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Abstract: We establish a version of the Dobrushin-Koteckij-Schlosman phase separation
theorem for the length-interacting Arak-Surgailis polygonal Markov fields with V-shaped

nodes.
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1 Introduction and main results

An example of a planar polygonal Markov field, referred to as the Arak process throughout
this paper, was first introduced by Arak [1]. Further developments are due to Arak &
Surgailis [2],[3], Surgailis [16], Arak, Clifford & Surgailis [4]. In this paper we focus our
attention on polygonal Markov fields with V-shaped nodes, which are a particular class of
ensembles of self-avoiding polygonal loops (contours) in the plane, interacting only by the
requirement of disjointness. Not unexpectedly, these objects share a number of properties

of the two-dimensional Ising model, including the presence of spontaneous magnetisation
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and absence of infinite contour nesting in low temperature region, see Nicholls [13] and
Schreiber [15]. An important property of the Arak process and its length-interacting
Gibbsian modifications is their isometry invariance. One might be tempted to view these
purely continuum polygonal fields as a kind of continuum version of the Ising model. For
low temperatures this opinion seems to be well founded. There is a number of relevant
differences though in the much less understood high temperature region. In sharp contrast
to the Ising model it is not clear how to define the infinite temperature non-interacting field,
since some spatial correlation is always present due to the imposed polygonal nature of
the contours. Therefore as the reference field for length-interacting Gibbsian modifications
we choose the original Arak process, enjoying a number of striking properties including
consistency, exact solubility and admitting the so-called dynamic representation in terms of
equilibrium evolution of one-dimensional particle systems tracing the polygonal boundaries
of the process in two-dimensional space-time, see Arak & Surgailis [2] and the Appendix
below for details.

The purpose of this paper is to show that, in analogy with the Ising model, the phase
separation phenomenon is present for length-interacting polygonal Markov fields and it
is gouverned by the Wulff construction, see Bodineau, loffe & Velenik [5] for an exten-
sive reference. We establish our main Theorem 1 in the DKS set-up, as introduced by
Dobrushin, Kotecky & Schlosman in their seminal monograph [7], and we only work at
low enough temperatures. As a crucial tool replacing cluster expansion techniques and
very well suited for our geometric setting we use a graphical construction built on contour
birth and death process, as introduced by Férnandez, Ferrari & Garcia [9],[10],[11], see
Subsection 1.2. We took advantage of the particular properties of polygonal fields in order
to characterise the model-specific surface tension, defined in Subsection 1.3, in terms of
hitting probabilities of appropriate planar random walks in random environment provided
by the graphical construction. Even though we were only able to establish relatively weak
results for the quality of approximation of the surface tension by its finite volume versions,
we used the isometry invariance of the model to circumvent this problem. A particular
feature of our approach is that rather than imposing periodic [as in Dobrushin, Kotecky
& Schlosman [7]] or fixed sign boundary conditions [as Ioffe & Schonmann [12]], we work
directly in the thermodynamic limit conditioned on the event that no large contours hit
the boundary of the region. This allows us to avoid technical difficulties which would arise

if we had to control our surface tension estimates in close vicinity of the boundary. Finally,



the micro-canonical constraint considered in this paper requires that the excess of total
magnetisation be larger or equal rather than just equal to a given positive threshold value
- this avoids a number of technical complications which would otherwise arise due to the
continuum nature of our setting and allows us to work with weaker versions of moderate
deviation estimates and to rely upon general local central limit (LCL) results available in
the literature rather than establishing an LCL theorem in its full strength specialised for
our model.

In analogy to the original DKS approach, the crucial ingredients of the proof of our

main Theorem 1 are

e the coarse graining estimates of Section 6, based on skeleton techniques slightly
modified and specialised for our particular setting. The graphical construction of

Subsection 1.2 is used as a crucial tool replacing cluster expansion techniques,

e moderate deviation estimates for cut-off ensembles, stated in Section 3 and estab-
lished by the classical method of studying the restricted phase modified by actions
of finely-tuned external magnetic fields, see e.g. Section 2 of Ioffe & Schonmann [12].

The graphical construction of Subsection 1.2 admits an extension for these modified

fields.

We believe the techniques developed in the present paper should in principle be appli-
cable to general continuum models exhibiting isometry invariance and admitting polymer
representation.

The remaining part of the introductory section is organised as follows. Below, in Subsec-
tion 1.1 we give a formal construction of the polygonal Markov fields. The next Subsection
1.2 is devoted to the graphical construction. The surface tension specific for our model is
defined in Subsection 1.3. Finally, our main results are formulated in Subsection 1.4.

Throughout the paper we make extensive use of the 0,2, © notation, with O(X)
and Q(X) standing respectively for quantities bounded in their absolute value above and
below by a constant multiplicity of X, and with ©(X) = O(X) N Q(X). Moreover, we
use ¢, C,Cy,Cy etc. to denote generic constants which can change their values from one

statement to another.



1.1 Length-interacting polygonal Markov fields

The formal construction of the basic Arak process with empty boundary conditions in a
bounded open set D C R? goes as briefly discussed below [we refer the reader to [2] and [4]
for further details|. In the sequel we assume that the boundary 0D is piecewise smooth.
We define the family I'p of admissible polygonal configurations on D by taking all the
planar graphs 7 in D such that

(P1) ynoD =0,

(P2) all the vertices of v are of degree 2,
(P3) the edges of v do not intersect,
(P4) no two edges of 7 are co-linear.

In other words, v consists of a finite number of disjoint polygons fully contained in D and
possibly nested. Further, for a finite collection (I) = (;)?_, of straight lines intersecting
D we denote by I'p(l) the family of admissible configurations v with the additional prop-
erties that v C (J_,l; and 7 N [; is a single interval of a strictly positive length for each
l;;i = 1,...,n, possibly with some isolated points added. Let Ap be the restriction to D
of a homogeneous Poisson line process A with intensity measure given by the standard
isometry-invariant Lebesgue measure p on the space of straight lines in R?. One possible
construction of u goes by identifying a straight line [ with the pair (¢, p) € [0, 7) xR, where
(psin(¢), pcos(¢)) is the vector orthogonal to [ and joining it to the origin, and then by
endowing the parameter space [0, ) x R with the usual Lebesgue measure. With the above
notation, the basic polygonal Arak process Ap on D arises as the Gibbsian modification
of the process induced on I', by Ap, with the Hamiltonian given by the double total edge
length, that is to say

E> crap)ne exp(—2length(v))
E> crp) exp(—2length(y))

P(Ap € G) = (1)
for all G C T'p Borel measurable, say with respect to the usual Hausdorff distance topology.
Note that in the literature on consistent polygonal fields one usually considers free rather
than empty boundary conditions, see [2] and the Appendix below, yet the empty boundary

object is better suited for the graphical construction below and for our further purposes.



For a positive inverse temperature S > 0 we consider the length-interacting Arak pro-

cess .A[g] in D determined in distribution by

de(AL) [

_exp(—plength(y))
dL(Ap) "

"~ Eexp (—Blength (Ap))’ @)

with £(-) standing for the law of the argument random object. As shown in Theorem 3
and Corollary 4 of [15] for 3 large enough the polygonal field Al®l admits a unique whole
plane thermodynamic limit without infinite contours, denoted in the sequel by A¥!, see
also below for its construction. The field A¥ is isometry invariant. The thermodynamic
limit Al can also be shown to exist for 3 = 0, in the sequel it is denoted by A and its
construction is given in the Appendix.

It is known that for the inverse temperature ( sufficiently large (in particular, for all
B within the validity region of the graphical construction below) the thermodynamic limit
APl exhibits only finite contour nesting, see Nicholls [13] and the discussion following
Corollary 4 in Schreiber [15]. Whence, the contour ensemble A®l partitions the plane
into a unique infinite connected component (the ocean) and a countable number of finitely
nested bounded regions (islands). We colour black and white the polygonal regions of
this partition by declaring the infinite ocean white and by requiring that the collection of
interfaces between black and white regions coincide with the collection of contours A/,
which uniquely determines the colouring. Denote the resulting union of black regions by
black[.Al®] and the union of white regions by white[.A’l]. For a bounded region U C R? let
My (.A[ﬁ]) be the magnetisation in U determined by the coloured contour ensemble AP
under the assignment black — +, white — —. In other words, My (.A[ﬁ]) is the total area

of the black-coloured regions in U minus the total area of white-coloured regions in U :
My (A¥)) := Area (black[A”] N U) — Area (white[AP] N U).

For L > 0 we shall abbreviate Mg, () (A1) to M[3], where By (L) stands for the disk of

radius L centred at 0. The isometry invariance of the infinite-volume field .A¥ implies that
My (A?) = Area(U) MI[5], MIf] € (—1,0),

where | M[3]| is further referred to as the specific spontaneous magnetisation at inverse
temperature 3. The ’black[-]” and 'ML(-)’ notation will be also used for APl replaced by
a number of other polygonal fields enjoying the property that the corresponding contour

ensemble determines a unique unbounded region, to be coloured white.
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1.2 Graphical construction

1.2.1 Basic graphical construction

As argued in Schreiber [15], the polygonal field AB_?] admits a natural representation in
terms of a graphical construction in the spirit of Fernandez, Ferrari & Garcia [9],[10],[11],
which will be a crucial tool in our argument in the sequel, as replacing cluster expansion
techniques. Below, we provide a description of this construction borrowed from [15]. Con-
sider the space Cp consisting of all closed polygonal contours in D which do not touch the
boundary 0D. For a given finite configuration (I) := (ly, ..., ,) of straight lines intersecting
D denote by Cp(l) the family of those polygonal contours in Cp which belong to I'p(1). We
define the so-called free contour measure ©p on Cp by putting for C' C Cp measurable,
say with respect to the Borel o-field generated by the Hausdorff distance topology,
0n(©) - [ S exp(—2length(6))dy* (1) 3)
Fin(LID]) gcconcp (1)
with Fin(L[D]) standing for the for the family of finite line configurations intersecting D
and where p* is the measure on Fin(L[D]) given by dup*((l, ..., 1n)) = [ ;- dp(l;) with
defined in the discussion preceding (1).

For # > 0 we consider the exponential modification @Eg] of the free measure O p,
0Y1(dh) := exp(—B length(6))O p(db). (4)

Observe that for all bounded open sets D with piecewise smooth boundary the free contour
measures ©p as defined in (3) arise as the respective restrictions to Cp of the same measure
© on C := U ;Cnnyp, in the sequel referred to as the infinite volume free contour
measure. Indeed, this follows easily by the observation that ©p, restricted to Cp, coincides
with ©p, for Dy C D;. In the same way we construct the infinite-volume Gibbs-modified
measures O], The following result, which is Lemma 1 of [15] (note that the first result in
this spirit is due to Nicholls [13], see Lemma in the Appendix ibidem) will be crucial for

our further purposes.

Lemma 1 For 8 > 2 we have
0¥ ({6 | dx € Vertices(d), length(d) > R}) < mexp(—[3 — 2|R)dx.
Moreover, there exists a constant € > 0 such that, for § > 2,

©¥({6 | 0 € Int 0, length(d) > R}) < exp(—[8 — 2+ €]R + o(R)).



Let 739[6] be the Poisson point process on Cp with intensity measure 9[51. It follows then
D

directly by (3) and by (1) that A[ﬁ coincides in distribution with the union of contours in

Pgiar conditioned on the event that they are disjoint so that
D

c (A[gl) —c| U ¢ ‘ Vowep_ 0 #6 = 000 =0 | (5)

GEPG[DB]

where the conditioning makes sense because @LDB] (Cp) is finite as shown in Subsection 2.2
of [15]. In particular, as argued in Subsection 2.2 and Theorem 2 ibidem, the law of A[g}

is invariant and reversible with respect to the following contour birth and death dynamics

(+?) on Tp.

(C : birth[]) With intensity O (d6)ds do

e Choose a new contour 6,
o If0N~yP =0, accept 0 and set v2 ,, :=~2 U,

e Otherwise reject 6 and keep 72, := 2,

(C : death[3]) With intensity 1 - ds for each contour § € vP remove 6 from v setting
7 =7\ 6.

