Centrum voor Wiskunde en Informatica

REPORTRAPPORT

IMIAS

Modelling, Analysis and Simulation

Modelling, Analysis and Simulation

MAS Stability analysis of m-kinks in a O-11 Josephson junction

G. Derks, A. Doelman, S.A. van Gils, H. Susanto

ReporT MAS-E0615 MAy 2006



Centrum voor Wiskunde en Informatica (CWI) is the national research institute for Mathematics and
Computer Science. It is sponsored by the Netherlands Organisation for Scientific Research (NWO).
CWI is a founding member of ERCIM, the European Research Consortium for Informatics and Mathematics.

CWI's research has a theme-orienfed structure and is grouped into four clusters. Listed below are the names
of the clusters and in parentheses their acronyms.

Probability, Networks and Algorithms (PNA|
Software Engineering [SEN)

Modelling, Analysis and Simulation (MAS)

Information Systems (INS)

Copyright © 20006, Stichting Centrum voor Wiskunde en Informatica
P.O. Box 94079, 1090 GB Amsterdam (NL)

Kruislaan 413, 1098 S Amsterdam (NL)

Telephone +31 20 592 9333

Telefax +31 20 592 4199

ISSN 1386-3703



Stability analysis of n-kinks in a 0-nt Josephson
junction

ABSTRACT

We consider a spatially non-autonomous discrete sine-Gordon equation with constant forcing
and its continuum limit(s) to model a 0-r Josephson junction with an applied bias current. The
continuum limits correspond to the strong coupling limit of the discrete system. The non-
autonomous character is due to the presence of a discontinuity point, namely a jump of n in the
sine-Gordon phase. The continuum models admits static solitary waves which are called n-kinks
and are attached to the discontinuity point. For small forcing, there are three types of n-kinks.
We show that one of the solitary waves is stable and the others are unstable. There is a critical
value of the forcing beyond all static n-kinks fail to exist. Up to this value, the (in)stability of the
n-kinks can be established analytically in the strong coupling limits. Applying a forcing above the
critical value causes the nucleation of 2rn-kinks and -antikinks. Besides a m-kink, the unforced
system also admits a static 3n-kink. This state is unstable in the continuum models. By
combining analytical and numerical methods in the discrete model, it is shown that the stable n-
kink remains stable, and that the unstable rn-kinks cannot be stabilized. The 3n-kink does
become stable in the discrete model when the coupling is sufficiently weak.

2000 Mathematics Subject Classification: 34D35, 35Q53, 37K50, 39A11
Keywords and Phrases: 0-n Josephson junction, 0-n sine-Gordon equation, semifluxon, n-kink






STABILITY ANALYSIS OF 7-KINKS IN A 0-r JOSEPHSON
JUNCTION*

G. DERKST, A. DOELMAN#, S.A. VAN GILS%, AND H. SUSANTOY

Abstract. We consider a spatially non-autonomous discrete sine-Gordon equation with constant
forcing and its continuum limit(s) to model a 0-7 Josephson junction with an applied bias current.
The continuum limits correspond to the strong coupling limit of the discrete system. The non-
autonomous character is due to the presence of a discontinuity point, namely a jump of 7 in the
sine-Gordon phase. The continuum models admits static solitary waves which are called w-kinks
and are attached to the discontinuity point. For small forcing, there are three types of m-kinks. We
show that one of the kinks is stable and the others are unstable. There is a critical value of the
forcing beyond all static m-kinks fail to exist. Up to this value, the (in)stability of the m-kinks can
be established analytically in the strong coupling limits. Applying a forcing above the critical value
causes the nucleation of 27-kinks and -antikinks. Besides a m-kink, the unforced system also admits
a static 3w-kink. This state is unstable in the continuum models. By combining analytical and
numerical methods in the discrete model, it is shown that the stable m-kink remains stable, and that
the unstable m-kinks cannot be stabilized. The 37-kink does become stable in the discrete model
when the coupling is sufficiently weak.

Key words. 0-m Josephson junction, 0-m sine-Gordon equation, semifluxon, w-kink

AMS subject classifications. 34D35, 35Q53, 37K50, 39A11

1. Introduction. One important application of the sine-Gordon equation is to
describe the propagation of magnetic flux (fluxons) in long Josephson junctions [17, 5].
The flux quanta or fluxons are described by the kinks of the sine-Gordon equation.
When many small Josephson junctions are connected through the inductance of the
superconductors, they form a discrete Josephson transmission line. The propagation
of a fluxon is then described by the discrete sine-Gordon equation. For some materials,
Josephson junctions are more easily fabricated in the form of a lattice than as a long
continuous Josephson junction. In the strong coupling limit, a discrete Josephson
junction lattice becomes a long Josephson junction.

It was proposed in the late 70’s that a phase-shift of 7 may occur in the sine-
Gordon equation due to magnetic impurities [7]. Recent technological advances can
impose a w-phase-shift in a long Josephson junction using, e.g., superconductors with
unconventional pairing symmetry [33], Superconductor-Ferromagnet-Superconductor
(SFS) m-junctions [28], and Superconductor-Normal metal-Superconductor (SNS) junc-
tions in which the charge-carrier population in the conduction channels is controlled
[4]. A junction containing a region with a phase jump of 7 is then called a 0-7 Joseph-
son junction and is described by a 0-7 sine-Gordon equation. The place where the
0-junction meets the 7m-junction is called a discontinuity point.
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A 0-7 Josephson junction admits a half magnetic flux (semifluxon), sometimes
called mw-fluzon, attached to the discontinuity point [14]. A semifluxon is represented
by a m-kink of the 0-7 sine-Gordon equation [31]. Later on, it was proposed in [30] to
have also a lattice m-kink by making a 0-7 array of Josephson junctions. Such lattices
can be made using the technology described in [14]. The presence of this 7-kink opens
a new field where many questions, that have been discussed in details for the sine-
Gordon equation, can be addressed also to this kink. The fact that the kink does not
move in space, even in the continuum case, will give a different qualitative behavior
such as the disappearance of the zero eigenvalue (Goldstone mode) as will be shown
later.

In this article we will study the continuous and discrete 0-7 sine-Gordon equation,
especially the stability of the kinks admitted by the equation. Knowing the eigenvalues
of a kink is of interest for experimentalists, since the corresponding eigenfunctions
(localized modes) can play an important role to the behavior of the kink [26].

The present work will be organized as follows: in section 2 we will describe the
mathematical model of the problem and its interpretation as a Josephson junction
system. In this section we will describe the considered discrete system as well as
several continuum approximations to the discreteness. In section 3 we consider the
continuous 0-7 sine-Gordon equation that describes the continuous long Josephson
junction with discontinuity point. We will derive analytically the expression for a -
and 3m-kink without external current as well as the calculation of the stability of a m-
kink. It is shown that there is a critical external force at which the largest eigenvalue
of a m-kink is zero and above which there is no static m-kink. In section 3 we also
show that the time-independent 0-m sine-Gordon equation has other m-kink states
which are all unstable. One of the 7-kinks can be interpreted as the continuation of a
3m-kink without external current. In section 4 we study the existence and stability of
the solitary waves that were discussed in the previous section in the presence of terms
representing discreteness. The existence and stability of the solitary waves in the
weakly coupled limit will be discussed in section 5. Numerical calculations connecting
the regions of weakly and strongly discrete system will be presented in section 6. In
this section we confirm our analytical results calculated in the previous section with
the original discrete system. Conclusions and plans for future research are presented
in section 7.

2. Mathematical models for corner junctions.

2.1. The discrete 0-7 sine-Gordon equation. The Lagrangian describing
the phase of a 0-7 array of Josephson junctions is given by

/Z[ <d¢n> —§<¢n+1a (bn) — 1+ cos(¢n +6n) +7¢n | dt,

where ¢,, is the Josephson phase of the nth junction. The phase jump of 7 in the
Josephson phase is described by 6,, where

0, n<0,
(2.2) On = { -, 0<n.

The Lagrangian (2.1) is given in nondimensionalized form. The lattice spacing
parameter a is normalized to the Josephson length Az, the time ¢ is normalized to the
inverse plasma frequency w; ! and the applied bias current density v > 0 is scaled to
the critical current density .J,.
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The equation of the phase motion generated by the Lagrangian (2.1) is the discrete
0-7 sine-Gordon equation

anfl - 2¢n + ¢n+1
_ 2

(2:3) Pn

= —sin(¢y, + 6,) + 7.

We use n € Z for the analytical calculations, but of course, the fabrication of the
junction as well as the numerics are limited to a finite number of sites, say 2N. We
will take the boundary conditions to represent the way in which the applied magnetic
field h = H/(\;J.) enters the system, i.e.,

(2.4) ¢-N+1 = PN _ ON—PN-1 _ L
a a

In the sequel we will always consider the case when there is no applied magnetic field,
i.e., we will take h = 0.

2.2. Approximations to the lattice spacing in the continuum limit.
There are various continuum model approximations for (2.3) that can be derived
in the continuum limit ¢ <« 1. Writing ¢, = ¢(na) and expanding the difference
terms using a Taylor expansion gives

¢n—1 - 2¢n + ¢n+1 EOO: a2k k
=2 a1l aNr rx = La rx
a2 P (2k + 2)' aa:a:¢ : (na) ¢

and

_ > k _
¢n+1a P _ ]; (k i ] " ¢(na) = Loy

Thus the continuum approximation for (2.3) is

(25) ¢tt - La¢a:a: - — Sin(¢ + 0) + v
where 6(z) is defined similar to (2.2), i.e.,

0, r <0,
G(x):{ —m, x> 0.

The continuum approximation for the Lagrangian is

L= //_0; B (60)? — % (answ)Q “ 1+ cos(é+0) + 10| dedt

Note that the normalizations in the discrete system imply that the spatial coordinate x
is normalized to the Josephson length A;.

There are several ways to derive approximations for the operatorL, when a — 0,
see for example [27]. The first obvious approximation is

Cl2

(26) ¢tt - ¢T’E - Egbr:c:cx = - Sin(¢ + 9) +7v, @ 7& 0.

Another approximation can be found by using that L, is invertible (in the right type
of function space), hence ¢, = L, (¢y +sin(¢p+6) —v) and L1 =1— %Bm +...,
so we get

2

2.7) baw = it +sin(¢+ 0) — 7 — j‘—Qamwtt +sin(¢+0)), «#0.
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Expanding this equation and using the expression for ¢,, again, we get

2

5 (G + [sin(@ + O — 62 sin(6 + )
+ cos(¢p + 0)[pu +sin(¢p+6) —~]), = #£0.
The steady state equation for (2.6) is

2

while (2.7) yields the equation
2

¢ww = (]- - %azw) Sil’l(¢ + 0) -7 xz 7& 07

and (2.8) gives

a2

Grz = sin(p +0) — v = 15 (=67 sin(¢ + 0) + cos(¢ + 0)[sin(¢ + 0) = 1)), = #0.

Unfortunately the last two equations are not Hamiltonian, so we have lost the Hamil-
tonian properties of the original system, while the first equation is singularly per-
turbed.

Yet another approximation that has a variational structure and is not singularly
perturbed can be obtained by combining the two equations that have lost their vari-
ational character. Indeed, taking (2.7) twice and subtracting (2.8) gives

(2.9) Gpx = P4 +sin(p+6) — v
2
- % (2¢:mctt + 2¢20 cos(¢ + 0) — @2 sin(¢ + 0) — P — P cos(¢ + 6)
+ ¢7 sin(¢ + 0) — cos(¢ + 0)(¢y +sin(¢p +0) — 7)), x #0.

The Lagrangian for this system is
L= [[ 461 - 362~ 1+ cos(6+6) 419

2
+% {%@(@t +sin(¢ + 0)) + %(@t +sin(¢ 4+ 0) —)?| dxdt.

The static equation for (2.9) is
(2.10) ¢y =sin(¢p+60) — v
2
- % (2000 cos(¢ + 0) — ¢2 sin(¢ + 6) — cos(¢ + 0)(sin(¢ + 6) — 7)), x #0.

This equation is a regularly perturbed Hamiltonian system with the Hamiltonian

2 2

79 + cos(@ + 6) = o (sin(@ -+ 6) —7)°

p
2(1+ % cos(¢ + 0))

H(o,p) =
2
which implies p = @, (14 <50,
In this paper, we will consider equation (2.9) as the continuum strong interaction
limit that incorporates the underlying discreteness of the model.
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3. The 7-kinks and their spectra in the continuum limit. In this section,
we will consider (2.9) for a = 0, which is a model for an ideal long 0-7 Josephson
junction or a corner junction:

(3.1) brt — e +sin(p+6) =, x#0.

For a Josephson junction without a phase jump or applied bias current, i.e., for
v =0 and 0(z) = 0, the model corresponds to the sine-Gordon equation. A stable so-
lution of the sine-Gordon equation is the basic (normalized) stationary, monotonically
increasing fluxon, given by

(3.2) daux(z) = darctane”,  Paux(0) =7

(see [10]).

