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Nonlinear instability and saturation of linearly stable
current-carrying pair plasmas

ABSTRACT

The nonlinear instability of current-carrying pair plasmas is investigated with a Vlasov-Poisson
model for the two particle species. It is shown that linearly stable configurations are unstable
against small incoherent perturbations of the particle distribution functions. The instability gives
rise to a self-acceleration and growth of phase space holes. After the growth of the phase-space
holes, the instability reaches a chaotic saturation where the finite-amplitude holes interact and
merge, and after a long time, the system attains a stable equilibrium state with a smaller drift
and a larger temperature than the initial one, and where a few stable phase-space holes are
present.
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The nonlinear instability of current-carrying pair plasmas is investigated with a Vlasov-
Poisson model for the two particle species. It is shown that linearly stable configurations
are unstable against small incoherent perturbations of the particle distribution functions.
The instability gives rise to a self-acceleration and growth of phase space holes. After the
growth of the phase-space holes, the instability reaches a chaotic saturation where the finite-
amplitude holes interact and merge, and after a long time, the system attains a stable
equilibrium state with a smaller drift and a larger temperature than the initial one, and

where a few stable phase-space holes are present.
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I. INTRODUCTION

Pair plasmas, consisting of two species with opposite charges and equal masses, are the subject
of increasing interest among physicists [1]. The presence of such physical systems in environments
like the early universe, neutron stars, active galactic nuclei and pulsar magnetospheres makes
the understanding of pair plasma dynamics a relevant study for astrophysics. Although electron-
positron pair plasmas have since long been available in laboratories [2—4], pair annihilation and
radiation cooling by cyclotron emission do not allow life-times sufficiently long for the excitation
and development of coherent structures. This drawback is not present in the recently available
long-lived pair plasmas composed by single-charged fullerene molecules [5], which promise to play
an important role in the understanding of the underlying principles of plasma dynamics and the
testing of analytical and numerical models. An analytical treatment of equilibrium solutions in pair
plasmas [6] has resulted in the finding and description of trapped particle equilibria characterized
by a shape function and a nonlinear dispersion relation.

A further motivation for the study of pair plasma dynamics lies in the insight they provide into



the dynamics of more general plasmas, often composed by species with very different masses [7, 8|.
One of the main difficulties in the numerical research of ordinary electron-ion plasmas is the large
difference between the two involved timescales. An integration of the full kinetic equations of both
species is therefore computationally very expensive and often masked by numerical limitations
and simplifications (e.g. modelling one of the species by fluid dynamics [9, 10]) have instead
been used to investigate the long-term behavior. However, as we will show in this paper, these
simplifications exclude interesting and decisive phenomena that appear only in the fully nonlinear
kinetic description.

It were first observed in Particle-in-Cell (PIC) simulations in a series of landmarking papers by
Dupree and coworkers [13], that a current-carrying Maxwellian plasma composed of two species
with not too different masses is unstable far below the threshold predicted by the linear theory
[11]. In this model, an external electric field Ep is initially imposed which produces a drift between
both species, but which is then removed to allow the pair-plasma to relax in the course of time.
However, due to the limitations in computational resources at the time, the number of simulated
particles was not large enough to rule out the possibility that the instability was an effect only of
the coarseness of the numerical description. Furthermore, the model that they proposed turned out
not to be able to cover the full kinetic dynamics of the involved mechanism. For these reasons, we
believe that a reinvestigation of this stability problem is timely, especially due to its impact on the
anomalous transport [10] in plasmas. On the other hand, the saturation of nonlinear electrostatic
instabilities has not received much attention so far, in contrast with the linearly unstable regime
[12].

In this paper, we show the results of Vlasov-Poisson (VP) simulations that indicate that an
instability associated with the formation and acceleration of trapping structures is indeed an in-
herent property of collisionless current-carrying (pair) plasmas. We sketch a description of the
generic mechanism involved in the destabilization of the plasma as a self-acceleration of trapping
structures that differs from Dupree’s model [14], and is able to explain the driving of some particles
far outside their thermal range, as observed in our simulation. The saturation of the nonlinear
instability is also investigated. We observe that after a turbulent regime, a final inhomogeneous
stable steady state is reached in which equilibrium trapping structures are present. Particle trap-
ping is hence not only associated with the saturation of a linear instability ~the common picture—
but it also turns out to be the underlying mechanism of a not yet completely understood kind of
nonlinear instability.