Moreover, E(A[g}) is the unique invariant distribution of the above dynamics, see Theorem
2 in [15]. These observations place us within the framework of the general contour birth
and death graphical construction as developed by Fernandez, Ferrari & Garcia [9],[10],[11]
and as briefly sketched below, see ibidem and Schreiber [15] for further details. Choose
large enough, to be specified below. Define F(C) to be the space of countable and locally
finite collections of contours from C, with the local finiteness requirement meaning that
at most a finite number of contours can hit a bounded subset of R2. On the time-space
R x F(C) we construct the stationary free contour birth and death process (gs)ser With
the birth intensity measure given by ©¥l and with the death intensity 1. Note that free
means here that every new-born contour is accepted regardless of whether it hits the union
of already existing contours or not, moreover we admit negative time here, letting s range
through R rather than just R,. Observe also that we need the birth measure 0! to be
finite on the sets {§# € C | § N A # 0} for all bounded Borel A C R? in order to have the



process (0s)ser well defined on R x F(C). By Lemma 1 this is ensured whenever § > 2.
To proceed, for the free process (0s)scr we perform the following trimming procedure.
We place a directed connection from each time-space instance of a contour showing up
in (gs)ser and denoted by 6 X [sg,s1), with 6 standing for the contour and [sg,s;) for
its lifespan, to all time-space contour instances €' x [sy, s}) with @ N0 # 0,s; < so and
sy > so. In other words, we connect 6 x [sq, s1) to those contour instances which may
have affected the acceptance status of 6 X [sg, $1) in the constrained contour birth and
death dynamics (C) as discussed above. These directed connections give rise to directed
ancestor chains of time-space contour instances, following [11] the union of all ancestor
chains stemming from a given contour instance 0* = 6 x [sq, s1) is referred to as its clan of
ancestors and is denoted by An(6*). More generally, for a bounded region U in the plane
we write Ang(U) for the union of ancestor clans of all contour instances 6 x [sq, $1) with
6NU # 0 and s € [sg,s1). Lemma 1 allows us to apply the technique of domination by
sub-critical branching processes, developed in [9],[10],[11], in order to conclude that there
exists 3, such that for each 5 > f3, there exists ¢ := ¢() > 0 such that

P(diam An,(By(z,1)) > R) < exp(—cR), s € R, z € R?, (6)

with By(x,1) standing for the radius 1 ball in R? centred at z. In the sequel we shall
always assume that 3 > f3,, that is to say that g is in the validity region of the graphical
construction. We see that for 3 > [, all the ancestor clans are a.s. finite and we can
uniquely determine the acceptance status of all their members: contour instances with no
ancestors are a.s. accepted, which automatically and uniquely determines the acceptance
status of all the remaining members of the clan by recursive application of the inter-contour
exclusion rule. In this case, discarding the unaccepted contour instances leaves us with a
time-space representation of a stationary evolution (7s)ser on F(C), which is easily checked
to evolve according to the whole-plane version of the dynamics (C) above. In Section 4 and
Theorem 4 of [15] we argue that for all s € R the polygonal field 7, coincides in distribution
with the thermodynamic limit (see Section 3 ibidem) for A®! without infinite contours,
which is unique (see Corollary 4 ibidem). It should be observed that for each s € R the
free field p, coincides in distribution with the Poisson contour process Pgis . Since almost
surely we have v, C o,, we get the stochastic domination of the contour ensemble APl by
Polsr-

We also consider finite-volume versions of the above graphical construction, replacing



the infinite-volume birth intensity measure ©l%l with its finite-volume counterparts @[{)ﬂ for
bounded and open D with piecewise smooth boundary. Clearly, the graphical construction
yields then a version of the finite-volume contour birth and death evolution (C). For each
D denote by (7”)ser the resulting finite-volume stationary process on the space F(Cp) of
finite contour configurations in D and write (o?)scr for the corresponding free process. It
follows by Theorem 2 in [15] that v coincides in distribution with A[ﬁ for each s € R.

Likewise, 0P coincides in distribution with Pgiar-
D

By representing the measures @[DB} as the corresponding restrictions of ©l°l we obtain

D

a natural coupling of all the processes ~;

, 0P 7, and o, on a common probability space.
We shall also consider A[g} coupled on the same probability space by putting A[g] = 1P.
Likewise, we put Al¥l = vy, Pgir = 0o, P(a[g] = ol. This coupling, referred to as the
canonical coupling in the sequel, will be assumed without a further mention throughout
this paper.

A simple yet useful application of this coupling is that
Area(D) M[8] — EMp(AL)| = O(Area(dD @ By(1)))

with @ standing for the usual Minkowski addition. Indeed, this is immediately seen by
observing that, in view of (6), under the canonical coupling of A[g] and APl the prob-
ability that a given point x is assigned different colours by these ensembles decays as

O(exp(—dist(x,0D))).

1.2.2 Modifications of the basic graphical construction

Below we discuss a number of modifications of the graphical construction, which will be
of use for our further purposes. Apart from the area-interacting modifications all the
remaining ones can be defined on the probability space of the basic construction, thus

extending the canonical coupling.

Imposing forbidden regions A particular property of the graphical construction which
will be crucial for our further purposes is that it admits, on the same probability space,
conditional versions on the events of the type no contour of the polygonal field hits a given
region U. Indeed, let U be a bounded subset of the plane R?. Then, adding the rule
that all new-born contours hitting U be immediately discarded, to the trimming procedure

constructing () out of (gs) or, equivalently, to the dynamics (C), we obtain a stationary

9



and reversible process (7s.r) easily seen to enjoy the property that the distribution of v,.s
for each fixed s coincides with the law of Al conditioned on the event that AP N U = .
Put A[ﬁ | = vou. Likewise, we define the conditioned version (v2;;) of the finite volume
process ( s ) for which the distribution of 42, coincides for each s € R with the law of
AP conditioned on {AL N U = 0}. We put AL := 42, In full analogy with the similar
discussion above, the conditioned field A][I@:U is stochastically bounded by the Poisson
contour process Pgiy = {0 € P | 6 N U = (}. Likewise, A[ﬁ I s stochastically
bounded by P By = ={0 ¢ 739[5} |6NU = 0}.

Cut-off ensembles An important family of processes we embed into the original graph-
ical construction are the cut-off ensembles for APl They are defined as follows. For a
positive cut-off threshold oo and a bounded region V C R? we consider the measure OV
which is the restriction of © to the family of polygonal contours which either do not hit
V, or if they do hit V' then their diameter does not exceed «. In this context, it is conve-
nient to say that a contour 7 is a-large iff diam(y) > « and that it is a-small otherwise.
Using OV instead of O for the contour birth intensity in the graphical construction

V) cr of the process (7s)ser (equivalently, we can simply

we obtain a-cut-off version (fy
reject all a-large contours hitting V' upon their birth in the original graphical construction,
which naturally extends the canonical coupling). Put APL*Y .= v(ﬂf eV Tt s easily seen
that the a-cut-off polygonal field APFk®Y = ~& *eV coincides in law with A®) conditioned
on the event that no contour hitting V' has its diameter larger than «. Likewise, we con-
sider with obvious definition the finite volume cut-off processes (y?®V),cg for open and
bounded D with piecewise smooth boundary. Clearly, the finite volume a-cut-off polygo-
nal field A[L‘i];""v = 4"V arises as Ag] conditioned on the event that no contour hitting
V is a-large. In analogy with the similar discussion above, the cut-off field ALY ig
stochastically dominated by Pgisye,v and .A’B oV i stochastically dominated by ’Pe[g];a,v.

Clearly, we can combine the cut-off operation with imposing a forbidden region which
leads to processes 7, ’O‘V, Sl AB ]’aV and AB oV Wwith obvious definitions, stochasti-

respectively. The canonical coupling is ex-

cally dominated by Pgsjse,v.;; and ’Pg[m;a,v_U
[Blse. v,

tended in the obvious way.

Area-interacting fields The final modification considered involves introducing an area-
order term to the Hamiltonian of (2). To this end, for a bounded region W C R? and h € R

10



we consider the polygonal field A[ﬁ " on W, given in distribution by

dL (AR = exp(h My (7))
dL(APT AW ~ Eexp(h My (AF))

Note that, unlike Aﬁﬁ], the field Ag?;h] is defined as a Gibbsian modification of the ther-
modynamic limit APl restricted to W rather than as a Gibbsian modification of the finite
volume field Ay . In particular, the laws of the fields A[ﬁ 9 and A@ do not coincide; in
fact AV’?,’ coincides in distribution with A% N W. We will mainly use the area-interacting

Ag}%h];a,V

modification combined with the cut-off operation. The field is given in law by

AL(AG"Y) ) exp(hMy(7) -
dL(APV AW) T Eexp(h My (AFFeV))’

To proceed with the graphical construction we assume that

8
n < S (8)

and observe that adding a single a-small contour 6 to a contour configuration v, YN0 = 0,
can change the magnetisation My, (y) by at most 7length(6)?/2 whence the value of
h My () can change by at most (length(6)/2. We modify the original graphical con-

struction by

e constructing the free birth and death process g, s € R, with birth intensity measure
OB/2keV and death intensity 1,

e at the trimming stage, by accepting a time-space contour instance 6 X [sg, 1)

— with probability 0 if # hits 8’ for some previously accepted contour instance

0’ x [s,s]) alive at time s,

— with probability exp (—2 length() + h[Myy (v U ) — My (v)]) otherwise.

Observe that the last probability falls into (0, 1] because of (8). Denote the resulting
trimmed process by 4,. The validity of this construction requires a justification. In fact,
we have to redefine here the notion of an ancestor clan. We set a directed connection from
a contour instance 8* = 6 x [sg, s1) to all contour instances 8" = 6’ x [sf, s}) such that
Int NInt 6" # () (which is weaker than the condition #N6’" # () of the original definition) and

sy < Sg, 8] > so. Clearly, these are all contour instances which may affect the acceptance

11



status of #*. The union of all the directed chains stemming from 6* is called the ancestor
clan of #* and denoted by An(6*). Likewise, for s € R and W C R? we write An,(U) for
the union of all the ancestor chains of contour instances 6 x [sg, s1) alive at time s (i.e.
sp < s < s1) and such that Int@ N U # ). In full analogy with (6), Lemma 1 guarantees

that for 8 large enough (larger than some Bg) we have
P(diam An,(By(z,1)) > R) < exp(—cR), s € R, = € R?, 9)

for some ¢ = ¢(f) > 0. Clearly, this implies that the ancestor clans are a.s. finite, thus
ensuring the validity of the construction. In the sequel we shall always assume that 5 > Bg
so that (9) holds. It follows by the general theory developed by Férnandez, Ferrari &
Garcia [9],[10],[11], that so constructed 4, for each fixed s coincides in law with .A[ﬂ hliesV
Moreover, it is easily seen that, for each s € R, g, coincides in law with the Poisson contour
process Pgis/2:0,v NW. Consequently, the almost sure inclusion 45 C 95 yields the stochastic
domination of A%h];a’v by Peissatia,v N W.

Clearly, the above construction can be easily extended to take into account forbidden

regions. For bounded measurable U C R? denote by A[ﬂ i

A%h]’a V

the polygonal fields arising

on none of its contours hitting U. It is easily seen that .A[ﬁ oV

by conditioning
can be represented by the graphical construction of this paragraph, with the additional rule
that all contours hitting U be immediately discarded. In analogy with a similar observation
made above for A ’a’v, also here it should be noted that A[’B eV oincides in law with
A[ﬁ],a V' W rather than with A[ﬁ oV

Moreover, in full analogy with the argument above, we see that A%@fg’v is stochastically
dominated in the sense of inclusion by the Poisson contour process Pgis/aa,v.;r N W.

Note that the above construction provides a natural coupling for area-interacting fields
with cut-off and (possibly) forbidden regions imposed, under the constraint (8). To distin-
guish it from the canonical coupling available for fields with no area interaction as discussed

above, we shall call this coupling the canonical coupling for area-interacting fields.

1.3 Surface tension

The purpose of this section is to define the surface tension functional specific for our model.

To this end, for a given bounded and convex domain D C R? and § > 0 we introduce the

THY;0 TrY;0

free measure ©, on the family C}, of self-avoiding polygonal paths in D connecting

the balls By(z,d) C D and By(y,0) € D with the additional property that their first and

12



last segments do not intersect the interiors of the balls By (z,d) and By (y,d) respectively,
but they do touch their respective boundaries and the intersection points coincide with the
initial and final point of the path. The free path measure is constructed in full analogy
with the definition of the free contour measure as given in (3). For a finite configuration
(1) of straight lines crossing D write C% ¥°(l) for the collection of those paths in C% 7
which only contain segments of the lines in (I) and exactly one non-zero length segment

on each line. For measurable C' C 5% we put

o5 (0) = [ > exp(~2length(®))dp* () (10)

Fin(LPD) gecnezovs
with Fin(L[D]) and p* as in (3). Note that the initial point and the endpoint of the path 6
in the above definition are uniquely determined, respectively as the intersection of the first
and last segment of the path with 0B, (z,0) and 0By(y, ). Likewise, we define the S-tilted

measures [O%7¥]18] by
[©2799118(df) := exp(— length(8))O% ¥ (df). (11)

As observed above for the free contour measures, also the path measures are consistent in

that @”jﬁy?‘; = [@wDﬂ_)y;&h p for D C D’ and, consequently, we can construct the whole plane

free measure ©'¥¥ and its tilted version [©7¥*]Ifl both defined on C*<¥* = Cg;’ vl =
00 Y30

Un:l C(fn,n)2 '

To proceed, write
T8 y] = /C B(AP 16 = 0)[07%) ) (do). (12)

Put e, := (1,0), fix some small § > 0 and let

1

B .
-

log T [0 4+ Aey]. (13)

The surface tension is defined as the limit

: 1
7= lim T;ﬁ] = — lim XlogT([g [0 <> Aeg). (14)

A—00 A—00

It is clear that the asymptotic behaviour of T)[\B l'as A — oo does not depend on the choice

of & above — indeed, changing § is easily seen to result only in a bounded and uniformly

non-zero prefactor before T([f)] [0 <> Xe.|, which is negligible in the logarithmic large A

13



asymptotics. This is why our notation does not take into account the dependency of T)[\B }
on §. The existence, finiteness and strict positivity of the limit in (14) for 5 large enough
and other properties of the surface tension are discussed in Section 5 below, see Lemma 7
there.

1.4 Main results

Our main result below states that, at low enough temperatures, conditioning the white-
dominated phase of polygonal Markov field to contain black-coloured regions of total area
exceeding its expectation by an area-order quantity, results in aggregation of the excess
black area and in formation of a macroscopic-size disk-shaped region (Wulff crystal) of
black-dominated phase, separated from the outside white phase by a single large contour.
Moreover, the probability of such area-order black exceedances exhibits perimeter-order
exponential decay.

As shown in Section 2 below, for a > log L with overwhelming probability there are no
a-large contours of APl in B, (L). Thus, it is natural to consider the regions separated by
Q(log L)-large contours of Al and to assign them, in the obvious way, black or white phase
labels. In this language, we show in this paper that the single large contour determining
the Wulff shape encloses a disk-shaped portion of black-labeled phase region surrounded
by ocean of white-labeled phase.

As already discussed in the introductory section, since our main results are formulated
directly under boundary conditions induced by the thermodynamic limit A®! rather with
periodic or monochromatic boundary conditions, we have to explicitly rule out the situation
where the phase separating curves cross or go along the boundary of the considered finite
volume region By(L). To this end, for @ > 0 shall write Ma, L] for the event that no
a-large contour of APl gets closer than at the distance 6 to the circle S; (L) := 0By (L).

In what follows we shall write
a[L] := VLlog L. (15)
Our main result is the following theorem.