In general the discontinuous function #(x) in (3.1) will introduce a discontinuity at
x = 0 for the second derivative ¢,,. Hence, the natural solution space for (3.1) consists
of functions which are spatially continuous and have a continuous spatial derivative.
The behavior at infinity is regulated by requiring that the spatial derivative of the
solution belongs to H1(R) (which allows the phase to converge to a nonzero constant
at infinity). Therefore, the equation (3.1) is considered as a dynamical system on the
function space

H={¢:R—R|¢, € CO(R)N H(R)}.

It is straightforward to find that for |y| < 1 and = < 0, the “fixed points” of (3.1)
are ¢, = arcsin(y) and ¢, = —arcsin(y) + 7. Similarly, for |y] < 1 and = > 0,
they are ¢ = arcsin(y) + m and ¢ = —arcsin(y) + 27. In [31], it is shown that
there exists various types of stationary fronts, which connect the equilibria. Most
stationary fronts are so-called 7-kinks, which are static waves connecting equilibrium
states at x = +o0o with a phase-difference of 7. Such waves are solutions of the static

wave equation

(3.3) Guz —sin(¢ +0) = —y, = #0.

In the x-dynamics of (3.3), the points ¢F are saddle points and the points with ¢+
are centre points. Thus a m-kink connects ¢, with @7 .

In this section we will consider the stability of those 7-kinks, so first we recall
the various types of 7-kinks. In [31] it is shown that by taking suitable combinations
of the phase portraits for §# = 0 and § = —m, the w-fluxons can be constructed. The
phase portraits for v = 0 are essentially different from the ones for 0 < v < 1 (the
case —1 < 7 < 0 follows from this one by taking ¢ — —¢ and v — —v). In case
v > 0 there are homoclinic connections at km + arcsin(vy), k € Z, k even (6 = 0) or
k odd (# = —m). If v = 0, then these homoclinic connections break to heteroclinic
connections between k7 and (k + 2)7.

The phase portrait of (3.3) for v = 0 is shown in Figure 3.1(a). Following the
notation in [31], in case v = 0, there are two types of heteroclinic connections (fluxons)
in the corner junction. The first one, called type 1 and denoted by ¢ (z;0), connects 0
and 7. The point in the phase plane where the junction lies is denoted by d;(0). The
second one, called type 2 and denoted by ¢3, (x;0), connects 0 and 37. Now the point
in the phase plane where the junction lies is denoted by d2(0). This solution is not a
semifluxon, but it will play a role in the analysis of some of the semifluxons for v # 0.
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1
o/n
(b)

FiG. 3.1. (a)The phase portrait of system (3.3) for v = 0. The trajectories for x < 0 are

indicated with bold lines, the trajectories for x > 0 with dashed lines. Any orbit of (3.1) switches at
x = 0 from bold to dashed. The type 1 semifluron switches at di and corresponds to one of the gray
arrow-lines. The 3m-fluzon switches at d2 and is denoted by the other gray arrow-line.
(b) The phase portrait of system (8.3) for v = 0.1. For simplicity, only the stable and unstable
manifolds of the fixed points are shown. Apart from di, there are also the points da or d3 which can
be used for the switch position of x = 0 to obtain a solution with a phase difference w between the
end points.

If 0 < v < 1, then there are three types of m-fluxons (heteroclinic connections) in
the junction, all connecting arcsin(y) and 7 + arcsin(y). A phase portrait of (3.3) for
nonzero 7 is shown in Figure 3.1(b). The first semifluxon, called type I and denoted
by #L(x;7), is a continuation of the connection at v = 0. The point in the phase plane
where the junction lies is denoted by di (7). The 7-fluxon ¢ (z;) is monotonically
increasing.

The second one is called type 2 and denoted by @2 (x;). In the limit for v — 0, it
breaks in the 37-kink and the heteroclinic connection between 37 and 7 (a —2m-kink
or an anti-fluxon). The point in the phase plane where the junction lies is denoted by
dz(7). The m-fluxon ¢2(z;7) is not monotonically increasing, but has a hump.

The third one is called type § and denoted by ¢3 (z;+). In the limit for v — 0, it



STABILITY ANALYSIS OF n-KINKS 7

breaks in the heteroclinic connection between 0 and 27 (fluxon) and an anti-semifluxon
like the type 1 wave but connecting 27 and 7. The point in the phase plane where the
junction lies is denoted by d3(y). This 7-fluxon has a hump too, but a lower one than
the type 2 wave. Following the first homoclinic orbit, the junction points are ordered
such that dq(y) comes first, followed by da(7), followed by ds() (see Figure 3.1(b)).

If v increases, the points da(7) and ds(y) approach each other, until they coincide
at

2
V4 +n?

in the point (7 + arcsin(vy*),0). At this point, the type 2 wave ¢2(x;v) ceases to
exist (in the limit it breaks into half the homoclinic connection for < 0 and the
full homoclinic connection for z > 0). The type 3 kink ¢3 (x;7*) consists of half the
homoclinic connection for z < 0 and the fixed point for > 0 and this wave can be
continued for v > «*. For v > v*, the type 3 kink is monotonic.

If v increases further, the points d; () and ds(7) approach each other until they
coincide at

(3-4) v=7"=

2
3.5 =Yy = =
(3.5) V= Yer =

For v > 4., no static 7-fluxons can exist.

In this section we will show that the type 1 m-kink is linearly stable for all 0 <
v < 7Yer- The type 2 and type 3 w-kinks are linearly unstable for all values of ~ for
which they exist.

THEOREM 3.1. The linearizations about the various m-kinks have the following
properties:

(i) The eigenvalues of the linearization about the monotonic type 1 w-kink ¢L (x; )
are strictly negative for 0 < v < Yer. Aty = Yer, the largest eigenvalue is zero. These
w-kinks are linearly stable.

(ii) The largest eigenvalue of the linearization about the type 2 m-kink ¢2(z;7)
is strictly positive for 0 < v < ~*. These w-kinks are linearly unstable.

(iii) The largest eigenvalue of the linearization about the type 3 m-kink ¢2(x;7)
is strictly positive for 0 < v < 7yer. These w-kinks are linearly unstable. In the limit
for v = 0 and v — vr, the largest eigenvalue converges to zero.

REMARK 3.2. Note that the instability of the two non-monotonic 7-kinks cannot
be established by the classical Sturm-Liouville argument. In the classical, autono-
mous setting, the derivative of the wave about which is linearized is the eigenfunction
associated to the translation invariance that has eigenvalue A = 0. If this wave is non-
monotonic, then its derivative has a zero, which implies that A = 0 is not the largest
eigenvalue [32] and that the wave must be unstable. Due to the discontinuity at z = 0,
the system is non-autonomous, thus not invariant with respect to translations, and
A = 0 is (in general) not an eigenvalue. Thus, it cannot a priori be concluded that
the non-monotonic 7-kinks must be unstable.

To prove this theorem, it will be shown that the linearization about a 7-kink has
an eigenvalue zero if and only if the m-kink takes a value which is a multiple of 7 at
x = 0. Since the value at = 0 is related to the point d;(7y), it can be derived that this
happens only at 7 = 7., for the colliding type 1 and type 3 waves. To complete the
proof, we will derive expressions for the largest eigenvalue of the linearization about
each semikink near v = 0 in three separate lemmas and use that the eigenvalues are
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continuous in 7 to derive the sign of the largest eigenvalue on the existence interval
of the m-kink.

To linearize about a solution ¢ (z;v), write ¢(z,t) = @i (x;v)+v(x,t), substitute
this in the model equation (3.1) and disregard all higher order terms:

(3.6) [Dye — cos(¢(257) + 0(x))] v = Dy v.

Using the spectral Ansatz v(z,t) = e*(z), where v(z) is a continuously differentiable
function and dropping the tildes, we get the eigenvalue problem

(3.7) Li(z;7)v =N,
where £ is defined as
(3.8) L (257) = Dyy — cos(¢% (2;7) + 0(z)).

The natural domain for £¢ is C1(R) N Ha(R). We call A an eigenvalue of £ if there
is a function v € C1(R) N Hz(R), which satisfies £(x;v)v = Av. Since £ depends
smoothly on 7, the eigenvalues of £? will depend smoothly on v too.

The operator £! is symmetric, hence all eigenvalues will be real. A straightforward
calculation gives that the continuous spectrum of £ is in (—oo, —y/1 —~2). Since
the eigenfunctions are continuously differentiable functions in C*(R)N Ha(R), Sturm’s
Theorem [32] can be applied, leading to the fact that the eigenvalues are bounded from
above. Furthermore, if v; is an eigenfunction of £ with eigenvalue A; and v is an
eigenfunction of £’ with eigenvalue Ay with A; > Ay, then there is at least one zero
of vy between any pair of zeros of v; (including the zeros at +oo). Hence if the
eigenfunction v; has fixed sign, then A; is the largest eigenvalue of L°.

The following lemma gives a necessary and sufficient condition for £? to have an
eigenvalue A = 0.

LEMMA 3.3. The eigenvalue problem

Li(z;y)v=Av, z€R,

has an eigenvalue A = 0 if and only if one of the following two conditions holds
(i) Dypd® (x;7) is continuous at x = 0, i.e., ¢! (0;7) = k=, for some k € Z;
(i) D¢t (0;y) = 0 and there are some w4, with sgn(zy) = +1, such that
Proof. Since ¢ (z;v) converges to a saddle point for |z| — oo, this implies that
D, ¢, (z;7y) decays exponentially fast to 0 for |z| — co. Since ¢t (z;7) solves (3.3),
differentiating this ODE with respect to x, gives

LY (257) Dy¢le(2;7) =0, for x#0.

This implies that for any constant K, the function wé (z) = K D¢ (z;7) satisfies
Li(z; ) wi (x) = 0 for x # 0. Hence for any K_ and K, the solution

; wh (z), x <0,
w(x)_{ wie (x), x>0,

solves L(x;v) wi(z) = 0 for  # 0. The function w’(z) is continuously differentiable
if and only if the following two conditions hold
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1wt (0-) = wéq (04), in other words, K_ D! (0;7) = Ky D¢ (0;7),
since ¢% is continuously differentiable;
2. Dywy (0—) = Dywie, (0+), in other words, K- Dyl (0—;7) = Ky D¢ (0457).
The first condition is satisfied if K_ = K, or D,;¢!(0;7) = 0. If D% (0;v) =0, we
can choose K4 such that the second condition is satisfied and we do not end up with
the trivial solution, except when D, (x;7) is trivial for either z > 0 or z < 0.

If D¢ (0;7) # 0, we need D,,.¢% to be continuous at = 0 in order to satisfy the
second condition. Since D, ¢t (z;7) = sin(¢i (z;9) + 0(x)) — 7, Dyxdl is continuous
at z = 0 if and only if sin(¢% (0;7)) = 0. These arguments prove that if one of the
two conditions are satisfied, then A = 0 is an eigenvalue of L’

Next we assume that A = 0 is an eigenvalue of £, hence there is some continuously
differentiable function v*(x) such that £(z)v'(z) = 0 for z # 0 and v'(z) — 0 for
|z] — oo. The only solutions decaying to zero at +oo are the solutions on the one
dimensional stable manifold and similarly, the only solutions decaying to zero at —oco
are the solutions on the one dimensional unstable manifold. The stable and unstable
manifold are formed by multiples of D,¢¢. So we can conclude that there exist K.
such that

vi(w) = K_D, ¢ (x) for x <0,
T\ KiD.¢l(z) for  z>0.

Now we are back in the same situation as above, so we can conclude that either one
of the two conditions in the lemma must be satisfied. O

The second condition in the lemma does not occur. Indeed, the first part of the
second condition, i.e., D,¢%(0;7) = 0 happens only if d; has its second coordinate
zero, hence only at v = v* with dy = d3. At this point, the solution ¢2(z;~v*) has
ceased to exist and the solution ¢2 (x;v*) consists of the fixed point for x > 0. Hence
this solution does not satisfy the second part of the second condition.

To see for which value of v the first condition is satisfied, we derive the relation
between ¢% (0;v) and v. Multiplying the static equation (3.3) with D, ¢! and rewriting
it gives

Dy[(Dy¢(2:7))%] = 2D [y (x37) — cos(¢y (w37) +6(x))], x #0.
Integration from o0 to 0 and using that D, ¢! (+00;7) = 0, shows

(Dys (0;7))?
(D¢ (0;7))*

2[- _ 0:)) + cos(¢r (=o0; 7)),
2[=7(¢7(057) — @5 (+0057)) + cos(¢; (05 7)) — cos(dy (+00;7))]-

[=(61(0:7) — 9 (o0 7)) — cos(@h(

Subtracting these two equations and using that ¢i (+00;7) = ¢! (—00;v) + 7, we get
that

(3.9) 0= —my —2cos(¢’ (0;7)), hence cos(¢ (0;7)) = —.

Thus the first condition is only satisfied when cos(¢% (0;7)) = £1, hence v = 2 = v,,.
At v = 7., it can be seen from a similar phase portrait as in Figure 3.1 that the bold
homoclinic orbit and the dashed stable orbit are tangential in the phase portrait, thus
indeed guaranteeing that the second derivative quﬁfﬁ is continuous at x = 0.

