Centrum voor Wiskunde en Informatica

REPORTRAPPORT

[PIN/2)

Probability, Networks and Algorithms

Probability, Networks and Algorithms

PNA Gaussian fluctuations of random point measures
generated by cooperative sequential adsorption

V. Shcherbakov

ReporT PNA-RO506 Novemeer 2005



CWI is the National Research Institute for Mathematics and Computer Science. It is sponsored by the
Netherlands Organization for Scientific Research (NWO).
CWI is a founding member of ERCIM, the European Research Consortium for Informatics and Mathematics.

CWI's research has a theme-orienfed structure and is grouped into four clusters. Listed below are the names
of the clusters and in parentheses their acronyms.

Probability, Networks and Algorithms (PNA)
Software Engineering [SEN)

Modelling, Analysis and Simulation [MAS]

Information Systems (INS)

Copyright © 2005, Stichting Centrum voor Wiskunde en Informatica
P.O. Box 94079, 1090 GB Amsterdam (NL)

Kruislaan 413, 1098 S Amsterdam (NL)

Telephone +31 20 592 9333

Telefax +31 20 592 4199

ISSN 1386-3711



Gaussian fluctuations of random point measures
generated by cooperative sequential adsorption

ABSTRACT
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Abstract

A finite number of points is sequentially allocated in a finite domain of a finite-dimensional
Euclidean space. The probability distribution of a point depends on all previously allocated
points. We consider a situation when this dependence vanishes as the domain is saturated by
points. The law of large numbers and the central limit theorem are proved for the generated
sequence of random point measures as the number of points goes to infinity.
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1 Introduction and the results

In this paper we study the asymptotic behaviour of random point measures

1 m

generated by random points Xi,..., X,, sequentially allocated in a compact set D C R To
describe the distribution of the random variables Xj,...,X,, we need some notation. For any
point x € D and a finite non-empty set y = (y1,...,yn) € D", n > 1, we denote by n(z,y) the
number of points y; € y, such that the distance between x and y; is not greater than R(x), where
R : D — R, is some measurable function. By definition n(z,0) = 0. The number R(z) is called
an interaction radius at point z. Let {3,(z), n > 0} be a sequence of measurable positive bounded
functions on D. Denote for short X (k) = (X1,...,Xk), K > 1, and X(0) = 0. Given the set
of points X (k) the conditional distribution of point X} ; is specified by the following probability
density p @)
n(z, X (k))\ L
77bk-‘v-1($) Oé(X(k)) ’ (2)

where



the normalizing constant. The joint probability density of Xi,..., X, at points x1, ..., Ty, is

i ﬁn(mk x k)(xk) T
pm(ﬂil,---,fl?m) = == = ¢(xk|x<k)a (3)
75 @a 11
where we denoted for short x. = (z1,...,7k_1), kK > 2, and x-1 =0 for k = 1.

Let us give an example where such sets of sequentially allocated random points naturally ap-
pear. Consider a spatial birth process x(t), ¢t > 0, in D with birth rates defined in terms of
functions B (z), n > 0, as follows. If the process state at time ¢ > 0 is x, then the birth rates are
Br(ex) (), € D, so the total birth rate is a(x) and the time until the next jump is an exponential
random variable with mean a~!(x). Assume that x(0) = () and consider the set of random variables
X(m) = (Xg, k=1,...,m) formed by the first m points of the process x(¢). It is easy to see that
the first point X; has the probability distribution specified by the function Sy(x) normalized to be
a probability density. Conditional on the random variables Xi,..., X, k > 1, the distribution of
Xp11 has the probability density given by the formula (2).

