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Abstract. We presenta robust methodof estimatingan effective Hölderexpo-
nent locally at an arbitrary resolution.The methodis motivatedby the multi-
plicative cascadeparadigm,and implementedon the hierarchyof singularities
revealedwith thewavelettransformmodulusmaximatree.In addition,we illus-
tratethepossibilityof thedirectestimationof thescalingspectrumof theeffective
Hölderexponent,andwelink it to theestablishedpartitionfunctionsbasedmulti-
fractalformalism.Wemotivateboththelocalandtheglobalmultifractalanalysis
by showing examplesof computergeneratedandreallife timeseries.
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1 Intr oduction

The applicationof the wavelet transform(modulusmaxima)representationof a sig-
nal to multi-fractalanalysishasalmostreachedthestatusof a standard.Theformalism
developedby Arneodoet al in the early nineties[1, 2] hasbeenextensively usedto
testmany naturalphenomenaandhascontributedto substantialprogressin eachdo-
main in which it hasbeenapplied[3, 4, 5]. Neverthelessthe respective methodology
is intrinsically statisticalin natureand providesonly global estimatesof scaling(of
the momentsof relevant quantity).While this is often a requiredproperty, thereare
caseswhen local informationaboutscalingprovidesmore relevant information than
the global spectrum.This is particularlytrue for time serieswherescalingproperties
arenon-stationary, whetherit bedueto intrinsic changesin thesignalscalingcharac-
teristicsor evenboundaryeffects.

We, therefore,addressthe problemof estimationof the local scaling exponent
throughtheparadigmof themultiplicativecascade.Werevealthehierarchyof thescal-
ing branchesof the cascadewith the wavelet transformmodulusmaximatree,which
hasproven to be an excellenttool for thepurpose[2, 6]. Contraryto the intrinsically
instablelocal slopeof themaximalines, this estimateis robustandprovidesa stable,
effectiveHölderexponent,local in scaleandposition.Fromthisanattemptcanbemade
to derive themultifractalspectradirectly from log-histogramscalingevaluation,link-
ing thelocalanalysiswith theglobalmultifractalspectraapproach.Not asstableasthe
global scalingestimatesfrom the partition functionsmethod,the direct histogramof



theeffective Hölderexponentprovidesconsiderablymoreinformationaboutthe rela-
tivedensityof localscalingexponents,andwith someaddedonstabilisation,mayprove
to beaninterestingalternative in multifractalspectraestimation.

Thestructureof thepaperis asfollows. In section2, we focuson therelevantas-
pectsof the wavelet transformation,in particularthe ability to characterisescale-free
behaviour throughtheHölderexponent.Togetherwith thehierarchicalscale-wisede-
compositionprovidedby thewavelet transform,it will enableus to reveal thescaling
propertiesof thetreeof themultiplicativecascadingprocess.In section3,weintroduce
a technicalmodel enablingus to estimatethe scale-freecharacteristic(the effective
Hölderexponent)for thebranchesof sucha process.In section4, we usethederived
effective Hölderexponentfor the local temporaldescriptionof the time seriescharac-
teristicsata givenresolution(scale).This is followedby ananalysisof distributionsof
local h andthe(scaling)evolution of the log-histogramandits relationto thestandard
partition functionsbasedmultifractal formalism.We motivateboth the local andmul-
tifractal analysisby showing examplesof generatedandreal life time series.Section5
closesthepaperwith conclusionsandsuggestionsfor futuredevelopments.

2 ContinuousWaveletTransform and its Maxima Usedto Reveal
the Structure of the Time Series

TherecentlyintroducedWaveletTransformation(WT), seee.g.Ref. [7, 8], providesa
wayof analysingthelocalbehaviour of functions.In this, it fundamentallydiffersfrom
global transformslike theFourierTransformation.In additionto locality, it possesses
theoftenverydesirableability of filtering thepolynomialbehaviour to somepredefined
degree.Therefore,correctcharacterisationof time seriesis possible,in particularin
thepresenceof non-stationarities like globalor local trendsor biases.Oneof themain
aspectsof theWT which is of greatadvantagefor our purposeis theability to reveal
thehierarchy of (singular)features,includingthescalingbehaviour. [2]

Conceptually, thewavelettransformationis aconvolutionproductof thetimeseries
with thescaledandtranslatedkernel- thewavelet

�������
, usuallya �	��
� derivativeof

a smoothingkernel � ����� . Usually, in theabsenceof othercriteria,thepreferredchoice
is thekernel,which is well localisedbothin frequency andposition.In this report,we
chosethe Gaussian� ��������������� � ��������� asthe smoothingkernel,which hasoptimal
localisationin bothdomains.

