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An adaptive grid refinement strategy for the
simulation of negative streamers

ABSTRACT
The evolution of negative streamers during electric breakdown of a non-attaching gas can be
described by a two-fluid model for electrons and positive ions. It consists of continuity equations
for the charged particles including drift, diffusion and reaction in the local electric field, coupled
to the Poisson equation for the electric potential. The model generates field enhancement and
steep propagating ionization fronts at the tip of growing ionized filaments. An adaptive grid
refinement method for the simulation of these structures is presented. It uses finite volume
spatial discretizations and explicit time stepping, which allows the decoupling of the grids for the
continuity equations from those for the Poisson equation. Standard refinement methods in
which the refinement criterion is based on local error monitors fail due to the pulled character of
the streamer front that propagates into a linearly unstable state. We present a refinement
method which deals with all these features. Tests on one-dimensional streamer fronts as well as
on three-dimensional streamers with cylindrical symmetry are carried out successfully. Results
on fine grids are presented, they show that such an adaptive grid method is needed to capture
the streamer characteristics well. This refinement strategy enables us to adequately compute
negative streamers in pure gases in the parameter regime where a physical instability appears:
branching streamers.

2000 Mathematics Subject Classification:  35k57 ; 65m50 ; 78a35
Keywords and Phrases: Plasma physics ; electric breakdown ; adaptive grid refinements
Note: Financial support for this work was provided by the Netherlands Organisation for Scientific Research NWO in the
Computational Science Programme.
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¼�¶+À!¾.·�·^¹Sº�Á/´q¿�í ß öwÐwá(¶N·Dµ(º�»`½�¹S³`ºÅ¿{´¯Óy¸T¾.¹�¶N»/¼�¶+Àÿù�Õy¹�³`´�Ïu¶N¿�ºD¹�º�¶N»fù°P � í��P¶N¼m¾�×�ß(´¯Â/´�·�´¯Ä�¹�À�¶+»\Âw´q»^¿ËºD¹kÍ�·�´�µy´�·�îQP�ºÅ¿
î � ù°P � í��BÅ8í��{Áàî,P�Å � �oÐ�q��

ù\ÎP � í.�ÀÁ ù���¾ ¼ ���2¼ í�Ï i � �� ¾jq�¿!í Ì � ¼ �(�e¼���í ¶ ·�» îQPîpÏ ¶  
í ·�»

� �� ¾�q}¿6í� �� � �oÐ ì �
ÐJÑ �¶,Ò ù���¾ " ¼ ���2¼fÏÔÓ q�¿.Ì � ¼ ���2¼ � $ í>¾I� QÖÕ í®S@Æ � �oÐóò}�

� ¶NÀ5¹�³`´eÏ`¸`·�·�´qÂ6¼�À�¶+»B¹"Á/¶µ(º�»`½¨¹�¶¨¹�³`´�ÀËº�½N³y¹¯Õ�È!´e»`´q´qÂ¨ù ³P � í���Ð`²5³�´eµy´�·�¶wÄ�ºD¹ÊÍ�¶N¼Ý¹S³`´e·�´�µN´q·`î,P�ºÅ¿
á Á Ä nP � í.�$Á ´ Ð ù ³P � í��BÆ � �oÐihK�

