms where the iterations are controlled only by the fixed
numbers p, ¢ and o have a fized strategy. MG-cycles with o = 1 are called V-cycles,
those with ¢ = 2 are called W-cycles. V-cycles that have either p = 0 or ¢ = 0 are
called sawtooth cycles.

In the following figures we show for some fixed strategies how is switched between
the different levels of discretisation. We see that -essentially- most relaxation sweeps are
performed on the coarser levels. In all diagrams the number of the levels is 4, the coarsest
level is denoted by 0. Segments between tick-marks on a level > 0 denote the execution
of a relaxation step on this level; a segment on level 0 denotes the direct solution on

: —-REL o
the coarsest level.  Let MREL and M, denote the amplification operators of the
h H : ,
The general structure with p=3, q=2, s=3.
H

level =3 |

Figure 3.2: A general multigrid cycle with p = 3,¢ = 2,0 = 3.

o

level =3

i

Figure 3.4: A saw-tooth cycle with p =0,¢=3,0 = 1.

relaxation for error and residual respectively. For TGML the amplification operator for
the error is given by

MyTEMEP (MFERYa(T, — PoyFg' Ryp Fy ) (MEFLYP

23



Figure 3.5: A W-cycle with p=3,¢=0,0=2

_ 15\ FREL\p
= (MFPUF = PagFg' Ren)(My, )P B

We denote the amplification operator of a multi-level iteration step (MGML) on the

h-level of discretisation by MMEMEPao or pMpMGML for short. The same amplification

operator on the next coarser level we denote by Mp ¢MEP97 or MMGML  In the multigrid

cycle the approximate inverse is not given by

PuuFg'Run,

because Fj' is approximated by application of o steps of a DCP. The amplification
operator of this DCP is given by MM“ML  Hence the approximate inverse of the o
iteration steps together is given by

(Ta ~ (M M")) Fg'

(see Section 1.4.2). Consequently, the amplification operator of the coarse grid correction
in MGML is
In = Pug(Ig — (MY M) Fi' RywFy,

and we have
MTOMEPaT = (MIENYU(T, — Pog(Iy — (MM PR Ry Fr)(MEE" Y

= MTCML | (MRFLYIp, , (MMCMLYT p1R . B (MRFLYP (3.6)

3.4 Full multigrid method (FMG)

The multigrid cycles we described in the previous section yield iterative improvement of
a solution on a fine grid and therefore they need some initial estimate of the solution
on this finest grid to start with. One possible algorithm is to obtain the initial estimate
by interpolation from a solution on the next coarser grid, which has previously been
calculated by a similar algorithm. Using this algorithm we start solving the problem on
the coarsest grid. An algorithm of this type is called a Nested Iteration process:

proc nested iteration = (int ,[ ] int 4, ref [ ] vector z,y) void:
begin
solve (Fy, z[0],y[0]); { - sufficiently accurate - }
for k to !
begin
k] = Py el — 1)
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for m to i[k] iteration (k, z[k], y[k]);
end
end

Remarks:

e [+ 1 is the number of levels available; the coarsest level is denoted by 0.

y[k] is the right-hand-side for the equation to be solved on level k.

i[k] denotes the number of iteration steps needed on level k.

P{ ,_y is an interpolation from level £ —1 to level k. This operator is not necessarily
the same as the prolongation operator used in the the multigrid cycles; it is usually
more accurate.

The procedure “iteration” represents onc step of a suitable iterative solution process. In
the multigrid context we will use MGM (FAS) or MGML (CS) to replace “iteration”.
In this case we call the resulting method a full multigrid method (FMG). In an FMG-
algorithm the coarse grids have a double function:

e providing the iterative process with an initial estimate;
e speeding up the process on a finer grid.

A typical FMG algorithm with one V-cycle (p = v,q = 1,0 = 1) per coarse grid, is
shown in figure 5.4.1. (i.e. we have i[k] =1 for all k).

Ty

Figure 3.6: A FMG starting phase and an additional V-cycle

The strength of the FMG method is the combination of the sufficiently accurate
initial estimate obtained by interpolation from the coarse grids, together with the con-
vergence rate of the MG cycling procedure that is independent of the meshwidth. This
combination makes that finally a strategy is found by which the solution of the discrete
system on the finest grid is obtained with an accuracy that is of the same order of mag-
nitude as the truncation error for this finest grid, by an amount of work that is only
directly proportional to the number of degrees of freedom in the finest grid. Thus, the
solution of the continuous problem is approximated up to truncation error accuracy by
an amount of work that is proportional to the number of points in the finest grid. This
is shown in the following theorem.

Theorem 3.2 If we consider a Nested Iteration process with a sequence of discretisa-
tions Frzr =y, k=0,1,2, ...,

Fk:Fhky 2k = Zhyy Yk = Yheo h()>h1 >h2> ey (37)
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such that (i) hy_1/hx < C) for all k, (ii) the discretisations Fyzy = yx and Fy_j2,-1 =
yr-1 are relatively convergent of order p, i.e.

Hpk*,k—lzk—l — z|| < Cohf_y (3.8)

and (iii) the convergence factor of the iterative procedure ”iteration” is independent of
h, i.e. . .
Iz — 2l < Calla? — il

with C, independent of h. Then, with i[k] = i independent of k, the result of the nested
iteration procedure % = 2" satisfies

B CPC
2 = zelle, < —

172 p 3.9
= T crayey &9

where || P|| = supy || P{ x| and it is assumed that CTCj||P|| < 1.
Proof: For each k > 0 we know

2 — zil| < CE |2 — 2]

In the nested iteration algorithm it is required that z; is computed sufficiently accurate.
We require '

120 — zo|| < CT C3 Cohg,
i.e. we require that truncation error accuracy has been attained. Then the statement of

the thcorem is satisfied for ¥ = 0. For an arbitrary £ > 0 we use induction. We assume
that the theorem is satisfied for £ — 1, then

0 « i
“Zl(c Vo all = “pk,k-ﬂz(ch(; EAl
< ||Plc*,k—1l(“)“zk—-l - Zk—l” + ”Pl:,k.-lzk—-l — Zk“
<||P|| N2y = ze=1ll + Cohk_y

so that
22 — 2l <GP 122, — 26l + CICTCORE,
< C4CYCohY + C || PI| {CICTColl_y + Ci ||PI| {--.}}
= CoCYCy [ + G| Pl (k. + C3lIPII{-..})]
= CoCICiML [ + C3[| PI{CE + C3| PlI{-..}}]
= CoCTC3hY [1 + C3|| P||CP + (C3||P||CD)? + ..
cPCi

= T=cteimy Cohi

(]

Remark: Notice that in the error estimate we recognise: Coh} the truncation error

on level k, and Cy the convergence factor of the iteration cycle. Usually, the mesh ratio
C; =2 and

, Php:
”1)” = sup ”Ph”H = sup sup U_’_f’.:”_’f_l_ll_gi =1.
i1

I €Ly ”'TUHEH

Remark: We notice that the definition of relative convergence is in terms of the inverse
g
opcerator
1P -
P Ly Run— Ly || < CHP.
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We recognise the equivalence with the assumption in the above theorem by

|(Pun Ly Run — Ly Yyl < CH ||

< ||Pun Ly Runyn — Ly 'ynll < CHP||ynll

< ||Parzu — 2|l < C HP||ysl|

= ||Purzn -zl < C HPUZEA 1y
If Ry is bounded and stable then c;||y|| < [|[Ruy|| < cally|| and we recognise the equiv-
alence immediatcly.  We can derive the relative convergence of order p between two
discretisations also from the convergence of both. This is shown in the following theo-
rem.

Theorem 3.3 Consider the continuous equation Fz = y and let the sequence of dis-
cretisations Fiz, = yn, h€H have an order of convergence p. If there exists a nested
scquence of stable prolongations

{PhIPhIEh*-‘)E, hEH}

such that PP,y = Py for h, HeH, H > h, then the discretisations Fjpz, = yn and
Fyzy = yy are relatively convergent of order p.

Proof: X
| Prrrzn — 20|l < ”]?hph(PthH — zn)|
<Rl 1PaParrzn — Przall
<WRull (1Puzi — 2l + |z = Puzall)
< C(CH? +Ch?) < CHP.
]

Associated with a nested iteration is a particular type of multigrid iteration cycle.
This iteration cycle consists of consecutive V- or W-cycles on a sequence of finer and
finer grids. This is similar to the initial phase of an FMG process. This iteration cycle
is called an F-cycle. It can be considered as the repeated execution of the FMG starting
phase, first applied to the solution and later on the corrections to the solution.
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Chapter 4

Local mode analysis

4.1 TFourier transforms of continuous functions

In this section we collect well-known results with respect to Fourier transforms of func-
tions that are defined (almost everywhere) on domains in the real n-dimensional space.
All results mentioned in this section can be found in general texts as e.g. [36], [47], [56],
[60].
Let ue L2(IR"), then its Fourier transform 4 is defined by
afy) = 2r)? / e u(z) d | (4.1)
Rr

Furthermore, a back-transformation formula is available:

i(z) = (2m)™"/? / et a(y) dy, (4.2)

n

such that @(z) = u(z) almost everywhere on IR". Moreover

aeLl*(IR") and |l

2y = ||l p2gmny -

We say that the Fourier transformation is a norm-invariant bijection L2(IR™) — L*(IR™).

The above definition of a Fourier transformation can be generalised to more general
functions than L*(M?")-functions. The same definition applies to the set of “tempered
distributions” (sce c.g. [60] ); in this case -again- the back transformation is available.

We sce that the Fourier transform (FT) of a function defined on IR™ is a function
defined on " itsell. A Fourier transformation can also be defined for a finite set of
equally spaced data. In this case the FT of a set of N data (the Finite Fourier transform)
is again a sct of N coefficients (sce e.g. [19]).

The FT of a periodic function (or, what is the same, the FT of a function defined on
a torus) is a countable infinite set of coefficients. Analogously, in the following sections
we shall introduce the Fourier transformation on an infinite set of equally spaced data.

In this case the F'T of such a “gridfunction” will be periodic function (a function defined
on a torus).

Definition 4.1 Let 2= (hy, ..., h, )€ R" be given, then the h-periodisation of a function

u: IR — Cis defined by
i(x) = > ulz — kh),
kezn

where kh = (k. bl
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We notice that 4(z) is a periodic function on IR" with period A; it is completely
defined by a mapping [0, h) — &, where [0, k) is defined by

[0,h) = [0, k1) x [0,h2) X ... X [0, hy).

The FT of a function %(r) defined on the torus [0, k) is (cf. [36]) a sequence {ci}rez»

defined by
1

- hn(2m)"

from which it is clear that ¢, = @(Z%)/h"™. Also the Fourier transform on [0, h) has its
back-transformation. From this we see that the knowledge of %(y) at only certain equally
spaced points is enough to restore a periodisation of the original function u, whereas the
complete definition of %(y) (almost everywhere on IR™) is needed to find the function
u(z) itself.

h .
Ck / e~ 2mika/hi( 1) d, (4.3)
0

4.2 Gridfunctions

For a fixed “mesh” h = (hy,...,h,) with h; > 0, ¢ = 1,2,...,n, the regular infinite
n-dimensional grid Z}' is defined by

Zy = {jhljeZ™}.
Further we introduce the notation

3/h = (G1/h1s s n/ hn),
h™ =hy - hg-...- by,
Tw = 27 /h]" = (=7 /hy, 7/h1] X ... X (=7 /hn, 7/ hy).
We call T}? an n-dimensional torus.

Definition 4.2 A complex or a real gridfunction is a mapping Z — ¢, respectively
Z} — IR, where d is the dimension of the range of the mapping.

Remark: We will restrict ourselves to the scalar real or complex gridfunction Z} — IR
or Z; — @ and, unless stated otherwise, we shall use the word gridfunction for this kind
of gridfunction exclusively. It is immediate that, with the usual addition and scalar
multiplication, the set of all gridfunctions is a vector space. This vector space we denote
by

W(Zy)
or, shortly, by ;. For any p > 1 or p = oo the space I, can be provided with a norm
lunlly = (A" 7 Jun(GR)P)'7?, 1 <p < oo, (4.4)
JEZ™
or
[urlleo = sup;ezn|ua(jh)]- (4.5)

For a fixed p, 1 < p < oo, all gridfunctions with a finite norm || - ||, form a subspace of
I(Z}}), which is denoted by

L (Z5) .-
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It is obvious that for any p, 1 < p < oo, IF(Z}) is a Banach space (cf. [75] p.35).
Moreover, for p = 2 we know that [2(Z7) is a Hilbert space with the inner product

< Up,Vp >p=h" Z uh(jh)vh(jh) . (46)
j€zZ»

4.3 The Fourier transform of a gridfunction

Let up : Zp — € be a gridfunction. We give the following

Definition 4.3 The Fourier transform 4, L%(Tf) of urel2(Z}) is a function T — C,

defined by .

Th(w) = (=)" 2 e un(jh). (4.7)
2 emn
The inverse transformation is given by
: 1 n 1J —~
un(jh) = (=) / o O TR) do. (4.8)
W&l

Remarks:

e We denote the Fourier transform also by

@ = FT(up).
e 1y, can also be considered as a [27/h]"-periodic function 4y, : R — C.
e By the Parseval equality we have

llunllz = |kl L2y -

Hence the Fourier transformation operator F'T: [ — L%(T[) is a unitary operator.

With the identity fr. ¢"U~Fdw = (37)"6;, we easily verify the back-transformation
formula.

In the back-transformation formula (4.8) we see that any gridfunction u;€l? can be
considered as a linear combination of gridfunctions ey, of the form

enw(jh) = e, wely, jeZ™, (4.9)

i.c. a periodic gridfunction with period [25]™; such ep,, is called a simple mode . The
parameter w is called the frequency of this mode and @,(w) is the amplitude of the
component (mode) with frequency w in .

Because ep, = enwiank/n, for all ke Z™, a frequency w cannot be distinguished from
a frequency w + 27k/h. This phenomenon is called aliasing .