Thescalingandtranslationactionsareperformedby two parameters;thescalepa-
rameter  ‘adapts’ the width of the wavelet kernel to the microscopic resolution re-
quired,thuschangingits frequency contents,andthelocationof theanalysingwavelet
is determinedby theparameter! :"$# �  &%'! �(�*) +-,. ,0/ � # �����1��� � ��! � % (1)

where &%'!�2	3 and  5476 for thecontinuousversion(CWT).
In figure1, we show thewavelet transformof a randomwalk sampledecomposed

with theMexicanhatwavelet- thesecondderivative of theGaussiankernel.Fromthe
definition,thetransformretainsall of thetemporallocality properties- thepositionaxis



Fig.1. ContinuousWavelet Transformrepresentationof the randomwalk (Brownian process)
time series.Thewaveletusedis theMexicanhat - thesecondderivative of theGaussiankernel.
The coordinateaxesare:position 8 , scalein logarithm 9;:�<�=�>�? , andthe valueof the transform@ =�>�AB8�? .
is in theforefrontof the3D plot. Thestandardwayof presentingtheCWT is usingthe
logarithmicscale,thereforethescaleaxispointing‘in depth’of theplot is log(s).The
third verticalaxisdenotesthemagnitudeof thetransform

" �  &%'! � .
The3D plot shows how thewavelet transformrevealsmoreandmoredetailwhile

goingtowardssmallerscales,i.e. towardssmallerCED�F �  � values.Therefore,thewavelet
transformis sometimesreferredto asthe ‘mathematicalmicroscope’,dueto its abil-
ity to focuson weaktransientsandsingularitiesin the time series.The wavelet used
determinestheopticsof themicroscope;its magnificationvarieswith thescalefactor  .
2.1 AssessingSingular Behaviour with the WaveletTransformation

Quitefrequentlyit is thesingularities,therapidchanges,discontinuitiesandfrequency
transients,andnotthesmooth,regularbehaviourwhichareinterestingin thetimeseries.
Let us, therefore,demonstratethe wavelet’s excellent suitability to addresssingular
aspectsof theanalysedtime seriesin a local fashion.Thesingularitystrengthis often
characterisedby theHölderexponent.

If thereexistsa polynomial GIH of degree�KJ7� , suchthatL # ����� �MG H ��� � ��N�� L�O0PQL � � �RN L S % (2)

thesupremumof all � suchthattheaboverelationholds,is termedtheHölderexponent� ���RNT� 2 � �U%�WV ) � of thesingularityat
�RN

. G H canoftenbeassociatedwith theTaylor
expansionof

#
around

�RN
, but Eq. 2 is valid evenif suchexpansiondoesnotexist [11].

TheHölderexponentis thereforeafunctiondefinedfor eachpointof
#

, andit describes
thelocal regularityof thefunction(or distribution)

#
.



Let ustake thewavelettransform
"YX H[Z # of thefunction

#
in
�\�]� N

with thewavelet
of at least� vanishingmoments,i.e. orthogonalto polynomialsup to degree � :+-^ ,. , ��_K������� / �	� 6 `�aK%b6 O acJ-�Md
For the sake of illustration, let us assumethat the function

#
canbe characterisedby

Hölderexponent� ��� N � in
� N

, and
#

canbelocally describedas:# �����fe�gh�jikN V iml[��� � �RNT� Vndodmd�V i H ��� � �RNT� H V PQL � � �RN L S X emg Z d
Its wavelet transform

"YX H[Z # with thewaveletwith at least � vanishingmomentsnow
becomes: " X H[Z # �  &% �RNT�(�*) + PQL � � �RN L S X emg Z �p� � � �RN � / �� PQL  L S X e g Z + L ��q L S X e g Z �p����qr� / ��q d
Therefore,we have the following power law proportionalityfor thewavelet transform
of the(Hölder)singularityof

# ��� N �
:" X H[Z # �  &% ��Ns�(t L  L S X e�g Z d

Note: Oneshouldbearin mind that the above relationis an approximatecasefor
which exact theoremsexist [9]. In particular, we will restrict the scopeof this pa-
per to Hölder singularitiesfor which the local and pointwiseHölder exponentsare
equal[10]. Thuswe will not take into considerationthe ‘oscillating singularities’(e.g��u  mvB� � ) �s�xwx� ) requiring two exponents[11, 12]. Nevertheless,it is sufficient for our
purposeto statethat the continuouswavelet transformcanbe usedfor characterising
theHöldersingularitiesin thetimeseriesevenif maskedby thepolynomialbias.