The paper is organized as follows: in Section II we describe the equations that govern the



dynamics of the system, as well as the numerical approach used to solve them. In Section III
we present and comment the numerical results. Finally, Section IV contains a summary of our

investigation and some conclusions we can extract from it.

II. GOVERNING EQUATIONS AND NUMERICAL TREATMENT

We consider a drifting collisionless pair plasma with equal temperatures for both species. The

dynamics is governed by the 1D Vlasov-Poisson system

[0; + v8, £ ®'(2,1)0y] f+(z,v,t) =0, (1a)

" (z,t) = /dv f-— /dv fr=n_—ng, (1b)

where space z, time ¢, velocity v, the distribution functions fi and electric potential (®) are in
units of the Debye length Ap, the inverse plasma frequency w 1, the thermal speed Vi, ng/Vr
and T'/e, respectively. Here, Ap = (nge?/eoT)"/?, w, = (noe?/eom) and Vp = (T/m)'/?, where
ng is the unperturbed particle density of each species, e is the magnitude of the electron charge,
m is the mass and T is the thermal energy of the two species in the unperturbed state. The
distribution functions of the homogeneous, unperturbed state are in the center-of-mass frame
foxr = (1//2m)exp {—(v + vD/2)2/2}, with vp being the drift speed between both species. A
linearization of Eq. (1), considering small perturbations f; and small d,f; on these distribution
functions and a subsequent stability analysis [11], predicts that the system is stable for drift speeds
smaller than v}, ~ 2.6.

We integrate numerically Egs. (1a) and (1b) by means of a Fourier-Hermite [15] code in which

the distribution functions are expanded as

N
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m=0
where He,,(z) is the Hermite polynomial of order m and L is the length of the system, on which
periodic boundary conditions are imposed. Inserting the decomposition (2) into Eq. (1) yields an
evolution equation for each coefficient, which we solve with a fourth-order Runge-Kutta algorithm.

The Fourier-Hermite expansion allows us to directly integrate the VP system, thus avoiding
the discretization errors associated with other common plasma simulation techniques, such as PIC
modelling. Besides, the Hermite expansion in velocities is well suited for distribution functions not

far away from the Maxwell-Boltzmann distribution, which would be exactly represented by M = 0.



We here use M = 800 Hermite polynomials and N = 64 Fourier modes. As closure conditions
at m = M, we impose outflow conditions [15] that minimize recurrence effects due to filamentation
in velocity space, thus allowing to achieve long time simulations. The effect of neglecting higher
order Hermite modes is a certain coarse-graining of the velocity dependence of fi, acting as a
small dissipation term. The exact form of this dissipation does not, however, rely on any physical
model, which represents a drawback of Fourier-Hermite simulations.

There are many different ways of perturbing the homogeneous distribution functions. A common
approach is to set as initial condition f = fo(1 + esinkz). Then, as long as € < 1, the linear
theory can be applied and all modes experience initially Landau damping when vp < v},. Later,
nonlinear effects come into play and a trapped particle equilibrium emerges, which survives time-
asymptotically in the so-called nonlinear Landau damping scenario [16, 17]. The reason why
initially Landau damping prevails lies, of course, in the fact that the initial perturbation satisfies
the condition of applicability of linear theory |9, fi| < |9y fo| because of the same v-dependence of
fo and fi. In course of time, the field energy is monotonically decreasing leaving a tiny BGK-like
hole structure. We use instead incoherent perturbations that topologically change the distribution
functions and, though small, do not satisfy the linear criterion. To achieve that, we simply add a
random normal noise to each coefficient k,, in the expansion (2). Quasineutrality is ensured by
maintaining ka—LO = 1. Note that this procedure may lead to the regions with fi < 0. Those regions
are however small if the perturbation is small, and in the simulations they disappear after a short
time due to the numerical dissipation.