Theorem 1 For 0 < a < 2| M[5]| we have

P (M, (A[ﬁ’]) > M[B]7L? + aL?, Na[L], L] holds) = exp <— 2ma LTL@J] + O(oz[L])‘l
)

3] :
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| M|

Moreover, there exists a constant Ciage sSuch that on the event

2
= exp (— Ly L 0(L)> .

{M (A[Lm) > M[B]rL? + aL?, Na[L], L] holds} ,
for sufficiently large L we have with probability arbitrarily close to 1

o There is ezactly one Clage log L-large contour Ojarge,

o This Oiarge Satisfies

. a
N Py <01arg6781 <$,L m)) =0 (L3/4\/ log L) ’

with pg standing for the usual Hausdorff distance.

Note that in the sequel we shall refer to the condition M (A[Lm> > M[B]wL? + aL? as to
the micro-canonical constraint.

The remaining part of the paper is the proof of Theorem 1 and is organised as follows.
In Section 2 below we establish upper bounds on occurrence probabilities of large contours.
Next, in Section 3 we study moderate deviation probabilities for cut-off contour ensembles
of polygonal fields. Section 4 provides a simple yet important lemma allowing us to factorise
the avoidance probabilities of A8l over disjoint regions. This is followed by Section 5 dealing
with properties of the surface tension, and then by Section 6, where we establish coarse-
graining skeleton estimates. The complementary lower bounds for occurrence probabilities
of large contours are stated in Section 7. Finally, in Section 8 we complete the proof of

Theorem 1 by putting together the results of previous sections.

2 Exponential tightness bounds

In this section we show that although the total length of the contour ensemble APINB, (L) is
clearly of the area order ©(L?), this is due to the contributions of O(log L)-small contours,
while the contribution of Q(log L)-large contours is of order O(1) with the corresponding
large deviation probabilities exhibiting exponential decay. To put it in formal terms, with
a > 0 not necessarily given by (15), write L, 1 := Lo 1 [.A[B]} for the family of a-large
contours of APl hitting By (L) and, in general, let L, ;[y] stand for the family of a-large

contours of a contour collection v which hit By (L). We claim that
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Lemma 2 For each k < (/2 — 2 there exist M,C = C(B,k) < oo such that for all
a > ClogL and X\ > 0 we have

P (length(La,z) > A) < M exp(—~&A)

and the same applies for L, 1 replaced with L, 1, [A.[B];a"], Loz [A[([_g)]f(o_‘)’(')] and Ly, [A[f)’h];a’(')],
Lo [Agﬁ)lz})a()] for h within the validity range of (8).

Note that it is natural to regard this lemma as an exponential tightness statement for
length(LL,, 1), whence the title of the section.

Proof We provide the proof for the polygonal field Al only, since the argument goes
exactly along the same lines for all the modified fields obtained from the variants of the
graphical construction discussed in Subsubsection 1.2.2 and admitting stochastically dom-
inating Poisson contour processes. Note that the assumption k < /2 — 2 was imposed for
the purpose of dealing with area-interacting processes with the external field h within the
validity range of (8), which admit stochastic domination by the Poisson contour process
Pois/2. For the remaining polygonal fields considered in the statement of the lemma, with
no area interaction, a stronger stochastic domination by Pgps is available and the assertion
of the lemma still holds if we choose k < 8 — 2 rather than k < /2 — 2.

To proceed, use the graphical construction to conclude that the total length of contours
in IL, . is stochastically bounded by the total length of a-large contours of Pgis/2 hitting

Lo,z. In view of Lemma 1 this means that

Eexp (klength(L,,r)) < exp [Cl (B,k)L* exp([k + 2 — g]a)]
with some constant C4(3, k). Thus, using Markov inequality we get

Eexp (klength(L,, 1))
exp(kA)

< exp [Cl(ﬁ, k) L? exp([k +2 — g]a)] e

P(length(La,z) > A) <

which completes the proof of the lemma for a > C'log L with large enough C' = C(f3, k).
O

3 Moderate deviations for cut-off ensembles

The current section deals with the properties of the cut-off ensembles APV arising by

conditioning the original field A®l on containing no a-large contours hitting V' C R2.
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Recall that we assume here that 8 > 3, and 8 > Bg so that (3 falls into the validity regions
of the graphical construction discussed in Subsection 1.2 as well as of its area-interacting
modification discussed in Subsubsection 1.2.2. We consider « not necessarily given by (15).
Our first observation is that imposing a cut-off does not change the expected magnetisation

by too much
‘7TL2 M][8] — EM,, (A[ﬂ};a,Bz(L)H = O(L* exp(—ca)) (17)

with some ¢ > 0. Indeed, this follows by the fact that, in view the stochastic domination
of Al by Pgier and in view of Lemma 1, an a-large contour shows up in AP NB, (L) with
probability O(L? exp(—ca)), whence the variational distance between the laws £(A/®!) and
L(AlBle:B2(L)) is of the same order O(L? exp(—ca)). To get (17) it suffices now to observe
that the magnetisation over By(L) is a.s. bounded in absolute value by 7 L2

Another useful observation is that the impact of imposing a forbidden region for cut-oft
ensembles can also be very well controlled. In formal terms, we claim that for a collection
7 of a-large contours, a > 1, in By(L) we have

‘EML (ABleBA) _EM, <A[5]’j - <L>)‘ O (Area(y @ By(1))) = O (length(7)).

(18)
This is an immediate consequence of the fact that, by (6), under the canonical coupling of
AlBlieB2 (L) and A£§3’32 ) the probability that the colours assigned to a given point x by
these ensembles differ, is of order O(exp(—cdist(z,7))), ¢ > 0.

The argument leading to (17) and (18) above can be easily modified to yield the fol-
lowing combination of these relations. Let v be a collection of a-large contours in By (L).
Then

B, (AZE™P Uy ) - | MIB) Ma(y)| = Ollength(y) (19)

provided a > C'log L for sufficiently large C.

The main result of this section is the following moderate deviation bound

Theorem 2 For each (B large enough there exists a positive constant C; = C1(B) such
that, uniformly in L,a > Cilog L and in finite collections v of polygonal contours in R?
we have for all0 < A < C;'L*/log L

(‘M (A[BO‘BZ(L ’y)—EML (.AWO‘]B§2 U’y)‘>A) < exp (—c {f—j/\é])

with some constant ¢ > 0.
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Proof Write

HE = (A[B BBy 7)
and let

ps = M%,ﬂ = M, (A[B];a,Bz(L)) L pr = p =My (A[B}) )
For h € R consider the partition function
Z[h] := Eexp (hpug )

The following estimate, valid for all h satisfying (8), is the crucial ingredient of our proof:

log Z[h] < hEug ., + h*L*c? /2 (20)
for some o > 0, uniformly in L,7,a and h within the validity region of (8). To see that

(20) suffices to complete the proof of the theorem, take first 0 < A < 55;22, put h := 02’%

which clearly satisfies (8), and then use Markov’s inequality to conclude that

Z|h) 509 o A?
P(u$ Eu$ A) < < h°L 2 — Ah) = —— .
(ML” > BHiLy ) - exp(h(E/l%ﬁ +A)) ~ b o/ ) = exp 20212 21)

Next, for A > %222 choose k < (/2 and C(f,k) as in Lemma 2 and assume that C,
in the present lemma is chosen so that @ := 2C(f,k)logL < «a. Then, on the event
{ug, > Eug  + A} there are two possible scenarios:

a,Ba ( 8

e Area at least A/4 is enclosed by a-large contours of .Aﬁ fieeB2 (L) Gince — is a lower
bound for the length—to—enclosed—area ratio for an a—small contour, this would imply
that length(Ls ) > E’ which can happen with probability at most M exp ( 2”A)

by the exponential tightness Lemma 2,

e The area enclosed by a-large contours of .A[ﬂ a’ B2(I) is smaller than A/4. Then, de-
noting by 7 the family of contours L4, ;, Uy and taklng into account that the change of
magnetisation induced by adding a contour is bounded in absolute value by twice the
area it encloses, conditionally on given 7 we get Eu%ﬁ <Eug.,+A /2, and moreover,

since uf . given 7 coincides in law with u%ﬁ, we are led to
P (i, >Bui, +Al5) <P(uis>Euf; +A/2).

Now, choosing C; so that A < 2 zngz, we can bound above the last probability by

exp ( ‘3 L2) in view (21) applied with o and ~ replaced there by & and 4 respec-

tively.
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Combining the above two points with (21) and noting that the probability of {ug <
Eug ., — A} can be dealt with in a completely analogous way, we obtain the assertion of
the theorem.

It remains to verify (20) for h satisfying (8). We extend the notation by putting
ah Bh};a, Bz (L
fry =My ('AJ[Bz(i)w "y 7) '

Noting that
2

0 ah 0 a,h
5, 108 ZIh] = Euy)y, o5 log Z|h] = Var|pp (22)

and Taylor expanding the logarithm of the partition function up to the second order term
yields

a,h*
Varljigh

log Z[h] = hEug ., + h* 5

(23)

for some h* between 0 and h. We claim that, uniformly in L, o,y and h satisfying (8), the

variance Var[u%’f;] is of the area order O(L?)
Var[u}] = O(L?), (24)

which, once established, will immediately yield the required relation (20) as a conclusion

of (23). To prove (24) we show that, for Uy, Uy C By (L), uniformly in h satisfying (8)

Cov [MU (A[th];asz (L)).MU (A[ﬁvh];aaB2 (L))] _

Bz (L)y Bo (L)y

O (Area(U;) Area(Us)[Area(U; @ By (1)) + Area(Us @ By (1))] e’CdiSt(Ul’UZ))

(25)
for a positive constant ¢, with @ standing for the usual Minkowski addition. Indeed, with
the representation provided by the graphical construction for area-interacting fields in Sub-
subsection 1.2.2, conditionally on the event {Ang(U;) C U; & B2(W)a Ang(Uy) C
U ®Bs (M)} the random variables My, (.AI[B’?2 ’éi’)a ,7]1332 (L)) and My, (.A][L,;B2 ’ﬂ’)a ;]Bh (L)) are inde-
pendent. But in view of (9) the probability of this event does not fall below 1—O([Area(U;&®
By (1)) + Area(Us @ By (1))] exp(—cdist(Uy, Us))). This observation combined with the fact
that | My, (A%Bi’?g;‘;% (L))| < Area(U;), ¢ = 1,2 implies (25). The required relation (24)

follows now from (25) by standard argument. The proof is complete. O

19



Remark 1 We note that the bounds in Theorem 2 are of optimal order only for the prob-
abilities of positive deviations {ug , > Eug . + A}, A > 0. We believe that the probabilities
of negative moderate deviations {u$ < Eug  — A} as well as {py < Eup — A}, A < L,
exhibit Gaussian-type decay exp(—Q(A2/L?)) as in classical moderate deviation regime, in
full analogy with similar phenomenon for the Ising model, see [8], (1.1.2), (2.53.2) in [12]
or Section III1.C.1 in [5] and the references therein. Since this falls beyond the context of

our further argument, we do not discuss this issue in the present paper.

As an easy corollary from Theorem 2 we conclude that

Corollary 1 With A, and v as in Theorem 2 we have uniformly

2

A A
P (‘ML (.A][R@:7 U ’y) —EM, <A][£2]:7 U fy)‘ > A) < exp <— [LZ ]) V O(L? exp(—ca))
with some constant ¢ > 0.

Proof This is a direct conclusion of Theorem 2 combined with the observation that
the variational distance between the laws L£(A¥l N By (L)) and L£(APs*E2(F)) is of order
O(L? exp(—ca)), as shown in the argument leading to (17) above. O

Another useful corollary relies on a straightforward observation that the proof of The-

Ba (L) [B:hliB2 (L) oath

orem 2 applies with only minor modifications for A¥k replaced by A]B (L)

|h| < H/a, H small enough. In formal terms,

Corollary 2 With H > 0 small enough, for each 3 large enough there exists a positive con-
stant C = C(B, H) such that, uniformly in L,a > Clog L, finite collection ~y of polygonal
contours in R? and |h| < H/a, we have for all0 < A < C'L?/log L

2
[8hlse.B2 (L) | [8,h];0,B2 (L) As A
(‘ML (A]Egz L)72 ’7>_EML (A]Egz L)72 U’Y)‘>A)§exp <_C |:ﬁ/\a}>
with some constant ¢ > 0.
We omit the proof of this corollary which is just a simple repetition of the proof of Theorem
2.
Below, we provide some further auxiliary results related to moderate deviation proba-

bilities for cut-off ensembles. Note first that we can establish a bound analogous to (24)
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for the third cumulant of ,u%}; :
3
BT log Z[h] = O(L?) (26)
uniformly in «, L, finite contour collection y and h satisfying (8). We omit the details of
the argument, based on the relation (9), since it goes along the same lines as the proof of
Lemma 5.3 in Baryshnikov & Yukich [6] (valid for arbitrary order cumulants in fact). In

particular, in view of (22) combined with (26), we get for A within the validity range of (8)
Eugh = B¢ + hVar[u§ ]+ O(h*L?) (27)

uniformly in L,~y. To proceed, assume that v is a finite contour collection in By (L) with
Area(y®By(log® L)) < L?/log L. We claim that under this condition we have (24) strength-

ened to
Var[ug ] = ©(L?) (28)

uniformly in ~, L. Indeed, observe that by (6) the probability of the event {Ang(y) Z
7 @ By(log® L)} is of order at most O(L? exp(—clog® L)), ¢ > 0, whence under the canoni-

cal coupling with probability 1 — O(L? exp(—clog® L)) the field Aﬁ@ij’m &) coincides with

Al (L) gyer the whole complement of y @ B, (log” L). Consequently,
[ Var[ug] — Varlg ]| = o(Z?).
Now, mimicking the proof of (17) we check that
| Var[u3] — Var[u]| = O(L® exp(—ca)) = o( L?)

provided o > C'log L with C large enough. This will yield the required relation (28) as

soon as we show that for the field A/l the variance of magnetisation has the required order
Var[pur] = Q(L?). (29)
To this end, we fix some large A > 0, large £ € N and small ¢ > 0 and we note that

inf {Var[MD(A[g})] | Area(D) > e)\*, card Vertices(D) < k, length(0D) € [6)\,6’1)\]} > 0,
(30)

with the infimum taken over all bounded domains D with polygonal boundary. Indeed,

this can be easily proven by observing that the mapping D +— Var[Mp (A[ﬁ)] admits only
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strictly positive values and it is continuous with respect to the pseudo-metric pj;(Dy, Ds) =
inf,cpz pgy (D1, 2 + D3), and then by applying compactness argument over the domain to
which D is restricted in (30). Now, observing that the mean number of contours 6 in
APIN B, (L) satisfying the constraints of the infimum in (30) for D := Int 6 is of the area
order Q(L?), noting that given the presence of such 6 the behaviour of the process A/
inside € is independent of that outside 6, and then applying (30) yields the required relation
(29) by a standard argument, thus completing the argument for (28).