²5³�ºÅ¿@´¯ÓB¸^¾.¹�º�¶N»/Âw´�¹�´qÀ�Á�º�»`´¯¿>¹�³`´�¾�¿ËÍ(Á/Ï�¹�¶+¹�ºÅÄ¥µN´q·�¶wÄ�ºD¹ÊÍ � ì ÐðòK�Ý¹S³^¾.¹ÃºÅ¿{¾+Ä�¹S¸T¾.·�·DÍ�º�»`Â�´qÏT´q»`Â�´q»y¹{¶+¼^¹S³`´5ÏT¾.À�¾�Á�´�¹S´�ÀS¿
îpÏ�Õ � �P¾�»`Â!ù��Ý¶N¼`¹S³�´!º�»`ºD¹�ºÚ¾�·�Ä�¶N»`Â�ºD¹�º�¶N»^¿�ÐNñ0¶NÀ�´�¶µN´qÀ>¹�³`´¥¹�º�Á/´5Â�´�Ïu´�»^Â�´�»B¹PµN´q·�¶(Ä�ºD¹ÊÍäá Á Ä nP � í.�ÝºÅ¿Ã¾�»�¸`Ï`ÏT´qÀPÆu¶+¸`»^Â
¼�¶+À¥¹S³�´�¾+Ä�¹S¸^¾�·uµN´q·�¶wÄ�ºD¹ÊÍáEP � í.�{¶N¼�¹S³`´o¼�¸`·�·u»`¶N»�·�º�»`´¯¾�À5Ï`ÀË¶NÆ�·�´qÁ0Ðw²5³�´]¹kÈ!¶�µN´q·�¶(Ä�ºD¹Sº�´q¿"¾�ÀË´�Ä�¶NÁ/Ï^¾�À�´qÂ#º�» � º�½`Ð`ò(Ð
× ���<�pY}��V0]P���
a, Ob f�Ðf�!¾�Û�´q·DÍB¾�»mÕiØ�Ð�å�¾.º�Ûq´�ÀqÕ�smº�½N³B¹�»`º�»�½ Ø@³BÍ�¿ËºÅÄ�¿ã¾�»`Â sÝº�½+³B¹�»`º�»`½ ØÃÀË¶+¹�´¯Ä�¹�º�¶N»�Õ#ÑÊ»^¿�¹�ºD¹S¸�¹�´©¶+¼*ØÃ³yÍ�¿ËºÅÄq¿
ØÃ¸�Æ`·�ºÅ¿Ë³`º�»�½`Õ.�¢À�ºÅ¿�¹S¶+·�ÕT��Ðóô¨ÐÅÕ í öNö+öwÐ

a í b©å�Ð � ÀS¾�»�ÛNÕTåeÐ���´�Á/Ûq´�ÇuÕOÙ^Ðwâ º�»`Ä�ÇB·�´qÀqÕ^²Ý´q·�´�µ(ºÅ¿Ëº�¶N»0º�Á\¾.½N´e¶+¼@¾�·Ú¾�ÀË½N´�¸`ÏyÈ"¾�À�Â�´q·�´qÄ�¹�À�ºÅÄ¯¾.·ÝÂwºÅ¿SÄS³T¾.À�½N´Ò¾.Æu¶µN´
¾�¹S³(¸�»^Âw´qÀS¿�¹�¶NÀ�Áà¿�Í�¿�¹S´�Á0ÕTá(Ä�º�´�»^Ä�´ í q}d �  xdKd+ö}�¯qyõ gwì  �Ð

aVï�b���Ð�á(´�»B¹�Á\¾�»�Õvf"Ð�â*´¯¿�Ä�¶+¹�¹qÕä��ÐÉ�]¿ËÆu¶+À�»�´NÕ�ñ*ÐäÈ�´¾qµ(»`´�ÀqÕ�ØÃÀË´q·�º�Á/º�»^¾�ÀËÍæÀ�´q¿Ë¸`·D¹�¿*¼ÔÀ�¶+Á ¹�³`´ãá(Ï`ÀËºD¹S´q¿OdDq
Ä¯¾.Á/ÏT¾.º�½N»mç^å5´¯Â6¿ËÏ`À�ºD¹�´¯¿�Õy�o´q¶NÏ�³BÍw¿qÐ^å5´¯¿�ÐpsÝ´�¹�¹¯Ð í+í��  edKd ì � í ö ì2g  í ö�dwÐ