The expansion (2) allows also to restrict the space of admissible perturbations to those that
do not alter the total energy of the system. To impose this restriction, we note that the only
coeflicients that contribute to the energy expression are k(jﬁ, kg% and kffo, and therefore we do not
add any noise to these coefficients. The total energy will therefore be the same in the perturbed
and unperturbed states. In the simulations presented here, we restricted ourselves to such energy-
preserving (i.e. adiabatic) perturbations. Thus we are confident that the observed effects are not
a result of an uncontrolled addition of energy. We checked however that when this restriction is

removed, the evolution of the system is qualitatively similar but slightly faster.

IIT. NUMERICAL RESULTS

We run the simulation in a linearly stable regime with vp = 2 < v},. Although the perturbation

is small (f1/fo =~ 0.08), the observed result is in clear contradiction with the linear theory and also



with the nonlinear Landau damping scenario. The evolution of the system is displayed in Fig. 1,
where the field energy is plotted as a function of time. At least three phases can be distinguished
in the time evolution: (a) a transient damping phase resembling Landau damping but where some
nonlinear phase-locking takes place which produces tiny coherent seed holes out of the noise (b)
a growing nonlinear instability and (c) a saturation of the instability and a decay towards a new

stable equilibrium. Let us study in detail each of these phases.
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FIG. 1: Evolution of the field energy wy = [(8,¢)? dz. Three phases can be distinguished: (a) an initial

transient damping, (b) nonlinear instability and (c) saturation and decay towards a new equilibrium.

A. Formation of solitary seed phase-space holes

The dominant process in the earliest stage of the evolution is a kind of Landau damping where
some of the noise is damped out due to phase mixing in the particle distribution functions. In the
linear picture, Landau damping is standard textbook knowledge (see e.g. Ref. [18]), but in our
case one has to admit that the fully nonlinear coupling between modes leads to a slightly different
scenario in which incoherent noise is transformed into the coherent excitation of one or several
small phase-space holes [19-21].

In all our simulations, we observe that coherent structures are created close to v = 0 in the
center of mass frame, which is the phase space region where particles of both species interact most
strongly. Due to the symmetry of the system, holes in both species are equally probable. Therefore,
without loss of generality, we focus on holes in the f_ distribution function.

To understand the existence and character of these solitary holes, we may adopt a quasi-
stationary description of phase-space structures. Using the distribution functions and notation

of Ref. [21] we can obtain equilibrium solutions of the VP system by requiring that the defining



parameters satisfy the nonlinear dispersion relation (NDR)

7 (“%2) - 1_§ [b(ﬂ,vD/Z) + gb(a,vD/Z)] G2 (3)

where we assumed that the structure is resting at the center of mass frame (vg = 0) and that it is

solitary (ko = 0). The function b(3,u), representing the trapping effect, is defined by

b(B,u) = % (1= B —u?) exp (—%2) , (4)

and Z,(x) stands for the real part of the plasma dispersion function. Note that (3) differs from the
expression given in Ref. [6] because now we included a drift velocity vp and removed the additional
assumption of complete symmetry between the species (i.e. we have a # f3).

If the seed hole is located in the f_ distribution function, it is a natural assumption that trapping

in the positive species plays a minor role and therefore b(c,vp) ~ 0. Furthermore, if we take into

V2

implies 8 < 0, which means that only holes are allowed and no humps can appear. This is actually

account that for vp = 2, —Z] (”D/2) > 0, then it must hold b(8,vp/2) > 0. But from (4), this
what we observed in all our numerical simulations.

B. Acceleration and growth of holes

A detailed look at the phase space densities in Fig. 2 of both species allows us to identify
the nonlinear instability observed in Fig. 1 as the effect of the growth and multiplication of the
phase space holes whose formation we described in the past section. This phenomenon was already
observed by Berman et. al in their Particle-In-Cell (PIC) simulations [13]. Our Vlasov code and
the use of equal masses of the two species allows us however to better understand the dynamics
involved in the process and to improve the model proposed in Ref. [14].