The following step in the analysis of the eigenvalues of the linearization is to
consider the behavior of the eigenvalues for v small. First note that at v = 0, we have
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an explicit expression for the m-fluxon and the 37-fluxon (see (3.2) for the expression

of ¢ﬂux):
Paux(r — In(1 +V/2)), for 2 <0,
T — Gfux(—z — In(1 + v/2)), for x>0,

o baux(r +In(1 +v2)), for x <0,
(3.11) ¢§”(x’ 0) = { 3T — daux(—x + In(1 4+ v/2)), for z>0.

310) om0 = {

Hence the derivatives of both functions are even and cos(¢% (x;0) + ) is continuous
and even, since ¢ (0;0) = 5 and ¢%.(0;0) = 2I.

For v < 1, the homoclinic orbit in the system with § = 0 will be crucial for the
approximation of type 2 and type 3 solutions. This orbit is homoclinic to arcsin(vy)
and will be denoted by ¢p(z;7). It can be approximated up to order v by using the
2n-fluxon ¢gux and its linearization.

LEMMA 3.4. For v small, we have for the even homoclinic connection ¢, (x;7y)

(3:12)  én(w;y) = dux(@ + L (7)) + 7 01(x + L (7)) + 7 Ra(x + L (7);7), & < 0,
where the expression for the 2m-fluzon ¢aux can be found in (3.2),

xT

¢1(x) :% [—l—i—coshx—l—/; 3

1
d — arctane” (
cosh¢ f} coshz  OARe

+ sinh x)
cosh

and L () is such that ¢p(—Lx(7);7) = ™ = ¢aux(0), implying
1 4
1 L.(y)=z]1 In — :
(313) () = 33l + In 2=+ O(A)

Furthermore, Y?Ra(x + L (7);7y) = O(y), uniform for x < 0 and y¢1(L(7);7) =
O(/7)- Thus

(3.14) 6n(0) = 2w — 277 + O(3).

Finally, ¢1(Z;v) = O(1) and Ro(Z;7y) = O(1), uniform for & < 0.

Proof. Tt is more convenient in the following perturbation analysis to follow the
normalization of ¢gux (), i.e., in this proof we introduce new coordinates & = x+ L ()
where L () is such that ¢p(—Lx(7);7) = ™ = ¢aux(0). In the following we will drop
the tildes and work in those new coordinates. As ¢, in the original coordinates was
even, we get in the new coordinates D ¢p (L (y);y) = 0. This condition will be used
later to determine an asymptotic expression for L. (7).

In the new coordinates, we introduce the expansion

d)h(l'; 7) = ¢ﬂux(x) + ’Y@bl(l‘) + ’YQR?(I'; V)a T < Lﬂ'(r}/)
By linearizing about ¢qyx, it follows that the equation for ¢; is
(3.15) L(x)pr =—1, where L(z) = Dyy — cos(daux(x)).

The operator L£(x) is identical to the operator associated to the stability of ¢gux(x).
The homogeneous problem L) = 0 has the following two independent solutions,

1 T

(3.16) Pu(x) = Yu(r) =

coshz’

+ sinh z,
coshx
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where ¢,(z) = 2L dg.(z) is bounded and v, (z) unbounded as z — £oo. By the
variation-of-constants method, we find the general solution to (3.15),

1 1 [* ¢ 1
¢1(z; A, B) = A+§coshx+5/0 coshgdg} p—

+ [B — arctan e”] <L + sinh x) ,
coshx

with A, B € R. The solution ¢;(x) of (3.15) must be bounded as x — —oo and
is normalized by ¢1(0) = 0 (since ¢,(0) = Paux(0) = 7). Thus, we find that A =
—% and B = 0. Note that lim,_, o ¢1(x) = 1, which agrees with the fact that
lim, oo ¢n(x) = arcsiny = v+ O(73). The solution ¢;(x) is clearly not bounded as
x — 00, the unbounded parts of ¢1(z) and <-¢;(z) are given by

d
(3.17) ¢1|u(x) = — arctan e” sinh z, E(;Sl |u(x) = —arctane” cosh z.

It follows that ¢1(x) = O(y~7) for some o > 0 if e* = O(y77), ie., if x = o|In~y|
at leading order. Using this, it is a straightforward procedure to show that the rest
term v2Ra(z;7) in (3.12) is of O(y2729) for x = o|Inv| + O(1) (and ¢ > 0). Hence,
the approximation of ¢y (x) by expansion (3.12) breaks down as « becomes |In~y|. On
the other hand, it also follows that ¢} () = ¢aux(z) + v¢1(x) is a uniform O(y)-
accurate approximation of ¢ () on an interval (—oo, L] for L = | In~|+O(1). Since
Paux(L) +v91(L) = O(/7) for such L, we can compute L = |Inv| + O(1), as L,
is the value of z at which

d d , d d
We introduce Y by e* = %, so that it follows by (3.2) and (3.17) that Y = % +

O(\/7), ie.

L+(3) = glIns] +In—= + O(3).

A straightforward calculation shows that (in the new coordinates)

bn(Lx) =21 — 2/ /7 + O(7).

As ¢p(x) and ¢aux(z) both converge exponentially fast to fixed points which are
order y apart for £ — —oo0, it follows immediately that ¢ (z;v) = O(1) and Ro(z;7y) =
O(1), uniform for z < 0. O

Now we are ready to consider the stability of the various types of w-fluxons indi-
vidually.

3.1. Stability of the type 1 solution. LEMMA 3.5. For all 0 < v < v, all
eigenvalues of L' (x;7) are strictly negative. Fory = e, the operator LY (z;er) has 0
as its largest eigenvalue. For v = 0, the largest eigenvalue is —%(\/5 +1).

Proof. From Lemma, 3.3 it follows that £! has an eigenvalue A = 0 at v = 7. The
eigenfunction is D, ¢k (x;7.) and this function is always positive, since ¢ (z;7er) is
monotonically increasing. From Sturm’s Theorem, it follows that A = 0 is the largest
eigenvalue of £! at v = 7e,.
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We can explicitly determine all eigenvalues of £!(z;0). From the explicit expres-
sion for ¢l it follows that £!(z;0) is a continuous even operator. For fixed A, the
operator £1(x;0) — A has two linearly independent solutions. Since the fixed point is
a saddle point and the decay rate to this fixed point is like e, there is one solution
that is exponentially decaying at +o0o and there is one solution that is exponentially
decaying at —oo, if A > —1. If we denote the exponentially decaying function at —oo
by v_(x; A), then the exponentially decaying function at +o0o up to a constant is given
by vy (x;A) = v_(—xz; A) (since £! is symmetric in ). Obviously, vy (0; A) = v_(0; A),
hence A is an eigenvalue if D,v4(0; A) = Dyv_(0;A), (i-e., when D v_(0;A) =0) or
if v_(0;A) = 0.

Using [21], we can derive explicit expression for the solutions v_(z; A) (see also [10]).
Using z; = In(v/2 + 1), we have

v_(x;0) = sech(z — z1), v_(x;A) = "2V [tanh(z — 1) — ], p=VA+1

A straightforward calculation shows that v_(0; A) # 0. The condition D,v_(0; A) =0
gives that

1 1 1 1
u2—§¢§u—§=o, hence /A + :1\/5(\/5—1):>A:—Z(\/5+1).

Now assume that the operator £!(x;v) has a positive eigenvalue Al(v) for some
0 < v < Yer- Since A depends continuously on +, there has to be some 0 < 7 < 7er
such that A'(3) = 0. However, from Lemma 3.3 it follows that this is not possible. O

If Al(y) is an eigenvalue of £!(x;7v), then eigenvalues of the linearization about
the m-fluxon ¢l (x;7) are the solutions of the equation A\* — Al(y) = 0, hence A\ =
+,/A1(y). Since Al(y) < 0, this implies that R()\) < 0, hence the waves of type 1
are linearly stable. Nonlinear or Lyapunov stability can be derived by looking at the
“temporal Hamiltonian”

o0
M) = [ 54 5002+ (VT — cos(6+) 50— ancsing +)| do
— 00

This functional is a Lyapunov function for the system (3.1), i.e., any solution ¢(z,t) €
H?(R) of (3.1) satisfies £H(¢,¢¢) = 0. Furthermore, the linearization D*H at
(¢,p) = (4L,0) (the point related to the m-fluxon) is strictly positive as —£L(x,7) is
strictly positive. Therefore H has an isolated local minimum at (¢, p) = (¢5,0) and
thus the 7m-fluxon is Lyapunov stable.

Using standard procedures in MATLAB, the eigenvalues of the type 1 m-fluxon
have been calculated numerically as a function of the applied bias current v and
are presented in Figure 3.2(a). Further details of the computational procedure are
presented in section 6. Figure 3.2(a) shows that the type 1 semifluxon has only one
eigenvalue. This eigenvalue tends to zero when the bias current v approaches the
critical value 7., as has been derived analytically. It was first proposed in [15, 19]
that a constant driving force can excite the largest eigenvalue of a semifluxon toward
zZero.

When we apply a bias current above the critical value 7.,, numerics show that the
stationary m-kink bifurcates into a semifluxon that reverses its polarity and releases a
fluxon. This process keeps repeating itself: the semifluxon changes its direction back
and forth with releasing a fluxon or antifluxon in every change. A simulation of the
release of fluxons from a semifluxon is presented in Figure 3.2(b). In experiments, the
polarity of a semifluxon can also be reversed by applying a magnetic field [14].
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F1G. 3.2. (a) The eigenvalue of linear operator associated to the type 1 semifluzon as a function
of the bias current vv. The dashed line is the boundary of the continuous spectrum. (b) A simulation
of the evolution of a w-kink in the presence of a bias current above the critical value (v > ~yer). The
plot presents the magnetic field ¢z. The numerics show that the instability leads to the release of
wave trains of traveling wave fluzons. In this evolution a damping, which is proportional to ¢¢, has
been applied to the system.

When v = ., the type 1 and type 3 semifluxons coincide. From the numerical
analysis of the eigenvalues of the type 3 semifluxon (see section 3.3 for details), it
follows that there is an eigenvalue at the edge of the continuous spectrum for v = ~,.
We conjecture that this eigenvalue bifurcates into the edge of the continuous spectrum
at this point as v increases to 7., (see Figure 3.4).

3.2. Instability of type 2 solutions. LEMMA 3.6. For all 0 < v < ~*, the
largest eigenvalue of L2(xz;7y) is strictly positive. In the limit v — 0, the largest
eigenvalue of L?(x;v) converges to %(\/5 -1).

Proof. Using the approximation for the homoclinic orbit ¢y, (x;v) in Lemma 3.4,
we see that, for 4 small, an approximation for the w-fluxon of type 2 is given by (as
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before, z1 = In(1 4 /2))

¢ﬂux($ + -771) + O(’Y) z <0
$r(z57) = § T+ Saux(T) +71(T) +V*Ra(T37), 0<z<Lx(y)+x
7T+¢ﬂux(_-/r\) +’Y¢1(_-/r\) +’Y2R2(_§; 7)7 T > Lﬂ'(r}/) + T

(3.18)
with Z =2z —x; and Z =z — 2L, (y) — 1.

There is no limit for v — 0, since the semifluxon breaks in two parts, one of them
being the 3m-fluxon ¢2, (x;0). In a similar way as we found the largest eigenvalue for
the linearization operator £!(z;0) about the 7-fluxon ¢L(z;0), we can find the largest
eigenvalue for the linearization operator £2(z;0) about the 37-fluxon ¢3_(x;0). The
largest eigenvalue is A%(0) = 1(v/5 — 1) and the eigenfunction is

ero@+@1) (1yy — tanh(z + 1)), z <0,
eto(=2+z1) (10 — tanh(—z + 1)), x>0,

P (2;0) = {

where p9 = /A2(0) +1 = 1v/2(1 + v/5). (It can be shown that there is another

smaller eigenvalue A = —1 and similar eigenfunction if y = 1v/2 = tanh(z1), see

2
Remark 3.8.)
In a similar way, using the approximation (3.18) for ¢2(z;~), the eigenfunction
of an eigenvalue of ¢2 for v small is approximated by

eﬂ(w+$i) (I’L — tanh(% + 1'1)) + Q(ﬁ), T < 0
V2 (z;7) = { ke e H®(u — tanh(—7)) + k3 " (u — tanh 7) + O(/7), O<ax<Lz(v)+z |,
kg %) (p+ tanh T) + O(,/7), T > Lp(y) + x1.

where k; and p have to be determined. The eigenvalue A follows from p = A + 1.
Note that the secular term which is growing at infinity with the multiplication factor k3
is included in this approximation. When v = 0 and k3 = 0, the first two lines in the
definition of ¢? are the eigenfunction of the linearized problem about the heteroclinic
connection between 0 and 3w, as presented above. When + is nonzero, k3 can be of
order O(y7) for o > & as the secular term is of order O(y"?) at & = Lo(7y) + 1.

