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Algebraically decaying pulses in a Ginzburg-Landau
system with a neutrally stable mode

ABSTRACT

In this paper, we study the existence and stability of pulse solutions in a system with interacting
instability mechanisms, that is described by a Ginzburg-Landau equation for an A-mode,
coupled to a diffusion equation for a B-mode. Our main question is whether this coupling may
stabilize solutions of the Ginzburg-Landau equation that are unstable when the interactions with
the neutrally stable B-mode are not included in the model. The spatially homogeneous B-mode
is supposed to be neutrally stable. This implies that the pulse solutions cannot decay
exponentially, but must decay with an algebraic rate as x — co. As a consequence, the methods
that exist in the literature by which the stability of pulses in singularly perturbed reaction-
diffusion systems can be studied, need to be extended. This results in an ‘algebraic NLEP
approach’, that is expected to be relevant beyond the setting of this paper. As in the case of a
(weakly) stable B-mode [7], we establish by the application of this approach, that the B-mode
indeed introduces a mechanism that may stabilize pulses that are unstable when the
interactions with the B-mode are not taken into account.
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Abstract

In this paper, we study the existence and stability of pulse solutions in a system with
interacting instability mechanisms, that is described by a Ginzburg-Landau equation for
an A-mode, coupled to a diffusion equation for a B-mode. Our main question is whether
this coupling may stabilize solutions of the Ginzburg-Landau equation that are unstable
when the interactions with the neutrally stable B-mode are not included in the model. The
spatially homogeneous B-mode is supposed to be neutrally stable. This implies that the pulse
solutions cannot decay exponentially, but must decay with an algebraic rate as © — co. As
a consequence, the methods that exist in the literature by which the stability of pulses in
singularly perturbed reaction-diffusion systems can be studied, need to be extended. This
results in an ‘algebraic NLEP approach’, that is expected to be relevant beyond the setting
of this paper. As in the case of a (weakly) stable B-mode [7], we establish by the application
of this approach, that the B-mode indeed introduces a mechanism that may stabilize pulses
that are unstable when the interactions with the B-mode are not taken into account.

Mathematics Subject Classification: 35B35, 37L15, 35B32, 35K57,76E30.

1 Introduction

The leading order behavior of small perturbations in ‘marginally unstable’ systems of nonlinear
partial differential equations defined on unbounded domains is generically determined by the
complex Ginzburg-Landau equation (see [16] and the references therein). If the destabilization is
caused by two competing instability mechanisms, the evolution of small solutions is determined
by a system of coupled equations. Such a situation is a priori of co-dimension 2, but occurs
very naturally in systems that have a spatially homogeneous neutrally stable mode. This mode
appears in the linear stability analysis on which the derivation of the Ginzburg-Landau equations
is based as a neither growing nor decaying structure that has k. = 0 as critical wave number.



The homogeneous mode is diffusive, i.e., its evolution is governed by a real diffusion equation.
In general, the coupled system that describes the interacting of a Ginzburg-Landau instability
with a diffusive mode is given by

Ay = o1Aze + oA+ a3|APA+ uAB (1.1)
,BOBt = ﬂlez + G(BaBm |A|2a |A|92m |A|iz)v .

witha; € C,i=1,2,3, A(z,t) : RxRT — C, u,B0,61 € R, B(z,t) : RxRT - R, and G a (real)
function of B, B, |A|?, |A|2, |AJ2, that is in general nonlinear. Coupled equations of the type
(1.1) appear in binary fluid convection [18, 19], biological/chemical systems [4], nematic liquid
crystals [9], granular media [27], geophysical morphodynamics [14], systems with symmetries or
conserved quantities [3, 15, 17, 28], etc. We refer to [20] for a survey of the appearance and
relevance of systems of the form (1.1), and to [7] for more background on derivation of (1.1).

The precise structure of the function G varies from case to case. In this paper, we focus on
systems that are reversible in z, which implies that we assume that G does not depend on B, or
|A]2. Moreover, we also assume that G does not depend on |A|2, (these terms appear at leading
order in systems with a conserved quantity [15, 28]), and that it has the simple form

G(B,|A]*) = Bg1(B) + |A]*g2(B), (1.2)

with ¢1(0) = & and g2(0) = v (see Remark 1.2). Note that G’s of this form appear frequently
in the literature. The stability of the diffusive, neutrally stable mode, sometimes called the
Goldstone mode, is determined by a. If & = 0, the B-mode is truly neutral, and it does not grow
or decay in the linear analysis. In [7], we have considered the situation in which « is small and
negative, but nonzero, so that the B-mode is ‘weakly stable’ and not ‘fully neutral’. This enabled
us to study the existence and stability of localized solutions to (a simplified, real version of) (1.1)
by applying methods that have been developed in the context of reaction-diffusion equations.
Note that also systems of the form (1.1) with a # 0 appear quite naturally in the literature. In
this paper, we consider the case of a completely neutral mode, i.e., we assume that g;(0) = 0
in (1.2). This means for the Taylor expansion of g;(B) that its first term is linear in B. This is
also completely natural from the point of view of the derivation of (1.1) [7]. As a consequence,
G(B, | AJ?) varies quadratically in B for small B and |A|? = 0. This quadratic structure generates
the algebraic, i.e. non-exponential, decay in the pulse solutions of (1.1).

The forthcoming analysis has two main themes.

The first theme concerns the issue of the impact of the neutral B-mode on the dynamics of
the complex Ginzburg-Landau equation (i.e., the first equation in (1.1) with B = by, a constant).
This is especially relevant by the observations in [18, 19] and the references therein that indicate
that unstable solutions of the Ginzburg-Landau equation can be stabilized by the interaction
with a diffusive B-mode. It has been shown in [7] that the coupling of a ‘weakly stable, almost
neutral’ B-mode to the Ginzburg-Landau equation for A indeed may stabilize localized solutions
of the Ginzburg-Landau equation that are unstable without this coupling.

In this paper we study this stabilization mechanism, now in the context of a Ginzburg-Landau
equation coupled to a neutrally stable diffusive mode. As in [7], we consider a simplified version
of (1.1),

Ay = Ag.— A+ A%+ uAB,

{ e?rB, = € 2?B,, —e*nB?+vA?+BA%B. (1.3)

Thus, we have assumed that the coefficients «;, ¢ = 1,2,3 are real and reduced the three-
component model (1.1) — recall that A(z,t) € C — to a two-component model by restricting

to the case A(z,t) € R (see Remark 1.3). Furthermore, we follow [18, 19] and focus on the
situation in which the Ginzburg-Landau equation describes a subcritical bifurcation. We also



have introduced the ‘artificial’ small parameter 0 < ¢ < 1 in the B-equation. As a consequence,
B,, = O(¢?), and thus small. Since it is natural to assume that B must be bounded, it (roughly)
follows that B = by, a constant, at leading order in £ (on long, but bounded spatial intervals).
Thus, by introducing e, we may indeed interpret (1.3) as a ‘small perturbation’ of its limit
problem

Ay = Agy — (1 — pbg) A+ A3, (1.4)
a subcritical scalar Ginzburg-Landau equation. Note that this equation has an unstable standing
pulse solution (if uby < 1, sections 2 and 3). Furthermore, we have set g1(B) = —e?nB and

92(B) = v + BB (1.2). We refer to Remark 1.1 for some further background on the model and
its parameters. Notice that there are two differences between the central equation studied in [7]
and (1.3). The main difference is the fact that the ‘stable’ linear term ‘—e2aB’ of [7] is replaced
by the ‘neutral’ quadratic term ‘—e27B?’. The second difference is that there is no ‘cB,’ term
in (1.3) — see Remark 1.2.

As in [7], we will study the persistence and stability of the (unstable) homoclinic pulse solution
of the (uncoupled, real) Ginzburg-Landau equation (1.4) as solution of the full system (1.3). The
persistence problem corresponds to searching for standing waves in system (1.3), (Remark 1.2),
i.e., to constructing heteroclinic or homoclinic orbits in the 4-dimensional singularly perturbed
ODE,

a = v,
v = a-—a®— uab,
v = e&d, (1.5)
d = ele?nb?® — va® — Bba?),
where the ’ represents differentiation with respect to z. A physically relevant pulse solution
satisfies limy 100 |A(2,t)| = limgy 1o |B(z,t)] = 0. Therefore, we look for homoclinic solu-

tions y,(z) to (1.5), and corresponding pulse solutions (Ax(x),Bn(x)), of (1.3), that satisfy
limg 400 Ya(z) = (0,0,0,0). Due to the absence of the linear term in the B-equation, this critical
point is non-hyperbolic/degenerate. Nevertheless, the methods of geometric singular perturba-
tion theory can be applied, and the persistence issue can be settled in a relatively straightforward
fashion (Theorem 2.1, Remark 1.3). However, the pulse (Ap(z), Br(x)) decays algebraically slow
to (0,0) as |z| — oco. This fact has a significant impact on the stability analysis, which brings us
to the second main theme of this paper.

The linear stability analysis of localized solutions that do not decay exponentially fast to their
‘background states’ is the second main theme of this paper. This issue goes beyond the setting
of the explicit model problems (1.1) and (1.3). Recently, there has been a growing interest in
the stability analysis of localized solutions with algebraic decay. This issue appears naturally
in various settings, such as the stability analysis of contact defects [23], absolute instabilities of
pulses [24], and curvature effects on the spectra of spiral waves [25]. The present study can be
seen as an extension of the general methods developed in [5, 6] to the case of pulses with algebraic
decay. The approach developed here can be applied more general (singularly perturbed) systems.

In [5, 6], a method has been developed to decompose the Evans function D()) associated to
the stability of (Ax(z), Bp(z)) into a product of two transmission functions (in the context of
singularly perturbed reaction-diffusion equations). The zeroes of D()), that correspond to the
eigenvalues of the stability problem [1, 22], are shown to be determined by the zeroes of the second
‘slow’ transmission function t2(A). Moreover, a method, called the NLEP method, is presented
by which the #3(A) can be computed explicitly. This (NLEP) approach has also been used in [7]
to show that the ‘weakly stable’ B-mode can indeed stabilize unstable pulses in the Ginzburg-
Landau equation. The fact that the pulses considered in [5, 6, 7] decay exponentially is essential
for the NLEP approach (both for the decomposition of D()A) and for the computation of t3(\)).
More specifically, in [5, 6, 7], the 4 x 4 matrix A(z; A) that governs the stability of the pulse (see
(3.3) and (3.4)) decays exponentially fast to a constant coefficient matrix As (). This matrix,



the solutions to the associated constant coefficient problem, and the fact that || A(z; A) — Ao (A)||
decays exponentially fast as |z| — oo, are fundamental ingredients of the NLEP approach. In
this paper we extend the NLEP approach by introducing an ‘intermediate’ matrix Aajg(z; A) in
such a way that || A(z; ) — Aaig(x; A)|| decays exponentially fast, while Aaig(z; A) only decays
algebraically slow to Ao (). The role of the fundamental solutions of the constant coefficient
problem associated to A (\) is now played by the (four, independent) solutions of the linear
system associated to Aaig(z; A). These solutions can be determined/approximated explicitly by
applying the WKBJ method and solving a Whittaker equation (see also [25]).

These solutions also form the backbone of the extension of the NLEP approach to pulses that
decay algebraically. The Evans function can again be shown to be decomposable, and its zeroes
are all determined by the zeroes of an explicitly computable ‘slow’ transmission function t;(\).
However, both the analysis and its outcome are more involved than in the standard, exponential
case. Moreover, it is found that the Evans function has a pole of order 2 at A = 0, the tip of the
essential spectrum.