It is clear from definition 4.3 that the range of frequencies that can be represented
on a fine grid (small k) is larger than the range of those which can be represented on a
coarser grid (large h). This explains why smooth gridfunctions (i.e. gridfunctions with
relatively small amplitudes for the high frequencies) can be much better represented on

a coarser grid than less smooth gridfunctions.
Remarks:
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e For functions u; defined on a bounded domain Qy, Q, = [~Nh, Nh]* N Z}, with
periodic boundary conditions, a similar definition can be given for the Fourier
transform ;. The only difference is that the set of frequencies, 7}, available for
such gridfunction uy, is discrete:

TP = {(vky/Nh, ...k, /NR) | =N <k; <N, j=1,..,n} (4.10)

e Functions on a bounded domain with homogeneous Dirichlet or Neumann bound-
ary conditions can be considered as a special case of problems with periodic bound-
ary conditions. In this case the elementary components in these functions are all
of the form

Ehw E Chw = ethw 4 emiihw
and the Fourier analysis method gives an exact description of symmetric operators
By, : 1,(S2%) — 1x(%) because for symmetric operators we have (Bp)ix = (Br)k,
and hence By(w) = Bh(—w). (See Section 4.5 for a definition of By,).

4.4 The relation between FTs of a function restricted
to different grids

In this section we will present two theorems. One gives the relation between the FT of
a continuous function defined on IR™ and the F'T of its restriction to the grid Zj. The
other gives the relation between the FT of a gridfunction and the FT of its canonical
restriction to a coarser grid.

Theorem 4.4 Let uc L?(IR") be a continuous function with FT 4. Its restriction to the
grid Z}} is defined by

un(jh) = (Ryu)(jh) = u(jh), j€Z". (4.11)
Then we have the following relation between 4 and uy:
n(w) = > @(w + 27k/h), (4.12)
kEZ™
i.c. Uy is the [2m/h|™-periodisation of % (def. 4.1).

Proof:

()" T ¢ u(5h)

— (_zh?)n Zj e iihw P fj-r7/r’/lh eih(y+2rk/h) ,a(y + 27rlc/h)dy
() 5y e [710 9 5o iy + 2mk/h)dy

™

Using (4.7) and (4.8) we see that this equals

> a(w + 2nk/h).

kezn
0O

Definition 4.5 Let u,€ly(Z}) then its canonical g-restriction Rouy,(g€Z™), is the

gridfunction uy; defined on Zj, = Z,, defined by

(Ryun)(GH) = uy (G H) = un(jgh) . (4.13)

Sometimes we write 1Y, with H = gh, instead of R).
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Lemma 4.6 If uyelh(Z}) then Rjusely (Z5) with H = gh.

Proof: ’ )
”uH”u;{(z;) =q"h" Yiezn lun(Ggh)IP
< ¢"h" ez lun(Gh)IP
< " [unlly ) < o0
O

Theorem 4.7

(Run)(w)= Y. @u(w+ 2np/H), for all weT}, H = gh,qeZ",¢ > 0.  (4.14)
PE[0,9)

Proof: The proof is left as an exercise. O

Theorem 4.7 shows us that, using the restriction Rg with g€ Z™, ¢ = (g1, -y n), We get
aliasing of Q) = ¢;....¢» frequencies onto one.

4.5 Toeplitz operators and their FTs

Let A : 1,(Z}) be a linear operator. We are interested to know if for any given weT};
the operator A has an eigenvalue )\, corresponding with an eigenfunction e, as de-
fined by (4.9). Suppose it to be true. Then, denoting A by its matrix representation
(@mj), m,jeZ™, the following holds

> amjenw(ih) = Aenw(mh)
jEZ™
jEZ™
hence

— (j—m)hw __ ikhw
Aw = Z Q€ (G=mhw — Z Qm,m+k€ .
j€EZ kEZ"

Because A, is independent of m, an a_i should exist such that ammix = a—g for all
meZ". These considerations give rise to the following.

Definition 4.8 A linear operator A : [,(Z}) — l.(Z}}) whose matrix elements a,;

satisfy the relation @, mix = a—x for all meZ™ and certain a_yg, is called a Toeplitz
operator.

Lemma 4.9 Let A: [,(Z}) — L./(Z}) be a Toeplitz operator with matrix representa-
tion (am;). Then for any weT}

Ao= 3 a_pe™ (4.15)
kez"

is an eigenvalue of A, corresponding with the eigenfunction e, .

Definition 4.10 Let ap, up€ln(Z]') be two gridfunctions. The ap-convolution of up,
denoted by ay x up€ln,(Z}), is defined by

(an*up)(mh) = > an((m — j)h) un(jh) for all meZ™. (4.16)
JEZ
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We can identify the a-convolution with a Toeplitz operator Ay, on [, (Z}) in the following
sense:

Ah : lh(Z;:) i lh(Z,':) such that : Ahuh = Qp * Up. (417)

Le. the Toeplitz operator A, is uniquely identified by the gridfunction a€l,(Z7}) as
an ap-convolution. The gridfunction ay, is related to the matrix elements of A by the
relation

ap(—kh) =a_y for all keZ™. (4.18)
By (4.18) follows

(Aur)(mh) = % czn Qmj un(jh)
= Yjezn 0—(j-m) ur(jh)
= Y jezn an((m — j)h) un(jh)
= (ap * up)(mh), for all meZ™, uyely.

(4.19)

We say that the gridfunction a, generates the Toeplitz operator A = ap + .

Definition 4.11 The Fourier transform Ap Ty — @ of a Toeplitz operator Ay is
defined by

Aheh,w = /Th(w)eh,w . (4.20)
Using (4.15) we see that this means that
Anw) = Ao = Y ap(kh)e e, (4.21)
kEZ™

An immediate consequence of this is the following

Lemma 4.12 _ =N
Apup(w) = Ap(w) g (w). (4.22)
Combining (4.21) and definition 4.3 we obtain the following

Lemma 4.13

Aw) = (l/,z:) ().

Examples of Toeplitz operators are linear difference operators with constant coeffi-
cients, defined on the space of gridfunctions, such that the same difference equation is
applied at cach gridpoint (i.e. the matrix elements of this operator satisfy amm+r = a—g
for all meZ™). Another example is the translation operator Ty

(Tenun)(Gh) = un((5 — k)h). (4.23)

A typical property of, for example, the above mentioned linear difference operators, is
that the difference equation applied to some gridpoint only relates a few neighbouring
gridpoints. Examining the definition of a convolution product

(an*up)(mh) = > an(kh) un((m — k)h)
kezn

we see that this means that the generating gridfunction ay has finite support: an(kh) # 0
only for some k€ Z™ in a neighbourhood of 0eZ™.
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Suppose now that the Toeplitz operator A; is generated by a gridfunction a;, with
finite support, i.e.

an(—kh) = s, keV,
an(—kh) =0 kg,

for some finite set V C Z", containing 0€ Z™. Then we often associate A, with a
stencil. For n = 2 such a stencil is given by

S-1,1 Sp1 S1.1
S-10 Sop S10 - y
§-1,-1 So0,-1 S1,-1

Ap

| : : : 1,
where only non-zero s; are given. This notation (the stencil notation) is very convenient
if V is small.

We will now give a few detailed examples of Toeplitz operators and their FT.

Example 4.14
Consider a central difference discretisation of the Laplace operator A in one dimension
on a regular infinite grid Z}. The stencil representation is:

1

Lh:ﬁ[

1,-2,1],.

We can now, very easily, determine Z;, using (4.21):

7 1 thw —ihw 1 4 .

Li(w) = ﬁ(eh + e — 2) = §(2cos(hw) -2)= - ﬁs1n2(hw/2). (4.24)
Example 4.15
The translation operator Ty, (see (4.23)) can be written as a convolution:

(Tenun)(mh) = up((m — k)h) = é_\: ax(7h) un((m — 7)),

where ap(kh) = 1, and ap(jh) = 0 if k # j. Hence we can identify Ty, with the following
stencil (n =1):
Tin = 1,0, ...,0,0,0, ..., 0].
with k£ terms on either side of 0.
Its FT is given by
Tin(w) = e~*m = cos(khw) — i sin(khw) .

Because | Tin(w)| = 1 for all weT}! we see that application of a translation operators to
up, does not affect the absolute value of u(w).

4.6 Counsistency of a discrete operator

For linear differential operators with constant coefficients we can use Fourier analysis
to determine the order of consistency of a discretisation of this operator. First we recall
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the following, well known property. A linear partial differential operator L of order N
with constant coefficients, given by
alal

527 aan (lol =1 + oo + an),

has the property that for any £€@" the function R®™ — €': z — €% is mapped by L
onto a multiple of itself: ' '

Le™¢ = p(€)e™?,
with p(&) = Tjai<n ca(i€)®, the characteristic polynomial. Here z - £ = 37%_; zx&x and
n® = ni'..n2. The characteristic polynomial p is called the symbol of L. In analogy to
definition 4.11 we can write R

L(w) = p(w) .

Consider a linear partial differential operator L with constant coeflicients and its dis-
cretisation L, on some grid Z}. We are interested in the truncation error

Th=Lth - RhL, ThZE—*Eh

R, and R, are the canonical restriction. For this purpose we consider some arbitrary
weT} and the truncation error of L, for the function

eo(z) = %, e €E.

We find )
Th(ew)(z) = (LnRye, — RuLe,)(2)
= Lye™?" — R L(w)e™™
= (In(w) = Lw)e™,
hence

(el = [In(w) — Lw)l. (4.25)
For given L and L, this expression can be developed in powers of h and the order of
consistency of L, can be determined.

Example 4.16 Consisiency order
We take L = A (in two dimensions),

1 1
= |1 -4
Ly 3 1 , 1
h
We find N
L(UJ) = —_wl (")27
Li(w) = = -5 [2cos(hwy) + 2 cos(hwz) — 4]
= —5[4sin?(wih/2) + 4sin®(wh/2)].
Hence 4 4
| Lp(w) — L(w)| = |7L—5 sin?(w, h/2) + 7{2—3111 2(wyh/2) — Wi — w}
1
= —1——2-11,2 lwi + wil + O(h*) for h—0.

We conclude that the order of consistency of Ly, is 2.



4.7 The smoothing factor for relaxation methods

Consider a multigrid algorithm where for each coarser mesh the meshwidth is related to
finer mesh by H = 2h. In Section 4.3 we saw that the range of frequencies that can be
represented on the coarser grid is smaller than the range available on the finer grid. For
H = 2h the frequencies that cannot be correctly transferred (i.e. without aliasing) to the
next coarser grid are all weT}’ \ T5;.

If we want the coarse-grid-correction in the multigrid algorithm to be successful,
the relaxation steps should damp the amplitudes of the error modes with frequencies
weTP \ T3,. This smoothing property of a given relaxation method with amplification
operator MtFLfor the error, is expressed in terms of the so-called smoothing factor u:

p= sup |MFEL(w)]. (4.26)
wETP\T,

This smoothing factor ;1 describes how well the high-frequency components in the error
are reduced by the relaxation method.

If L is a Toeplitz operator and By, an approximate inverse of Ly, is a Toeplitz
operator as well, then

M,?EL =1, — ByL

is a Toeplitz operator, and
MFFL () = T — By(w) La(w). (4.27)

Example 4.17 computation smoothing factor
We return to Example 4.14 where we considered

1

= Sl-21, D)= L (2cos(hw) - 2).

=73
As a relaxation method we choose damped Jacobi relaxation with parameter a, i.e. we
use

Ly

By, = a(diag(Ls)) ™! = h* [0, :2?{’ 0.

We find By(w) = = ;2"‘, hence

M;{‘\m’(u}) =1- Bp(w)Lp(w)=1—a + o cos(hw).

One can show that o = 2/3 yiclds optimal smoothing of this relaxation method for the
given problem. For o = 2/3 the smoothing factor is p = 1/3.

4.8 Restrictions and prolongations

In section 4.4 we introduced the canonical restriction I?) and the canonical g-restrictions
RY - W(Z}) — ln(Z7,). Now we show that an arbitrary restriction, where for each
gridpoint the same stencil is used) can be described in terms of a Toeplitz operator.

Definition 4.18 A homogencous (weighied) g-restriction of a gridfunction wu, defined
on Zp to a gridfunction uy, H = qh, defined on Z7,, denoted by Ry(an)us, is defined by

(Rolan)un)(GH) = un(GH) = > an(kh) ua((gj — k)R). (4.28)

kezZn
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The gridfunction a; generates a Toeplitz operator. If we denote this operator by A, (i.e.
Ap = apx) the expression (4.28) can be written in the following form:

(Rq(an)un)(FH) = (RgAnun)(jgh) - (4.29)
From this we may conclude, using theorem 4.7 and lemma 4.12, that
FT(Ry(an)un)(w) = > An(w + 27p/qh) Th(w + 27p/qh) (4.30)
pE[0,9)

The frequencies w + 27p/qh, p # 0, we call the higher harmonics of the frequency w.
The total number of harmonics (w itself included) is

Let us first consider the case n = 1,q = 2. Then we have

FT(R,(an)un)(w) = z_jo Ap(w + 7p/h) @n(w + 7p/h).

Another notation of this is

) = FT((anyun)) = (o), o nm) ()

= FT(Ry(an))(w) - FT(u)(w), weTy,.
For general n = 1,q > 1,weTy;, we write also
FT(Ry(an)un)(w) = FT(Ry(an))(w) FT(un)w), (4.31)

where FT(R,(as))(w) is a 1 x Q-matrix with components An(w + 27p/qh), pel0,q),
and FT(uy)(w) a vector with @ components @y (w + 27p/gh), pel0, q).