The constants k2, k3 and k4 and the parameter p have to be chosen such that
for v > 0 (but small) the function 12(x, ) is continuously differentiable at = 0 and
2 = L(y) + x1. From the continuity conditions at x = 0, we obtain:

Y
VIS RS AL

_ B+2v2)R(2p® — pv2 - 1) (20— V2)
= dp(p? —1) OV

From one of the continuity conditions at = L,(y) + x1, we obtain k4 =
k4q(ka, ks, ). Now we are left with one more matching condition. Values of p for
which this condition is satisfied correspond to the eigenvalues of the operator £2(z;~)
for v small. More explicitly, the spectral parameter u has to satisfy the equation

ko

(3.19)  F(u) = 16"ks(p — 1)*(ym) *((3p + 4)my + 16p) + O(y#+?) = 0.

Note that this expression is not defined at v = 0. This corresponds to the singularities
in the expression for ¢? as v — 0 due to the fact that L,(y) — oo for v — 0.
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Evaluating F(u) (ym)* at v = 0, we see that there are four positive roots for p,
leading to four squared eigenvalues, namely A(0) = %(\/E_) - 1), —%, and the double
eigenvalue A(0) = 0. The first two come from the zeros of k3 and are related to the
eigenvalues of the 3m-fluxon. The double zero eigenvalues are the eigenvalues of the
fluxon. One can also notice that there is no term with a multiplication factor ko to
this leading order. This term appears at most of order O(y**+2). Finally, as with the
type 1 semi-fluxon, the root p = 0 corresponds to the edge of the continuous spectrum
and the “eigenfunction” is not in Ha(R) N C*(R).

The proof that the largest eigenvalue is near +(v/5—1) for v small will be complete
if we can show that F,(v/2/4(1 + v/5)) # 0, i.e. the non-degeneracy condition that
says that the eigenvalue can be continued continuously for v small.

Simple algebraic calculations give that

2 3 .
(3.20) A2 (14 V) = ey BB 1 (i E09)

with ¢; a positive constant. Hence, fu(g(l +/5)) > 0.

This completes the proof that the largest eigenvalue is near i(\/g — 1) for small
but positive . Since the largest eigenvalue depends continuously on +, it can only
disappear at a bifurcation point. There are no bifurcation points and it is not possible
that the eigenvalue becomes 0 (see Lemma 3.3), hence the largest eigenvalue will be
positive as long as fluxon ¢2 (x;7) exists, i.e., for 0 <y < ~*. O

REMARK 3.7. We cannot use a comparison theorem, because ¢2 < ¢3 for x < 0
and ¢2 > ¢3 for z > 0.

To consider the relation between the eigenvalues of £2(x;v) and the stability
problem of ¢2 (x;v), we denote the largest eigenvalue of £2(z;+) by A%(7). The asso-
ciated eigenvalues for the linearizations are solution of the equation A% — A%(y) = 0,
hence A = £,/A2(y). Since A2(y) > 0, this implies that one of the two eigenvalues
has positive real part, hence the w-fluxons of type 2 are unstable. The numerically
obtained eigenvalues of semifluxons of this type as a function of « are shown in Fig-
ure 3.3(a). In the proof of Lemma 3.6 we have found three different eigenvalues for
~ small and the possibility of a fourth eigenvalue coming out of the continuous spec-
trum at v = 0. In Figure 3.3(a), we see the continuation of those eigenvalues. In
Figure 3.3(b), we present the evolution of a 37-kink (3.11) which is the limit of a type
2 semifluxon when v — 0. The separation of a fluxon from the semifluxon is clearly
seen and indicates the instability of the state (which confirms the analysis in the proof
of Lemma 3.6).

REMARK 3.8. A type 2 semifluxon can be seen as a concatenation of a 37- and a
—27-kink in the limit v — 0. In that limit the other eigenvalues of £?(z;v) converge
to 0, —%, and —1. The eigenvalues 0 and —1 are contributions of the —27-kink. The
eigenvalue —% corresponds to the first excited state of the 37-kink with eigenfunction

e“(Ier)(/i — tanh(z + 21)), z <0,
et =2 +20) (tanh(—z + x1) — p), z >0,

¥ (x;0) = {

_ _ 1
where p =+vVA+1= 75

3.3. Instability of type 3 solutions. LEMMA 3.9. For all 0 < v < 7, the
largest eigenvalue of L3(x;7) is strictly positive. For v = 7er, the operator L£3(x;Yer)
has 0 as its largest eigenvalue.
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(b)

FiG. 3.3. (a) The eigenvalues of the linear operator associated to the type 2 semifluzon as a

function of the bias current . The result that the largest eigenvalue is always positive shows the

instability of type 2 semifluzon. When v — 0, A — %(\/5 — 1) which is the largest eigenvalue of a

3m-kink. At v =0, one eigenvalues comes out of the edge of the continuous spectrum (dashed line).
(b) A sketch of the evolution of a 3m-kink (8.11) fro v = 0. The plot is presented in terms of the
magnetic field ¢o.The separation of a fluxon from the semifluxon can be clearly seen.

Proof. The solution ¢2(z,7ver) = @1 (2, Yer), hence from Lemma 3.5 it follows that
the largest eigenvalue is A = 0.

For « near zero, we will use the approximation for the homoclinic orbit ¢y (x;~)
in Lemma 3.4 to get an approximation for the type 3 fluxon

;ppr(‘%\) = (bﬂux(f/f) + '7(}51(55'\) + 72R2(‘7f; 7)7 T < _LTF(’Y) + 21,
QS?F(‘%’,Y) = gppr('ff) = ¢ﬂllx(_§§) + 7¢1(_%) + ’YQRQ(_'%; 7)7 _LTF(’Y) + T << 07
gppr(_x_'rl) :7T+¢ﬂux(_x_-rl)+o(’}/), x>0,

where T =z — 21 and T = x — x1 + 2L, (7).

In the limit v — 0, the type 3 semi-fluxon break into a type 1 semi-fluxon and
a fluxon. Both are stable and the largest eigenvalue of the fluxon is zero, while the
largest eigenvalue of the type 1 semi-fluxon is negative. Hence to approximate the
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largest eigenvalue of the type 3 semi-fluxon for v small, we set

A(y) = yA1 (7).

To construct the first part of the approximation of the eigenfunction, we consider
x < —=Ln(y)+x1,ie,Z < L(y). In this part of the arguments, we will drop the hat
inZ. On (—oo, L), we expand 1)} = 19 + Y11, this yields the following equations

approx

for o.1(x),

(321) E’(ﬂo = O, E’(ﬂl = [A1 (O) - ¢1 (l‘) sin Qﬁﬂux(ﬂi)}wo.

As wappmx has to be an eigenfunction, we have wappmx(x) — 0 as 2 — —oo. Further-

more, we remove the scaling invariance by assuming that
that 1o (z) is given by

apprOX(0) = 1. This implies

1
cosh

(3.22) Yo(z) =

(see 3.16). To solve the ;1-equation, we note that - ¢;(z) is a solution of

. d .
Ew = _¢1 s ¢ﬂux£¢ﬂux - _2¢1 S (Zsﬂuxw()y
(see (3.15) and (3.2)) so that we find as general solution,

¢ 1
cosh2 gdf)] coshx

1 T
Yi(z) =[A - §A1(ln(cosh x) -|—/O

1 T ) 1d
+ |:B + 5/\1 tanhx] (m + Slnhx) + 5@@51
Using lim,—— o0 %1 (z) = 0 and 7 (0) = 0 we find that A = Z, B = 1A;(0). Asin
the case of ¢1(x), we are especially interested in the unbounded parts of i1 (z) and

%1/11(13)7

Y1lu(z) = 1A:(1+ tanhz)sinhz — 5 arctan e® cosh z,

(3.23) ] 2
Lapy](x) = &A1(1+tanha)coshz — 3 arctane” sinhz.

We note that the error term |¢(x) — ¢) . (= )| = ~2|S2(z;7)| is at most O(v) on
(=00, L) (the analysis is similar to that for v2|Ra(x;7)|).

Next consider the second part of the approximation, i.e., x between —L,(y) +
r1 and 0. Here we define the translated coordinate T = x — x1, which is on the
interval (— Ly, —21) and again we drop the tildes. Since we have to match ¢, (z) to
the approx1mat10n Y2 pe(2) of ¥(x), along ¢2, () and thus defined on the interval
(=Lx,—x1), we need to compute L, (L) and 4 L tpaor(Lx) which to the leading
order are calculated from (3.23), i.e

(3.24) ;pprw)—“})f 0. g thom(Le) = HO=T 5 1 00).

Thus, both ¢} . (L) and -= ;ppr(L ) are O(\/7).
Now, we choose a bpemal form for 42, (), the continuation of ¢ (), i.e. the part

linearized along ¢2,,. (). It is our aim to determine the value of Ay, for which there
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exists a positive integrable C' solution v of £3(x;v)1 = yA1(0)y. By general Sturm-
Liouville theory [32] we know that this value of A; must be the largest eigenvalue.
Our strategy is to try to continue ¥ (x) beyond (—oo, L) by a function that remains
at most O(,/7), i.e. we do not follow the approach of the existence analysis and
thus do not reflect and translate ¢, () to construct ¢2,  (z) (since this solution

becomes (in general) O(1) for z = O(1)). Instead, we scale 2. (z) as v (z). The
linearization ¢ (z) along ¢2pr(x) on the interval (=L, 1) must solve Ly = 0(v),
thus, at leading order

~ A
(3.25) o) =

cosh ( cosh x

+ sinh x) .

The approximation 12, () = v () must be matched to Phopr(Lr) and Lyl (L)
at x = —Lg, ie.

2A,(0) 2B 20,(0) —7 _ 2B

Note that A does not appear in these equations; as a consequence, w;ppr(x) and

2opr(#) can only be matched for a special value of Ay, A1(0) = m, with B =
—A1(0) < 0. Thus for this special value of A; and for A > 0, we have found a positive
C'-continuation of the solution () of the eigenvalue problem for £3(x;v) — recall
that 2 < 0 in the domain of ¢ (). At the point of discontinuity (—z; for ¢(z), or at

x = 0 in the original coordinates of (3.1)), we have

U2 (—21) = 0 (—21) = 7[1VZA - ZV2(In(VZ - 1) — V2)] + O(1?),

(3.26) _ N
% gppr(_l‘l) = V%TP(_%) = ’Y[%A - %(111(\/5 - 1) + 3\/5)] + 0(72)
Hence, we have constructed for a special choice of A, A = A, = Tv+O(v/7) > 0, an
approximation of a family of positive solutions of the eigenvalue problem for £3(z;~)
on < 0 — in the coordinates of (3.1) — that attain the values given by (3.26) at
x = 0, and that decay to 0 as * — —oo. The question is now whether we can ‘glue’
an element of this family in a C'-fashion to a solution of the eigenvalue problem for
L3(z;y) on > 0 — with A = A, — that decays (exponentially) as x — oo. If that is
possible, we have constructed a positive integrable solution to the eigenvalue problem
for £3(x;v), which implies that A, > 0 is the critical eigenvalue and that ¢3(x) is
unstable.
An approximation of ¥(z) on = > 0, ¢§ppr(x), is obtained by linearizing along
aopr(z) and by translating x so that = € (z1,00). Since ¢, (x) has to match to
expressions of O(7) (3.26) at x1, we also scale ¥2 . (2), ¥ .(z) = y¥(z). We find
that £¢) = O(v) so that ¢)(x) again has to be (at leading order) a linear combination
of ¢y () and 9, () (3.16). However, ¢ must be bounded as 2 — oo, which yields that
U(x) = A/ coshz + O(y) for some A € R. At the point of discontinuity we thus have

(3.27) gppr(fvl) = ’71%(301) = %\/5474_0(72)7
Elhpe(@1) = vfU(e) = —3AY+O0(?).

A positive C-solution of the eigenvalue problem for £3(z;v) exists (for A = A,) if
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FiG. 3.4. The eigenvalues of the the linear operator associated to the type 3 semifluxon as a
function of the bias current . The result that the largest eigenvalue is always positive shows the
instability of type 3 semifluzon. When v < 1, according to (3.29) the largest eigenvalue is approz-
imated by A = %'y shown in dash-dotted line. The dashed line is the boundary of the continuous
spectrum.

there exist A, A > 0 such that (see (3.26) and (3.27))

3V24 - 5V2n(v2-1)-V?) =

(3.28) LA —  In(v2-1)+3v2) =

N |
e
a CR

Since the solution of this system is given by A = 1x[v2 + In(v2 —1)] > 0 and
A= %77\/5 > 0, we conclude that the eigenvalue problem for the 7m-fluxon ¢3 (z;7)
has a positive largest eigenvalue

(3.29) A =27+ 0(A).