It canbeshown [13] thatfor Höldersingularities,thelocationof thesingularitycan
bedetected,andtherelatedexponentcanberecoveredfrom thescalingof theWavelet
Transform,alongtheso-calledmaxima line, convergingtowardsthesingularity. This is
a line wherethewavelettransformreacheslocalmaximum(with respectto theposition
coordinate).Connectingsuchlocal maximawithin the continuouswavelet transform
‘landscape’givesrise to theentiretreeof maximalines.As we show in the following
subsection,it appearsthat restrictingoneselfto the collectionof suchmaximalines
providesa particularlyusefulrepresentationof theentireCWT.

Let us considerthe following set of examplesof simple singularstructures,see
figure2 left; a singleDiracpulseat y � ) 6 �Tz{� , thesaw toothconsistingof anintegrated
Heaviside stepfunction at | �}� 6 z&~&� , and the Heaviside stepfunction for � ��� 6�� � ^ � ,
where V denotesthe right-handedlimit. The Hölder exponentof a Dirac pulseis � )
by definition. For Hölder singularities,the processof integrationand differentiation
respectively addsandsubtractsonefrom theexponent.We, therefore,have � � 6 for
theright-sidedstepfunction � ��� 6�� � ^ � and � � ) for theintegratedstep| ��� 6 z&~�� .
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Fig.2.Left: thetestsignalconsistingof theDiracpulse��=B���s���T? , thechangein slope- integrated
HeavisidestepI(2048),andtheHeavisidestepH(3072).Right: the log-log plot of themaxima,
togetherwith their respective logarithmicderivatives, correspondingto all threesingularities:��=B�k���o�s? , I(2048)andH(3072).Lines of theoreticalslopearealsoindicated;theseare �(8 for��=B�k���o�s? , 8 for I(2048)andaconstantfor H(3072).Thewaveletusedis theMexicanhat.

Thesevaluescanalsobeverifiedin thescalingof thecorrespondingmaximalines.
We obtain the (logarithmic)slopesof the maximavaluesvery closely following the
correctvaluesof theseexponents,seefigure2 right. This,of course,suggeststhepossi-
bility of theestimationof theHölderexponentof (Hölder)singularitiesfrom theslope
of themaximalines approachingthesesingularities.An importantlimitation is, how-
ever, therequirementfor thesingularitiesto beisolated for thisprocedureto work.Note
thatthescalingof themaximalinesbecomesstablein thelog-logplot in figure2 right
only below somecritical scale s�B�'��� , below which thesingularitieseffectively become
isolatedfor theanalysingwavelet.Indeed,thedistancebetweenthesingularfeaturesin
thetesttime seriesin figure2 left equals) 6 �Tz , which is in theorderof threestandard
deviationsof theanalysingwaveletat

� CED�F �  �B�'��� �(�]� d ~��5� CED�F � ) 6 �Tz��T��� . Thisexample
largely simplifiesthe issuesincethesingularstructuresareof thesamesize,resulting
in onecharacteristicscaleat which they appearin thewavelet transform.Also, gener-
ally, thescalingof themaximalinesfor otherthanthepresentedsimpleexampleswill
not follow a strightline evenfor isolatedsingularities.Still, therateof decreaseof (the
supremumof) therelatedwavelettransformmaximumwill beconsistent,thusallowing
estimationof � .

2.2 WaveletTransform Modulus Maxima Representation

Thecontinuouswavelet transformdescribedin Eq. 1 is anextremelyredundantrepre-
sentation,muchtoocostlyfor mostpracticalapplications.This is thereasonwhy other,
lessredundantrepresentations,arefrequentlyused.Of course,in going from high re-
dundancy to low redundancy (or evenorthogonality),certain(additional)designcriteria
arenecessary. For our purposeof analysisof thelocal featuresof time series,onecrit-
ical requirementis the translationshift invarianceof the representation;nothingother



thantheboundarycoefficientsof therepresentationshouldchange,if thetime seriesis
translatedby some� � .
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Fig.3.WTMM representationof thetimeseriesandthebifurcationsof theWTMM tree.Mexican
hatwavelet.

A useful representationsatisfyingthis requirementandof much lessredundancy
thantheCWT is therepresentationmakinguseof thelocal maximaof theWT assug-
gestedin theprevioussection.Suchmaximainterconnectedalongscalesform theso-
calledWaveletTransformModulusMaxima(WTMM) representation,first introduced
by Mallat [14]. In addition to translationinvariance,the WTMM also possessesthe
ability to characterisefully thelocal singularbehaviour of time series,asillustratedin
theprevioussubsection.

Moreover, thewavelettransformandits WTMM representationcanalsobeshown
to be invariantwith respectto the rescaling/renormalisationoperation[6, 2, 15, 12].
This propertymakesit an ideal tool for revealingthe renormalisationstructureof the
(hypothetical)multiplicativeprocessunderlyingtheanalysedtimeseries.

