Centrum voor Wiskunde en Informatica

REPORTRAPPORT

[PIN/2)

Probability, Networks and Algorithms

fl Probability, Networks and Algorithms

Representations of isotropic random fields with
homogeneous increments, with applications to spacial
fractional Brownian motion

K.O. Dzhaparidze

ReporT PNA-E0510 OcTtoBER 2005



CWI is the National Research Institute for Mathematics and Computer Science. It is sponsored by the
Netherlands Organization for Scientific Research (NWO).
CWI is a founding member of ERCIM, the European Research Consortium for Informatics and Mathematics.

CWI's research has a theme-orienfed structure and is grouped into four clusters. Listed below are the names
of the clusters and in parentheses their acronyms.

Probability, Networks and Algorithms (PNA)
Software Engineering [SEN)

Modelling, Analysis and Simulation [MAS]

Information Systems (INS)

Copyright © 2005, Stichting Centrum voor Wiskunde en Informatica
P.O. Box 94079, 1090 GB Amsterdam (NL)

Kruislaan 413, 1098 S Amsterdam (NL)

Telephone +31 20 592 9333

Telefax +31 20 592 4199

ISSN 1386-3711



Representations of isotropic random fields with
homogeneous increments, with applications to
spacial fractional Brownian motion

ABSTRACT

This is a brief account of the current work by Dzhaparidze, van Zanten and Zareba, delivered as
a lecture note at the conference "Small deviations and related topics II" held in St. Petersburg,
September 12-19, 2005.

2000 Mathematics Subject Classification: 60G60 60G15

Keywords and Phrases: isotropic random field, homogeneous increments, fractional Brownian motion

Note: This research is carried out in collaboration with Harry van Zanten and Pawel Zareba under the NWO project
P1303: Spectral analysis of Gaussian processes






Representations of isotropic random fields with
homogeneous increments,
with applications to spacial fractional Brownian
motion

Kacha Dzhaparidze

Center for Mathematics and Computer Science
Kruislaan 413, 1098 SJ Amsterdam, The Netherlands

kacha@cwi.nl

September 14, 2005

Isotropic random field with homogeneous increments. The results pre-
sented here are taken over from the current work by Dzhaparidze, van Zanten
and Zareba [9] in which some of the results of the previous papers [5]-[8] are
extended to isotropic Gaussian random fields with homogeneous increments.
Our work, inspired in large extend by Malyarenko [13], does improve upon his
general result & la our representation (8) and somewhat simplify applications to
the spacial fractional Brownian motion.

The departure point in the aforementioned papers is the spectral representa-
tion of the covariance function of a mean zero random process X;,t € R!, with
stationary increments:

EX X, = / (e™ —1)(e”™* —1)do(\) s, teR! (1)
R1
where p is a spectral function. In the special case of fBm(H) with
1
EX Xy = o ([t + |s]* = [t = s*7), (2)

the spectral function is known to be given by

dA
do(X) = C?{W

with a certain positive constant C%. Malyarenko [13] treats at once a multi-
dimensional case, a random field with homogeneous increments characterized



by the spectral representation

EX,X, = RN(&®¢%—1>(aﬂ%ﬁ—q)dgw) s,t € RN (3)

under the additional isotropy requirement in the sense that Xq; 4 X, for any
orthogonal matrix Q. The spectral function p(v) then depends only on the
length |v| of the vector v € RN (for simplicity we use the same symbol o also
for the resulting scalar function). The main object of study in [13] is a spacial
version of fBm(H) that is characterized by the covariance of the same form (2)
with s,¢ € RY, whose spectral representation (3) holds with

No dv
H |U|N+2H’

do(v) =C

CHN? a certain positive constant. The intention is to extend results of [5] to the
multi-dimensional case. The first step is finding the multi-dimensional analogue
to the following simple reformulation of (1): for s,t € R*

EX.X, — /°° <cos/\s 1lcos At —1 N sin)\ssin)\t> J(dN) 4)
0

A A A A

with p(d)\) = 2A%(d\). However, this step is not elementary. It turns out (see
[13] for details or the books [19] or [12] where the basic methodology can be
found) that (3) can be rewritten in the following form: with s, € R

Aoo 97(57>\) ;97(07)\) 92”(757)\) ;\g?(()’)\),u(d)\)

(5)
2N AN o(dN)
T2(N/2)

It will be seen in the concluding section how the system of functions g;" is
defined and how the numbers

p(dA) =

(20 + N —2)({ + N — 3)!
(N —2)l0! : (6)

h(t,N) =

occur (in case N = 1 only two terms will remain in the series (5) and it turns
into (4), of course). Meanwhile in the next section we present an interesting
consequence of the representation (5).

Series expansion. In this section we restrict our attention to the unit ball
[t| < 1. As is demonstrated in [8], in the scalar case one can make use of
Krein’s spectral theory of vibrating strings (see [11] or [4]) that allows us to
switch over to the discrete spectrum. The discrete counterpart of the spectral
function p in (4) is defined in terms of eigenvalues and eigenfunctions of the



corresponding string equation, and we have the representation of the following
form: for s,t € R!

