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Abstract

The paper deals with the realization theory of linear and bilinear hybrid systems, i.e.
hybrid systems with continuous dynamics determined by linear ( respectively bilinear )
control systems. We will formulate necessary and sufficient conditions for the existence
of a linear (bilinear ) hybrid system realizing the specified input/output maps. We
will also present a characterization of a minimal linear (bilinear) hybrid realization and
a procedure to convert a linear (bilinear) hybrid system to a minimal one. Partial
realization of linear (bilinear) hybrid systems will be discussed too.

1 Introduction

Realization theory is one of central topics of systems theory. Apart from its theoretical
relevance, realization theory has the potential of being applied for developing control and
identification methods, as development of linear systems theory has demonstrated.

The current paper develops realization theory for two special classes of hybrid systems
called linear hybrid systems and bilinear hybrid systems. A linear (bilinear) hybrid system
is a hybrid system such that the continuous dynamics at each location is determined by a
continuous time linear (bilinear) control system and the system switches from one discrete
location to another whenever an external discrete input event takes place. The automaton
specifying the discrete-state transition is assumed to be deterministic. Discrete events act
as discrete inputs, one can specify arbitrary sequence of them arriving at any time instant.
There are no guards and the reset maps are assumed to be linear. The inputs of a linear
(bilinear) hybrid system are of two types. Piecewise-continuous inputs are fed to the linear
(bilinear) system belonging to the current discrete location. Timed sequences of discrete
events determine the relative arrival times and relative order of external events which trigger
transition of discrete states. The outputs of the linear (bilinear) hybrid system consist of the
continuous outputs of the underlying linear systems and the discrete outputs of the discrete
states. The class of linear hybrid systems studied here is completely different from linear
hybrid systems (linear hybrid automaton ) from [6]. The class of hybrid systems studied in
this paper bears a certain resemblance to linear switched systems [15], except that in [15]
the external discrete events are viewed as disturbances not as inputs and the finite state
automaton is non-deterministic.

The paper presents a solution to the following problems.

1. Reduction to a minimal realization Consider a linear ( bilinear ) hybrid system H, and
a subset of its input-output maps ®. Find a minimal linear ( bilinear ) hybrid system



which realizes ®.

2. Ezxistence of a realization Find necessary and sufficient condition for existence of a
linear (bilinear) hybrid system realizing a specified set of input-output maps.

3. Partial realization Find a procedure for constructing a linear (bilinear) hybrid system
realization of a set of input-output maps from finite data.

The following results are presented in the paper.

e A linear (bilinear) hybrid system is a minimal realization of a set of input-output maps
if and only if it is observable and semi-reachable. Minimal linear (bilinear) hybrid
systems which realize a given set of input-output maps are unique up to isomorphism.
Each linear (bilinear) hybrid system H realizing a set of input-output maps ® can be
transformed to a minimal realization of ®.

e A set of input/output maps is realizable by a linear hybrid system if and only if it
has a hybrid kernel representation, the rank of its Hankel-matrix is finite, the discrete
parts of the input/output maps are realizable by a finite Moore-automaton and certain
other finiteness conditions hold. A set of input/output maps is realizable by a bilinear
hybrid system if and only if it has a hybrid Fliess-series expansion, the rank of its
Hankel-matrix is finite and the discrete parts of the input/output maps are realizable
by a finite Moore-automaton. There is a procedure to construct the linear (bilinear)
hybrid system realization from the columns of the Hankel-matrix, and this procedure
yields a minimal realization.

e There exists a procedure which constructs a linear (bilinear) hybrid system realization
from finite data. Under certain conditions, similar to those for linear and bilinear
systems, this realization is a minimal realization of the specified input-output maps.

Earlier works on realization theory dealt with realization theory of linear switched systems (
hybrid systems of the type described in [11] ), see [12, 13]. There is a strong link between the
notion of minimal realization and the notion of biggest bisimulation. In fact, for deterministic
systems the biggest bisimulation coincides with the indistinguishability relation. For more
on bisimulation for hybrid systems see [15, 17, 10]. The main tool used in the paper is the
theory of formal power series. The connection between realization theory and formal power
series has been explored in several paper, see [8, 16, 7]. The theory of partial realization is
analogous to that of for linear and bilinear systems, see [5, 9].

The outline of the paper is the following. The first section, Section 2, sets up some no-
tation which will be used throughout the paper. Section 4 contains the necessary results on
formal power series. Section 3 presents realization theory of finite Moore-automata. Section
5 describes the notion of linear hybrid systems. Section 5.1 presents certain properties of the
input-output maps generated by linear hybrid systems. Finally, Subsection 5.2 develops re-
alization theory for linear hybrid systems. Subsection 5.3 presents partial realization theory
for linear hybrid systems and algorithms for checking observability and reachability as well as
computing minimal realization. Section 6 introduces the notion of bilinear hybrid systems.
Subsection 6.1 presents certain properties of the input-output maps generated by bilinear
hybrid systems. Subsection 6.2 develops realization theory for bilinear hybrid systems. The
last section, Subsection 6.3, discusses the relationship between bilinear hybrid systems and
linear hybrid systems. It turns out that the class of input-output maps generated by linear
hybrid systems is contained in the class of input-output maps generated by bilinear hybrid
systems.



2 Preliminaries

For an interval A C R and for a suitable set X denote by PC(A, X) the set of piecewise-
continuous maps from A to X, i.e., maps which have at most finitely many points of dis-
continuity on any bounded interval and at any point of discontinuity the left-hand and the
right-hand side limits exist and are finite. For a set ¥ denote by ¥* the set of finite strings
of elements of . For w = ajas---ax € ¥*, ay,a9,...,a; € 3 the length of w is denoted
by |w], i.e. |w| = k. The empty sequence is denoted by e. The length of € is zero: |e| = 0.
Let ©* = ¥* \ {€¢}. The concatenation of two strings v = vy -+ vk, w = w1 - - Wy, € B* is
the string vw = vy - vpwy - - - wy,. We denote by w¥ the string w---w. The word w° is
k—times
just the empty word e. Denote by T the set [0,400) C R. Denote by N the set of natural
numbers including 0. Denote by F(A, B) the set of all functions from the set A to the set
B. For any two sets A, B, define the functions II4 : Ax B — A and I[Ig : Ax B — B by
I4(a,b) = a and IIg(a,b) = b. By abuse of notation we will denote any constant function
f:T — A by its value. That is, if f(t) =a € A for all t € T, then f will be denoted by
a. For any function f the range of f will be denoted by Imf. If A, B are two sets, then the
set (A x B)* will be identified with the set {(u,w) € A* x B* | |u|] = |w|}. For any set A
we will denote by card(A) the cardinality of A. For any two sets J, X an indezed subset of
X with the index set J is simply a map Z : J — X, denoted by Z = {a; € X | j € J},
where a; = Z(j),j € J. Let f: Ax (B x C)" — D. Then for each a € A, w € B*
we define the function f(a,w,.) : C!*! — D by f(a,w,.)(v) = f(a, (w,v)),v € C'*!. By
abuse of notation we denote f(a,w,.)(v) by f(a,w,v). Denote by N¥ the set of k tuples
of non-negative integers. If @ = (ay,...,a1) € N¥ and 8 = (B1,...,0m) € N™, then
(a,B) = (a1, .. an, B1,- -, Bm) € NFF Let ¢ : RF — RP, and a = (ay,as,...,q;) € N¥.
We define D¢ by

dor do: don

D% =
T AT

¢(t1at2v o 7tk)‘t1:t2:"':tk:0'

For each f:T — A, A an arbitrary set, and for each 7 € T denote by Shift.(f) the map

Shift-(f) : T2t f(r+1)

3 Finite Moore-automaton

A finite Moore-automaton is a tuple A = (Q,T', 0, §, \) where Q, T are finite sets, § : @QxT' —
Q, A : Q — O. The set Q is called the state-space, O is called the output space and T is
called the input space. The function ¢ is the state-transition map, X\ is the readout map.
Denote by card(A) the cardinality of the state-space @ of A, i.e. card(A) = card(Q).
Define the functions 4 : QxI"* — @ and X Q x I'* — O as follows. Let g(q, €) = ¢q and

d(q,wy) = 6(6(q,w),y),w eI, yeT

Let A(g, w) = A(d(¢q,w)),w € T'*. By abuse of notation we will denote § and A simply by &
and A respectively.

Let D ={¢; € F(I'*,0) | j € J} be an indexed set of functions. A pair (A, () is said to
be an automaton realization of D if A= (Q,I,0,5,)), (:J — Q and

MC3G),w) = ¢ (w), Vw €T*,j € J



An automaton A4 is said to be a realization of D if there exists a ¢ : J — @ such that (A, ()
is a realization of D.