Once a hole is created, it starts to accelerate with an almost constant acceleration. The mech-
anism involved in such a behavior consists in the formation of a hump in the distribution function
of the opposite species (f) located slightly in front of the hole (see Fig. 2). The particles in that
hump are bouncing in front of the hole as the acceleration of the latter always allows it to reach
any preceding particle which is then in turn accelerated, thereby allowing the positive species to
gain momentum from the negative one. Thus, a self-accelerating mechanism for phase-space holes
is created. This mechanism can also be understood by transforming to a non-inertial frame co-
moving with the accelerated structure. In that frame we have to add a constant pseudo-force to

the Vlasov equation and the trajectories of the particles in phase space look like those illustrated in



FIG. 2: Phase space distribution functions at ¢t = 187.5. The circles indicate the location of a hole in the
f— distribution function and the corresponding leading hump in the f, function. In time, the hole tends to

keep its shape while accelerating with a roughly constant acceleration.

Fig. 3. Here, we can see that in the new frame some positive particles are indeed trapped in front
of the hole, which explains the leading hump that, in turn, is responsible for creating a positive
net charge in front of the hole that attracts and accelerates the negative particles. In Fig. 4, the
ion densities and the corresponding electrostatic potential that this configuration in phase space
creates are shown. We can view the hole in the f_ distribution as a quasiparticle of positive charge
and negative mass shielded by free negative particles [14, 20]. Thus, due to the asymmetry of the
potential seen in Fig. 4, the hole is sitting in a negative electric field and it is therefore accelerated
to the right. As the free positive particles play no essential role, this mechanism can accelerate
positive particles to velocities larger than their thermal range; this explains also our observation
that the acceleration is roughly constant.

On the other hand, as the phase space densities inside the trapping areas remain approximately
constant, the amplitude of the electrostatic potential grows as the hole penetrates into more pop-
ulated regions in the phase space of negative particles reaching a maximum around vy = vp/2.
Later it decays and the hole finally disappears as vog —vp/2 > 1.

The fluctuations in the electrostatic potential, created by the holes contribute in turn to trigger
new seed holes. Thus, the rate of creation of holes is roughly proportional to the number of holes
already present in the plasma. This multiplication of structures provides an explanation for the

exponential growth that we can observe in the phase (b) of Fig. 1. After some time, the number



FIG. 3: Schematic phase space trajectories of negative (left) and positive (right) particles in a non-inertial
frame, co-moving with a hole in the f_ distribution function (bell-shaped potential). The dashed line

represents the separatrix between trapped and free particles in this frame.
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FIG. 4: Densities and electrostatic potential in an early stage of the evolution (¢ = 187.5). A hole in the
negative particle species is seen to the right. Note the asymmetry and that the bottom of the negative
density is shifted to the left of the maximum of the potential (marked by a vertical line), which induces an
acceleration to the right. To the left in the figure, a smaller hole with negative acceleration can be seen in

the positive species.

of holes is so large that interactions between them become the dominant process and the system

reaches a chaotic, turbulent state in which the holes collide and merge.

C. Saturation and stable equilibrium state

After some stage of turbulence, the field energy of the system eventually saturates and the
plasma slowly decays into a new equilibrium that seems to be stable. An examination of the phase
space densities allows us to understand the involved kinetic processes. The relaxation set on by
the present mechanism has the effect of widening the distribution functions and bringing them
closer to one another or, to say it more formally, increasing the temperatures mainly at the cost

of reducing the drift vp (see Fig. 5). This response can be viewed as the result of an effective



collision between positive and negative plasma particles, mediated by the trapping structures as
predicted by Korn and Schamel [10]. From a macroscopic viewpoint, it is understandable as the

result of anomalous diffusion caused by the scattering of particles by trapping vortices [9, 10, 22].
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FIG. 5: Evolution of the mean velocity (v) (above) and the thermal speed squared v, = ((v— (v))?) (below)

of each species.

Note that friction does not conserve entropy, defined as S = — [ dvflog f, and in principle it
cannot be described by a Vlasov equation. We must remember, however, that neglecting some
Fourier modes and Hermite polynomials, as we did in the decomposition (2), acts like a small
dissipation and turns the Vlasov equation into a non entropy-conserving one. If we had been able
to solve the complete Vlasov equation, the final distribution functions would have had oscillations
of very high frequency in the velocity (filamentation), which in any realistic physical model should
be averaged out.