It should be noted that the extension of the NLEP approach developed here can also be
expected to be relevant beyond the setting of pulses that decay algebraically. The methods
developed in [5, 6] are based on the decomposition of the stability problem into a fast system and
a ‘trivial’ slow system (of constant coefficient type, associated to A ())). In the class of systems
considered in [5, 6] (and in [7]) this slow system is indeed ‘trivial’, but it isn’t in the context of
algebraically decaying pulses, and, the slow limit system also is not trivial in the stability analysis
of fronts (with exponential decay!) in the class of systems considered in [8]. The analysis of [8]
implies that the slow limit system associated to the stability problem of a pulse is in general not
trivial, i.e., not of constant coefficients type. This feature appears to be generic within a large
class of reaction-diffusion problems. The methods developed here are expected to be applicable
too in this context.

In the final section of this paper, we return to its first main theme and apply the ‘algebraic
NLEP approach’ to the stability problem of the pulse (Ap(z), Br(x)). As in [7], we first consider
alinear G, i.e., g2(B) = vin (1.2), or § = 01in (1.3). It is shown that the neutral mode does have
an O(1) effect on the eigenvalues of the associated limit problem — the unstable pulse solution
of (1.4). Nevertheless, the pulse (Ax(z), Br(z)) remains unstable (Theorem 4.3). When we
introduce higher order terms in the B-equation, we need to distinguish between the 6 different
cases that appear from the existence theory (Lemma 2.3). In the first 4 cases, (Ax(z), Br(z)) is
unstable (Theorem 4.8), however, it is shown that the neutral B mode can indeed stabilize an
unstable pulse (by a Hopf bifurcation) and that (Ap(z), Brn(x)) may become stable in the final
two cases (Theorems 4.11 and 4.12).

Although the analysis of the transmission function () is more involved, and in fact more
complete, than that in [7], it is somewhat surprising to notice that, in the end, the stabilization
mechanism in the case with a neutrally stable B-mode acts in a way that is remarkably similar
to that of [7] in which the B-mode was weakly stable. This especially holds for the nature of the
stabilization — a Hopf bifurcation — and the fact that (Ax(z), By(z)) can only be stabilized in
the presence of higher order nonlinear terms in G(B, |4]?).

Remark 1.1 We assume that 7 > and that (1.3) is fully coupled, i.e., that u # 0. We also
assume that 7 # 0, since the presence of the B?-term in (1.3) is crucial to the analysis (although
a similar analysis can be performed with a cubic, or higher order, nonlinearity). By the symmetry
{(B, u,n,v) = (=B, —p,—1n,—v)} of (1.3), we can thus restrict our attention to the case n > 0.
The motivation to assume that both the B;- and the B?-terms in (1.3) are of O(g?) is mostly
mathematical. For instance, the transitions from instability to stability occur for these scalings
of By (1.1) and ¢:1(B) (1.2).



Remark 1.2 As opposed to [7], where a symmetry-breaking term 0B, was introduced in the
B-equation, system (1.3) is symmetric under {z — —z}. This symmetry is inherited by (1.5),

{(z,v,d) = (—z,—v,—d)}. (1.6)

Due to the reversibility symmetry, one typically expects to find standing wave solutions in (1.3).
Thus, we focus on the most simple persistence/existence problem and reduce (1.3) to (1.5) in
section 2. As in [7], our methods can also be applied to the setting of (slowly) travelling waves.
In fact, our methods can be applied to systems (1.1) in which the function G is less simple than
in (1.2) or (1.3). Finally, we note that (1.3) is also symmetric under {A — —A}. The pulse
solutions (Ap(z), Br(z)) studied in this paper have Ap(z) > 0 for all z € R. By the symmetry,
our results also hold for the negative pulses (—Ap(z), By(z)).

Remark 1.3 The most restrictive simplification in the reduction of (1.1) to (1.3) is the assump-
tion that A(z,t) € R, instead of A(z,t) € C. In [11], the persistence issue is considered for the
complex case. Unlike in the reduction to A(z,t) € R ([7], section 2), the existence/persistence
issue becomes a challenging problem. Nevertheless, the persistence of pulse solutions to the com-
plex Ginzburg-Landau equation under coupling with slow diffusion can be established. Whether
these pulses can be stable, is the subject of further analysis.

2 Persistence

In this section, we study the existence of stationary pulse solutions to (1.3). The four dimensional
‘fast’ system (1.5) can alternatively be written as the slow system

ea = w,

g0 = a—a®— pab
b= 4 ’ (2.1)
d = &*nb? —va? — Bba?.

Here the dot denotes the derivative with respect to the slow variable £ = ex. In the forthcoming
stability analysis it will be useful to explicitly separate the z-regions in which the (spatial)
dynamics are slow or fast. Therefore, we introduce the fast spatial region

1 1
Ir=[-—,—].
1=
The boundary of Iy is clearly in the transition zone between the slow {- and the fast z-scale,

i.e., |§| < 1 and |z| > 1 at 0I7. This condition does not define Iy uniquely, nevertheless, (2.2)
is also used as the standard choice for Iy in [5, 8, 7].

(2.2)

2.1 The reduced fast and slow systems

Putting € = 0 in (1.5), we obtain the associated fast reduced system,

!

ad = w,
v = (1—pby)a—a®,

v 2o e3)
d = 0.



Hence, solutions of (2.3) satisfy b = by, d = dp; (2.3) is a two-parameter family of planar,
integrable systems (Figure 1). We assume throughout this paper that

1— pbo >0, (2.4)

so that (2.3) has a family of (positive) homoclinic solutions

ao(z;b9) = 2(1 — ubg) sech(y/1 — pbyz),

2.5
vo(z;b0) = ag(z;bo), (25)

that satisfy limg_, 4o (ao(2;b0),vo(x; b)) = (0,0) (Remark 1.2). These orbits correspond to pulse
solutions A(z,t) = ag(z;bp) in the uncoupled Ginzburg-Landau equation (1.4). These pulses may
persist in various forms as solution to the full equation, such as wave trains of multi-pulse patterns
([5] and the references therein). Here, as in [7], we restrict our attention to the most simple setting
and only consider solutions of (1.3) that satisfy lim, 1 |A(z,t)| = limy, 1o |B(z,t)] = 0. In
other words, we look for homoclinic solutions y,(z) to (1.5) that satisfy lim, ,100 Yn(z) = S,
where we define S as the degenerate fixed point (0,0,0,0) of (1.5).

System (2.3) possesses three 2-dimensional invariant manifolds {ap = 0,v9 = 0} and {ap =
+4/1 — by, v9 = 0}. Only the first one, My := {(ao,vo,bo,do) | ap = vg = 0}, is filled with
hyperbolic equilibria, and is thus a normally hyperbolic invariant manifold [10, 13]; M,y has
3-dimensional stable and unstable manifolds W*(M,) and W*(M,), which are the unions of
the 2-parameter families of one-dimensional stable and unstable manifolds of the saddle points
(0,0,b9,dp) € My of (2.3). For each (by,dp) satisfying (2.4), My is connected to itself by the
homoclinic orbit given by (2.5). The family of homoclinic orbits forms a 3-dimensional homoclinic
manifold H = W*(My) N W*(My).

If € is sufficiently small, geometric singular perturbation theory [10, 13] guarantees that there
exists a locally invariant manifold M, for the perturbed system (1.5) which is diffeomorphic to
and O(e) C'-close to My. Clearly, M. = M in the current setting. In addition, the theory
states that for 0 < ¢ < 1 the manifold M, has three-dimensional stable and unstable manifolds
W#(M,.) and W*(M,) that are again O(¢) C'-close and diffeomorphic to their counterparts
W#(Mop) and W*(M,).

The flow on M, for the full system (1.5) can be determined by substituting (a,v) = (0, 0).
The resulting 2-dimensional system,

v ed,
(o2 & (26)

has one critical point, (b,d) = (0,0), that corresponds to S in the 4-dimensional system (1.5).
Due to the fact that there is no linear B term in (1.3), (0,0) is degenerate, the flow generated by
(2.6) on M, has a cusp at (0,0). Nevertheless, S has stable and unstable manifolds, and their
restrictions to M, together form the cusp (see also Figure 2). However, due to this degeneracy,
the solutions on W*(S), respectively W*(S), do not converge exponentially to S as £ — oo, resp.
x — —o0. The slow flow (2.6) can be integrated to obtain formulas for the corresponding orbits
in M., the integral being

2e%n

K - d2 - T b3. (27)

The stable and unstable manifolds of S (restricted to M) correspond to K = 0, and are given
by

w® = W**(0,0) |pm,= {(b,d) | d = £5+/6[nb%[}. (2.8)

Note that the curves w* and w® are O(g) apart by the scaling of the B2-term in (1.3). Asin [7],
this is necessary for establishing the existence of the pulse solution of our interest. The curves
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Figure 1: The (ag, vp) phase space of the fast subsystem.

w™*® can be parameterized by the slowly varying algebraically decaying exact solutions

bat (23 X*) = bug (@3 b(0) =~ 0= o0 (2.9)

n(X* +e2x)? (14 e22+/1b(0)/6)2

of (2.6), where b, () is parameterized either by its value b(0) at = = 0, or by its blow-up point
z = —X*/e?, that are related by

S
X = > (2.10)

Note that baig(z) varies as a function of the super-slow spatial variable X = ¢?z and thus does not
change (at leading order) on spatial intervals of length O(1/4/¢), i.e., baig(z) = b(0) (at leading
order) for z € Iy (2.2). Note also that our choice 7 > 0 forces b(0) > 0 (Remark 1.1) and that
w*, respectively w*, is described by baig(z) for > —X*/e?, resp. by bag(—z) for z < X*/e?
(1.6).

We can now formulate our main existence (or persistence) result.
Theorem 2.1 Letn >0, u# 0 and € > 0 be sufficiently small.

(i) If 3 = 0 and v > 0, then (1.5) has a uniquely determined homoclinic solution ~vu(z) =
(an(z), vn(2), ba(z), dn(x)) to § = (0,0,0,0).

(i) If B # 0, then there are open regions in (u,v,n, 3)-space in which system (1.5) possesses
0, 1, or 2 (different) homoclinic orbits y,(z) to S = (0,0,0,0). The boundary between the
regions with 0 or 2 homoclinic orbits is formed by a co-dimension 1 manifold of homoclinic
saddle-node bifurcations.

In all cases,
|an () — ao(; bo)l, [vn () — vo(w; bo)l, [br(x) — bol, |dn(z)] = O(e) (2.11)

uniformly for x € Iy, with ao(z;bo), vo(x;bo) as in (2.5), and by a solution of

%\/6nbg = 2(v + Bbo)+/1 — pbo. (2.12)

that satisfies (2.4). Moreover, there are O(1) constants C, K > 0 such that for x € R\ Iy,
d — T
|an (@)1, [va (@)1, [bn(2) = baig(|2]; 6(0))1, ledn () — ——baig(|2]; 5(0))| < Ce K, (2.13)

with b(0) = by + O(e) and baig(x;b(0)) as in (2.9). The orbits y,(x) correspond to standing pulse
solutions (An(z), Br(z)) = (an(z), bn(z)) of (1.3) that decay algebraically to (0,0) as |z| — oco.



In [7], similar results have been proved for a coupled Ginzburg-Landau-diffusion equation with
linear decay in the B-equation. The situation there is standard, since the flow on M, is non-
degenerate and linear. Nevertheless, apart from the algebraic decay of the B-component, the
persistence results for (1.3) are qualitatively remarkably similar to those in [7]: if 8 =0, i.e., if
there are no higher order terms in the B-equation, then there is a uniquely determined homo-
clinic solution ~y,(z) to (0,0,0,0) in (1.5). This uniqueness is lost, and homoclinic saddle-node
bifurcation occur if 8 # 0. Quantitatively, there are of course differences. We refer to Lemma
2.3 for a more detailed description of the open regions in (u, v, 7, 8)-space mentioned in Theorem
2.1 (ii). We will consider each of the 6 cases discussed in this lemma in detail in the stability
analysis (section 4.2).