If we put Bn(z) = Bn and R(z) = R, then the spatial birth process we have just described is an
immediate continuous version of the lattice model of monomer filling with nearest-neighbor coop-
erative effects ([2]). It is also a particular case of the models of cooperative sequential adsorption
widely used in physics and chemistry for modeling of various adsorption processes. For more details
and for surveys of the relevant literature we refer to [2], [4], [6] and references therein. Therefore
the measures fi,,, m > 1, (given by the formula (1)) belong to the class of random point measures
generated by the spatial processes arising in random sequential packing and deposition problems.
For more details on this subject see, for example, [6] and references therein. The typical example
is when one sequentially allocates m points in a unit cube. Each point is uniformly distributed in
the cube and is accepted with probability depending on configuration of previously accepted points
in the ball of radius 1/m around the point. Therefore, the interaction radius in those models is
inversely proportional to the number of points and it leads to the well-known effect of finite range
dependence between points. It is not the case in our model where the interaction radius is a fixed
positive function (or constant) regardless of the number of points. This corresponds to the so-called
infinite range of interaction or infinite range cooperative effects ([2]).

Apparently, it is not possible to say anything about asymptotic behavior of the sequence (1)
unless some additional assumptions on the model parameters are made. Our main assumption
is that B,(z) — B(z) > 0 as n — oo uniformly in x € D. The model can be considered as
a perturbation of the binomial case. The binomial case is obtained if 3,(z) = S(z), x € D for
any n > 0. Intuitively clear that if the ’s are bounded from below then the number of points
allocated at any fixed domain with positive volume tends to infinity as m goes to infinity. We make
it rigorous in Lemma 1.1. Therefore the perturbation vanishes while the domain is saturated by
points. The distribution of a "new arrival” becomes ”more uniform” and ”"more independent” on the
existing configuration of points provided the domain is sufficiently saturated and the saturation is
”sufficiently uniform”. In the binomial case (independent allocation) we immediately get Theorems
1.1 and 1.2 (the main results), since in this case they are just the law of large numbers and the
central limit theorem for i.i.d. random variables. If 3’s are not equal to each other then the points
are dependent and we arrive at the proof of the law of large numbers and the central limit theorem
for the sequence of dependent random variables. Though the answers are guessed some care should
be taken to assess the weakening of dependence in the tail of the sequence X(m). Note that
the random variable Xy, depends on the whole previous history Xj,..., X,. If the sequence of



functions {8 (z), n > 0} converges, as n — 00, then the sequence elements with large indexes are
becoming asymptotically independent from the past and mutually independent regardless of how
close their indexes are. Note that we obtain the central limit theorem (Theorem 1.2) under stronger
assumption, namely it is assumed that the sequence of functions {8,(x), n > 0} converges to its
limit with exponential rate. This assumption can be considered as an analogy of the assumption
of geometric ergodicity that must be made for a Markov chain to obtain the central limit theorem.

Remark. We will denote by the letter C' the various constants the particular values of which
are immaterial for the proofs. In some cases we will stress dependence of these constants on some
parameters that do not depend on the number of points m. By B(D) we denote the set of real-valued
measurable bounded functions on D.

Theorem 1.1 Assume that inf,cp R(z) > 0, the sequence of positive functions B, € B(D), n > 0,
is uniformly bounded and converges uniformly as n — oo to a function B € B(D), such that
inf,ep B(x) > 0. Then for any function f € B(D)

In(f) =2 Y210 = 30 = = [ F)la)da,
D

in probability as m — oo, where a = [, f(x)da.

Theorem 1.2 Assume that in addition to the assumptions of Theorem 1.1 there exist a positive
constant v and a function 7 € B(D) such that infyep 7(x) > 0 and

|Bn () = B(2)| < 7(x)e™ ™™, (4)

for any n > 0. Then the sequence of centered and rescaled random measures \/m(pm — Epm) con-
verges as m — oo to a gemeralized Gaussian random field on D with zero mean and the covariance
kernel

G(f.9) = I(i9) ~ (D@ = 5 [ 1@@)ds - = [ f@B@ds [ o))z,
D D D

for any functions f,g € B(D).

To prove these theorems we will use Lemmas 1.1-1.5.

Lemma 1.1 Assume that

0 < Bmin = Inf inf B, () < Bmaz = sup sup Fn(z) < 00,
n xgeD n zxcD

then there exist positive constants A and C such that for any sufficiently small 6 > 0
P { inf n(z, X(m)) < m5} < Ce ™,
xeD

for all sufficiently large m.

Remark. Note that all we need to prove this lemma is positiveness and boundedness of 's.



