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Algebraically decaying pulses in a Ginzburg-Landau
system with a neutrally stable mode

ABSTRACT
In this paper, we study the existence and stability of pulse solutions in a system with interacting
instability mechanisms, that is described by a Ginzburg-Landau equation for an A-mode,
coupled to a diffusion equation for a B-mode. Our main question is whether this coupling may
stabilize solutions of the Ginzburg-Landau equation that are unstable when the interactions with
the neutrally stable B-mode are not included in the model. The spatially homogeneous B-mode
is supposed to be neutrally stable. This implies that the pulse solutions cannot decay
exponentially, but must decay with an algebraic rate as x → ∞. As a consequence, the methods
that exist in the literature by which the stability of pulses in singularly perturbed reaction-
diffusion systems can be studied, need to be extended. This results in an ‘algebraic NLEP
approach’, that is expected to be relevant beyond the setting of this paper. As in the case of a
(weakly) stable B-mode [7], we establish by the application of this approach, that the B-mode
indeed introduces a mechanism that may stabilize pulses that are unstable when the
interactions with the B-mode are not taken into account.
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ïwâ~ß%��à�áwâÁé'î¬èwï*��ß���äsâ�æ�ü�ß�ï*� j�� î>�`äÉà�æ �wî¬ã3ß�äÉï�î>�`â�.?äÉæ<à�âRïwå�â¬ý<qIî���à�á�â�ë�ß�æ/â 2 � 8 1 ��èwìsæ/â�æ�ô?à�áwâÊæ/äÉà�è�ß�à�äsî�ï�äÉæ
ìsâ�æ/æ£æ/äÉã���ìsâ�ý � áwâ���â�� î���â¬ô�=�âqí*��æ<à£åRî¬ïwæ/ä"��â��£à�áwâqæ<à�ß�é�äsìÉäÉà;!�î>��à�áwâ �IèwìÉæ/âRæ&�wâRæ/å���äÉé'â��
é<!Zë�ß�æ/â 2 �?ä 8�ý

q1ä"��æ<àRô9=�â[ï�î�à�â�à�á�ß�à � ��� � � 21I?ý²ñI8�ô�21Iwý²òI8�ô =£áwäså�áTåRß�ïZé'â[å�á�â�ånM�â��Zé<! �wä"��â�å�àÐåRß�ìså�èwìØß�à�äÉî¬ïwæ 2Xî��Áé<!