a q5b f�Ðg�]´�À�ÇN´�»mÕ��ÒÐ�Ñk»T¾�»�Õ � Ð`�5¾.À�ÀËº�»`½+¹�¶N»wÉ�sm´qº�½N³�Õm²Ý´q·�´q¿SÄ�¶NÏ�ºÅÄ�º�Á\¾�½+º�»`½�¶N¼¢¿�Ï�À�ºD¹�´¯¿�ÕN�o´q¶NÏ�³BÍw¿qÐmå5´¯¿�ÐIsm´�¹�¹qÐ í h
��í öNöNöK� í òNï}hBÐ

a ì b���Ð�ØP¾+¿ËÇN¶�Õ�ñ*Ðmáy¹�¾�»�·�´�ÍNÕÚÙ`Ð�ñ4¾¹S³`´�È�¿�Õy�ÒÐuÑk»T¾�»�ÕÞ²]Ðuâ*¶B¶wÂ�ÕZfÃ·�´¯Ä�¹SÀ�ºÅÄq¾�·>Â�ºÅ¿�Ä�³^¾�À�½+´�¼�À�¶+Á ¾/¹�³(¸�»^Â�´�ÀSÄ�·�¶N¸^Â
¹S¶+Ï�¹�¶¨¹�³`´�·�¶¯È!´�À�º�¶+»`¶N¿�Ï�³`´�À�´NÕp�]¾¹S¸`ÀË´Nq. qò ��í öNö í �¢ ìNí2g  ì q`Ð

aVò�bÛÙ^Ð � ·�´qÁ�´q»B¹S¿�Õ�Ü�Ð^ñ0º�Û�¸`»`¶�Õwâ Ð � º�»`»�´�ÍNÕ`å�Ðp�]¾qµwºÅ¿�Õ � ¶NÁ�Æ�º�»`´qÂ\À�´�Á/¶µ+¾�·u¶N¼Páp� � Õ	�� µ Õ`¾�»`Â�ÎwÍ6¾�¿Ë³6¼ÔÀ�¶NÁ¿Ëº�Á�¸`·Ú¾¹S´¯Â�Î`¸�´�½B¾�¿5¸^¿Ëº�»`½�Ï`¸�·Å¿Ë´¯Â�¿�¹SÀ�´¯¾�Á/´�À"Ä�¶NÀË¶N»T¾(Õ`Ñåf�f�fä²ÙÀS¾�»`¿qÐ�ÑÊ»`Â�Ð^Ü�Ï`Ï�·�Ð í+ì��  ed+õKdK�!ò í2g òKd(Ð
ó �



a h2b f�Ð�µ+¾�»��Ã´q·ÅÂ�³B¸`º�Û�´q»mÕ�f{·�´qÄ�¹SÀËºÅÄ¯¾.·§�oºÅ¿�ÄS³T¾�ÀË½N´q¿ ¼�¶+À f{»yµwº�ÀË¶N»`Á�´q»B¹�¾�· Ø@¸`ÀËÏu¶y¿Ë´q¿qç � ¸`»`Â^¾�Á�´q»B¹�¾�·Å¿ ¾�»^Â
Ü�Ï�Ï`·�ºÅÄ¯¾¹Sº�¶+»^¿�Õ���¶µ+¾/áwÄ�º�´�»^Ä�´ÒØ@¸`Æ`·�ºÅ¿Ë³�´qÀS¿�Õ í ö+öNö(Ð

aVõ�b©ñ*Ð0á�¾¹S¶`Õ�²eÐ¨�o³`½+ºDÍ(¾.Á\¾wÕpÙ^Ð � ·�´qÁ/´�»B¹S¿qÕ � ¶+À�Á\¾¹Sº�¶+» ¶+¼	Ä�³�´qÁ/ºÅÄq¾�· ¿ËÏu´qÄ�º�´¯¿ ¾�»`Â ¹S³�´qº�Àã´qÖT´¯Ä�¹S¿ ¶N»
Á/ºÅÄ�ÀË¶(¶+À�½B¾.»`ºÅ¿ËÁ#¿Ã¸`¿Ëº�»`½�¾eÏ`¸�·Å¿�´qÂ/³�º�½N³�µy¶+·D¹�¾�½+´oÂwºÅ¿�Ä�³T¾.À�½+´�º�»�È"¾¹S´qÀ�ÕyÑ3f�f�f�²ÙÀS¾�»`¿qÐNÑÊ»^ÂÞÐBÜ�Ï�Ï`·�Ðwï í!�  xdKdNòK�
 qö+ò g  � í Ð