Let (A, ¢) and (A',¢') be two automaton realizations. Assume that A = (Q,T',0,5,\)
and A’ = (Q/', 17, 0,6, /\/). Amap ¢:Q — Q' is lsaid to be an automaton morphism from
(A4,¢) to (A, ('), denoted by ¢ : (A,¢) — (A", () if 6(5(g,7)) = 8 (6(g),7),Yg € @,y €T
, M) = M (9(9),Yq € Q, ¢(¢(j)) = ¢ (4§),7 € J. An automaton realization (A, () of
D is called minimal if for each automaton realization (A, (") of D card(A) < card(A).
Let ¢ : T — O. For every w € I'* define wo ¢ : IT'* — O-the left shift of ¢ by w as
wo ¢(v) = ¢p(wv). For D = {¢; € F(I'*,0) | j € J} define the set Wp C F(I'*,0) by

Wp={wo¢g; :I" =0 |wel", jeJ}
An automaton A = (Q,T,0,6,)\) is called reachable from Qo C Q, if
VgeQ:JweTl* g€ Qo:q=0d(qg,w)

A realization (A, () is called reachable if A is reachable from Im{. A realization (A, () is
called observable or reduced, if

Vai,q2 € Q : [Vw € I' : Mq1,w) = Mgz, w)] = @1 =2

The following result is a simple reformulation of the well-known properties of realizations
by automaton. For references see [4].

Theorem 1. Let D = {¢; € F(I'*,0) | j € J}. D has a realization by a finite Moore-
automaton if and only if Wp is finite. In this case a realization of D is given by (Acan, Cean)
where A= (Wp,T',O,L,T), Cean(j) = ¢; and

L((ba’)/) =70 d)} T(¢) = (b(E), ¢ € WD)V € r
The realization (Acan, Cean) is Teachable and observable.

Theorem 2. Let (A, () be a finite Moore-automaton realization of D = {¢; € F(I'*,0) |
j € J}. The following are equivalent:

o (A, Q) is minimal,
e (A, () is reachable and observable,
o card(A) = card(Wp),

e For each reachable realization (.A/,C/) of D there exists a surjective automaton mor-
phismT : (A ,() — (A, (). In particular, all minimal realizations of D are isomorphic

The realization (Acan, Cean) i minimal.
For each map ¢ : I'* — O and for each V € N define

ON = Pl{wer+|jw|<N}

Let D ={¢; € F(I'*,0) |je J}. Let A= (Q,T,0,6,)),(:J — Q. The pair (A, () is said
to be N-partial realization of D if

Vw e T, Jw| < N : A((j),w) = ¢j(w)
For each N, M > 0 define

Wonm ={(wooj)am|jeJwel™ |w <N}



Theorem 3 (Partial realization by automaton). With the notation above the following
holds.

o If (A, () is a realization of ® and card(A) < N , then
card(Wp n n) = card(Wp)

o If cardWp nN+1) = cardWp nt1,n) = card(Wp yn), then (An,(n) is an N-
partial realization of D, where

Ay = Wp NN, T,0,6,N)
where for each w € I'*,|w| < N,j € J 6((wo ¢j)n,x) = (wz o ¢j)n, Vf € Wp NN -
A(f) = f(e), Vi€ J,C(j) = &5ln.

e If D has a realization (A,({) such that N > card(A), then (An,(n) is a minimal
realization of D.

4  Formal Power Series

The section presents the necessary results on formal power series. For more on the classical
theory of rational formal power series, see [1, 16]. The results of the current section are
extensions of the classical ones. Most of material of the current section can be found in
13, 14].

Let X be a finite alphabet. A formal power series S with coefficients in RP is a map

S:X*—RP

We denote by RP <« X* > the set of all formal power series with coefficients in RP. An
indexed set of formal power series ¥ = {S; € RP <« X* >>| j € J} is called rational if there
exists a vector space X over R, dim X < 400, linear maps

C:X—->RP A, : X > X, 0eX

and an indexed set B = {B; € X | j € J} of elements of X such that for all y,...,0; €
X, k>0,
Sj(O’lo'g ce O’k) = CAUkAUk71 te AalBj-
The 4-tuple R = (X, {A;}zex, B,C) is called a representation of S. The number dim X is
called the dimension of the representation R and it is denoted by dim R. In the sequel the
following short-hand notation will be used A, := Ay, Aw,_, -+ Aw, for w =w;---wy. A
is the identity map. A representation R,,;, of W is called minimal if for each representation
R of W it holds that dim R,,;, < dim R. It is easy to see that if ¥ rational and v’ C v,
then ¥ is rational.
Define wo S € RP « X* > — the left shift of S by w by

Yo e X" :woS(v) =S(wv)

The following statements are generalizations of the results on rational power series from [1].
Let ¥ = {S; € R? < X* >»| j € J}. DefineWyg by

Wy =Span{wo S; e RP < X" >|je Jwe X"}
Define the Hankel-matrix Hy of ¥ as Hy € RT*DXX"X)) 1 — 119 pl and
(Hy) (i) wg) = (S5)i(vu)
Notice that dim Wg = rank Hyg.



Theorem 4. Let ¥ = {S; € R? < X* >|j e J}. The following are equivalent.
(i) W is rational.
(1) dim Wy = rank Hy < +00,

(iii) The tuple Ry = (Wy,{As}oex,B,C), where A, : Wg — Wy , A,(T) = 00T,
B={BjeWy|jeJ}, Bj=Sj foreachjec J,C: Wy — RP, C(T) =1T\(e), defines
a representation of V.

The representation Ry is called free. Since the linear space spanned by the column
vectors of Hy and the space Wy are isomorphic, one can construct a representation of W
over the space of column vectors of Hy in a way similar to the construction of Ryg.

Let R = (X,{As}sex,B,C) be a representation of . Define the subspaces Wx and
OR of X by

Wgr = Span{A,,B; |w e X*,j € J} and Og = ﬂ ker C A,
weX*

A representation R is called observable, if Or = {0}. A representation R is called reachable,
if dim R = dim Wg.
It is easy to see that if n = dim X', then

Og = ﬂ ker CA,, and Wg = Span{A,B; | j € J, |w| < n}

weX*,|lw|<n

That is, if J is a finite set, then observability and reachability of representations can be
checked by checking whether certain finite matrices are of full rank. Moreover, if R is a
representation of ¥, then R can be transformed to a reachable representation of W:

R, = (WR, {AJ|WR}U€Xa Ba C|WR)

It can also be transformed to an observable representation of W:
Ro — (X/OR, {A;bs}ze){yBObs; Cobs)

where C°%(z + OR) = Cu, B}’bs = B + Og, As(x + Ogr) = A,z + Og. The constructions
above are computable from R if J is finite. o

Let R = (X,{As}zex, B,C) and R = (X, {A}zex, B, C) be two representations of W.
Then a linear map T : X — X is called a representation morphism from R to R, denoted
by T: R — R, if

TA,=AT, (xeX) TB;=B;,(jeJ), C=CT

The representation morphism 7' is said to be injective (surjective), if it is an injective (
surjective ) linear map. A representation isomorphism is simply a bijective representation
morphism. Two representations are said to be isomorphic, if there exists a representation
isomorphism between them.

Let R = (X,{A.}zex, B,C) be a representation and let W C X be a linear subspace of
X. R is said to be W-observable, if W N Opr = {0}. It is clear that if R is observable, then
R is W-observable for any subspace W. It is also easy to see that if R is W-observable and
T:R—R isa representation morphism then 7’|y is an injective linear map.



Theorem 5 (Minimal representation). Let ¥ = {S; € R? < X* >| j € J}. The
following are equivalent.

(i) Rpmin is a minimal representation of W,
(1) Runin is reachable and observable,
(#ii) rank Hg = dim Wy = dim Rypin,

(iv) If R is a reachable representation of W, then there exists a surjective representation
morphism T : R — Ruin.

In particular, if R is a minimal representation, then T is a representation isomorphism.

Using the theorem above it is easy to check that the free representation Ry is minimal.
One can also give a procedure, similar to reachability and observability reduction for linear
systems, such that the procedure transforms any representation of ¥ to a minimal represen-
tation of ¥. If R = (X, {As}sex, B,C) is a representation of ¥, then for any vector space
isomorphism T : X — R™, n = dim R, the tuple R = (R, {T'A,T Y pex, TB,CT™ 1) is
also a representation of W. It is easy to see that R is minimal if and only if R’ is minimal.
From now on, we will silently assume that X = R"™ holds for any representation considered.

For each formal power series S € R? < X* > and for each N € N define Sy =
S{wGX*,|w|§N}- Let ¥ = {Sj € R <« X* >>| j € J} and let R = (X,{Aw}mex,C,B),
B ={B; € X|je€ J} be arepresentation. The representation R is said to be an N -partial
representation of W if

Vje J,Vwe X*, |lw| < N :Sj(w) = CA,B,

Define the sets Iy = {(v,i) | v € X*,|v| < M,i =1,...,p}, Jn = {(w,j) | j € J,u €
X, |u| < N} Define H‘I’,N,JVI € RImxJn by

(Hy N.M) (0,0, () = ((Sj(uv));)
Notice that Hy s is a finite matrix, if J is finite. Define
We nm = Span{(wo S;)|pm | w e X*, |w| < N,j € J}
Notice that rank Hy y pr = dim Wy n ar.