2.2 The proof of Theorem 2.1

Although the critical point S C M, is degenerate, the slow manifold M, itself is normally
hyperbolic. This fact is crucial in the proof of Theorem 2.1, since it allows us to apply the
standard machinery of geometric singular perturbation theory.

The stable and unstable manifolds W*(M.) and W*(M.) no longer merge in a homoclinic
manifold # if € # 0, but may intersect in one or more 2-dimensional surfaces. If homoclinic orbits
to the point S exist, they must lie in one of these intersections. Since the system (1.5) is an O(e)
perturbation of an integrable system with periodic orbits inside #, components of W*(M.) and
W#(M.) inside H wind around and intersect the hyperplane {v = 0} several times. Adiabatic
Melnikov theory [21] provides a measure A(bg,dp) that determines the leading order distance
(divided by €) between the (first) intersections of W*(M.) and W#(M,) with {v = 0},

oo

A(bg, do) :/ udoao(z; bo)vo (z; bo )z dez, (2.14)
with ag(z; bo), vo(z; bo) as in (2.5). The zeroes of A(bg, dp) give the intersections of W*(M,) and
W#(M,). The integrand in (2.14) is an even function of z, thus, since p # 0, these intersections
must have dy = 0 (the integral can also be explicitly computed [7]). A priori this is only a leading
order result, however it follows by the reversibility symmetry (1.6) and the fact that W*$(M,)
are O(g) C'—close to W*“*(M,) that

W*(M.) NW*(M.) N {v =0} C {d=0).

This determines a one-parameter family of orbits biasymptotic to M.. For any such orbit
~(z; z9), i.e., with initial condition z¢ = v(0; zg) € W* (M )NW*(M,.)N{v = 0} there exist two
orbits y* (z; zF) C M. such that ||y(z;z0) — v (x; 28 )||, respectively ||y(z;z0) — v~ (z, 24 )|, is
exponentially small in ¢ and z for z > 1/1/¢, resp. & < —1/y/e. An orbit y,(z) = v(x; o) is
homoclinic to S € M, if its base point z{ satisfies zj C w* (2.8), with w* the stable manifold
of S on M,. This automatically implies by (1.6) that z; C w*. In Figure 2, y4(z) = y(z; o) is
sketched, together with its initial condition z¢ = (0, z¢) € W* (M) N W*(M,) N {v = 0} and
its base points g € M..

The take off curve T,, C M, respectively touch down curve T; C M, represents the collection
of base points of the solutions in W*(M.,), resp. W*(M,) that are asymptotic to M. as z — oo,
resp. £ — —oo. Hence,

T, = U{"Ea = 77(0’37(;)}7 Tq:= U{xa_ = 7+(0’ x;)}’ (2.15)

where the unions are over all zg € W¥(M,) N W¥(M,.) N {v = 0}. The sets T, and T, can be
determined by computing the accumulated change in b and d of y(z;z9) C W* (M) N W*(M,)
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Figure 2: Sketch of a homoclinic solution v, (z) as given by Theorem 2.1.

during half a circuit through the fast field (using (1.5), (2.3), (2.5) — see [5, 7]. Since the
degeneracy of S does not appear at leading order in the fast field, the calculations are identical
to those in [7] and result in

T, = {(bo,dy ) | dg = 2e(v + Bbo)\/1 — pbo }, (2.16)
up to corrections of O(e2|logel); Ty = {(bo,dy) | df = —dy }, by the symmetry (1.6).

The orbit (z;z9) C W*(M,.) N W*(M,) is homoclinic to S if its base point z;, given by
(2.16), is on w", i.e., if T, intersects w* and thus if (2.12) in Theorem 2.1 holds. By (1.6),
this immediately implies that also T; N w® # 0. The following two lemmas are obtained by a
straightforward analysis of (2.12) and give more quantitative information on parts (i) and (ii) of
Theorem 2.1.

Lemma 2.2 Let y #0, v > 0,7 >0, 8 =0, and . € sufficiently small: (2.12) determines a
unique value by(u,v) at which T, intersects w* transversally.

Lemma 2.3 Let B # 0, n > 0, and € > 0 be sufficiently small. The number of transversal
intersections between w" and T, depends on the parameters u, v, 8 and n > 0 in the following
way:

(i) fu>0,v<0,B<—puvorp<0,v<0,B<0, then T, Nw* =0 for all n.
(%) If pu>0,v>00ru<0,v>0,8<0, then T, Nw* consists of one point for each 7.

1) If u >0, v <0 > —uv, then there exists an ng, > 0 such that T, N w™ contains two
( ) % s s v, n
points for 1 < Nen, To Nw™ =0 for n > Nen.

(iv) If p < 0, v > 0, B > 0, then there exists an np > 0, with ny = —65%u + O(e), such that
T, Nw* =0 forn < ne; T, Nw" consists of one point for n > ny.

(v) If n <0, v <0, 8>0 and B — 2uv > 0, then there exists an ny > 0, n; = —65%u + O(¢)
and an Mgy > M > 0, such that T, Nw" consists of one point for n < ne, and of two points
Jorme <m < nsp; To Nw" Z@fOTU > Nsn-

(vi) If £ <0, v <0, B> 0 and B — 2uv < 0, then there exists an ny > 0, Ny = —68%u + O(e),
such that T, N w" consists of one point for n < ng; T, Nw* = 0 for n > n,.



The relative positions of T, and w* are sketched in Figures 3 for each of the 6 cases. Note that
we have for simplicity decided to not consider the transitional cases such as v =0, 8 — 2uv = 0,
etc. in the statement of this lemma. The following lemma gives a more quantitative description
of the non-transversal intersection that occurs at a saddle-node bifurcation (see also Section 3.5).

Lemma 2.4 The intersections T,NI* and TgN1® are non-transversal for parameter combinations
at which both (2.12) and

1 = v+ Bb) T

hold (at leading order). For these parameter combinations, a saddle-node bifurcation of homo-
clinic orbits takes place. Such a saddle-node bifurcation cannot occur if 8 = 0.

The existence of an homoclinic orbit v, (z) C W*(M.)NW?*(M,) now follows from the above
geometrical construction in combination with the Melnikov method and the quantitative results
on the relative positions of T, and w* of Lemmas 2.2 and 2.3. Since the arguments are in essence
identical to those in (for instance) [5, 7] we refrain from giving more details.

The approximations (2.11) and (2.13) of the components (ax (), va(z), br(z), dn(x)) in The-
orem 2.1 both follow immediately from the asymptotic construction of v4(z); (2.11) is based on
the standard — see [5, 7] — approximations in the fast field Iy, i.e., the part of v, (z) that is
not exponentially close to the slow manifold M,.

A direct application of Fenichel theory yields that all orbits in W*(M.) N W*(M.) are
exponentially close to M. outside Iy. This is quantitatively described by the estimates on a ()
and vp(z) in (2.13). The take off point associated to y4(z) is, by construction, on w* (and, by
(1.6), its touch down point on w®). Thus, for z € R\ Iy, y4(z) must be exponentially close
to either w* C M. or w® C M.. Note that this observation is completely independent of the
(singular) nature of the stable and unstable manifold w** of S. The slow manifold M, is ezactly
given by {a,v,b,d) : a = v = 0}, thus, the flow on M, is determined by (2.6), without any higher
order corrections in €. Therefore, w*" are exactly given by the explicit solution baig(x;b(0)) in
which b(0) is the only free parameter left. Hence, the estimates on by(x) and dp(x) in (2.13)
follow. The construction of vy, (z) automatically yields the leading order approximation b(0) = by
(with by determined by (2.12)).

3 Linear stability analysis

The linearized stability of the homoclinic pulse solutions (A (z), Br(z)) of (1.3) can be deter-
mined by an Evans function method. However, since the pulse (A (z), Br(z)) does not converge
exponentially to (0,0) as £ — +oo, we need to adapt the standard approach. Nevertheless, we
can use the fact that the constructed single pulse solutions consist of a fast part, that decays
on an exponential scale, and two slow parts close to the slow manifold for which the decay is
only algebraic, to establish a decomposition of the Evans function D(A) into a product of two
explicitly computable transmission functions ¢,(A) and ¢3(A). The fact that By (z) does not decay
exponentially is especially encoded in #,()), that will have a much more complex structure than
in the standard exponential case [5, 7]. Moreover, we will find that D(A) has a pole of order 2 at
A = 0, while it is smooth (and non-zero) near A = 0 in the exponential case.
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Figure 3: The various possible relative positions of T, and w* of Lemma 2.3. (i) For all n > 0
there are no intersections. (ii) For all 7 > 0 there is one intersection. (iii) By varying n, w* moves
from wY, for which there are two intersections, to w} (no intersections). In between, a saddle-
node bifurcation occurs at n = 7, T, and w¥ are tangent. (iv) Depending on 7, there are no
intersections (w¥) or there is one intersection (w¥). (v) One intersection (w¥), two intersections
(w¥), or no intersections (w¥). (vi) One intersection (w}) or no intersections (w¥).
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3.1 Preliminaries

We linearize around (Ax(z), Bn(x)) and, with a small abuse of notation, re-introduce a(z) and
b(z) by
Az, t) = An(z)+a(z)e,
B(z,t) = Bp(z)+b(z)e,

where (A(z,t), B(z,t)) is a solution of (1.3) and A € C. The linearized stability of the homoclinic
pulse solution is thus determined by the following 4-dimensional eigenvalue problem

(3.1)

— — — 2 — — —
{ Aa = a-345a— pApb — uBra — Gy, (3.2)

—e27Ab = 2ne’Bpb—2vApa — 23ALBra — ,BA%Lb — e 2b,,.

This equation can be written as a system of first order ODEs by introducing the vector ¢(z) =
(a(z),v(z),b(z),d(x)) ", with a;, = v and b, = ed:

¢z = A(z; X, €)¢, (3-3)
where
0 1 0 0
Az M) = A41+ 3A;21(()$) + puBn() g —,W(l)h (z) g
—e[2vAn(z) + 28Ak(z)Br(z)] 0 ele?TA+ 2ne’By(z) — BAZ(z)] O
Taking the limit |z| — oo in A(z; A, €) yields the constant coefficient matrix (4
0 1 0 0
Ache)=| ML 000 (3.5)
0 0 &7 0
The eigenvalues and eigenvectors of A (A, €) are given by
Ara(Ne) = £VA+T, E1a(Me) = (1,A1,4()\¢€),0,0)7,
Aos(Ne) = +e2Vrh, Eas(\e) = (0,0,1,A3()e)/e)T. (3.6)

Although the decay of A(z;\) to A (A) is only algebraic in z, the essential spectrum o, of the
linear eigenvalue problem (3.2), or (3.3), is still determined by values of A for which either one
of the eigenvalues A;(A) of A (A) is purely imaginary [12], i.e.,

ge={Ae€C: )€ (—,0]} (3.7

(recall that 7 > 0). Note that although A = 0 € o, it can still be interpreted as an eigenvalue,
since it corresponds naturally to the (algebraically decaying) eigenfunction of (3.3) given by the
derivative of the wave, i.e., (- A4 (z), & By ()). The region C, is defined as the complement of
0-63

Cc:=C\oe={Ae€C:|\>0, arg) € (—m,m)} (3.8)
For X\ € C,, the eigenvalues A;(X) of A(X) can be ordered as follows,
ReAi(A) > ReA2(A) > 0 > ReAs(A) > Re As(A).