> (cosAps — 1 cos At —1  sin\,s sin Ant
EXSX _ n n n n 2'
t Z( M D W )""

n=1

Krein has developed procedures for finding the numbers )\, and o2 in many
practically important cases (see the list of rules in [4], section 6.9), except in
the fBm(H) case. The latter is discussed in [8] where one can see that A,’s in
that case are the positive zero’s of the Bessel function J_g and that
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In the paper [9] under preparation we show how the same method of vi-
brating strings does extend to the multi-dimensional case and does lead to the
representation of the following form: for s,t € R

222955)\ g@(O)\)g@(t)\)gg(O)\)NQ
)\ TL

(7)

with the same spectrum {\,,n = 1,2,...} as before and the jumps {oV2,n =

1,2,...} that are determined in the similar way as before. For the spacial

fBm(H), for instance, \,’s are again the positive zero’s of the Bessel function
J_pg, while

EX X, =

ﬂ
2 =0 m=1 n=1

IO L
" NPT ()
Precisely as in the scalar case, it follows from the representation (7) that the
following series expansion holds a.s. and uniformly in |¢]| < 1:

oo h(4,N) oo

ﬂzzz%“gm”n ®)

iOmlnl

with independent Gaussian N (0,02 2) random variables 7. We have to skip
the details on the necessary arguments and conclude this note by characterizing
the system of functions gy".

Wave propagation in space These functions naturally occur in the spectral
theory of random fields (as developed in [19], [12], etc.) Actually, this stems
from the basic role they play in harmonic analysis in L2(R") (see in particular
[17], section 10.2.5; see also [3] or [10]). Another context to be mentioned briefly
in the sequel, is from mathematical physics (see e.g. [1], [2], [15], [14], [18]).
The wave equation that describes the propagation of sound in a media with
density p(z),z € RY takes the form of a hyperbolic equation for the induced
pressure p:
9?p

_ N



where A = Zf\il 02 /(‘330]2 is the Laplace operator. To separate the time and
space variables ¢ and x, substitute p(¢,x) = ©(t) Z(x) and use the separation
constant A? to get two equations ©” = A\?0O and AZ = M2p=. The general
solution of the first equation in the time component ¢ is expressed in terms of
the linear combination of trigonometric functions sin A\t and cos At. Therefore
we focus our attention to the second equation in the space component z € RY.
It is handy to rewrite the Laplace operator in terms of the spherical coordinates
(r,01,...,0Nn_2,0) related to the vector x = (z1,...,zn) by

Ty = rcosb;
r9 = rsinf;cosly

rN_1 = rsinfysinfs---sinfy_ocose
Ty = rsinfisinfy---sinfy_ssing

where r = |z|. In these coordinates

1 0, .10 1
— g U )
where A is the Laplace Beltrami operator on the unit sphere SN =1, given by
1 0 0
Ag= —5—— sinV=2¢,,_
O Sin20y_p 00N_2 ( 2591\/—2)
1 .. N—3 a
sin On_3—
Sil’l2 9N—2 Sil’l2 0N—3 891\/‘_3 ( N d891\/'_3)
1 0

sin?@n_s---sin® 6, 06’

that is a symmetric operator possessing the complete orthonormal set of squire
integrable eigenfunctions on the unit sphere, the so-called spherical harmonics,
corresponding to the eigenvalues —¢({+ N —2), £ = 0,1, ..., with multiplicities
(6). Denoting these eigenfunctions by {Y;",m =1,...,h(¢,N)}, we thus have

AoY" + 4L+ N —2)Y," =0.
Let us turn back to our problem of solving the equation
E = \?pE. (9)

By treating only the case of a radial density p(r), we can separate the radial
and angular coordinates r and (6, ¢) by substituting =(z) = wu(r)v(, $) and
using a separation constant k2. We get then two equations: Agv + k?v = 0 for
the angular coordinates and 3~V (rN=1u/)’ 4 (A27%p — k?)u = 0 for the radius.
As was already said, the former equation is integrated for k? = ¢({ + N — 2) in
terms of the spherical harmonics. Prescribe therefore the same value to k2 also
in the radial equation. We get

PN (V) 4 Nr2p — 6+ N — 2)Ju = 0. (10)



Equation (10) is the subject of hard study in the literature, but the explicit
solutions are known only in several particular cases of the density p(r) (see,
for instance, the books on mathematical physics and quantum mechanics, cited
above). The simplest case is p = 1, of course. The solution in this case is
well-known, since (10) is reducible to the Bessel equation. Subject to the initial
conditions u,(0) = d¢g, we have

_ JZ N—2(}\’I")
ué(r):2N22F(%) a 2N—2

(Ar) =

(see e.g. [18], p. 351, or [15], p. 231). Thus the product

m N-—2 Je+N;2(>‘|x|) mi oz
97" (x,A) =272 F(%)Wyz (757

satisfy equation (9) for p = 1, that is in fact the characteristic equation for the
Laplace operator (the so-called Helmholtz equation; see e.g. [18], section 31, or
[16], section 2.6).

Thus the explicit expression is given for functions g;* in the representations
(5), (7) and (8).

As was already mentioned, in the scalar case N = 1 the representation (5)
turns into (4), because the unit sphere in this degenerate case is interpreted as
the two point set {—1,1} and we have only two spherical harmonics Y (z) = 1
and Y{' (z) = x. Besides, in this case ug(r) = cos \r and uy(r) = sin Ar.

In the planar case N = 2 we have for each ¢ only h(¢,2) = 2 spherical
harmonics Y,! (¢) = cos £p/v/2m and Y2 (¢) = sin €p/+/2m, while uy(r) = Jo(Ar).

Finally, in the case N = 3, most important for physical applications, for

each ¢ we have
T
ug(r) = \ 2 Je+%()\7“)

and h(¢,3) = 2¢ + 1 spherical harmonics

WPK (cosf)e |m| < ¢

Yi"(6,¢) = (1)’”\/

with the associated Legendre functions P;"(cos8) (see e.g. [14], Appendix B, or
[16], section 2.4).
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