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1. THEORY RMHD
In this section a summary is given of the equations describing the flow of a relativistic flowing plasma.
In the following we set the light speed to unity, ¢ = 1. This corresponds to the scaling:

v ve
p pc22
e ec
e |~ Ec , (1.1)
B Be
t t/c

where v represents the velocity vector, p the pressure, € the internal energy density, E the electric field
vector, B the magnetic field vector and ¢ the time. In ideal MHD it is assumed that the conductivity
is infinite: 0 = co. Therefore the expression for the current

']—=p—v+E+v><B, (1.2)
o o

where p° is the charge density, reduces to:
E=-vxB. (1.3)

So, in the fluid’s rest (v = 0) frame: E = 0. In general, the electromagnetic field can be written in
the compact form:

OFmY V-B=0
D —0—>{ 5B LG NE=0 ° (1.4)
oFm V-E=p°
— ik
orr 7 _){—%+V><B:j ’ (1.5)



where j* = (p¢,j) and

0 -B, -B, -B,
B, 0 E. -E,
B, —-E. 0 E,
B. E, -E, 0

(1.6)

The tensor F*¥ is the dual of F*¥. They are connected through the relations: F* = %e’“’""Fpg and
Frv = %e"”""ﬁ’pa and €*¥P7 is the Levi-Civita alternating symbol.
In the fluid’s rest frame (E' = 0) we have:

0 -B, -B, -B.
B, 0 0 0

F#e';t = Bz 0 0 0 (1.7)
B, 0 0 0
This can be written in another form like:

FT{Zst = DpestUrest — UestUpest - (1.8)
where ul, ., = (1,0,0,0) and b%,,, = (0,B’). A general Lorentz transformation (A*,) is used to
transform to the laboratory (LAB) frame:

= Ao A"g (b?estufest - bfestu?est) . (1.9)
In the LAB-frame we have:

u’ = Agul,, = (I,Tv), (1.10)
where I' = 1/,/(1 — v - v) is the Lorentz factor and

b= AP0, = ((v B)T,B' + (T —1) ((VV"E')) v) . (1.11)
In general, the magnetic field transforms under a Lorentz transformation like:

B =I(B-vxE) - -1)" B (1.12)

(v-v)

We can use equation (1.12) and the MHD condition E = —v x B to simplify the expression for b*
B

b = (v -B)T, T +I(v-B)v) . (1.13)

In general the energy-momentum tensor for the electromagnetic field looks like:
v 1 1 . L

TEM = F“ﬁF’BV —+ ZFaﬁFaﬁ = _Zg/“’anan _ gHAFAnFWV , (114)

where g*¥ = diag(—1,1,1,1) is the Minkowski metric. After substitution of equation (1.9) one finds:
1
T, = |b? (u“u” + 55]“") — 0D, |b]* = beb® . (1.15)

This energy-momentum tensor can be combined with the energy-momentum tensor for the fluid mo-
tion, derived in Odyck [9]:

Ty'p = (e+p)ufu” +pg" , e=p+e, (1.16)
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where p is the rest mass density. The energy-momentum conservation of the RMHD fluid without
external sources is now described by:

V,TH =0, T =T}, +ThYy, - (1.17)
The Maxwell equations in the ideal MHD approximation now read:

oFm 9
oxv  Oxv

V-B=0
B _Vx(vxB)=0

(b*u” — b u") =0 — { (1.18)

These are the same as in MHD. To the above equations (1.17),(1.18) we add: the continuity equation,
Vulput) =0, (1.19)

the state equation (ideal gas law),
ctp=p+——p, (1.20)
v—1

and some initial conditions.

The system of equations (1.17), (1.18) and (1.19) consists of ten unknowns (u”,b”,p, p) and nine
equations. To analyze the RMHD equations Anile [1] adds an equation for the entropy and writes the
system in quasi-linear form:

AAVOE =0, A,B=0,..,9, (1.21)

where U = (u*,b*,p,S) and S the entropy. For the explicit form of A%*V and an in depth analysis
of this system see Anile [1], Section 2.4. The following variables are defined:

, _ 9e(p,5)
P op

a=uu,d" , B=0b,¢" , H=q¢,¢" , e s m=e+p, E=n+|b*. (1.22)

and in the case where the waves propagate in the z-direction with a speed A, the normal to the
characteristic hyper-surface is given by:

=T L0.0), T = =5 . (1.23)

In Anile [1], Section 2.4, it is shown that the system of equations (1.21) is hyperbolic in time and can
be characterized by the following eigenvalues:

e The entropy wave:

Ae = vy (1.24)

e The Alfvén wave:

Ea®> — B? =0, with two solutions )\i. (1.25)

e The fast and slow magneto-acoustic waves:

n(e, — 1)a* + (—(n + €,|b|*)a® + B?)¢* ¢, = 0 , with four solutions )\ij, AE. (1.26)

e The characteristic wave speeds are ordered in the same way as in MHD:
—L<AT KA <A S A SAT AL SAF <L



The corresponding right eigenvectors can be calculated and are given in Anile [1]. In the following we
are especially interested in the one-dimensional case. The RMHD equations can then be put in the
form:

oU  JF(U)
—_— =0 1.27
ot + or ’ ( )
with
Lp Lpv,
(ph + [b]*)T%0; + bobe (ph + PI)T%07 + (p + [b]/2) — b2
(ph + |b]*)T%v, + bob, (ph + |b]*)T %00, — byby,
U= (ph + |b)*)T2v, + bob, , F(U) = (ph + |b)*)T 20,0, — byb, ,
(ph + [b]*)T? = (p + [b]*/2) — b3 (ph + [b]*)T%v, + bob,
B, Byv, — B,
B. B.v, — B,v,
(1.28)
SF(U)

where h = (e+p)/p is the enthalpy. The eigenvalues of =57 are still given by equations (1.24), (1.25)
and (1.26) and the right eigenvectors can be found after some rearrangements of the eigenvectors of
system (1.21), see Balsara [2].

2. SHOCK RELATIONS
A way to calculate the shock curve is to follow the procedure given in Majorana [7]. From equations
(1.17), (1.18) and (1.19) we obtain the jump conditions for RMHD:

[puﬂ] l,u = 0 ’
[b"u? — uhb’]1, =0, (2.1)
[T}l = 0,

where [* is the four-vector normal to the shock hyper-surface and [f] = fy — f— with f_ (f}) the
quantity f before (after) the shock. For a shock propagating along the z-axis in the LAB-frame
I* = I'(vs)(vs,1,0,0) and vy is the shock speed in the LAB-frame. The shock relations can be
rewritten in the form:

[pa] =0,
[Bu* —abt] =0, (2.2)
[(e+p+[bP)uta+ (p+ 5[b°)IF — Bb*]| =0,

where the definitions for ¢ and B are used but now with ¢* replaced by [*. The shock relations can
be solved in different ways, corresponding to different discontinuities.

e Contact discontinuity m = pa = 0.

[ =0, [B]=0, [p*]=0, [u*]=0, [*]=0,resultingin [p]=0, [p] #0.
e Tangential discontinuity m = pa = 0 and B_ = By = 0. Then only:
1, .
[p+ 510 =0

e Alfvén shock m # 0. In Lichnerowicz [6] pg. 161 the Alfvén shock is defined to be the case

a- =a; =0and a = (e+p+ [b*)/p — B?/m?. It is mentioned that the characteristic speed

for the Alfvén wave follows from equation (1.25): Ea? — B? = m?a = 0. So, the Alfvén wave
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speed before and after the Alfvén shock is the same. In Lichnerowicz [6] pg. 164 the following
shock relations are deduced:

W= =0, P1=0, [ =0, [Bl=0, [2] —0.

e Slow and fast magneto-acoustic shocks m # 0, solve the shock relations (2.2).

We now try to solve the shock relations in the case of the slow and fast magneto-acoustic shocks.
Introduce the following variables:

pG(z)=e+p, V' =b"/\/p_, B=b'l,, a=u'l,, n=p/p_, z=p/p, (2.3)
where for an ideal gas G(z) =1+ %% The shock relations (2.2) can be rewritten in the form:

[na] =0,
[Bu” —ab*| =0, (2.4)
[nGaut + ()1 4 B (au + §1%) — BI¥] =0,

—_

or in the form:

[M]:07 [Q]:07 [P]:(): (25)

{aG+i+2L2<Q+g—j)}—0, (2.6)

{G2(1+a2)+2% (G—%) +2%} =0, (2.7)
where

M =na, MQ=d*b?-B*, VMP =BG . (2.8)

It is noticed that these relations are frame invariant.
Equations (2.6) and (2.7) can be rewritten in two equations with two unknowns: a4 and z;.

1 1 o 1 1 op)
f():aG+—+—‘<0'1+—‘)=(1+G++—+—‘<01+—‘), (29)
a_z_  2a* G* ayzy  2a% G%
1 o> o1 1 op)
G2 (1+a2) 28 (G — =) 42 =2 (1+a)+22 (G — =) +2 2.10
fi “(I4a”)+ a_ - + o G F(I+al)+ ar + P + Gy ( )
where
a b2 — B B2G?
o= EPE 0 _ (2.11)
n_a— n_a_

After some manipulations of the above equations they can be solved for a4 as a function of z;.

2
o_trseanfneg ey wa(enigm)
T 2G4 fo ' (2.12)

The correct solution for a., as_+) or aS__), is found by back substitution of ag_i) into equation (2.9) or

(2.10).