Note that the essential spectrum o, coincides with the absolute spectrum o, of (3.3), or (3.2),
since Re A3(A) = Re A3(X) for A € g, — see [22] for the definition of o,. This is natural, since
(3.3) admits the reversibility symmetry z — —z. However, this also implies, in combination with
the fact that A(z;\) does not converge exponentially, that the Evans function D()) associated
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to (3.3) cannot be expected to be smooth near o, ([23] and section 3.5). Note also that the
point A = 0 is part of the essential/absolute spectrum o, since there is no linear damping in
the B-equation in (1.3). This property of o, makes it far from trivial to conclude nonlinear
stability from linearized stability. We do not consider the issue of the nonlinear stability of
the pulse (Ax(z), Bp(z)) here. In this paper, we focus completely on the spectral stability of
(An(z), Br(z)), where we define (Ax(z), Br(z)) to be spectrally stable if the part of the discrete
spectrum o4 of (3.3) outside A = 0 is in the stable half plane, i.e., if

o4\ {A =0} C {A € C: Re()) < 0}.

3.2 The matrix A,j,(z;\) and its solutions

In the classical construction of an Evans function D(}) it is assumed (and used) that the matrix
A(z; A\) of an eigenvalue problem of the type (3.3) converges exponentially to its limit A () as
z — £00o. The 4 fundamental solutions ¢;(x; A) of (3.3) by which D()) is defined are described
by their limit behavior (for £ — £o00) in terms of the exponential solutions of the constant
coefficient problem associated to Ax(A) [1, 22]. Such a construction is not immediately possible
for this problem, since ||A(z;A) — Ax(A)|| only decays algebraically as £ — +oo.

However, the matrix A(z;\) does decay exponentially fast (for £ — +o0c) to the matrix
Aaig(z; A), that is defined by

0 1 0 0
A+ 1+ pbag(|z]) 0 0 0

Aaig(@; A ) 1= 0 ([ 0 0 e |’ (39)
0 0 &3[TA+ 2nbag(|z|)] 0

[\S)

with baig(x) as in (2.9). In fact, it follows from Theorem 2.1 and especially (
positive constants C' and K such that

| A(z; A) — Aaig (23 V)|| < Ce=Klal (3.10)

.13) that there are

uniformly in A € C, i.e., A(x; ) decays exponentially fast to Aaig(x; A) on the fast spatial scale.
The approximation Aaig(z; A) of A(z; \) is only relevant outside the fast region Iy (2.2). We will
thus only consider it for |z| > 1/4/e. Note that ||A(z; A) — Aaig(z; A)|| is exponentially accurate,
in € as well as in x, outside I;.

In the construction of the Evans function associated to (3.3), we now let the matrix A, (z; A)
and its solutions play the role that A (\) and its exponential solutions play in the standard
exponential setting. This choice is both motivated by the exponential convergence of A(z; A) to
Aaig(z; A) and the fact that we can explicitly construct all solutions of

wm = Aalg(x; )\)1/% (311)

i.e., we can explicitly determine the counterparts of the exponential solutions in the standard
exponential case. We can use these functions to prescribe the behavior of the solutions of (3.3)
with exponential accuracy (outside the fast region I¢) and define an Evans function based on the
limit behavior of the solutions of (3.11).

The matrix Aaig(z; A) has a block-diagonal structure, and (3.11) is equivalent to two uncou-
pled second order equations,
gz = A+ 1 — pbaig(|z])]a, (3.12)

and
bew = [T + 2nbag (|2])]b. (3.13)
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Note that both equations have inherited the reversibility symmetry of (1.1), so we may restrict
our attention to the case x > 1/4/e > 0. Since baig(x) only varies on a slow spatial scale outside
I; (2.9), (3.12) can be solved by a WKBJ approach for A € C. (3.8).

Lemma 3.1 Let A € C. and define for x > 0

_ 2.\ _ 6u
H(X)=H(ez) = \/)\—i-l—ma

with X* as in (2.10). The solutions of (8.12) are spanned by at(x;A), with
at(z) = Ax(ez)et o H(e*s)ds

Moreover, there is a C > 0 independent of € such that

1
Ai(e’z) — ———|<C
[4x(e") H(sQw)| ©

for all z > 0.

This lemma is proved by direct substitution. Note that there are no turning points, i.e., H(X) #
0, since A+ 1 — pbaig(z) > A+1—pby > 0 for A € R\ o¢ (2.9), (2.4). Note also that the solutions
a+(x) decay/grow exponentially on the fast spatial scale, and that

1+ 0(e)

. . VA1 _ i%«n
xli}n;o ax(z; Ne = AN )\)1/48 T £0, (3.14)

with

Coo = Cos(VAF1) = /oo dX. (3.15)

6u
A+l ——F _VAF1
\/ + n(X* + X)?2

Hence, the decay/growth rates of a(z) relax algebraically on the slow spatial X = e?z-scale to

the decay/growth rates associated to the O(1) eigenvalues A; 4() of the matrix A (A) (3.6).

For A # 0, equation (3.13) defines a Whittaker equation for W(z) = b(z) where z =
2VTA(X* + &%),

1 K %—,uQ
sz+{—z+;+—22 W =0, (3.16)

with k =0 and p = I [2, 26].

Lemma 3.2 Let A € C, and define z = 2v/TA(X* + €2z) for x > 0. The solutions of (3.13) are
spanned by by (z; \) that are given by

(M)

by(z;A) = e b e, b_(z;)) = B Tt Te (3.17)

As ay (z), the solutions by (z) decay/grow exponentially as £ — oo, but now on the slow spatial
scale,
2
Hm by (z; N)eFe V7 = 1, (3.18)

r—00

The decay/growth rates of by (z) correspond to the O(e?) eigenvalues Aj 3()) of Ao (A) (3.6).

14



Proof of Lemma 3.2 Since x = 0, (3.16) can be transformed into a Bessel equation by
introducing y(¢) = W(2i¢)/V/¢,

that has the Bessel functions J. 7 €),
Jiz(Q) = %C[(éj—g)sinC—(c—g— )cos(],
J 10 = ch[(l—s—g)cosc+<é—§— )sm(}

¢
as solutions [2, 26]. The Bessel functions J.. 1 (¢) correspond to two independent solutions W, 7 (2)
of (3.16) through

¢ . [7C
Wiz(2) =/ 5 J43(Qs W_z(2) =iy 5 J_1(0)
with z = %, so that
() = —(2+2)sinh s (94 1)cosh
; 120 4 12 60 : (3.19)
W_z(z) = - (122 + 12) cosh 2 + (% + 1) sinh Z.
Finally, we set by (z; ) = W, z(2) + W_z(2) and b_(z;A) = W,z (2) — W_z(2). O

Corollary 3.3 Let A € C.. For z > 0, the solutions of (3.11) are spanned by the 4 vector-valued
functions 1/)I’a’b(x), where

1dby

YL ale0) = (@ 0), 2 (20),0,0)7, 03 0) = (0,0, b (23 X), - 2% 1)

" dzx
By the reversibility symmetry, the solutions of (3.11) are for z < 0 spanned by V. , (), with

dax

_ 1dbs
w:t,a(‘r’ )‘) - (a;(—z, )‘)7 - dz -

(=252),0,0)7, ¥L (w3 4) = (0,0,b5(—2; 1), =~ —E (= 1)) -

Note that ¢ , ,(z;A) — (0,0,0, 0)" as £ — —oo0, i.e., the & in the subscript of wi’a’b(:r; A)
indicates the sign of the exponent of its exponential component.

3.3 The Evans function D()\) and its decomposition

For A € C., (3.3) has a two-dimensional space of solutions that approach (0,0,0,0)" as x — —oo,
denoted by &~ (z;)), and a two-dimensional space of solutions that approach (0,0,0,0)" as
z — 400, ®*(z; ). Since Aaig(z; A) is an exponentially accurate approximation of A(z; A) (3.10),
we may conclude, using standard methods for linear ODEs, that ®~(z; \), respectively & (x; \),
is approximated by the span of 91 ,(z; A) and 97 ,(z; ), resp. wia (z; M) and wi“’b(z; A).

Lemma 3.4 Let A € C. and let ¢ > 0 be small enough. The manifold <I>_(:c;)\),~ respectively
®*(x;\), is spanned by solu~tz'ons ¢ a(z;A) and ¢ (x5 ), resp. ¢f,a(:c; A) and ¢f’b(:c;)\), of
(8.8), where qﬁia(x; A) and qﬁi’b(x; A) are such that

6% a(; A) = VI o (@ A)]| < CeTH2, 1% (25 0) — ¥ (3 A)]| < CeTXo,
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for +x > 1/\/e and some O(1) constants C, K > 0. Moreover,

. AT _ Cw T

limg 400 ¢$,a(x; Nefvaitiz  — (ii%(f/L e &2 (1, +v1+ A0, 0) ,
. T

limg_+ oo ¢§,b(m; )\)eie2 vz — (0, 0,1, %ev 7')\) ,

with Coo as in (8.15).

The solution ¢ ,(x;]) is determined uniquely, while qE;’b(w; A) is part of a one-parameter
family, i.e., 5
O, (@A) = ¢, (25 A) + 59 4 (73 A), (3.20)

for some s € R and some ‘special’ d’—T—,b (z; ). As in the standard exponential case [5, 7], the choice
of ¢;’b(x; A) will enable us to decompose and explicitly compute the Evans function associated
to (3.3). This choice is determined by the behavior of ¢ ,(z; A) for z > 1/\/e.

Lemma 3.5 Let A € C, let e > 0 be small enough and let ¥ ,(z; \) and ¢i’b(z; A) as defined in
Corollary 3.3. There is a uniquely determined analytic transmission function t,(\,€) and O(1)
constants C, K > 0 such that

(85 0(@; A) = ta(NWT o (25 0)) e o HED 5| < e K2, (3.21)

for x > 1/\/e, with H(e*z) as in Lemma 3.1. For X such that t,(\) # 0, there is a uniquely
determined ¢ ,(z;A) C @7 (z;) such that

lloL p(z5A)e™ IS HE) ds|| < K2,

for @ > 1//e. For this solution ¢~ ,(z;A), there are two additional meromorphic transmission
functions, tp(\, €) and t.(A,€), such that

6% (25 A) = ts (VYT (25 A) = LN T (23 M) < Ce 2, (3.22)

forz >1/4/e.

Note that wf,b(a:; A) decays (slowly) as £ — 00, so that t,(\) measures the (slow) growth of
¢_T_,b($§ )‘)'

Proof Due to the exponential convergence of Aaig(; \) to A(z; A) we can apply the arguments
of [1, 5, 6].

The growth for z > 1/4/¢ of the solutions of (3.3) is determined by the fastest growing solution
of (3.11), i.e., by ¥T ,(z; A) (Corollary 3.3). The transmission function t,()) as defined in (3.21)

measures this growth for ¢ , (z;A\); it is by construction uniquely determined and analytic as
function of A for A € C, [1].

The 3-dimensional subspace ®*(z,A) of solutions ¢(z;\) of (3.3) for which there are O(1)
constants C, K > 0 such that

||¢($,)\)e_ fom H(s2s) ds” < Ce—K(I),

for z > 1//¢ consists of all ¢(x;)) that do not grow as ¢ ,(z;)). Since ®~(z,)) is two-
dimensional, the intersection ®*(x,A) N &~ (z,\) must be at least one-dimensional. Clearly,
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¢+ o(z;A) C @7 (2, A) cannot be an element of this intersection if ¢,(A) # 0. Thus, for A such
that ¢,(A) # 0, there must be a one-dimensional subset of &~ (z, ), i.e., a one-parameter family
of solutions that decay to (0,0,0,0)" as z — —oo, that is also a subset of ®*(z, \). The boundary
condition as given in Lemma 3.4 determines the ‘special choice’ ¢ ,(z;A) C ¥ (z,A) N @~ (z, A)
uniquely.