Putting together (27), (28) and the observations that h = o(1) by (8) and that Eu%’,:

strictly increases with h we come to

Corollary 3 There are positive constants Ky = Ko(3) and C = C () such that for each
a > Clog L, each A with |A] < KoL?/a and each finite contour collection vy with Area(y®
B, (log® L)) < L?/log L there exists a unique value h = h[A, L, ] of external magnetic field
such that

By =Bug, + A
and

h=0(A/L?)

uniformly in o, A, L, 7.

Our next statement provides a lower bound for moderate deviation probabilities of u7 .,

complementary to the upper bound of Theorem 2.

Lemma 3 For all 0 < A < L?/a, with a and ~y as in Corollary 8 and with a < L/log L

we have uniformly in A, o, L,y
P (us,, > Eug ., +A) > exp(—O([A + Llog L]*/L?)).
Proof Write using Corollary 3, putting for brevity h[-] := h[-, L, 7],
P(ug,, > Eug  +A) > P(|ug,, —Epg,, — A — LlogL| < Llog L) >

exp (—h[A + Llog L|[Eug ., + A +2Llog L]) Eexp (h[A + Llog L]ug )

P < M%::[A+L logL] Eﬂ%::[A+L log L]‘ <L 10g L)
and use Jensen’s inequality to bound it below by
P ( pghatbioell gy phid+Llos ”‘ < Llog L) exp(—h[A + Llog L][A + 2L1log L]).
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Thus, taking into account that h|[A+ Llog L] = ©([A+Llog L]/L?) by Corollary 3 and that
(| M%ZZ[A+L log L _ Eu%’,:[A+L 81| < LlogL) = 1 — o(1) in view of Corollary 2, completes

the proof of the lemma. O

4 Decoupling lemma

The purpose of this section is to establish Lemma 4 stating that the avoidance probabilities
for the field Al¥l over disjoint regions can be very well approximated by the product of the
corresponding avoidance probabilities for individual regions. Even though this lemma is a
direct conclusion from the graphical construction, we state it in a separate section due to

its importance in our further argument.

Lemma 4 Assume that Uy, Us, ...,Uy, k > 1 are disjoint bounded regions in R? such that
min,;; dist(U;, U;) > A > log[k supf_; diam(U;)]. Then, for some C' > 0 we have

k
P(AWHUsz(Z)> =

=1

<1+O ((logk: CAZArea (U; @ By (1 )))) ﬁ]P’(A[ﬂ} nNU; =0).

i=1 j=1
Proof The exponential decay of ancestor clan sizes in the graphical construction (6)
yields

P(&7) = O(Area(U; @ By(1)) exp(—CA)), i =1,... ,k (31)
with
Write Z;, j =1, ..., k for the event

Zj = {.A[m N Uj = @}

and use the canonical coupling of the graphical construction for Al with the conditional

graphical construction for the field AP as provided in Section 1.2 to conclude that

R2: [UU“/2J Ui]
[k/2] k k
P ﬂ . (T - N = g]P(Ug;). (32)
=|k/2]+1 =1 i=|k/2]+1 i=1
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Combining (31) with (32) leads to

k k /2] k
P (ﬂz) = (1 +0 (ZArea(Ui@Bz(l))eCA>) PlOZ|P| () T

i=1 i=1 i=|k/2)+1 ] (33)

The assertion of the lemma follows now by recursive application of (33). O

5 Existence and properties of surface tension

This section deals with the existence of the limit (14) defining the surface tension functional
specific for our model. The argument below relies on a number of technical properties of

the quantity T([_’?

}[- > -] and is split into several subsections. Our main tool here is the
random walk representation of surface tension, stated in Lemma 5, and our main effort
is concentrated on establishing the crucial finite volume approximation Lemma 6. As

everywhere in this paper, the results below are valid for [ large enough.

5.1 Optimising and freezing initial segments

It will be convenient for our further purposes to switch between several alternative but
asymptotically equivalent variants and representations of the surface tension. In this sub-
section we argue that modifying and freezing the directions of the initial segments of the
polygonal path in the original definition (12) of the functional T([?)} [z <> y| does not alter

its asymptotic behaviour for large dist(x,y). To this end we consider a version T([g? [z < 9]

of the quantity T([g [z <+ y], which arises as the supremum of the integrals as in (12), but in
which the initial point of the first segment is now allowed in the whole By (z, §) rather than
just on 0By (z,d), the endpoint of the last segment is allowed in the whole By (y, d) rather
than just on 0By (y, d), and the directions of both segments are fixed so that the integration
is carried out over the remaining segments only. It is easily checked that, provided the
distance between x and y is large enough,

C_IT([f)} [z ¢ y] < T([f)] [z < y] < C’T([?)} [z < 9] (34)

for some C' = C(3,6) > 1 independent of D,z,y. Indeed, the impact of taking the first
and last segments fixed in the optimal way rather than integrating over them is easily seen
to be only confined to close neighbourhoods of the initial point and the endpoint of the

path, and can be compensated at a constant probability cost by appropriately adjusting a
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small number of initial and final segments. We also consider finite volume versions 7’ ([g }D)
and T([g }D) of T([?)] and T([g, putting in analogy with (12)
Y30
iﬁbwﬁﬂ“ZKWMMAWmozm@;yWum

and defining T([f;}p) in the same way as T([?)] with the additional requirement that the
whole path be contained in D. If the domain D contains neighbourhoods of =z and y
(say, By(z,26) C D and By(y,2d) C D), a relation analogous to (34) is easily verified to
hold for z and y far enough

C’_IT([(?;]D) [z < y] < Tlel

iyl eyl < CT ) [x 4 ] (35)

with some C := C(f,0) > 1 independent of D, z,y.
We close this subsection with one more quantity, to be of use in the sequel, for which

a relation analogous to (34) and (35) is valid. Write
Wl ool = [ o ian) = fere e (30
and, as in the definition of TH[ < ], let ﬁg?) [z <> y| be the supremum of integrals as in
(36), but with the initial point of the first segment now allowed in the whole By (z, §) rather
than just on 0By (z, ), the endpoint of the last segment allowed in the whole B; (y, §) rather
than just on 0Bs(y,d), and the directions of both segments fixed so that the integration
is carried out over the remaining segments only. Clearly, in full analogy to (34), we have

with dist(z,y) large enough
CHiGle ¢yl <G y] < COGlw < o] (37)

for some C' = C(8,9) > 1 independent of D, z,y.

5.2 Random walk representation

The quantity T([?)] [ <> y| admits a particularly useful interpretation in terms of a killed
continuum random walk in environment with random obstacles. To see it consider a
continuous-time random walk Z;p, (s, = Z; in R? independent of A and governed by

the following dynamics

e between critical events specified below move in a constant direction with speed 1,
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e with intensity given by 4 times the covered length element update the movement
direction, choosing the angle ¢ € (0, 27) between the old and new direction according
to the density |sin(¢)|/4.

The starting point and the initial velocity direction for Z; are chosen by taking a straight
line [ crossing By (z, 0) according to the measure u(-)/u({l | INB2(z,d) # 0}). The starting
point of Z; is now taken to be one of the intersection points of [ with 9B, (x, d), each picked
with probability 1/2, while the initial velocity vector lies on [ pointing outwards By (z, d).
Let Zt = Zt;B2 (z,5) be the random walk Z; killed whenever hitting its past trajectory.
A crucial observation is that the probability element of the walk Z; containing a given

polygonal path 6 € C*°¥9 as its initial subpath is exactly

k
1
exp(—4length(6 du(lleg]), 38
where ey, ... , e are the segments of § while [[e;] stands for the straight line determined by

e;. Indeed, the prefactor [2u({l | N By(x,d) # 0})]~' comes from the choice of the initial
segment of Z; [the line on which it lies and one out of two equiprobable directions, whence
the extra 27!] while for the remaining segments we use the fact that, for any given straight
line Iy, we have u({l | [Ny € dl, Z(l,ly) € dp}) = |sin¢|dldp with d¢ standing for the
length element on [y and with Z(ly,!) denoting the angle between [ and [y, see Proposition
3.1 in [2] as well as the argument justifying the dynamic representation of the Arak in
Section 4 ibidem and the proof of Lemma 1 in Schreiber [15]. Note that the direction update
intensity for Z; was set to 4 to cancel out with the normalising constant fo% | sin ¢|dp = 4
in the density |sin ¢|/4 for the new angle choice. Clearly, the formula (38) is also valid for
Z, replaced by Z, since the paths in C**¥% are by definition self-avoiding. Thus, taking into
account that, by standard integral geometry, u({l | I N Bs(z,d) # 0}) = 276 and recalling
(10) and (11) we rewrite (38) as 7[©<¥9]2/(df). Consequently, recalling the definition

47d
of C*¥9 and using (38) we come to

Lemma 5 For each C C C*¥9 the following representation formula is valid for the value

of [©*<¥]BI(C)
[@m—)y;é][Q](C) = 47T(5EC&I‘C1{'E >0 | Zt” € (Zt)tZO Nin OBy (y, 5), Z[O,ﬂ S C},

where (Zt)tZO Nin OBa(y, 8) stands for the collection of entry points of Z into By (y, 8), with

exit points not taken into account.
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A simple yet useful conclusion of Lemma 5 is that, denoting by th I=Z Efﬂ]h (2.6) the random

walk Z; killed at rate § and, in addition, killed whenever hitting its past trajectory, we
have for 5 > 2

[02¥9)Bl(C) = 4w E card{t > 0 | Zgﬁfﬂ € (215[672}%20 Nin 0B2 (y, 6), Z[[sz] € C}.
(39)

Consequently, writing now ZAlﬁ =7 EC?BL (2.,6) for the random walk Z; killed at rate $ and, in
addition, killed whenever hitting its past trajectory or a contour of Al in view of Lemma
5 and (39) the definition (12) yields

T([?)] [z < y] = 47T5E(:ard[(2t[5*2})t20 Nin OBy (y, 9)]. (40)

A similar representation can be provided for T([g }D), by additionally killing the random walk
whenever it hits 0D. A corresponding representation for 7T, ([?)] and T, ([?. ]D) can also be given,
yet we omit it as unessential for our further purposes while involving certain technicalities

due to fixing the last segment.

5.3 Finite volume approximations

The following lemma shows that T([?)] [ <> y] is well approximated by T([?_ }D) [ < y] for
sufficiently large domains D. We write II(z < y;d) for the square of sidelength 26 +
dist(x, y) with one pair of its sides parallel and equidistant to [z, y] and with the remaining

two sides at the distance ¢ from z and y respectively, perpendicular to [z, y].

Lemma 6 For each sufficiently large > 2 there exists a constant C = C(B,9) > 0 such
that

C—1T[ﬂ} [(L’ PN y] S T[B]

£
¢) neoyal® Y < Tlr < y)

whenever dist(z,y) is large enough.

Proof The relation T([f; }H(m op:6))

inequality T([?)] [z <y <C T([Z ]H(m )

walk representation (40) it will follow as soon as we show that

[z < y] < T([g [z <> y] is obvious and only the remaining

[z <> y| requires verification. In view of the random

Pl

oieoan|® 9] = O Pz < y) (41)
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for some C' > 0, where

P([?)] [z <y =P ((2}‘”])20 reaches 0Bs (v, 5))

and
P([?,}D) [z y]:=P ((Zs[ﬁ*ﬂ)tzo reaches 0B, (y, §) before hitting 8D> .

Indeed, it is easily argued that upon hitting 0Bs(y, §) once, the random walk ZAt[ﬁ I is un-
likely to hit it too many more times and, consequently, the expectation on the right-hand
side of (40) is bounded above and below by some constant multiplicities of the probability
on the right-hand side of (41), the same observation holds for the corresponding repre-
sentation of the finite-volume quantity T([Z ]H(z oy 5))[33 <> y]. We omit the tedious technical
details of this conceptually simple argument.

The proof of (41) splits into two parts. First, denoting by R;(z <> y;0) the infinite
strip between the lines determined by the sides of II(z <+ y; J) perpendicular to [z,y], we
show that

P([f)] [z < y] < CP, ([(ISB;}Rl(zHy;J))[x < Y] (42)

for some C' > 0. Below it will be convenient to use the name z-line (resp. y-line) for the
boundary line (side) of Ri(z <> y;0) at the distance § from z (resp. y), perpendicular
to [z,y]. Next, writing Ro(z <> y;d) for the infinite strip contained between the lines
determined by the sides of II(x <+ y;J) parallel to [z,y], we show that

Pajle € 4] < Pyeoyayle < 911+ 0(1). (43)
as dist(z,y) — oco. Write

5 o n )
B ooy [z € U 2 Bl o 9] = (BRle © 4] = B, oy lo < 4]) -

5]

9 _ olf]
(P [z & y]> = Bl woyon [ 0 Yl Plsip, oy 2 € ¥ll=

6 [1’ o y] o ]P’[’B}

(6;R2 (z3y;6))
IP)E?) [z < yl.