In the following a4 represents the correct solution as_+) or ag__). The ideal gas law is used:

1 v
Gz)=1+9-, y=—. 2.13
(z)=1+7-, 7 T (2.13)
To calculate ay we need z4 in equation (2.12). In the following we are going to eliminate a4 from
equations (2.9) and (2.10). The equations (2.9) and (2.10) can be written in polynomial form.

(F+24)% ad + —forr T+ 240)2ad + (T+24)% ap +
—_———  —,.— N——

as az a1

1
+524 (o o1 (T +24)%) =0, (2.14)

~ ~

'

ao

Jorr (T +24)° ad + (T +20) (7 +240)” =7 = 22 fr + 1) agt

~~ ~~

b2 bl

1
+§z+(3ziaz +01(Y+24)(37+ 324 —4))=0. (2.15)

"

bo

The above equations can be reduced to one single polynomial equation in the unknown variable z .
To do so we follow the following procedure. If you want to find an & which is the solution of

f(x) = a3z’ + ayae® + a1z +ag =0, (2.16)
and at the same time a solution of
g(x) = boa® + iz +bo =0, (2.17)
the coefficients of the above polynomials must satisfy a certain condition. Take
e(x) = baf(z) —azzg(x) = &bg(]q - agblzxz +£bg(11 - a3b02$ +b\2(’13 , (2.18)
eo 1 co

then equations (2.16), (2.17) transform into

ng(ib') — bz@(:l?) = (Czbl - Clbz)CU + 02b0 - Cobz =0 , (219)
ble(a:) — clg(x) = (Cgbl — clbg)x2 4+ cogby — c1bp =0 . (220)
Equation (2.19) is solved for z,
Cobg — Cgbo
= —. 2.21
Czbl — Clb2 ( )

This result is substituted in equation (2.20) and gives the existence condition for equations (2.16) and
(2.17):

(Czbl — Clbz)(clbo — Cobl) — (Czbo — Cob2)2 = 0 . (222)

We can now substitute in equation (2.22) the expressions for a; and b; given in equations (2.14) and
(2.15). This gives a polynomial of order eight in the variable z;. It can be solved with a standard
numerical scheme for solving polynomials in one variable (I use the NAG Fortran routine C02AGF.
It uses a variant of Laguerre’s method, see Smith [10]). The value for z; is used to calculate a; with
equation (2.12). Also the other unknown quantities can now be calculated:
21712 _ B2 4 i32
np = Bo=p G pp o GEZB B
ay G+ CL+

(2.23)

In the subsection “Results” some typical solutions for n, and z; are presented.
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2.1 Frames of reference

We can solve the shock relation independent of the frame of reference. Different frames can be used to
calculate the input variables: the fluid’s rest-frame ahead of the shock, the LAB-frame, the shock frame
and the S-frame where the shock is stationary and v,” = v, = 0. A general Lorentz transformation
in the boost direction u looks like:

r —u,I’ —uy, I’ —u, I’
2
—upD 14 (D=1 (Do)l (Do )tet: ]
AR = g ( uz)u“'“ T-Daw, )u“';z T=—— . (224)
—u ' (D=1 1+ -1)g% (F—l)ﬁ2 (1-u-u)
—u I’ (T - 1)—“1“1”_11‘12 (T - 1)—“&‘}3 1+(C-1) :zu

If the velocity 4-vector (u#), the magnetic 4-vector (b*) and the shock normal (I* = I'(vs)(vs, 1,0,0))
are given in the LAB-frame, they can be transformed to the S-frame with first a boost in the shock
direction (u = (vs,0,0) = A*,) and then a boost in the direction

z
1 — o0, ’ 1— 50,

The four-velocity and the shock normal in the S-frame are then given by:

" =(0,1,0,0), @" =T (v)(1,v,0,0), v= (v, — vo) . (2.26)

VL= vwa)? = (03 +02)(1 - v2)

Another way to reach the S-frame is by going from the LAB-frame to the fluid’s rest-frame with a
boost in the direction (u = (va,vy,v.) = A'™,) and from there to the shock-frame. Introduce the
rotation tensors R; , i = x,y,z which rotate a four-vector around the i axis. The LAB-variables u*,
b* and the shock normal [#* = I'(vs)(vs, 1,0,0) are transformed to the fluid’s rest-frame:

= (Re)e(Ro)AANIY = T(v)(0,-1,0,0)

' = (R.)Fe(Re)*AAu” = (1,0,0,0)

b= (_w)”i(Rz)"g( )AA’* b”:(o, 2.0) = (2.27)
[6](0, cos(¢), sin(¢ , o] = \/—: \/ﬁ

where the extra rotation (R,) applied on b* around the z-axis to get b* has no effect on [*, a".
The different rotations are introduced to get b* in the form given in equation (2.27c). The angle ¢
represents the angle between the shock normal and the magnetic field in the rest frame of the fluid
ahead of the shock. In a last step we transform to the S-frame by performing a Lorentz boost in the
boost direction u = (0, —v,0,0) — A#,. In the S-frame we have:

* = Av0" =(0,1,0,0)
@ = Ar,a =T(v)(1,v,0,0) (2.28)
b = Arb (=D(v)(v]b],]b],0,0) if ¢ =0) .