â��¬ß�ìÉè�ß�à�äsï*� � 2��58 4 õD6 8�ý � áPèwæ�ô�=�â8ã3ß�! ��äÉæ<à�äsï*�¬èwäsæ/á�ßZïPèwã�é'â���î>� �wäC'�â���â�ïPà[åRß�æ/â�æ�ô4æ/âRâ&q1ä ��è*��âXIwý�:lïq1ä"�¬è���â
I 2 � 8�ôPä¡àÆäÉæÆß�æ/æ/èwãfâ��3à�á�ß�àÆü�� e � � � �� g ôDß�ï��fà�áPèwæKà�áwâ���âÁß���â�à;=�î ��âRß�ì�â�ä �¬â�ïI�¬ß�ìÉèwâRæ ( � � (  � ô������� � � � � øDô�� î�� j æ/ã3ß�ìsì1ß�ï*�Tïwî	��âRß�ì,â�ä ��âRïI��ß�ìsèwâ�æÐïwâ~ß%� j�� ý�Ktâ�å�î¬ïwåRìÉè*��â[à�á�ß�àÊà�áwâ[âRä"�¬â�ï<��ß�ìÉè�â�æ ( �
ã[èwæ<à�ãfâ����¬â�ß�ï*� �¿î���ã ß��Iß�äC��î>��åRî�ã���ìsâ�. å�î¬ï�ê<è*��ßbà�â�â�ä ��âRïI��ß�ìsèwâ�æ�ýYq�î���æ/äÉã���ìsäså�äÉà;!¬ô�=�â�ïwâ��¬ìsâ�å�à�à�á�â
ï�ß��B��îD=AéIß�ï*��� g � e � � � �� 8 ß�ï���å�î¬ïwæ/ä �wâ���� 8 � e � � � �� � äsï q1ä"�¬è���âPI 2 ` 8�ý4û�.?åRâ��wà �¿î���à�áwâ �¿ß�å�à
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q1ä"�¬è���â�òDð!ûÅä"�¬â�ï<��ß�ìÉè�â�æ,ß�æ/æ/îDå�äØßbà�â���à�îÁß �IèwìÉæ/â 2 � ��210 8 %'� ��210 8B8'äÉï�ë�ß�æ/â 2 �Dä 8'î>�?ö!â�ãfã3ßÊøDýÇñ£ß�æ,ß7�¿èwïwå�à�äsî¬ï
î>� j =£äÉà�á �Iß���ß�ãfâ�à�â���æ e J ÷�ô � J c ÷?�aIwô�R@J c I�ß�ï*� � J ÷ k FDý � áwâ���â3ß���â��¿î¬è���å���äÉà�äÉå~ß�ì��¬ß�ìÉèwâRæqî��j ð j H � ü8ß�à?=£áwäÉå á�à�á�â�âRä"�¬âRïI��ß�ìsèwâ�æ ( � ãfâ�����â�ß�ï��3� î���ã ß3å�î¬ã���ìsâ�. �\ß�ä"�Rô j�� ��� � � j HÐßbà =£áwäså�á ( �
å���î¬æ/æÆà�áwâÁäsã3ß���äsï�ß��B!8ß�.Däsæ�æ/î�à�áIßbà 2 � ��210 8 %'� ��210 8B84äÉæÆæ<à�ß�é�äsìsä"0Râ��8é<!8ß�"Êî�� �'é�ä �¿è���åRß�à�äsî�ï`ô j � ��j�� ��� �4ß�à
=£áwäså�áZà�á�â[â�ä �¬â�ïI�¬ß�ìÉèwâRæ �wäsæ�ß%���'âRß��qäÉï�à�î8à�áwâ[âRæ/æ/â�ï�à�äØß�ì,æ$�'â�å�àB��èwã
ô�ß�ï*� j�� �$j�� ��� �£ß�à?=£áwäså�áià�áwâE��èwìsæ/â
� �wäÉæ�ß��*��âRß���æ�à�î�$ ý #

à�á�ß�à � � + 2<÷ % øI8 2)( � + 2Fü % (  � 8B8 �¿î�� j æ/ã3ß�ìÉì!à�áwâqé�â�á�ß��?äÉî��Áã[èwæ<àÁé'â�æ/äsãfäÉìØß��Áà�î�à�á�ß�àÁî��<q1ä ��è*��âiI32 � 8�ý
:lïAq1ä"�¬è���â I@2���8�ô�=£á�â���â e � � � � � � ôIà�áwâ���â[ß���â�à;=�î3âRä"�¬âRïI��ß�ìsèwâ�æ � � + 2<÷ % øI8�ô�é'î�à�á j æ/ã3ß�ìÉì,ß�ï*�3�¿î�� j