Corollary 1.1 Under assumptions of Theorem 1.1 the sequences of random variables
sup |Bn(z,x (m)) (&) — B(z)| and |a(X(m)) — o
e

tend to 0 in probability as m — oo, and the sequence X,,, m > 1, converges in total variation to
the random variable X distributed according to the density f(z)/c.

Let Fi_1 be a c—algebra generated by the random variables Xi,..., X;_1. For any function f €
B(D) we denote

Ik (f) = E(f(Xp)| Fr-1).
Lemma 1.2 1) Under assumptions of Theorem 1.1 for any function f € B(D) and for any p > 1

EJk(f) = TP = 0

as k — oo.
2) Under assumptions of Theorem 1.2 there exist positive constants p and C = C(f) such that

E[Jx(f) — J(f)IP < Ce "
as k — oo.

Let Y be a random variable with probability density 3(z)/a. For any function f € B(D) andn > 1

we denote
n

(1) = B ) = 1)) = -0 (7)o ) (5)

1=0

Corollary 1.2 Fiz any function f € B(D) and positive integer n. If the assumptions of Theorem
1.2 hold, then
E|E((f(Xk) — EF(Xk))" | Fr 1) = Un(f)| < Ce™P*

as k — oo.

Lemma 1.3 Under assumptions of Theorem 1.1 for any functions f,g € B(D) and indezxes k # j
Cov(f(Xk),9(X;)) =0

as max(k,j) goes to infinity. If, in addition, the condition (4) holds, then the convergence is
exponential in j if k is fized and the convergence is exponential in min(k, j) if both k and j tend to
infinity.

Denote &k (f) = f(Xk) — Ef(Xk).

Lemma 1.4 Fiz a set of functions gi,...,grx € B(D) and a set of positive integers r1,. .., and
letn =1y +---rg. If the condition (4) holds, then there exist constants C = C(k,g) depending on
k and functions g's such that

k k k

E H f:f (gv) - Hurk (gv) <Cc" Ze—piv,

v=1 v=1 v=1

for all sufficiently large indexes i1 < ... < g, k > 1, where the constant p is determined in Lemma
1.2 and Uy, (gv) is defined by the formula (5).



Lemma 1.5 1) Under assumptions of Theorem 1.1 for any function f € B(D)

m

> Ef(Xi) = J(f),

k=1

1
m

as m — oo.
2) If, in addition, the condition (4) holds, then for any functions f,g € B(D)

mCou(Tn(): Tn() = 3 [ F@g(@B@ide ~ = [ F@)p@)is [ gla)(e)da
D D D

as m — 0.

2 Proof of Theorem 1.1

For any function f € B(D) we have by Lemma 1.5 that

m

> Ef(Xk) = J(f)-

k=1

1
m

By Chebyshev inequality we have for any € > 0 that

il

By Lemma 1.3 Cov(f(Xy), f(X;)) converges to 0 for any k # j as max(k,j) — oo, therefore the
right-hand side of the preceding display vanishes as m — oco. Theorem is proved.

> F(Xk) — Ef(X)

=1

> sm} < ﬁ > Cov(f(Xx), F(X;)).

k,j=1

3 Proof of Theorem 1.2

It is well known (see, for instance, [1]) that to prove the theorem it suffices to prove that for any
function f € B(D) the sequence of random variables

— > (f(Xx) —Ef(Xy))

k::l

-

converges weakly to a Gaussian random variable with mean zero and the variance J(f?) — J2(f)
as m — oco. Fix some 0 < § < 1/2 and write

S k}j (Xk) — Ef(Xi)) + 1/ hz (Xk) — Ef(Xk)).