2.2 Calculating LAB variables
To find the LAB variables from the shock solution proceeds as follows. Use the following relations
resulting from equation (2.2):

[Bu* —ab"] =0, (2.29)

~ 1 o~
nGaut + gl“ + |b]? (au“ + 51“) - Bb“} =0. (2.30)



In the LAB-frame [* = I'(v,)(vs,1,0,0). This system of eight equations can now be solved for the
eight unknowns u/; and b% . The above equations can be written in matrix form:

B_.  —a_ u o\ ([ By —a ut on
(2 3 )(5 ) (2)-(2 5 ) (5 ) om(E). e

where

- 1 1.-. ~ n 1.
a1 :G7+|b|2_, G/2=—+§|b|z_, CL3:TL+G++|b|i, a4:i+§|b|i_ (232)

Solving for u/; and l;i gives

uh 1 (BLB_ —aya_ay)u" + (e, B_ — Bra_)b" N (a1 —az) [ ayl® (2.33)
v ) D\ (arB_az — Bra_a))u" + (ByB_ — ara_a3)b” D By )0
where D = Bi —a’as.

2.3 Characteristic speed versus shock speed

In the following we want to compare the shock speed with the characteristic speed after the shock
(in the + region). A shock is compressible if AT > v, > A~. The X corresponds to the fast or slow
magneto-acoustic wave. The slow and fast magneto-acoustic waves travel at speeds which are the
solution of equation (1.26), in the ideal gas case it transforms into:

6 (2 (222) ) ' = (n6 42 (24 15 ) ) @ a- @)+ B 1wy =0,

v v-1 v -1 o
(2.34)
and
|[uli du AE—wf
vy = £ = 1oome if o* =T(A\)()\,1,0,0) ) . (2.35)

V0o + it )l

The =+ in v} indicates if A is calculated ahead or after the shock. The other quantities in equation

(2.34) like B, z are then also calculated in the + region. In the following we take ¢* = I'(\)(\, 1,0,0).

To get a feeling for the meaning of v} we take the limit ¢ — co. Then equation (2.34) approaches to:
4 A2 < a2, Be

—(v —n(v ——B-B(v +—=0, 2.36

S0 —n()? ~ B Bd) + (236)

where v} — A* — 0% and with the solution

]. BB BB 2 B2

A2 2 z
v = c; + + <c2 + ) 4c¢2 s 2.37
( :i:) 2 s P) \/ s P) s P ( )

where ¢ = Lf represents the speed of sound. We now see that v} = cs/y corresponds to the fast/slow
)\MfHD
S,

magneto-acoustic speeds in classical MHD with the eigenvalues = v; £¢s/p. Because we work

with relative quantities like v} an equivalent expression for A* > v, > A~ is needed. For example
in MHD the equivalent inequality is AT — v, > vy — vy > A~ — v, . In relativity we have to add
velocities in a relativistic way. The relative shock speed v%, relative to the fluid velocity v, is then

e R (2.38)
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If ny — 1 (no shock) then v — v?, the relative shock speed approaches the relative characteristic
wave speed. The relative characteristic speed is given by equation (2.35), so
At —of v 4o}

7z_)A+
1—ovf )t

= . 2.39
1+ vf v} (2.39)

A
vy =

If v, = v. = 0 then v} (eq. 2.38) and vy (eq. 2.26) are the same. The shock relations (2.1) are
solved given z_,a_,|b|_, B_. This gives us the freedom to choose v, =v; =0and B =B =0
because we have nine unknowns and four determining equations. The four determining equations are
the relations (2.3) connecting the quantities z_, a_, |5|_,B_ to p—,p—,vs, By, B, , By, vy, v, 07 If
we choose v, = v, = 0 and B, = B, = 0 we also have, using equation (2.33), that v,/ = v =0
and B; = B = 0. Therefore, we have that the vy in equation (2.26) is equivalent to v’ in equation
(2.38). If ¢ — oo then v} = AT — v, But I want to compare (in the Newton limit) v™ = vy — v,
with o4 = AT — v, . The relativistic equivalent of 04 = AT — v, is:

~

AT —ou, ot — v} — o (1 —v)ol)
V4 =

T 1-up At ot —v)) — 1+ vhol

(2.40)