ïwâ~ß%� j�� ýCVÊîD=�ôIß�æ j äÉï�å���âRß�æ/âRæ�ôwà�á�â�æ/â�â�ä �¬â�ïI�¬ß�ìÉèwâRæ£ã3ß�!�â�äÉà�áwâ��7�'â���æ/äÉæ<àRôIî��Áã�â����¬â�äÉï�à�î8ß�åRî�ã���ìsâ�. �\ß�ä"�
ß�ï*��ìsß�à�â��£ã�â����¬â�ß���ß�äsï
à�î���âRß��*�'â~ß%�Áß�æ7��âRß�ì�0�â���îDâRæ�ý
KAáwâRïwâ���â��[à�áwâ8â�ä �¬â�ïI�¬ß�ìÉèwâRæ5�¿î���ã ßZå�î¬ã���ìsâ�. �Iß�äC�Rô1à�áwâ)��î�æ/æ/äÉé�äsìÉäÉà;! ß���äsæ/â�æ�à�áIßbà[à�áwäsæE�Iß�äC��å���î¬æ/æ/â�æ

à�áwâ8äÉã3ß��¬äÉïIß%�B! ß�.?äÉæ[ß�ï*�tà�áDèwæ[æ<à�ßbéIäÉìsä"0Râ�æ�à�áwâ)��èwìsæ/â 2 � ��210 8 %n� ��210 8B8?�DäØßiß0"Êî�� �ÆéIä"�¿è���åRß�à�äsî¬ï�ý �Êæ/äsï*�b � �
9(�;0 � �1�,) ��ô =�âZåRß�ï â���ß�ìsè�ß�à�â �@2��58�ô�ß�ï*� à�áPè�æ � 2��58�ô�â�.-��ìsäÉåRä¡à�ì"!¬ô£ß�ï*� åRß�ï à�áPèwæ	�wâ�à�â���ãfäÉïwâ�à�á�â
â�ä �¬â�ïI�¬ß�ìÉèwâRæ�î>�2nñDýÇñI8� î���â~ß�å�á ��ä"��â�ï
æ/â�à�î>���\ß%��ß�ãfâ�à�â���æ�ýKó !8àB��ß�å�äsï*��à�áwâÐâRä"�¬âRïI��ß�ìsèwâ�æ£ß�æ7�¿èwïwå�à�äsî¬ï�î>� j
äsïTà�áwâfåRß�æ/â��wâ���äÉå�à�â���äsïYq1ä �¬è���â I�2���8�ô =�â�î�é�æ/â��B��â�à�á�ß�àqà�áwâG��âRß�ì4â�ä ��âRïI��ß�ìsèwâ�æ�ã3ß�!@�'â���æ/äsæ<àRô�ß�ï*��à�á�ß�à
à�áwâ�!¸ãfß�! ß�ìsæ/îZà�â�ã��'î���ß���äsìC! �¿î���ã ß�åRî¬ãG�IìÉâ�. �Iß�ä"�RôKß�æ�äÉæ[æ M�â�à�å áwâ���äsï q,ä �¬è���â I 2���8�ý-q�î��G�Iß���ß�ãfâ�à�â��
å�î¬ã�é�äsï�ß�à�äÉî¬ïwæÁß�æ�äÉï q1ä"�¬è���âRæ I 2 � 8Æß�ï*� I 2 ` 8�ô�=�âqäÉï*��â�â��
î�é�æ/â��B��âqà�áwâ � î���ã3ß�à�äÉî¬ï
î��,ß�å�î¬ã���ìÉâ�.	�Iß�äC�£î��
â�ä �¬â�ïI�¬ß�ìÉèwâRæ�ý,ÞTî���âRîD�¬â��Rô�=�â�í�ï*��ß�ï[î��'âRïE��â��¬äsî¬ï�äÉï 2 e %n�<% R % � 8 1næ$�Iß�åRâÆäÉï5=£áwäså�á[à�áwâ�å�î¬ã���ìÉâ�.�åRî¬ï�êMè��¬ß�à�â
�Iß�ä"� ( � å���î¬æ/æ/â�æ�à�á�âqäsãfß��¬äsï�ß��B!�ß�.?äsæ�ôIß�ï*�
à�áwâ ��è�ìÉæ/âqé'âRå�î¬ãfâ�æ52Xæ$�'â�å�àB��ß�ìÉì"! 8Åæ<à�ß�é�ìsâ�ý

��� ������� � � ������� ��� ü'� d � ÷ ���! � � ü��R � ü�� � � ü�� � c ø � R � ü�� $�>f�
9 � � 2 � ��210 8 %'� ��210 8B8)'>�<=<n�;$,Fe> �! $P�D> � � $J� 2 d��.3 >Y6 � �;0q0 � \ � s�� RT9(�=<'� �Q$ ��� >'F � � <n�DGZ�@> � � �,2 e %3�<% R % � 8=H $@F � )'�c6�>�< I 9h�,);9�
9(�;<n�W���Z�Q$=�
$ ��� j�� ��� � + 2Fü % j�� 8 $'&e)=9f�
9 � � 2 � ��210 8 %'� ��210 8B8 �Q$n$@F �');�
< � +1+u-S$'� �U" + ��6�>�< j + 2 j�� ��� � % j�� 8 �
:lïAq1ä �¬è���â�òfß�ïZâ�.-��ìsäÉåRä¡àÊâ�.wß�ãG�IìÉâ�äÉæÁåRî�ï�æ/ä"�wâ���â���ý VÊî�à�âqà�áIßbàÁà�áwâ���â�äÉæÊß�ïZß��*��ä¡à�äsî¬ï�ß�ì!å���äÉà�äsåRß�ì���ß�ìÉè�âj ��î�� j ô j �?+ 2 j�� ��� � % j�� 8�ô,à�á�ß�à[äÉæ[ïwî�àE��âRìÉâ���ß�ï�à�à�î�à�á�â3æ<à�ß�é�äsìÉäÉà;!tî���à�áwâ)��èwìsæ/â�ýA]�à j J j�� ô,à�á�âfà;=�î

å�î¬ã���ìsâ�.fåRî¬ï�êMè��¬ß�à�â£âRä"�¬âRïI��ß�ìsèwâ�æ�ß�æ/æ/îDåRäsß�à�â��3à�î�à�áwâ£æ<à�ß�é�äsìÉäÉà;! 2 � ��210 8 %n� ��210 8B8,ãfâ����¬âÁäsï�à�î�à�áwâ£âRæ/æ/â�ï�à�äØß�ì
æ$�'âRå�àB��èwã ��� �8æ/â�â�âRæ$�'â�åRäsß�ìsìC!?q1ä ��è*��â[ò 2 ` 8�ý � áwâ���â�ß���âqïwî3â�ä �¬â�ïI�¬ß�ìsèwâRæ7� î�� j + 2 j � % j�� 8�ý

q1äsï�ß�ìÉì"!¬ô%=�âKå�î¬ïwæ/ä �wâ��4ë�ß�æ/â?2 � 8Iî>�Dö!âRãfãfß£øDý²ñDôbäÉï =£áwäså�áqà�áwâ���âKß%��â4à;=�î ��èwìsæ/âKæ/î¬ìsè?à�äÉî¬ïwæ�ô*2 � �� 210 8 %n� �� 210 8B8�ô
�¿î�� j + 2 j�� % j 
�� 8�ô,æ/âRâ&q,ä �¬è���â�ñDý�ó ! �wâ�í�ïwäÉà�äÉî¬ï�ô 2 � 8� 210 8 %'� 8� 210 8B8Êâ�.?äÉæ<à�æ�î¬ïwì"! �¿î�� j + 2 j�� % j 
�� 8Ðß�ï*�
2 � g� 210 8 %n� g� 210 8B8 � î�� j + 2Fü % j 
�� 8�ôIæ/îfà�á�ß�àÁö!âRã�ã3ß Iwý Ffß%����ìÉäsâ�æ£à�î32 � g� 210 8 %'� g� 210 8B8�ß�ï*�Zö!â�ãfã3ß Iwýs÷Rü
à�î 2 � 8� 210 8 %'� 8� 210 8B8�ý � áPèwæ�ôÆè�ïwìÉä M�â �¿î���ë�ß�æ/â 2 �Dä 8�ôKà�áwâRæ/â�ìsâ�ãfã3ß�æ �wî�ï�î�à)��ä"��â
äsï*� î���ã3ß�à�äÉî¬ïHî¬ï�à�á�â
æ$�'âRå�àB��èwãÎß�æ/æ/îDåRäsß�à�â��
à�î�à�á�â ��èwìsæ/â�æÊßbà�é�î�à�á�æ/ä"�wâRæ�î>��à�áwâ�ä"�&�wî¬ã3ß�äÉïZî��,â�.?äsæ<à�â�ïwåRâ�ý

VÊâ~ß�� j 
�� ô�à�áwâ�ïPè�ã�é�â��Æî>�IâRä"�¬â�ï<��ß�ìÉè�â�æÅß�æ/æ/îDå�äØß�à�â���à�î)2 � �� 210 8 %'� �� 210 8B8 �wäC'�â���æ4é<!�î¬ïwâE2Xæ/â�å�à�äÉî¬ï3ñDý²ò>8�ý
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� áPèwæ�ôIé-!