Theorem 6 (Partial representation). (i) If R is a representation of ¥, dimR < N,
then rank Hy = rank Hy n N

(i1) Ifrank Hy n n = rank Hy y n+1 = rank Hg nyi1 n, then there exists an N -representation
Ry of ¥, such that
RN = (W\I/,N,N7 {Aa:}a:EXa 07 B)

and it holds that Ay((wo S;)n) = (wz o Sj)n, C(T) = T(e), Bj = (Sj)n for each
jeJandz e X,we X*, |w| <N.

(iii) If U has a representation R such that N > dim R, then Ry is a minimal representation
of .

The theorem above implies that if J is finite and we know that ¥ has a representation
of dimension at most IV, then a minimal representation of ¥ can be computed from finite
data.



5 Linear Hybrid Systems

This section contains the definition and elementary properties of linear hybrid system. The
notation and notions described in this section are largely based on [12].

Definition 1 (Linear hybrid systems). A linear hybrid system (abbreviated as HLS ) is a
tuple H = (sz/{)ya (Xqquanva)qEQa {Mql,'y,qg | Q1,492 € Qafy € Fan = 5(q2a7)}) where
A= (Q,T,0,8,)) is a finite Moore-automaton, X; = R™, U = R™, Y = RP for some
Ng,p,m>0,g€Q and Ay : Xy = Xy, By : U — Xy, Cq : Xy = Y and Mg, g, : Xy, — Xgy
are linear maps.

Let H = U,cqola} x Xy Let X = @ o Xy, An = A. The inputs of the linear hybrid
system H are functions from PC(T,U) and sequences from (I x T')*.

The interpretation of a sequence (v1,t1)--- (Y, tx) € (I' x T)* is the following. The
event ~y; took place after the event v;_1 and ¢;,_; is the elapsed time between the arrival of
Yi—1 and the arrival of ;. That is, t; is the difference of the arrival times of v; and ;1.
Consequently, t; > 0 but we allow ¢; = 0, that is, we allow ~; to arrive instantly after ~;_;.
If = 1, then t; is simply the time when the event v, arrived.

The state trajectory of the system H is a map

€y Hx PO(T,U) x T xT)* xT —H

of the following form. For each v € PC(T,U), w = (y1,t1) - (Y, t) € (T X T)*, tg41 € T,
ho = (g0, 20) € H it holds that

Er(ho,u,w, tg1) = (6(qos 71+~ k), o (ho, u, W, tig1))

where the map = : T 3 ¢t — x g (ho,u,w,t) is the solution of the differential equation

k

d

(1) = Ag,x(t) + By u(t + > )
1

where ¢; = 0(qo,v1--7%), ¢ =1,...,k and
CC(O) = xH(h(% u, w, 0) = M‘]kv'YkﬁQk—le(xO’ u, (71a tl) s (’kala tkfl)v tk)
it k>0 and z(0) =z if £ = 0. In fact,
xH(hO’ u, w, tk-l-l) = exp(AfIktk+1)qua'Yk7Qk—l exp(Aqk—ltk) T
U th,’h#lu eXp(Athl)xO +
k
+ Z exp(Ag, th1) Moy yiesqey €XP(Ag_1tk) - Moy i X
i=0

tit1
x [ el (s — ) By ()i
0

where ¢;11 = 6(q;, Yit1), wi(s) = “(22:1 t; + ), 0 <14 < k Define the set
Reach(X,Ho) = {zg(ho,u,w,t) € X |u e PC(T,U),w e (T xT)*,t €T, hy € Ho}

H is semi-reachable from Hg if X is the vector space of the smallest dimension containing
Reach(H, Hy) and the automaton Ag is reachable from IIg(Ho). Define the function vy :
Hx PC(T,U) x (T xT)*xT —Y x O by

UH((QOa J)o), u, (w’T)7t) = ()‘(quw)7 quH((qO,mO)auv (va)’t))



where ¢ = 6(qp, w). For each h € H the input-output map of the system H induced by h is
the function

vir(h,.) : PO(T,U) x (T x T)* x T 3 (u, (w,7),£) — v (h,u, (w,7),t) € Y x O

Two states hy # hy € H of the linear hybrid system H are indistinguishable if vy (hy,.) =
vg(ha,.). H is called observable if it has no pair of indistinguishable states. A set ® C
F(PC(T,U) x (' x T)* x T, Y x O) is said to be realized by a linear hybrid system H if
there exists p : & — H such that

VfE@S UH(M(f)?'P):f

Both H and (H, p) are called a realization of ®. Thus, H realizes ® if and only if for each
f € ® there exists a state h € H such that vy (h,.) = f. We say that a realization (H, u) is
observable if H is observable and we say that (H, i) is semi-reachable if H is semi-reachable
from Img.

For a linear hybrid system H from Definition 3 the dimension of H is defined as

dim H = (card(Q), Y dimX,) e N x N
q€Q

The first component of dim H is the cardinality of the discrete state-space, the second
component is the sum of dimensions of the continuous state-spaces. For each (m,n), (p,q) €
N x N define the partial order relation (m,n) < (p,q), if m < p and n < q. A realization H
of @ is called a minimal realization of ®, if for any realization H' of ®:

dim H < dim H'

The reason for defining the dimension of a linear hybrid system as above is that there is a
trade-off between the number of discrete states and dimensionality of each continuous state-
space component. That is, one can have two realizations of the same input/output maps,
such that one of the realizations has more discrete states than the other, but its continuous
state components are of smaller dimension than those of the other system.

Let (H,p) and (H', ;1) be two realizations

Aau7ya (Xqququva)qEQa {Mql,'y,qg | 41,92 € Qv’Y € F7Q1 = 5(q2a7)})
AUV, (X Ay By Cgeqr s AMy, g, | 41,02 € Q7 € Tan = 6(a2,7)})
where A = (Q,T,0,6,A) and A" = (Q',1,0,8 ,\). A pair T = (Tp,T¢) is called an

O-morphism from (H, ) to (H , ), denoted by T : (H,u) — (H , i), if the the following

holds. Tp : (A,up) — (A’ jip), where up(f) = Ho(up(f)), up(f) = To(up(f)), is an
automaton morphism and T¢ : @9 1€Q X, — @D 1€Q’ X, is a linear morphism, such that

H =

(
H =

o Vg eQ:To(X)) C Xy s

/

o Tody=Ap .,

To ToBy= By, Co=CrTc foreachqeq,
i TCM‘h,’Y#h = M;“D(ql),'y,TD(qg)T07 th,(h € Q,’Y € Fv(s(qQafY) = {q1,

o To(Mx, (u(f) =Ty (4 (f)) for each g = pup(f), f € .

Tp(a)
The O-morphism T is said to be injective, surjective or bijective if both Tp and T are respec-
tively injective, surjective and bijective. Bijective O-morphisms are called O-isomorphisms.
Two linear hybrid system realizations are isomorphic if there exists an O-isomorphisms
between them.



5.1 Input-output maps of linear hybrid systems

This section deals with properties of input-output maps of linear hybrid systems. Let f €
F(PC(T,U) x (' x T)* x T,¥Y x O) be an input-output map. Define fo = Iy o f :
PCTU)x (TxT)y*xT —Yand fp =Hpo f: PC(T,U) x (' xT)*xT — O.

Definition 2 (hybrid kernel representation). A set ® C F(PC(T,U) x (T x T)* x
T,Y x O) is said to have hybrid kernel representation if there exist functions KI;® : RF+1 —
R?P  and Gi’i : R — RPX™ for each f € ®,w € T*,|w| =k,j=1,2,...,k+1, such that

1. YweT*Vfed j=1,2,... |wl +1: K?® is analytic and Gi; 18 analytic

2. For each f € ®, the function fp depends only on T'*, i.e

Yuq,ug € PC(T,Z/{),U) S F*,Tl,Tz S lel,tl,tg eT:
fo(ur, (w,m1),t1) = fp(uz, (0, 72),t2)
The function fp will be regarded as a function fp :T* — O.

3. FOT@aCth(I),’lU:’Yl’YQ""}/kEF*,th’_lGT, "Y17...,’)/kGF,I:(tl,...7tk)Gka

fo(u, (w,t),tes1)) = KLP (b, ot trgn)+
tit

it1
+ Z G£i+1 Z(ti+1 — S, ti+2, N ,tk+1)0iu(8)d8

where oju(s) = u(s + 25:1 t;).