Supposewe have the time series
#

invariantwith respectto somerenormalisation
operation� : # � � # d
Thewavelettransformof

#
will, for acertainclassof � , in particularfor multiplicative

cascades,show the invariancewith respectto an operator ����� . l . This can be
recoveredfrom theinvarianceof thewavelettransformof � :" � # �(� � " � # �
andin particularfrom theinvarianceof (thehierarchyof) theWTMM tree[15, 6].

Theaforementionedpropertiesof themaximalinesrepresentationmake it particu-
larly usefulfor ourpurpose.



3 Estimation of the Local, Effective Hölder ExponentUsing the
Multiplicati veCascadeModel

We have shown in theprevioussectionthat thewavelet transformandin particularits
maximalinescanbeusedin evaluatingtheHölderexponentin isolatedsingularities.In
mostreallife situations,however, thesingularitiesin thetimeseriesarenot isolatedbut
denselypacked.Thelogarithmicrateof increaseor decayof thecorrespondingwavelet
transformmaximumline is usuallynot stablebut fluctuateswildly, often makinges-
timation impossibledueto divergenceproblemswhenthe valueof the WT alongthe
maximumline approacheszero.

As a remedyfor theestimationproblems,we will usethecharacterisationwith the
modelbasedapproximationof thelocal scalingexponent,which we will referto asan
effective Hölderexponentof thesingularity.

In order to estimatethis exponentin real life time serieswith densesingularbe-
haviour, weneedto approachtheproblemof divergingmaximavaluesin log-log plots
and the problem of slope fluctuations.We usedthe procedureof boundingthe lo-
cal Hölder exponentasdescribedin [16] to pre-processthe maxima.The crux of the
methodlies in the explicit calculationof the boundsfor the (positive and negative)
slopelocally in scale.The partsof the maximalines for which the slopeexceedsthe
boundsimposedaresimply notconsideredin calculations.(For thetechnicaldetailsof
local slopecalculationandbounding,we referthereaderto [16].) E.g.comparein fig-
ure2 theexamplelog-log slopesabove thecritical scale �B�'��� , wherethesingularities
cannolongerbeconsideredasisolated.In particular, notethatthelocalslopenearscaleCED�F �  �(�j� and CED�F �  ��� � reaches�5� . Suchdivergingslopesarethresholdedandre-
movedby applyingtheboundingprocedure.In thisexampleandthroughoutthis paper
weuse

LE�� L J � boundon thelocalslope
�� of eachmaximum.Theoutputof thisproce-

dureis, therefore,thesetof non-divergingvaluesof themaximalinescorrespondingto
thesingularitiesin thetimeseries.

In figure4 below, we show the effect of the procedureon the distribution of the
maximavaluesfor a fixedscale �$�

, for a fractionalBrownianmotion(fBm) record
with H=0.6.TheunboundeddistributionhasaGaussianshapeasexpected,whichshows
asa parabolain thelogarithmicplot in 4 left. Boundinglocal slopesto

LE�� L J � results
in a rapiddecayof smallvaluesof maximatowardsthe limit of 6 value,seethefilled
histogram,thusmakingnegativemomentswell defined.

l
In figure4 right, weverify in

log-logcoordinatesthatthedecayof thesmallvaluesfollowsapower law.
Even thoughinsteadof fluctuatingwildly betweenV5� and ��� , the WT values

arenow moretempered,they still fluctuate,with thelocalslopechangingfrom point to
point (within bounds).Of course,this is why it is not possibleto evaluatethe Hölder
exponentby a linearfit in log-logplot, somethingwecando for isolatedcasesgiving a
stablemaximumvaluedecay/increase.Therefore,we resortto thesecondassumption,
in which we modelthesingularitiesascreatedin somekind of a collective processof
a very genericclass.For theestimationof the local Hölder exponentin suchtime se-�

Onecanargueaboutwhich is better:removing the apparentlyrelevant informationfrom the
distribution of the maximavaluesor lacking the negative moments...Sincewe do not have
proof thattheinformationremovedis redundant,wedo notprovideadefinitiveanswerhere.
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ries,wewill useamultiplicativecascademodel.Thiswill allow usto constructastable
estimateof a local � ��� N � exponent.Themultiplicative cascademodelis a generalisa-
tion of abinomialmultiplicativeprocess,otherwiseknown astheBesicovitch binomial
process.

