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Abstract. Similarity measuresplayanimportantrole in many dataminingalgo-
rithms.To allow the useof suchalgorithmson non-standarddatabases,suchas
databasesof financialtime series,their similarity measurehasto bedefined.We
presenta simpleandpowerful techniquewhichallows for therapidevaluationof
similarity betweentime seriesin largedatabases.It is basedon theorthonormal
decompositionof the time seriesinto the Haarbasis.We demonstratethat this
approachis capableof providing estimatesof the local slopeof the time series
in thesequenceof multi-resolutionsteps.TheHaarrepresentationanda number
of relatedrepresenationsderived from it aresuitablefor direct comparison,e.g.
evaluationof thecorrelationproduct.We demonstratethat thedistancebetween
suchrepresentationscloselycorrespondsto the subjective feeling of similarity
betweenthetimeseries.In orderto testthevalidity of subjective criteria,we test
therecordsof currency exchanges,finding convincing levelsof correlation.

1 Intr oduction

Explicitly or implicitly, recordsimilarity is a fundamentalaspectof mostdatamining
algorithms.For traditional, tabular datathe similarity is often measuredby attribute-
valuesimilarity or evenattribute-valueequality. For morecomplex data,e.g.,financial
time series,suchsimplesimilarity measuresdo not performvery well. For example,
assumewe havethreetimeseriesA, B, andC, whereB is constantly5 pointsbelow A,
whereasC is randomly2 pointsbelow or above A. Sucha simplesimilarity measure
wouldrateC asfarmoresimilar to A thanB, whereasahumanexpertwouldrateA and
B asverysimilar becausethey havethesameshape.

This exampleillustratesthat the similarity of time seriesdatashouldbe basedon
certaincharacteristicsof thedataratherthanontheraw dataitself. Ideally, thesecharac-
teristicsaresuchthatthesimilarity of thetimeseriesis simplygivenby the(traditional)
similarity of the characteristics.In that case,mining a databaseof time seriesis re-
ducedto mining the databaseof characteristicsusingthe traditionalalgorithms.This
observationis not new, but canalso(implicitly) befoundin paperssuchas[1-7].

Which characteristicsarecomputeddependsvery muchon theapplicationonehas
in mind. For example,many modelsand paradigmsof similarity introducedto date
are unnecesarilycomplex becausethey are designedto suit too large a spectrumof
applications.The context of datamining applicationsin which matchingtime series
arerequiredofteninvolvesa smallernumberof degreesof freedomthanassumed.For



example,in comparingsimultanousfinancialtime series,thetime variableis explicitly
knownandtimeandscaleshift arenotapplicable.In addition,therearestrongheuristics
whichcanbeappliedto thesetimeseries.For example,theconcernin tradingis usually
to reacha certainlevel of index or currency exchangewithin a certaintime. This is
nothingelsethanincreaserateor simplyslopeof thetimeseriesin question.

Considera financial recordover oneyearwhich we would like to comparewith
anothersuchrecordfrom anothersource.Thevaluesof bothareunrelated,thesampling
densitymaybedifferentor varywith time.Nevertheless,it oughtto bepossibleto state
how closelythetwo arerelated.If wewereto doit in asfew stepsaspossible,thefirst to
askwould probablybeaboutthe increase/decreasein (log)valueover theyear. In fact,
justasignof achangeover theyearmaybesufficient,showing whethertherehasbeen
a decreaseor an increasein the stockvalue.Given this informationthe next question
might be what the increase/decreasewasin the first half of the yearandwhat it was
in thesecondhalf. Thereaderwill not besurprisedif we suggestthatperhapsthenext
questionmightberelatedto theincrease/decreasein eachquarterof theyear.

This is exactly the strategy we aregoing to follow. The wavelet transformusing
theHaarwavelet (theHaarWT for short)will provide exactly thekind of information
wehaveusedin theaboveexample,throughthedecompositionof thetimeseriesin the
Haarbasis.In section2,wewill focusontherelevantaspectsof thewavelettransforma-
tion with the Haarwavelet.From the hierarchicalscale-wisedecompositionprovided
by the wavelet transform,we will next selecta numberof interestingrepresentations
of the time seriesin section3. In section4, thesetime series’representationswill be
subjectto evaluationof their correlationproducts.Section5 givesa few detailson the
computationalefficiency of the convolution product.This is followed by several test
casesof correlatingexamplesof currency exchangeratesin section6. Section7 closes
thepaperwith conclusionsandsuggestionsfor futuredevelopments.