Example 4.19 (n=1,¢9 = 2)
Ap =apx = [1/4, 1/2, 1/4];,,
An(w) = Ly %cos(wh) = cos?(wh/2),
2

An(w + m/h) = sin®(wh/2),
FT(R,(an))(w) = (cos*(wh/2), sin®(wh/2))-
Example 4.20 (n=2,9=2)

Ay =apx =

1/8 }

1/8 1/2 1/8 |
1/8 A

Here Ax(w) = 4 cos?(wih/2) + 1 cos?(wyh/2), and analogously we find An(wy, wy+7/h),

An(wy + 7/h, wy) and /T;,,(wl + 7 /h, wy + w/h). Thus, we find

cos?(wyh/2) + cos?(wah/2)
cos?(wyh/2) + sin®(wah/2)
sin?(wyh/2) + cos?(w2h/2)
sin®(wy h/2) + sin®(wah/2)

FT(Ry(an))() = ;
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Definition 4.21 Let ug€ly(Z}) be a gridfunction defined on Z%, then its flat g-
prolongation Pluy, geZ™, is the gridfunction us, h = H/q, un€ln(Z};), defined by

) . ug(kqh), if j =kq,
unlit) = (Pu)) = { o7 3 =k (4.32)

One can easily verify the following
Theorem 4.22

FT(Pluy)(w) = p(w) = ¢ g (w), wely- (4.33)
Proof: The proof is left as en exercise. O

The interpretation of this theorem is that u(w) is the periodic continuation of ug(w),
except for the factor

¢ =Q7"

Analogous to definition 4.18 any homogeneous g-prolongation can be described in terms
of a Toeplitz operator A = apx:

Py(an) = ApP}- (4.34)

Example 4.23 Linear interpolation in one dimension (n=1,q = 2)

11
Ap = apx = [;, 1, ;]h,

ﬂ?,(w) = FT(AhP,qu)(w) = &(M)FT(PSUH)(UJ)
= ¢ Ah(w) g (w) = i(l + cos(wh)) g (w) = cos*(wh/2)ug(w), weTy.

(Notice that for @y, originally defined on T}, now its periodic continuation on T} is
used.) We can write this also as

Frw) = ( Saonla) ) T weTh

Analogous to (4.31) we introduce the notation
FT(u)(w) = FT(Py(an))(w) FT(up)(w). (4.35)

Here F_"].‘(Pq(ah)) is a @ x 1- matrix, given by

FT(un)(w) = FT(Py(an)(w) = : weTF,

1
Q Ap(w+ 2r/qn) |’

and FT(uy)(w) a Q-vector.
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4.9 The order of a restriction or a prolongation

In the previous section we saw that a restriction or a prolongation could be associated
with a gridfunction as, an operator Ay, or its FT A,(w). Such a FT is a trigonometric
polynomial in § = wh. If there is no possibility of confusion in this section we write A(9)
instead of A(w) (for restrictions) or %El(w) for prolongations.

Definition 4.24 The (primary) order or low-frequency order of a prolongation Py(as)
or of a restriction Ry(as), is the largest number m > 0 for which

A() =1+ 0(|o™), for |0] — 0.

Definition 4.25 For a given grid-coarsening factor g¢ Z™, H = gh, the secondary order
or high-frequency order of a prolongation P,(as) or of a restriction Ry(as), is the largest
number m > 0 for which

A(6 +2mp/q) = O(|6]™) (6] — 0),
for all pe[0,q)* C Z™,p # 0™

The use of these two definitions will become clear in section 4.11 where primary and
secondary orders play a role in the convergence of multigrid methods. We will now give a
few examples of the computation of primary and secondary orders of some prolongations
and restrictions. In all examples we assume q¢ = 2.

Example 4.26 Canonical g-restriction R),n =1

Ah = aQpkx = [0, 1, O]h,

A(6) = 1, hence the primary order is 0o and the secondary order is 0.
Example 4.27 Linear interpolation, n =1

Ap = anx = [1/2,1,1/2]1,
1
Q
A(9) = cos’(8/2) = 1= =6 + O(6") for 00,

An(w) = cos}(wh/2) (see example 4.23),

hence the primary order is also 2.

+7r)

Al +m) = cos2(g———— = sin?(0/2) = 302 +0(0*) for 6— 0,

hence the secondary order is also 2.

Example 4.28 Linear interpolation, n = 2

1/2 1/2
Av=apx= | 1/2 1 1/2
1/2 1/2 |,
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We write hw = (¢, ) and find
1A(6,0) = 1416+ Lem 4 Leit 4 Lo=i0 4 | 16il6-0) 4 Lo—ils-0)
= 4 cos(6/2) cos(¢/2) cos((¢ — 6)/2).
Expanding A(¢, #) in a Taylor series yields
A®,0) = (1= 357 +0(8]) - (1 - 3(5)° + O(I¢]") - (1= 3(%F%)* + O(l¢ - 6]*))
=1-3(6°+¢" - ¢0) + O((¢,6)"), for (4,0)—0.

We conclude that the primary order of linear interpolation in two dimensions is 2. For
the higher harmonics we find

Alr = 6,0) = (06— 6") + O((9,0)"), for (4,6) 0,

and similar expressions for A(¢,7 — 0) and A(wm — ¢, 7 — 6). We conclude that the
secondary order is 2.

Remark: The same holds for the linear weighted restriction (7-point restriction).

Example 4.29 Bilinear interpolation, n = 2

1/4 1/2 1/4
Ah = Qpk = 1/2 1 1/2
1/4 1/2 1/4
SAH.6) =1+ 164 Lemio 4 Lo 4 Loty
b L0y 1emid0) | Teier0) | 1-itero)

= 4cos?(4/2) cos*(6/2).
Expanding A(@,6) in a Taylor series we find
A,0) = (1 (37 + 001911 — (3 + o181)

= 1—=(¢*+0%) + O((#,0)") for ($,6) >0

The primary order of bilinear interpolation is 2. Similarly we find that the secondary
order is also 2.

Remark: The same holds for the full-weighting (FW) restriction (9-point restriction).
Example 4.30 Cubic interpolation, n = 1

1 9 9 1
'fé’a DvTéa I’Té’ 0,-1_6— N
A(9) ({Ah 6/h) = § An(8/h)
[8+9c09¢— cos 3¢|
= (1- 3(6/2) + )1+ (1 +.)((4/2)° + )
=1 +O(|¢|") for ¢—0.

The primary order of cubic interpolation in 1-D is 4. Similar considerations for A(m — @)
yield secondary order 4.

Ah_ = Qpk = {—
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Remark: One can show that also for cubic interpolation in two dimensions, both pri-
mary and secondary order are 4.

Example 4.31 Half-weighting, n = 2

Ah = Qp*k =

1/8
1/8 1/2 1/8} :
1/8 .
An(®/h,0/R) =} + ke + Le ™+ Lei? + L=
—*+§coq¢+ cos0
1Ah(a&/h /1)

?Ah(‘ls/h ,0/h)
i~ 582 +6%)+0((,0)") for (¢4,6) >0

A(¢,0)

hence the primary order is 2.

A(r — ¢,0)

Il

%(s n?(¢/2) + cos2(6/2))
-§;(%(<15/2)2 +1- 124 0((¢,6))
s tai(¢’ =67 + O((¢,0)*) for (4,8) =0

hence the secondary order is 0.

I

4.10 Fourier analysis in the case of mutual influ-
encing frequencies

In Scction 4.8 we saw that @,(w), weT? could also be denoted by a Q-vector FT(us)(w),
weT}; by taking the harmonic frequencies together

n(w)

FT(uh)(w) = ﬁ;(w + 27Tp/qh) ’ WETH = Lgh> pE[O, q)' (436)

Consistent with this notation we also introduce the notation

FT(Ay)(w) = diag (Au(w +27p/qh)), weTy,, pel0,q) (4.37)
to replace Ap(w), weT}.
Remark: Ap(w)tn(w), weTy, is now denoted as FT(An)(w) FT(up)(w), welf.

The above notation enables us to apply the usual Fourier analysis in the case of mutual
influencing of harmonic frequencies. For example, let Ay be a Galerkin-approximation

of Ay, i.e.
An = RpnAnlrr, (4.38)

where Ry and Py are homogencous restrictions and prolongations, and A, a Toeplitz
operator. We find

FT(A;)(w) = FT(Ryn)(w) FT(An)(w) FT(Pug)w), (4.39)
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where FT(Ry)(w) is the (1 x Q)-matrix and FT(Pyy)(w) the (Q x 1)- matrix (cf.
(4.31) and (4.35)).

Similarly we find for the coarse-grid-correction (CGC) operator
MFCC = I, — Pyy L' RunLy (4.40)
the following FT:

FT(MSESC) (w) =1 - FT(Puy)(w) FT(L7)(w) FT(Rys)(w) FT(Ly)(w), we(T};.)
4.41
For n = 2,q = 2 (hence Q =4) (4.41) is a (4 x 4)- matrix:

Because || @y||12(rp) = |lunlliz(zp) » we have the following relation for the norms of the
amplification operators:

M,
[ Mll22 = SUPuhezg(zg)ul—]ﬁﬁh =

I FT(Maun)ll, 2 Il FT(Mp)(w) wn(@)ll g2 (rn)
= Lo T AALE — —~ h
S TOR T S A 1106

< supyern || FT(Mp) (w2

Since there is no coupling between non-harmonic-related frequencies we also have

P(My) = sup,ern [Amax( FT(My)(w))]. (4.42)

4.11 Requirements for transfer operators

Let L be an ordinary differential operator of order M:

M dm
Its F'T or symbol is then given by
R M
L(w) =Y em(iw)™, (4.44)
m=0

(Section 4.6). Let Ly and Ly be two discretisations of L of order p on Z} and Zj
respectively. Then Lj(w) is a trigonometric polynomial of degree M in w:

Liw) =Y ™S (hw), (4.45)

m
m=0 h

where S, is the FT of the m'® order part of the discrete operator L,. Furthermore, we
have

| Lh(w) = L(w)| = O(K?) for h — 0, (4.46)
(sce (4.25)) and
Sm(wh) — (wh)™, for wh — 0,

Sm(wh) = O(1), (=7 <wh < 7).

We consider a fixed w and h — 0 and we define 8 = wh.
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Using the above we find:

El(w) B L(w) + O(h?) B o
[ Lu@ll ” T(w) o~ T OB =0),
and
Luw+2mp/ah) || OB™) ey
m=o omw (wgh)™ = O M (wh)M) O(h=") for h — 0).

Now we are interested in the behaviour of the CGC-amplification factors for harmonic
frequencies in a neighbourhood of the origin. For simplicity we restrict ourselves to the
case n = 1,q = 2. The amplification operator for the error in one CGC-step is given by
(4.40), its FT, MG (w), is given in (4.41) and can now be denoted as

0 (3 2)-{ iRt (50 20 )

If we assume that the primary and secondary orders of the prolongation (restriction) are
given by m; and ms (n; and n,), then we find for § — 0:

o = (3 0) - (1550 Yarowown (TN o)

( OO™) + O(6™) + O(67) o(om=—M) )
O0™) 1+ O(grztma—My |-

It is clear that convergence requires m; > 0,nm; > 0 and > 0. Further, for § — 0 the
cigenvalues of M(0) are

AM=1+..,and \y = (’)(9"2+m2-—M).

For convergence of the CGC-process ny+mg > M is required. Further, ny > M, my > 0
is required for || M ()] to be bounded. Similarly we derive the requirements my > M,
ny > 0 for ||M(0)|| to be bounded.

43



Chapter 5

Multigrid approaches for
compressible flow
(with B. Koren)

5.1 The equations of compressible flow

The cfficient solution of flow problems is one of the earliest aims for multigrid methods
[7]. Most progress in the development of multigrid has, however, been made in the field
of clliptic partial differential equations. For the more complex equations that describe
flow problems, the development of multigrid was hanging back. Early work was done by
Brandt [64, 9, 8] for the Stokes equations and both the incompressible and compressible
Navier-Stokes equations.

Still many more attempts were made to apply multigrid ideas to improve the efficiency
of flow computations. Assuming the absence of rotation, flows are described by the
potential equation, which -in the interesting case of transonic flow- is of mixed hyperbolic
and clliptic type. By the use of multigrid, substantial improvements were made in the
solution procedures for these cquations [64, 4, 26, 48, 10, 51].

In Section 5.3 we give a small survey of the several multiple grid approaches used for
the solution of the Euler and Navier-Stokes equations of compressible flow. Most of the
work has been done for problems in two space dimensions. Only recently attempts are
made to apply multigrid methods to problems in three space dimensions. First we make
some bricf remarks on the equations in two dimensions and their discretisations.

5.1.1 The Navier-Stokes equations

On a two-dimensional domain Q* C IR?, the two-dimensional Navier-Stokes equations,

describing the physical laws of conservation of mass, momentum and energy, can be
written as

5 0+ 5 F@) + 5 6@ =0, 5.1
where
F(q) = f(q) —Re™" 7(q), G(q) = g(g) — Re™" s(q), (5.2)
and

q = (p, pu, pv, pe)",
- f = (pu, pu* + p, puv, puh)”,
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g = (pv, pvu, pv* + p, puh)7,
T = (Oa Trx sza K'Prnl(’y - 1)-_13(62)/8‘7: + UTgs + vT:Cy)T7
s=(0, Tuy, Tyy, kPr ! (y — 1)”]6(c2)/6y + Uty + vryy)T .

Here p , u, v , e and p respectively represent density, velocity in z- and y- direction,
specific energy and pressure; h = e + p/p is the specific enthalpy. For a perfect gas

p=(1-1)ple— 5 +1)

v is the ratio of specific heats. The unknown vector ¢(¢, z,y) describes the state of the
gas as a function of time and space and f and g are the convective fluxes in the z- and
y- direction respectively. Re and Pr denote the Reynolds and Prandtl number; thermal

conductivity is given by &; ¢ = /yp/p is the local speed of sound; and
Taz = (A + 2u) Ou/dzx + X\ Ov /Dy,

Toy = 1t (Ou/dz + Ov/0z),
Ty = (A +2p) 8v/8y + A 0u /0,

where A and p are viscosity cocfficients. Often Stokes’ assumption of zero bulk viscosity
is used: 3\ + 24 = 0.

5.1.2 The Euler equations

The Euler equations are obtained from (5.1),(5.2) by neglecting viscous and heat con-
duction effects in (5.2); then

F(g)=f(a), Gla) =9g(0)- (5.3)
The time dependent Euler equations form a hyperbolic system: written in the quasi-

linear form
9q 0f0q  999q _
ot  dqor  Oqoy

the matrix

kiA+ kB = klg-g- + ko -g—z (5.4)
has real cigenvalues for all directions (ki, k»).