Using the notation above, define for each f € ® the function yg’q) : PC(T,U) x (T x
T)*xT — Y by

i+1
f<1>( (w t tk+1 Z/ GZ](]};+1 i tz—i—l — 8, tit2,. .- ,tk+1)aiu(5)ds

where t = (t1,...,tr). It follows that yo’q)(u, (w,7),t) = fo(u, (w,7),t) — fc(0, (w,7),t).
If (H,u) is a realization of ®, then for each f € ®, y/'® = IIy o vy ((Tg(u(f)),0),.).
If the set ® has a hybrid kernel representation, then the collection of analytic functions
{K{;‘I’,Gijj |weTl* j=1,2,...,jw|+ 1, f € ®} determines {fc | f € ®}. Since K/® is
analytic, we get that the collection {D*K/®, DﬁGf;’j? | @ € NIl 3 € N7} determines K/®

and G ? locally.
For each f € ®, w € PC(T,U),w € T'* define the maps

fC(U,wa ) : le‘+1 > (tl, s ;t\wH—l) = fC(ua (w7t1 T t\w|)vt|w\+1)

and
K ,
ot (ww, ) s TS () = 0 (s (w0, t ), 1)

By applying the formula 4 fo flt,n)dr = f(t,t) + fot 4 f(t,7)dr and Definition 2 one
gets
DYKl® = Dfc(0,w,.) DéG{U’fez = Dﬁyg’q)(ez, w,.)
where w = vy -, | < k+1, NFFL 5 3 = (10,0,...,0 ,& + 1,&,...,&), and e, is the
———

k—Il+1—times
zth unit vector of R™, i.e el'e; = §,;. The formula above implies that all the high-order
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derivatives of the functions K% Gi}?— (fed,wel* j=1,2,...|w| + 1) at zero can be

computed from high-order derivatives with respect to the relative arrival times of discrete
events of the functions from ®. With the notation above, using the principle of analytic
continuation , from the discussion above one gets the following

Proposition 1. Let & C F(PC(T,U) x (T x T)* x T,Y x O). The pair (H,un), where

H = (Aauvya (Xqququch)qGQa{Mql,ry,@ | q1,92 € Qa’y € Pan = 5((]277)})’ A=
(Q,T,0,0,X) is a realization of ® if and only if ® has a hybrid kernel representation and
for eachw eT*, f€®, j=1,2,...,m and a € N¥I*1 the following holds

@ @
Do‘yg (ej,w,.) = DBGf7k+27lej =

w
CQkAg:+1MQk7’kagk—1 T qu,"/z,qulAg‘llf_lle—lej
D% fc(0,w,.) = DQK£’® = Cp A My iy 'Mqlﬁhqu%xO
fo(w) = Aqo,w)
where | = min{h | ap > 0}, e, is the zth unit vector of U, f = (ay — 1,...,Q)y4+1) and

W=y Yk V1s---5 Yk €1, q5 = 0(qo, 71 - ) and p(f) = (qo, o).

5.2 Realization of input-output maps by linear hybrid systems

In this section the solution to the realization problem will be presented. That is, given a set
of input-output maps we will formulate necessary and sufficient conditions for the existence
of a linear hybrid system realizing that set. In addition, characterization of minimal systems
realizing the specified set of input-output maps will be given.

The following two theorems characterize observability and semi-reachability of linear
hybrid systems. Observability of related classes of hybrid systems was investigated in [18,
2, 3]. Let

H = (Avu;ya (Xq7Aq7Bq7Cq)q€Qa {Mql,’y,qQ ‘ q1,q2 € Q/Y € F7q1 = 5(Q27’Y)})

be a linear hybrid system. The following theorems hold.

Theorem 7. H is observable if and only if
(i) For each s1,s2 € Q, s1 = so if and only if for all v1,...v € 41, .., jk+1 > 0,0 <
I<kk>0:
A(s1,71 ) = A(s2,71 k) and
CQRAf;iJrl qu,’ylmqkfl o qu+1m+17qz AZ]lLqu =
Aji B

Je+1
Cvk,AUk MUIm’Yk,'UIc—l M

Vi41,7141,V1

where ¢; = 8(s1,v1---7y;) and v; =8(s2,71---7;),7 =0,1,... k.
(ii) For each q € Q it holds that O 4 := (), cp+ Ogw = {0} C Xy where Vw = vy -+ -y €
F*afyla" Yk € F7k > 0:

— Jk+1 . J1
Ogow = m ker Cg, Aqk Moy viesai—1 Mql,'thoA%
J1seJk >0

where qo € Q,q = 0(qo, V1 M), 1 <1<k, k>0.

Notice that part (i) of the theorem above is equivalent to

v ((q1,0),.) =va((¢2,0),.) <= @1 =q2, Yq1,¢2 € Q

11



Part (ii) of the theorem says that for each ¢; = ¢2 € Q,
va((q1,71),.) =va((g2,22),.) <= T1 =x2,, V1,20 € Xy, = &Y,

The proof of the theorem above relies on the following observation. Due to the linear-
ity of continuous outputs in continuous inputs, if v((q1,z1),.) = v((g2,x2),.) for some
(q1,21), (g2, 22) € H , then v((q1,0),.) = v((g2,0),.).

Theorem 8. (H, p) is semi-reachable if and only if (Am,pup), pp = g o p, is reachable
and dim Wy =3 o dim Xy, where
Wg = Span{Agl;Hquﬁk,Qk—l T MQl+1,’n+1,qugll Bqlu7
AéIZHqum-,,qk_l e MQIng’QOA‘;lle7 | Jiy- s Jkr1 2 0,u €U,
M- €T (ar,mp) = p(f), f € @,q5 = 3(q0,71 -+ 5)
A<lLj<hkk>01CEPa,
q€Q

Using the results above, we can give a procedure, which transforms any realization (H, )
of ® to a semi-reachable realization (H,, p,.) such that dim H, < dim H. The procedure goes
as follows. Let A, = (Q",I',0, 6", A") be the sub automaton of Ag reachable from IIg(Imu)
and for each q € Q. let

X(; =Wu Ny, AZ = Aq‘X;;' ) C(; = Cq‘X;' ) B; =By, Mz;u’y,qe = Mql,%qe|X(;'
Let (HT’MT) = (AT’Z’LJ}) (X;’ Ag’ Bg’ Cg)qEQ” {Mgl,'y,qz | 41,92 € Qra’}/ € F, q1 = 5(Q2,7)})'
It is clear that dim H, < dim H. At the end of Section 5.3 we will give a procedure for
transforming the realization (H, i) to a reachable and observable one and we will outline a
procedure for checking observability and reachability.

Let ® C F(PC(T,U) x (T x T)* x T,Y x O) be a set of input-output maps. Assume
that @ has a hybrid kernel representation. Then Proposition 2 allows us to reformulate the
realization problem in terms of rationality of certain power series. Let I' = T' U {e},e ¢
I'. Every w € I can be written as w = eMyre*2yy - - ype**+t for some yi,...,7, € T,
aq,...,ap41 > 0. For each f € ® define the formal power series Z;, Z¢; € RP < I' >,
j=1,...,m as follows.

Zy(ey1e®? - ype® 1) = D*fo(0,w,.)
Zp (e 1ye®? ettty = Doyb®(ej,w, )

where w = 71 -+ and o = (aq,...,a,+1). Notice that Zy ;j(v) = 0 for all v € T'*.
Notice that the complete knowledge of the functions KJ*® and Gf;’f is not needed in order
to construct the formal power series Z¢, Zf ;. In fact, one can think of Z; as an object
containing all the information on the behavior of f with the zero continuous input. The
series Zy ; contains all the information on the behavior of the pair (¢,0), where ¢ is the
discrete part of the hybrid state inducing f in some realization of ® (if there is any ). Let
Is =P U (D x{1,2,...,m}). Define the set of formal power series associated with ® by

Uy ={Z, eRP < T* >|j € Ip}
Define the Hankel-matriz Hy of ® as Hy = Hy,. Notice that if ® is finite, then ¥4 has

finitely many elements.
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Consider the linear hybrid system

H = (Avuayv (Xq’Aquqch)QGQa {Mql,’y,qz ‘ q1,92 € Q,’y elq = 6((]27'7)})

Assume that (H,u) is a realization of ®. Assume that @ = {q1,...,qn}. Fix a basis
{eqila€Q,i=1,...,m} in RN™. Define the representation associated with (H, u) by

RHML = (Xa {MZ}Z€1~W§76’)

where

o X =(P,e0X) GRV™,

o5:X—>RP7axchxifxEXqandéeq,j:()foreachqu,j:L”.,m’
e B={Bj€X|jec Ip}is defined by By = xy € X,, and By; = eq, 4, f € &,
u(f) = (g, xf) and 1 = 1,2,...,m,

o M,: X — X, such that Vo € X, : Mc.x = Agz, Meeq; = Byej € Xy, e; is the jth unit
vector in U,

o M, : X — X, v € I' such that Vo € X, : Myx = Ms(g~),,q7 and M,e,; =
€s(q.).g0 ¥4 € @5 €{1,...,m}.

Let O =RP < T > x--- x RP < [ >>. For each f € F(PC(T,U) x (CxT)*xT,Y x O)

m—times
such that f belongs to a set which admits a hybrid kernel representation, define S ., € O,
w € I'* by

Stw=(WoZs1...,w0 Zs )
Define the maps

kp:T* 3w Sy €0 and ¢y : T 3w (fp(w), kp(w)) € O x O

In fact, for each f € ® there is one-to-one correspondence between yo’<I> and ry. Define the
set of maps B
Do ={¢Yy:IT*"—-0x0| fed}

Let (H,p) be a linear hybrid system realization and assume that Ay = (Q,T,0,4d,\).
Define B o
Ay = (Q.1,0 x 0,6,3)

where A(q) = (Mq), Sy,.c) and yq = v ((¢,0),.,.,). If pw: ® — H, then let pup : f
IIo(p(f)) € Q. Proposition 1 implies the following.

Theorem 9. (H, p) is a realization of ® C F(PC(T,U) x (I' x T)* xT,Y x O) if and only
if Rip ) is a representation of Vo and (Ag, pup) is a realization of De.