For solutions within ®“(z, \), the growth (for z > 1/4/€) is determined by the slowly grow-
ing solution 1/}1"1,(.%;)\) of (3.11); apart from wj[,b(:v;)\), ®%(z, ) is furthermore spanned by
two solutions that are exponentially close to the (decaying) solutions wf,b(x; A) and ¥, (z;))
(this again follows from (3.10)). The function t;(A) measures by definition the (slow) growth of
¢ 4(z;A), te(A) measures the slow component of the decay of ¢ ,(z; ). The remaining term
¢ p(z3A) — tb()\)¢i,b(x§ A)— tc()\)djf’b(x; )) is exponentially close to 9* ,(z; A), that also decays
exponentially (on an O(1) spatial scale), so that (3.22) follows.

The transmission functions tp () are by construction analytic for those A € C, for which
they are defined. However, they may have poles at the zeroes of ¢,()\) [5], and they are thus
meromorphic as function of A. O

For X\ € C. and ¢ small enough, we can now define the (standard [1, 5]) Evans function D()\)
associated to (3.3) by

D(\,¢) := det [¢;’a(z; N, 67 4(@5 ), 8 (@5 M), 6% o A)} , (3.23)

where ¢* ,(z;A) and ¢* ,(z; \) are given by the natural counterpart of Lemma 3.4; ¢* ,(z; \) is
determined uniquely and &f’b(z; A) can be chosen from a one-parameter family of solutions such
that it depends analytically on A for A € C.. The trace of A(z; ) is 0 (3.4), thus D(A) does not
depend on z. Although ¢7 ,(z; A) may have a pole (as function of \) at a zero of t,(A), D(}) is
analytic as function of A for A € C.. To see this, we can define the alternative Evans function
D(A) by replacing ¢, ,(z; A) in (3.23) by a ¢ ,(z;A) that depends analytically on A; D is thus
analytic in A (for A € C.). Clearly, &;,b(x; A) and @7 ,(z; A) must be related as in (3.20), where
s = s(A) will have poles at the singularities of ¢,()) and ¢ ;(z;A). It follows from (3.20) that
D(X\) = D()) for all A € C, such that t4(\) # 0. Thus, D()) is analytic in C,, the singularities of
D()) are removable.

Following [5], we can now consider the limit £ — oo in (3.23),

D) = limgs oo det [67 (@5 X), 65(2i ), 67 (23 1), 67 o (23]
= Timg o det [ta(\YT ™V, by (AT e VAT, g etV it Ve

Coo

13 £ _Coo
= ta(Vts(N) det [ 29 T EL(N), Ba(0), Bs(V), 920k e™ F By (V)]

= AdevVTAta(\e)ty(N €) (14 O(e)),

(3.24)
by Lemmas 3.4 and 3.5 (and (3.6),(3.14), (3.18) — note that the two exponential terms cancel).
Thus, the zeroes of D()) are determined by the zeroes of ¢,(A) and t3()). As in the standard,
exponential, case [5, 7] we will find that ¢;(A\) may have a pole at a zero of t,(A), thus D()A) can
be non-zero if t,(A\) = 0.

The transmission function #,(A) is completely associated to the fast dynamics of (3.3), i.e.,
the a-equation in (3.2). In fact, its zeroes are at leading order given by the eigenvalues of the
Sturm-Liouville problem

(Ls—N)a=ag +[3a3(z) — (1 — pbo + N)]a =0 (3.25)
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associated to the stability of the (unstable) standing pulse solution ag(z;by) of the singular limit
(1.4) of (1.3). The pulse solution ag(z;by) of (1.4) coincides with the homoclinic solution of the
fast reduced system (2.3) given in (2.5). The eigenvalue problem (3.25) has two eigenvalues,
A} = 3(1 — pbo) and A} =0 [7].

Lemma 3.6 Let € > 0 be small enough. The transmission function t,(\) ha:s‘ a unique_zero
Aa(e) = A% + (9(5) = 3(1~— wbo) + O(g) in C.. It can be written as to(X) = Ata(A) with t4(X)
such that limy_,te(A) = t,(0) ezists.

Proof  The relation between the first/fast transmission function, here ¢,()), and the stability
problem that arises in a (fast) singular limit, and especially the fact that all eigenvalues )\ic
associated to the fast reduced limit problem persist as zeroes of this transmission function, has
been established in a more general setting in [5]. Since ¢,(\) is a measure for the fast dynamics
n (3.3), ¢7 ,(z;A) and ¥ ,(z;A) are both exponentially small for z < —1/,/¢, and since the
A-component of the (Ap(z), Br(z))-pulse decays at an exponential rate, the methods in [5] carry
over directly to this setting. Moreover, t,(\) can be defined in a neighborhood of A = 0, i.e., inside
a part of o, since the solutions associated to the a-component in (3.3) have O(1) exponential
decay/growth rates for all A such that A > —(1—pubo) (3.12), (2.4). Thus, the eigenvalue A} = 0 of
the fast reduced limit problem also persists and ¢,(\) must have a zero near A = 0. The derivative
of the wave (£ Ax(z), £ B () is an eigenfunction of (3.3) at A = 0 of which the O(1) part decays
exponentially with an O(1) rate. Hence, ( Ax(z), - By(x)) € span{¢7 ,(z; A)} which implies
that t,(0) = 0 and thus that t,(\) = A,()) with £,(0) well-defined. O

In the upcoming section it will be shown that ¢,(\) must have a pole at A\, (), i.e., that A,(¢)
is not a zero of D(A).

Corollary 3.7 Let A € C. and let € > 0 be small enough. The zeroes of the Evans function
D()\¢€), i.e., the eigenvalues associated to (3.3), are determined by the zeroes of the transmission
function tp(A, €).

3.4 The NLEP approach for algebraically decaying pulses

Although we had to adapt the procedure by which we constructed the Evans functions, i.e.,
we had to introduce the matrix Aaig(z; ), the main outcome of our approach, Corollary 3.7
and especially decomposition (3.24), is completely similar to that of the standard case with
exponentially decaying pulses [5, 7]. In this section, we will see that the NLEP method, by
which ¢5()\) will be computed, can also be extended to the case of algebraically decaying pulses.
However, the analysis and the resulting expression for ¢;(\) are much more involved than in the
exponential case (see Remark 3.11). Moreover, we will find that D()) has a pole of order 2 at
A = 0, while its counterpart in the exponential case is well-defined at A = 0. Therefore, the
structure of D(A) near A = 0, and its relation to saddle-node bifurcations (Lemma 2.4), will be
studied in more detail in section 3.5.

To compute t()), we first note by the b-equation in (3.2) that the b-component b ,(z; A) of

¢, »(z; ) must remain constant (at leading order) over the fast interval I;. It thus follows from
Lemma 3.4, Corollary 3.3, and Lemma 3.2 that

b ,(0) = b;,b(—%) FO@E) =b (+-) + O(e) = A +6A 1:’315’” AL oge), (3.26)

Y
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with
67
A=A) =4/ — 3.27
0 =5 327
((2.10) with b(0) = by + O(g), Theorem 2.1). By Lemma 3.5, it also follows that

_ A3 —6A2 4+ 15A — 15 A3 +6A%+15A+15 _
b, ,(0) = X eM ty(N) + 13 e Mt (\)+0(), (3.28)

which implies that

A3 —6A% +15A -1
f(O) =1 6A° +15 5
A3 +6A2 +15A + 15

) e*M ty(\) + O(e). (3.29)

Remark 3.8 The polynomial A% +6A%+15A +15is zero at A = —2.32...,A = —1.83...£1.75...i.
However A € C., so that arg A(\) € (—%,Z) (3.8), (3.27). Thus, A®> + 6A2 + 15A + 15 # 0 and

272

by ,(0) # 0 for A € C. (3.26). See also Remark 3.13.

As in the standard, exponential, case [5, 7], the expression for ¢;(\) can now be obtained by
determining the total change, Ab,, in the derivative of b} ,(z;A) over I;. This can be done in

two ways: by using the information on quﬁb(x; A) in the slow field and computing Agey bz, and

by integrating b,, over the fast field, which yields Ag.g b;. On the boundaries of Iy, b;b(x; A)
is given by Corollary 3.3, and Lemmas 3.4 and 3.5. Thus, A b, = Agow by with

Agowbs = [to(N)£by(z) + tc()\)%b_(a:)]mzﬁ — [£b_(-z)] R

3_aA2 _
(o) (@) + (1 - (7t M (V) b (2)+ b ()]

=VE
3 a2 -
= [ (#or@) - (SR (@) +2450-()]
= 2°Var <A3+6A2/$15A+15 et tp(N) — A4+6A3+2/1\{4\2+45A+45 efA) )
(3.30)

at leading order in €.

In the fast field Iy, Ax(z) can be approximated by ao(z;bo), Br(x) by by (Theorem 2.1),
and b(z) by b, ,(0) (3.26). Hence, the a-equation in (3.2) is up to terms of O(e) given by the
inhomogeneous Sturm-Liouville problem

(L5 —Aa) = agz + [3a5(z) — (1 — pbo + A)]a = —pby 4(0) ao(z) (3.31)

(3.25). This is the same inhomogeneous limit problem as was encountered in [7], up to the
constant bjﬁb(O) in the inhomogeneous part. Note that this is not surprising, since the fast
reduced limit problem of the ‘system with exponential decay’ in [7] is identical to the ‘system
with algebraic decay’ considered here. In [7] the b-component of the solution of (3.2) was scaled
to 1 in Iy, here we considered b = b, ,(0) in Iy — see also section 3.5. Equation (3.31) can be
solved explicitly [7]. To see this, we introduce

A w __\/l—ltboam w _ 1 an(z
=1 b (x) = b, (0) (2), h(X)—m o(z)

(recall that p # 0 (section 1), 1 — ubg # 0 (2.4), and b} ,(0) # 0, Remark 3.8), so that wx(x) is
the positive homoclinic solution of Wy, = W — W3 and (3.31) transforms into

x=+/1—pboz, A (3.32)

(Lo —Nw = Wy + [Bwi(x) — (1 + N]w = wr(x)- (3.33)
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For all X # 0,3, the eigenvalues of Loy ([7], section 3.3), there is a uniquely determined solution

win(x; A) of (3.33) that decays for y — Foc0. Since (wp, %wh)yz =0, (3.33) can also be solved
at A = 0 (this (non-unique) solution can be determined explicitly [7]). The operator Lo — A is
not invertible at A = 3, win(x; A) has a (simple) pole at A = 3 ([5, 7]). By (3.32) we conclude
that the solution aj,(z; ) of (3.31) exists for all A # )\?f (Lemma 3.6) and that a;,(z;A) has a

simple pole at )\(}.

By the same approximations that yielded (3.31), we now find
byw = —52[2(1/ + Bbo)ao(z)ain(z; A) + ﬂb;b(O)ag(w)] (3.34)

as leading order description of the b-equation of (3.2) in I in which all terms in the right hand
side are explicitly known. Thus, the fast field analysis yields a leading order approximation of
the accumulated change over Iy of the b-component of qS;b(a;; A) by integrating b, as given by
(3.34) over Iy, i.e.,

o0

Agagt by = —2 / (200 + Bbo)ag(@)ain(a: ) + Bb ,(0)a3(x)] do+ OEVE).  (335)
—00

Note that the computation of Ag,g b, has been identical to that in [7]. Before we explicitly

determine the leading order expression for t,(\) by setting Agiow bz = Afast by, We observe that

the appearance of aj,(z; ) in (3.35) implies that t,(A) must have a simple pole near A}. Since

D()) is analytic near )\(}, it follows from the decomposition (3.24) that this pole lies exactly at
Aa(€), the zero of t,(A) (Lemma 3.6).