These cigenvalues are (kyu+ kqov) = ¢ and (k1w + k2v) (a double eigenvalue). The sign
of the eigenvalues determines the direction in which the information about the solution
is carried along the line with direction (ky, k) as time develops.

Because of the nonlinearity, solutions of the Euler equations may develop discontinu-
itics, even if the initial flow (¢ = tg) is smooth. To allow discontinuous solutions, (5.1) is
rewritten in its integral form

_8_// q dz dy-l—/ (Fn,+Gny)ds = 0, forall QC Q¥ (5.5)
otJ Ja o9
O is the boundary of 2 and (ng,n,) is the outward normal vector at the wall 6(2.
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The form (5.5) of equation (5.1) shows clearly the character of the system of conser-
vation laws: the increase of ¢ in Q can be caused only by the inflow of ¢ over Q2. In
symbolic form (5.5) is written as

g + N(Q) = 0. (56)

The solution of the weak form (5.5) of (5.1), (5.3) is known to be non-unique and
a physically realistic solution (which is the limit of a flow with vanishing viscosity) is
known to satisfy the entropy condition (cf. [45, 46]).

Interested mainly in the steady state equations, obtained by the assumption dq/dt =
0, we can concentrate on the solution methods for the steady Euler equations:

N(g) =0. (5.7)

Notice that N can be seen as a nonlinear mapping between two Banach spaces, N :
X -Y.

5.2 The discretisations

For the discretisation of (5.1) or (5.5), two different approaches can be taken. First,
the time and space discretisations can be made at once. This leads, for example, to
discretisation schemes of Lax-Wendroff type. An initial state of the fluid, qfl"), defined
on a discrete grid, is advanced over one time-step. Using a second-order approximation
in time, this yields

n n 1
g = a7 + At (@) + 5 (80 (qh)u - (58)
With the equations (5.1), (5.3) we arrive at

qg-l“) = qz(?) — At (fs +gy)ij + 1/2 (At)2 {[A(fz +gy)]w + [B(fm +gy)]y ij Us

where A and B are defined by (5.4). Using various difference approximations of the
bracketed terms in the right-hand side, different Lax-Wendroff type discretisations may
be obtained.

Typically this type of discretisation is made on a rectangular grid. If the domain
{¥* is not rectangular, a 1-1-mapping (z,y) < (£,n) between the physical domain and
a rectangular computational domain can be constructed. Then the differential equation
and the boundary conditions are reformulated on this computational domain.

A property of most of these Lax-Wendroff discretisations is that, when by time-
stepping a steady state is obtained, such that qun = qg‘ ), the discrete steady state still
depends on At. This is caused by the fact that the discrete term with (At)? in (5.8)
does not vanish in general.

A second approach is to distinguish clearly between the time and the space discreti-
sation by the method of lines. First, a space discretisation is made for the partial differ-
ential equation (5.6), by which it is reduced to the large system of ordinary differential
equations (ODEs),

0

= Nx(gn) - (5.9)

Now, to find an approximation of the time-dependent solution of (5.6), any method can
be used for the integration of this system of ODEs. The solution of the steady state can
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be computed by solving (5.9) until all transients have died out. Alternatively, we can
avoid the ODEs (5.9) and solve the nonlinear system

Ni(gn) =0 (5.10)

by other (more direct) means. In both cases (5.9) and (5.10), we find a steady approxi-
mate solution g, which is independent of the choice of a time step.

For the construction of the semidiscrete system (5.9) or (5.10) on a non-rectangular
domain %, again a mapping (z,y) < (£,71) can be introduced and finite difference ap-
proximations (of an arbitrarily high order) can be used to construct a space discretisation
of the transformed steady equation

[WnF(9) — 2,G(9)]e + [~¥eF(q) + 7G(q)], = 0.

Another way to construct the system (5.9) on a non-rectangular grid is by a finite volume
technique. Here, the starting point for the discretisation is (5.5). Without an a-priori
transformation, the domain Q* is divided into a set of disjoint (quadrilateral) cells ;.
The discrete representation g5 of g is given by the values g;;, the (mean) values of ¢ in
the cell §2;;. Using different approximations for the computation of fluxes between the
cells €5, different finite volume discretisations are obtained. A conservative scheme is
casily obtained by computing a unique approximation for each flux over the boundary
between two neighbouring cells.

In order to define a proper sequence of discretisations as h — 0 for a non-rectangular
grid, a formal relation between the vertices of cells §2;; and a regular grid can be given,
again by a mapping (z,y) <« (€,n). If this mapping is smooth enough, it can be proved
that for refinements h — 0 which correspond with regular refinements in (£, 7), space
discretisations up to second order can be obtained by finite volumes. An advantage of
the finite volume technique is that the un-transformed equations can be used, even for a
complex region. Boundary condition information is also usually simpler for finite volume
methods.

With the finite volume technique, both central difference and upwind type finite vol-
ume schemes arc used. They differ by the computation of the flux between neighbouring
cells Qi,j-

(1) For a central difference type, the flux over a cell wall I';,p between two cells with
states ¢, and gp is computed as f*( 1 (g, +qr)), where f* = ki f + kg is the flux normal
to I',g. On a Cartesian grid this scheme reduces to the usual central difference scheme.
In order to stabilise this scheme, and to prevent the uncoupling of odd and even cells in
the grid, it is necessary to supplement it with some kind of artificial dissipation (artificial
viscosity).

(2) For upwind difference type discretisations, numerical fluz functions f*(qL,qr)
are introduced to compute the flux over I'yr. Several functions f* are possible. They
solve approximately the Riemann problem of gas-dynamics: they approximate the flux
between two (initially) uniform states g, and gg. Approximate Riemann solvers have
been proposed by Steger and Warming [68] van Leer [72], Roe [59], Osher [52, 55] and
others. In Section 6.2 we give a description of Osher’s scheme, for further descriptions
we refer to the literature mentioned. For a consistent scheme, f*(g,q) = f*(g), i.e. the
numerical flux function with equal arguments conforms with the genuine flux function
in (5.3). All these upwind flux-functions have in common that they are purely one-sided
if all characteristics point into the same direction, i.e. f*(qy,qr) = f*(qr) if the flow of
all information is from left to right. More details are given in Section 6.
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5.3 The multiple grid methods

When a multiple grid technique is used to solve the system of nonlinear (differential)
cquations (5.9) or (5.10), we assume the existence of a nested set of grids. Usually this
nesting is such that a set of 2x2 cells in a fine mesh forms a single cell in the next coarser
one. (No staggered grids!) The coarser grids are used to effect the acceleration of a basic
iterative (time marching or relaxation) procedure on the finest grid.

Slightly generalising the equations (5.9) or (5.10) to

0
Bt gn = Nh(qh) — Th (5.11)

or
Ni(gn) = Th, (5.12)

where 7, denotes a possible correction or source term, we can write the basic iterative
procedure as

¢t — 6" (). (5.13)

The usual coarse grid acceleration algorithm is as follows: starting with an approx-
1mat10n q,(L ) on the finest mesh, and some approximation qgh) on the next coarser (e.g.

q2h = Ry, hq ), first an approximate solution is found for the coarse grid problem

Non(gzn) = Now(g5n) — R(Na(gi” — ), (5.14)
(cf. eq. (2.5)) and then the value q( ) is updated by

gFt = ¢ 1+ P, 2n(gn — ¢S)) . (5.15)
The combination of (5.14) and (5.15) is the coarse grid correction (CGC) step. The
solution gop, of (5.14) can be approximated e.g. by an (accelerated) iteration process on
the 2h-grid again.

We shall see later in this section that, besides this usual coarse grid acceleration
procedure, the coarser grids sometimes play a different role in the acceleration process
[50, 34).

As we saw in Chapter 2, a multigrid FAS cycle for the solution of (5.12) now consists
of the following steps:

(0) start with an approximate solution g .

(1) improve g, by application of p nonlinear (pre-) relax-
ation iterations to Ny(qxn) =4 .

(2) if the present grid is not the coarsest, improve g, by ap-
plication of one coarsc-grid-correction step, where the
approximation of (5.14) is effected by o FAS-cycles to
this coarser grid problem; if the present grid is the coars-
est, simply skip to (3).

(3) improve g, by application of q nonlinear (post-) relax-
ation iterations to Nx(gn) = 7.

5.3.1 Methods based on Lax-Wendroff type time stepping

A paper by Ni [50] was among the first to apply a multigrid acceleration to the (isen-
thalpic) Euler equations. He uses the following time-stepping procedure as a basic it-
cration. Starting with an initial state q( ") where the values q,(]" ) are given at the grid
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points, he first computes the following quantities, by means of a control volume centered
integration method with fluxes interpolated from corner values:

1 At
DGyl = T5Az (Firr — Fij) + (Fipr 541 — Fija)] (5.16)
1At
‘55[(Gi,j+1 = Gij) + (Git15 — Gitr,541)),
F; = F(q,(;‘-)) etc..

These increments then are distributed over the mesh points, using direction-weighted
means (cell-increments are distributed over mesh-point values):

1 At At
Agy = =5 S | IT—k= Ay, ,1 1= B . k.
e Ag Girgars TURY Birsarg] Bty
¢t =g + Agy; . (5.17)

By the use of the Jacobian matrices A and B, this distribution formula has a kind of
upwind effect, but for transonic or supersonic cases an artificial damping is still necessary.
Symbolically, this time stepping process (5.16)-5.17) is described as:

compute Agf, (5.18)
with cell values
Agi+1/2,7+1/2 ~ —At .+ gny) ds /(Az Ay);
¢+1/2,5+1/ an;+1/2,j+1/2(fn gny) ds /(Az Ay)
@™ = ¢+ Dy At (5.19)

The operator Dy, is the distribution operator that transfers the cell centered corrections
to the grid points by means of (5.17).

The coarse grid acceleration as introduced in [50] by Ni deviates from the usual
coarse grid scheme (5.14)-(5.15). In [50] the coarse grid correction is obtained by first
computing corrections at coarser cells, Agsy'. This can be done by restriction of Agy
to the 2h-grid. Then the corrections AgS" are distributed to the coarser mesh points
similar to (5.17), and the coarse grid correction is interpolated to the fine grid. Thus,
here the coarse grid correction reads

A = Ronp AgE, (5.20)

q,(l"“) = qgn)‘i'Ph,QhD% Agsit . (5.21)

where P, o1, is a (bi-)linear interpolation operator. Since the coarse grid corrections are
based on fine grid residuals, it is obvious that the possible convergence to a steady state
yields a solution of the system (5.10).

In the same way the correction procedure can be repeated on progressively coarser
grids. Thercfore, in (5.20), 2h should be replaced by 2™h. We notice that, in contrast
with the usual multigrid method as described in Section 2, here the corrections on the
different levels can be computed independent of each other. This yields the possibility to
compute all coarse grid corrections, m = 1, ..., L, in parallel and to form the correction

L
gD = gl 3" Puami, Damn Agsesy,

m=1
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at once [71]. When optimal use of modern multi-processor computers is to be made, it
is also possible to perform both computations (5.18) and (5.20) in parallel

We sec that there are still possibilities to form different variants in the Ni-type multi-
grid Euler solver. First, any other Lax-Wendroff-type time-marching procedure can be
used for (5.18). In [11, 33]. Johnson applies the popular MacCormack scheme. Further,
in (5.20) various restrictions, R, can be used. It transfers the values of the fine grid
corrections to a single value for each control volume in the coarser grid. Injection of the
correction in the main point of the corresponding cell is often used but also weighted
averages are an obvious choice.

Heuristically, the clucidation for the accelerating effect of the corrections (2.4) is, that
these coarse grid corrections may move disturbances of the steady state over the distance
of many mesh cells in one time step, whereas the accuracy of the final solution is only
determined by the finest grid. Apparently, it is also necessary that the Lax-Wendroff
schemes used in combination with this coarse grid correction are (by the choice of a suit-
able At or otherwise) sufficiently dissipative to reduce the high frequency disturbances
that are present in the initial approximation and those introduced during the process
by the interpolation in (5.15). Up to now, no complete mathematical theory has been
developed to explain and to quantify the amount of acceleration, which is clearly found
in the many computations that use the described method.

5.3.2 Methods based on semidiscretisation and time stepping

When only the solution of the steady state is to be computed, the time-accurate integra-
tion of the system of ODEs is wasteful. The convergence of (5.6) to steady state is slow.
However, the desire to have a procedure that solves transicnt as well as steady state
problems, coding convenience, or the restrictions imposed by the optimal use of vector
computers may be a reason to prefer time-stepping methods. When no time accuracy
is desired, many devices are known to accelerate the integration process (cf. [62]). For
the solution of the Euler equations, these devices include: (i) local time-stepping, which
means that the step size in the integration process may differ over different parts of
the domain Q*; (ii) enthalpy damping, where a-priori knowledge about the behaviour
of the enthalpy over % is used (e.g. h constant over Q*); (iii) residual smoothing, (iv)
implicit residual averaging, and (v) implicit corrected viscosity acceleration [16] In resid-
ual smoothing and implicit residual averaging the fact is used that instability effects
appear first for high frequencies, so that larger time steps arc possible when the residual
is smooth.

For all explicit integration methods, stability requirements set a limit to the size of the
possible time steps (CFL limits). Implicit integration procedures can be unconditionally
stable, but they require the solution of a (nonlinear) system in each individual time step.