5-1/2

The first sum above can be bounded by 2|| f||co™ and vanishes as m — co. Therefore it suffices

to prove that the sequence of random variables

Sm(f) = k) — Ef(Xk))

Z (X5



converges to a Gaussian random variable with mean zero and the variance J(f?)—J2(f) as m — oo.
We are going to show that Ky, (f) the nth cumulant (semiinvariant) of S,,(f) converges as m — 0o
to the cumulant of a Gaussian random variable with zero mean and the variance J(f2) — J2(f). It
is well known that the convergence of cumulants implies the weak convergence (see, for instance,
Lemma 3 in [8]). We have actually proved in Lemma 1.5, part 2), that Kpa(f) — J(f?) — J2(f)
as m — oo. We need to prove that K,,,(f) — 0 as m — oo for n > 3. Recall that the cumulants
Kmn(f), n > 1, are defined as the Taylor coefficients of the logarithm of the characteristic function

log Eeit5m(f) — Z]Cmn(f)%, t € R. (6)

Each cumulant Kp,(f), n > 1, is well defined since the random variable S,,(f) has all finite
moments and can be presented as a finite linear combination of the products of moments ([3])

n

Kon(f) =Y (=D (k=1)! Y HES” (7)

k=1 T1yeTk j=1

where the second sum is over all sets of positive integers {ri,...,7;} such that r; +---+r, = n.
Let Y;,2 > 1, be the collection of independent random variables in D having the common
probability density 5(z)/a. Denote

Som(f) = —Z (Yi) — Ef(Y2)),
where we denoted ms = m — m?. We are going to show that for a fixed set of positive indexes
r1,...,Tg, such that vy + --- 4+ rp = n the following expansion holds
koo k
TTES# () = [ ESGm(F) + Cnlres .. iy £), (8)
- j=1
where

|<m(rl7 sy Thy f)| < C(n)m6+n/2eipm6‘

For the simplicity of notation we prove the expansion (8) for the particular case k = 1,7 = n, for
other cases the proof is similar. It is easy to see that

/4

ESn(f) =m;"* > >, E[Tam,

t1,..0tp m5§i1<...<ip§m v=1

where the first sum is over all sets of positive integers t;, ¢ = 1,...,p, such that t; +--- + ¢, = n.
We get the expansion (8) if we put

Cm(n, ) =ms™? S > <EH£§:(f)—1_Ilutv(f>)-

tl,...,tp m5§i1<...<ip§m v=1



Indeed, by Lemma 1.4 we have that

P

[, )l < ;™2 Sooooer Y e (9)

t,entp ms<in<...<ip<m v=1
It is easy to see that for any fixed set of positive integers ¢1,...,t, in the first sum we can bound

p
m(;n/? Z cn Zefpiv < C’(n,p, 6)m(671/2)n(m - mé)pflefpm

ms<i1<...<tp<m v=1

8

< C(n,p, 5)m6+n/267”m6.

Note that the first sum in (9) contains the number of terms depending only on n. Therefore we
have that 6
[Cm(n, £)] < C(n)md+n/2e=Pm”,

For other sets of integers ry, ..., r; the expansion (8) can be obtained in the same way.
Going back to (7) we get that

Konn(£) = KL) + DD R =18 D7 Galrry oo f), (10)
k=1

T1y3Tk

where Kﬁ,%( f) is nth cumulant of the random variable Sg ,(f). Because of the independence we
have that
KQL(f) ~mg "2 = 0

for any n > 2 as m — oo. It remains to note that

STEDE R =D Y Gl £)] < Cln)nlm/2e o’ g,
k=1

1ol

as m — 00. The theorem is proved.

4 Proofs of Lemmas 1.1-1.5

Without loss of generality and for the simplicity of notation we assume throughout the proofs of
Lemmas 1.1-1.2, that the functions 3, (x), n > 0, S(x) and R(z) are constant, i.e. B,(x) = Bn, n >
0, B(z) = B and R(x) = R, x € D. Also, we assume in these proofs that D is a d—dimensional unit
cube. Therefore the limit distribution for the sequence of random variables X,,, m > 1, is just a
uniform distribution in the unit cube. Modifications for the general case are obvious.