Combining this with (42) and (43) yields (41) as required for completing the proof of the

lemma.

To proceed with the verification of (42), on the event that the random walk Zt[’B -
reaches 0B, (y, §) before being killed we decompose its trajectory into three subpaths
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® Crovyo = (ZAt[ﬂ_Q})[TMy}, where 7, is the first time ZAlﬁ_m hits the y-line while 7, is the

last time Zt[ﬂ =2 hits the z-line before Ty-
o =2,
o G i= (2" en,

with the additional convention that 7, := 0 if Z}B 2l does not reach the z-line and Ty = +00
if ZAt[ﬁ ~2 does not reach the y-line (we set respectively ¢, := 0 and ¢, := 0 in these cases).
On the z-line we construct a double sequence (x;);cz of points with x;. lying at the
distance |k|d from z; (say above for k > 0, below for £ < 0) and with zy coinciding with
the intersection point of the z-line and the line extending [z,y]. The sequence (y;)icz on
the y-line is constructed in the same way and ordered in the same direction as (z;). Let &
denote the point in (x;);cz which lies the closest to ZAL@ if 7, > 0 and Z := z otherwise.
Likewise, let ¢ be the point in (y;);cz lying the closest to ZAL§_2] if 7, < +ooand y =y

otherwise. With this notation it is easily seen that

18] 18] ., 18] -
Psle <yl < > Y Pomeowyld © 0Q%k < &9 < yl,
se{e}U{, i€z} gel{ytly;, jEZ} (44)

where Q[g% [z <+ &;7 <> y] stands for the supremum over the possible realisations of ;.
connecting By (2, d) with By (9, d) of the conditional probability, given (;.,, that the random
walk Z}wﬁ} connects By (z,d) to By (#,0) and By (g, d) to By (y, d). Since ZAt[ﬁ*ﬂ is killed with
the constant rate §—2 > 0, for arbitrarily small ¢ we can find A = A(e) such that, uniformly

over z,y with dist(z,y) large enough,

Y. D Qplemyed+d Y Qple iy ey <e

x4, dist(z4,2) >N\ Y5 z; yj, dist(y;,y) >\ (45)

Putting (44) and (45) together yields

18 18 18
Poleovls > > Plomons®i © vl + €50 Pin o7 < vl
x;, dist(z4,2) <A; yj, dist(y;,y) <A Ty (46)

For dist(z,y) large enough the double sum in (46) can be bounded above by some con-

]

stant C[\] times P([g } (wesyson) [T € Y] because each path of ZAEB 2 connecting 0B, (z;,6) to

Ry
OB, (y;,6) in Ry(x 4+ y;0) with dist(z,z;) < A and dist(y, y;) < A can be modified into a

path connecting 0Bs (z, ) to 0By (y, d) in Ry(x <> y;d) by an appropriate surgery between
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x and z; and between y and y; at a probability cost depending only on A. It seems natural

to expect that the supremum SUPy, 4, P([f, }Rl (r6y: 5))[a:i < y;] admits an upper bound very

close to P([?)} [z <+ y], because dist(z;,y;) > dist(z, y) for all z;,y;. While we are not able to
establish such a bound, we easily show that there exists a positive constant C’ with

sup P

18]
Zisys 5.1 (oo (i € Ys] < C'Pgyle < y] (47)

uniformly in z,y with dist(z,y) large enough. Indeed, this is done much along the same
lines as in the considerations leading to (44) and (46), so we only sketch the argument
/ th;?i(;) connecting
OBy (z;,6) to OBy (y,, ) into two subpaths: the initial subpath (; connecting 0B, (z;,d) to

some 0By (z,08), z € 07Z? with |dist(z;,z) — dist(z,y)| < d (in fact, z can be chosen as

omitting technical details. We split each path of the random walk

the §Z*-lattice point closest to the point where the random walk / t[%; ?}m, 5) first gets at the
distance dist(z,y) away from z;) and the remaining subpath (. Integrating over (; for
fixed z yields a value bounded above by a constant multiplicity of P([?)] [z <> y] with this
prefactor (arbitrarily close to 1 for d small enough) due to the fact that dist(x;, z) differs
slightly from dist(z,y). Integrating over (, conditioned on (; and summing over z yields
only a constant prefactor — the sum of integrals converges due to the constant killing rate
B —2 > 0 along (. This proves (47). Combining now (46) with (47) and with the discussion
directly following (46) we obtain

Pz <5 y] < CINPY

®) s (g | > Y]+ €CT PP 4 ). (48)

Choosing e small enough so that eC” < 1 (recall that C’ does not depend on A) completes
the proof of (42).
To establish (43) we denote by vy, the unit vector pointing from z to y, i.e. vy, :=

(y — z)/ dist(z,y), and for small n > 0 we consider the event £, [z <+ y] that

e The random walk ( At[/372})t20 reaches 0B, (y, d),

]

e The scalar product of vy, and the current velocity vector of th s in [1 —mn,1] for

all time moments ¢ > 0 before 0By (y, d) is reached.

Observe that on the event S([?,]n) [x <> y| the total length of the path of ZAt[ﬁ -2 connecting

OBy (z,6) to OBy (y,d) cannot exceed [dist(x,y) + 26]/[1 — n]. Since Al is stochastically
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dominated by the Poisson contour process Pgs, as follows by the graphical construction

of Section 1.2, we conclude that there exists k > 0 such that for all g large enough

—2
P (E([éﬁ;]n) [z < y]) > exp (— {f_—n + /1] (dist(z,y) + 25)) : (49)
Indeed, to see it we:

e Split the strip Ri(x <> y;d) with equidistant straight lines perpendicular to [z, ]
into ©(dist(x,y)) equal-sized strips.

e Construct a path of the random walk Z connecting 8By (z,8) to 9By (y,8) and such
that the scalar product of v3, and the current velocity vector of Z; falls into [1—7, 1]
for all time moments before 0By (y, d) is reached. This is done by constructing and
patching together subpaths of Z crossing individual strips, at a constant probability

cost per strip.

e Use the stochastic domination of APl by Pgs to conclude that the probability that
the so constructed path of Z, avoids A¥! is bounded below by exp(—O(dist(z,y))).

e Check for survival of the so constructed path under g — 2-killing, which yields a
probability prefactor bounded below by exp(—%[dist(x, y) + 20]).

By the definition of £},
below the probability of this event by exp (—(f%f] + k)[dist(z,y) + 25]) for some x > 0,

as required. Since Pgis stochastically dominates Pge for 5° > 3, this technique works

for dist(z,y) large enough this procedure allows us to bound

uniformly in [ large enough. We omit tedious technical details of this standard argument.

To proceed, define the event R[(g]) [z <> y] that

e The random walk (ZAt[B _2})@0 reaches 0B, (y, d),
e The random walk ( At[/372})t20 hits ORy(x <> y; d) before reaching 9B, (y, d),

and observe that on RE’;]) [z <> y] the length of the path connecting 0By (z,d) to 0Bs(y,d)

has to exceed v/2dist(z,y) — 20 and, hence,

P (RE?) & & y]) < exp (_(5 — 9)[V2dist(z,y) — 25]) . (50)
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. (8] (8]
Noting that P (8(5”7) Rz y]) < P((s;Rz(zHy;a

(49) together with (50) we see that, for 5 large enough,

))[ZE +> y| for sufficiently small n and putting

8] 8] _p(pl _ . (p
Pile & 4] = P, oyl ] = B (R & 4]) = 0 (PR, ool ¢ 31)

This yields (43) and hence the required relation (41). The proof of Lemma 6 is complete.
a

5.4 Existence and finiteness of surface tension

In this subsection we use the preceding results of this section to show that

Lemma 7 The limit defining the surface tension functional 7% in (14) exists, is finite

and strictly positive.

Proof The main work has already been done in Lemma 6. In view of the relation
SUD 95 TA[ﬁ ! < 00 as easily deduced from (49), the required existence of the limit in (14)
will follow by a standard almost-subadditivity argument once we establish the following

auxiliary lemma.

Lemma 8 For D[A;, Ay := (log[A\1 + A\2])? and A1, Ny large enough we have

(At + Az + DD AT o S AT+ Aeri) + O(D[A, Aa)))-

2

Proof of Lemma 8 For fixed § > 0 consider disjoint squares II; := II(0 <> A\je,;d) and
I, := II((A + D[A1, A2])er <> (A1 + A2 + D[, A2])e,; d), separated by a moat of width
D)1, Xg], and observe that, since D[A1, Aa] > log[A1 + Ao], by the decoupling Lemma 4
applied to Uy :=1I; NG, U, := I, N0, with # standing for the integrand polygonal path in

the definition (12) of T([f[;)][- <> -], it follows that

THI0 + (A + A2 + DA, Ao))es] >

efO(D[)\l,)aD T([?,]Hl)[o <> )\lem]T([g]Hz)[()\l + D[)\l, )\2])91- < ()\1 + )\2 + D[)\l, )\2])61-], (51)

D[A1,2])

with the prefactor e=©( due to patching together pairs of paths 6; in C%*1€9 and

6, in CMitPRLAleso(atrat DA Azl)eaid  hoth disjoint with APl into paths @ falling into
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COoPatretDAiAz])esid digjoint with AP, by constructing a path connecting 6; and 6, across

the moat of width D[\;, As] separating II; and II,, according to a procedure completely
analogous to that used in the argument leading to (49). Note that the fact that the
patching procedure involves here conditioning on A%l being disjoint with 6; and 6, does
not affect this argument because the conditional graphical construction of the process
A][Ifz]:elu% guarantees that it is stochastically bounded by Pgsi.9, 9, and hence by Pgis as
used in the proof of (49). To proceed, apply Lemma 6 to conclude that the quantities
T([?)} [0 <+ A\ie;] and T([g [(A1+ D[A1, A2])ey < (A1 + A2+ D[, A2])e,] are bounded above by
constant multiplicities of their respective finite volume counterparts T([?; }Hl)[O < \e;] and
T([?;}HQ)[(AI + D[\, Ag])er <> (A1 + A2 + D[A1, \2])e,]. Combining this conclusion with (51)
shows that T(5 [0 4> (A + A2 + D[A1, Ae])es] > exp(—O(D[Ar, X)) T(5 [0 Me,]Ti5) [(A +
DA, Xo])e, <> (A + A2+ D[, Ag])e,| for some C' > 0, which completes the proof in view

of the definition (13) of T)[f], i=1,2.0

Completing the proof of Lemma 7 With the existence of the limit in (14) established
we now easily conclude its strict positivity from the positivity of killing rate in the random
walk representation (40) while the finiteness of 71! follows by the probability lower bound
(49). O

6 Skeleton estimates

The purpose of this section is to provide coarse-graining estimates based on skeleton cal-
culus. For a,9 > 0, always assumed to satisfy a > § and to tend to oo as L — oo, by
an (a, d)-skeleton in By (L) we shall understand a collection (Iy, Ey, I, Es, ... , I,,, E,,) of
pairwise different points (skeleton vertices) in By (L) N Z?, with I, I, ... referred to as
the initial points, Ey, Es, ... as the corresponding endpoints and [I, E1, [I5, Es], ... as the

skeleton segments, where the following is satisfied for allt=1,... ,m
(S1) a — /2 < dist(I;, E;) < a + V2.

We say that a collection v of a-large polygonal contours is compatible with an («,§)-
skeleton ¥ = (I, By, ... , Iy, Ep), write v ~ X, if the following holds for alli =1,... ,m

(S2) There exists a contour 6; € v and points I), E} € 6; such that dist(I;,[]) <
%,dist(Ei,EZ) < % and dist([;, z) < o + % for all z € 6,[I], E]] with 6,[I], E]
standing for the polygonal path from I to E; along 6;,
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(S3) Either we have dist(I;, {I1,... ,I; 1}) < a -+ + /2 or i is the smallest index with
I7 € 6; for some 6; € v,

(S4) For each x € v we have dist(z, {I1,... ,I,}) < 2a +6 + V2,
(S5) The polygonal paths 6;[I;, E;'] are in a distance at least 6 away from each other.

Roughly speaking, the motivation underlying this definition is the following. For two
distant points z,y with dist(x,y) = Q(«) connected by a polygonal subpath of a contour we
want to find a collection of approximately equal-sized segments [[;, E;] of length a(1+0(1)),
lying on this path and such that their overall length is at least dist(z, y)(1+0(1)). Being only
concerned with this total length condition, as ensured by (S3) stating that the distance
between initial points is close to the single segment length, we do not require that these
segments form themselves a connected polygonal path or that their ordering agree with the
orientation of the path. On the other hand, we do impose an explicit lower bound (S5)
for distance between polygonal subpaths crossing different segments, thus ensuring the
applicability of the decoupling Lemma 4 in our further argument. It should be emphasised
that this approach, considerably simplifying our argument in the sequel, can only work in
an isometry invariant setting, as ours, where it is justified to look only at the total length
of phase interfaces while ignoring their local directions, ordering etc.

We say that a collection «y of a-large contours dominates an («,d)-skeleton X, write
~v = %, iff 4 contains a sub-family of contours 7' with 7/ ~ X. Further, by the length of
a skeleton ¥ = (I, Ey, ..., I,, E,,), denoted length(X), we understand the total length of
skeleton segments Y dist([;, E;). We write also N (X) for the total number of initial and
endpoints in X. We say that a collection v of a-large polygonal contours is well covered by

an (a, 0)-skeleton X, write v oc X, if the following holds
°* 7~
e Y maximises length(X) among skeletons compatible with ~.

For an (a, 0)-skeleton ¥ we consider the corresponding black phase area, denoted in the

sequel by Area(X), and given by

Area(X) := sup Area (black[U 0]) .

yx2 ey
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In other words, Area(X) is the supremum value of possible black phase area which can be
enclosed by a collection v of a-large contours well covered by . We note that for some X

there may be no such « in which case we put by convention Area(X) := 0.