‘We now define

R = [ " wn () win (s 1) dx, (3.36)
and
S p(v + Bbo) ., %
TO) = 28/T= o = B RN, (3.37)

so that, by (3.32), (2.5), and (3.35),
Atast by = _EQb;’b(O)j(j\) + 0(52\/5)
Moreover, we introduce

P(A) = (A*+6A% + 15A + 15)(A* + 6A° + 21A% + 45A + 45), (3.38)
A3+ 6A% +15A + 15

QN = RT6A® 1 21AZ 1 45A 1 45 (3.39)

It can be checked that the two polynomials in the definitions of P(A) and Q(A) both have their
zeroes for A in the negative complex half plane, thus neither P(A) nor Q(A) has zeroes or poles
for X € C. (see Remark 3.8).

Lemma 3.9 Let A € C. and let € be small enough. The transmission ty(A) as defined in Lemma
3.5 1s given by

tb()\, 6) =

PO [, _ V6
AN nbo

Q(A)J(i)) e 2N L 0(Ve), (3.40)
with AQX), T(X), P(N), Q(N) as in (8.27), (3.37), (3.88), (3.39).

Proof The leading order result of (3.40) follows directly from the above calculations. Uniform
estimates on the leading order corrections can be obtained in a straightforward fashion (as in
[5, 6, 8]). O

20



Our stability analysis can now be summarized as follows (see Corollary 3.7).

Corollary 3.10 Let A € C. and let € be small enough. The zeroes of the Evans function D(X)
are at leading order determined by

V6

TA):=1- m

QNI (N) =0. (3.41)

Remark 3.11 In the exponential case, i.e., in the study of pulses in a Ginzburg-Landau/diffusion
system as (1.3) with ‘—e2nB?’ replaced by ‘—e%aB’, it was found in [7] for ¢3()), the equivalent
of ty(A), that

1
VTA+ o

with J(X) as in (3.37). Thus, although the Evans function and the NLEP approach has been
successfully extended to the case of pulses with algebraic decay, the endproduct, (3.40), is a more
complex expression than its exponential counterpart, with singularity of higher order at A = 0
— see also Remark 3.13 and Section 3.5.

ta(\,€) =1 — TA) 4+ O(/e),

Note that the only nontrivial component in expression (3.40) for t,()) is the function R()). This
function can be determined explicitly by using the transformations

X 5= 1 _ W (X) w —1(1+3P) P
K1z (1= 200w =2 H G007 (342

to rewrite (3.33) as an inhomogeneous hypergeometric differential equation,
2(1—2)G" + (1= 22)(P+1)G' — (P +3)(P — 2)G = [2(1 — 2)] " 2(1+P),

that can be solved explicitly. Hence, wi,(x), the bounded solution of (3.33), can be determined,
and R(A) (3.36) can be computed explicitly — see [7] for the details. Thus, the function R(X)
can be considered as a known expression.

In the upcoming sections it will be often convenient to consider R, t;, T, etc. as function of

P instead of A or A (with P as in (3.42)). These expressions will be denoted by R(P), t»(P),
T (P), etc. Moreover, we will use the following properties of R(P), that have been obtained in
[7] (see especially Lemma 4.1 in [7]).

Lemma 3.12 Let A € C. and R(P) as defined in (3.36) with P = P()) by (8.42), (3.32), then

(i) R(P=1)=1, R'(P=1)=R; > 0.
(i) R(P) = RQ/(P 2) + (9( ) near P =2, Ry < 0.
(iii) R(P) = —4/P? + O(1/P%) for P> 1.
(iv) R(P) has no other poles than P =2 for X € C,.
(v) R(P) is monotonically increasing for P > 1 and P # 2.
(vi) R(P) >0 for P € (1,2) and R(P) <0 for P > 2.

Note that P =1 corresponds to A = A = 0, and that P =2 to A = A% = 3(1 — pubo) (section 3.3),
or A = 3, the critical eigenvalue of Lo (3.33).

21



Remark 3.13 By the reversibility symmetry, the eigenfunctions of the eigenvalue problem (3.2)
are a priori either even or odd as function of z. The zeroes of D() all have b, ,(0) # 0 (Remark
3.8), thus all eigenfunctions of (3.2) must be even. This can also be seen more explicitly from
(3.29), since clearly t.(A) = 1 (at leading order) if #,(A) = 0.

This is completely similar to the case of exponential decay, as considered in [7]. Nevertheless,
in the algebraic decay case considered here, there can be odd ‘resonant eigenfunctions’, that
are related to the ‘resonance poles’ of D(\) [22]. The Evans function D()\) is a complex valued
function that has a two-sheeted Riemann surface as its domain of definition (see also [6, 22, 23]).
The essential spectrum o, (3.7) determines a cut in the complex plane, and thus the sheet
C. = C\ 0. (3.8), on which D(}A) is uniquely determined. The eigenvalues of (3.2) correspond
by construction to the zeroes of D(A) on this sheet. The second sheet of this Riemann surface
corresponds to A such that arg A(X) € (3,3F) (3.27). Thus, the zeroes of t,(\) coming from
P(A) =0 (3.40), (3.38), i.e., with A such that A3 +6A2% + 15A + 15 = 0, define zeroes in D(\) on
the ‘wrong’, second, sheet (Remark 3.8). Such zeroes are called resonance poles. In principle, a
resonance pole may move from the second sheet to C. as function of a parameter, so that a ‘new’
eigenvalue appears through o, (this is called an edge bifurcation, see also [5, 22, 8]). This cannot
happen to these resonance poles. Note however, that the ‘resonant eigenfunctions’ associated to
the resonant poles are indeed odd, since b7 ,(0) = 0 (3.26) (this implies by (3.28) that ¢,(A) = 0,
by (3.31) that ai,(z) =0, and thus by (3.30) and (3.35) that t.()\) = —1).

3.5 The Evans function near A\ =0
The Evans function D(A) as defined in Section 3.3 has a pole of order 2 as A approaches 0.

Corollary 3.14 Let A € C. be such that |\| is small, then

u(v+ Bbo)] 1+ O(v&, V)
VT ibo PO

25m363 1
D(Ae)=¢ 63 ta(0) 5\/677b0 —208+/1 — pbo +

(3.43)

where t,(0) has been defined in Lemma 3.6.

Proof  The approximation follows immediately from substitution of the results of Lemmas
3.6, 3.9 and 3.12 into the decomposition (3.24). O

The singularity of D(A) at A = 0 originates from the scaling of the function ¢ ,(z; A) in the
definition (3.23) of D(A). This function is normalized such that its b-component approaches 1
as ¢ — —oo (Lemma 3.4, (3.18)). As a consequence, the value of this b-component near =z = 0,
b 4(0), has a singularity near A = 0 (3.26). This singularity enters into the expression for D())

(even twice, since qu,b(:c; A) has been scaled similarly).

Nevertheless, the singularity of D(A) is essential, in the sense that it represents an intrinsic
obstruction in the construction of D(A) at A = 0. This is caused by the degenerate behavior of
the solutions of the b-equation (3.13) at A = 0. The two independent solutions of this equation,

~ ~ 1
by(z;0) = 2%, b_(z;0) = -5, with = X* +¢’z, (3.44)
z
do not decay exponentially, and, more importantly, cannot be obtained as limits of by (z; )

(Lemma 3.2, (3.17)) for A = 0. Taking || small in (3.17) yields that by (z; \) = C+ /23, at leading
order in \ and for z bounded (i.e., €2z = O(1) with respect to |A\| < €). Thus, the functions
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by (z; A) both approach (a multiple of) b_(z;0) in the limit A — 0, which implies that they do
not span the solution space of (3.13) at A = 0. As a consequence, the construction of the Evans
function, and in particular that of the transmission functions ¢, (), breaks down (Lemmas
3.4 and 3.5). Since the limit behavior of bi(z;\) and thus that of ¢ ,(z;]) is normalized
(Lemma 3.4, (3.18)), this degeneration can only appear in D(A) through b} ,(0), the value of the

b-component of ¢~ ,(z; A) in Iy (at leading order).

Note that the functions b (x;0) (3.44) can be obtained as limits of independent solutions of
(3.13) with X # 0 since
W,oz(2) = ﬁz‘l + 0(2%),
(3.19) for |z| < 1. Thus, b4 (x;0) appear in the limit A\ — 0 from the scaled Bessel functions
W1 (z). For A # 0, neither of the functions W. 1 (2) decays to 0 as z — oo, therefore they have
not been used in the construction of D(A) for A # 0 (the decaying function, b_(z; ), is a linear
combination of W, 1 (2)).

Conceptually, the construction of an Evans function is based on solutions to the linear eigen-
value system that decay, either for x — —o0 or for x — 4o00. Only for such solutions, the essential
property of Evans function — zeroes of D(\) correspond to eigenvalues — is directly encoded
in its definition (see (3.23)). Here, we have found that there cannot be a family of independent
solutions to (3.3) that can both be used for the construction of D(A) and be smoothly extended
to A = 0. Hence, the singular behavior of D(\) in the limit A — 0 (Corollary 3.14) is not an
artifact of our scalings, it is intrinsic to the stability problem. Note that this is typical behavior
for an Evans function associated to the stability problem for a pulse with algebraic decay; D())
can even have an essential singularity at A = 0 [23], however, it is also possible that D()) is
smooth up to A =0 [24].

Finally, we note that the saddle-node bifurcation of homoclinic orbits (Lemma 2.4) also re-
appears in the Evans function. In the standard exponential case, such a saddle-node bifurcation
corresponds to a case in which D(A) has a double zero at A = 0 (see for instance [7, 8]). Due
to the singularity of D(A), the situation here is less standard. Nevertheless, the saddle-node
or tangency condition (2.17) also appears in approximation (3.43) of D(A) near zero. At the
saddle-node bifurcation the order of the singularity of D(\) at A = 0 is reduced. Moreover, T ()
(3.41) is defined at A = 0, and 7(0) = 0 (3.41) at a saddle-node bifurcation. By Corollary 3.10,
A = 0 can thus still be interpreted as a double eigenvalue — recall that A = 0 corresponds as
eigenvalue to the z-derivative of (Ax(z), Bx(z)). In fact, the above developed methods can be
used to construct the second independent eigenfunction associated to A = 0 at the saddle-node
bifurcation. Due to the appearance of b_(z;0) (3.44) in the b-component, this eigenfunction
will not decay exponentially, but algebraically (like the other eigenfunction, the derivative of

(An(2), Bn(2)))-

Corollary 3.15 A saddle-node bifurcation of homoclinic solutions occurs when the linearized
eigenvalue problem (3.2) has a double eigenvalue at A = 0. Vice versa, a second zero-eigenvalue
of (8.2) corresponds to a saddle-node bifurcation.

At one side of the bifurcation point, and O(4) close to it for some 0 < ¢ < § < 1, two almost
identical homoclinic pulse solutions, (A4 (z;6), B; (z;6)) and (A} (z;96), B, (z;6)), exist. The
eigenvalues of the stability problem associated to these pulses are also close to each other. In
principle, one would expect that both pulses should have an O(v/§) eigenvalue AL , that merges
with A = 0 at the saddle-node bifurcation (i.e. as § — 0). These eigenvalues can be obtained

directly from the equation ¢,(\,e) = 0 by an expansion in §, which yields
2\ =+CVE+ 0(5),
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with some explicitly computable constant C # 0 (see section 4.2 for various examples of cal-
culations of this type). Thus, one of the pulses (A,f(m;(F),B,:‘L(:L'; 5)) would have a AL with
arg\ = m. However, this AL, is inside the essential spectrum o, of the linear stability prob-
lem (3.3). Thus, due to the fact that o. reaches up to, and includes A = 0 (3.7), one of the
pulses (A,jf(m;é),B,jlE (z;6)) does not have an eigenvalue near 0. As a consequence, one of the
(A (2;8), Bi(z;6)) has an even number of eigenvalues, the other odd.