Proof of Lemma 1.1. Fix sufficiently large | € Z such that p(l) = I"%(Bmin/Pmaz) < 1 and,
also 1/l < R/4. Let {Q;,i=1,...,1%} be the set of non-overlapping cubes of size 1/I, such that

D={]Ja:



Denote by &,; a number of points X7, ..., X,, falling in the cube Q;. Take a point z € D and let
x € Q; for some i. It is easy to see that

(@, X (1)) > éms > min €, (11)
J

since Q; C B(z,R). Fix some 0 < ¢ < p(l) and denote A, = {min; &»; > md}. The equation
(11l implies that in order to prove the lemma it suffices to bound exponentially the probability
P{An} — 0 as m — oo, where

It is obvious that

P{4,,} <I1¥maxP{&n; < md}.
The formula (2) yields that

f ./Bn u, X (k—1 du
P{X) € Qi X(k — 1)} = =2 X D)

o Bruxe—1ydu

This conditional probability can be bounded from below by p(l) uniformly in sequences X (k — 1).
Therefore the unconditional probability P{X); € Q;} is also bounded from below by the same
constant for any k£ > 1. Using the well-known coupling construction (see, for instance, Theorem
I.5.1 in [7]) we can construct on the same probability space the random variable &, and the
binomial random variable Emi with m trials and with p(l) the probability of success such that &,,;
stochastically dominates &m;. So, we have that P{&m; < md} < P{&ni < md}. The standard
bounds of the probabilities of large deviations for the sums of i.i.d. random variables give us that
for any 0 < 6 < p(I)
P{gmi <md} < Ce ™,

with some positive constants C' and A. Therefore

P { inlf)n(:v,X(m)) < mé} <4 max P{&,; <md} < Clie ™,
re 7

Lemma is proved.

Proof of Corollary 1.1. The part 1) of Corollary 1.1 is an immediate implication of Lemma 1.1
and the convergence of the 4's. Indeed, for any ¢ > 0 we have sup,¢ p |Bp(z,x(m))(z) — 6(2)| < € as
soon as infzep n(z, X(m)) > n(e), for some n(e).

By the equation (2) the unconditional density of the random variable X}, at a point u is

/Bn(u,X(k:)) (u)

B (ulX (k) = E= X k)

The integrand in this mean is bounded and converges in probability to 5(u)/a as k — oo by the
part 1) of Corollary. Therefore, Ev)(u|X (k)) — B(u)/a for any v € D as k — oo. It is well known
that the point-wise convergence of densities implies the convergence in total variation. Corollary is
proved.



Proof of Lemma 1.2. We start with the part 1). Fix arbitrary € > 0 and ¢ > 0 and denote

By = {Sup |Br(a,x (k) — Bl < 5} :
zeD

It is easy to see that

~ 1
Jk(f) = m/f(fﬂ)ﬁn(m,xw—n)d% k>1
D
One can write
4 f /Bn z,X (k—1 dx P
ELJi(f) = J(H)P = E |2 a(X(k L LR
Ip (@) Bz, x (k—1))dx P
L TS () Al I
=51+ 59
Note that
B > Ip F(@) (B, xk—1)) — B)dz |”
Si1=E|J —1 I .
' ‘ (F) (fD Br(z, X (k—1))dT Ip Br(e,x (k—1))dz {Brc}
By Minkovski inequality
P 1/p
SP < |J(f <E b —1| I )
IO (& | o~ oo

Ip (@) (Ba(z,x(k-1)) — B)dz
Ip Br(e,x (k—1))d

P 1/p
I{Bk,s}>

_1yy — Bldz\?
Jp Br(ax (k—1))da o

By Lemma 1.1 there exists k(J, €) such that P{By, .} > 14, if k > k(d,€). Therefore if k > k(4, ),
then one can bound 8

s <l (52
Combining bounds (12) and (13) we get that if & > m(d,e) + 1, then

(s

S1 < 2P| fII%E (

Therefore

+ 1)p P{B:} < C4. (13)

176(f) = J(H)Ige < C(e” + )

for some constant C' > 0. Therefore LP-convergence of jk( f) to J(f) is proved for any p > 1, since
¢ and ¢ were taken arbitrary. The part 1) of the lemma is proved.