2 The Haar WaveletTransform

As alreadymentionedabove, the recently introducedWavelet Transform(WT), see
e.g.Ref. [9, 10], providesa way of analysinglocal behaviour of functions.In this, it
fundamentallydiffers from global transformslike the Fourier Transform.In addition
to locality, it possessesthe oftenvery desirableability of filtering the polynomialbe-
haviour to somepredefineddegree.Therefore,correctcharacterisationof time seriesis
possible,in particularin thepresenceof non-stationaritieslikeglobalor local trendsor
biases.

Conceptually, thewavelet transformis an innerproductof thetime serieswith the
scaledand translatedwavelet

�������
, usually a � -th derivative of a smoothingkernel� �	�
�

. The scalingandtranslationactionsareperformedby two parameters;the scale
parameter� ‘adapts’ the width of the wavelet to the microscopicresolutionrequired,
thuschangingits frequency contents,andthelocationof theanalysingwaveletis deter-
minedby theparameter� :�� � ����� ����� � � ����� ����� ������ ���! � � �	�
�"��� �$# �� � � (1)



where�����&%(' and � �*) for thecontinuousversion(CWT), or aretakenonadiscrete,
usuallyhierarchical(e.g.dyadic)grid of values�,+-�.�-/ for discreteversion(DWT, or just
WT). 0 is thesupportof the

� ���
�
or thelengthof thetimeseries.

Thechoiceof thesmoothingkernel
� �����

andtherelatedwavelet
�����
�

dependson
the applicationandon the desiredpropertiesof the wavelet transform.In [6, 7, 11],
we usedthe Gaussianas the smoothingkernel.The reasonfor this was the optimal
localisationbothin frequency andpositionof therelatedwavelets,andtheexistenceof
derivativesof any degree � . In this paper, for thereasonswhich will becomeapparent
later, seesection3, we will usea differentsmoothingfunction,namelya simpleblock
function: � �����1�32 � 4�5�6 )879�:� �) 5<;-=?>@6-ACBEDF>HG (2)

Thewaveletsobtainedfrom thiskernelaredefinedonfinite supportandgoby thename
of their inventorHaar:

�I�����J�LKM N � 4�5�6 )879�O�3PQ# � 4�5�6 PQ 7R�:� �) 5<;-=?>@6-ACBEDF>HG (3)

For a particularchoiceof rescalingand position shift parameters(dyadic pyramidal
scheme),theHaarsystemconstitutesanorthonormalbasis:��SIT UV�����J�XWZY S �I�[WZY S �$# � � � \ �R) �F� �X) G@G]G W S G (4)

Assumean arbitrary time series
� �_^ � +a`b�Fc � ��G@G]G W<d on the normalisedsupport0 � � �J�fe ) � �hg . Usingtheorthonormalbasisjustdescribed,thefunction

�
canberepre-

sentedwith thelinearcombinationof Haarwavelets:

� � �
i1j dkSml i
Q.nk o l i�p SIT

o � SIT o � (5)

where
� i is themostcoarseapproximationof thetime series;

� i ��� � � � � , andeach
coefficient p SIT

o
of therepresentationcanbeobtainedas p SIT

o ��� � � � SIT o � .
In particular, theapproximations

� / of thetimeseries
�

with thesmoothingkernel
� / T q

form a ‘ladder’ of multi-resolutionapproximations:

� / YVP � � / j Q-rkqsl i � � � � / T q �R� / T q � (6)

where
� / ��� � � � / T qt� and

� / T qu�vW Y / � �[W Y / �$#xw?� .
It is thus possibleto ‘move’ from one approximationlevel y # � to anotherlevel y
by simply adding(subtractingfor y to y # � direction), the detail containedin the
correspondingwaveletcoefficients p / T q � w!�X) G@G]G W / .In figure1, we show an exampledecompositionandreconstructionwith the Haar
wavelet.Thetimeseriesanalysedis

� P�z{z | ��^,} �s~��.�?�.�Z` .
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Fig.1. Decompositionof theexampletimeseriesinto Haarcomponents.Right: reconstructionof
thetimeseriesfrom theHaarcomponents.