3.1 Multiplicati veCascadeModel

Let us take the well known exampleof the Besicovitch measureon the Cantorset,
seee.g.[17]. The set of transformations«��¬%v\2¯® ) % �{° describingthe Besicovitch
constructioncanbeexpressedas:«p� # ��������± � # � � V0!k�i � �³²
with thenormalisationrequirement:±�l V ± � � ) d (3)

Additionally, weputconditionsensuringnon-overlappingof thetransformations:) V-! liml J 6´Vµ! �i �
while all therespectivevalues! lo�Ti�l %'! � �Ti � % i . ll % i . l� arefrom theinterval

� 6x% ) � .
For equalratios,

±�lQ�¶± � � ) ��� and
i�l·��i � ���

with ! lQ� 6 and ! � �¸�
, we

recover themiddle-third,homogeneousdistribution of measureon theCantorset.We
have theBesicovitch measurefor non-equal

± � , with theothersettingsabove retained.
Finally, for non-equal

± � , regardlessof normalisationEq 3 andwith
i�lp�¶i � �¶�

with! l¹� 6 and ! � � ) , wehave themultiplicativecascadeon (0..1)interval.
Eachpoint of this cascadeis uniquelycharacterisedby the sequenceof weights�  l dºdEd» H � taking valuesfrom the (binary) set ® ) % ��° , and actingsuccessively alonga
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uniqueprocessbranchleadingto this point.Supposethatwe denotethedensityof the
cascadeat thegenerationlevel � � ( v runningfrom 6 to aÆ � ) by Ç � � � � , we thenhaveÇ � � _¹È e&���Ä±�ÉÊ dEdEd ±�ÉÌË Ç � � Ns�(� G5Í�Î�Ï¬ÐÍ g Ç � � NT�
andthelocalexponentis relatedto theproductG5Í�Î�Ï¬ÐÍ g of theseweights:

� Í gÍ�ÎIÏÐ � CºD&F � G Í�Î�Ï¬ÐÍ g �CED�F �� ) �[�&� _¹È e � �KCED�F �� ) �[�&� N � d
In any experimentalsituation,theweights

± � arenot known and � � hasto beesti-
mated.Thiscanbesimplydoneusingthefactthatfor themultiplicativecascadeprocess
of thekind just described,theeffective productof theweightingfactorsis reflectedin
thedifferenceof logarithmicvaluesof thedensitiesat � N and � _¹È e alongtheprocess
branch: � Í gÍ ÎIÏÐ � CED�F � Ç � � _ÑÈ e&�� �KCED�F � Ç � � Ns�¬�CED�F �� ) �[�&� _¹È e � �KCED�F �� ) �[�&� N � d
The densitiesalongthe processbranchcanbe estimatedwith the wavelet transform,
using its remarkableability to reveal the entire processtree of a multiplicative pro-
cess[6]. It canbeshown thatthedensitiesÇ � �1� � canbeestimatedfrom thevalueof the
wavelet transformalongthemaximalinescorrespondingto thegivenprocessbranch.
Theestimateof theeffectiveHölderexponentbecomes:Ò� ÉÓ¬ÔÉÕ»Ö � CºD&F � "$#�×ÙØmÚ �  mÛºÜ �¬� �KCED�F � "$#�×�ØoÚ �  S � ��CED�F �  ÛºÜ � �KCED�F �  S � � %



where
"$#�× ØmÚ �  � is the valueof thewavelet transformat thescale  , alongthemax-

imum line
× ØmÚ

correspondingto thegivenprocessbranch.Scale ÛºÜ correspondswith
generation� _¹È e , while  S � correspondswith generation� N .

For theestimationof � , weneed S � and
"$#�× ØmÚ �  S � � . We can,of course,pick any

of therootsof thesub-treesof theentiremaximatreein orderto evaluateexponentsof
thepartialprocessor sub-cascade.But for theentiresampleavailablewe mustusethe
entiretreeandfor this purpose,we canonly do aswell astakingthesamplelengthto
correspondwith  S � , i.e.: S ��Ýn sÞ�ß � CED�F � �UÆ�a ±�à�ásâ�á ��ã{
� � d
Unfortunately, thewavelet transformcoefficientsat this scaleareheavily distortedby
finite sizeeffects.This is why we estimatethevalueof

"$#�×ÙØmÚ �  S � � usingthemean�
exponent.