The modifications of the distribution functions act against the formation and acceleration of
holes, which therefore become less frequent as time advances. At some point, an equilibrium is
reached which in most of our simulations consists in one of the species having a flat distribution
function close to vg, while the other one presents one or a few holes with constant speeds. It should
be expected however that when more than one hole is present the coalescence instability would
have acted, turning them into a single one after a long enough time. We note that this coalescence
strongly depends on the length of the system in the sense that for a large L, a very long simulated
time is needed to obtain a single hole.

Two sample scenarios are shown in Figs. 7 and 8. In Fig. 7, we show the phase space densities
for an advanced state of the same run we use for the rest of the figures. Here, we see that three
holes exist in the distribution function of the positive ions. As they have similar speeds, they
spend most of the time very separated from each other, and therefore it will take a very long time

until a single hole appears. On the other hand, in Fig. 8 we show the phase space densities at an
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advanced time of a different run with a smaller box length. Here, a single hole appears in the f
distribution function, while in the f_ distribution, a plateau is seen with an embedded hole that,
due to the repulsion with the hole in the f, species, slowly oscillates back and forth.

In Fig. 6, we show the initial and final distribution functions, corresponding to Fig. 7, inte-
grated in space. A depression is clearly seen in the distribution function of positive ions and a
corresponding flat region in f_. The flattening prevents that the hole is accelerated into higher

speeds.
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FIG. 6: Velocity distribution functions at ¢t =0 and at t = T" = 1500.

—2.5

FIG. 7: Phase space densities at ¢ = 1350. The system at this point is almost stationary, where f_ has a
flat plateau and f has three holes which are propagating with very close speeds. For a much larger time,

it is expected that the three holes coalesce and form a solitary one.
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FIG. 8: Phase space densities at t = 1350 for a run with a smaller system length. In this case a single hole

is present in f, while a plateau with an embedded hole appears in f_.

IV. SUMMARY AND CONCLUSIONS

In this paper, the nonlinear stability of a two-species current-carrying pair plasma described by
the Vlasov-Poisson system has been investigated in the linearly stable regime. By numerical simu-
lations, we have shown that the system can be destabilized by incoherent, topologically deforming
perturbations. We have explained qualitatively the process involved in this nonlinear destabiliza-
tion, which consists of the spontaneous creation of holes in the particle distribution function of one
species and associated humps in the opposite species, and their self-acceleration. An analytical
model for such mechanism would be highly desirable, as it may allow to estimate the threshold
drift of the nonlinear stability. Whether zero or negative energy arguments [23] will play a role in
such a model is another question that should be addressed in forthcoming investigations.

We have also shown that the nonlinear destabilization and subsequent turbulent stage drives
the system towards a new stable equilibrium in which quasistationary holes are present. In a
forthcoming publication, use will be made of the distribution functions of Ref. [21] to analyze
these final steady states.

We note that some points remain to be clarified. Among them, a description of the processes
involved in the saturation of the nonlinear stability, probably based in a minimization principle of
some sort of free energy, seems to be the most challenging one. An analytical approach to the study

of the stability of seed holes, on the other hand, would allow to estimate the nonlinear stability
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threshold, which is much lower than the linear one. This would surely be a remarkable step in
plasma physics.

Finally, we would like to suggest the possibility that an experimental setup like the one presented
in Ref. [5] be slightly modified to include a drift between both species. These highly valuable
experiments would provide a new insight into nonlinear current-driven instability and, in general,
contribute to the understanding of stability and transport issues in plasmas with electrons and
anti-electrons or positive and negative ion components.

As a conclusion, we would like to emphasize the fact that our simulations prove once more
that the smallness of a perturbation is a necessary but not a sufficient condition to justify the
linearization of the Vlasov-Poisson system. Instead, nonlinear considerations have to be taken into
account from the very beginning and this paper shows another mechanism by which the nonlinear

trapping phenomena are the key to the global dynamics of a plasma.
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