An important code, based on a time-stepping method has been developed by Jame-
son, Schmidt and Turkel [29]. They use an explicit time-stepping method of Runge-
Kutta type. This multistage time-stepping procedure is a specially adapted Runge-Kutta
method, where the hyperbolic (=convective) and the parabolic (=dissipative) parts of
Ni(qn) are treated separately. The Runge-Kutta coefficients in the k-stage Runge-Kutta
schemes (k= 3,4), are sclected not only for their large stability bounds, but also with
the aim to improve the damping of the high frequency modes. In the k stages of the

Runge-Kutta process, the updating of the dissipative part is frozen at the first stage.
This saves a substantial part of the computational effort.
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The multigrid scheme used by Jameson [28] is a FAS sawtooth cycle with q = 1. The
restriction Ropp (Ronp) is defined by volume-weighted averaging of the states (respec-
tively summation of changes of states). The prolongation P, o is defined by bilinear
interpolation. The basic smoothing procedure is the ”multistage time-stepping scheme”.
On the coarser grids the stability bounds for the time step, which are O(h), allow larger
time steps. On each grid the time step is varied locally to yield a fixed Courant number,
and the same Courant number is used on all grids, so that progressively larger time steps
are used after each transfer to a coarser grid. As for Ni’s method, the reasoning is that
disturbances from the steady state will be more rapidly expelled from the domain * by
the larger time steps. The interpolation of corrections back to the fine grid introduces
high frequency errors, which cannot be rapidly expelled. These errors should be locally
damped. Hence, to obtain a fast rate of convergence, the time-stepping process should
rapidly damp the high frequency errors.

In [32] Jespersen announces an interesting theorem on the use of the multigrid process
in combination with a time-stepping procedure. This theorem asserts the following. Let
Ni(gr) = 0 be a space discretisation of N(¢) = 0, which is consistent, i.e.

Nu(1th(g)) — RN(q) = O(h),
and let the time-stepping procedure be consistent in time
g = g + Aty [Nal(gl?) = 4] + O((Atw)?) -

If we consider the sawtooth algorithm, with q = 1, p = 0, 0 = 1, and if P, and Ry
satisfy an approximation property (i.c. for a smooth function ¢ the prolongation and
restriction in the state space are such that P,Rn,q — ¢ = O(h)), then the multigrid
algorithm on L grids is a consistent, first-order in time, discretisation of (5.6) with time
step Atior = 2=, Aty .

This theorem formalises in a sense the heuristic reasoning that on coarser grids the
deviations from steady state can be expelled faster by the use of larger time steps.
This may suggest that more, say k£ > 1, steps on the coarser grids would improve
the convergence even more. However, the theorem regards consistency; stability is not
considered. In the same paper [32] Jespersen shows by an example that convergence is
lost when a large number of relaxations is made on the coarse grid. In fact a strong
stability condition of the form At/Az < O(k™!) seems to appear.

5.3.3 Fully implicit methods

Most methods so far developed are based on the concept of integrating the equations (5.6)
in time until a steady state is reached. If we are only interested in a possible solution of
the steady state equation (5.7) and assume that this solution is unique, we may disregard
the time-dependence completely. Further, assuming that a suitable space discretisation
takes into account the proper characteristic directions, we can restrict ourselves simply
to the solution of the nonlinecar system (5.10) or

Ni(gn) =1 - (5.22)

Also, if the time-dependent system (5.11) is solved by means of an implicit time-stepping
method - in order to circumvent the stability bounds on At~ we have to solve systems
(5.22) at cach step time step. As soon as we mix time-dependent solution with these
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implicit solution methods and give up time accuracy for (5.22), there is little or no
difference between these time stepping procedures and (nonlinear) relaxation methods.

Starting with the nonlinear system (5.22), two direct multigrid approaches are open.
We can either apply the nonlinear multiple grid algorithm (FAS) directly to the system
(5.22) or we may apply linearisation (Newton’s method) and use the linear version of
multiple grid for the solution of the resulting linear systems. Jespersen [31] gives an
extensive recital of the (dis)advantages of both approaches. Both have been used with
success for the Euler equations.

Linearisation has been used by Jespersen [30] and Mulder [49]; the nonlinear FAS
procedure is used by Steger [67], Jespersen [30] and Hemker-Spekreijse [65, 25] and Dick
(15].

In all these papers upwind discretisations have been used. In [30, 67] the Steger-
Warming scheme is used; [49] uses the differentiable van Leer flux-splitting method; [25,
25] use Osher’s flux difference splitting, and [15] uses Lombard’s flux difference splitting.
(In [14] Dick also considers Roe’s flux difference splitting for the one-dimensional Euler
equations.)

When Newton’s method is applied for linearisation, it may be difficult to start in
the domain of contraction of the iteration. Therefore, Mulder [49] introduces the so
called Switched Evolution Relaxation scheme, which is a chimera of a forward Euler
time-stepping and a Newton method:

]. a n n n n
a2 1 5 M) | @ —a) = NaGel?) (5.23)

For At — 0, this gives the simple time stepping procedure; for At — oo, (5.23) is
equivalent to Newton’s method. In the actual computation At varies, depending on the
size of the residual, such that (5.23) is initially a time stepping procedure and becomes
Newton’s method in the final stages of the solution process.

In a FAS procedure, a natural way to obtain an initial estimate is -of course- the use
of Full Multi-Grid (FMG) [8]. The initial estimate is obtained by interpolation from the
approximate solution on the coarser grid(s). For many problems this process gives very
good results, even if one starts with rough approximations on a really coarse grid. In the
Sections 6, 7 and 8 we will give a more detailed description of a fully implicit multigrid
method.
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Chapter 6

Multigrid for the first-order
discretisation of the Euler equations

6.1 The first-order finite volume discretisation

To discretise (5.6), the domain 2 is subdivided into disjunct quadrilateral cells ©; ;, in a
regular fashion such that
Q = Ui,j Qi,j-
We restrict oursclves to subdivisions that are topologically equivalent with simple square
meshes, such that ; ; and ; ;11 or Q4 ; are neighbouring cells. Further we denote the
neighbours of Q; ; by Qyk, (k=N,S,E,W) and a common wall by I';;z = Qij n Q,-J-k. The
boundary of €; is given by Q; = Ur—nsswlije. The restriction to this kind of
regular gecometry is not necessary for the discretisation method but leads to simple data
structures when the method is implemented.
By integration of (5.6) over ; ; we obtain

d
&//Q”qda:dy-k/m”(fnw+gny) ds=0 (6.1)

or

0
Vij a1 % +y /l (fne + gny) ds =0, (6.2)
k 15k

where V;; is the volume of cell Q;; and g¢;; is the mean value of ¢ over €); ;. Further we
introduce the notation

(fnz + gny) ds = fijk Sijk, (6.3)

[k
where sy is the length of Ty, and fijx is the mean flux outward €2;; over the side I'jjx.
It is easy to see that, if §2;; and Qg j» are neighbours with a common side

Lijk = Lo

then fix = — foyu . The space discretisation of (5.6) is done according to the Godunov
principle: the state g(t,z,y) is approximated by g;;(t) for all ;; and the mean fluxes
fijx arc approximated from the states in the adjacent cells. For this purpose, a computed
flux fi;x(qk, qf,) is introduced to replace fijx. Here, gf ar{d ¢k, are approximations of ¢
at both sides of I';jz. Thus we obtain the semi-discretisation of (5.6):

a
Vij g %= S sik fin(ds dhin) (6.4)
k
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and for the steady equations we obtain the discrete system of equations

Ni(gn) =0, (6.5)

which is short for
(Nu(an))ij = D sije fir(aafie) =0 V4,5,
p

Notice that N, can be seen as a mapping between two discrete Banach spaces: N :
Xp — Y.

If the cell ;; is adjacent to the boundary of €2, i.e. I';jz C 6€2, then a state g;;; is
possibly not available. In that case f;;x is computed from ¢;; and the boundary conditions
at Fijk-

The main difficulty in the discretisation of (6.3) is the construction of a proper ap-
proximation f;j for a given ¢;; and gij. A possible approach is to consider the state
q(t,z,y) at t = to as piecewise constant over the cells §;; and to compute (approxi-
mately) the fluxes over the walls as a quasi one-dimensional problem during a small time
(to, to + At), by solving the Riemann-problem for gasdynamics [20, 63]. These fluxes
are used as fijk(gij, ¢ije). Approximate Riemann-solvers have been proposed by Steger-
Warming [68], Van Leer [20, 72, 73], Roe [59, 58], Osher [53, 55] and others. An overview
of upwind schemes has been given in [13].

The possible irregularity of the mesh is easily dealt with by making use of the in-
variance of the Euler equations under rotation of the coordinate system. Let the normal
of a skew wall T';;, directed from €;; to Q;jx, be given by (n1,ng) = (cos ¢ijk, sin @sjk),

reduces the computation of f;jx to the approximate solution of the one-dimensional
Riemann problem in the z-direction, i.e.

fije == fijk(qua (Ifjk) = T;;l: F(Tisk @355 Tign Qijk)7 (6.6)
where
1 0 00
o 0 N, Ny 0
ngk o 0 —T9o Ty 0
0 0 01

The function f(., .) is called the numerical flux function. We see that the quantities s;j
and ¢, arc the only geometrical data about the mesh, needed to sct up equation (6.5).
Handling an irregular mesh by this finite volume approach, there is no need to introduce
a transformation for the equations. They remain simply in their form (5.1). Further it
is immediately clear that -in this way- the discrete system is fully conservative, also for
the non-uniform mesh.

An additional advantage of this finite volume approach is that we can easily set up
the residual Nj,(¢x) and its linearisation dNj,(gn)/dg, by assembling the contributions
that arc computed for cach cell wall separately. This assembling procedure is completely
analogous to the finite element technique, where the construction of the load vector and
the stiffness matrix is done by assembling the element stiffness matrices.
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6.2 Osher’s approximate Riemann solver

In these lectures Osher’s approximate Riemann-solver is used for the numerical flux
f(go,q1) in (6.6). In the remainder of this section we give a short description of this
function. In fact, we may distinguish two strongly related variants of it: the O-(original)
variant and the P-(physical) [25] variant. Here we restrict ourselves to the P-variant.
The advantages of the Osher discretisation procedure can be found e.g. in [53, 55]. It is
our cxperience that it yields very reliable discretisations. Its main disadvantage seems
its supposed complexity when compared with other approximate Riemann solvers. An
objective of our exposition is to show that the scheme can be implemented in a simple
and straightforward way. Further, we need this description for reference and to show (in
Section 6.4) how its linearisation is obtained.
According to Osher, the numerical flux function in (6.6) is defined by

flav ) =5 J@)+f@)~ [ 1fyw)idw (67)

q0

where |f,(w)] is the absolute value of the matrix f,(w), as defined by
[fo(w)l = R [A RV

Here | A | is the diagonal matrix of the absolute values of the eigenvalues A of fo(w). These
cigenvalues form the diagonal matrix A in the eigenvalue- eigenvector decomposition

fw) = RAR™.

In (6.7) the integration path is still to be defined, but we know that the matrix has a
complete sct of eigenvalues A, viz. A} = u—¢, Ay = A3 = u, Ay = u+c, (where c = /vp/p
is the speed of sound) and a set of 3 corresponding cigenspaces Ry, 2y 3 and Ry.

The integral [7 |fy(w)| dw is computed along a path ¢ = q(s), 0 < s < 1, ¢(0) = qo,
q(1) = g;. This path is divided into subpaths I't, k = 1,2,3, connecting the states
(k-1y/3 and gx/3. These subpaths I'y are constructed such that on 'y the direction of the
path ‘l‘(?)%s—l is tangential to R.,x), an eigenvector. Feasible choices for Ry are k = 1:
Ry = Rys k=21 Ry = Rogs k=31 Royry = Rae (These are the choices made in
the P-variant, other choices are made for the O-variant.)

The states g1 /3 and go3 are determined by means of the Riemann invariants w,m(k)(q(s)), [ #

m, 1 =1,2,3,4, which are invariant quantities along I'y. These ¥]*(¢q), m = 1,2, 3,4 are

Y5 =P =,
i =Py = 2,
2

#}ézu—l—;_—l‘c, (68)
4 _ .
Yy =u 7_16,

UHES LT

¥i =93 =p,

where 2z = In(pp™). Thus, ¢/3 and gy/3 are determined from ¢o and ¢ by the equations

'l/}lm(k)(Q(k:—l)/S) — T/J[Tn(k)((]k/J)’ k = 1, 2,3, l # m(k)

T
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These are 8 equations for the 8 unknowns in q;/3 and gy/3.

Expressing the state ¢ in the dependent variables u,v,c and 2, we obtain directly
21/3 = Z0, Z2/3 = 21, V1/3 = Yo, V2/3 = V1.
Introducing o = exp((z1 — 20)/(27)), P13 = p2y3 leads to

Ez_/—:i = exp (Z2/3 - zl/3> = a, (69)
C1/3 2y
and we arrive at the linear system
= = ¥ 1
u1/3+7__1c1/3 U0+’y_100 05 (6 0)
2 2
- = — = ¥
Ua/3 1 C2/3 = Uy Y1 1 1)

Coy3 = G Cyy3,
Ug/3 = Uy/3.

A meaningful solution exists as long as no cavitation occurs (Vo > ¥y).
This system is easily solved as

-1V, -,
2 l1+a

)

Ci/3 =

C2/3 = (xCy/3, (6.11)
‘1’1 + o ‘IJQ
—_——
1+«
The relevant eigenvalues at the points gx/3, k=1,2,3, are

U/ = Uy = Ug/3 =

oo = Amy(q0) =uo—co

Az = Amy(@ys) = wiys — ays, (6.12)
M2 = Am@)(q173) = Am) (G2/3) = u1/3 = g3,
Aoz = Am3)(Q2/3) = uzys + coya,
A= e (@) =w + o

Because A; 4 are genuinely nonlinear cigenvalues, Ay k) is monotonous along I'y, k£ = 1,3
and Ank)(g(s)) changes sign at most once along these T'y. E.g. a sonic point g, with
Am(1)(q(s1)) exists on I'y if Ag A3 < 0. This sonic point is computed from the linear
system

Vs = g, us — ¢s = 0, (6.13)

Zs = 20, Uus +

Similarly, a sonic point g,y is found on 'z if Ay/3 A1 < 0.