Lemma 9 For a collection v of a-large contours there ezists a compatible (a, §)-skeleton

Y.

Proof Choose an initial point I; € Z? N By(L) at a distance less that 1/4/2 from some
6 € 7, set I] to be the point of #; minimising the distance to I; and let E] be the first point
(say in clockwise order) on 6 at the distance « from I] (note that the distance considered
here and below is the usual Euclidean distance and not the distance along the contour 6, !).
Set E; to be the point of By (L) NZ* which lies the closest to E]. The conditions (S1),(S2)
for i = 1 is now easily verified. Further, if existing, choose I, to be the point minimising
the distance to 64[I7, E7] (with ties broken in an arbitrary way) among the points I3 in vy
with the property that there exists Ej € 0y with dist([), E5) = a, dist(I],z) < « for all
z € 65[17, EJ] and dist(61[17, E7], 0215, E3]) > §, where 65 is the contour of v containing
IJ. Note that if §; = 6, then dist(I3,6,[I], E]]) = ¢ and hence dist(/], ) < a+ 4. In
case such I) and Fj exist, we define Iy and E; as the best approximations in Z? N By (L)
of I] and EJ respectively, getting the required relations (S1),(S2),(S3),(S5) for i = 2.
On the other hand, if such a pair (I3, EJ) fails to exist, we conclude that no point of v lies
further than a+ 4§ away from 6,[I}, E{], for otherwise we could find 1] and EJ with desired
properties. In this case by (S2) we have dist(x, []) < 2a + 0 for all z in  which yields
(S4), and (S3),(S5) are obvious, whence (I, E) is already an («, d)-skeleton compatible
with ~.

We proceed inductively with this construction, adding new pairs (/;;1, E;11) obtained
as the best lattice approximations of (I}, E;] ;) with I, arising as the point minimising
the distance to ,, 0[], E]] among the points I\, € ;11 € 7 for which there exists
E}., € 6,41 with dist(I],, E] ;) = «, dist({},;,2) < a for all € 0;441[I],,, E],], and such
that dist(6;1[L7, 1, B7y1], U< 0511, E]]) > 6. We note that if 6,1 = 6; for some j < i then
dist(I}, 1, U;<; 0[1], E]]) = 6 and hence dist(Z};,{I{,...,I]'}) < a+ 4. The construction
terminates when no further pair can be found, and it is easily verified as in the argument
above that the resulting collection (I, Eq, Is, Es, ...) is an (a, §)-skeleton compatible with
v. The proof is complete. O
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The following corollary is an immediate conclusion of Lemma 9.

Corollary 4 Each finite collection y of a-large contours can be well covered by some (., §)-
skeleton 3.

A particular feature of the notion of skeleton as introduced in this section is that if
two polygonal subpaths of some contours go very close to each other, it may happen that
only one of these subpaths will contribute to the total length of a well-covering skeleton
because of the requirement that subpaths going along the segments of the skeleton keep
distance at least ¢ from each other as imposed in (S5) above. However, this does not lead
to problems in our further argument, since we are mainly concerned with minimising the
skeleton length given the enclosed area, where collections consisting of multiple contours

are outperformed by singleton ones. This is made formal in the isoperimetric lemma below.

Lemma 10 Assume that A < ob. Then for each (o, §)-skeleton 3 in By (L) with Area(X) =
A, A €[0,7L?), we have

length(X) > 2vV7A[l — O(6/a)] — O(a).

Proof Below, we restrict our attention to skeletons ¥ with length(X) < 2x L, since oth-
erwise our assertion is obvious.

Pick some collection of a-large contours 7* o< ¥ with Area(black[{J,. .. 0*]) = Area(X)—
o(1) = A —o0(1), and observe that, by the definition of the relation o, to prove the lemma
it is enough to construct ¥* with v* ~ X* and such that, for A > o?,

length(X*) > Ap(A) (52)

for a non-increasing function A — ¥(A) = ¥(4;a,) with A — Ay (A) non-decreasing,
satisfying

Y(A) =2/m/A[l = O(3/a)] = O(a/A) (53)

(note that the statement of the lemma trivialises for A = O(a?)). Without loss of gener-
ality we can and do assume that 7* contains no nested contours, for otherwise we could
simply remove the internal contours increasing the area enclosed by v*, proceed with the
construction below for the so reduced v* obtaining ¥* of required length, and then con-

struct some additional skeleton segments for the internal contours and add them to ¥* thus
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increasing its length even further. We also assume that v* contains only contours for which
dist (6", Us- g1 07) > 64c. This does not result in loss of generality because finding a
sub-collection 4* of contours satisfying this condition and such that all other contours of v*
are contained in 64a-neighbourhood of | J4*, and then constructing S* for ~4*, we see that
the total area enclosed by the contours in v*\4* is of order O(arlength(3*)), whence by (52)
for % we get length(2*) > [A— O(alength(3*))]th(A — O(a length(3*)) and consequently,
by (53), length(X*) > length(3*) > A(A) — O(e) provided alength(3*) = o(A). The
remaining case length(i*) = Q(A/«a) is easily handled directly, by considering subcases
A=0(a?) and A > o

The proof of existence of ¥* satisfying (52) goes by induction with respect to the number
n* of contours in v* = {67,...,0:.}, assumed to be ordered by decreasing enclosed area.
For n* = 1 the assertion follows immediately by standard isoperimetric argument: note
that the correcting term AO(a/A) = O(a) coming to the RHS of (52) when substituting
(53) is due to the admissible distance ©(«) between a skeleton and a compatible polygonal
path [see (S4)], while the prefactor 1 —O(d/«) there comes from the fact that, in the single
contour case, the distance between the initial point of a given skeleton segment and the
set of preceding initial points may exceed the length of the segment by at most § + 2v/2
[see (S1),(S3)], which is fraction O(d/a) of the segment length.

To proceed, take n* > 1. We split our argument into three possible cases.

Case 1: Say that a point x € 6. is a-seen from a contour 6} € ~* iff dist(z, 6]) < 4a.
Assume that the total length of the set seen(f}.,6;;a) of all such points exceeds
16a for some 7 < n* and recall that, as assumed above, there exists x € ). with

dist(z,

at two extreme points xy, x5 of seen(6%., 67; o) and removing the internal parts of both

n*y»Ye

Jo— ) > 64c. Patching 6. and 0} together with additional polygonal paths
contours between z; and x5, we replace 8. and 0; by a single contour 67, which can be
made disjoint with all remaining contours 6%, j # i, j # n*. Denote by 7} the contour
collection resulting from v* by replacing 0. and 6; by 6% and possibly removing some
further contours which would become nested due to this replacement. It is easily seen
that, by our assumptions above, any skeleton X% ~ 7% can be modified into ¥* ~ ~*
with length(X*) > length(X* ). Thus, the assertion (52) for v* will follow if we are able
to find such ¥* with length(X?* ) > Ay (A). However, this is ensured by the inductive
hypothesis in view of the relation Area(black[Ug*@i 0*]) > Area(black[Uy. .. 6*])-
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Case 2: Next, suppose that length(seen(6?.,0f; a)) < 16« for all i < n* and that A, >
a?, where A,- stands for the area enclosed by 6%.. Recall in addition that there exists
z € 0. with dist(z, ;. 0;) > 64a. We construct an (a, §)-skeleton X* as follows.
Put v* := 4*\ {€;.} and observe that the area enclosed by v* is A — A,« — o(1),
which is due to the fact that there is no contour nesting in v* as assumed above. We
let ¥* be an (a, §)-skeleton such that

length(S%) > [A — A (A — Ape) > [A — Ao (A), (54)

with its existence guaranteed by the inductive hypothesis [note that A — A, > a?
since the contours are ordered by decreasing area]. The skeleton X* can be extended
to a skeleton >* compatible with ~+* by the procedure described in the proof of
Lemma 9. Denoting by &* := ¥* \ £* the collection of newly added segments we
see by our assumptions for Case 2 that S* can be in its turn extended to an («, d)-
skeleton S* compatible with {#%.} by adding at most O(n*) new segments covering
seen(f.,0F; ). Thus, using isoperimetric argument, as applied for the case n* = 1

above, we are led to

length(8*) > A¢(A,+) — O(n"). (55)
Recall now that the contours 67,65,... are ordered by decreasing enclosed area,
whence

Using (56) to rewrite (55) as length(S*) > A« [¢(Ans) —O(n* /Ay )] > Ap<[th(Aps) —
O(A/A2,)] and then applying (53), noting that A, < A/2 by (56) and resorting to
standard calculus in order to check that, for a large enough, we have 1)(A,+) — O(A/
A2,) > (A) for A, > A3 we conclude from (55) that length(S*) > A, (A) for
Ap- > A?/3. On the other hand, the trivial bound length(S*) > a is easily seen to
yield length(8*) > A,-1)(A) whenever A, < ay/A. Since we assumed that A < af
in the statement of the lemma, we get av/A > A?3 which leads to

length(S*) > An«(A) (57)

for all A,. within range of (56). Combining (57) with (54) and recalling that
length(3*) = length(X* ) + length(S*) yields the required relation (52) for Case
2.
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Case 3: Assume now that A, < o?. Then the required relation (52) can be obtained
07) > 64a and
noting that putting such ;. into v* results in large added length to added area ratio,

along the same lines as in Case 2 by recalling that dist(6>., U]- n*
exceeding ¥(A). The only reason for discussing this case separately is the technical

fact that 1(A,) is formally not defined for A,. < a?.

The proof is now complete by induction. O
With the concept of an (a,d)-skeleton discussed above we are now in a position to

proceed to the main result of this section.

Lemma 11 With o — 00,0 — o0 and o > § > log L, we eventually have for each
(o, 0)-skeleton ¥ in By (L)

P (AP = %) < exp (—71" length(%)) .

Proof For a contour collection v = 3, v = {6y, ... ,0} we consider the partition X[y] =
{S1]04],...,S[0k]} of ¥ into disjoint sub-skeletons S[f;] composed of segments [I, E] with
the corresponding points 7, E7, as given by (S2), lying on 6;. Note that some S[;] may
be empty. Moreover, for a non-empty sub-skeleton & C ¥ we write [S] to denote the
family of all contours 0 such that dist(/,6) < 1/ V2 and dist(E, 0) < 1 / V2 for all segments
[I, E] € S. In particular, we always have 6; € [S[6;]] provided S[¢;] # 0. In view of (5) or

equivalently, by the graphical construction of Section 1.2, we see that

k k
P(A?-2) < ) / N X[Sk]P<U9ij[ﬁ]=®) 1(or.... o3~y | [ 407(60),
&} -

s =1 i=1 (58)

where the sum ranges over all possible partitions {Sy, ... , Sk} of ¥ and with the inequality
rather than equality above due to the fact that we do not restrict the domain of integration
to non-intersecting contours 6; and that more than one contour of A¥l might occur in [S;],
moreover it is not guaranteed that S; = S[#;]. We fix a partition ¥ = S§; U ... U Sy and,
to distinguish between vertices coming from different sub-skeletons S;, j = 1,... ,k, we
subscript skeleton vertices with the corresponding sub-skeleton names, writing I;.s;, and
Eis,. We also put v := {f1,...,0;}. Denote by P,; the polygonal subpath 6; [ffj, Efj] of
the contour 6; € [S;] in the above integral, with [ and E’ standing for the points of
0; closest to I;s;, and E;s, respectively. Note that the points ff I and E’f 7 do not have to
coincide with [ ] s and EZ s, a8 specified by the correspondence (S2) implied by 7 ~ ¥; yet
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we clearly have dist([}g , I7) < v/2 and dist(E]s, , B} < \/2. The reason for introducing
fij and EiJ rather than simply using I s, and £}, s, in their stead is to ensure measurable
dependence of P; ; on 0;.

Observe that by condition (S5) the distance between different P;; does not fall below
d. Given the collections (6) := (0;) and (P) := (P;;;);; we consider the events

Ti;10,] := {A¥ 0 Py = 0}.

Taking into account that Area(P;; @ By(1)) = O(length(P;;)) = O(a) and using the

decoupling Lemma 4 yields uniformly in (6)
P (ﬂIi;j ) H]P’ i:i[05]) (1 + O(exp(—C¥) length(X) log N(X))). (59)
1,J

To proceed, note that, by (58),

P(AT=x) < ) } / s <ﬂ:c-u-[ej]> [Tao"e)

{Sla -aS i7j
and hence, in view of (59), applying the rough bounds N(X) = O(L?) and length(Z) =
O(L?) we obtain

PAY=x) < 3 / 1P, 6) [] 0¥ @)
k} S =1

{81, 51 Y S xSk
(14 O(exp(—C6)L*log L)).
For an endpoint E;s; we write g(Ei;sj) to denote the skeleton vertex Iy.s, or I;s; directly
succeeding Ej,s; in clockwise order on ;. Then, by the formulae (12) and (36) for T([f} [ < -]
and 19%%] [- <> -] respectively, in view of the definitions of T([g] [- < -] and @EB)] [- <> -] as provided
in Subsection 5.1, and by the definition (3) of the free contour measure and (10) of the free
path measure we are led to

IP’( Z Z H <T[5] 18 o EzS ] é[(ﬁi)[Ei;Sj > §(Ei;8j)]>

{81, .,Sk} S ,] v2 (60)

N

(1+ O(exp(—C8)L*log L))CY® ¢y > 0,

where the inner sum ranges over all possible successor assignments ¢ and where the extra
factor C’iv ) comes from integrating out the configuration of contours #; within 1//2-

neighbourhoods of I;.s. and F;.s., ¢ = 1,... , which are subject to optimisation rather than
197 I
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integration in definitions of T([g}[- < -] and 19%6) [ <+ -]. Recall that dist(Ejs;,s(Eis;)) >

§ — /2 in view of (S5) and then use the random walk representation of Lemma 5 and
(39) combined with (37) to conclude that @Eﬁ%)[ac < y] = exp(—£2(9)). Thus, taking into
account that both the total number of possible partitions {Sy, ... , Sk} and the total number
of possible successor assignments ¢ are of order exp(O(N(X)log N(X))), in view of (13)
the relation (60) combined with (34) gives us

P (A[f] = z) < [ exp (-7 dist(Is,, Eis;) + O(N(S)log N(2) — Q(ON())))

(14 O(exp(—C6)L*log L)).