ö!â�ãfã3ß�æ
I?ý F3ß�ï��-Iwýs÷Rü?ô 2 � g� 210 8 %n� g� 210 8B8�á�ß�æÊß�ï�â���âRï�ïPèwã�é'â��Êî>�1â�ä �¬â�ïI�¬ß�ìsèwâRæ52Fß��Iß��/à?� ��î¬ã
à�áwâ�àB��äC�?äØß�ìwâRä"�¬âRïI��ß�ìsèwâÁß�à ( Jyü<8�ôDß�ï��32 � 8� 210 8 %n� 8� 210 8B8,ß�ï3î-�*�3ïPè�ã�é�â��Rý�:®àÅäsã�ãfâ��wäsß�à�âRìC! � î¬ìsìÉîD=£æÅà�á�ß�à
2 � 8� 210 8 %'� 8� 210 8B8ÆåRß�ïwïwî�à�é'â�æ<à�ßbéIìÉâ 2¿é<!�à�áwâ�ß�����è�ã�âRï�à�æ�à�á�ß�àÁß�ìsæ/îfìsâ��
à�î � á�â�î���â�ãfæ>I?ý²ñ�ß�ï*�-Iwý E>8�ý

ûÅäÉà�áwâ��?2 � 8� 210 8 %n� 8� 210 8B8!î��?2 � g� 210 8 %'� g� 210 8B8!ã[èwæ<àÅáIß���â£ß ��âRß�ìwâ�ä �¬â�ïI�¬ß�ìsèwâ�à�á�ß�àKã�â����¬â�æ�=£ä¡à�á-( Jyü
ß�æ j 9 j 
�� 2Xæ/â�å�à�äÉî¬ïyñDýÇòI8�ý ó! â��¬ß�ìsè�ß�à�äsï*� � 2��58�ô =�â�í�ï�� à�á�ß�à3à�áwâ���âZäÉæ�ß�ñD1A��äÉãfâ�ï�æ/äÉî¬ï�ß�ìÊã3ß�ïwäC1
�¿î�ì �Täsïià�á�âWI�1A��äÉãfâ�ï�æ/äÉî¬ï�ß�ì&2 e %3�<% R % � 8 �Iß���ß�ãfâ�à�â��qæ$�Iß�å�â�à�á�ß�à �wäsæ<à�äsï*�¬èwäÉæ/á�â�æÐé�â�à;=�â�âRïTå~ß�æ/âRæÐäsï3=£áwäså�á
2 � 8� 210 8 %'� 8� 210 8B84á�ß�æ�à�áwâ?��â~ß�ì'âRä"�¬â�ï<��ß�ìÉè�âÊïwâ~ß���ü 2Xæ/â�â�q1ä ��è*��â�ú	2���8B84î�� 2 � g� 210 8 %n� g� 210 8B8 �wîDâ�æ 21q1ä ��è*��â
ú 2 � %'` 8B8�ý VÊî�à�â�à�á�ß�à�à�áwäÉæ�ã3ß�ï�ä"�¿î¬ì"�tåRß�ï�é'âfâ�.-��ìsäÉåRä¡à�ì"!@�wâ�à�â���ãfäsïwâ���é-!�ß
ìÉîDåRß�ìKß�ï�ß�ì"!Dæ/äsæ =£ä¡à�á j ïwâRß��j 
�� ô�ß�æÊäsï�à�áwâE�*��îDî>�¿æÊî��4ö�â�ãfã3ß�æ�I?ý F3ß�ï*�7IwýØ÷RüDý
Ktâ ��â�� ��ß�äÉï@� ��î¬ã �¬î¬äÉï��8äsï�à�î3à�á�â	2XåRî¬ãG�Iè?à�ß�à�äÉî¬ï�ß�ìsìC!