Let us prove the part 2) of Lemma 1.2. Fix sufficiently small positive § for which Lemma 1.1
holds. Denote

=<1 > .
Aps {;1612 n(z, X (k)) > ké}

9



Let us write again .
E[Ji(f) = J(HIP = 51 + S,

where now f F(@)8 p »
" D J\¥)Pn(z,X (k=1))4%
Sl =E a(X(k—l)) J(f) I{Ak,(;}
e [y £(@)8 d »
r pJ\T n(z,X (k—1)) T _ -

Similar to the bounds (12) and (13) we have

: Ip 1Bne,x (k1)) — Bldz\"”
S; < 2P| f|IEE ’ I 14
< (D) (1)
and
! IBmam Lg—
sy < iz (52 1) Pl (15)
Using exponential convergence of ),s we obtain
C 20l \ P
5y < (Al ) o (16)
and by Lemma 1.1 we get
! Bmax P -
Sy < i (e +1) e a7)

for some A > 0. The equations (16) and (17) yield that
E|jk(f) o J(f)|p < Ce—kmin()\,‘yép)’

and the second part of the lemma is proved.

Proof of Corollary 1.2. The statement of Corollary directly follows from Lemma because we
have by the binomial formula that

n

E (%) ~ B X)) ) = S0 () R0

i=0
Proof of Lemma 1.3. Assume for definiteness that k£ < j. We can write

Ef(Xr)g(X;) = E(f(Xi)E (9(X;)|Fj-1)) - (18)

1) Assume first that k is fixed and j goes to infinity. By Lemma 1.2 J;(9) = E (g(X;)|Fj1)
converges in L? to J(g) as j — oco. It implies that Ef(X)g(X;) — J(9)Ef(Xk) as j — oo because
of the continuity of the inner product in the Hilbert space. Lemma 1.2 yields that Ef(Xy) —
J(f), as k — oo. Therefore Ef(Xy)Eg(X;) = J(g)Ef(Xk) as j — 00, so we get the result in this
case.

10



2) Assume now that both k£ and j go to infinity. Again, by Lemma 1.3 Ef(X)Eg(X;) —
J(9)J(f) as j — oo. By the equation (18)

Ef(Xx)g(X;) = Ef(Xk)(Jj(9) — J(9)) + J(9)Ef(Xx).

The first term in the right side of the preceding equation is bounded by || f|so||Jj(9) — J(g)|| 22 and
it goes to zero as j — oo by Lemma 1.2. The second term J(g)Ef(Xk) also tends to J(g)J(f) by
Lemma 1.2.

It is easy to see that in both cases the convergence is exponential in j in the first case and in k
in the second one if the condition (4) holds.

Proof of Lemma 1.4. Conditioning on F;, _1 we have

E H gv =E (H §:U gU gzk( ) Eg@k( ))rk |f-7«k_1)> )

SO

EH gv_EHg (900, (55,

+E H €r(90) (E (93 (Xi) = Egins (Xia))™ [ Fi—1) — Uny (90))

Using Corollary 1.2 and boundedness of g’s we can bound the second term in the right-hand side
of the preceding display as follows

EJ] &2 (90) (B (9 (Xae) = Egin (X)) |Fi1) = Ui (930)) | < C"(g)e ™™

Repeating this procedure sequentially for the indexes ig_1, . ..,%; in the product E H &2 (90)Uny, (9i,)
v=1

we finish the proof.

Proof of Lemma 1.5. By Lemma 1.2 we have that Ef(Xy) — J(f), as k — oo. Fix an arbitrary
e > 0 and let k() be such that |[Ef(X%) — J(f)| < e as k > k(e). It is easy to see that

Ef(X) - I(7)| < 27 m— k),

NE

1
m

>
I

1

The first term in the right side of the preceding equation goes to 0 as m — oo, the second is less
than . Therefore we get the result since ¢ is arbitrary.

11



Let us prove the part 2) of the lemma. Let us fix some positive § < 1/2 and write

mCov(Jm(f), Jm(g)) = Y Cov(f(Xk),9(Xk))

By Lemma 1.3 we have that Cov(f(X&),9(Xr)) = J(fg) —J(f)J(g), as k — oo, therefore the first
sum in the preceding display converges to J(fg) — J(f)J(g) by the argument we have just used
for the means. The second sum can be bounded by Cm?~! and vanishes as m — co. The third
sum can be bounded by maxy, ;- (5] Cov(f(Xk),g(X;))m. By the assumption (4) and Lemma 1.3
maxy, ;- ,5) Cov(f(Xk), g(X;)) decays exponentially as m — oo and the proof is over.
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