Proof. Notice that

At Al g

kyVkydk—1°"qr—1 q1,71,90*"qo

CMI+ My, MJ* -+ My, M7z = Cq, A+ M,

for all x € Xy, o € Q and By € &), (y) and McMyBy;j = Bs(up(f),w)€j, w € I'" by
construction. From Proposition 2 we get that (H,p) is a realization of & <= Ry is a
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representation of Wg and (Ag,pup) is a realization of ®p = {fp € F(I'*,0) | f € ®}. But
if (Ap,up) is a realization of Dg, then (A, up) is a realization of ®p.
Conversely, if (H, i) is a realization of @, then y =TIy ov((up(f),0),.) and

’

Hy o UH((HD(f),O),U, (wvaTlTQ)at) =1Ilyo UH((S(IU‘D(f)vw)aO)?u a(vaTQ)at)
where 71 = (t1,...,ty), T = Z vt () =u(s+T), u(s) =0,0 < s <T. Thus,

S(yumf),w) = Sjw = S(yé(#D(f)=w))’€
for all w € I'*, which implies that (A, up) is a realization of ®p. O

In fact, if Ry, is a representation of ¥g, then (Ag, up) is a realization of {fp | f € ®}
= (AH,MD) is a realization of Dg. Above we associated a representation and a finite
Moore-automaton to each linear hybrid system realization. Conversely, to each representa-
tion of Wg and finite Moore-automaton realization of Dg satisfying certain conditions we can
associate a realization of ®. Let R = (X,{M.}, ., B,C) be an observable representation of
Uy and let (A, (), A = (Q,T,0x0,46,\) be a realization of Dg, which is reachable from Im(.
Then define (Hg ¢, 4a,c) — the linear hybrid realization associated with R and (A, () as
HR,A,C = (A,LLJJ, (Xq’AqumC )LIEQ { q1,7,92 | n,2 €Q,vel,q1 = 6(41277)}) where

= (QvFaO767HOOS‘) )
e X, =Span{z |z € W,} VqeQ,

Wy = {Mg”“*lM%Mgk - M.y, M lM M"/l 10T 'M’Y2MV1§f’j |
1 S l S kv.jk+17""7jl Z 0}
U{‘Mgkﬂ]\Lfk,]wgki1 "'M%Mngf |
Ves--oyVE € Fajk+17"'7j1 Zoak >0,
a=0(C(f)sr )}

o Ay =M.|x,,Cy=Cl|x, and Bye; = MM, By ; € X, such that 5(C(f),w) = ¢,
i M(h,’Y,QQx = M»YI71‘ € qu’Y € Fan’(h S Qa q1 = 6((]27’)/)

o g ac(f)=(C(f). By).

Notice that B, is indeed well-defined for each ¢ € Q. If ¢ = 6(¢(f),w) = 6(¢(9),v),
then ¢g4(v) = ¢(w), since A is a realization of Dg. But then ¢y4(v) = (9p(v), Sg) =
(fo(w), Sgw) = vf(w), ie, voZy; =woZy;. Since R is a representation of ¥ we get that
voZgi(es) = Zy ;(ves) = Zy j(wes) = CM MM, ij = CM MM, ng for each s € I'*.
Observability of R implies that M, M,, Bf)] = M,M, B

93>
It is easy to see that (Hp ¢, g 5,) is semi-reachable.

Theorem 10. If R is an observable representation of Vg and (A, () is a reachable realization
of Do, then Hp j . is a realization of .

Proof. Notice that
C M=+ My, M35 -+ Moy, Mo = Cy Al Ale M, Al g

%;’quxc 1°7qr—1 q1,71,90*"qo
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for all z € &, ¢ € Q. Moreover, Ef € X¢(y) and for each w € I'*,
MeMyBy,j = Bsc(f)w)€;

Since (A, ¢) is a realization of Dg, we get that (A, () is a realization of {fp | f € ®}. From
Proposition 2 it follows that (Hp 4, /tg 4,c) is a realization of ®. O

Notice that Dg has a realization by a finite Moore-automaton if and only if both the
indexed set ®p = {fp | f € ®} and the indexed set {sks | f € ®} have a realization
by a finite Moore-automaton. By Theorem 1 this is equivalent to card(Ws,) < 400 and
Ko = {woky | w e ™ f e @} being a finite set, i.e. card(Ks) < +oo. Notice that
wokf(v) = Spuwe = (WvoZyq...,wv0Zy,,). Thatis, K¢ is finite if and only if {wo Z; ; |
weTl* fed j=1,...,m} is finite. Consider the following set

ano = {((H¢)(u,i),(v,f,j))(u’i)ef*><{1’”wp} | f € (Da] = ]-a S, MU E F*}

It is easy to see that Hg o is the set of columns of Hg indexed by (f,j,v),f € ®,j =
1,...,m,v € I'". Notice that there is one-to-one correspondence between the columns of Hg
indexed by (f, j,v) and the power series voZ; ;. Thus, card(Ks) < +00 <= card(Hg,) <
+00.

From the discussion above, using the results on theory of formal power series and au-
tomata theory, we can derive the following.

Theorem 11 (Realization of input/output map). Let ® C F(PC(T,U) x (T' x T)* x
T,Y x O). The following are equivalent.

(i) ® has a realization by a linear hybrid system,

(#i) © has a hybrid kernel representation, We is rational and Dg has a realization by finite
Moore-automaton,

(iii) ® has a hybrid kernel representation, rank He < +00, card(We,,) < +0o and card(Hg
+o00.

Proof. (i) = (ii) follows from Proposition 2 and Theorem 9. (ii) = (i) follows from The-
orem 10 together with the following facts. If Dy has a realization by finite Moore-automaton,
then it has a reachable finite Moore-automaton realization. If U4 has a representation, it
has an observable representation. These facts follow from Theorem 5, Theorem 2. Finally,
(ii) <= (iii) by Theorem 4, Theorem 1 and the discussion before the current theorem O

Notice that if (H,p) = (Hp ¢ Mr.4c) then Ay = A but Ry, = R need not hold.
However, in this case there exists a representation morphism igr : Rg, — R, such that
ig(r) =z, Vxe€ X, q¢€ Q. Consider two linear hybrid systems

H = (Alauvyv (quaA}]vB(}acé)qEle {Mqll,»y,qz | 41,92 € Q177 elq = 5((127’7)})
H2 = (A27u7y7 (Xq27A37B§aC§)qEQ2a {M(i,'y,QQ | q1,q2 € Q27FY € qul = 5(Q2a’Y)})

T = (Tp,Tc) : (Hy,pu1) — (Ha, ps2) is an O-morphism, then we can define a representation
morphism B
T: RHL#l - RH27#2

such that T = Tex,z € qu,q € Q' and few = eTp(q),j» 4 € Q',j =1,...,m. Notice that
the map Tp is an automaton morphism

Tp : (Am,, (11)p) — (Am,, (12)p)
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where (p;)p =g, o pi, 1 = 1,2,

Assume that (H,p) is a semi-reachable realization, R is observable and (A4, () is reach-
able. If T : Ry, — R is a representation morphism and ¢ : (Ag,pup) — (A4,¢) is an
automaton morphism, then there exists a surjective O-morphism H(T) = (¢, T¢) : (H, u) —
(HR.AC Pr, i) such that Tox = T for all ¥ € Xy, ¢ € Q.

It is easy to see that (H,p) is semi-reachable <= Ry, is reachable and (Ay, up) is
reachable. (H,p) is observable <= Ay is observable and Ry, is X, observable for all
q€Q.

If R=(X,{M.}, 5 B, C) is an observable representation of Ug and (A4, ¢) is a minimal
realization of Dg, then (H,u) = (Hp A, 4,c) is an observable and semi-reachable real-
ization of ®. Indeed, (H, ) is semi- —reachable and (A, up) = (A, () is observable. Consider
the representation

Ry, = (@ x, @RV (M} 5 B.C)
q€Q
Then there exists ig : Ry, — R such that for each z € X, q € Q: ig(z) = = and thus

5/M;Ux = éMwiR(.Z‘) = CMyx

If # € Op,,,, then z € Or = {0}, so we get that X, N Og, , = {0}, that is Ry , is &,
observable for each g € Q.

The theory of rational power series allows us to formulate necessary and sufficient con-
ditions for a linear hybrid system to be minimal.

Theorem 12 (Minimal realization). If (H,u) is a realization of ®, then the following
are equivalent.

(i) (H,p) is minimal,
(ii) (H,p) is semi-reachable and it is observable,

(iii) For each (H', i) semi-reachable realization of ® there exists a surjective O morphims
T:(H,u)— (H,u). In particular, all minimal hybrid linear systems realizing ® are
O-isomorphic.

Proof. 1t is clear that (iii) implies (i), since any linear hybrid system realization of ® can be
converted to a semi-reachable realization of ® with dimension not bigger than that of the
original realization, according to the remark after Theorem 8.

Let R be a minimal representation of ¥4 and (A, () a minimal realization of Dg. Then
(H,p) = (Hp, 4,5 MR 4,c) is an observable and semi-reachable realization of ®.