4
Hence the eigenvalue for v small is positive. From Lemma 3.3 it follows that there
are no zero eigenvalues between 0 and -, hence the largest eigenvalue of £3(v) is
positive for all values of . O
REMARK 3.10. For any A = O(,/7), or equivalently any A; = O(1), there exists
a (normalized) solution to the eigenvalue problem for £3(x;7) on x < 0 that decays
as ¥ — —oo, and that is approximated by . (z) and %2, (x) (matched in a C!-

appr appr
fashion at +£L,). If Ay is not O(,/7) close to 1, however, ¢, (x) cannot be scaled

as yb(z) and the solution is not O(v) at the point of discontinuity — in general it is
O(1). Moreover, for any A; = O(1), there also exists on = > 0 a 1-parameter family of
(non-normalized) eigenfunctions for the eigenvalue problem for £3(x;v) that decay as
2+ — o0. In this family there is one unique solution that connects continuously to the
(normalized) solution at = < 0. In fact, one could define the jump in the derivative at
x =0, J(X\;7), as an Evans function expression (note that J(\;v) can be computed
explicitly at v = 0, see [10]). By definition, A\? is an eigenfunction of £3(x;~) if and
only if J(A;v) = 0. In the above analysis we have shown that J(\.;vy) = 0 for
A = 3T+ O(9).

REMARK 3.11. The classical, driven, sine-Gordon equation, i.e. § =0 and v # 0
in (3.1), has a standing pulse solution, that can be seen, especially for 0 < v < 1,
as a fluxon/anti-fluxon pair. This solution is approximated for %QZ) > 0 (the fluxon)
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F1G. 4.1. The phase portrait of the stationary system (2.10) for v = 0 and some values of the
lattice spacing a. The dashed lines are the unperturbed phase portrait for a = 0 and the other lines
correspond to a = 0.5.

by ¢ippr(z) and for 4 < 0 (the anti-fluxon) by Gappr(—). It is (of course) un-

stable, the (approximation of the) critical unstable eigenvalue can be obtained from
(3.24). The corresponding eigenfunction is approximated by ! (z) on (—oo, L),

appr
and we conclude from (3.24) that -1 appr(Lr) = 0 for X2 = yA; = 45 + O(7,/7)
(while 92, (Lx) > 0). Hence, for this value of A, we can match ¢} () to

2opr(®) = ¥i o (—x) in a C'-fashion, it gives a uniform O(y)-approximation of
the critical, positive (even, ‘two-hump’) eigenfunction of the fluxon/anti-fluxon pair

at the eigenvalue A = £v/2m,/7 + O(y) > 0.

To consider the relation between the eigenvalues of £3(z;7) and the stability
problem of ¢2(z;7), we denote the largest eigenvalue of £3(x;7) by A3(y). The
associated eigenvalues for the linearizations are solution of the equation A2—A3(~y) = 0,
hence A\ = +,/A3(7). Since A3(y) > 0, this implies that one of the two eigenvalues
has positive real part, hence the fluxons of type 3 are unstable. In Fig. 3.4, we present
numerical calculations of the eigenvalues of type 3 semifluxon as a function of the bias
current ~y.

REMARK 3.12. A type 3 semifluxon can be seen as a concatenation of a 27- and
a —m-kink in the limit v — 0. In that limit the other eigenvalue of £3(z;~) converges
to —1(v/5+1) (Figure 3.4) which is a contribution of the —-kink.

4. Lattice m-kinks and their spectra in the continuum limit. In this
section, we consider (2.9) for a small lattice spacing a, i.e., the driven 0-7 sine-Gordon
equation with a small perturbation due to lattice spacing effects. For a = 0, the
semifluxons of all types are constructed as heteroclinic connections with transversal
intersections at = 0 in the two-dimensional phase space of the static equation (2.10).
Therefore, all three types of semifluxons will still exist in the perturbed system with
0 < a < 1, see [11]. The three types of semifluxons are denoted as ¢’ (z;a;7), for
1 =1, 2 and 3. In Fig. 4.1, we present the phase portraits of the sine-Gordon equation
both with and without the effect of a perturbation due to lattice spacing.

The lattice spacing a does not affect the stationary points of the phase portraits,
as can be easily checked. The existence parameters v* and ., will be influenced by
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the lattice spacing a. For a small, they are

2 27
4.1 *(a) = + a® + O0(a"),
(4.1) 100 = T + g o Ol
—_———
~0.0109
2 72 —4—m+2arcsin(2) 4

(4.2) Yorla) = — + =3 a® 4+ O(a*),

~0.0223

see [30] for details. For v > 7.,(a) no static semifluxon exists.

As we have seen in the last section, for a = 0, the type 3 semifluxon is marginally
unstable at v = 7., and v near zero. So there is a possibility that lattice spacing effects
stabilize the type 3 semifluxon near those values of v. However, it turns out that this
is not the case and the stability of the semifluxons is similar to the case a = 0.

THEOREM 4.1. For a small, the linearizations about the mw-kinks have the following
properties:

(i) The eigenvalues of the linearization about the monotonic type 1 w-kink ¢k (x; a; )
are strictly negative for 0 < v < vyer(a). At v = ver(a), the largest eigenvalue is zero.
These w-kinks are linearly stable.

(ii) The largest eigenvalue of the linearization about the monotonic type 2 w-kink
@2 (x5 a;) is strictly positive for 0 <y < v*(a). These T-kinks are linearly unstable.

(iii) The largest eigenvalue of the linearization about the monotonic type 3 w-kink
@3 (w5 a;) is strictly positive for 0 < v < yer(a). These w-kinks are linearly unstable.
In the limit for v — 0 and v — ~er(a), the largest eigenvalue converges to zero.

The proof of this theorem will proceed along similar lines as the proof in the
previous section. First we consider the eigenvalue problem of a solution ¢¢ (x;a;7),
which can be written as

Li(z;a;7v)v =N,
where £(z;a;7) is now defined as the linearization associated with (2.10), i.e.,

Li(z;a;7) = Dgg — cos (¢h(z;a;7) +6(2))
— 2 [2¢030 Dy — 2(,(50;7)). 5in 4 D,

1+ 2y i § — (6 (30;7))2)? cos 9] + O(a?)

where ¢ = ¢ (;0;7) + 0(x).

Lemma 3.3 can be extended to a # 0 and give a necessary and sufficient condition
for L£¢(z;a;7) to have an eigenvalue A = 0.

LEMMA 4.2. The eigenvalue problem

Li(z;y)v=Av, z€R,

has an eigenvalue A = 0 if and only if one of the following two conditions holds

(1) Daodi(x;a;y) is continuous at x = 0, i.e., ¢~ (0;a;7) = kr —a?L + O(a?),
for some k € Z;

(i) D.¢i(0;a;v) = 0 and there are some w4, with sgn(xy) = +1, such that
Dyl (wa30;7) # 0.



22 DERKS ET AL.

Proof. As the proof of Lemma 3.3 is based on the fact that the derivative of the
semifluxon is as solution of the linearized system for x # 0, we can follow the same
arguments to prove this lemma. Again this leads to two conditions that either ¢. is
continuous at # = 0 or the second condition as stated above.

In order to determine when ¢!, is continuous, we use the static equation (2.10)
and expand near a = 0:

Dol (x;0;7) = (sin(¢h (2;a57) + 0(x)) — ) (1 — @ cos 5)
+ “6—2 sin%(yarcsinv +/1 -2 =~ — cosqg) + O(a?).

again with ¢ = ¢ (2;0;7) + 6(z). The continuity of Dye¢’ at x = 0 lead to the
expression for ¢! (z;a;v) as given above. O

At v = ver(a), the stable manifold of the 7 + arcsiny and the homoclinic con-
nection at arcsin~y are tangent, implying that D,,¢¢ (x;a;v) is continuous at z = 0.
Thus the first condition of the lemma is satisfied at v = ¢, (a) for ¢ = 1,3. For the
same reasons as before, the second condition is never satisfied.

Since A = 0 is an eigenvalue of the linearized operator £i(x;a;~) if and only if
v = yer(@), the sign of the eigenvalues of £*(x; a;~) will not change. Thus the behavior
of the eigenvalues near v = 0 will again determine the stability of the semifluxons.

For v = 0 and 0 = 0, the sine-Gordon equation with a perturbation due to the
lattice spacing has a heteroclinic orbit connecting 0 and 27. As before, the heteroclinic
orbit will play an important role in determining the stability of the semifluxons for
small values of . For small values of the lattice spacing a, we can approximate this
heteroclinic orbit up to order a? by using the 27-fluxon ¢gux and its linearization.

LEMMA 4.3. Let ¢, (x) denote the heteroclinic orbit of the sine-Gordon equation
with a perturbation due to the lattice spacing (i.e., (2.9) with 6 =0 and v =10). For
the lattice spacing a small, we have for the symmetric (i.e., ¢3..(0) = 7) heteroclinic
connection ¢% _(x)

(4.3) Hhux () = Pux (@) + a®pa(z) + O(a?),

where

1 —3sinhz + z coshx
12 cosh? z

(4.4) $a(®) =

This approzimation is valid, uniform in x € R.

Proof. The spatially localized correction to the kink shape ¢gux(x) due to the
perturbation term representing lattice spacing is sought in the form of perturbation
series:

Phux (2) = daux(@) + a®da(2) + O(a?).

It is a direct consequence that ¢,(x) satisfies

LMw;0)pa (@) = f(x) = —15[2008 pux(®) e riux()
—sin ¢ﬂux(m) (8x¢ﬂux(x))2 — COS (Zsﬂux(-r) sin ¢ﬂux(x)] )
(4.5)
where £!(z;0) is the linearized operator associated to the fluxon, i.e., £!(z;0) =
Dy — €08 Pgux ().
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Using the variation of constants method, we obtain the general solution of (4.5),

(4.6) ¢a(v) = A(z)sechz + B(x) (rsechz + sinh ),
where
1 1 — coshx — sinhz 6sinhz  4sinhz TEf(E)
A(z) = Ag+ — |21 - ===2d
(@) o+ 24 [ . (coshx —-1- sinhx) cosh x cosh® z o cosh¢ JE
1 1 3
B(x)=By— — |2+ — .
(z) Y [ cosh?z  cosh? m]

The integration constant By is determined by the condition that ¢,(x) is bounded,

leading to By = % The integration constant Ag is determined by the requirement

that ¢f (0) =7, hence ¢,(0) = 0, giving that Ag = 0. O

For v = 0, the static model (2.10) for a 0-7 Josephson junction with lattice spacing
effects has both a 7- and a 3w-kink solution. The 27-heteroclinic orbit found above,
can be used to derive approximations for those kinks.

LEMMA 4.4. For a small and v = 0, we have an explicit expression for the m-
and 3m-fluzon up to order O(a?), respectively:

—ul(z —In(1 ++/2)), for  x<0

ul(—z —In(1 4 v/2)), for x>0
—ud (x +1In(1++/2)), for x <0
ul (—x +1In(1 + v/2)), for x>0

oL(x;0;0) = ¢71r(x;0)+a2{
(4.7)
B (:0:0) = @3 (2;0)+ a2 {

where ¢L(z;0) and ¢3,.(z;0) are the w- resp. the 3m- flurons as defined in (3.11) and

H2) = 52— (3—‘2/5 —1In(3 — v2) + 3tanhx —x)

u})ﬂ(x) = m (—% + %ln(S— \/5) + 3tanhz —x) .

4.1. Stability of type 1 semifluxon. We will show that the type 1 wave
@1 (x;a;7) is linearly stable for small @ and 0 < v < ., by analyzing the largest
eigenvalue of £L!(z;a;~) for 0 < v < v (a).

LEMMA 4.5. For the lattice spacing parameter a sufficiently small and 0 < v <
Yer(a), the largest eigenvalue of L1 (x;a;7) is strictly negative. For vy = e (a), the op-
erator LY(x; a;ver(a)) has 0 as its largest eigenvalue. For~y = 0, the largest eigenvalue
decreases as a increases and is proportional to —(v/5 + 1) — 0.0652a* + O(a*).

Proof. First we look at the stability of the m-kink at v = 0. Writing v(z) =
v(2) + a?vt(z) + O(a*) and A = Ag + a?A; + O(a?) and expanding the eigenvalue
problem for the stability of the 7-kink ¢l (x;a;0) in a Taylor series, result in the
following equations

A

£ (2;0;0) — Ag
0;0) — Ag) v'(z)

(48) (1 (m000)

07
(A1 — ug (@) sin(¢r (:0) +0)) v°(x) — g(=),

3
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where = /Ao + 1, Ao = —1(V5+1),

() = er(@=n(1+V2) [tanh(z — In(1 + v/2)) — ), for <0,
en(—e=n(+V2)) [tanh (—z — In(1 + v/2)) — ), for x>0,

g(z) = 11—2 {Q’UQIAO + v 4+ 200 cos g(x) — 2 cos? Q~5(£U)’UO —20,:(¢L (2;0)) sin a(x)vo
— 20,01(2; 0)sin §(x)0 — (Da6k(w30))? cos ()0” — 1°AF — 20°Ag cos 3(x) |,

with again ¢(z) = @L(x;0) + 0(z) (see Lemma 3.5).