Since, by definition, length(X) = 3=, . dist(;s;, Eis;) and, moreover, exp(—Cd)L? log L =
o(1) and IN(X) > N(X)log N(X) by the assumptions of the lemma, we conclude that

P (A[ﬁ > Z) < exp (—To[ém length(X))

for a, d, L large enough, as required. O

7 Lower bound

Below, we provide a lower bound for the occurrence probabilities of large contours in A¥.
This is complementary to the upper bounds obtained in the preceding Section 6. For
a,d > 0 and for a piecewise smooth closed curve o in R? we consider the event U[c; ]
that there exists a contour § € AP such that py(o,0) < 2a with pg(-,-) standing for the
usual Hausdorff distance. The following lemma gives a lower bound for the probability of
such event for o := S;(R) = 0B (R).

Lemma 12 With a — 00,6 — 00, R — o0 such that log R < § < a < R we have

PU[S:(R);a]) > exp (—27rR7P — O(6R/a)) .

Proof Note that

P(U[S:(R); a]) > / P (6 N AP = 0) ©F(do) — PUY S (R); al),
{6€C | pu(0,51(R))<2a} (61)

where UV [S; (R); a] is the event that there exist at least two contours 6,65, ... in AP
such that pg(S1(R),6;) < 2a, i = 1,2,.... Using the conditional graphical construction
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with forbidden regions we easily see that P(UCV[S,(R); a]lU[S;(R);a]) = o(1), whence
(61) becomes

P(U[S:(R); a]) > /{OEC I }]P’ (0N AP =) 61(d9) (1 —o(1)).  (62)

To proceed, we partition the circle S; (R) into disjoint segments [[;, E;], i = 1,..., N(R; «, )
= O(R/«a) separated by spacings of length § and such that dist([;, E;) = o, 1 = 1,...,
N(R;a,6). Denote by II; the square II1(I;, E;; 1/4/2) as defined in the lines preceding Lemma
6. Clearly, II; are disjoint and dist(II;,II;) = ©O(J) for i # j. The integral in (62) can be
bounded below by restricting the domain of integration to the family C[I;, Fy, ...] of paths
0 such that, for alli = 1,... , N(R;,6), 6 contains a subpath 6; connecting 9B, (1;,1/+/2)
to OBy (E;, 1/v/2) within II;. Using the decoupling Lemma 4, with U; := § N II; there, we
can factorize the integral

/ P (6 n AP = p) 01 (dh)
{0€C|I1 ,Er,...] | pu(6,51(0,R))<2a}

into the product of T [I; < E;], i=1,... ,N(R;«,d) with a prefactor

(1/v/21L;)
(1+ O(Rexp(—C16)log N(R; «,0))) exp(O(dN(R; v, 9))), Cy > 0,

where (1 + O(Rexp(—C16)log N(R;«,0))) is the factorization correction from Lemma
4 while exp(O(0N(R;a,0))) comes from patching the contour 6 by joining together the
subpaths 6; passing through adjacent J-distant squares II; so as to keep the resulting
path within distance 2« from S, (R), see the discussion of (51) and (49) above. Since
Rexp(—C10)log N(R; o, §) = o(1), we obtain

N(R;a,8)
PU[S1(R); o)) > exp(O(6N(R; o, 8))) H T[IMH 1, E;).

Applying Lemma 6 we conclude that

N(R;a,9)
PU[S: (R); a]) = O(Cy ) exp(O(ON (R, 8)) [ T]) 5lEis B, Co> 0.
i=1

Observing that N(R;«a,d) = ©(R/a) completes the proof in view of the definition (13) of
5]
Ta - U
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8 Proof of the main theorem
Throughout this proof we shall put
o= a[L] := VLlog L and § = §[L] := (log L) (63)

As in the classical DKS theory, our argument below uses the decomposition of the contour
ensemble AP N B, (L) into the collection Loz == Lot [.A[B}] of a-large contours and the
remaining family of a-small contours, and it relies on an application of the skeleton bounds
of Section 6 and complementary estimates of Section 7, combined with the use of moderate

deviation results of Section 3.

8.1 Lower bound for (16)

In order to prove (16) we establish first the lower bound

P (M, (A®) > M[B7L? + aL?, No; L] holds) > exp (— |1\2417T[;]I L 4 O(a)> _
(64)
To show it, put
a

R=L,|————+Ca 65
22 M[F] %)

for some constant C' large enough so that
P (Mg (AP > M[B]7L? + aL® | U[Si(R); a]) > 1/2, (66)

with the event U[S; (R); a], indicating the existence of a contour 8 of AP with px(6,S; (R))
< 2q, defined as in Section 7. Clearly, R < L for L large enough because a < 27| M[3]|.
To see that the required choice of C' in (65) is indeed possible note first that

P (M (AP) < M[B7L? + aL® |U[Si(R);a]) <

o
PU[S1(R); &) Jioec, pu(0,51(R)) <20
Then use (19) to conclude that, for py(6,S;(R)) < 2a,

P (M (A, U6) < MIBrL? + aL?) ©1)(dp).

EM; (AL, U6) = MIBrL? + aL? + 4| M[]|CRa + O(La),
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which can be made larger than M[3]rL?+aL? by a term of order ©( L) under appropriate
choice of C. In view of Corollary 1 this makes the integrand probability P(M L(./él][lg;(9 U
0) < M[B]xL? + aL?) arbitrarily close to 0, uniformly in 6 with pg(S;(R),0) < 2a.
In particular, (66) is seen to hold under such choice of C, as required. To proceed,
observe that the conditional probability P(N¢[«a; L]|U[S:(R);a]), being bounded above
by [PU[S1(R); )™ [ioec. pmosa(ry<2ay PNV [ L] holds for A][lg;e)@[m(dH), tends to 0 as
L — oo by the results of Lemma 2 in Section 2 specialised for -A1[§2]
from (66) that for sufficiently large L

- Thus, we conclude

P (M (AP > M[B]7L? + aL?, Na; L] holds | U[Si(R);a]) > 1/4.
The required relation (64) follows now by Lemma 12 in view of (65).

8.2 Upper bound for (16)

To complete the proof of (16) we shall establish the following upper bound, complementary
to (64),

2ma

| M|

P (ML(AW) > M[B]rL? + aL?, Na; L] holds) < exp (— L7V 4 O(a)) :

(67)

To this end use the exponential tightness bound in Lemma 2 to get for some C; = Ci(a)

[2ra__[g]
and Cy > TG

P (M (AP > M[8]7L? 4+ aL? Na; L] holds) <

P (M, (AP > M[B]7L* + aL?, length(Lq) < C1 L, Na; L] holds) + O(exp(—C,L)).
Applying Lemma 9 together with Corollary 4 we see that this probability is bounded above
by

> P (ML (AP > M[B|rL® + aL?, length(Lg;.) < C1L, Loy & I) + O(exp(—C, L)),

> (68)
where the sum above is taken over all (a, §)-skeletons % contained in By (L — [4a — § —/2]).
Note that we could restrict our attention to ¥ C By(L — [4ar — 6 — v/2]) because of working
on the event N|a, L], see (S4). It should also be noted that any contour collection well
covered by such ¥ is completely contained in By (L) for L and «[L] large enough. Under the
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imposed requirement that length(L,.;,) < CyL, the total length of skeleton segments in any
Y with P(L,,z o< X) > 0 is also of order O(L), whence the sum in (68) can be restricted
only to skeletons of such length order. Observe now that the number of such skeletons
is of order exp(O(a 'LlogL)) which, by (63), is exp(O(v/L)). Indeed, constructing the
skeleton segment after segment at each step we have at most O(L?) possibilities of choosing
new initial/end point. However, the total number of such steps, coinciding with twice the
number of segments, is at most of order O(L/«), because, as stated above, we only consider
skeletons ¥ with length(X) = O(L) and the length of a single segment is close to «a, see

(S1). We put this statement as a remark for further reference

Remark 2 The number of (o, d)-skeletons ¥ in By(L) with length(X) = O(L) is of order
O(a'LlogL).

Consequently, by (68), in order to establish (67) it is enough to show that

mX&:LX]P) (ML(AW]) > M[B]7L* + aL?, length(Ly,) < C1L, Ly, o X)

exp | — 2ma 7] a
< p< o )>, (69)

with the maximum taken over all (¢, §)-skeletons X satisfying the conditions specified above
(i.e. contained in By (L — [4a — & — /2]) and with total length of order O(L)). To proceed
with the verification of (69) choose a skeleton ¥, which achieves the above maximum.
Putting v := Area(Xy) and X := length(Xy) we conclude by the isoperimetric Lemma 10
that

A > 2¢/mv[l — 0(6/a)] — O(a).
Using that v = O(L?) and that §L/a = a we obtain

A > 2y — O(a). (70)

To proceed, recall that M[5] € (—1,0) and observe that on the event L., o< Xy we get by
(19) and (S4)

EM_ (A" Uy) < M[B](rL? — v) — v M[B] + O(La).
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a,Bs ( )U’)/

and recalling that N(X) = O(A\/a), we conclude from Lemma 11 and Theorem 2 applied

Thus, noting that the field Al conditioned on L,,;, = +y coincides in law with A[ﬁ ki

conditionally on L.z, that the probability maximised in (69) is bounded above by

exp (—7'\) exp (—c [%j A %D , (71)

where A := [M[S](rL?—v) —v M|f]+O(La)] — [M[B]r L?+aL?] = 2v|M|S]| —aL?+O(La)
is the difference between the expected and actual (required) magnetisation on the event
Loz o Yo, and with v and A related by (70). Recalling that A = O(L),a = v LlogL,
§ = (log L)? and applying the lower bound (64) we see that the maximum in (71) has to
be reached with A = O(L%*?log L) = O(Lc) and, consequently,

al?
= m + O(LO&), (72)
whence, by (70),
2ma
A =Ly g ”+0( a), (73)

with the equality rather than inequality in the last formula due to (64). By Lemma 11 this
yields the required relation (69) and hence completes the proof of (67).

8.3 Existence of a large contour

In view of the lower bound (64), the argument leading to (71) with the optimal skeleton
Yo replaced by a generic skeleton X shows that, conditionally on the event {Mp, (.A[B]) >
M|B]rL*+aL?, Nla, L] holds}, with probability tending to 1 we can have L, ;, o< X only for
those (a, 0)-skeletons ¥ which satisfy (72) and (73) with v = Area(X) and A = length(X).
By the definition of the relation o and by the proof of the isoperimetric Lemma 10 this
means that with conditional probability tending to 1 on the event {M, (A”) > M[g]rL?*+
al?, Nla, L] holds} there exists at least one contour 6,4 of length L 2’”’ + O(a) and

enclosing area s O(La). In fact, we claim that for K large enough condltlonally on

Q\M[ﬁ
{My (A¥) > M[B]rL? + aL?, Nla,L] holds}, with probability arbitrarily close to 1 the
contour fage is the only Ka-large contour of APl in By(L). Indeed, for each ¥ as above,

i.e. satisfying (72) and (73), we have
P (ILQ,L x %, AP contains more than one Ka-large contour in By (L), Ma, L] holds )
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< / P (length La,L (Al[g"]:elarge> > KOC) G[B](delarge)a

olarge

2ma

MBIl

2“1155” + O(La). Now, Remark 2 and Lemma 11 imply that the total mass ©¥!(.) of such

Brarge s is of order exp (— ama_1 15 4 O« )) Moreover, by Lemma 2 applied to 'AR2 Brarge

where the integral ranges over 6,,qe in Bo(L) of length L T+ O(a) and enclosing area

IM[8]]
the integrand probability is uniformly of order O(exp(—Ka)). We now conclude our claim

for K large enough in view of the lower bound (64).

8.4 Uniqueness of the large contour, excluding intermediate con-
tours

It follows by the previous Subsection 8.3 that, conditionally on the event {M), (A[B}) >
M[B]rL* + aL?, Na, L] holds}, with overwhelming probability there exists one large

2ma

IM[B]|
the only Ko-large contour of Al hitting B, (L), with K large enough. Below, we argue

contour Bapge of length L + O(«), enclosing phase area 2|M[B| + O(L«), and this is

that for sufficiently large Ciarge, With overwhelming conditional probability, 0.y, is in fact
the unique Ciarge log L-large contour of AP hitting B, (L). The first step in this direction is
showing in Lemma 13, similar to Lemma 4.2.4 in [12], that the phase of Ka-large contours
adjusts very tightly to the micro-canonical constraint My (A¥) > [M[g]r + a]L? and,
roughly speaking, 'not much work is left for small contours’. Next, in Lemma 14 we use
this knowledge to deduce the uniqueness of the large contour ... and to exclude the
presence of any other Ciage log L-large contours with overwhelming probability under the
micro-canonical constraint.

To proceed with the first of the afore-mentioned steps, we claim first that
Lemma 13 With K as specified above we have
P ([M[B]7 + a]L* — E (M (A¥)| Lgayr) > L3
M (AP > [M[B]7 + a]L?, Ne, L] holds) = o(1).
Proof We set
p=p[L]:=L""
Applying Lemma 9 and Corollary 4 we get
P ([M[B]7 + a]L* — E (ML (A®)| Lgasz) > L**, Mz (AP > [M[B]r + a]L?) <

47



> P (ML (AP > MB]r + a]L?, M[]7 + a]L* — E (Mp(A”)| Lgaz) > L2,

(Ka,6)
]LKa;L X Z)

Ka,d
with the sum ranging over all (K «, ¢)-skeletons ¥ contained in By (L) and with H5?Y used as
an indexed version of o to denote the well-covering relation of (K «, §)-contours by (K«, 6)-
skeletons. Use the exponential tightness results of Lemma 2 in Section 2 to conclude that,

with arbitrarily large C; and with C5 large enough, this sum can be bounded above by

Z P( [M[8]7 + a]L* — E (ML(A[B})‘ Licasr) > LY3, Lgar (K&,a) E>

%, length()e [L, /ﬁ—p,CQL]

+ S P <ML(AV3}) > [M[B]7 + a]L?, Lgaz o 2) + exp(—C1L).