a�d�b}ÜÒÐ^Ü�ÆT¶N¸wÉ3�]³^¾�Û¾.·Ú¾wÕuáuÐ`ô�¾.¹�¿Ë¸�Ç(º�Õ^ô¨ÐTáwÄ�³�¶(´�»(ÆT¾�Ä�³�Õ � Ð���¶NÆ�Æ^¿�Õ^ô¨Ð^ñ�¶+À�´�º�À�¾wÕ.�!¾+Ä�¹S´qÀËºÚ¾�·mÂ�´¯Ä�¶N»y¹�¾�Á�º�»T¾.¹�º�¶N»
¶N¼ÝÈ"¾.¹�´qÀ"ÆBÍ\Á/´¾.»^¿!¶N¼>Ï�¸`·Å¿Ë´¯Â(ÉkÄ�¶NÀ�¶+»T¾�Â�ºÅ¿�Ä�³^¾�À�½+´¯¿�Õ`Ñåf�f�fä²ÝÀ�¾�»`¿�ÐTØ@·Ú¾+¿ËÁ\¾�áwÄ�º�ÐTïNö � í ö+ö í � &q�q�d g  &q ì ïwÐ

a, �öDbTáuÐ$�o¾�º�À�Õ@ÜÒÐ@ØÙ´qÁ/´�»mÕ>ô¨ÐeØ¥¾�»�Õ%f�ÐÙµN¾.»ÀÈ�´�´¯¿�Ä�³�ÕPô¨Ð@Ø@¹�¾+¿Ëº�»`ÇBº�ÕPÜÒÐ@��À�º�»�ÇN´q»BÆ`¸�À�½`ÕPÜà³�º�½N³�¹S´�Á/Ïu´�À�¾.¹�¸`ÀË´
Ï`¸�·Å¿�´qÂYÄ�¶NÀË¶N»T¾ÌÏ`·Ú¾�¿ËÁ\¾Ì¿ËÍw¿�¹S´qÁ ¼�¶NÀ�¹�¾.À#ÀË´qÁ/¶¯µN¾.·"¼�ÀË¶NÁ Æ`º�¶+Á\¾+¿�¿/Âw´qÀ�ºDµN´¯Â�¼�¸�´q·�½y¾+¿�Õ�Ù`Ð�f{·�´qÄ�¹�À�¶y¿�¹�¾.¹SºÅÄ�¿
òp ��í � � í öNöDq�� � 2h g  í h(Ð

a, � Bb�Ù^Ð5�¢¶(´�¸`¼kÕ¤Ø�Ð5sÙ¾�½+Á/ºÅÄ�³�ÕDsÃÐ�Ø@ºD¹�Ä�³�¼�¶+ÀSÂ�Õ�fÃ·�´¯Ä�¹SÀË¶N³BÍwÂ�ÀË¶wÂwÍ(»T¾.Á/ºÅÄ{¼Ô¶NÀ�Ä�´5¾.»^Â�¾�´qÀË¶wÂ(Íw»T¾.Á/ºÅÄÃÎ`¶È ¾+Ä�Ä�´q·�´�À�¾¹Sº�¶N»
º�»4¿Ë¸`À�¼�¾+Ä�´�Âwº�´q·�´¯Ä�¹SÀËºÅÄ�ÆT¾�ÀËÀ�º�´�À]Â�ºÅ¿�ÄS³T¾�ÀË½N´q¿qÕ`º�»mçÞØ@À�¶wÄ�ÐQÜYÜ¸�oÑ�Ñ5ÑÊ»y¹¯Ð � ¶N»�¼ÊÐuØÃ³�´q»mÐ^ÑÊ¶+»mÐZ��¾+¿Ë´q¿qÕ	�{´q·ÅÂw³`¶¯µy´q»�Õ
²5³�´ä��´�¹�³`´qÀË·Ú¾�»`Â`¿�Õ í öNö ì Ð