If ¢ = oo then 94 — AT — v, . The shock relations are solved for different v™, resulting in n, 2.
The v} can now be calculated and v follows from [pa] = 0. In Figure 1 I have plotted 94 and v" as
a function of 1/n4. In this Figure only the slow magneto-acoustic wave/shock solutions are plotted.
In Figure 1 the v™ curve cuts at 1/ny = 1 the vertical axis, representing the different characteristic
wave speeds in the S-frame. The lower cut represents the slow magneto-acoustic wave speed and the
upper cut represents the Alfvén wave speed. The region where the shock is compressive can now easily
be determined as the region where ¢ > v™ > v* holds. The shock curve in Figure 1 represents a
compressive shock from the point (1.0,0.247) to the point (0.553,0.488). In MHD, where a similar
curve exists, there are authors like Falle [3] which claim that already the point where v, > v} ...
represents an over-compressive! shock and is not allowed. In our case, this means that the shock curve
in Figure 1 represents a shock until the point (0.440,0.471). After this point the relative slow shock
speed v" is faster than the relative Alfvén shock speed v?,. . . For more details concerning this topic

Alfvén

the reader is referred to the papers of Wu [12], Myong [8] and Torrilhon [11].

2.4 Results

The shock relations (2.9,2.10) can be solved for the slow/fast magneto-acoustic shocks with the method
described in Section 2. To eliminate certain non-physical (entropy violating) solutions the following
conditions py > p_, py > p_, z+ < z_ and a_/ay > 1 from Majorana [7] must hold. The quantities
n.y, z+ can be plotted as a function of v_ if the quantities a_, |l~)|,, B_, z_ and n_ =1 ahead of the
shock are known. As already mentioned we are open to choose our reference frame because scalar quan-
tities are frame invariant. For convenience sake we calculate B_ in the fluid’s rest-frame ahead of the
shock and a_ in the S-frame, see Section 2.1. In the S-frame we have 4* = I'(v_)(1,v_,0,0) and [* =
(0,1,0,0). In the fluid’s rest-frame we have b* = |b|_(0, cos(¢), sin(¢),0) and I* = ['(v_)(v_,1,0,0).
The angle ¢ represents the angle between the shock normal and the magnetic field in the rest frame
of the fluid ahead of the shock. So,

a_ =D(v_)v_ , B_ =T(v_)|b|_cos(¢) . (2.41)

In Figure 2 the results for z_ = 10, |b|_ = 1 are shown for different ¢ as a function of v_. The points
where the line n, = 1 crosses the curve representing n as a function of v_ correspond, for increasing

LOver-compressive shock with shock speed vé is defined as /\;-" > /\j' > vg > /\j— > A7, J > 1>k and the indeces
1,7,k indicate the wave family. A compressive shock is defined as: /\;-t > )\:' > Ué > A > /\f.
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Figure 1: Plot of 04+ and v™ as function of 1/ny for ¢ =45°, z_ =10 and |I~)|, =1.

v_, to the slow magneto-acoustic wave speed, the Alfvén wave speed and the fast magneto-acoustic
wave speed. In the case of ¢ = 90° there is only a shock curve corresponding to a fast magneto-acoustic
wave. Parts of the slow shock curve do not represent shocks as was explained in the Section 2.3.

3. ALFVEN SHOCK

In the following we treat in more detail the Alfvén shock in the shock-frame. We follow the work of
Komissarov [5]. In the shock frame (* = (0,1,0,0) , a = u' , B = b'. The Alfvén shock relations in
the shock frame look like:

ul]:()

b =0

O &y
[w] = x[B] , x =4

From equation (3.1)* we find:
wh = ], (32)

and this expression can be substituted in the algebraic constraint u,b" = 0, resulting in:

b = aybl + a.bd +c (3.3)
where
_ u? — xb? " ud — xb> x|b1% (3.4)
R T u® — xb° :

The shock relation (3.1c) gives
)+ R+ (03)* =d, d=[p]> - (). (3.5)
The expression for b}, equation (3.3), can be substituted in equation (3.5).

a11(b3)? 4 2a12b7 0% + az(b3)* + 2a13b7 + 2a23b% +azs =0, (3.6)
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Figure 2: Shock solutions for different ¢ as function of v_ for z_ =10 and |B|, =1.

where
a11=1—a2 agzzl—aﬁ
— 2 —
azz = _(C + d) a12 = —0yQ; (37)
a13 = —Cay 23 = —CQy .