(PèwäÉà�âqå�è�ã�é�â���æ/î¬ãfâ%8 �wâ�à�ß�äsìÉæ£áwâ���â¬ý
:lï à�áwâZí*��æ<à�åRß�æ/â¬ô ������� ô�äsï+=£áwäså�á 2 � g� 210 8 %n� g� 210 8B8�á�ß�æ8à�áwâZâ�ä �¬â�ïI�¬ß�ìÉèwâiïwâ~ß%�
ü � î�� j ïwâ~ß�� j 
�� ô2 � g� 210 8 %n� g� 210 8B8�ã[èwæ<àqß�ìsæ/î8á�ß��¬â�ß�àÁìsâRß�æ<àÊî¬ïwâ�î�à�áwâ��?��âRß�ì!âRä"�¬â�ï<��ß�ìÉè�âE� î�� j ïwâRß�� j 
�� 2Xæ/äÉïwåRâ�à�áwâ�à�î�à�ß�ì

ïPèwã�é'â��Kî>��â�ä �¬â�ïI�¬ß�ìÉèwâRæ1äÉæ4â���â�ï98�ý � áwâRæ/âÆà;=�îÐâ�ä �¬â�ïI�¬ß�ìÉèwâRæ1ãfß�![ãfâ�����â�äÉï�à�î�ßÁåRî�ã���ìsâ�.5�Iß�äC���¿î����wâRå���â~ß�æ$1
äsï*� j ý	"Êî�=�â���â��Rô?ß�åRå�î����wäsï*��à�î�ö�â�ãfã3ßiIwý FÐà�á�â���â£ã[èwæ<à�ß�ìsæ/î�é'âÊß �Iß�äC��î>�'èwïwæ<à�ß�é�ìsâ&��âRß�ìIâ�ä �¬â�ïI�¬ß�ìÉèwâRæÆß�æj ß��*�*��î�ß�å�áwâRæÐüDý � áPèwæ�ô'à�áwâ[æ/ä¡à�è�ß�à�äsî¬ïiäÉæÊæ/äsãfäÉìØß��Êà�î3à�á�ß�àÊæ M�â�à�å�á�â��iäsïAq1ä �¬è���â I@2���8�ý>VÊâ���â��/à�áwâRìÉâRæ/æ�ô\äÉà
äsæÁäsï��*��äsïwåRäC��ìsâE��î�æ/æ/äÉé�ìsâ�à�á�ß�àÁà�áwâ���â�äÉæÐß ��â��¬äsî¬ï 2 j�� ��� � ) � % j�� ��� � ) �%8 � 2Fü % j 
�� 8�äÉï =£áwäså�áZà�áwâ�äsãfß��¬äsï�ß��B!
�Iß��/à�æ[î>�£ß�ìsìÆâRä"�¬â�ï<��ß�ìÉè�â�æ�ß���â�ïwâ��¬ß�à�ä"��â�ô � �H��� �Æà�áwâ ��èwìsæ/â�æ<à�ß�é�äsìÉä 0�âRæ�é<!�ß "Êî�����é�ä �¿è���åRß�à�äsî�ï`ô,éIè?à�ìØß�à�â��
�wâRæ<à�ßbéIäÉìsä"0Râ�æÁß���ß�äÉï�é<!�ß�ïwî�à�áwâ�� "Êî�� ��é�ä � è���å~ß�à�äÉî¬ï�ý Ktâ�á�ß���â�â���ß�ìÉèIßbà�â�� � 2��58�¿î��£ã3ß�ïI!ië�ß�æ/â	2 ��8 �\ß%1
��ß�ãfâ�à�â��KåRî¬ã�éIäÉï�ß�à�äsî¬ïwæ�ô�é�è?à �wä �fïwî�à4í�ï*�fæ/èwå áfßÐæ/è?é���â��¬äÉî¬ï3î��\æ<à�ß�é�äsìÉäÉà;!¬ý�:lï q,ä �¬è���âÁú�2���8`à�á�â ����ß���áwæKî��
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