Along the path q(s), 0 < s < 1, Ank)(g(s)) may change sign only at the points
q1/3 OT go/3 and eventually at a sonic point gs; Or ¢so.
Thus from (6.7) we obtain

Flao,a) = flgo) (sign (Ro) +1)/2 (6.14)
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+f(gs1) (sign (Ay3) —sign (Ao)) /2

+f(ai3) (sign (Aij2) — sign (X1/3)) /2
+£(ga/3) (sign (hysz) —sign (Ay72)) /2
+£(g52) (sign (A1) — sign (Ay3)) /2
+f(a1) (1-sign (A1) /2.
In most cases, many eigenvalues A will have equal signs and f(qgo, ¢;) is computed as the
sum of only a few f(q ) Further we notice that f(qo,q1) is a continuous function in all

XN's and we see \; /3 < M 2 < g /3. Because of this continuity we may neglect the case of
a zero eigenvalue A and we compute the numerical flux as

f(g0,q1) = if 3o >0 then  f(go) (6.15)
+if Ao Az <Othen  sign (Ayys) f(gs1)
+if A3 A2 <Othen  f(qus)
+ if Mij2 A3 <O then  f(ga/3)
+ if Adg/3 A1 < Othen  sign (A1) f(gs2)
+ if A} < 0 then fq1)-

This expression seems rather complex. However, if the ordered sequence Ag, A1/3, A1/2, Az/3, M1
can be split in two parts (possible empty), the first of which contains only negative and
the second only positive signs, then a § exists such that simply f(go,q1) = f(§). We
identify this state ¢ as the state of the gas at the cell wall. This situation occurs for the
supersonic cases, on a sonic line and for subsonic flow. If we exclude the unlikely cases
that w72 < 0 and ug — ¢y > 0, or uy/9 > 0 and u; + ¢; < 0, the numerical fluxes near a
shock are the only ones for which f(qq,q1) is found to be a sum of more (viz. 3) terms
f(g). For more details we refer to [65, 25, 66].

6.3 The numerical flux at the boundary

The flux of the conservative variables f;j, at the boundary of the domain 2 is partially
determined by g;;, the state of the flow near the boundary and partially by the boundary
conditions. To compute the value of these fijx we determine first the state gp = ¢ijx at
the boundary 62, depending on ¢;; and on the boundary conditions. Then f(g:;,q5), as
described in Section 6.2, is used to compute the boundary flux.

In order to see what boundary conditions are required at the boundary for a properly
posed problem, we first consider a time-dependent one-dimensional problem on a half-line

S T i@=0 t20 >0 (6.16)

In quasi-linear form we write (6.16) as
@+ A9 ¢ =0, (6.17)

where A(q) = df /dq.
For the hyperbolic system (6.17), a complete set of real cigenvalues A(g) and linearly
independent eigenspaces R(q) exists and we obtain

q+ R(g)Alq) R (q) g2 = 0. (6.18)
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Assuming the existence of a w(q) such that

dw
— =R"! 19
T=R), (6.19)
we find the uncoupled system
wy + Alw) wy, =0. (6.20)

Clearly, for any component w; for which A; < 0, the value w;(t,0), t > 0, is determined
by w;(0,z), z > 0. For these components the characteristics leave the domain z > 0

However, for components for which \; > 0, characteristics enter the domain and
boundary conditions are to be given; i.e. for each A; > 0 a boundary condition B;(w,t) =
0 is required and the complete set of conditions should yield a non-singular dB; / dw; for
all variables w; for which A; > 0. Returning to the original dependent variables g, this
means that a set of boundary conditions B;(g,t) = 0 is required such that

4B, dg
dg dw;

=§W@ (6.21)

is non-singular.
R(q) = dg/dw is the set of right eigenvectors of A(g) and {dg/dw; | \; > 0} = R*(q) is
the rectangular matrix of eigenvectors corresponding to the positive eigenvalues.

We notice that, for the discretisation of the two-dimensional problem (5.6) near the
boundary, the boundary conditions are considered as locally one-dimensional. This is
completely consistent with the discretisation over internal cell walls as treated in Section
6.2.

To satisfy the boundary conditions in the discrete equations (6.5) we determine gp,

the state at the boundary, such that it satisfies the boundary conditions, i.e. B(gg) = 0,
and the equality -

fise = fas) = f(gB, qi5) - (6.22)
In view of (6.7) the equality (6.22) implies
[7 fwydw= [ | f,w)|dw, (6.23)
9B 9B

i.c. gp should satisfy the boundary conditions and should be connected with ¢;; by a
path ¢(s) such that

Amy ((8)) = 0. (6.24)

Such a path can be constructed again as a sum of subpaths along eigenvectors, as de-
scribed in Section 6.2 for ¢;; and ¢;;x. Now only the eigenvectors corresponding to the
positive eigenvalues can be used and the number of subpaths depends on the type of
the boundary conditions (i.c. depends on the number of ingoing characteristics). The

endpoints of 'y are computed by means of the Riemann invariants (as in Section 6.2)
and the boundary data.

6.4 The linearisation of Osher’s scheme
Both in the case of a complete lincarisation of the discrete system (6.5) as well as in the

case where only local lincarisation is applied in a nonlinear relaxation method, we need
convenient, expressions for dNy(g)/dgn. From (6.5) we obtain
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a(Nh(Qh))ij _ 0
im, " Oqim Zk: Fie(Gij, Qi) siji

0
= Sijk 5 Jijk\Qij, Qijk) =
; * Fiie(Gis» Gije)

= 2k Sijk a_qa‘.;.fz’jk(Qij, Gijk) i Qum = Qi (6.25)
Sijk a‘f;:fijk(qz‘j,fhjk) if Qum = Quji, (6.26)
= 0 otherwise . (6.27)

Now, in view of (6.6), the computation of dNj(gx)/dgn reduces to evaluations of

0 0
/ = — ! = —
Sy (g0, @1) o0 flao,ar) and  fiy)(d0, 1) = 3 . flqo, 1)

A matrix dNy(gr)/dgn can be assembled per cell wall as explained for Ny(gs) in Section
6.2.

If in (6.25) gijx = gp is a boundary state, then a relation g;jx = ¢p(g;;) exists and the
corresponding term in (6.25) is to be read as

d d

ik 3o fiie(@ij, Qijk) = Siji o fiin(is, a(@i;)) (6.28)
3] 1]

d

1)

= Sijk {T—l f(Tgj, Tap(g;)) }
dqp
dg;;

Here T denotes Ty as in eq. (6.6). The derivatives dgp/dg;; depend on the type of
boundary condition and are derived in cach case from the relations ¢p(g;;) as described
in Scction 6.3.

We noticed already that the integration paths are casily expressed in the dependent
variables u, v, ¢ and z. The numerical flux and its partial derivatives are also conveniently
expressed in these variables. The flux vector f = (pu, pu? + p, puv, u(E +p) )T is found
as a function of ¢ = (¢, u, v, )7 by noting that

= sign T~ fi0)(Tij» Tam) T + sije T £y (Tai5, Tgn) T

p= (e—z 02/,Y>7]——f :

p=pc’/v,

pc?

E =p(u2+v2)/2 + m

In these variables the Jacobian matrix of the flux

df _ 3(pu, pu? +p, puv, w(E +p))
dg (¢, u, v, )
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ﬁzpu/c2 p 0 —ﬁgu/2 S
, df Bp(u® +c*)/c 2pu 0 —B(pu® +p)/2
_ 4 _ , 6.29
fla) =2, Bouv/c pv pu —Bpuv/2 (6.29)
Bu(E +p+ pc?)/c pu® + E +p puv —Bu(E + p)/2
where 8 = 2/(y — 1). In terms of this matrix, from (6.15) follows
0 e T
a"q“f(%, 1) = ifX >0  then f'(q0) (6.30)
0
P NN <./
+ if Ag Ajy3 < 0 then sign (A1/3) f' (gs1) 3
- 0
+ if Aj/3 A1j2 <0 then :l:f'(Q1/3) g;/a
0
T T ’ 5(12/3
+ if )\1/2 )\2/3 < 0 then + f (q2/3) aqo .

The derivatives dq/0q0, q = gs1, Q1/3, @2/3, are derived from the differentiable relations
(6.9)-(6.13). The explicit expressions are found in [25] and [65].

In this way the matrices f('o)(qo,ql) and f(;)(go, q1) are readily computed. It appears
that both Jacobians are continuous functions of gy and ¢; as long as X, /2 = U3 = Ug/3 F#
0. An efficient implementation is possible; for this it is profitable that the fluid state is
(remains) expressed in the state variables ¢, u, v and z.

6.5 Multigrid iteration

In order to solve (6.5), we first generalise the problem slightly to

Nh(qh) =Th. (631)

We use iteration with the full approximation scheme (FAS). For this we need a sequence
of discretisations

Nhi(qh'.), with hg > hy>..>h =h.

For the mesh width h;_; we take h;_; = 2h;. For an irregular mesh we delete each
sccond line of mesh points to obtain the coarser grid.

As explained in Section 2, one FAS cycle for the solution of (6.31) consists of the steps:
start with an approximate solution ¢; improve g, by application of p nonlinear (pre-)
relaxation iterations to Ny(qy,) = ru; compute the residual Ny, (gr); find an approximation
of gn on the next coarser grid, say goy. (Either use a restriction gop, = Rop pgn, or usc
another previously obtained approximation gy, ); compute

Ton = Nop(gan) + th,h (rn — Nu(qn));

approximate the solution of
Non(gan) = 7an (6.32)

by application of o FAS cycles. The result is §op; correct the current solution by
Qn = qn + Pagn (Gon — Qon);
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improve g, by application of q nonlinear (post-) relaxation iterations to Ny(gx) = r4.

The steps (2)-(6) in this process are the coarse grid correction. These steps are
skipped on the coarsest grid hg. For the solution of the nonlinear system (6.5), FAS
iteration is simply applied with 7, = 0 on the finest grid. During the FAS iteration, on
the coarser grids, non-zero right-hand sides appear in (6.32).

In order to complete the description of the FAS-cycle we need to be explicit about:
(1) the choice of the operators Nop, Phak, Rons and eventually Rop x;

(2) the FAS strategy, i.e. the numbers p, g, o;
(3) the nonlinear relaxation method.

6.5.1 A nested sequence of Galerkin discretisations

For the operators P 5, and _Rgh,h we make a choice that is consistent with the concept
of our finite volume discretisation. This discretisation is essentially a weighted residual
method, where the solution is approximated by a piecewise constant function (on cells
€2 ;) and where the residual is weighted by characteristic functions on all ©; ;. From this
point of view, it is natural to use a piecewisc constant interpolation for P 5, and to use
addition over subcells for R,y 5. Notice that Ry = P, With these choices it is clear
that

Now(gan) = Ronp Ni ( Prongan ), (6.33)

i.c. the coarse grid finite volume discretisation is a formal Galerkin approximation of
the fine grid finite volume discretisation. Using (6.33) on all different levels we obtain
a nested sequence of discretisations, i.e. the following scheme of operators and spaces is

commutative.
oY
>V H

h

-
-

H

Figure 6.1: Nested sequence of discretisations

The cffect of the Galerkin approximation Nyy = IRonp Ni Phon on the approximate
solution g, obtained after a coarse grid correction is the following. If we take qon =
Ronp qn in step (3) of the algorithm, with Ryp p such that Ropp Pron = I, is the identity
operator on Xy, and if (6.32) is solved exactly, then

Ronp [ 7 — Ni Phon Rann Gh]

= Ronn | Nngn — Ni Prgn Ronp anl
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or, for the restriction of the residual

Ronp [ mh — Nu(d)) (6.34)

= Ronp [(Nagh — Ni Pugn Ronnqn ) — (NnGh — Ni Paok Ronp G )] -

In the neighbourhood of a solution, the difference ¢, — ¢, will be small and N, will
approximately behave as a linear function: the restriction of its residual will be very
small, viz. O (||gn — Gr||?). For a smooth operator Ny, this implies

R [rn — Na(@)] = O(llgn — qll?) -

Because Rop, is an addition over 4 neighbouring cells, this means that the restriction
of the residual mainly contains high frequency components. A small restriction of the
residual means that possible large residuals over neighbouring cells cancel: the residual

is rapidly varying. Local relaxation methods should be able to eliminate such residuals
efficiently.

6.5.2 Multigrid strategy

Experience with multigrid algorithms in another context makes it plausible that p =
g = o = 11is a good choice for a strategy. This is the choice mainly used in our
experiments. Other choices with small values for p , ¢ and ¢ can be made. What is
best depends much on the relaxation used, and research can be made seeking the most
cfficient combination. Up to now, it appears that different (p, g, o)-strategies are not
much different in efficiency. Usually a smaller convergence factor is compensated by a
corresponding amount of additional work.

6.5.3 Relaxation

Clearly, whether a sequence of Galerkin approximations is used or not, the important
feature for a relaxation method in a multiple grid context (both linear and nonlinear) is
its capability to damp the high frequency components in the error (or in the residual).
Thercfore the difference scheme should be sufficiently dissipative. The first-order upwind
schemes usually are. An advantage of these schemes over central differences is that this
numerical dissipation is well defined and independent of an artificial parameter for the
added dissipation, which is necessary for the central difference schemes.

For the relaxation method we may consider several alternatives. For nonlinear multi-
grid methods they arc all of the collective Gauss-Seidel (GS) type, where for each cell the
4 variables (u, v, ¢, z) are recomputed simultaneously. For the solution of these nonlinear
4 x 4 systems, one or more steps of a Newton-iteration are used until the local residual
is reduced below a specified amount. In almost all cases it appeared most efficient to
take this tolerance so crude that no more than one iteration step per point (=volume)
is performed.

Possible relaxations are: (1) LEX: GS-relaxation with lexicographical ordering; (2)
SGS1: symmetric Gauss-Scidel from North-West to South-East and vice versa; (3) SGS2:
the same from North-East to South-West; (4) RB: using a checkerboard ordering of the
points.