a, í b®�ÒÐ{fÃÆu´�ÀË¹qÕ5â Ð5µN¾�» á�¾N¾.À�·�¶B¶y¿�Õ � Ð � ¾�À�¶+·�º�ÕoØ@À�¶NÏ^¾�½y¾.¹Sº�¶+» ¾�»`Â ¿Ë¹�À�¸`Ä�¹S¸�À�´X¶N¼�Ï�·Ú¾�»T¾.À�¿�¹SÀË´¾�Á�´qÀ�¼ÔÀ�¶+»B¹�¿�Õ
ØÃ³yÍ�¿�ÐTå5´�µuÐ®f ìNìf�  ed�d}h��¢ ì ïNö g  ì q�d(Ð

a, �ïDb^ñ*Ð]Ü�ÀËÀ�¾�Í Ý¾+¿�Õî��ÐGfÃÆu´qÀ�¹¯Õ�â ÐÈ�¸`»`Â`¿�Â�¶+À�¼�´�ÀqÕeáBÏu¶N»y¹�¾.»`´q¶+¸^¿0Æ`À�¾.»^ÄS³`º�»`½ ¶+¼/¾�»`¶(Â�´�ÉkÂ�º�ÀË´¯Ä�¹S´¯Â©¿�¹SÀ�´¯¾�Á/´�ÀS¿
Æu´�¹ÊÈ!´�´q»6Ï`·Ú¾�»^¾�À"´q·�´qÄ�¹�À�¶wÂw´¯¿�ÕTØ@³BÍw¿�Ð^å"´�µÞÐ�sm´�¹Ë¹¯Ð^õ+õ � í ö+ö í � ehDq ì ö íP�  g q���Ð

a, Bq�b`ÜÒÐ(å5¶wÄ�Ä�¶�Õ
��Ð�fÃÆu´�ÀË¹qÕNâ Ð�È�¸`»`Â`¿�Â�¶+À�¼�´�ÀqÕ��¢À�¾�»`Ä�³�º�»`½�¶+¼Þ»`´�½B¾.¹�ºDµy´�¿�¹�À�´¾.Á/´qÀ�¿@º�»#¼ÔÀ�´q´"Î�º�½N³B¹qÕ(Ø@³BÍ�¿�ÐBå5´�µÞÐ�f
òNò ��í öNö í �!öNï ì  �ö í	�  g q���Ð

a, ì bp�ÒÐDsmº�¸mÕ2��Ð�Ø@¾�¿�Ç+¶`ÕÎf{ÖT´¯Ä�¹�¿Ý¶N¼�Ï�³`¶�¹S¶Nº�¶+»`º�Û¯¾.¹Sº�¶+»Ò¶N»ÒÏ�À�¶NÏ^¾�½y¾.¹Sº�¶+»�¾�»`Â�Æ`À�¾.»^ÄS³`º�»`½�¶N¼wÏu¶N¿�ºD¹�ºDµy´!¾�»^Â�»�´q½y¾.¹SºDµN´
¿�¹SÀ�´¯¾�Á/´�ÀS¿!º�»�¿ËÏ�À�ºD¹S´q¿�Õ�Ù^ÐT�]´q¶+Ï`³BÍw¿�Ð^å"´q¿ä �öKd ��í ö+ö5q��!Ü]öDqBï+öp �  g  2hK��Ð