In Komissarov [5] it is shown that the conic (3.6) is an ellipse. The origin of the ellipse is located at

‘ c
(bi,bg) = B(ay,az) y D = a;1a22 — 2@12 . (38)
The minor and major axis are respectively
. A . A
ZZ _ _ = lZ —- 3.9
a D ? a D2 ? ( )
and the angle between the major axis and the y-axis is given by
a.
1 = arctan <—> . (3.10)
ay

The ellipse can also be described by

b3 = b2 + sin(v)l, cos(#) + cos(1))ly sin(6) (3.11)
b = b2 — cos(1h)l, cos(F) + sin(e)l, sin(h) . :
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and the free parameter 6. In Figure 3 a typical solution for bf_ and bf’;_ is shown.

|
-2 0 i)i 4 6

Figure 3: Plot of allowed combinations of bﬁ_ and bﬁ_ in the case of an Alfvén shock with b" =
(0.1,1.0,-1.5,1.5) and v = (1.0,0.3,0.1,—0.05).

4. EXACT RIEMANN SOLVER FOR SHOCKS ONLY

In the last sections it is explained how the state behind a shock can be calculated if the state ahead of
a shock is known. The unknown quantities are the four different shock speeds and the two parameters
6~ (67) describing the left (right) going Alfvén shock. In Figure 4 the different shocks occurring in
RMHD are plotted together with the symbols used to describe the different shocks/waves and the
symbols used to indicate the different regions. The —(+4) sign corresponds to a left (right) going
shock. The six shock relations at the contact discontinuity (CD) are:

p3—ps=0

vi—0vt=0

v —vt=0

y y

v; —vi =0 (4.1)
BS—B?‘f:O

B’—B*=0.

z

I8}

So, we have six unknowns and six (nonlinear)equations. This can be written in a more compact form:
F(X,07,6%) =0, (4.2)

where X is a parameterization of the four different shock speeds.

A standard nonlinear solver from the NAG library (CO5NBF) is used to solve the system (4.1). In
the following the vector X = (1‘1,1‘2,$3,$4)T is connected to the shock speeds. In the LAB-frame
we have the following characteristic wave speeds: /\Ef) , )\X) , /\gl). The (i) indicates in which region @
is calculated. The chfs represent the different shock speeds. In this part of the research we focus on
shocks only. The shock speeds are restricted to certain values:

(0) +
)\f <vy < 17
—-1< v; < )‘5‘)
AP <or <Al

A <oy < AP

(4.3)
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Figure 4: Plot of the different shocks occurring in RMHD and the symbols used in connection to these
shocks and waves.

In general a standard solver can not put restrictions on the domain of X. With the following trans-
formations on X we ensure that (4.3) holds for X € IR. For the fast shock we take
1 1
by = 5+ ;tan_l(m) (4.4)
where for the right (left) going shock z = z;1 (x = x3). Using the relativistic addition law we find for
the left(right) going fast shock:

A s RV L 7
'Uf :]-)\T, ’Uf —W (45)
T A s P Yy
For the slow shocks we take
1 vE _
V5 = 5V + —ttan” (@) (4.6)

where for the right (left) going shock @ = x5 (¢ = x4). To ensure that inequalities (4.3c) and (4.3d)
hold we take:

A2 @) AP A6
Vinar = TSm0 Ymer = TS0 (4.7)
1= A T=2A47As
Using the relativistic addition law we find for the left(right) going slow shock:
LAY AP gy
Vs = @y T G
L4+ A7 1= A5
We also put a restriction on 8% to ensure that 0 < §+ < 27.

6 — 7 + 2tan 1 (67F) . (4.9)
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All the ingredients to solve equation (4.2) are now present. If the left and right states of the Riemann
problem are given the solution can be calculated. The non-linear system solver needs an initial
guess for the vector X. This initial guess is used to calculate with the help of the slow/fast and
Alfvén shock solution the differences (4.1) at the CD which are used to correct the vector X. In
Table 1 the initial conditions of Problem 0 and the final results are shown. The starting vector
is (X = (0.1,0.1,0.1,0.1) , 6 = 0.0). After 76 iterations |[F(X,0=,6%) < 1-107? and (X =
(—1.6564, —28.40, —2.1875,0.5566) , 6~ = 0.5148 , 6 = 1.1156). The model Problem 4 of Balsara

State 7 || State 6 || State 5 || State 4 || State 3 || State 2 || State 1 || State O
P 0.1 0.3570 || 0.3570 1.7914 || 1.7914 1.7758 1.7758 1.0
p 1.08 1.7585 1.7585 || 4.2290 1.4130 1.4056 1.4056 1.0
Vg 0.4 -0.1197 || -0.4478 || -0.3599 || -0.3599 || -0.3625 || -0.3637 || -0.55
Uy 0.3 -0.0846 || -0.4319 || -0.1047 || -0.1047 || -0.1017 || -0.1223 || -0.2
v, 0.2 0.6504 || 0.3340 || 0.1680 | 0.1680 || 0.1661 0.1368 || 0.2
B, || 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
B, || 0.3 -0.6922 || -1.6275 || -1.0860 || -1.0860 || -1.0924 || -1.0212 || -0.7
B, || 0.3 2.0094 || 0.8692 || 0.6464 | 0.6464 || 0.6504 || 0.7468 || 0.5
Vg - -0.7379 || -0.7318 || -0.6211 || -0.3599 || 0.1593 || 0.2361 0.5259

Table 1: Initial state of Problem 0 and the intermediate states calculated with the exact Riemann
solver.