%, length(Z)< L ﬁ—p (74)

We proceed by showing that all consecutive terms in (74), for brevity denoted below
by P, P, and P respectively, are negligibly small compared to the probability P, :=
P(M (AP > [M[B]7 + a]L?, Na, L] holds). To begin with the first term P, use Remark
2 to conclude that the number of summands in this sum is of order exp(O(a !LlogL)).
Moreover, applying Lemma 11, noting that conditionally on Lk, = 7 the field AlP!

coincides in law with ALK

R2:y Dy ~ and using Theorem 2 conditionally on Lk, we

uniformly bound above each summand of P; by

exp | — 2ma L—p 7 exp | —c —L8/3 A —L4/3 =
| M[5]] e L* Ko
2
exp (— a L 4 O(p)) exp (—cL*3) .

| M|

Recalling the definition of & = a[L] = v/Llog L, p = L™/'? and using the lower bound (64)
of Theorem 1 with « replaced there by K«, we conclude that

P1 = O(P4). (75)
To show that

_P2 = 0(P4) (76)
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2ma

[ MI[B]]

i — Q(Lp), whence, by (19), E (M (A)|Lga;r) < [M[B]7 + a]L? — Q(Lp) almost
a,d

surely on the event {Lkq.L (Koc ) ¥ }. Consequently, by Theorem 2 applied conditionally

on Lgq,r, each summand in P, is bounded above by exp (—c [LL—Q A %D = exp (—c@) .

07

observe that, by isoperimetric Lemma 10, length(X) < L —p implies that Area(X) <

Using the lower bound (64) of Theorem 1 (with « replaced there by Ka) and recalling
that % > L we obtain (76). Observing that, by the same lower bound (64), P3s = o(P;)
provided C is chosen large enough, we complete the proof of the Lemma by combining
(75) and (76). O

As announced above, our next statement will allow us to exclude with overwhelming
conditional probability under the micro-canonical constraint the presence of Clarge log L-

large contours different than 6),yg.

Lemma 14 There exists a constant Ciarge > 0 such that uniformly in collections vy of
Ka-large contours in By(L) with length(y) < Llog L and in A < L*3 we have

i Ka,Ba (L
My, <A][@:7 2 )UV) >

P ( 'A][Ri]i fa,BQ ) contains a Charge log L—large contour

EMy, (A= Uq) +A) =o1).

[3,01]3 L Kah Bh,a]B (L

and let £[Clarge, L] be the event that A[B B2 (L) ¢ontains no Clarge l0g L-large contours hit-

ting By (L) and E*[Claree, L] the event that .A[ﬂ KB (L) oontains no Clarge log L-large con-
g L) 07 g

tours hitting B, (L). From Corollary 3 it follows in particular that for each n € [A, L3 log L}

there exists a unique value of the external magnetic field h[n, L] := h[n, L,v] = ©(n/L?)

such that

Ka,h[n,L
E/J‘L,'y el = EML'y +77 (77)

and, moreover, h[n, L] increases with n given L, whence h[n, L] € [h~[L], h*[L]] with

h™[L) := h[A, L] = ©(A/L?)
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and

hH[L) := h[LY*log L, L) = ©(L **log L).
For each L > 0 we split the interval [A, L*?log L] into ©(h*[L]L*?log L) = ©(L*?1log*(L))
equal-sized subintervals [A = 19,71), [1,72),... of length ©(1/h*[L]) = O(L*?/log L)

each and we put Ay == h ["’“Jr#, L] . For each of the subintervals [n, nx1) write

]P)(g[clargea ]|,U, € E/u + [nk:a nk:+1)) S

KahkL

eXP(—hk,L[ENf,f; + nk:])]P) <ghk’L[Clargea ] hOIdS /'L € Eﬂﬁg + [nka nk:+1))
a,hy, L,

exp(—hg, L[EUES + M) P (MM € Epffs + [, 77k+1))

a,h a,h —
exp(hi,L[mk+1 — me] )P <5h’°L[Clarge, ‘| Kaohi,L EMK bl < w) .
(78)
At this point we claim that
Ka,h Ka,h Ne+1 — Nk _ _
P( luL,»y k,L _EIUL;Y k,L S +T> — Q(L 1/3 log IL) (79)

uniformly in L,~, A k. Note that this is in fact a rather weak statement in the spirit of
local central limit theorem (LCLT) and an LCLT could in principle be established for
the polygonal Markov fields in its full strength much along the same lines as Lemma
2.4.1 in [12], with standard modifications due to the non-lattice nature of our setting.
However, since we only need the weaker relation (79), we provide a much shorter argument
specialised for this case. To this end, we subdivide the disk By (L) into O(L) equal-sized
squares Q1.z,Qa.r,- .. of side length ©(v/L), separated by moats of width log®(L). Now,
in view of (9), the family of identically distributed random variables

g LK a,Ba (L
Xi,L = MQi,L <A£(£)L’3 20 U 7) )

can be coupled with a sequence of i.i.d. copies XLL of X, in the way that P(3, X, #
Xiz) = O(L?exp(—clog?(L))), ¢ > 0. Indeed, O(L? exp(—clog?(L))) is the order of the
probability that the ancestor clans arising for different ; ;, in the graphical construction

of Subsubsection 1.2.2 are not all pairwise disjoint. Write
[8,h. L] K B
Yy, := Mp, (L\U; Qi.r (AB2 Lk)L'y 2 (L) U ’7)

a0



and note that

hi,r,Ka

prl =" X + Y1 (80)

Further, observe that, in complete analogy with Theorem 2,

\/flog3(L)]2 N \/Zlogs(L)]> _ e—clog2(L) .
Llog*(L) Ka (81)

P(|Y, — EY;| > VLlog*(L)) < exp (—c [[

Using the coupling of X;; and Xi,L as discussed above, taking into account (80) and
(81) and recalling that 7,1 — mx = ©(L*3/log L) > v/Llog*(L) we can now deduce the
required relation (79) by the classical local central limit theorem applied for ). Xi, L, use
e.g. Theorem 1 in Wey [17] with Ay := L?/3/log(L) and My, := L*3/log?*(L) there, with

the assumption (H1) [central limit theorem for uf’:’h’“’L | there following by Theorem 2.10.5
of [10] or Theorem 2.4.R5 and Section 5.3 in [9] with obvious modifications due to the
continuum rather than lattice nature of our setting, and with the assumption (H2) in [17]
satisfied in view of (24), (26) and by the relation Var[uf,:’hk’L] = O(L?) which can be
established along the same lines as (28).

Consequently, since hy, r[nk+1 — ] = O(1) in (78), combining the relation (78) with
(79) and taking into account that P(E™L[Clarge, L]) = exp(—Q(Clarge log L)) uniformly in
A, Lk, for Ciage large enough in view of Lemma 2 in Section 2, we conclude that,

uniformly in A, L, k.~
P(E[Clage, L™ € Bk + i, mi)) = o(1). (52)
In view of (82) the assertion of our lemma will follow as soon as we show that
P(ufz > Eufz + L*Y3]og L|,uf§ > Eufz + A) =o(1) (83)
uniformly in A, L, v. To this end, use Theorem 2 to conclude that

P(upe > Eppe + LY log L) < exp(—cL**log?(L)). (84)

Y

Next, apply Lemma 3 to get

P(us > Bups + A) > exp(—=O([A + Llog L)*/ L)) > exp(~O(L*?)).

which yields the required relation (83) when combined with (84). The proof of the lemma

is hence complete. O

o1



Recalling that conditionally on Lk, = 7 the field APl coincides in distribution with

A][Ilei,ly{a,B2 (L)

whelming probability under the micro-canonical constraint, and then combining Lemma 13

U~y and that, by the discussion in Subsection 8.3, Lxa,, = {flarge} With over-

with Lemma 14 applied conditionally on v = Lk, 1., shows that, conditionally on the event
{Mp, (AP > M[B]7L? + aL?, Na,L] holds}, with overwhelming probability jamge is the
only Cpayx log L-large contour of APl hitting By (). This completes the present subsection
of the proof.

8.5 Localising the large contour

It remains to show that the large contour ... satisfies

. a _ 3/4
min py (01arge,81 (x,L 27T|M[B]|>> 0] (L v/ log L) .

But this follows immediately by specialising to our setting for fja,g the inequality (2.4.1)
in Section 2.4 of Dobrushin, Kotecky & Schlosman [7] and combining it with (72) and (73).
This completes the proof of Theorem 1. O

9 Appendix

Below, we discuss the dynamic representation and some further properties of the basic
Arak process, see Arak & Surgailis [2], Section 4 for the dynamic representation. For a
fixed bounded open convex domain D we shall construct the basic Arak process A}, with

free boundary conditions (unlike in (1) where empty boundary conditions are imposed).

9.1 Dynamic construction of the basic Arak process

We interpret the domain D as a set of time-space points (t,y) € D, with ¢ referred to as the
time coordinate and with y standing for the spatial coordinate of a particle at the time ¢. In
this language, a straight line segment in D stands for a piece of the time-space trajectory
of a freely moving particle. For a straight line [ non-parallel to the time axis and crossing
the domain D we define in the obvious way its entry point to D, in(l, D) € 0D and its
exit point out(l, D) € dD.

We choose the time-space birth coordinates for the new particles according to a homo-

geneous Poisson point process of intensity 7 in D (interior birth sites) superposed with a
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Poisson point process on the boundary (boundary birth sites) with the intensity measure
k(B) =Ecard{l € A, in(l,D) € B}, B C 0D. (85)

Each interior birth site emits two particles, moving with initial velocities v" and v” chosen

according to the joint distribution
O(dv', dv") == 7o' — v"|(1 +v"%) 32 (1 4+ ") 3 v’ v (86)

This can be shown to be equivalent to choosing the directions of the straight lines repre-
senting the space-time trajectories of the emitted particles according to the distribution
of the typical angle between two lines of A, see Sections 3 and 4 in [2] and the references
therein. It is also easily seen that the value of angle ¢ € (0,7) between these lines is
distributed according to the density sin(¢). Each boundary birth site x € 9D yields one
particle with initial speed v determined according to the distribution 6,(dv) identified by
requiring that the direction of the line entering D at x and representing the time-space
trajectory of the emitted particle be chosen according to the distribution of a straight line
[ € A conditioned on the event {x = in(l, D)}.

All the particles evolve independently in time according to the following rules.

(E1) Between the critical moments listed below each particle moves freely with constant

velocity so that dy = vdt,
(E2) When a particle touches the boundary 9D, it dies,

(E3) In case of a collision of two particles (equal spatial coordinates y at some moment
t with (¢,y) € D), both of them die,

(E4) The time evolution of the velocity v; of an individual particle is given by a pure-jump

Markov process so that
P(vrar € du | vi = v) = q(v, du)dt
for the transition kernel

q(v,du) == |u — v|(1 + u®) "3 *dudt.
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It is worth noting that, in full analogy with the discussion following (86), the (sharp) angle
between the straight lines representing the space-time trajectories of the particle before
and after the velocity update is distributed according to the typical angle between two
lines of A.

It has been proven (see Lemma 4.1 in [2]) that with the above construction of the
interacting particle system, the time-space trajectories traced by the evolving particles
coincide in distribution with the Arak process A}, defined as in (1) with the family I'p
of admissible polygonal configurations extended to I'}, allowing also for partial contours
chopped off by the boundary, which amounts to admitting not only internal vertices of

degree 2, as in (P2), but also boundary vertices of degree 1.

9.2 Properties of the basic Arak process

As already mentioned in the introductory section, and as shown in Arak & Surgailis [2], the
basic Arak process A}, enjoys a number of striking properties. The two-dimensional germ
Markov property, stating that the conditional distribution of the field inside a bounded
region with piecewise smooth boundary given the outside configuration only depends on the
trace of this configuration on the boundary (intersection points and intersection directions)
is an immediate consequence of the Gibbsian definition. Next important property is the
consistency: for bounded open and convex D; and D, with D; C D the restriction of .A}‘32
to D coincides in distribution with A7, , see Theorem 4.1 ibidem. This immediately allows
us to define the infinite volume Arak process A, which inherits the isometry invariance of
the finite volume Gibbsian definition and which is a thermodynamic limit for A°). By the
results of Schreiber [14], this corresponds to the unique infinite-volume bounded-density
stationary evolution of the particle system discussed in Subsection 9.1 above. Interestingly,
the intersection of the Arak process A with any fixed straight line is a Poisson point process
of intensity 2, see [2], which gives us direct access to two-point correlation functions of A
under the colouring as in Subsection 1.1. Moreover, the partition function for the Arak

process can be explicitly evaluated: it is known that

E Z exp(—2length(§)) = exp(m Area(D)),
s€l's (Ap)

see Theorem 4.1 in [2] [note that the prefactor 2 exp(length(dD)), present in the quoted

theorem, is absent here because we take the law of A rather than the unnormalised measure
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p1* as the reference measure and, moreover, we do not sum over two different admissible
black/white colourings of each polygonal configuration]. It should be emphasised that
these exact results are only available for A and not for A®!, g > 0.

Interestingly, there exists a much broader class of consistent polygonal Markov fields
admitting analogous dynamic representations, possibly enhanced to allow for vertices of
higher degrees (3 and 4), see ibidem. The question of characterising the class of all polyg-
onal Markov fields admitting dynamic representations is far from being trivial and falls
beyond the scope of this article. A conjectured description of this class has been provided
in Arak, Clifford & Surgailis [4], where a very nice alternative point- rather than line-based

representation of polygonal fields is also discussed.
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