The parameter value of Ay is calculated by solving (4.8) for a bounded and de-
caying solution v!(x). The general solution can be derived by using the variation of
constant method because we have the homogeneous solutions of the equation. One
can also use the Fredholm theorem (see, e.g., [29]), i.e. the sufficient and necessary
condition for (4.8) to have a solution v! € Hy(R) is that the inhomogeneity is per-
pendicular to the null space of the self-adjoint operator of £!(x;0;0). If {, ) denotes
an inner product in H2(R), then this condition gives

0= {(L(x;0;0) — Ag)v',v°) = (A10” — ule®sin(dl (z;0) +6) — g,0°)

which implies that

(4.9) Ay = 3584(70v/2(1 4+ v/5) — 99(1 + /5))

- ~ —0.0652.
24576(—70v/10 — 350v/2 + 495 + 99v/5)

Now assume that the operator £!(x;v) has a positive eigenvalue Al(v) for some
0 < v < ver(a). Since A depends continuously on 7, there has to be some 0 < 7 <
Yer(a) such that A'(F) = 0. However, from Lemma 4.2 it follows that this is not
possible. [0

4.2. Instability of type 2 semifluxon. In Lemma 3.6 we have seen that for
a = 0, the linearization about the type 2 semifluxon has a strictly positive largest
eigenvalue. Also the limits of this eigenvalue for v — 0 and v — ~* are still strictly
positive. Thus a small perturbation associated with the lattice spacing can not sta-
bilize the type 2 semifluxons.

For completeness, we will consider the case v = 0. In this limit, the type 2
semifluxon can be seen as a concatenation of a 3w-kink and a —27-kink. As before,
the limit of the largest eigenvalue for v — 0 will be equal to the largest eigenvalue of
the 37-kink. We have seen that the largest eigenvalue of the 37-kink at v = 0 and
a = 0 is strictly positive and the following lemma shows that small lattice spacing
effects increase this eigenvalue.

LEMMA 4.6. For the lattice spacing parameter a sufficiently small, the largest
eigenvalue of the linearization L£2(x;a;0) about the 3w-kink ¢3_(z;a;0) is strictly
positive. Moreover, it increases as a increases and is proportional to %(\/5 —1)+
0.0652a% + O(a%).

Proof. Note that the lowest order analytic expressions for the 7- and the 3m-kink
differs only in the sign of the ’kink-shift’ (see (4.7)). Because of this, we can follow the
same steps as the proof of Lemma 4.5. Writing the largest eigenvalue of a 37-kink as
A = Ao+ a?Ay +O(a*), with Ag = (v/5 — 1)/4 as has been calculated in Lemma 3.6,
we compute A to be:

3584(665857(v/5 — 1) — 470832v/2(v/5 + 1))

= ~ 0.0652.
24576(3329285 — 23541601/2 — 6658571/5 + 4708321/10)

(4.10) Ay
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0 Thus up to order O(a*) the lattice spacing effects destabilize the 37-kink.

Because a 27-fluxon in the ’ordinary’ sine-Gordon equation can be pinned by
lattice spacing effects, one might expect to have a stable 3w-kink in the O-7 sine-
Gordon equation with larger lattice spacing effects. This is confirmed by numerical
calculations in section 6, see Figure 6.7. If the 37-kink is stable, a stable type 2 semi-
kink might exist when the repelling force between the 37-kink and the anti-fluxon is
smaller than the energy to move a fluxon along lattices (the Peierls-Nabarro barrier,
see Remark 5.2). However, in section 6 it will be shown numerically that the type 2
semikink is unstable for all values of the lattice spacing, see Figure 6.8(b).

4.3. Instability of type 3 semifluxon. For v small or close to 7., it has been
shown in Lemma 3.9 that the type 3 semifluxons are weakly unstable. This opens the
possibility that the perturbation term representing the lattice spacing stabilizes the
semifluxon. This is not the case however.

LEMMA 4.7. For small lattice spacing a and bias current 0 < v < ~ve(a), the
largest eigenvalue of the linearization L£3(xz; a;~y) about the type 3 semifluzon ¢3 (x; a; )
is strictly positive. For v = ~e(a), the operator L3(x;a;7e) has 0 as its largest
eigenvalue. For v near zero and a®> = ~va?, the largest eigenvalue of L3(x;a;7y) is
A= (4 150%) v+ O0(v/7).

Proof. At 7 = Yer, the solution ¢2(z;a;ve(a)) = ¢L(z;a;9e(a)). Hence from
Lemma 4.5 it follows that the largest eigenvalue of the linearization about ¢2 (x; a; ver(a))
vanishes.

From Lemma 3.9 it follows that the largest eigenvalue of the linearization about
¢3 (z; a;7) is positive for a = 0 and 0 < v < 7. Thus a small perturbation can not
change the positive sign of the largest eigenvalue if v is not near 0 or v.,. Now assume
that a small perturbation would lead to a negative largest eigenvalue near v = 0 or
v = 7Yer- Then there has to be a zero eigenvalue near v = 0 or v = 7., but this is not
possible according to Lemma 4.5. Thus we can conclude that the largest eigenvalue
is always positive.

To complete the proof, we will derive the asymptotic expression of the eigenvalue
near v = 0. Since both a and v are small, we relate those two parameters by writing
a® = va%. Now the approximation for the type 3 semifluxon can be written as

Paux(Z) + 701 (Z) + 4% 0a(Z) + v R2 (T ), < —Lx(y)+ 21,
P2 (z;av7;7) = Baux(—F) +791(—T) + 78?0 (—7) + V2 Ra(~T;7),  —La(y)+21 <2 <0,
T+ daux(—z — x1) + O(y), x>0,

where T = 2 —x1 +2L,(y) and & = z — 1. It can be shown that the shift L, (v) does

not depend on a2 in lowest order, i.e., Lr(7) = 1|Iny|+In % + OGL/7)-

To find largest eigenvalue, we set again A3(y) = yA;(0) and follow the steps in
the proof of Lemma 3.9 with some additional terms added to some expressions.
First, we consider the part of the approximation with x < —L,(v) + x1 or T <
L.(7). As before, we drop the hat in Z in this part of the arguments. On (—oo, L),
the general solution of the eigenvalue problem of the order O(y) after expanding
1 _ .
approx 'l/}O + 7/(/)1 1s

71 ro¢ 1
Y1(x) = {Z - 5A1 <1ncoshx+/0 —Cosh2§d€>} p—

1 1 1
+ |:§A1(0) + 5/\1 tanhx] ( r +sinhx) + 5 <i¢1 +d2i¢a>

dx dx

coshx
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e(E

360(e2* 4 1)3
—161n(e* +1)(e** + 1)* + €**(151 + 30z + 16In2)] .

[16In2 + €**(32In2 — 295 + 60x) + 30z + 137 4 7¢%*

We note that the error term [1h(x) — b3, ()] = 7| S2(x; )| is still at most O(v) on
(—OO, L‘n’)

Next consider the second part of the approximation, i.e., x between — L (y) + x1
and 0 or < —Lx(v). Again, we drop the tilde in Z. We scale ¢(z) as v¢(z). The
linearization t(z) along ¢2,pr(x) on the interval (—Lyr, —z1) must solve L = O(y).
Thus, at leading order

) = —2

_ B (
coshx cosh

+ sinh x) .
The last part of the approximation of 1(x) on x > 0, ¢35, (z), is obtained by
linearizing along ¢3 () and by translating x so that = € (x1,00). We also scale

Sopr () = v(x). As 1) must be bounded for # — oo, it follows that ¥(z) =
A/ coshz + O() for some A € R.

Finally we have to connect all parts of the eigenfunction in a C'-fashion. This
determines the values of A1(0), A, B, and A as

1 - -1 |
A1 (0) = _ﬂ+ia2, B=—-\(0), A= Zﬂ[ﬂﬂog(ﬂ—m, and A= 5m/i,

thus A1(0) >0, B<0, A>0and A > 0. And we can conclude that the eigenvalue
problem for the m-fluxon ¢32 (z;a./7;v) has a positive largest eigenvalue

7

(T e
A= <4 + 30% )7+(’)(7ﬁ).

5. Semikinks in the weak-coupling limit. In this section we will consider
the discrete 0-7 sine-Gordon equation (2.3) when the lattice parameter a is large. The
time independent version of (2.3) is well-known: when v = 0, it corresponds to the
so-called Standard or Taylor-Greene-Chirikov map [9] and when ~ # 0, it is called the
Josephson map [22]. Since we are interested in the case that the lattice spacing a is
large, we introduce the coupling parameter € as € = a1_2 and the equation becomes

(5~1) On — € M)n—l —2¢, + ¢n+1] = - Sin(¢n + Gn) +7.

When there is no coupling, i.e. € = 0, it can be seen immediately that there are
infinitely many steady state solutions:

b = cos(k, ) arcsiny + k,, n=0-1,-2,...
"\ cos(k,m)arcsiny + (k, + 1), n=1,23,...,

where k,, is an integer. The only monotone semi-kink is the solution with &, = 0 for
n € Z, thus it is natural to identify this semikink with the type 1 semikink. However,
it is less clear which solution would correspond to the type 2 and type 3 semi-kinks.
Possible candidates for the type 2 wave are solutions for which there is some N € N
such that &k, = 0 forn < 0and n > N and k, = 1 for 0 < n < N. Similarly,
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candidates for the type 3 wave are solutions for which there is some N € N such that
kn=0forn<—-Nandn>0andk, =1 for —N <n < 0. But there are many other
candidates involving combinations of k, = 0 or k, = 1 as well. If one starts with
such a wave in the uncoupled limit, i.e., with ¢ < 1 or a — oo and uses continuation
to follow this wave in the discrete system (5.1) towards a = 0 or € — oo, then it
turns out that most waves end in a saddle-node bifurcation. More details about the
continuation can be found in section 6.

In this section we will focus on the analytical study of the type 1 semi-kink for
the coupling parameter ¢ small (thus the lattice spacing a large). We will denote this
wave by ®L(n;e;v) and for e = 0, we have

1, . .y _ | arcsinvy, n=0,-1,-2,...
<I>7T(n,0,’7)—{ 7r—|—arcsin’y, n:1’273,....

The existence of the continuation of (5.2) for small coupling e is guaranteed by
the following lemma.

LEMMA 5.1. The steady state solution ®L(n;0;7), representing the semifluzon
of type 1 in the uncoupled limit € = 0, can be continued for € small and v < 1. It is
given by

arcsiny + O(e ) n < —1;
arcsiny + & —i—(’)( ), n =0
(5.2) O (n;e57) = v 2
7r+arcsln7—6 1_72 + O(e?), n=1;
7 + arcsiny + O(g?), n>2.

For ~ close to one, we write vy =1 —¢&7. If ¥ > m, then the type 1 solution is:

7 = VEV27 + 0(e), n< -1
. ~_ ) 3 -Vey2(7 —m) + O(e), n=0;
(5.3) Ol (n;e; 1 —e7) = 32 VG T ) 4 00), w1
2 —\/E\/ﬁ-i-(?(ﬁ), n=2;

From (5.3) we obtain the critical bias current for the existence of static semifluxon as

(54) Yer = 1—enm+ 0(52).

Proof. The existence proof for v < 1 follows from the implicit function theorem
as given in [20, Theorem 2.1] or [23, Lemma 2.2].

For the case v = 1 — €7, the implicit function theorem as presented in the refer-
ences above can not be applied immediately. However, after some manipulations, the
implicit function theorem can be applied again. First we substitute into the steady
state equation v = 1 — &y and ® = &g + /e®, where ®o(n) = F, for n < 0 and
®o(n) = 3%, for n > 1. This gives the following equations:

= VRl Ly E(B(n — 1) — 2B(n) + B(n+ 1)] = Fu(@,2), n£0,1
_ M+7 VEB(—1) — 28(0) + ®(1)] — 7 =: Fy(d,e), n=0
0 — MH VE[R(0) — 28(1) + B(2)] + 7 =: F1(D,2), n=1
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Using that lim._,o M = —%(5(71))2, the definitions for F' can be smoothly
extended to € = 0 too. The equations for € = 0 become

®%(n) =27, n#0,1; D%(0) =27 —7); and D3(1)=2(F + 7).

For |n| large, wave should be asymptotic to the center point of the temporal dynamics,
hence ®(n) = —1/27 for |n| large. So for ¥ > m, there are two monotonic semi-kinks
(recall that the full semi-kink is given by &g + /e®):

—1/27, n < —1;
2(§_7T)7 n:O,

—2(7 + ), n=1;

—/ 27, n > 2.

®*(n;0;7) =

Note the #-solutions collide for ¥ = 7. The linearization DF (&)i,O) is invertible
for ¥ > =, hence the implicit function theorem can be applied again and we have
the existence of monotonic semi-kinks ®o(n) + /e®*(n,e,7). In analogue with the
continuum case, the type 1 wave is the one that has the discontinuity at the lowest
value of the phase. The critical bias current for the existence of a static lattice
semifluxon follows immediately from the arguments above. O

The two £-solutions near 7., as derived above in the proof are like the type 1 and
type 3 semi-fluxons near ., in the PDEs studied in the previous two sections. So in
analogue to those PDEs, we can define for v > «

Dl (n;e;1—£7) = Oo(n)+v/e® (n;6;7) and @2 (n;e;1—e3) = Bo(n)+v/0F (n;e;7).
where ¢y and ®* are as in the proof above. Thus we get

3 —VEV27 + 0(e), n> -1
FVeV2(7—m) +0(),  n=0;
226+ +0(), n=1;
B = VEV2T ++0(e), n>2

REMARK 5.2. In the ordinary discrete sine-Gordon equation there exist “27-
kinks sitting between two consecutive lattices”. This means that in the uncoupled
system, the sites where ¢ = 0 and those where ¢ = 27 are separated by a site where
¢ = 7 [3]. From the uncoupled solution (5.2), we can see that there is no solution for
the uncoupled unforced discrete 0-7 sine-Gordon (2.3) that represents “a semifluxon
sitting on a site” as there is no value of ¢ between 0 and 7 that satisfies the uncoupled
discrete sine-Gordon equation.