3.2 Estimation of the Mean Hölder Exponent

For a multiplicative cascadeprocess,a meanvalueof thecascadeat thescale canbe
definedas: ä �  ���æå �  &% ) �å �  &%¬6 � % (4)

wherethe å �  �%'ç � is thepartitionfunctionof the ç -th momentof themeasuredistributed
over thewavelettransformmaximaat thescale considered:å �  �%'ç ����èé X É Z � "$#�× � �  �¬�ê % (5)

where ë �  �\� ® × � �  �k° is the set of all maxima
× � �  � at the scale  , satisfyingthe

constrainton their local logarithmicderivativein scale[16]. Thismeangivesthedirect
possibility of estimatingthe meanvalueof the local Hölder exponentas a linear fit
to

ä
: CED�F � ä �  �¬���¶ì��CºD&F¥ ¥V P d (6)

We will not,however, usethedefinition4 sincewewanttheHölderexponentto bethe
localversionof theHurstexponent.Thiscompatibilityis easilyachievedwhenwetake
thesecondmomentin thepartitionfunctionto definethemean

ì� q :ä q �  ���$í å �  �% ���å �  �%'6 � d
Therefore,we estimateourmeanHölderexponent

ì� q from 6 substituting

ä
with

ä q
.

Theestimateof thelocal Hölderexponent,from now on to bedenoted
Ò� ����N %� � or justÒ� , now becomes: Ò� ÉîmïÉfÕ»Ö t� CED�F � "$# �  oÛEÜ �� � � ì� q CED�F³ ³V P �CºD&F �  oÛEÜ � �MCºD&F �  sÞ&ß � d
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4 Employing the Effective Hölder Exponent in Local and Global
SpectraEstimation

Suchanestimatedlocal
Ò� ��� N %' � canbedepictedin thetemporalfashion,for example

with a backgroundcolour, aswehavedonein figure7. Thefirst exampletimeseriesis
a computergeneratedsampleof fractionalBrownianmotionwith ô � 6Rd � . It shows
almostmonochromaticbehaviour, centredat ô � 6xd � the colour greenis dominant.
Therearehowever several instancesof darker greenandlight blue indicatinglocally
smoothcomponents.

Thesecondexampletimeseriesis a recordof the �Uõ5G � 6�6 index from timeperiod
[1984-1988].Therearesignificantfluctuationsin colourin this picture,with thegreen
colourcentredat ô � 6Rd � , indicatingbothsmootherandroughercomponents.In par-
ticular, onecanobserve anextremalredvalueat thecrash’87 coordinate,followedby
very roughbehaviour (a ratherobvious fact,but to the bestof our knowledgenot re-
portedto datein therapidlygrowing coverageof this timeseriesrecord),seee.g.[18].

Thethird exampleis a real life biologicaltime seriesandcomesfrom aphids.This
is the temporalrecordof electricalresistance,a ‘penetratiogram’,reflectingthepene-
trationof thetongueof theaphidthroughtheplantcell wall. Weattemptto characterise
the different regions of the time series,visible as a numberof hierarchical‘pits’ of
certaindepthswithin thesignal.With greenfocusedat themeanHurstexponentequalô � 6xd � , theresultquiteconvincingly shows thepatchydifferencein characterisation
of thepits at (two) differentlevelsof pit hierarchy. Stripesof a differentcolourspec-
trum indicatea high level of non-stationarityof

Ò� distribution. Note that the obvious
amplitudedifferencedoesnot influencethecolourin theplot duethefactthatconstant
offset is filteredout by thewaveletused- thecolour is dueto a genuinedifferencein



thelocalscalingexponent.
The last exampleshows a recordof heartbeatintervals recordedfrom a healthy

humanheart.Contraryto the two previousexampleswhich show a high degreeof lo-
calisation(or non-stationarity)of the exponentstrength,this plot shows an intricate
structureof interwovensingularitiesat variousstrengths.This behaviour hasbeenre-
centlyreported[19] to correspondwith themultifractalbehaviour of theheartbeat.The
greenis centredat

Ò� � 6Rd ) .
Note that theseexamplesareonly meantfor illustrationpurposes.A detaileddis-

cussionof theimplicationsof thelocal
Ò� analysisappliedwill appearelsewhere.

4.1 Scale-wiseEvolution of the EffectiveHölder Exponent

In addition to onescaleplot showing the colour spectrumof singularbehaviour, we
canalsoseethescalepositionlocationswheretheeffective Hölderexponentis neara
particularvalue.We show an exampleband of

Ò��ö �  � of width ÷ � 6xd 6 � , by selectingÒ� � �h6xd � �ø6Rd 6 ) in figure8 for therecordof white noise.Thenumberof locations
thatfall within thebandrangevisibly growswith scaleandthis growth determinesthe
dimensiony � � � whichcanbeassociatedwith theparticular

Ò� , at thebandresolution÷ .
Suchy � � � canbeestimatedfor theentirerangeof � , resultingin theso-calledspec-

trum of singularities. It is a standardway of visualisingthedistributionof singularities
- it givesthe (fractal) dimensiony � � � of the supportingsetof singularitiesfor each
exponentvalue � in thetimeseries.

y � Ò� �(� / v}a � ® � N °]ù5ú # ��� � � N �(t L � � � N L S X e g Z �(t CEûEüö}ý N CEûºüÉÕ»Ö ý N CºD&F ��þ ö � Ò� �  ÛEÜ ��¬�CºD&F �  oÛEÜ � %
where

þ ö is the measureof the total numberof locations(selectedmaxima)that fall
within thebandof size ÷ ata particularscalelocation  ÛºÜ .