We will show that (iii) holds for (H, z). Indeed, if (H', i) is a semi-reachable realization
of ®, then Ry - is reachable and (A, D) is reachable. By Theorem 2 and Theorem 5
there exists surJectlve morphisms T : Ry, — R and ¢ : (A ip) — (A,¢). Then by
the discussion before the theorem, there ex1sts a surjective O-morphism ((b, TC) (H ’ u/) —
(H,p) such that Tex = Tx for all z € X, q € Q. Moreover, if (H ,u) is observable,
then (AH S D) is observable and Ry is Xq,q € Q observable, which implies that ¢ is
bijective and T, is injective for all ¢ € Q. Since To|y = Ty and Tex € X, if and only
if 2 € Xy-1(y Weq get that T is an isomorphism. Tha% is, eacqh realization of ® which is
semi-reachable and observable is isomorphic to (H, p).

That is, we get that (H,u) is a minimal realization of ®, and any semi-reachable and
observable realization of ® is isomorphic to (H,,u). Since (H, u) satisfies (iii), we get that
(i) = (iii). That is, (i) = (iii) = (i). It can be shown that (iii) = (ii). O
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Notice that if R is a minimal representation of ¥g and (A, () is a minimal realization
of Dy, then Hp 4 . is a minimal realization of ®. That is, the classical constructions of the
minimal automaton realization of Dy and the minimal representation of W¢ yield a minimal
realization of ®.

5.3 Partial realization of linear hybrid systems, computational is-
sues

In this section partial realization theory for linear hybrid systems will be discussed. At
the end of the section a procedure for transforming a linear hybrid system realization to a
minimal one will be presented. Procedure for checking observability and reachability will be
formulated too. In the sequel the notation of Section 4 will be used.

Let ® C F(PC(T\U) x (T x T)* x T,Y x O). Recall the results on partial realization
by a Moore automaton from Section 3. Recall the results on partial representation from
Section 4. Let N € N and define

kpn:T*2we (woZsi)n,...,(woZym)N)

Consider the map ny : Wy, 2 T +— Txn. Notice that if N > rank Hy,, then ny is a
bijection. Define the map ¢y n : I'" 3 w— (fp(w), k5, n(w)) and define

Do,n ={vyn | f € P}
The discussion above yields the following. Define the set
On ={((S)N,- -, (Sm)N) | Ss e RP < T* > i=1,...,m}
Assume that (A, {) is a realization of Dy y, where
A=(Q,T,0 x On,d,\)
If N > rank Hg, then (A, () is a realization of Dg, where A = (Q,T,0 x O,§,\) and
Ma) = (0, (ny' (T), - -1y (Tn))) == AMa) = (0, (T, -, Tn))

The following theorem is an easy consequence of Theorem 3 and Theorem 6.

Theorem 13. Assume that rank Hy, v v = rank Hy, ny+1,v = rank Hy, v n+1 ond
card(Wp, y nN) = card(Wp, v Ny1,8) = card(Wp, v N n+1). Let Ry be the N-partial
representation of Wg from Theorem 6. Let (An,(n) be the N-partial realization of Do n
from Theorem 3. Consider the linear hybrid system

(HN’ luN) = (HRN7AN7CN’MRN»AN7<N)

If ® has a realization (H, p) such that dim H = (q,p) and mq+p < N, then (Hy,pun) is a
minimal realization of .

Notice that in order to compute (Hy, pn ), only the knowledge of Ry, Ay and @, 0,11y o
A, (v is required, where Ay = (Q,T,0 x Oy, d,,A). That is, there is no need to compute
Ap. In particular, if ® is a finite collection of input-output functions and it is known that ®
has a realization of dimension at most (p, ¢), then a minimal linear hybrid system realization
of ® can be constructed from finite data. The results above also enable us to formulate an
algorithm for constructing a minimal linear hybrid system realization.

Let H = (AU, ), (Xqququch)qua {Mql;y,qz | q1,92 € Q,v € I',q1 = 6(q2,7)}) be
a realization of ® and assume that ® is a finite collection of input-output maps. Based on
(H, ), we will compute a minimal realization of ® as follows:
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(i) Construct Ry, and (An,pp), where

Ax = (Q,T,0 x On,8,X), X(q) = (Mq), (Zy, 1)N+- -, (Zyym)N))

dim H = (¢,p), gm +p < N. Since (H, u) is a realization of v((g,0),.), ¢ € Q, we get
that
M, A¥ 1B

(e Qpt1) — Qi1 .
Zy, (€™ v ke )*quAqk M, aa-11q_y Pa—16j

ko Vkodk—1
where ¢; = 0(¢,v1---7;), | = min{h | o, > 0}. It is easy to see that (An,up) is a
realization of Dg p, it can be represented by finite data and can be computed from

(H, ).

(i) Compute a minimal representation R of W from Rp,. Compute a a minimal
realization (By,() of Dg n from (An,pp) This can be done algorithmically, pro-
vided that the representation of (Z, ;)n we are using allows us to decide whether

(Zy, .i)N = (Zy,, j)n. Tt follows that (By,() is a minimal realization of Dg.

(iii) Compute (Hmin, tmin) = (Hp gy.c» BRr,By,c)- Notice that this can be done without
explicitly computing By. Then (Hpin, fimin) is @ minimal realization of ®.

Checking semi-reachability and observability of (H,u) can be done as follows. (H,p) is
semi-reachable <= both are (Ag,pp) and Ry, are reachable. It is easy to see that
(A, pup) is observable <= (An, up) is observable. (H, ) is observable <= both Ry,
is X, observable, ¢ € Q and (An,up) is observable. Reachability of Ry ,, and X; ¢ € Q
observability of Ry, can be checked by checking whether certain finite matrices are of full
rank. Reachability of (Ag, up) can be checked algorithmically. Observability of (An, up)
can be checked algorithmically if we can decide whether (Z,, ;)[n = (Zy,, ;)|

6 Bilinear Hybrid Systems

This section contains the definition and elementary properties of bilinear hybrid system.

Definition 3 (Bilinear hybrid systems). A bilinear hybrid system (abbreviated as BHS
) is a tuple

H= (Aauay7 (anAqa {Bq,j}j:L...,mva)qGQ? {MZI17’)’7(12 | 41,42 S Q77 € Fa(s(Q%’Y) = QI})

where A = (Q,T,0,0,\) is a finite-Moore-automaton, X, = R", U = R™, )Y = RP,
N3 ngp,m>0,qg€Q and

Ag: Xg = Xy, Bgj o Xg = Xy, Cq 0 Xy = YV, Mgy g5 0 Xgp — Xy
are linear maps.

Let H = cola} x Xy Let X =P, o Xy, An = A. The inputs of the bilinear hybrid
system H are functions from PC(T,U) and sequences from (I x T')*.

The interpretation of a sequence (v1,t1)--- (k. tx) € (I' x T)* is the following. The
event ~; took place after the event v;_1 and t;,_1 is the time elapsed between the arrival of
Yi—1 and the arrival of ;. That is, t; is the difference of the arrival times of v; and ;1.
Consequently, t; > 0 but we allow ¢t; = 0, that is, we allow ~y; to arrive instantly after ~;_;.
If i = 1, then ¢; is simply the time when the event v, arrived. The interpretation above also
implies an ordering of discrete input events which arrive at the same time.
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The state trajectory of the system H is a map
Eg HXxPCT.U)x (T xT)"xT —>H

of the following form. For each u € PC(T,U), w = (y1,t1) - (Y, t) € (L X T)*, tgy1 € T,
ho = (qo, zo) € H it holds that

§H(h07u7watk’+l) = (5(q0a71 o "Yk)v:cH(hOa u7w7tk+1))

where z : T' 5 t — xy(ho,u,w,t) is the solution of the differential equation

m k
Lalt) = Ag(t) + Y ui(t+ 3 1) By ()
j=1 1

with u(s) = (u1(s),...,um(s))T € U,s € T with the initial condition

.’IJ(O) = quﬁk,qk,le(mO; U, (’71;t1) e (’yk—l;tk}—l>7tk>

if k>0 and z(0) =z if kK =0. Here ¢; = 6(go, 71+ 7vi),t =0,..., k.

That is, Az + Z;nzl u; By j is the bilinear control system associated with the discrete
state ¢ € Q) and My, 5 4, is the reset map associated with input event v € I' and discrete
states ¢1,¢2 € . Similarly to ordinary bilinear systems, the trajectory of a hybrid bilinear
system admits a representation by an absolutely convergent series of iterated integrals.