Notethatthesetof waveletcoefficientscanberepresentedin ahierarchical(dyadic)
tree structure,throughwhich it is obtained.In particular, the reconstructionof each
singlepoint

� + of thetimeseriesis possible(without reconstructingall the
� /!�� � + ), by

following a singlepathalongthetree,convergingto thepoint
� + in question.This path

determinesaunique‘binary address’of thepoint
� + .

3 Time SeriesRepresentationswith Haar Family

NotethattheHaarwaveletimplementstheoperationof derivationat theparticularscale
atwhichit operates.Fromthedefinitionof theHaarwavelet

�
, (eq.3,seealsofigure2)

wehave: �����
�m���9����W��
� � � ��W��
��� �
where

�
is thederivativeoperator

�������J��KM N � 4�5�6 ����)# � 4�5�6 ��� �) 5<;-=?>@6-ACBEDF>HG (7)

For thewavelettransformof
�

, wehave thefollowing:



� � ���
� � � o T U �	�
������f� � �	�
� � �R� o T U ��W��
� � � o T U �[W������u��f� � �	�
� � W Y�P �9� o YVP T U ����� � � o YVP T U �����C�u��f�u�RW Y�P � SIT U ���
� � � �	�
�C� � ��S&T U �	�
����vW YVP �R� � SIT U ����� � ��SIT U �	�
�C� G (8)

where
� �

is thederivativeof thefunction
�

and
�

is thesmoothingkernel.Thewavelet
coefficientsobtainedwith the Haarwavelet

�
are,therefore,proportionalto the local

averagesof thederivativeof thetimeseries
�

atagivenresolution.This is aparticularly
interestingpropertyof ourrepresentation,whichmakesusthink thattherepresentations
derivedfrom theHaarrepresentationwill bequiteusefulin timeseriesmining. Indeed,
in the analysisof patternsin time series,local slopeis probablythe mostappealing
featurefor many applications.

= x −> x/2*
Fig.2. Convolutionof theblockfunctionwith thederivativeoperatorgivestheHaarwaveletafter
rescalingthetimeaxis �t���?�,� . � standsfor theconvolution product.

The most direct representationof the time serieswith the Haar decomposition
schemewould be encodinga certainpredefined,highest,i.e. mostcoarse,resolution
level � SC�s� , sayoneyearresolution,andthe detailsat the lower scales:half (a year),
quarter(of a year)etc.,down to theminimal (finest)resolutionof interest� S + U , which
would oftenbedefinedby thelowestsamplingrateof thesignals.

P
Thecoefficientsof

theHaardecompositionbetweenscales� SC�s� G�G � S + U will beusedfor therepresentation:�����b� � � ����^ p + T /v� c � � SC�s� G�G � S + U ��y � �<G�G W + ` G
TheHaarrepresentationis directly suitableto serve for comparisonpurposeswhen

theabsolute(i.e.not relative)valuesof thetimeseries(andthelocalslope)arerelevant.
In many applicationsonewould, however, ratherwork with valueindependent,scale
invariantrepresentations.For that purpose,we will usea numberof different,special
representationsderivedfrom theHaardecompositionWT. To begin with, we will use
thesignbasedrepresentation.It usesonly thesignof thewaveletcoefficientandit has
beenshown to work in theCWT baseddecomposition,see[6].�,+ T / � �]�b� � p + T / ��

In practiceonemay needto interpolateandre-samplesignalsin order to arrive at a certain
commonor uniformsamplingrate.This is, however, a problemof theimplementationandnot
of therepresentationandit is relatedto how theconvolution operationis implemented.