[2] contains only shocks and is also used to demonstrate the exact Riemann solver. In Table 2 the
results for Problem 4 are summarized. The starting vectoris (X = (0.1,0.1,0.1,0.1) , #* = 0.0). After
54 iterations |F(X,07,07)| < 1-107? and (X = (5.2778, 30.0443,5.2778,30.0443) , 6~ = —-1.0, 6 =
1.0). In general, small changes in the starting vector X do not change the convergent behavior of

State 7 State 6 State 5 State 4 State 3 State 2 State 1 State 0
P 0.1 855.7777 || 855.7777 || 1146.4811 || 1146.4811 || 855.7777 || 855.7777 || 0.1
p 1.0 51.7461 51.7461 61.4745 61.4745 51.7461 51.7461 1.0
Vg 0.999 0.0441 0.0441 0.0 0.0 0.0441 0.0441 -0.999
vy 0.0 0.0326 0.0326 -0.2877 -0.2877 0.0326 0.0326 0.0
v, 0.0 0.0326 0.0326 -0.2877 -0.2877 0.0326 0.0326 0.0
B, || 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0
By, || 7.0 16.6785 16.6785 0.0 0.0 -16.6785 || -16.6785 || -7.0
B, || 7.0 16.6785 16.6785 0.0 0.0 -16.6785 || -16.6785 || -7.0
Vs - -0.68029 || -0.14808 || -0.14797 0.0 0.14797 0.14808 0.68029

Table 2: Initial state of Problem 4 from Balsara [2] and the intermediate states calculated with the
exact Riemann solver.

the non-linear system solver. However, too large changes in the starting vector X result in a non-
convergent behavior of the non-linear system solver. The solver converges to an X which is not a
solution of F(X). In the next section the results of the exact Riemann solver are compared with the
results obtained with the Lax-Friedrichs scheme.

5. NUMERICAL SOLUTIONS

In the following the solutions of certain Riemann problems given in Table (3) are computed with the
Lax-Friedrichs (LF) scheme and to obtain second order in space a MINMOD reconstruction procedure
for the primitive variables is used. Therefore, the system (1.27) is solved numerically on the domain
x € [0,1] and at = 0.5 the domain is split in a Left(Right) region to define the Left(Right) initial
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Problem 1 || Problem 2 Problem 3 Problem 4 Problem 5

L R L R L R L R L R
P 1.0 | 0.1 30.0 | 1.0 1000.0 | 0.1 0.1 0.1 0.95 | 1.0
P 1.0 | 0.125 || 1.0 1.0 1.0 1.0 1.0 1.0 1.08 | 1.0

v, || 0.0] 0.0 0.0 |0.0 ] 0.0 0.0 0.999 | -0.999 || 0.4 | -0.45
vy || 0.0 0.0 0.0 |0.0 | 0.0 0.0 0.0 0.0 0.3 | -0.2
v, | 0.0] 0.0 0.0 |0.0 | 0.0 0.0 0.0 0.0 0.2 ]0.2
B, || 05]05 5.0 |5.0 | 10.0 10.0 || 10.0 | 10.0 20 |20
B, || 1.0 |-1.0 6.0 |07 || 7.0 0.7 7.0 -7.0 0.3 | -0.7
B. || 0.0 0.0 6.0 |07 | 7.0 0.7 7.0 -7.0 0.3 |05

Table 3: Left and right initial values for Riemann Problems, from Balsara [2].

conditions. A mesh is defined in the (z,t)-plane in order to discretize equation (1.27). The points
on the mesh are at locations (z; = iAx, t" = nAt) with i =0,.., N, and n = 0,.., N;. The discrete
values of U(x,t) at (iAz, nAt) will be denoted by U?. The conserved variables U(z,t) are advanced
in time in the following way:

At
1
Ut = U+ (F - FH%) , (5.1)
where F;, 1 is the flux through the cell face located at x;, 1. To ensure that no waves interact within
a cell, the time step must satisfy the condition:

A
At = Snx 0<o<1, (5.2)

max

where o is the Courant number, S}}, .. the largest signal velocity in the domain at a certain time step

t" and Az = 1.0/N, is the grld spacing used. In all following calculations we take for simplicity

ST ae = 1, the speed of light. The LF flux is computed according to:
1 n n max n n
Fii1= 5 (Fz +Fi - Gy (U4 —U; )) ) (5.3)
where
i1 = maz[C, O], O = (mazy[|Ap]); - (5.4)

The eigenvalues for the magneto-sonic waves are given by solving the quartic (1.26) with the NAG
library routine CO2ALF.

