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Generalized processor sharing: characterization of
the admissible region and selection of optimal
weights

ABSTRACT
We consider a two-class Generalized Processor Sharing (GPS) queueing system, in which each
class has its specific traffic characteristics and Quality-of-Service (QoS) requirements. Traffic of
both classes is assumed to be Gaussian (a versatile family of models that covers both long-
range dependent and short-range dependent traffic). In this paper we address the question how
to select the GPS weight values. To do so, we first characterize the admissible region of the
system for fixed weights. Then we obtain the realizable region by taking the union of the
admissible regions over all possible weight values. The results indicate that, under a broad
variety of traffic characteristics and QoS requirements, nearly the entire realizable region can be
obtained by strict priority scheduling disciplines. In addition, we indicate how the buffer
thresholds, QoS requirements and the traffic characteristics of the two classes determine which
class should get high priority.

2000 Mathematics Subject Classification:  60G15;60K25;68M20;90B18
Keywords and Phrases: Generalized processor sharing; Priority scheduling; Gaussian traffic; Loss probabilities;
Admissible region; Weight setting
Note: This research has been funded by the Dutch BSIK/BRICKS (Basic Research in Informatics for Creating the
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�g�Gt��MpQ��w�Ç\q*����q���|�pduKp(��q�v�sÕv��!�r��u�q�v�u�q�tí�\�Æt.u,�1t.p{��� �]> yMuÆt.�Mp{u�Ç\v�u�p����[|*��vNt��Mp+q�scB�yMp(sMz{pdv���ü q*�����£��p(�Av�u�p��
���Dz(�5s±��p-�Kp{p(s±q�s > q���y�u�pLÌ�Ì�}At.v����juKq����gtN�5sMw±��v�tKt.v�ÇÕ� ��> v�u`|X�5uK��p�Ó��[|�yMpC�`v��=ü��Ht.�Mp��6v�y�s#wM�5u�q�p(�Dv��
Ò=}fÊ��<��Ò=}�Ì(�<��Ä �[s#woA©�5|�Ç\v��Æt+z{v�q�sMz{q*w�p � Â �Qü w�pCzOu�pC���KpC�{��t.��pNw�qU 6p(uKp(sMz{pr�6pOtí��p{p(s�t.�MpD�6v�yMs#wM�5uKq�pC�Rv��
ÄJ�[s#wpA �6p(z{v�Ç\pC���Kq���sMq�þMzC�[sgt � �+v�t�pN�5|*�Kvat.�#�[t�t.�MpDw�qU �p(uKp(s#zOpD�6pOtí��p{p(sÕt.��pD�6v�y�s#wM�5u�q�p(�=v���Ò=}fÊ����[s#w
Ò=}�Ì(�R�6p(z{v�Ç\pC�RÓ�q*�Kq��M|�pa�$v�u`�KÇÕ�5|�|!Ó��5|�y�pC�Qv���ü �`Î sÃ�[|�|�t��Mp�p{Ôx�6p{u�q�Ç\p{sgt,�Q���`w�p(��q*zOt.p(wëq�s > q���y�u�pcÌ�Ì[��Ä
sMpC�5uK|��LzOv�q�sMz{q*w�p(�=�+q�t�� ÒR}KÌC� �> v�u�üW�ËÌ{Ê�ÊLýV�M�#�\}���pOt�t�q�sM�Lv�� > q���yMu�pëÌ�ÌL}���v�tKt.v�ÇÕ���<� > q���yMuKp Ì m w�p(��q*zOt.�Dt��Mp\�Kp(sM��q�t�q�Ó�q�tÈ�±�Rq�t.�
u�p(�K�6pCz<tRt.v-t��Mp/F d � � Â �g�[q�s��6ÄJ��pCz{v�Ç\pC�RzOv�s#�Kq*w�p(u,�[�M|��L�KÇÕ�5|�|�p{uR�+��p(sLt��Mp
YQvxéÕu�pCî0yMq�uKp(Ç\p{sgt,�=��pCz{v�Ç\p
Ç\v�u�p��Æt.u�q�s���p{sgtR}�q � p � ��q�sMz{uKp1���Kq�s��3Fedí�!f� Ì5� m � �]> yMuKt��Mp{u�Ç\v�u�p��1t.�Mp��6v�y�s#wM�5uK�Nv��6Ä �Kt�q�|�|��Kp(p{Ç8�!t.vDzO|�v0�Kp(|��
ÇÕ�1t,z,��t��MpD�6v�y�s#wM�5uK�Õv���ÒR}KÌC� �
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> q���yMuKp-Ì�Ì[�N@=p1�[|�q�ä1�[�M|�p`uKp(��q�v�s#��v��W�ZÔ��5Ç\��|�p m �Zè �Mp`��v�y�s#w#�[uK�\v���Ò=}�Ì(�Zq*����q�Ó0p(sÕ�0�\t.��pD�KÇÕ�[|�|HwM���K�Mp(w
|�q�sMp ��è ��pN|�v�sM�8wM���K�Mp(wc|�q�sMpNu�p(��u�p(��p{sgt.�=t��Mpr�6v�yMsMw#�5uÆ�cv��ZÒ=}fÊ�� �3è �MpN�Kv�|�q*wL|�q�sMp��[�6vCÓ0pDt.��pN��v�y�s#w#�[uK�
v��3Ò=}fÊ0�+�5sMwÃÒ=}�Ì(�Rq*�+t.��p��6v�yMsMw#�5uÆ�Vv��3Ä �`è �MpNt.�Mq*z.ìL|�q�sMp�v�sVt.v��ëq*�dt.��p���v�yMsMw#�[uK�Vv���A �Dè v��j�H|�p{�$t(�
ü � Ì(Ê�Ê�Ê-ýV�M�M� �Zè v��j�#uKq����0tC��ü � ê�Ê�Ê-ýV�M�M� � ç�v5t�t�v�ÇV�£ü � Ì(Ê�Ê-ýV�M�M� �

ïðrq snt$u�v5wxuyuyt&zW{
> v�uR|X�[u���p(uRÓ��5|�yMp(�Rv���üa��t��Mpr�6v�yMsMw#�5uKq�pC�Rv���AD�6ÄÅ�6Ò=}fÊ0���5sMwëÒ=}�Ì(��Ç8�[t,z.�cpOÓ0p{sV��p{tKt.p(u�t.�#�5sct��Mprv�s�pC�
w�p{�Mq*z<t.pCw^q�s > q���yMuKpo?�}At�v��j�|�p(�XtO�r�5s#w > q���yMuKp±Ì�Ì }$t.v�����|�p(�XtO�}|�t��Mp(s^t��Mp8uKp1�5|�q�äC�5��|�pÕu�p{��q�v�s ÄWsMp1�[u�|��
z{v�q�s#zOq*w�pC�Z�+q�t��8t.��pQ�Æt<�5��q�|�q�tí�-u�p(��q�v�s<A �T> v�u���Ç8�5|�|�p(uZÓ��[|�yMp(�3v���ü t��Mp(uKpdq*���Kv�Ç-pQw�q*�.zOu�p{���5sMzO�-��p{tí��p(p{s
Ä��5s#w