4 Stability of the homoclinic patterns

In this section we employ the Evans function machinery developed in section 3 to study the sta-
bility of the pulse (Ap(z), Br(z)). We know through Corollaries 3.7 and 3.10 that the eigenvalues
of (3.2) correspond to zeroes of t,(P()\)) or even T (P(X)) (except for the trivial eigenvalue A\; = 0
that is associated to the derivative of the pulse). As in Theorem 2.1, we distinguish between the
cases f =0 and S # 0 (see also Lemmas 2.2 and 2.3)

4.1 Stability analysis for 5 =0

We first establish that for § = 0, the eigenvalues cannot enter into A = 0, and that there is
always a unique real unstable eigenvalue for p small.

Lemma 4.1 For =0, the eigenvalue problem (3.2) has ezactly one eigenvalue at A = 0.

Proof By section 3.5 (especially Corollary 3.15), there can only be a second eigenvalue at
A = 0 if there is a saddle-node bifurcation. This cannot occur for § = 0 (Lemma 2.4). O

Lemma 4.2 Let B = 0. There exists a p,, > 0 such that the eigenvalue problem (3.2) has ezactly
one real unstable eigenvalue A, (p,€) > 0 for all p with |p| < po. Moreover, lim,_,o Au(1,€) = 3.

Proof By Corollary 3.10, we only need to consider T (P) = 0. For 8 =0, T(P) can be written

as
P
_V6rQ(P) R(P).
Vnbov/1 — pbo
Since R(P) has a singularity at P = 2 (Lemma 3.12), 7 (P) must change sign near P = 2, i.e.,
A=3or A =3(1— uby). Thus, D(A) must have a zero near A = 3(1 — pbo) (for |x| small). We
refer to the proof of Lemma 4.3 in [7] for more details. O

TP)=1+up

The combination of these two results yields that there must always be at least one unstable
eigenvalue in the case 8 = 0. The details of the proof of this statement are identical to those of
the proof of Theorem 4.4 in [7]. The main idea behind the proof is that we can use the explicit
expression (3.41) and the fact that eigenvalues cannot enter into, or appear from, A = 0, to
show that the number of zeroes of D(A) in the unstable half plane must always be odd (i.e.,
eigenvalues cannot appear from/disappear to co and can only move into/out of the stable half
plane as pairs of complex eigenvalues). Note that it is a priori not excluded that eigenvalues may
appear from the essential spectrum o.. In fact, we will see in our analysis of cases (v) and (vi)
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of Lemma 2.3 that pairs of complex conjugate eigenvalues may indeed merge into and/or appear
from o.. Nevertheless, these eigenvalues can only enter the unstable half plane by crossing the
imaginary axis away from A = 0, and thus do not change the parity of the total number of
unstable eigenvalues. We again refer to [7] for the details.

Theorem 4.3 Let 8 =0,7n>0,7>0, u #0, v >0 and let € > 0 be sufficiently small. The
pulse solution (Ap(z), Br(z)) is spectrally unstable.

4.2 Stability analysis for § # 0

For 8 # 0, most pulse solutions can be regarded as continuations of pulses with 8 = 0. These
pulses will have an unstable eigenvalue related to )\5 from the fast reduced limit problem (by
varying parameters, as in the proof of Lemma 4.2). However, an additional new real eigenvalue
may introduce a mechanism by which all eigenvalues can be brought to the stable half plane (the
total number of unstable eigenvalues can become even).

The saddle-node bifurcation (Corollary 3.15) indeed introduces a ‘new’ zero of T()\) that a
priori may become an extra unstable eigenvalue and thus make the number of unstable eigenvalues
even (see section 3.5). Such pulses may be stabilized by a Hopf bifurcation.

Apart from pulse solutions that merge in the limit 8 — 0 with a pulse solution for 5 = 0,
a pulse (Ap(z), Br(x)) can also diverge as 8 | 0. Such pulse solutions can have an essentially
different spectrum. In this scenario it is also possible to have an even number of unstable
eigenvalues, and thus that the pulse may be stabilized via a Hopf bifurcation. The analysis
below shows that there are indeed pulse solutions which stabilize via this Hopf scenario.

In this section, we study each of the cases distinguished in Lemma 2.3, starting with all
situations where y > 0. For p > 0, it can easily be seen that there is at least one real unsta-
ble eigenvalue, so that the corresponding pulse solution is spectrally unstable. This occurs in
Case (iii) and part of Case (ii) of Lemma 2.3.

Lemma 4.4 Let 8 #0. If u > 0, t,(P) has at least one real zero with P > 2.

Proof Let P > 2. Using Lemma 3.12, it can be directly checked that for P close to 2,

P(2)Q(2)e 2@ V/6Ry(v + Bby) 1

tb(P) = A(2)7 7]b0(1 — /,Lbo) P_ 27

at leading order. It follows that ¢,(P) < 0 for P sufficiently close to 2 (R2 < 0, Lemma 3.12).
Moreover, a similar analysis yields that ¢,(P) | 0 as P — oo (P € R) so that ¢,(P) > 0 for
P large. Since ¢ (P) is smooth for P > 2, it follows that ¢,(P) has at least one zero for P > 2. O

Theorem 4.5 Let 8 # 0, p > 0 and let € > 0 be sufficiently small. The pulse solutions (Ap(z), Br(x))
of (1.3) are spectrally unstable.

Recall that Case (i) of Lemma 2.3 refers to parameter combinations for which no pulse
solutions exist. Apart from p > 0 we have to consider pulse solutions of Case (ii) with p < 0.
We can determine the eigenvalues of the associated stability problem explicitly in the limit n | O
and in the limit n > 0.

25



Lemma 4.6 Let 0 < e K n < 1l and p < 0, v > 0, B < 0 such that the pulse solution
(Ap(z), Br(z)) corresponds to Case (i) of Lemma 2.3. Apart from the trivial eigenvalue at A = 0,
linearized stability problem (3.3) has a unique eigenvalue Ay (n) = 3(1 4+ pv/B) + O(\/n) > 0.

Proof For 0 <n <1, by(n) can be approximated by

v 113/2

bo(n) = =5 —

B B2/—6(8 + wv) Vi
(2.12). Since A(P) = O(1/4/n) > 1 (3.27) it follows that Q(P) = 1/A at leading order (3.39),
so that
B

T(P?2-1)
for P not close to 1 or 2 (3.41). Since 8 < 0, 7(P) cannot have a zero for P not close to 1 or 2.
For P close to 2, we consider the next order approximation of (4.2),
28 pr3PR(P)+/n

VA=) P o )y

This expression can be zero if R(P) = O(1/,/1). By Lemma 3.12 (ii) and (iv) we know that P =

2+p,/n is the only possibility (with p < 0if x < 0). The result that X,(n) = 3(1+pv/B)+0O(/n)
follows immediately after substitution.

O(n) (4.1)

T(P)=1- + O(v/n) (4.2)

T(P)=1-

If P is close to 1, we introduce v > 0 by P2 — 1 = O(n?) so that, by (3.41),

ro={1gr

However, it can be checked that J(P) = O(1) for these values of n and P, so that we may
conclude that the only zero of 7(P) is indeed O(,/7) close to P = 2. O

if 0<y<l,
Jgwp) if y>1,

[NERNTS)
~

X X
Y
—

3
~

Lemma 4.7 Lete >0,7> 0 and p <0, v > 0, 8 < 0 such that (An(z), Br(z)) corresponds to
Case (ii) of Lemma 2.8. Apart from A = 0, linearized stability problem (3.3) has a unique real
eigenvalue Ay (1) = 3+ O(n~1/3) > 0.

Proof For > 1, by(n) is given by

bo) = (%) +O3).

Substituting this in (3.41), one can do a similar analysis as in the proof of Lemma 4.6 and find
that the only possible zero is P = 2 + pn~'/3 + h.o.t. with p < 0. O

Since there are no saddle-node bifurcations in Case (ii) of Lemma 2.3, i.e., the unstable
eigenvalues cannot merge into A = 0, we conclude that for any > 0 there must be an odd
number of unstable eigenvalues (see [7] and the proof Theorem 4.3). Hence, the pulses associated
to Case (ii) of Lemma 2.3 are unstable (Theorem 4.8).

As Theorem 4.5, this result is natural, since these pulses are continuations of pulse solutions
with 8 = 0. In Case (iii) a saddle-node bifurcation occurs. One of the pulse that is created at
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7 = 7sn has an even number of unstable eigenvalues, and cannot be continued to S = 0. Thus,
this pulse may in principle be stabilized by the Hopf bifurcation scenario. However, this is not
possible since p > 0 in this case (Theorem 4.5).

Pulse solutions that correspond to Case (iv) of Lemma 2.3 can also be regarded as continua-
tions of pulse solutions with 8 = 0. In this case, one can again prove that there is always an odd
number of real unstable eigenvalues.

Theorem 4.8 Let & > 0 be sufficiently small. Every pulse solution (An(z), Br(z)) of (1.3) that
correspond to one of the cases (i), (ii), (iii) or (w) of Lemma 2.8 is spectrally unstable.

Neither of the pulse solutions that correspond to Cases (v) or (vi) of Lemma 2.3 can be
regarded as continuations of pulse solutions with 8 = 0. Therefore, their spectrum may differ
significantly from those with 8 = 0. We again consider two limit cases explicitly, 0 < 7 < 1 and
I —ne| < 1.

Lemma 4.9 Let 0 <e < n<K1land p <0, v <0, B >0 such that (Ax(z), Br(z)) corresponds
to Cases (v) or (vi) of Lemma 2.3. Apart from XA = 0, (3.8) has two unstable eigenvalues Ay.
Moreover, there are two critical values of 57—2 ,

T 4 4 1 . /I/RQ —v 3

— =8 =-£-v6S o th Sp = — >0 4.3

G2 = Se= g gVBSant + O(A), with 8o =12 [(L2 ) (4.9
and Ry as in Lemma 3.12, such that Ay > A} = 3(1 — pby) > 0 for 0 < Z; < S_, A= A}| =
O(n*/*) and Ay € C\R for S_ < 7z <S4, and 0 <Az < A} for 7z > S+

Thus, as 77 is varied, the eigenvalues Ay cannot travel through the pole of t5(\) at A = )\(]’c, i.e.,
P = 2. However, by briefly forming a complex pair, they travel around the singularity.

Proof For 0 <n <1, by(n) is given by

v (—v)3/?

b __ vy, \=F)"
o) ="5% 52 Joa = )

v+ O(n).

(compare to (4.1)). For P not close to 1 or 2, T (P) is again given by (4.2), thus, since now 8 > 0,
we find the eigenvalue A\, associated to

P:&:i%;i. (4.4)

Note that this result is not valid if |7/3% — 4/3] < 1 with respect to 7 since it is assumed in the
derivation of (4.2) that P —2 = O(1).