Dueto thefactthatit relieson selectinga verynarrow bandof exponents,thispro-
cedureis, however, inherentlysensitive to the choiceof parameterssuchasthe band
width andthedensityof samplingof thescaleaxis.Therefore,it providesconsiderably
lessstablescalingestimatesthanthecommonlyusedpartition functions, or Legendre
transform, method,seeRef [2]. Thepartitionfunctionsmethodis actuallyat theother
extreme,takingall themaximaasthesupportfor themeasureof whichthemomentsare
calculated.Thisis donethroughthepartitionfunction å , Eq. 5.The y � � � _ spectrumis
thenobtainedfrom thescalingof thepartitionfunctionusingtheLegendretransforma-

tion: y _ � � �Kÿ��� � ç � , if å �  &%¬ç � t  � X ê Z . In this construction,themomentparameterç hasthepurposeof ‘selecting’anadequaterangeof Hölderexponentsfrom theglobal
quantity å . As a result,the partition function methodprovidesonly rough,‘outline’
informationaboutthe y _ � � � spectrum.

It seemspossibleto take a middle path in order to calculatemorestablescaling
estimatesof the y � � � in the direct way from the scalingof ‘selected’maximaparts.
This canbedoneby weightedselection,replacingthehistogrambox centredat

Ò� and
of ÷ width, with a smooth,sayGaussian,kernelof ÷ standarddeviation,centredat

Ò� .



Fig.7. Exampletime serieswith local Hurstexponentindicatedin colour. Fromtop to bottom:
fBm with

� ¤æ��Á ¨ , a recordof S&P500index, penetratiogramof aphids,and the last is the
recordof healthyheartinterbeatintervals.ThebackgroundcolourindicatestheHölderexponent
locally, centredat theHurstexponentatgreen,colourgoestowardsbluefor higher

�¡
andtowards

redfor lower
�¡
. Localslopeboundsfor all theplots �� ¡ ���M� .
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Fig.8. Left: WTMM representationof a sampleof white noise.The maximaare highlighted
where the effective Hölder exponentreachesa particularvalue of
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Consistentscalingof �¹� rateis shown for >�
sÀ������
� of 	 ¤Ä�[Á ��� plot.

While we will not pursuethis approachfurtherhere,leaving it to a separatetreat-
ment,it seemsthata similar ideahassuccessfullybeenappliedto largedeviationmul-
tifractalspectraestimationondyadicpartitionsasreportedin [20]. For adescriptionof
thismultifractalspectrum,see[21, 22]

4.2 Log-histogramsof the EffectiveHölder Exponent

Let us for now, insteadof selectingone
Ò� ö �  � valuebandacrossscalesandanalysing

its scaling,grouptheestimatedlocalscale-wise
Ò� ���RN %' � into histogramsfor eachscale

value,usingbin size ÷ centredat � .
We will analysehistogramsof

Ò� , takingthe logarithmof themeasurein eachhis-
togrambin. Thisconservesthemonotonicityof theoriginalhistogram,but allowsusto
comparethelog-histogramswith thespectrumof singularitiesy � � � . Thereis a direct
correspondencebetweenour log-histogramsandthe y � � � throughthe scalingof the
measure

þ ö �  � in thebin of size ÷ of thehistogram.Estimationof therateof growth of
this measure,would in factbeanidenticalprocedureto thescalingestimatefor each÷
widebandof

Ò� , asdiscussedin theprevioussubsection.
Thereis, however, a substantialamountof information in the log-histogramat a

particularscalewhich canbe analysedwithout performingthe scalinganalysis.The
log-histogramshows therelative probabilitydensityof theHölderexponentperscale.
Assumingthat thescalingof log-histogramis linear in log-log scale,theshapeof the
log-histogramremainsinvariantacrossscalesandconvergestowardsthe shapeof they � � � , exceptfor ‘normalisation’of themaximumof G � Ò� � , whichcorrespondswith the
scalingof thezerothmomentin thepartition functionsmethod.(Notethat thescaling
assumptioncanbe verified both by analysingthe scalingof the momentsandby the



scalingof the
Ò� bin contents.)This is why in figure9,weshow thenon-normalisedhis-

togramsfor differentscalevalues,andcomparethemto the y _ � � � spectrumobtained
with thepartitionfunctionsmethod.
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Fig.9. Two setsof
�¡

histogramsfor respectivescales9;:�<x=�>�?��Ä©�Á � , 9;:�<�=�>�?��7�mÁ ¨ , in topfirst and
centrerow. Below, in thebottomrow, the ���p= ¡ ? spectrumobtainedwith thepartitionfunctions
method(moments�¥¦������]¦ ). Left column:for �s���m¨ samplesof white noise.Centre:������¨
samplesof fractionalBrownianmotionwith

� ¤§�[Á ¨ . Right:S&P500index, first 4096samples
from figure 7. Localslopeboundsfor all theplots �  ¡ ���M� .