Ar�0�#�5uÆt.q*z{y�|X�5uK|��a�R�Mp{sGt.��pRuKpCîgy�q�u�p(wGv1Ó�p(u�BMv1�û�MuKv����[�Mq�|�q�t�q�pC�3�[u�p+�KÇÕ�[|�| �]= v1��p{Ó�p(u(��q�t£��p{p(Ç8��t����1t
�Æt.q�|�|�p(q�t��Mp{u � ��� Êav�u � ��� ÌD�KyMú\z{p(��t�v }AsMpC�5u�|��M��zOv1Ó0p{udÄ �

�dv5t.p±t.�#�[tct��Mp±u�pC�Ky�|�t,�cv��Nt.��p±tí��v pOÔM�[Ç\�M|�p(�c�KyM����p(�Kt�t.�#�[tct��Mp±�6v�y�s#wM�5uK�nv��rt.��p^��w�Ç-q*�.�Kq���|�p
}�uKp1�[|�q�ä1�5��|�p[��u�p{��q�v�s q*�8�5���MuKv1Ô�q�Ç8�[t.p{|��É|�q�s�p1�5u{���+��q*z,� z{v�u�uKv��6v�u,�1t.pC�a�+q�t.� t��MpLu�p(��y�|�t,�-v��i�Z|��R�[|�q*w~:
ýVq�t.u.����Ì(Ê � �

Î s z(���KpÕv��Qç3u�vC�+s�qX�5sÉq�s��My�t.�{�Z��pc�.�(�Wq�s éxp(zOt�q�v�sûêLt.�#�[t\ÄW�R�5�-�5z(z{y�u,�1t.p(|��@�5�M��u�vCÔ�q�ÇÕ�1t.pCw^�g�
Ò=}�Ì(�3q�� «QÐ Ñ �M�5sMw��0�LÒR}EÊ0�£v�t��Mp(uÆ�+q*�Kp �Zè �Mp{u�p(�$v�uKp���q��!t.�Mp`u,�1t.q�vGv��!t��Mp`�Myc �p(u�t.��u�pC�K��v�|*wM��q*��|�pC����t.�#�5s
t.��p-u.�[t.q�vLv��3t.��pë}�p{Ôx�6v�sMp(s0t.qX�[|$�`w�p(zC�{�±u,�1t.p(�rv��3t��Mp-vCÓ0p{uCBMvC� �Mu�v����[�Mq�|�q�t.q�p(�{�!t.�Mp{sÏv�sMp\�K�Mv�y�|*wÏ��p{|�pCz<t
} � � � � � �N�Û}�Ì � Ê��<��v�t��Mp(uÆ�+q*�Kp±} � � � � � �N�Û}fÊ � Ì(� �LÎ sgt�p(u�p(�Æt.q�sM��|��0��t��Mq*�Åz{u�q�t�p(uKq�v�sÉw�vxp(�ÅsMv5t�q�sgÓ�v�|�Ó0p\t.��p
z,�#�5u.��zOt�p(uKq*�Kt�q*z(�`v��£t��Mp-�Kv�y�u.z{p(� ��è �MpGsgyMÇ\p{u�q*z(�5|Z�[s��5|����Kq*�D�MuKpC�Kp(s0t.p(w±q�s±t��Mq*�r�Kp(zOt.q�v�s }E���Q��p(|�|£���Qt.��p
��w�w�q�t�q�v�s��[|ZsxyMÇ-p(u�q*z(�5|�pOÔ��6p{u�q�Ç\p{sgt.�`t.�#�[tD��p-�6p{u��Av�u�Ç\p(w��Q�KyM����p(�KtDt����1tÅ�$v�uDv�t.��p(u�år�[y#���KqX�5s^�Kv�yMu.zOpC�
t.��p(uKp�q*�D�8�Kq�Ç\q�|X�5u`zOu�q�t.p{u�q�v�s �i= vC��p{Ó�p(u{�Hq�t`q*�Qq�s±��p{sMp{u,�5|�sMv5t`��q�Ó�p(s �g� «NÐ Ñ Ó�p(u���yM� « l Ñ |Hq�tD�Kp(p(Ç\�
t.�#�[t=t.�Mp`t.u.�5ú\zrz.���5u.��z<t.p(uKq*�Æt.q*z(�=v���t.��pDtÈ��v\zO|X�����KpC�R�K�Mv�yM|*wc�6p`t<�5ì�p(scq�sgt.v8�5z(z{v�yMs0tQ������p(|�| �

o^pas�v1� ��q�Ó0pa�Kv�Ç\pa�5uK��yMÇ-p(sgt.�+t����[t`ÇÕ�{�Lq�sM�$v�u�Ç8�5|�|��Vp{Ôx�M|X�5q�së�+�g�VsMp1�[u�|��Vt��Mp�p(s0t.q�uKpauKp1�[|�q�ä1�5��|�p
u�p{��q�v�s q*�Õ�5z,�Mq�pOÓ��[�M|�pV�g�û�Kt�u�q*z<tÕ��u�q�v�uKq�tí� ��z,��pCw�yM|�q�sM���Æt.u.�[t.p{��q�p(� ��> q�u.�ÆtÕz{v�sM�Kq*w�p(u-t.��pë��z{p{s��5uKq�v^t����1t