Also, in the ordinary discrete sine-Gordon equation there is a barrier for a kink
to move in space, the so-called Peierls-Nabarro barrier [5]. The barrier is defined
as the energy difference between a kink sitting on a site and a kink sitting between
two consecutive sites. This barrier exists because 2m-kinks have space translational
invariance, while there is no such property for a semifluxon. Therefore it does not seem
likely that such a barrier with the above definition can exist for a lattice semifluxon,
contrary to what was suggested earlier in [30].

The spectral stability of ®% (n; ;) is obtained by substituting ¢,, = ®% (n;e;v) +
vpeM in the model equation (2.3). Disregarding the higher order terms in v, gives
the following eigenvalue problem

(5.6) Li(e;v)v = Av,

oly

(5.5) D3 (nse;1 —e7) =
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where A = A2, v = (...,v_1,v0,v1,...)7 and L¥(g;~) is the linear discrete operator

. . 0
e —2e—-A_4 €
Li(g;y) = £ —2e — Ay €
€ —2e—A; ¢
0
A, = cos (@ﬁr(n;g;v) + Gn) , MmeEZ.
This operator plays a similar role as the differential operator L£i(z;v) = D, —

cos(¢t (x;7) + O(x)) in section 3. The eigenvalue problem is an infinite dimensional
matrix problem for a real and symmetric matrix. Thus the eigenvalues must be real.

In the discrete case, the continuous spectrum of semikinks is bounded. The
spectrum is obtained by substituting v, = e~%*" in (5.6) with J} = —2¢ — /1 — 2
from which one obtains the following dispersion relation for such linear waves

(5.7) A=— (\/1—'72+4€sin2(§)) :
Thus the continuous spectrum consists of the intervals +i[{/1 — 72, 1/1/1 — 72 + 4¢]

(recall that A = \2).

In the following two lemmas we will show that all eigenvalues of the lineariza-
tion L'(e;7) are negative for ¢ small. Thus for e small, the type 1 wave is always
stable. For 7 = 1 — &5 and 5 > 7, it can be shown that the linearization L3(g;1 — £7)
has a positive eigenvalue for € small. Hence the type 3 wave is unstable for v near v,
and with ¢ small.

LEMMA 5.3. For 0 < v < 1 and € small, the largest eigenvalue of the operator
L1 (g;7) is negative up to O(g?).

Proof. The eigenvalue problem to calculate the stability of the monotonically
discrete 7-kink ¢ (n;e;v), n € Z is given by (5.6) with i = 1. Slightly modifying
Baesens, Kim, and MacKay [2], the spatially decaying solution that corresponds to
an eigenvalue of the above eigenvalue problem, can be approximated by

™" n <0,
(5-8) Un = { celmlin>1,

for some ¢, ¢ and |¢| < 1. The diagonal elements in L!(e;~) are A,, = \/1 — y2+0(g?),
: _ [ 2 _ ™ 2
ifn#0,1, Ag = \/1—72—6ﬁ+0(6 ) and A; = 1—724—6\/7—4-(’)(6 ).

1—~2

Thus Ag # Aj, hence the need for two parameters ¢ and ¢ (modifying [2], where
¢ = %1 following from the symmetry Ag = Aq).

For small nonzero ¢, if we can match exponentially decaying solutions (5.8) on
both sides from either end of the lattice to a central site, then we obtain a candidate
for an eigenfunction. With (5.6), the parameters ¢ and ¢ will be determined up to
order €. For n # 0,1, the relation (5.6) gives up to order &

(5.9) A=—/1-"2+ec(t—-2+1).
At the central sites n = 0,1 we get up to order
(5.10) A=—\1-72+e—"A—+e(l—-2+¢);

Vi-?
— T2 —e—Ax —24 1),
(5.11) A=—y/1—~ sﬂ-i-s(ﬁ 2+ %)
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Combining (5.9), (5.10) and (5.11) shows that there are two possible value for ¢, being
A Ty vV 1+(m2—-1)~2
Cy = i + i +0

exponent £ as a function of € and ~, i.e.
V1—72
5.12 lp =+ + 0(e),
(5.12) * 14 (72 —1)y2 (€)
(5.13) Ay = — 1—72+€i(£i 12+ O@2).
+

(¢) and leads to the eigenvalue A and the decay

General Sturm-Liouville theory states that a critical eigenfunction that corre-
sponds to the largest eigenvalue of a continuous eigenvalue problem does not vanish,
except probably at x — foo. This theorem can also be extended to a discrete eigen-
value problem such that the most critical eigenvector does not have sign changes
[1]. Thus, if we have a solution of the form (5.8) with ¢ > 0, then it is the critical
eigenvector.

From (5.12), we see that £; > 0, thus gives that the largest eigenvalue A from
(5.13) is in the gap between zero and the interval associated with the continuous
spectrum, i.e. Ay < 0. 0

REMARK 5.4. From the details in the proof, note that weak coupling with strong
bias current leads to one additional eigenvalue to a lattice w-kink ¢_, i.e. /_ < 0 with
|¢_] < 1. This indicates that the eigenvector of the form (5.8) is localized but has
out of phase configuration, i.e. has infinitely many sign changes. This is a typical
characteristic of a "high-frequency’ eigenvalue which is confirmed by the fact that A_
is indeed smaller than the phonon band. The presence of a high-frequency eigenvalue
of a kink was previously reported by Braun, Kivshar, and Peyrard [6] in their study
on the Frenkel-Kontorova model with the Peyrard-Remoissenet potential [25].

For ~y close to 1, i.e v =1 — €7, with 4 > 7, both the type 1 and the type 3 wave
as given in (5.5) can be analyzed. In the following lemma we also show that both
types have a high-frequency eigenvalue.

LEMMA 5.5. For v =1 — &7, with v > 7, the largest eigenvalue of the opera-
tor L*(e;1—¢7) is strictly negative and the largest eigenvalue of the operator L3(g;1—
€y) 1is strictly positive.

Proof. As before, we write for an eigenfunction

cl ", n <0,
Up = A n—1
el n>1,

for some ¢, ¢ and |¢| < 1 and we substitute this in the eigenvalue problem, which leads
to the equations

(5.14) A= _sm(\/%+0(e)) Fe(1/6—2 1 0);
(5.15) A= :Fsin<\/2e(§—7r) +(9(e)) Fe(f—2+ o)
(5.16) A= —sin (V2e(5+ ) + O()) + et~ 2+1/0).

where F-sign in the second equation is a minus sign for the eigenvalue problem asso-
ciated with the type 1 wave and the other sign in case of the type 3 wave. Again, by
subtracting (5.16) from (5.15), we get a quadratic equation for ¢, with two solutions,
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one of order ﬁ and one of order /¢ (which is easiest found by writing the equation

. . 1.
as a quadratic equation for E)

L = L (V2 F V2E -1 + O(E))
~V2G+ M £ V2[ - ™) + O(VE) .

Combining (5.14) and (5.15) resp. (5.16) and using the two expressions above gives
that in both cases £ is of order /¢ and given by

- L (VAFVE-1+0(5)
- = (VA-V2EFm+0(E).

Finally, substitution into (5.14) shows that

Ay FVEV2(Y —7) + O(e);
Ay = —/e 27 +7)+ Ofe).

The eigenvalue that corresponds to £ > 0 is A;.

So clearly the largest eigenvalue A; is negative in case of the type 1 wave and is
positive in case of the type 3 wave.

In additional, the operator L!(g;1 — &) and L3(e;1 — €¥) have the same high-
frequency eigenvalue As. O

After considering the presence of a high-frequency eigenvalue of a semi-kink in the
strong bias current, in the following we will show that the eigenvalue appears when
the bias current is larger than /e + O(e). This also means that a discrete semi-kink
can have a high-frequency for a small forcing.

Because we do not have an analytic expression of type 2 and type 3 semi-kink in
that small forcing limit, the following analysis is done only for the type 1 semi-kink.

LEMMA 5.6. There is a critical value yne, Yue = & + O(e) such that for all
v € (Yt Yer) the operator L(e;4) has a high frequency eigenvalue that up to O(e?)
is attached to the lowest boundary of the continuous spectrum. The corresponding
etgenvector is localized and changes sign between any two adjacent sites.

The appearance of this eigenvalue and the structure of its eigenvector is checked
numerically in section 6.

Proof. Again, we write for an eigenvector

™" n <0,
Un = o apn—1
el n>1,

|=

5 =

(S Y

S

She S
[

(5.17)

for some ¢, ¢ and |[¢| < 1 and we substitute this in the eigenvalue problem. We
first A(;onsider v = \/iﬁ. T;his gives A, =1 — # — AE:T:# + 0(55/2)’}5 n ;;é 0,1, Ag =
1- =3 2nq—e2(L+2-)+0(e%/?) and Ay = 1- =L +&3/219—e?(L+ 5 )+0(%/2).

Using the same procedures, this implies ¢4 = —/Ery—e%/243 w4 /72426 + 2724462 + 1
and

(1 +42)

= en? £ 2\/7252% + 2n2Ate? 1 1 = 41+ © —— + 0.

ly

For 4 > 1 there are two solutions |/4| < 1; £; > 0 corresponds to the largest

eigenvalue and also exists for 4 < 1 (Lemma 5.3); /— < 0, so that its associated
eigenvector v, indeed changes sign between any two adjacent sites.
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The value yn¢ = v/ 4+ O(e) indicates the appearance of this high frequency eigen-
value from the continuous spectrum. It follows from a straightforward analysis that
this eigenvalue exists, i.e. ¢_ € (—1,0) exists, for all ¥ € (yuf,Ver) With the corre-
sponding eigenvalue is A_ = —1 + (772 — 4)e +41/8¢% + O(e3). Up to O(e3) this
eigenvalue is nothing else but the lowest boundary of the continuous spectrum. O

6. Numerical computations of the discrete system. To accompany our an-
alytical results, we have used numerical calculations. For that purpose, we have made
a continuation program based on Newton iteration technique to obtain the stationary
kink equilibria of (2.3) and (2.4) and an eigenvalue problem solver in MATLAB. To
start the iteration, one can choose either the continuum solutions discussed in sec-
tion 3, i.e., the case where the lattice spacing parameter a = 0, or trace the equilibria
from the uncoupled limit € = 0 (¢ — o) as discussed in the previous section. We
use the number of computational sites 2IN = 800 for parameter values of a = 0.05 or
larger (¢ = 20 or lower).

6.1. Stability of type 1 lattice semifluxon. The type 1 lattice semifluxon
®l(n;e;0), n € Z has been studied analytically both in the strong coupling limit
(a < 1, or € > 1) and the weak coupling limit (a > 1, ¢ <« 1). In Figure 6.1(a),
®! (n;¢e;0) is plotted for two different values of the coupling parameter . For a given
value of ¢, one can use as initial guess in the numerical procedure either a solution
from the continuous limit (3.10) or from the uncoupled limit that has been discussed
in the preceding sections.

In Figure 6.1(b), we present the numerically calculated spectrum of the type 1
semifluxon with v = 0 as a function of the lattice spacing parameter. The approximate
largest eigenvalue (4.9), derived for a small, and the one derived in Lemma 5.3 for a
large, are in a good agreement with the numerically obtained largest eigenvalue. Any
eigenvalue below A = —1 belongs to the continuous spectrum. For a close to zero we
do not see dense spectra because of the number of sites we used. By increasing the
sites-number we will obtain a more dense spectrum.

There is only one eigenvalue outside the phonon bands, the largest eigenvalue
as studied in Lemma 5.3. This is in contrast to the case of an ordinary lattice 27-
kink [16, 18] where there is an internal mode bifurcating from the phonon band when
the parameter a increases.

If Fig. 6.1(b) shows the spectrum of the type 1 semifluxon as a function of the
coupling parameter ¢ (¢ = 1/a?) for a fixed bias current +, in Fig. 6.2 we present the
numerically calculated spectrum of the type 1 lattice semifluxon as a function of -y for
a fixed ¢, ¢ = 0.25.

Lemmas 5.3 and 5.6 established the existence of two eigenvalues (for £ small
enough) for the stability problem associated to the type 1 semifluxon, the largest
eigenvalue and an additional eigenvalue which bifurcates from the lower edge of the
phonon band for bias current v > ~p¢. It follows from the numerical simulations that
these are indeed the only two eigenvalues (Figure 6.2). For ¢ = 0.25, this minimum
bias current ~ys is approximately 0.466. Interestingly, according to Lemma 5.6 the
bifurcation appears at v, = 1/ = 0.5 at leading order in €. This is in remarkably good
agreement with the numerical result, especially since the error is O(e) and € = 0.25.