For each u = (uy,...,ux) € U denote

d¢jlul =u;,j =1,2,...,m, dGfu]=1
Denote the set {0,1,...,m} by Z,,. For each j1---jx € Z%,, 51, ,Jk € Zm, k > 0,t € T,
u € PC(T,U) define

Vi) = 13k =0 Vi () = [ GV (e i€ k> 1

For each wy, ..., wy, € Z%,, (t1,--- ,t;) € T*, u € PC(T,U) define
Viorecoqwp [u] (B2, - ) = Vi, (81)[u] Vi, (t2) [Shifty (w)] - - - -+ Vi, [Shift—1 (w)] (tx)

where Shift;(u) = Shifts~, (u), i = 1,2,...,k — 1. For each ¢ € Q and w = ji -+ ji,
0,71, Jk € Zpm let us introduce the following notation By o := Ay, By = Idx,, , Bgw :
By Bq.ju_1 " Bgj- Using induction and the well-known result on the iterated integral
series expansion of state trajectories of bilinear systems one can easily derive

.
\

-TH(h07 u, s, t) = E (BQk’wkﬁ—lMQkakka—lBlIk—lfwk T

Wi,...,Wet1 €LY,
My, 71,00 Baowi ©0) Vo . [Wl (B2, -+ Een)

where tp11 =t, ¢iy1 = 0(¢i»Vi+1), ho = (qo,20) and s = (y1,t1) -+~ (W, tw), u € PC(T,U),
0 <7 < k. Define the set,

Reach(X,Ho) = {xp(ho,u,w,t) € X |ue PC(T,U),we (T'xT),t €T, hy € Ho}

H is semi-reachable from Hy if X' is the vector space of the smallest dimension containing
Reach(H, Hy) and the automaton Ap is reachable from Ig(Ho).
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Define the function vy : H x PC(T,U) x (T xT)* xT — O x Y by

vE((go, Zo), u, (w,7),t) = (Mgo, w), Cqx (g0, x0), u, (w,7),1))

where ¢ = §(qo, w). For each h € H the input-output map of the system H induced by h is
the function

vg(h,.): PC(T,U) x (T xT)* xT > (u, (w,7),t) — vg(h,u, (w,7),t) € Y x O
Two states hy # ho € H of the bilinear hybrid system H are indistinguishable if
v (hi,.) = v (ha,.)

H is called observable if it has no pair of distinct indistinguishable states.
A set of input-output maps ® C F(PC(T,U) x (T xT)* xT,Y x O) is said to be realized
by a bilinear hybrid system H if there exists a map p : ® — H such that

Vfed: UH(M(f)7'7'>:f

Both H and (H, u) are called a realization of ®. Thus, H realizes ® if and only if for each
f € ® there exists a state h € H such that vy (h,.) = f. We say that the realization (H, p) is
observable if H is observable and we say that (H, p1) is semi-reachable if H is semi-reachable
from Imy. For a bilinear hybrid system H from Definition 3 the dimension of H is defined
as
dim H = (card(Q), Y _ dimX,) e N x N
q€Q

The first component of dim H is the cardinality of the discrete state-space, the second
component is the sum of dimensions of the continuous state-spaces. For each (m,n), (p,q) €
N x N we will write (m,n) < (p,q), if m < p and n < ¢q. A realization H of ® is called a
minimal realization of @, if for any realization H "of ®: dim H < dim H .

Consider two hybrid bilinear system realizations (H, zz) and (H , i), where

H = (AauM))a (Xqqu7 {Bq,j}j:L...,mva)qEQv {Mqh'y,qz | q1,q2 € Q?'y S Fvé(Qny) = Q1})

H = (AU, (X, A B, i Yietms Colyco' AMyy an | 01,02 € Q7 €T,6 (42,7) = a1})

A=(Q,I,0,6,\) and A" = (Q',T,0,5,\). Apair T = (Tp,T¢) is called an O-morphism
from (H, u) to (H , 1), denoted by T': (H, ;1) — (H', i) if the the following holds.

TD : (Aa MD) - (Alap’,D)

where pup(f) =Ho(pp(f)), u/D(f) =1y (,u/D(f)), is an automaton morphism and

To: Pr,— P «,

q€Q qeQ’
is a linear morphism, such that
(a) Vg€ Q :Te(Xy) C XTD(q),
(b) TeA, = A’TD(q)TC, ToB,,; = B’TD(q)TC, C, = C’TD(q)TC, forallge Q,j=1,...,m,

’

(€) TeMy, g = Moy (41) 0 (0 105 Y0142 € Q.7 €T,0(g2,7) = 1,
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(d) Te(x, (1(f))) =Ty (4 (f)) for each ¢ = up(f), f € @.

Tp(q)

The O-morphism T is said to be injective, surjective, or bijective if both Tp and T¢
are respectively injective, surjective, or bijective. Bijective O-morphisms are called O-
isomorphisms. Two bilinear hybrid system realizations are isomorphic if there exists an
O-isomorphism between them.

6.1 Input-output maps of bilinear hybrid systems

Let [ =T'U Zm. Then any w € [ is of the form w = WYL * - W YEWk+1, Vis---57k € T,
Wi, ..., Wey1 € 2%, k> 0. Amap c: T — Y is called a generating convergent series on I'*
if there exists K, M > 0, K, M € R such that for each w € I'*,

le(w)]| < KM

where ||| is some norm in ) = R?. The notion of generating convergent series is related to

the notion of convergent power series from [7]. Let ¢ : I[* — Y bea generating convergent
series. For each u € PC(T,U) and s = (y1,t1) - (Ve k) € (' x T)*,tg41 € T define the
series

Fo(u,s,tpq1) = Z c(wiyr - YeWr41) Vaoy .oy (W) (F15 - -5 trg1)

W, W1 €LY,

It can be shown that the series above are absolutely convergent. In fact we can define a
function F, € F(PC(T,U) x (' x T)*,¥) by F. : (u,w,t) — F.(u,w,t). It can be shown
that F, is uniquely determined by c. That is, if d, ¢ : I'* — Y are two convergent generating
series, then F, = Fy <— c=d.

Now we are ready to define the concept of hybrid Fliess-series representation of a set
of input/output maps, which is related to the concept of Fliess-series expansion in [7]. For
any map f € F(PC(T,U) x (T xT)* x T, x O), define fc =y o f, fp =Ip o f. Let
O CF(PC(T.U)x (T xT)*xT,Y xO0).

Definition 4 (Hybrid Fliess-series expansion). ® is said to admit a hybrid Fliess-series
expansion if

1) For each € O there exists a generating convergent series cs : I'* — Y such that
g g q f
1 cy fC

(2) For each [ € ® the map fp depends only on T'*, that is, for each w € T'*,
Vul,u2 S PC(T,U),Tl,TQ € T‘wl,tl,tg eT:
fo(ur, (w,m1),t1) = fp(uz, (0, 72),t2)
We will regard fp as a function fp:T'* — O.

The notion of hybrid Fliess-series representation is an extension of the notion of Fliess-
series for input-output maps of non-linear systems, see [7]. The following proposition gives
a description of the hybrid Fliess-series expansion of ® in the case when ® is realized by a
bilinear hybrid system.
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Proposition 2. (H,p) is a bilinear hybrid system realization of ® if and only if ® has a

hybrid Fliess-series expansion such that for each f € ® wyivyr - - Ypwrs1 € T, v, .0, €
T, wy,...,wk41 €Z,, k>0
Cf(wl’y1 S YWE41) = qu Bkawk+1quv'Ykﬂk—lBQk—lywk T Mq17’Yl1qqu0-,w1/‘LC(f)
fo(vi-m) = Mao,yi )

where pu(f) = (qo, po(f)) and ¢ = 6(qo,v1---7%i), i =0,..., k.

6.2 Realization of input-output maps by bilinear hybrid systems

In this section the solution to the realization problem will be presented. In addition, charac-
terization of minimal systems realizing the specified set of input-output maps will be given.
The following two theorems characterize observability and semi-reachability of bilinear hy-
brid systems. Using the notation of Definition 3, the following holds.

Theorem 14. The bilinear hybrid system H is observable if and only if
(i) Ag = A is observable, and
(i) For each q € Q,

Ongq = m n ker quchxmwk+1M%7’ka%71 o My 1,00 Baowr = {0}

V1o YR ED,KZ0 w1,y 1 €27,

where qp = 6(q,v1---m),0 <1< k,k>0,9=qo.

Notice that part (i) of the theorem above is equivalent to

va((q1,0),.) =vm(g2,0),.) <= a1 =q,Vq,¢2 €Q
Part (ii) of the theorem says that for each g € Q:

vr((g,21),.) = vu((¢,22),.) < @1 =22, Vz1,22 € Xy
The proof relies on the observation that v ((g,0),.) = (A(g,.),0), and thus vy ((q1,0),.) =
vr((92,0),.) <= Aa1, ) = Mgz, ).

Theorem 15. (H, p) is semi-reachable if and only if (Am,pp), pp = Ilg o p, is reachable
and dim Wy = 3 o dim X,, where

Wh = Span{BQk7wk+lMQk77kan—l o My vy 00 Baowon T g5 | (ag,p) = p(f),
f S (bawla"'7wk+1 S Z;;qu :6((]07’}’1'7])71 SJS /ﬁkZO}

Using the results above, we can give a procedure, which transforms any realization (H, )
of ® to an observable and semi-reachable realization (H ' /1/) of ® such that dim H < dim H.

Let ® C F(PC(T,U) x (T x T)* x T,Y x O) be a set of input-output maps. Assume
that ® has a hybrid Fliess-series expansion. Then Proposition 2 allows us to reformulate the
realization problem in terms of rationality of certain power series. Define the set of formal
power series associated with ® by

Up = {c; eRP < T* | f € 3}

Define the Hankel-matrix He of ® as He = Hy,. Notice that if ® is finite, then Ug is a
finite set.