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> q���yMuKp-Ì m �N@=p1�[|�q�ä1�[�M|�p`uKp(��q�v�s#��v��W�ZÔ��5Ç\��|�p m �Zè �Mp`��v�y�s#w#�[uK�\v���Ò=}�Ì(�Zq*����q�Ó0p(sÕ�0�\t.��pD�KÇÕ�[|�|HwM���K�Mp(w
|�q�sMp ��è ��p=|�v�sM�Dw#�5����pCw�|�q�s�p=uKp(��u�pC�Kp{sgt,��t.��p��6v�yMsMw#�5uÆ��v��HÒ=}fÊ�� �è �Mp=�Kv�|�q*w�|�q�sMp+�5��v1Ó�p�t.��p��6v�yMs#wM�5uÆ��v��
Ò=}fÊ��£�[s#wÕÒR}KÌC�q*�Zt.��pd��v�yMsMw#�[uK�Gv���Ä ��è ��p+t��Mq*z,ìG|�q�s�pdv�s-t.v��8q*�Zt��Mp+�6v�y�s#wM�5uK�Gv��[A ��\ p(�$t(�]F � ���47��9�
�5sMw^F � ��ÌI���9� � @=q����gt(�NF[��� ê�êx� m �5s#w^F � � m Êx� �g�
�6v5t.�ëzO|X�����KpC�R���{Ó0pÅ��q�Ç-q�|X�5uRt�u,�5ú\zNz.���[u,��z<t.p{u�q*�Æt.q*z{� ��Î sLt.�#�[tQ�.zOp(s#�5u�q�vGt.�Mpr�Myc �p(uQ���Æ��Ç-��t.v5t.q*z{�Rv���pC��z.�
q�s#w�q�Ó�q*w�y��5|dz{|X�5���-�Rq�|�|duKpC�Kp(Ça��|�pct����[t\v��dt.��p �5����u�p{�g�1t.pct.u.�5ú\zL�Kt�u�pC�5ÇV�3q�Ç\�M|��xq�sM�Ït����[t\p1��z.� ��v�uKìgæ
z{v�s#�Kp(uÆÓ�q�s��ûw�q*�.zOq��M|�q�s�p±�+q�|�|`��q�Ó0pÃ�Kq�Ç\q�|X�5u��6p{u��$v�u�Ç8�5s#zOp ��= p(s#zOp��Q�Kq�s#zOp�å3V�é q*�L�Ï��v�uKìgæ¹z{v�sM�Kp(uKÓxq�sM�
w�q*��zOq��M|�q�sMp���t��MpÕ�6p{u��Av�u�ÇÕ�[s#zOp8v��=t.��p��K���Æt.p(Ç q*��q�s#�Kp{s#�Kq�t.q�Ó�pÕt�vët��Mp8��p(q����gt,�Åq�s@t��Mq*�a��zOp(s��[u�q�v � �dvC�N�
z{v�s#�Kq*w�p{uÕt.��pÃ��z{p{s��5uKq�vÉt����1tcv�s�pÃz{|X�5�.�Õ���5����p1�{Óx� t�u,�5ú\zÃ�[s#wn|�vgv0�Kp�Y`vgéûu�pCî0yMq�uKp(Ç\p{sgt,�{�R�R�Mp{u�p1�5�
�Av�u8t��Mpëv�t��Mp{u�z{|X�5���Õq�tÕq*�\t.�Mpëu�pOÓ0p(u��KpÉ}E�KÇ\vxv5t.�ût.u.�5ú\z �5sMwn�Æt.uKq�sM��p{sgt^Y`vgé u�p(îgyMq�uKp(Ç\p{sgt.�<� �©è ��p(s
t.��p8�My5 6p(ua���Æ��Ç-��t.v5t.q*z{�Nv���t.��p8�My�u.�Ætí�Ãt.u,�[ú\z8z{|X�����r�+q�|�|�sMv5ta�6p��� 6p(zOt.p(w^�g�Ãt.�Mp\��p{q����gt.��}AÇÕ�(�Ã�6p
p{Ó�p(sVz{v�Ç\�M|�pOt.p{|��cq�sM�Kp(s#�Kq�t�q�Ó0p[�,�����R|�v�sM�8���=t��Mprt�u,�5ú\zDq�sgt�p(sM��q�tÈ��v���t��MpN�KÇ\vxv5t.�ct�u,�[ú8zrzO|X�����+w�vgpC�Rs�v�t
p{Ô�z{p{pCwÕq�t,����p{q����0t �£è �Mp`|X�[tKt.p(u��Rq�|�|jsMp(z{pC���.�5uKq�|��Õ��v�|*wH�#����v�t��Mp{uK�+q*�KpQt.��pD��p1�(Óg�8t�u,�[ú8z`z{|X�5������v�y�|*w��6p