As in the proof of Lemma 4.6, it can be shown that 7(P) cannot have zeroes near P = 1.
To consider the case |P — 2| < 1 with respect to 7, we introduce p and v > 0 by P = 2 + pn”.
Moreover, we set T = %ﬂZ(l + gn?), with 8 > 0, where 6 = 0 represents the case |7/3% — 4/3| =
O(1). At leading order, T (P) is now given by

1 2 So 1
wazyf+ym+?m7,
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with Sy as in (4.3). Thus, for § < ] there are two solutions to 7' (P) = 0,
3 S

P, = —ane + h.ot, P_ = —2—07;%*0 + h.o.t.
q

The solution P, merges with (4.4) as 6 | 0. The second zero of T(P), P_, is O(,/n) close to 2
if |7/8% —4/3| = O(1). Note that Py > 2 for ¢ < 0, and Py < 2 for ¢ > 0, which establishes by
(3.42), (3.32) the ordering of A+ as given in the Lemma.

If 6 = £, the zeroes of 7(P) are at leading order determined by the quadratic equation

1
4

2., 1
gp +§qp+So—0.

This equation determines the transition of P, and equivalently A., from being real-valued to
complex-valued and the critical values Sy as given in (4.3). For 6 > 1, i.e., for |[7/B8% — 4/3| <
n'/*, Py are determined by p? = —2S, and thus complex-valued. O

Lemma 4.10 Let 0 < e < |[pp—n| < 1 and p < 0, v < 0, B > 0 such that (Ap(z), Br(z))
corresponds to Case (v) or (vi) of Lemma 2.3.

(v) (B —2uv >0) For all 7/B* there exists one unique unstable eigenvalue Ay € (0,\}).
(vi) (B —2uv < 0) There are two eigenvalues Ay and there is a critical value of /32,

7 = e = 3Ra+ O(y/fne— 1) (45)

(Lemma 8.12), such that Ay € (0,A}) CR for /8% > Sy, and Ay € C\R for 7/8% < S,.

Proof  We first consider Case (vi), i.e., 8 — 2uv < 0, and introduce é by n = ne(1 — §), with
ne = —68%u + O(e) (Lemma 2.3) and 0 < ¢ < § < 1, so that by (2.12),

_L[p-w
bo = 5 [ Y +(’)(6)] > 1. (4.6)
The zeroes of T(P) are determined by
V6 1
J(P) = ——— 4.7
e (P) aP) (4.7)
(3.41). At P =1 we find, using (4.6),
V6 2 1
——=J(1) =3+6+0(6°) > =~ =3. 4.8
e (1) (6%) o) (4.8)
At leading order in §, (4.7) is equivalent to
1
24+R(P)= —F—————. 4.9
" Q(SVPT-1) (49

It can be checked that the right hand side is a monotonically increasing function of P, for P > 1,

and that 1 9
=3+ (P-1)+O(P-1)3

e N | o
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Figure 4: Possible behavior of the zeroes of t,(P) for a pulse solution of Case (vi) of Lemma 2.3:
(a) 0 < 7/B% < S_, the zeroes must merge as function of  and form a complex pair; (b) Sy <
7/B% < Sy, as in (a); (c) 7/B? > Se, the two real zeroes can either persist or merge temporarily
into a complex pair.

for 0 < P —1 < 1 (note that dQ/dA(0) = 0). Since R(P) is also monotonically increasing and
R(P) <0 for P> 2 (Lemma 3.12), (4.9) can only have zeroes for P € (1,2). Moreover,

2+ R(P) =3+ Ri(P-1)+0O((P~-1)% (4.11)
(Lemma 3.12). Thus,
V6 1 .6 1
mﬂ(l) > m and };ITI% mj(]?) > @

((4.8), Lemma 3.12), and it follows from (4.10) and (4.11) that (4.7) has a degenerate (non-
transversal) solution P, = P_ O(d) close to P = 1 for /3% = S, as in (4.5). Moreover, (4.7)
must have two real solutions Py € (1,2) for 7/8? > S, that merge in a pair of complex conjugate
solutions when 7/32 decreases through S,.

The result for Case (v) (8 — 2uv > 0) runs along the same lines, the main difference is that

now /B
6 1
——J1)=3-64+0(6%) < —— =3,
vnbo @ ) (1)
where ¢ > 0 is now defined by n = n¢(1 + §). As a consequence,
NG 1 V6 1
—J(1) < —— and lim ——J(P) > —=
v’ W< om M BRI o)
so that (4.7) must have one unique solution P € (1,2) for all /3% > 0. O

Lemmas 4.9 and 4.10 give control over the (unique) Case (vi)-pulse solution of Lemma 2.3
near the boundaries 0 and 7, of its domain of existence. For the Case (v)-pulses, the situation is
less simple. Therefore, we first consider the stability of the pulses described by Case (vi).

First, we note that Sp > S1 (4.3), (4.5), which can be checked by direct calculations (or by
evaluating R(P) [7]). Thus, we may distinguish a number of different cases, see Figure 4. In
Figure 4 (a), it is assumed that 0 < 7/8% < S_, and thus there are two real eigenvalues A+ > A},
i.e., P > 2, for 1 small and no real eigenvalues near 7,. We conclude that the eigenvalues AL
must merge and form a pair of complex conjugate eigenvalues. For simplicity, we neglect the
narrow band S_ < 7/8% < S, and consider S; < 7/8% < S, in Figure 4 (b). Except for the fact
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Figure 5: Eigenvalues associated to a pulse (Ax(z), Br(z)) in Case (vi) of Lemma 2.3 as a function
of n with parameters 7 = 1, p = —1/4, v = —4 and 8 = 1.9. There are four critical values of
7: N > 0 at which the eigenvalues A+ merge and form a complex pair, Nmops > 7 at which At
cross the imaginary axis so that (Ax(x), Br(x)) is stabilized by a Hopf bifurcation, e > Nropr at
which the eigenvalues disappear into the essential spectrum, and 7, > MHps at which the pulse
‘disappears to oo.’

that Py € (1,2) (A+ € (0,A})) for 7 small the behavior must be similar to that of Figure 4 (a).
In Figure 4 (c), where 7/3% > Sy, there are two eigenvalues Py € (1,2), both 7 small and for 7
near 7. Now, as 7 increases, these eigenvalues may either persist, or merge into a complex pair
and later merge again to reappear as real zeroes.

Whenever the eigenvalues form a complex pair, the possibility arises that this pair crosses
the imaginary axis and thus stabilizes the pulse (Ap(x), By(z)) via a Hopf bifurcation. Using
Mathematica, we can evaluate R(P), and thus 7 (P), explicitly, and can thus determine the
eigenvalues of (3.3) for each given set of parameters. By tracing the eigenvalues as function of 7
in the case depicted in Figure 4(c), we observe that the real eigenvalues may persist, and that
they may also temporarily form a complex pair, as is sketched in Figure 4(c). For parameter
combinations as in Figures 4(a) and 4(b), we indeed observe the formation of a complex pair of
eigenvalues. Moreover, we find an open region in (7, i, v, 8)-space in which the complex conjugate
pair Ay crosses the imaginary axis, and the pulse becomes (spectrally) stable.

Theorem 4.11 Let 0 < e K1 and p <0, v <0, 8 >0, 8—2uv <0, so that (An(z), Br(z))
corresponds to Case (vi) of Lemma 2.8. There is an open region in (T, u, v, 3)-space for which
there exists an Nuopr € (0,7¢) such that (An(x), Br(x)) is spectrally stable for n € (Muopt, Me)-

In Figure 5 an explicit example is considered. Note that there is an additional critical value
Ne of 1, Ne € (NHopt, M), that is not relevant to the stability of the pulse. At 7 = 7, the two
complex conjugate eigenvalues associated to the stability (Ax(z), Bp(z)) merge into the essential
spectrum o, — see especially Figure 5 (b). There are no eigenvalues for 1 € (1., 7).

Finally, we consider Case (v) of Lemma 2.3, in which there are two pulse solutions, (45 (z), Bif (z)),
for n € (1¢,Msn), see Figure 3. By definition, (A4} (z), B; (z)) exists only for 7 € (7¢,7sn) and
(A, (x), By, (z)) for n € (0,7sr), so that Lemma 4.9 applies to (A, (z), B}, (z)) and Lemma 4.10
to (A4} (z), Bjf (z)). Thus, unlike for Case (vi), these lemmas do not give information on the
spectrum associated to the pulses at both sides of their domain of existence.

Near 7y, the number of eigenvalues associated to (45 (x), B (z)) differs by one (section 3.5).
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Thus, by Lemmas 4.9 and 4.10, (4, (z), B, (z)) has an even number of eigenvalues (apart from
the trivial eigenvalue at A = 0), and (4 (z), B (z)) an odd number. It immediately follows that
(A} (z), Bjf (z)) cannot be stable (by the arguments that also led to Theorems 4.3 and 4.8).

Either (4} (z), B;f (z)) or (4}, (z), By, (z)) must have a real eigenvalue that merges with A = 0
as 1 — 7sp (section 3.5). By evaluating 7 (P), we find that there is a 3-dimensional mani-
fold in the 4-dimensional (7, 4, v, 3) parameter space that distinguishes between cases in which
(A} (z), Bjf (z)) has the real eigenvalue near 0 (see Figure 6 (c)) or (4;, (z), B}, (z)) does (Figure
6 (a,b)). Note that this manifold can be explicitly determined by a local analysis with 1 near
Nsn, as in the proofs of Lemmas 4.9 and 4.10. We refrain from going into the (computationally
quite cumbersome) details here.

In the first case, i.e., in which (4, (z), B, (x)) has the eigenvalue near 0 for 1 near 7y,
(A, (), By, (x)) must also have at least one other real eigenvalue for 1 near 7, (since the total
number of eigenvalues is even). These two eigenvalues may merge into a complex pair for decreas-
ing . However, according to Lemma 4.9 there must also be a pair of unstable real eigenvalues as
1 approaches 0. Thus, the situation is similar to that sketched in Figure 4 (c). Nevertheless, it
is in principle possible that there is a region (9mopt,1, 7Hopt,2) C (0,7sn) in which the imaginary
parts of all eigenvalues are negative, i.e., the pulse stabilizes by a Hopf bifurcation, but later
destabilizes again by another Hopf bifurcation. We have evaluated T (P) for many Case (v) pa-
rameter combinations, but did not find such a subregion of stability. In Figure 6 (c) the graphs of
the (real values of the) eigenvalues are plotted as function of 7 for a typical situation. Note that
the stability problem associated to (A; (), B, (x)) has one real eigenvalue for all € (71, 7sn)-

In the other case, the two real unstable eigenvalues associated to (4; (z), B;, (z)) that must
exist for 7 near 0 (Lemma 4.9), may also merge into a pair of complex conjugate eigenvalues as 7
increases — see Figure 6 (a). As in Case (vi), it is found that this pair may move into the stable
half plane, i.e. that there is critical value nuops of 7 such that (A4, (z), B}, (x)) is (spectrally)
stable for 7 € (MHopt,Nsn) — see Theorem 4.12. As 1 1 7y, the pair of eigenvalues has a well-
defined limit A%, C C\ R, see Figure 6 (b). Thus, the spectrum associated to (A; (z), B (z))
must have at least 3 eigenvalues for 77 near 7,,, a pair of complex conjugate eigenvalues near A% ,
and the eigenvalue near 0. As n decreases, the complex conjugate pair merges into the essential
spectrum at a certain critical . € (9;,1sn) — see Figure 6 (a,b). The other branch persists, so
that there is one (real, unstable) eigenvalue for n € (1, 7).

Theorem 4.12 Let 0 < e € 1 and p <0, v <0, 8 >0, 8 —2uv > 0, so that there are two
pulse solutions (A (z), Bif (x)) (Case (v) of Lemma 2.3); (A} (), By (z)) exists forn € (N, Nsn),
(4}, (), By, (z)) for n € (0,msn). The pulse (A} (z), B (z)) is always unstable. There is an open
region in (7, p, v, B)-space for which there exists an Nuops € (0,Msn) such that (A, (x), B, (x)) is
spectrally stable for n € (MHopt, Nsn)-
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