To find the primitive variables from the conservative variables one nonlinear equation must be solved
as is the case in SRHD. We have the conserved quantities, the vector U in equation (1.28),

D =pl’
S = (phI'* + B?)v — B(v - B) (5.5)
T = phl'? + %Bz —p+ %(Bzv2 —(v-B)?).

Define

S? =8-S = (phl'?)?v? + (2phl'? + B?)(B?*v? — (v - B)?)
M=S B=phl2(v-B).

Introduce

T = phl'? | (5.7)
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then, rearranging the expression for the enthalpy h = (e + p)/p and using the state equation (1.20)
gives:

(ph—p) =

), (5.8)

p:

i~

Xr
(&=

21| =
21| =

and

v-B) =2 (5.9)

T
From equations (5.6a) and (5.9) an expression for v follows

, SZ+201%/x+ [*°B?/z?
| VA—
(z +B2)?

(5.10)

The expression for 7, equation (5.5¢) can be simplified to an expression containing only one unknown:

v—1 x D 1/ B? (S-B)? 5
o _ _Z =7r—B?%. 5.11
o)== 22 (e - w) 2 (e + ) = o4y
With a Newton-Raphson procedure this equation in z can be solved. It uses the Jacobian %:

dr 3 (S-B)?(32%+3:B>+B*)+8%:°
a7 : (512)

_ : ar ( 2z D B : :
E=1+55 —%JF%(»—W—»—WJFFT)

In Koldoba [4] it is argued that f(z) is monotonously increasing. For a positive pressure we must
have lf—z > D?. This is true for z > Z where % is the maximal real root of 15—2 = D?. So there exists a
solution if f(Z) < 7 — B2.

The LF-scheme is used to compute Problem 1 and 3 in Table 3. The results are plotted in Figures
5 and 6, respectively and show good agreement with the results obtained with the more advanced
numerical method given in Balsara [2]. In Figure 5 we can distinguish the seven waves/shocks occurring
in RMHD. From left to right we have: rarefaction wave, compound wave (this is a combination of
a (Alfvén) shock and a rarefaction wave), contact discontinuity, slow shock, Alfvén shock and a fast
shock. The Figure also shows the behavior of the solution under mesh refinement. Figure 6 shows the
RMHD equivalent of the ultra-relativistic shock already encountered in SRHD, see Odyck [9].

5.1 Comparing exact with LF solution

Figures 7 and 8 show the exact and LF-solution of Problem 0 and Problem 4, respectively. They show
good agreement between the exact and the numerical solution. This is quantified in Table 4 where
the L; norm, defined as

M
ly™ [l = Az o7 (5.13)
=1

is given and, in our case, y;' represents p;* or pi'. The quantities between the brackets in Table 4 are
defined as

lly™ — y||32®

: (5.14)
g — ]| 37

and are an indication of the discretization order. For a first order scheme they should approach the
value two. The values in Table 4 show first order behavior as is expected for a second order scheme
(in space) in the presence of shocks.
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Problem 0 Problem 4
Ax [lp" = plh p" = plls [ 1lp" —plls | [lp" = plh
0.0025 0.01800 0.06647 10.91 0.7765
0.00125 0.01026 (1.8) | 0.03846 (1.7) | 6.45 (1.7) | 0.4437 (1.8)
0.000625 | 0.00573 (1.8) | 0.02304 (1.7) | 4.13 (1.6) | 0.2812 (1.6)
0.0003125 | 0.00271 (2.1) | 0.01289 (1.8) | 2.12 (2.0) | 0.1434 (2.0)
0.00015625 | 0.001563 (1.7) | 0.007597 (1.7) | 1.06 (2.0) | 0.0739 (1.9)

Table 4: The Ly norm as function of Ax for Problem 0 (at T = 0.4) and Problem 1 (at T = 0.6).

6. CONCLUSIONS

It is shown how the RMHD equations are derived from the Maxwell equations and the laws of conser-
vation of energy, momentum and number of particles under the assumption of infinite conductivity.
The jump conditions are studied and a detailed description is given of a solution method to solve the
shock relations for the slow and fast magneto-acoustic shocks. A method is developed to solve the
RMHD Riemann problem in the case of shocks only. The exact solutions are compared with the nu-
merical solutions calculated with the Lax-Friedrichs method. The results show that the Lax-Friedrichs
solution converges to the exact solution but more important it indicates that the exact Riemann solver
works.
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