Let H = (A7u7y7 (Xq7Aq> {thj}j:l,..‘,macq)qGQv {Mql,%qz | 41,92 € Q7’7 € F75(QQ,’7) =
q1}) be a HBS, A = (Q,T,0,0, ) and assume that (H, u) is a realization of ®. Define the

representation associated with (H, p) by R, = (X, {Mz}zefvi 5) where
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X = @QGQ XQ’
e C: X — R, such that Va € Xy Cr = Cyz,

I'={uc(f)| f € ®} where pu(f) = (up(f), pc(f)),

e My : X — X, such that Vo € X, : Mox = Agr and M; : X — X, such that
Vee Xy : Mjz =By z,j=1,...,m,

o M,:X — X, v €l such that Vo € X, : Myx = My 4),~,q%

Define the indexed set of maps Dy = {fp : T* — O | f € ®}.

Theorem 16. (H,u) is a realization of ® <= Ry ) is a representation of Ye and
(Ag, up) is a realization of Dg.

Let R = (X, {MZ}ZGI:,T, C) be a representation of Ug and let (A, (), A= (Q,T,0,6,\)
be a realization of Dy, which is reachable from Im({. Then define (Hp a,c,itr,4,c) — the
bilinear hybrid realization associated with R and (A, () as

Hpac= (AU Y, (X, Ag. {Bgj}i=1,...m» Ca)aeq: {Mq1 7,0: | €1,02 € Qv €L, 0(q2,7) = q1})
where
e A=(Q,T,0,0,N),

qeQ: &, :Span{kaHMwak...leMwlff |1, , €T, f€®k>0,q=
C(f)sm ) wi, .oy wegr € 25,1,

[ ]
> <

Agx = Moz, Cyx = Cz and By v = M;x, Vo € Xy,
o My, g0 = My, Vo € Xgp, vy €T, q1,¢2 € Q if q1 = 6(q2,7),

prac(f) = (). Ip).

It is easy to see that (Hg 4., R, Ac) is semi-reachable. Note that X, = R",n, = dim X,
1€Q.

Theorem 17. If R is a representation of Yo and (A, () is a reachable realization of Dg,
then Hp 4. 5 a realization of ®.

From the discussion above, using the results on theory of formal power series and au-
tomata theory, we can derive the following.

Theorem 18 (Realization of input/output map). Let ® C F(PC(T,U) x (T' x T)* x
T,Y x O) be a set of input-output maps. The following are equivalent.

(i) ® has a realization by a bilinear hybrid system,

(ii) ® has a hybrid Fliess-series expansion, Vo is rational and Dg has a realization by
finite Moore-automaton,

(i11) rank Hg < +00 and Dg has a realization by a finite Moore-automaton, i.e. card(Wp,) <
+00.
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Notice that if (H,u) = (Hgr ¢, tR,Ac), then Ay = A but Ry, = R need not hold.
However, in this case there exists a representation morphism ir : Ry, — R, such that
ip(z)=o Ve e X,qe Q. UT = (Tp,Tc): (Hi,p) — (Ha, p2) is an O-morphism, then
Tc : Ruy .y — R, p, 18 a representation morphism and Tp : (Aw,, (11)p) — (Amy, (12) D)
is an automaton morphism, where (11;)p = Ilg, op; and @Q; is the state space of Ag,, i =1,2
. Assume that (H, p) is a semi-reachable realization, R is a representation of ®, and (A, ¢)
is reachable. If T : Ry, — R is a representation morphism and ¢ : (Ag,up) — (A,()
is a surjective automaton morphism, then there exists a surjective O-morphism H(T) =
(¢, Tc) : (H,p) — (Hr A, br,A,c) such that Tocx = Tz for all x € X,

For any realization (H, u) the following holds. (H, ) is semi-reachable if and only if Ry,
is reachable and (Ag, up) is reachable. (H, p1) is observable if and only if Ay is observable
and Ry, is X, observable for all ¢ € Q. The theory of rational power series allows us to
formulate necessary and sufficient conditions for a bilinear hybrid system to be minimal.

Theorem 19 (Minimal realization). If (H, ) is a realization of ®, then the following
are equivalent.

(i) (H,p) is minimal,
(i) (H,p) is semi-reachable and it is observable,
(iii) For each (H/, u/) semi-reachable realization of ® there exists a surjective O morphism

T:(H i) — (Hp). In particular, all minimal hybrid bilinear systems realizing ®
are O-isomorphic.

Notice that if R is a minimal representation of ¥4 and (A, () is a minimal realization
of Dy, then Hg 4, is a minimal realization of ®. That is, a minimal realization of ® can
be constructed on the column space of Hy. We can also formulate a partial realization
theorem for bilinear hybrid systems.

Theorem 20. Assume that rank Hy, v v = rank Hy, n+1,v = rank Hy, v n+1 and
cardWp, NN = cardWp, ny1,N = cardWp, n N1 Let

(HN,pN) = (HRy, An Cns HRy An Gy )

Assume ® has a realization (H, p) such that (N, N) > dim H. Then (Hy,pun) is a minimal
realization of ®.

In particular, if ® is a finite collection of input-output functions and it is known that
® has a realization of dimension at most (N, N), then a minimal bilinear hybrid system
realization of ® can be computed from finite data.

6.3 Linear hybrid systems versus bilinear hybrid systems

Recall the definition of linear hybrid systems. In this section it will be shown that the
input-output behavior of linear hybrid systems can be realized by bilinear hybrid systems.
Moreover, we will give a characterization of those input/output maps which can be realized
both by a bilinear hybrid system and a linear hybrid system.

Let H = (A>u7y7 (anAanq>Cq)q€Qa {Mqufy,qz | q1, 42 S Qu/y € Fan = 5(q277)}) be a
linear hybrid system. Define the bilinear hybrid system

Hb = (A,U,y, (')?qa gqv {Eq,j}j:L...,ma éq)qEQa {Mqu%% | 41,42 S Q77 € F})

as follows.
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X,=X, 07, Z=R. Let 0 £ e€ Z,Z = {se | s € R}.

ﬁq:ﬂ = Az, x € &y, qu =0

éq,jx =0,z € &X,;, By ;e = Bgej, where e; is the jth unit vector of U,

. a]m =Cyx,x € Xy, 5qe =0,
® My 0% = My, 7,0,%, 7 € Xy, and My, 5 g, = e.
Then for every (q,z) € {q} x X, it holds that
vr((¢,2),.) = vm,((¢,;z +¢),.)

Indeed, for each T =z +e, v € X :

AT+ Z w;By jT = Agr + Byu € X,
j=1

and Mg, ».qT = Mg, 4,4 + €, thus

g, ((¢, %), u, (w,7),t) =25 ((q,2),u, (w,7),t) + e

Thus, every linear hybrid system can be viewed as a bilinear hybrid system of a special
type. Moreover, if (H, ) is a linear hybrid system realization of ®, then (Hp, up), where
w(f) = (¢, z+e) < u(f) = (¢,z), is a bilinear hybrid system realization of ®. It is
also easy to see that if ® has hybrid kernel representation,then it has a hybrid Fliess-series
expansion, defined as follows. For each f € @, v1,...,v €', k> 0 let

cr(wive - YeWr41) = DaKi’(-I)

1 Ye+1
ifw;, e {0}*,i=1,....k+1, a=(lwil,...,|wks1]), and
. K
cr(V1 - MIWL Vi1 YWkt 1) = DﬂGﬁl...7k7k+1,l€j
where 0 <1 <k,je{l,....m}w; € {0}*,i=1+1,....k+1, 8= (lw1l,--.,|wks1]) and

let ¢f(s) = 0 for all other s € T'*.

Theorem 21. If ® has a realization by a linear hybrid system, then it has a realization by
a bilinear hybrid system. Moreover, if ® has a hybrid kernel representation, then ® has a
hybrid Fliess-series expansion.

Theorem 22. Assume that ® has a hybrid Fliess-series expansion. Then ® has a realization
by a linear hybrid system if and only if

(i) ® has a realization by a bilinear system,

(#i) For each f € ®, s = wivy1 - YpWkt1 € r* if ¢p(s) # 0, then either wiy1 = jv, v, w; €
{0} i=1+2,...,k+ 1wy =--=w, =€ orwy,...,wi1 € {0},

(tv) The set {fwoky | f e ®wel*} is finite, where Ky :T* 3 v+— (vlocy,...,vmocy).

If (H, ) is a minimal linear hybrid system realization of ®, (]?-1: , 1) is a minimal bilinear
hybrid system realization of ®, and dim H = (¢, p), then dim H < (¢,p + q). Notice that
the conditions of realizability by a bilinear hybrid system are much easier to check than the
conditions for existence of a linear hybrid system realization. It is also easier to construct

the minimal bilinear hybrid system realization.
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7

Conclusions

Solution to the realization problem for linear and bilinear hybrid systems has been presented.
The realization problem considered was to find a realization of a family of input-output maps.
The paper combines the theory of formal power series with the classical automata theory to
derive the results. The paper also discusses partial realization theory for linear and bilinear
hybrid systems. Topics of further research include realization theory for piecewise-affine
systems on polytopes, and general non-linear hybrid systems without guards.
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