where

�]��� ���
����2 � 4�5�6 �:�*)# � 4�5�6 �:�*) G
The sign representationis anextremecaseof discretisationrepresentationsinceit

reducestherangeof coefficientsin the representationto two discretelevels.For some
purposesthis maybe too coarse.Anotherpossibility to arrive at a scaleinvariantrep-
resentationis to usethe differenceof the logarithms(DOL) of valuesof the wavelet
coefficientat thehighestscaleandat theworkingscale: �¡�¢¤£+ T / �X¥	¦ � �-§ p + T / § �¨#©¥	¦ � �-§ p P T P § � �
wherec���y areworkingscaleandpositionrespectively, and p P T P is thefirst coefficientof
thecorrespondingHaarrepresentation.Notethatthesignrepresentation�,+ T / of thetime
seriesis complementary/orthogonal to theDOL representation.

TheDOL representationcanbeconvenientlynormalisedto givetherateof increase
of   ¡�¢�£ with scale: ª + T / �  �¡�¢�£+ T /¬«" 5�® �[WZ¯ +�° � 4�5<6 c �R) G
This representationresemblestheHölderexponentapproximationof time serieslocal
roughnessat theparticularscaleof resolutionc asintroducedin [7].

4 DistanceEvaluation with Haar Representations

Themeasureof thecorrelationbetweenthecomponentsp + T /± and p q,T
o± of two respective

timeseries
�

and � canbeput as:² � � �F� ��� SIT Uk³ + T / T q,T o�´ l i
µ + p + T /¶ µ q p q,T
o
±¸· + T /�¹ q�T o

where · + T /�¹ q,T o � � B»º c �Xw8¼ y ��¥
andthe(optional)weights µ + and µ q dependon their respective scalesc and

w
. In our

experiencetheorthogonalityof thecoefficientsis bestemployedwithoutweighting.
Normalisationis necessaryin order to arrive at the correlationproductbetweene ) � �hg andwill simply take theform of²1½]¾.¿�À�Á.Â Ã Ä	ÅaÆ � � �Ç� ��� ² � � �F� �È ² � � � � � ² � ���Ç� � G

Thedistanceof two representationscanbeeasilyobtainedasÉ B�DF;.Ê<ËÍÌh> � � �F� ���f#  5�® �-§ ² ½]¾.¿�À�Á.Â Ã Ä�ÅaÆ � � �Ç� �]§ � G
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Fig.3. Top plot containsthe input signal.The top colour (gray-scale)panelcontainsthe Haar
decompositionwith six scalelevelsfrom ÎVÏ�Ð to Î�ÏÒÑ , thesmoothedcomponentis not shown.
Thecolour (grayshade)encodesthevalueof thedecompositionfrom darkblue(white) for ÓCÐ
to darkred(black) for Ð . Thecentrepanelshows thesignof thedecompositioncoefficients,i.e.
darkblue(white) for Ô�Õ×Ö ØHÙÛÚ anddarkred(black) for Ô.Õ�Ö ØHÜÛÚ . Thebottomcolour(gray-scale)
panelcontainstheHölderdecompositionwith five scalelevels Î�ÏÛ�"Ý�Ý�ÝÇÑ .



5 Incr ementalcalculation of the decompositioncoefficientsand
the correlation product

Oneof the severedisadvantagesof the HaarWT is the lack of translationinvariance;
whentheinputsignalshiftsby Þ�ß (e.g.astheresultof acquiringsomeadditionalinput
samples),the coefficientsof the Haarwavelet transformneedto be recalculated.This
is ratherimpracticalwhenoneconsiderssystematicallyupdatedinputs like financial
records.

Whenthe representationis to be updatedon eachnew sample,little canbe done
otherthanto recalculatethecoefficients.Thecostof this residesmainly in thecostof
calculatingtheinnerproduct.Directcalculationis of �V\ complexity, where� �vWàd is
thelengthof time seriesand \ is thelengthof thewavelet.Thecostof calculatingthe
innerproductthereforegrowsquickly with thelengthof thewaveletandfor thelargest
scaleit is � Q . The standardway to dealwith this problemis to usethe FastFourier
Transformfor calculatingthe innerproductof two time series,which in caseof equal
lengthreducesthecomplexity to �  5�® � � � .