a, �òDb^ñ*Ð.Ü�À�ÀS¾qÍHÝ¾+¿�ÕE��Ð�f{ÆT´qÀË¹qÕ+áB¹�¾�Æ`º�·�ºD¹kÍ�¶N¼�»`´�½B¾¹SºDµy´¢º�¶+»`º�Û¯¾.¹Sº�¶+»�¼�À�¶+»B¹S¿qç.å5´q½N¸�·Ú¾�ÀËº�Û¾.¹�º�¶N»�ÆBÍ�´�·�´¯Ä�¹SÀ�ºÅÄ¢¿�Ä�À�´�´q»�º�»`½tÞ+Õ
ØÃ³yÍ�¿�ÐTå5´�µuÐ®f òKd ��í ö+ö5q��5öNï+ò í  &q �  g  qö}��Ð

a, eh�b��oÐ¢ñ�´�¸`·�´�»(Æ`ÀË¶(´�ÇuÕ¢Ü�Ð¥å"¶(ÄqÄ�¶`Õ��ÒÐ�fÃÆu´�ÀË¹qÕ!áB¹�À�´¾.Á/´qÀ¨Æ`ÀS¾�»^ÄS³`º�»�½	ÀS¾.¹Sº�¶+»T¾.·�º�Ûq´¯Â�ÆBÍ�Ä�¶+»`¼Ô¶NÀ�Á#¾�·5Á\¾.Ï`Ï`º�»�½
¹S´qÄ�³`»�ºÅÓB¸�´¯¿�ÕTØ@³BÍw¿qÐ^å5´�µuÐ�fYòKd ��í öNöDq��!öNòKhDqyö í	�  g q���Ð

a, �õDb��oÐÞñ0´�¸`·�´q»BÆ`ÀË¶(´qÇTÕy�ÒÐyf{ÆT´qÀË¹qÕ�sÃÐ�áwÄS³eß¾.¼�´qÀ�ÕÞå"´�½N¸�·Ú¾�À�º�Û¯¾.¹�º�¶N»4¶+¼@Á/¶µ(º�»`½/Æu¶+¸`»^Â`¾�ÀËº�´¯¿�º�»Ì¾6s>¾.Ï`·Ú¾+Ä�ºÚ¾�»�×`´q·ÅÂ
ÆBÍ*¾�Á/ºDßw´qÂ���º�À�ºÅÄS³`·�´�¹�É���´q¸�Á\¾�»�»*Æu¶+¸`»^Â`¾�À�ÍXÄ�¶+»^Â�ºD¹�º�¶N» g ´�ß�¾+Ä�¹ÒÀË´¯¿Ë¸`·D¹S¿�Õ>Ø@³BÍw¿�Ð>å5´�µuÐ�sm´�¹�¹qÐ�d ìt��í öNö ì �
 ed ì öNöDq`Ð

a, xdDb®�ÒÐsf{ÆT´qÀ�¹¯Õ � Ð`ñ�¶+»B¹�º îË»mÕw²eÐp�¥ÀËº�´q·Å¿�Õwâ Ð	È�¸`»`Â`¿�Â�¶+À�¼�´�ÀqÕp�oÐ�ñ�´�¸`·�´�»(Æ`ÀË¶(´�ÇuÕ�ÜÒÐ`å"¶(ÄqÄ�¶�Õsf"Ð(µN¾.»f�Ã´q·ÅÂ�³B¸`º�Û�´q»mÕ
²5³�´�Á�¸`·D¹SºÅ¿�Äq¾�·�´�»^¾.¹�¸`À�´e¶N¼>¿Ë¹�À�´¯¾�Á/´�ÀS¿�Õ`¿Ë¸�Æ`Á/ºD¹Ë¹S´¯Â#¹S¶/ØÃ·Ú¾�¿ËÁ\¾�á(¶+¸`ÀSÄ�´¯¿�áwÄ�º�Ð^²Ù´¯ÄS³`»�¶N·�Ð