In almost all cases the same relaxation can be used in both step (1) and (7) of the
algorithm. Another good choice is SGS3: to use SGS1 for the pre- and SGS2 for the
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post-relaxation. In [24] we compared some of these relaxations in combination with a
uniform grid. There also the effect of other strategies (p, q,0) was considered. For a
standard model problem and a non-uniform grid, results of such a multigrid procedure
arc shown in Fig.8.1-8.3. '

The smoothing behaviour of these relaxations can be analyzed by Local Mode Anal-
ysis. Here we should notice that the smoothing factor as used for common elliptic prob-
lems, has no significant meaning for the Euler equations because we have to take into
account characteristic (unstable) modes. A local mode analysis should follow more the
lines used for elliptic singular perturbation problems, cf. e.g. [37]. Jespersen [30] has
published some results. He shows that for a subsonic and a supersonic case SGS has a
reasonably good smoothing behaviour, when applied to a first-order scheme. Of course,
the non-symmetric GS relaxation is only effective if the direction of the relaxation suffi-
ciently conforms with the direction of the characteristics. If we study plots of reduction
factors obtained by Local Mode Analysis (spectral radii, or norms for the error/ residual
amplification operator), e.g. when SGS is applied to the Euler equations, we see that
two SGS sweeps are usually sufficient for a significant reduction of the high frequencies
[Hemker, unpublished results]. For second-order schemes the smoothing rates are not
satisfactory.

6.5.4 Initial estimates

For the nonlinear multigrid as described above, it is important to start with reasonably
good initial estimates. Since we do not want to provide sophisticated a priori estimates,
we can use the FMG technique to compute the estimates.

In many cases, in the FMG-method a very crude initial estimate on the coarsest grid
is used, e.g. a uniform flow satisfying the inlet and outlet boundary conditions. To obtain
a first estimate on cach finer level, first the solution on the coarser grid is improved by
a single FAS cycle and then the approximation is interpolated to the finer grid. These
steps are repeated on the finer levels until the finest level has been reached (cf. Section
2.3).

The interpolation used to obtain the first guess on each level should be of high
cnough order to comply with the accuracy of the discretisation. In our case, where the
discretisation is of first order, the first-order prolongation P o, as used in the Galerkin
approximation is not accurate enough, and a second-order bilinear interpolation is nec-
essary.

6.6 Conclusion

For transonic computations [24, 25, 39, 42] we have seen that real multigrid efficiency
can be obtained for the steady Euler equations, i.c. the rate of convergence for FAS
iteration is large (= 0.3 per FAS-cycle) and almost independent of the number of cells
in the mesh. A good sequence of discretisations is obtained by the consistent use of the
finite volume technique. It yields a conservative discretisation and it prescribes both the
prolongations and the restrictions for the multigrid algorithm. The result is a nested
sequence of Galerkin discretisations.

Probably the most important ingredient in the finite volume discretisation is the
choice of a good numerical flux function. A slight variant of Osher’s approximate
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Ricmann-solver appears to be a very reliable choice. The reason for its excellent perfor-
mance might be the fact that it allows a completely consistent treatment of the interior
and the boundaries of the domain. Both at the domain boundaries and in the interior,
the appropriate Riemann invariants are used to transfer information over cell bound-
aries. Further, the numerical flux has smooth derivatives, which avoids problems when
Newton’s method is used in the relaxation .

By the use of the FMG technique, sufficiently accurate initial estimates could be
obtained (for about the work of 1/3 FAS-cycle). For some interesting problems [25, 39],
only a single FAS iteration (with p = ¢ = 0 = 1, SGS3-relaxation) appears to be
sufficient for obtaining truncation error accuracy. This means that these (non-isenthalpic
and non-isentropic) steady Euler problems can be solved by an amount of work that is
equivalent with about (4/3) x 2 nonlinear symmetric Gauss-Seidel relaxations sweeps.



Chapter 7

Defect correction for higher order
Euler computations

7.1 Second order discretisation

The first-order discretisation discussed in Section 6.1 has a number of advantages: it is
conscrvative, monotonous and it gives a sharp representation of discontinuities (shocks
and contact discontinuities), as long as these are aligned with the mesh. Further it allows
an efficient solution of the discrete equations by a multigrid method. Disadvantages are:
the low order of accuracy (many points are required to find an accurate representation of
a smooth solution) and the fact that it is highly diffusive for oblique discontinuities (the
discontinuities are smeared out over a large number of cells). For a first-order (upwind)
scheme these are well-known facts and it leads to the search for higher-order methods.

A key property of the discretisation, that we want to preserve in a second-order
scheme, is the conservation of ¢, because it allows discontinuities to be captured as weak
solutions of (5.1) and avoids the necessity of a shock fitting technique. Therefore, we
consider only schemes that are still based on (6.5), and we select fijk(qf;, quk) that yield
a better approximation to (6.3) than (6.6).

The higher-order schemes can be obtained in two different ways. Higher order in-
terpolation is used either for the states (i.e. in X,) or for the fluxes (i.e. in Y,). The
first approach, also called the MUSCL approach, is used e.g. in [2, 12, 73] the second in
[54, 67]. In the first case, in (6.5) gf; and ¢f;, are obtained by some interpolation from
an ={gi;}. In the latter, fijk(qu, quk) is obtained from fijk(qzkja ijk) U f,-jk(qu, q,’j) In the
following we restrict ourselves to the MUSCL approach.

From the point of view of finite volume discretisation, a straightforward way to form
a more accurate approximation is to replace the first-order approximation (6.6) by a
sccond-order one. Instead of the piecewise constant approximation §(z,y) over cells, we
may consider a piccewise bilincar function §(z,y) on a sct of 2x2 cells (a superboz).
Such a superbox on the h-level corresponds with a single cell at the 2h-level. Over
the boundaries of the superbox §(x,y) can be discontinuous; in the superbox §(z,y) is
determined by ¢oi 25, @2i+1,25, @2i2j+41 and gaiy12i41. Using such a bilinear function, we
sce that the central difference approximation is used for flux computations inside the
superboxes; at superbox boundaries interpolation is made from the left and the right
and the approximate Riemann solver is used to compute the flux at the boundary. We
denote the corresponding discrete operator by NS It is easily shown that this superboz
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scheme is second-order accurate in the sense that
Ronp (N5 (Rig) — RN (g)) = O(h?) .

Instead of the finite volume superbox scheme, we can also adopt a finite difference
approach. Interpolation from the left (right) can be used to obtain a value g};; (gf;;) at
the left (right) side of all walls Gjyjx. The simplest second-order scheme is the central
differencing scheme. Here the interpolation is done irrespective of a particular charac-
teristic direction. Central differencing yields f(go,q1) = f((g +q1)/2) for the numerical
flux function. (So, it makes no distinction between left and right side.) In contrast with
the first-order schemes, the central difference scheme is under-diffusive, which may lead
to instabilities. When a central scheme is used alone, an artificial additional diffusion
(dissipation) term is added to stabilise the solution [62, 27].

To improve the stability behaviour, it is better to take into account the domain
of dependence of the solution (the direction of the characteristics) and to distinguish
between interpolated values from the left and from the right at a cell wall. For simplicity
of notation we shall exemplify this only for the 1-D case. Generalisation to 2-D is
straightforward.

In 1-D , eq.(6.5) reduces to

Nh(qh)i = fi+1/2 - fi-l/2 ) (7-1)

where fip12 = f(qzl'+1/zaqir+1/2)-
We define Agit1/2 = ¢iy1 — ¢; and find the second-order upwind interpolated values
from the left and from the right respectively

1
qg+1/2 =¢+ 5 Agi-1/2, (7.2)

1
qz'r+1/2 = Qi1 — 3 Aqi+g .
Notice that on a non-equidistant grid, with these simple expressions, second-order accu-
racy is guaranteed only if the grid is sufficiently smooth.

Although other instability problems may arise [39], stability properties of these one-
sided approximations are better than for central approximations, but still monotonicity
is not preserved. The usual way to force the monotonicity is to introduce a limiting
function 9 [70, 65], and to interpolate by

1
‘I-£+1/2 =6ty 1//'£+1/2 Agi—vy2, (7.3)

1 T
qf-l/z =¢—3 ¢in1/2 Agitr1/2,

2
where 9! = 9)(R) and ¢ = ¢)(1/R) are chosen, depending on R = Agiy1/2/Ag;_1/2, such
that ¢¢_, /2 lies between ¢;— and g;, and ¢, between ¢; and gi41, (cf. [70, 65] ). One
possible choice is the Van Albada limiter [1, 65].

R2+R
R2+4+1

Van Leer [73] proposes a lincar combination of the one-sided and central interpolation.
Parametrised by « we obtain

P(R) =

Uu.

1
Qiyrjp =0+ i [(1 = K)Agi—is + (1+ "“)A(Ii+1/2] ; (7.4)
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,. 1
%12 = %~ 7 [(1 — K)Agip12 + (1 + K')AQi-—lﬁ] .

This general formula contains for instance: (x = —1) the one-sided second-order scheme
(7.2); (x = 0) Fromm’s scheme; (k = 1/3) a “third-order” upwind biased scheme; and
(k = 1) the central difference scheme. (Notice that the “third-order” scheme is third-
order consistent in a 1-D situation; in 2-D the scheme is second-order accurate. In 1-D,
the superbox scheme, N3, corresponds to the use of k = +1 for odd 4, and kK = —1 for
cven 1.

The interpolation (7.4) is well defined in the interior cells of the domain. In the cells
near the boundary 9Q*, one of the values Ag;+1/2 is not defined, by the absence of a
value ¢; corresponding to a point outside 2*. Here a different approximation should be
used. In our computations we set Agiyi2 = Agi—q/2 at the cell Q; near the boundary.
This corresponds with the "superbox” approximation for these cells. For the superbox
scheme and for the scheme (7.4), with different values of «, results are shown in [39].
Some of them arc also shown in Fig.8.4-8.9. The second-order surface pressure distribu-
tions in Fig.8.9 are preceded by first-order distributions (Fig.8.8). (Notice the very fast
convergence for the latter.)

Thus, with the MUSCL approach we have constructed a second-order accurate semi-
discretisation of (5.6)

(gn)e + Ni(gn) = 0. (7.5)

7.2 The solution of the second-order discrete sys-
tem

One possibility to find the solution of the steady state equations
Ni(qn) =0, (7.6)

is to take an initial guess and to solve the semi-discretised equation (7.5) for t — oo, i.e.
to compute the time dependent solution ¢, (¢) until initial disturbances have sufficiently
dicd out. Just as for the first-order discretised equations, we take the other (fully implicit)
approach and try to solve the system

N (qn) = 7, (7.7)

dircctly.

However, if we try to solve the second-order discretisation (7.6) in the same manner
as we do the first-order equations, we may expect difficulties because the nonlinear
equations (7.6) arc less stable. The second-order discretisations are less diffusive, and
(as already mentioned) in the case of central differences clearly “anti-diffusive”. This
may lead not only to non-monotonous solutions, but it can also cause a Gauss Seidel
relaxation not to reduce the rapidly varying error components.

A local mode analysis of smoothing propertics of GS relaxation for first- and second-
order upwind Euler discretisations can be found in [30]. There, the flux splitting upwind
scheme of Steger and Warming [68] is analyzed, whereas we apply Osher’s scheme. Nu-
merical evidence that convergence for the relaxation process of a second-order upwind
procedure is slower than for a first-order scheme, is also found in [49, 74]. Here van
Leer’s flux splitting scheme [72] was used.
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To obtain second-order accurate solutions, we do not try to solve the system N?(gx) =
0 as such. We use the first-order operator N} to find the higher-order accurate approxi-
mation in a defect correction iteration

Ni(g?) = o, (7.8)

N} (@) = N () - N2 (g, (7.9)

If the problem is smooth enough, the accuracy of q,(:) is of order 2 for ¢ > 2 (Theorem

2.2). If the solution is not smooth (higher-order derivatives are dominating), there is
no reason to expect the solution of (7.6) to be more accurate than the solution of (7.8).
Nevertheless, in [21, 39, 38| evidence is given that a few defect correction steps may
improve the solution considerably. This is also shown in Fig.8.8-8.9.

In fact we may use qff“) — q,(:) as an error indicator. In the smooth parts of the

solution q,(ll) - qﬁlm = O(h), q,(f) — q,(f“) = O(h?); where these differences are larger, e.g.
O(1), the solution is not smooth (relative to the the grid used). Then grid adaptation
is to be considered rather than the choice of a higher-order method, if a more accurate
solution is wanted. Equation (7.9) describes an iterative process, in which a first-order
system has to be solved (iteratively) in each step. In practice the inner iteration is
restricted to a single cycle. In Fig.8.6, it is shown that this is an efficient procedure.

In a multigrid environment, where solutions on more grids are available, it is nat-
ural also to consider other approaches to compute higher-order solutions, such as (1)
Richardson extrapolation; (2) 7-extrapolation; or (3) Brandt’s double discretisation.

The two extrapolation methods can be well used to find a more accurate solution
if the solution is smooth indeed [21]. A drawback is that these methods rely on the
existence of an asymptotic expansion of the (truncation) error for h — 0, and -globally -
no a-priori information about the validity of such assumption is available. Another
disadvantage is that the accurate solution (for Richardson extrapolation) or the estimate
for the truncation error (7-extrapolation) is obtained at the one-but-finest level and no
high resolution of local phenomena is obtained. Whereas we want not only a high order
of accuracy, but also an accurate representation of possible discontinuities, it is advised
to use Richardson extrapolation (only) as a cheap means to find a higher-order initial
estimate for the iteration process (7.9).

Since the evaluation of N} (gy) is hardly more expensive than the evaluation of N} (gx),
the costs to compute the defect in (7.9) is of the same order as the evaluation of the
relative truncation error 7o 5,(gn) = Nap(Ronngn) — RonnNi(qn). This makes us to prefer
(7.9) to T-extrapolation. See [42] for some numnerical results.

Having both a first- and a second-order discrete operator at our disposal, Brandt’s
double discretisation [8] seems another cfficient way to find a second-order accurate
solution. However, we have bad experience in applying it to the Euler equations. In par-
ticular when solving (contact) discontinuitics. Using the Collective SGS relaxation and a
second-order scheme based on (7.4), we experienced serious problems in the computation
of the numerical fluxes, caused by virtual cavitation of the flow. Our explanation is the
following. In Brandt’s double discretisation cach iteration cycle consists of a smoothing
step towards the solution of N}(g) = r}, and a coarse grid correction step towards the
solution of N2(q,) = r2. At a discontinuity, the differences between the results after the
first and the sccond half-step may be considerable. In our case these differences resulted
in such large differences in values for qu and quk, that the numerical flux fijk((lfja quk)
could not be properly evaluated. (The solution of the Riemann problem with the two
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states qu and quk shows cavitation.)