To picture the appearance of the high-frequency eigenvalue, the first two and the
last two modes of a discrete semikink are presented in Figs. 6.3-6.5 for various values
of v and a fixed ¢.

If we keep increasing ~ further, then there is a critical applied bias current at
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FiG. 6.1. (a) Two lattice semifluzons of type 1 with no bias current (v = 0) are plotted as
a function of the lattice index, namely the kink for strong coupling with € = 100 (equivalently, a
very small lattice spacing a = 0.1) (— % —), i.e. close to (8.10) and the kink for weak coupling with
€= i (equivalently, a large lattice spacing a =2) (—o—). (b) Numerically computed spectrum of a
lattice semifluzon against the lattice spacing parameter a with v = 0. We used the number of sites
2N = 300. We zoom in the plot of spectra around -1 for clarity. The bold-solid-line is the calculated
approximate function for the point spectrum using perturbation theory for a small resp. for € small.

which the largest eigenvalue becomes 0. Numerical computations show that this
critical value is 7., (¢) above which static lattice semifluxons disappear.

The critical bias current for the existence of a static type 1 lattice semifluxon in the
continuum limit and for a very weak coupling in the discrete system has been discussed
and derived analytically in sections 3-4 and section 5, respectively. In Figure 6.6, the
numerically calculated critical bias current 7., of the discrete system (2.3) as a function
of the lattice spacing a is presented. The approximate functions, given in (4.2) for
small a, and in (5.4) for large a (small €) are presented as dashed lines.

6.2. Instability of type 2 lattice semifluxon. In the continuum models we
have seen that for v small, the instability of the type 2 semikink is mainly determined
by the instability of the 37-kink in the continuum models for v = 0 . So we start
this section by looking at the stability of the 37-kink in the discrete model. We will
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FI1G. 6.2. (a) Spectrum of the type 1 semifluzon as a function of the applied bias current v for
a value of the coupling constant € = 0.25. The dashed line is theoretical prediction from (5.13).
In (b) we zoom in on the spectrum around —1 for clarity. The spectrum is normalized to the lower
edge of the phonon band, i.e. \/1 — 2 +4e, such that the appearance of a high frequency eigenvalue
can be seen clearly.

denote the 3m-kink by ®3_(n;¢;0), where as before the coupling parameter € and the
lattice spacing a are related by ¢ = .

Using our continuation program, we have followed a 3m-kink solution from the
continuous limit 0 < ¢ < 1 up to the uncoupled situation € = 0 (i.e., a = o0). We

obtain that ®3_(n;0;0) is given by
0, n=-1,-2,...

2 o ) 2w, n=0,
(6.1) ®3.(n;0;0) = ———)
3m, n=23,....

Note that this discrete configuration is not monotonically increasing as opposed to
the continuum configuration, which is monotonic.

In Figure 6.7, we present the numerically obtained eigenvalues of a 3m-kink as a
function of the lattice spacing a. For small a, the largest eigenvalue is indeed increasing
as is predicted by the perturbation theory (4.10). As soon as the lattice spacing is
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Fic. 6.3. The first and the last two modes of the type 1 discrete semikink for ¢ = 0.25 and
v = 0. The results are shown for 2N = 100 for clarity. Shown are the eigenvector of (a) the largest
mode, (b) the second mode, (c)-(d) the last two modes. The presence of only one eigenvalue is
shown by the fact that there is only one localized mode.
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Fic. 6.4. The same as Fig. 6.3 for v = 0.5.

of order one, the largest eigenvalue decreases and becomes zero at approximately
a = 1.7521.

After establishing that increasing the lattice spacing can stabilize the 37-kink at
v = 0, we continue by looking at the stability of the 2z-kink for v > 0. Interestingly,
increasing the lattice spacing does not stabilize a type 2 semikink for v > 0. In
Figure 6.8, we show a plot of the type 2 semikinks for two values of € as well as a
plot of the largest eigenvalue as a function of € for two particular values of 7, namely
v = 0.01 and v = 0.1. We present the largest eigenvalue as a function of the coupling &
instead of the lattice spacing a as the eigenvalue changes most for small coupling (large
lattice spacing). From Figure 6.8 it follows that the solutions are unstable even in the
weak-coupling limit. This is interesting as in the limit for v — 0, the type 2 semikink
can be seen as a concatenation of a 37-kink and a —27-kink. Both the 37-kink and
—2m-kink are stable for the coupling e sufficiently small, while the type 2 semikink
turns out to be unstable.

This instability issue can be explained by looking at the expression of a type 2
semikink when it is uncoupled (¢ = 0). For the two particular choices of v above, we
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Fic. 6.5. The same as Fig. 6.3 for v = 0.7. Note that there are now two localized modes shown
in (a) and (d). The eigenvalue of the mode shown in (d) is —1.7357 while the lower edge of the
phonon band is —1.7141. Note also that neighboring sites of the mode in (d) move out of phase,
contrary to the semikink’s low-frequency eigenvector (a).

F1G. 6.6. The critical bias current of a static w-kink as a function of the lattice spacing pa-
rameter a. For ~y above the critical current there is no static w-kink solution. The solid line is
numerically obtained curve. Dashed lines are the theoretical predictions (4.2) for a < 1 resp. (5.4)
fora>1 (e k1)

get from the simulations that the configurations of the these semi-kinks are given by

0 + arcsin(0.01),
7w — arcsin(0.01),
7 + arcsin(0.01),
3m 4 arcsin(0.01),
27 — arcsin(0.01),
7 + arcsin(0.01),

(6.2) ®2(n;0;0.01) =
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F1G. 6.7. Plot of the eigenvalues of a 3m-kink as a function of the lattice spacing parameter a.
We zoom in the region with a < 1 where it shows that turning the lattice spacing on destabilizes
the kink. The dashed line depicts the analytically computed approzimation (4.10) to the largest
eigenvalue of the 3m-kink.

and
0 + arcsin(0.1), n < -1,
7 —arcsin(0.1), n =0,
5/ _J m+aresin(0.1), n=1,
(6.3) ®7(n;0;0.1) = 3w+ arcsin(0.1), n=2,...,6,
27w —arcsin(0.1), n=17,

w4 arcsin(0.1), n > 8.

We see that there are two sites, namely n = 0 and n =9 for v = 0.01 and n =0
and n = 7 for v = 0.1, where ® takes the value of an unstable fixed point of the
discrete system (2.3). Looking only at sites numbered n = 2 to n — oo, ®2(n;0;)
can be viewed as a —2m lattice kink sitting on a site which is known to be unstable.
If we look only at sites numbered n = 6 to n — —oo, ®2(n;0;7) can be seen as a
deformed 37 lattice kink (at site n = 0, the phase ® takes the value 7 instead of the
value 27 as in the 37-kink). Hence, it seems that coupling between the two kinks due
to the presence of a nonzero 7 is responsible for the instability.

It has been discussed in the previous sections that there is a critical bias current
~* for the existence of a type 2 lattice semikink in the continuum models. However, we
did not numerically calculate the critical bias current v*(a) for discrete system (2.3).

6.3. Instability of type 3 lattice semifluxon. In this section, we will consider
the type 3 semikinks, which will be denoted by ®3 (n;e;7). In Lemmas 3.9 and 4.7 it
has been shown that these kinks are unstable in the continuum models for small or
zero lattice spacing.

The largest eigenvalue of a lattice type 3 semifluxon for three particular values
of v, i.e. v = 0.01, 0.1, 0.55, is presented in Figure 6.9. Even though in the limit
for v — 0, a semifluxon of this type is a concatenation of a 2z-kink and a —m-kink
which both can be stable in the discrete system, the type 3 semikink is unstable for all
parameter values from the zero lattice spacing limit all the way to the zero coupling
one. The explanation is similar to the one for a type 2 semikink discussed above.
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Fi1G. 6.8. (a) Plot of a type 2 semikink with v = 0.01 for e =100 (— * —) and € = 40 (—o—).
(b) Plot of the largest eigenvalue of a type 2 semikink as a function of the coupling parameter €.
When € = 0, the eigenvalue converges to A = /1 — 2.

Indeed, for the three particular choices of v above, ®3 (n;0;7) is given by

0+ arcsin(0.01), n=-1,-2,...
3, A ) m—arcsin(0.01), n= -6,

(6.4) @ (n;0;0.01) = 27 + arcsin(0.01), n = —5,...,0,
m+arcsin(0.01), n=1,2,...,
0+ arcsin(0.1), n=-1,-2,.

3/ A ) m—arcesin(0.1), n=-2,

(65) (I)n(na 0; 01) - o0 + arcsin(O. )’ n=—1,0,
m+arcsin(0.1), n=1,2,...,

and

0 + arcsin(0.55), n=—-1,-2,...
(6.6) ®3(n;0;0.55) = { 7 — arcsin(0.55), n =0,
7 + arcsin(0.55), n=1,2,....
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F1G. 6.9. (a) Plot of a type 3 semikink with v = 0.01 for e =100 (— * —) and € = 40 (—o—).
(b) Plot of the largest eigenvalue of a type 3 semikink as a function of the coupling parameter €.
When € = 0, the eigenvalue converges to A = /1 — 2.

One interesting point to note for the type 3 semikink is that the number of sites with
value 27 is decreasing as <y increases. Starting from the continuum approximation of
a type 3 semikink as the initial guess for the continuation program, the 2m-plateau
disappears for v > v*(a) (see (4.1)). For v > v* the configuration at ¢ = 0 is similar
to the stable type 1 m-kink (5.2), apart from the value of the phase at the site with
n = 0 (where the phase takes the value of an unstable fixed point).

Because analytical calculation of the spectrum of the type 3 semikink has been
obtained in the small coupling limit and bias current close to 1 (Egs. (5.17)), it is worth
comparing the analytical predictions with numerical computations. The theoretical
calculation shows that a type 3 semikink has two eigenvalues one of which is a high
frequency mode.

Using the continuation of Eq. (6.6) for ¢ = 0.25, the spectrum of the type 3
lattice semikink is presented in Fig. 6.10 as a function of the applied bias current ~.
Our numerics reveal that a type 3 semikink can have three eigenvalues with one of
them is a high frequency mode only when + is close to 7. For 7 < 7, the type 3
semikink has two eigenvalues with both of them are in the gap between zero and the
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Fic. 6.10. Spectrum of the type 3 semifluxon as a function of the applied bias current ~y for
e =0.25. In (b) and (c) we zoom in on the spectrum around -1 for clarity where the spectrum in
(b) is normalized to the upper edge of the phonon band, i.e. \/1 —~2, and in (c) is normalized to

the lower edge of the phonon band, i.e. \/1 —~2 + 4e, such that the (dis)appearance of an internal
mode can be seen clearly. The insets in (b) show the internal mode for two values of 7.
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phonon band. The intermediate situation from v < 7y to v close to 7., is depicted
in Fig. 6.10(b), in which one can see that the low-frequency internal mode enters the
phonon band when v — 7¢,. The birth of a high-frequency eigenvalue is shown in
Fig. 6.10(c). Qualitatively the appearance of a high-frequency eigenvalue of a type
3 semifluxon is similar to the case of the type 1 lattice semikink (see Fig. 6.2(b)).
One quantitative difference is that the critical bias current for the presence of a high-
frequency eigenvalue here is ¢ &~ 0.677, while for the same value of € y,¢ of a type 1
semifluxon is 0.466. Again, our theoretical results give a qualitative agreement with
the numerics.

7. Conclusions. We have performed an existence and stability analysis for three
types of lattice m-kink solutions of the discrete 0-m sine-Gordon equation and its
continuum limits. Analytical results have been established in the continuum limits
and in the weak-coupling case. It has been shown that in the continuous 0-7 sine-
Gordon equation, m-kinks of type 1 are stable and the other types are unstable.
The introduction of discreteness destabilizes the unstable m-kinks even more. An
approximation to the largest eigenvalue of all types of m-kinks has been derived both
in the continuum and the weak coupling limits.

For future research, it is of interest to study the nucleation of kinks and antikinks
when a constant force, or bias current, y that is above the critical value ., is applied
— see Figure 3.2(b). One question that can be addressed is the mechanism and the
frequency of the nucleation as a function of the applied constant force, especially in
the presence of a damping coefficient (which has not been considered in this paper).
In work in progress, the stability of the type 3 semifluxons in the presence of defects
in studied. These semifluxons are unstable, but the largest eigenvalue is close to zero.
In fact, a type 3 semifluxon consists of a fluxon and a semifluxon with the opposite
polarity. In experiments, the presence of a fluxon nearby a semifluxon can influence
a junction measurement [12]. Because a fluxon can be pinned by a defect [17], one
can expect to have a stable type 3 semifluxon when there is a defect present in the
system.

Acknowledgments. H.S. wishes to thank Panayotis Kevrekidis for numerous
useful interactions and discussions.
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