a í öDb`ÜÒÐ(ôe¸`·�º�Ç+¶µw¿�ÇyÍyÕB²5³�´�À�¶N·�´�¶+¼Þ¹�³`´o¾�Æ`¿�¶+À�Ïw¹Sº�¶N»#·�´�»`½�¹S³#¶N¼ÞÏ`³�¶+¹�¶Nº�¶N»�º�Ûqº�»�½�À�¾�Â�ºÚ¾¹Sº�¶N»#º�»\¿�¹�À�´¾.Á/´qÀ{ÂwÍw»^¾�Á/ºÅÄ�¿
º�»äÈ¥´¾.Ç ×�´q·ÅÂ`¿�ç¥¾XÄ�³^¾�ÀS¾+Ä�¹�´qÀËºÅ¿Ë¹�ºÅÄ0¿�Ä¯¾.·�´0¶N¼]º�¶N»�º�Û¾.¹�º�¶N»YÂ�¶+Á\¾�º�»�Õ�Ù`Ð¥Ø@³BÍw¿qÐ0�Òç¢Ü�Ï�Ï`·�Ð¥ØÃ³yÍ�¿�Ð¥ï+ï ��í öNöNöK�
s ìeg sXh(Ð

a í  BbTáuÐ�Ø@¾.»^Ä�³�´¯¿Ë³`»yÍwº�Õ+áuÐNáy¹�¾.À�º�ÇN¶¯µ�¿ËÇ+¾.ºÚ¾wÕ.ÜÒÐNáy¹�¾.À�º�ÇN¶¯µ�¿ËÇ(º�º�Õ+å5¶N·�´¢¶N¼`Ï�³`¶�¹S¶Nº�¶+»`º�Û¯¾.¹Sº�¶+»�Ï`À�¶(Ä�´q¿S¿Ë´q¿Ùº�»�Ï`ÀË¶NÏT¾.½B¾¹Sº�¶N»
¶N¼>Ä¯¾.¹�³`¶(Â�´�É�Â�º�ÀË´¯Ä�¹�´¯Â6¿Ë¹�À�´¯¾�Á/´�ÀqÕOÙ^Ð^Ø@³BÍw¿qÐ���ç`Ü�Ï�Ï`·�ÐTØÃ³yÍ�¿�Ð^ï5q � í öNö	 2� �ö ì2g  K ì Ð

a í+í b`ÜÒÐNô�¸�·�º�ÇN¶¯µ�¿ËÇBÍNÕ � ¶NÁ�Á/´q»y¹@¶+»�z�á(Ïu¶+»B¹�¾�»`´�¶N¸`¿PÆ`À�¾.»^ÄS³`º�»`½e¶N¼Þ¾.»`¶wÂw´�É�Â�º�À�´qÄ�¹�´¯Â¨¿�¹SÀË´¾�Á�´qÀS¿PÆT´�¹kÈ!´q´�»¨Ï`·Ú¾.»T¾�À
´q·�´qÄ�¹SÀË¶wÂw´¯¿*|�Õ^ØÃ³yÍ�¿�Ð^å"´�µÞÐpsÝ´�¹�¹¯Ð^õ�d � í öNö í � íNí dDqBö	 �Ð

ó �



a í ïDbTáuÐ¥Ø@¾.»^ÄS³`´¯¿Ë³�»BÍwº�Õ{ÜÒÐ!áB¹�¾.À�º�Ç+¶µ�¿ËÇBº�º�Õ¥²!È!¶�ÉkÂwº�Á/´q»`¿�º�¶+»T¾.·�»B¸`Á/´�À�ºÅÄq¾�·�Á/¶(Â�´�·�º�»`½*¶+¼]¹�³`´�Ä¯¾.¹�³`¶(Â�´�É�Â�º�ÀË´¯Ä�¹�´¯Â
¿�¹SÀ�´¯¾�Á/´�À�Â�´�µy´q·�¶+Ï`Á/´�»B¹Òº�» ¾0·�¶N»�½4½B¾�Ï ¾.¹�³`º�½N³	µN¶N·D¹�¾.½N´+Õ6Ù`ÐPØÃ³yÍ�¿�Ð{��ç>Ü�Ï�Ï`·�Ð@ØÃ³yÍ�¿�ÐPïNò ��í öNöNïK� í òNõNï g
í ò�dp �Ð
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