For threeexampletime series,we show in figure9 log-histogramsof theexponentÒ� at differentscales.Thetime seriesconsideredarea white noisesample,a fractional
Brownian motion with ô � 6Rd � , anda recordof the S&P index. Startingat the top,
therow of histogramsis madefor thescaleCºD&F �  ���Y� d  , followedby histogramsforCED�F �  ��� ) d � . Theupperhistogramsshow considerablefragmentation.Severalmodes
becomevisibleandfor all thescalesabovethisscale,thefluctuationswill dominatethe
distributionandconsistentstatisticalbehaviour will becomedispersed.Onthecontrary,
while going down with the scale,the bulk of consistentbehaviour convergesto one
distribution.Theconsistentstatisticalbehaviour is alsocapturedin the y _ � � � spectrum
obtainedwith thepartitionfunctionsmethodshown in thebottomrow of figure9.

Severalaspectsof the y _ � � � versusG � Ò� � alreadydiscussedin [23] arevisible in



the plots. The G � Ò� � evidently containsmore information than y _ � � � , in particular,y _ � � � is a convex hull over the G � Ò� � . This is particularlyvisible in thesecond(and
third) sample,wherea pair of extremal

Ò� values,disconnectedfrom the distribution,
corruptsthe y _ � � � spectrum.It canbe verified throughanalysingthe corresponding
maximathat thesevaluesaretheendof thesampleartifactsandthusdo not belongto
thedistribution. Suchmaximacan,of course,be removedprior to y _ � � � evaluation,
but we kept themfor the purposeof illustration: the G � Ò� � evidently shows that these
valuesdisconnectfrom thebulk of thedistributionwhile y _ � � � is inherentlyunableto
doso.

Both the distributions G � Ò� � andthe y _ � � � spectraareevaluatedusingthe local
slopeboundof

Lº�� L�O � , on a relatively shortsamplesof
z 6� � datapoints.In figure10,

weshow boththedistribution G � Ò� � andthe y _ � � � spectrumevaluatedwith maximally
tight andrelaxedboundsandarelatively long lengthof

� l"!
samplesof whitenoise.We

canverify that for the maximally tight bounds,both the distribution and the y _ � � �
spectrumare well clusteredaroundthe

Ò� � ô value, indicating that the bounding
proceduredoesnot remove any informationrelevantto recoveringthis partof thedis-
tribution/spectrum.Also, thewidth of thespectrumis slightly reducedwhencompared
to theresultsfrom

~
timesshorterdatasuchasusedin figure9. Thespectrumremains

within thetheoreticalpredictions) �ôY�\� indicatedwith theline plot. Thesamedata
setprocessedwith maximally relaxedboundsgivesthe y _ � � � spectrumwith its part
for the negative momentsexceedingthe theoreticalbounds.The histogram,however,
fills theentirespacegrantedby thetheoreticalbounds.

5 Conclusions

We have presenteda methodof estimatinganeffective Hölderexponentlocally for an
arbitraryresolution.Themethodis motivatedby themultiplicative cascadeparadigm,
andimplementedonthehierarchyof thewavelettransformmodulusmaximatree.Con-
trary to theintrinsicallyunstablelocalslopeof themaximalines,thisestimateis robust
andprovidesastable,effectiveHölderexponent,local in scaleandposition.

Wehavepresentedanumberof reallife examplesusingthislocalexponentestimate.
Thecolourexponentpanelsincludedshow theintricatescale-freestructureof thetime
series.Theexactimplicationsof thisstructure,of coursedependontheapplication.

In addition,we have illustratedthepossibilityof directestimationof scalingspec-
trumof theeffectiveHölderexponentandlinkedit to theestablishedpartitionfunctions
multifractalformalism.Not asstableastheglobalscalingestimatesfrom thepartition
functionsmethod,thedirecthistogramof theeffective Hölderexponentprovidescon-
siderablymoreinformationaboutthe relative densityof local scalingexponents,and
with someaddedstabilisationthroughthe appropriatechoiceof a smoothingkernel,
mayproveto beaninterestingalternative in multifractalspectraestimation.
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