sMp{�g�1t.q�Ó0p{|��±q�s5BMyMp{s#zOpCwÃ�0� t��Mp-�KÇ\vxv5t.� t.u.�5ú\zGz{|X�5�.� �-è �Mq*�Dq�s#�Kp(sM�Kq�t.q�Ó�q�tÈ�±q�Ç\�M|�q�p(�`t.�#�[tDt.�Mp{u�pGq*�D|�q�t�t�|�p
|�v0�Ætd�0�L�Kq�Ç\�M|�����q�Ó�q�sM�8�Æt.uKq*zOt+�MuKq�v�u�q�tÈ�ct�v-t.��pN��Ç-vxv�t��ct�u,�5ú\zrz{|X�5��� ��è �MpNv�sM|��L��zOp(s��[u�q�v-t����1tduKp(ÇÕ�[q�s#�
q*���R�Mp{u�p`t.��pD��yMu��KtÈ�8t�u,�[ú8z`z{|X�5����������t�q����0t.p(u_YQvgé8uKpCîgy�q�u�p{Ç\p(s0t,�3t.���[s�t��MpD�KÇ\vxv5t.�8t.u.�5ú\zDzO|X�����{����y�t
t.�#�[t+�.zOp(s#�5u�q�v\�5���6p1�[u.�=t�v-��pÅ�[tÈ����q*zC�5| �

� yMu�z,��v�q*zOp+t�vÅ�$v�z{yM�£q�s\t.��q*�3���[�6p{u3v�s\tí��v5æÈzO|X������å�V3éGq*�£Ç\v�t�q�Ó��[t�pCwG�g�Gt��Mp+�E�5zOt£t����[t3Ç\v��KtZt.u,�[ú\z
zC�[s8�6pQz(�[t.p{��v�u�q�ä(p(w\q�s0t.v��Æt.uKp1�[Ç\q�sM���5sMw\p(|X���Æt�q*zRt.u,�[ú\z �Î s8��p(s�p(u.�5|E�xq�s8v�u.w�p(u3t�vÅì�p(p{�\t.�Mpdz{v�Ç\�M|�pOÔ�q�tÈ�
���=|�vC�J�5�R�6v�����q���|�p���v�sMpr�K�Mv�y�|*wV�[t�t�p(Ç\��t=t�v-Ç\q�s�q�Ç\q�ä(p`t��MpDsxyMÇ��6p(u=v��zO|X�����KpC� �N= v1��pOÓ0p{u(��t��Mp`��p(q����gt
�Kp{tKt.q�sM�-�Mu�v��M|�p{Ç q�sLt.��pÅzC�5��pD�Rq�t.�VÇ\v�uKprt����[sLtí��v8z{|X�5�.�Kp(�Rq*�+sMv5td�Ay�s#w#�[Ç\p(s0t<�[|�|��Lw�qU 6p{u�p(s0td�AuKv�Ç t.��p
tí��v�æ¹z{|X�����RzC�5�Kp!|���prpOÔ��6p(zOtRv�yMu+z{v�s#z{|�yM�Kq�v�s#��t.v\z(�5uKuK��v1Ó�p(u �
� �~� áaÞ�à,Øaã6Ý � áGã
Î sÃt��Mq*�D���[�6p(uD��p8w�p{t�p(u�Ç-q�sMpCw t��Mp8��w�Ç\q*���Kq��M|�p-uKp(��q�v�sÏ�Av�u��ÕtÈ��v�æ¹z{|X�5�.�Åå�V3é±�Æ���Kt�p(ÇË�+q�t.�@år�5yM�.�KqX�[s
t.u.�5ú\zÏ�Kv�yMu.zOpC� �'è �Mp��5s#�5|�����q*�cu�p(|�q�p(w v�s t��MpÏ��v1��p(u��$yM|D|X�5u���p{æ¹w�p{ÓxqX�[t�q�v�s#�V�5�M��u�vCÔ�q�ÇÕ�1t.q�v�sM�cv��^��Ì2?x�
Ì � � � è �MpC�Kp��5u�pÕ�#�5uKt�q*z{y�|X�5u�|��^yM��p{�Ay�|E�£���Nt.��p{��zOv1Ó�p(u���p(s�p(u,�[|�z{v�u�u�p{|X�[t�q�v�sÉ�Æt.u�yMzOt�yMu�p(�{�t��xy#�a�[|�|�v1�+q�s��
�6v5t.�É�K�Mv�uKt�æfu,�[sM��pÕw�p{�6p(sMw�p{sgt-�[s#w�|�v�s���æfu,�5s���pÕw�p(��p(sMw�p(s0t�t.u,�[ú\z8�MuKv�zOpC���KpC�{�£�[s#wÉ�(Ó�v�q*w^t.��pÕu.�[t.��p(u
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