7.3 The complete multigrid algorithm

We aim at the efficient computation of the approximate solution g5 of the Euler equa-
tions for a given mesh and we assume that also L coarser meshes exist. We denote the
level of refinement by ¢ and the approximate solution at level ¢ by qi) = GaL-op. The
coarser grids, ¢L, are not only used for the realisation of FAS-iteration steps as described
in Section 6.5, but also for the construction of the initial estimate for the iteration pro-
cess. The algorithm used to obtain the initial estimate and further iterands in the defect
correction process is as follows:

(0) start with an approximation for g ;
(1) for i from 0 to L — 1 do
(1a) for j from 1 to k; do FASCYCLE (N, ¢ = 0)
enddo;
(1b) 4i+1) = Pi2+1,i qG) 5
(1) enddo;
(2) for j from 1 to k;, do FASCYCLE (N/jyqu) = 0)
enddo;
(3) qy = quy+ Lo (R L qw) — qw-n) 5
(4) for d from 1 to dcps do
(4a) ray = Niy(awy) — Ny law) ;
(4b) for j 1 kd do FASCYCLE (N(IL) Ly = (1))
enddo;
(4) enddo;
Stage (1) is an FMG process to obtain a first-order accurate initial estimate at level

L. The prolongation P'2+l,i is a bilinear interpolation procedure and, hence, accurate

1

enough to retain the first-order accuracy on the finer mesh. Asymptotically, the dis-
cretisation crror for gy is bounded by Chgy = O(2!7th) for hiy = h — 0. Now
theorem 2.2 shows that, for a fixed k; = k at all levels, the iteration error at level ¢
is &~ Chgy p*/(1 — 2u¥), where p is an upper bound for the FAS-convergence factor.
Therefore, to obtain a first-order accurate solution, for iteration (1a) it is not necessary
to reduce the iteration error in gy by a factor much smaller than pF = 1/3. This means
that a single FAS step as described in section 4 may be sufficient (i.e. k = 1). Not being
surc about the validity of the asymptotic assumption, we set k;=2, i=1,2,...,L. Stage (2)
is the FAS-iteration to obtain the solution to Nl (gs) = 0 up to truncation error accuracy.
Stage (3) is a Richardson extrapolation step to find a second-order initial estimate for gy.
The prolongation 7, and the restriction R} _, , are piccewise bilinear interpolation
over superboxes and averaging over cells, respectively, so that R}J—l, LPI‘Z -1 = -1 18
the identity, and P;, | R} _, ; is a projection operator. With the asymptotic expansion
for the crror in g, as

qr = RuG + WP Ry e + O(RPH), (7.10)

where § is the exact solution, we obtain for p=1 the sccond-order extrapolation
Ron G =2 Roppqn — @2n + O(K?) . (7.11)
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We find the extrapolated value of g, in (3) as the sum of (7.11) and (5;—Pf_; R{_, ;)qn € Ker(Ras).
We notice that formally the approximation of g,y after stage (3) is still O(h), unless
qer-1) is an O(h?) approximation, and stage (2) can reduce the (smooth) error compo-
nent Rye by a factor O(h). Nevertheless, we see in practice that already for small values
of ki, i =1,2, ..., L, the Richardson extrapolation can reduce the error significantly [21].
Stage (4) is the defect correction iteration (7.9). If the defect correction iteration starts
with a first-order initial approximation, for second-order accuracy it is sufficient to take
deps=1. This necessitates an improvement of the error by a factor O(h) in the iteration
(4b), i.e. we need kd = O(log(h)). However, since the FAS iteration is the expensive
part of the computation in (4), for most purposes we take kd=1 and a sufficiently large
number for deps. Results for the algorithm can be found in [21, 23, 25, 39, 43, 44, 42].
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Chapter 8

Solution of the Navier-Stokes
equations

8.1 Introduction

Mainly based on the Euler method described in the sections 3 to 5, a Navier-Stokes
method has been developed recently [61, 22, 41, 40] Our first objective was the efficient
and accurate computation of laminar, steady, 2-D, compressible flows at practically rel-
evant (i.c. high) Reynolds numbers, but (still) at subsonic or low-supersonic Mach num-
bers. The non-isenthalpic Euler code developed carlier appeared to be a good starting
point for this purpose.

8.2 The discretisation method

The discretisation is based on a strict splitting of the Navier-Stokes fluxes in a convective
and a diffusive part, according to (5.2). This splitting is retained throughout the discreti-
sation, both for the discrete approximation of the internal fluxes, and for the boundary
fluxes (boundary conditions). To keep the possibility of Euler flow discontinuities to be
captured, the equations are again discretised in their integral form (5.5). In fact, as
1/Re = 0, the Navier-Stokes discretisation reduces to exactly the Euler discretisations
described in the Sections 6 and 7.

A straightforward and simple discretisation of the integral form is obtained by sub-
dividing the integration region €2 into quadrilateral finite volumes €2; ;, and by requiring
that the conservation laws hold for each finite volume separately:

/r’)ﬂ,-,,- (J(@)n= + gla)ny)ds — %/@ (r(@)nz + s(q)ny)ds = 0, Vi, j. (8.1)

Q,"j

For the cvaluation of the convective flux vectors we make use again of the rotational
invariance of the flow equations. We do not do so for the diffusive flux vectors. Given
our simple central discretisation of diffusive terms, use of rotational invariance for the
latter is hardly advantageous. Thus, the discretised equations become

e . 1 .
/ém,-,]- T (N, ny) [ (T (ngy iy )g)ds — T /fmi,,- (r(q)ne + s(@)ny)ds = 0, V5,5, (8.2)

with T'(n,, n,) the rotation matrix in (6.6).
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8.2.1 Evaluation of convective fluxes

The computation of the first- and second-order discrete approximation of the convective
fluxes is made in the same way as for the Euler equations. Considering for instance
the numerical flux function (f())is1/2; = f(qhss /2.j» Gi41/2,7)» Where the superscripts
! and r refer to the left and right side of volume wall 08112, first-order accurate
convection is obtained again by taking ¢, /o = @ij and @iyypp; = Giv1,;- Higher-order
accurate convection is obtained again with the k-schemes as introduced in (7.4), with
k€lR ranging from k = —1 (fully one-sided upwind) to K = 1 (central). The value
k = 1/3 has appeared to be optimal. To avoid spurious non-monotonicity, a new limiter
has been constructed by Koren [22] for the £ = 1/3 approximation:

R +2R?

VR = T Ram

(8.3)

8.2.2 Evaluation of diffusive fluxes

For the evaluation of the diffusive fluxes at a volume wall, it is necessary to compute
grad(u), grad(v) and grad(c?) at that wall. For this we use a standard technique [57].
To compute for instance (grad(u))it1/2;, we use Gauss’ theorem:

1
V)i = / unds, 8.4
( ) /R Aiv1/25 10901725 ( )

with n = (ng,ny)", and 09Q;11/5; the boundary and A;; 2 the area of a quadrilateral
dummy volume Q;44/,; of which the vertices z = (z,y) are defined by:

1
Zijk1/2 = §(Zi—1/2,ji1/2 + Ziy1/2,5+1/2) - (8.5)

A similar expression exists for zit1/2;.
The line integrals fpq, . .. unzds and Jou 41, UNyds are approximated by

Joa. . ungds = Uity (Yirrgr1/2 = Yir1-172)
HHn + Uir1/2541/2 (Yig+1/2 = Yirl,i+1/2) (8.6)
t 0 Ui (Yij-1/2 = Vij+1/2)

+ Uis1y25-172 (Yiv1,j-1/2 = Yij-1/2) »
and
Uit1,5 ($i+1,j-1/2 - xi+1,j+1/2)

fan,- unyds =
/2 + ir12g41/2 (Titrj+172 — Tigri/2)

8.7
+ 0 Uiy (Tigerje = Tij-1y2) (8.7)
+ Uirr25-172 (Tij-1/2 — Tit1-1/2),
with for u;y1/9 ;4172 the central expression
1
Uit1/2,541/2 = Z(uz_j + Uija1r F Uipr + Uipr 1) - (8.8)

Similar expressions are used for the other gradients, and other walls. For sufficiently
smooth grids this central diffusive flux computation is second-order accurate. For details

about the discretisation and the treatment of the diffusive flux at the boundary, we refer
to [61, 41, 40].
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8.3 Solution method

To efficiently solve the system of discretised Navier-Stokes equations, again symmetric
point Gauss-Seidel relaxation, accelerated by nonlinear multigrid (FAS), is applied. With
a scalar convection diffusion equation as model, local mode analysis shows that ‘sym-
metric point Gauss-Seidel with multigrid’ converges fast for the first-order discretised
equation, for any value of the mesh Reynolds number h/e [40]. However, it appears to
converge very slowly for the higher-order (x = 1/3) discretised equation, for small and
moderately large values of h/e. It even appears to diverge for large values of h/e [40].
Clearly the origin of this is the higher-order discretisation of the convection operator.
As with the Euler equations, the difficulty in inverting the higher-order operator is by-
passed by introducing defect correction as an outer iteration for the nonlinear multigrid
cycling. Let F,(gy) denote the full, second-order accurate discrete operator, and Fu(qn)
the less accurate operator that can be casily inverted. Then iterative defect correction
can be written as

Fi(gi) = 0, (8.9)
Fu(gith) = Fu(qR) — wFa(gp), n=12,.., N,

where n denotes the nth iterand, and w a damping factor. The standard value for w
is: w = 1. Special attention has been paid to the choice of the approximate operator
El(qh) for the Navier-Stokes equations. The operator necessarily has first-order accurate
convection, but the amount of diffusion can be chosen freely. This freedom has been
exploited. Three approximate operators have been considered: (i) an operator without
diffusion, (ii) an operator with partial diffusion, and (iii) an operator with full, second-
order accurate diffusion. The first approzimate operator, which neglects diffusion, was
alrcady known from the Euler work. Given its successful application there, it may be
expected to be suitable for very large values of the mesh Reynolds number. The second
approzimate operator neglects the cross derivatives in the diffusive terms, but it has full
sccond-order diffusion stemming from the remaining derivatives. The special feature of
this operator is that the same five-point data structure can be used, for the evaluation of
the convective and diffusive fluxes in the Navier-Stokes equations. The operator combines
clegance and simplicity with a rather good resemblance to the higher-order operator.
The third approzimate operator resembles the higher-order operator most closely, and
therefore has the best convergence properties. In the case of this third approximate
operator, for sufficiently smooth problems and a second-order accurate Fj, Theorem
2.2 predicts the solution to be second-order accurate after a single Defect Correction
cycle. Because the discrete approximations of the diffusive flux are only zeroth order
for the cases (i) and (ii), theory does not give such guarantec for these approximate
operators. Local mode analysis applied to a model equation, and experiments with
the Navier-Stokes equations showed the third approximate operator to have the best
convergence propertics indeed. Its relative complexity has been taken for granted. The
results presented in the next section have all been obtained with this operator.

Though the mesh Reynolds numbers in the computations performed were large, we
obeyed the multigrid requirement m, + m, > 2, 17, 8], where m, and m, denote the
order of accuracy of the defect restriction and the correction prolongation respectively,
and where 2 is the order of the differential equations. This was achieved by using a
piccewise constant restriction (m, = 1) and a piecewise bilincar prolongation (m, = 2).
For further details about the multigrid method applied we refer to [41].
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8.4 Numerical results

To evaluate the method described, we considered as reference test case the experiment
from [18], performed at Re = 2.96 10°. First we tried to make a satisfactory grid. Since
the present code has the possibility to compute Euler flows, it is easy to optimise the grid
for convection only. For the present test case this led via the rectangular 80 x 32-grid
shown in Fig.8.12 to the oblique 80 x 32-grid in the same figure. The latter grid has
been fitted to the incoming shock.

The corresponding inviscid surface pressure distributions as obtained by Osher’s
scheme, and with the first-order, the non-limited ¥ = 1/3 and the limited &k = 1/3
approximation are given in Fig.8.12. The poor solution quality on the rectangular grid
is clear.

Together with the measured data, the computed wviscous surface pressure distributions
are given in Fig.8.12. First we consider the results obtained on the rectangular grid.
Given the bad inviscid solutions, obtained on the regular grid, it should be noticed that
the good resemblance of the experimental and the second-order accurate viscous surface
pressure distribution is absolutely fake. Since for this standard test case rectangular
grids were often uscd, and since most codes smear out discontinuities which are not
aligned with the grid, a lot of good resemblance ever found for this test case was in
fact be deceptive. Considering the results obtained on the oblique grid and comparing
at first the computed surface pressure distributions, we see that diffusion has done its
job in qualitatively different ways. In downstream direction, the second-order pressure
distribution in the interaction region shows successively: a compression, a plateau and
another compression. The computed second-order accurate surface pressure distribution
is characteristic for a shock wave - boundary layer interaction with separation bubble, i.e.
with scparation and re-attachment, whereas the first-order distribution typically is the
distribution belonging to a non-separating flow. Given the occurrence of a separation
bubble in the experimental results indeed, the first-order solution (on this 80 x 32-
grid) has to be rejected. Comparing the second-order and measured surface pressure
distribution, it appears that the latter is more strongly diffused. An explanation for this
quantitative difference is lacking. Due to all kinds of uncertainties a detailed quantitative
comparison is probably impossible.

In Fig.8.13 some measured and computed velocity profiles are given. Once more, the
figures clearly show the good quality of the second-order results. Remarkable for both
the first- and sccond-order velocity profiles is the good agreement with the experimental
data in the upper part of the boundary layer at z = 1.22. Both solutions seem to give a
correct prediction of the growth of the boundary layer thickness through the interaction

region. For a detailed account of convergence rates and computing times we refer to
[41].
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