Additional savings can be obtainedif the updateof the WT doesnot have to be
performedon every new input sample,but it canbe doneperiodicallyon eachnew �
samples( correspondingwith someÞtß timeperiod).In thiscase,whenthe Þtß coincides
with theworkingscaleof thewaveletatagivenresolution,particularasituationarrises:

– only thecoefficientsat scaleslargerthan Þ�ß scalehaveto berecalculated;
– coefficientsof

� § �,áFâ�ã"��,á
mustbecalculatedanew;

– othercoefficientshaveto bere-indexedor removed.

This is alsoillustratedin figure4.

recalculate

reindex

x0 + delta tx0

scale = delta t

scale

remove

time

calculate anew

Fig.4. Representationupdateschemein the caseof the shift of the input time seriesby ä&åIÏ
working scaleof thewavelet.

As expected,thelargerthetimeshift Þtß , thefewerthenumberof thecoefficientswhich
have to berecalculatedandthe larger thenumberof coefficientswhich have to be re-
indexed(plus,of course,thenumberof coefficientswhich have to be calculatedfrom



� § �@á-â�ã¨æ� á
). For thefull detailsof incrementalcalculationof coefficientsthereadermay

wish to consult[8].

6 Experimental Results

Wetooktherecordsof theexchangeratewith respectto USDovertheperiod01/06/73-
21/05/87.It containsdaily recordsof theexchangeratesof fivecurrencieswith respec-
t to USD: PoundSterling,CanadianDollar, GermanMark, JapaneseYen andSwiss
Franc.(Somerecordsweremissing- we usedthelastknown valueto interpolatemiss-
ing values.)Below, in figure5 we show theplotsof therecords.
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Fig.5. Left above,all therecordsof theexchangerateused,with respectto USDover theperiod
01/06/73- 21/05/87.In smallinserts,singleexchangeratesrenormalised,from topright to bottom
left (clockwise),PoundSterling,CanadianDollar, GermanMark, JapaneseYenandSwissFranc,
all with respectto USD.

All threerepresentationtypesweremadefor eachof thetime series:theHaar, sign
andHölder representation.Only six scalelevels(64 values)of therepresentation(five
for Hölder, 63 points)wereretained.Thesewerenext comparedfor eachpair to give
thecorrelationproduct.



In figure6, weplot thevaluesof thecorrelationfor eachof thepairscompared.The
readercanvisually comparethe Haar representationresultswith his/herown ‘visual
estimate’of thedegreeof (anti-)correlationfor pairsof plotsin figure5.
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Fig.6. Thevaluesof thecorrelationproductsfor eachof thepairscompared,obtainedwith the
Haarrepresentation,thesignrepresentation,andtheHölderrepresentation.

Onecanverify thattheresultsobtainedwith thesignrepresentationfollow thoseob-
tainedwith theHaarrepresentationbut areweaker in their discriminatingpower (more
flat plot). Also, theHölder representationis practicallyindependentof thesign repre-
sentation.In termsof correlationproduct,its distanceto sign representationapproxi-
matelyequalsthedistanceof Haarrepresenationto thesignrepresentationbut with the
opositesign.Thisconfirmsthefactthatthecorrelationin theHölderexponentcaptures
thevalueoriented,signindependentfeatures(roughnessexponent)of thetimeseries.

7 Conclusions

We have demonstratedthat the Haarrepresentationanda numberof relatedrepresen-
ationsderived from it aresuitablefor providing estimatesof similarity betweentime
seriesin a hierarchicalfashion.In particular, thecorrelationobtainedwith the local s-
lope of the time series(or its sign) in the sequenceof multi-resolutionstepsclosely
correspondsto thesubjective feelingof similarity betweentheexamplefinancialtime
series.Largerscaleexperimentswith oneof themajorDutchbanksconfirmthesefind-
ings.Thenext stepis thedesignanddevelopmentof amodulewhichwill computeand
updatetheserepresentationsfor the2.5 million time serieswhich this bankmaintains.
Oncethismoduleis running,miningon thedatabaseof timeseriesrepresentationswill
bethenext step.
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