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Abstract

We consider an elliptic perturbation problem in a circle by using the ana-
lytical solution that is given by a Fourier series with coefficients in terms
of modified Bessel functions. By using saddle point methods we construct
asymptotic approximations with respect to a small parameter. In par-
ticular we consider approximations that hold uniformly in the boundary
layer, which is located along a certain part of the boundary of the domain.
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1 Introduction

Consider the elliptic partial differential equation

[0}
cAD(z,y) - Z—y@,y) — floy), P4yt <l, (1.1)

where € > 0. The boundary condition reads
®(cosb,sinf) = g(0) (1.2)
on the boundary of the circle » = 1, where we introduced the polar coordinates
xr=rcosf, y=rsinf, 0<r<1, —-w<6<m. (1.3)

The problem is to find the asymptotic behavior of ® as ¢ — 0. The solution
to equation (1.1) has a boundary layer at the boundary where y is positive. In



-1.0

Figure 1: Boundary layer inside the circle along the upper boundary r = 1,y > 0 and
near the points (+1,0).

particular it is of interest to find the behavior of ® in small neighborhoods of
the points (x,y) = (£1,0), the places of birth of the boundary layer.

When ¢ — 0 the second order elliptic operator in (1.1) reduces (in the limit
e = 0) to a first order operator. The solution of the reduced equation cannot
satisfy the boundary condition on the whole circle. The capricious behavior of
the solution occurs in the boundary layer, whereas along the part with y < 0
the solution behaves very regularly; see [6, Theorem IV].

This type of singular perturbation problems is well studied in the literature.
Rather early publications are [26] and [11], who have pointed out that the
boundary layer occurs near » = 1,y > 0 and the points (+1,0); see Figure 1.
A classical paper for the construction of the asymptotic expansion is [6], where
general operators in a general convex domain are considered. Further research
is done in numerous papers and books, for example in [9]. The most common
method to obtain the approximations is based on stretching the variables in the
boundary layers and substituting local expansions in the transformed equations.
Matching the solutions from one domain into other domains yield values for
integration constants, from which uniform approximations can be obtained.

When we choose simple operators (as in (1.1)) and domains it is possible to
solve the problems analytically and to use other methods for obtaining asymp-
totic approximations. In [23] we have used analytical methods based on integral
representations to study a problem as in (1.1)—(1.2), with simple functions f and
g, in a sector

{x:rcos@,y:rsin@’rZO,0§9§a<27r}, (1.4)

and we were able to describe in detail the behavior of the solution in the bound-
ary layer # ~ « and in the internal layer 6 ~ %ﬂ'. It was also possible to describe



precisely the behavior of the solution in the case of the transition of the sector
into the quarter plane o — %w, in which case a boundary layer of different type
arises (a so-called parabolic layer is present when o = %ﬂ', whereas the bound-
ary layer is of a linear character when a # %ﬂ') For further recent studies on
this type of problems in which the asymptotic approximations are derived from
explicit representations of the solutions, we refer to [13], [14], [12], [15], [16], and
[17]. See also [21] and [22].

In [19] the circle problem is considered with the same simple differential
equation and boundary condition as in our case. A detailed analysis is given for
the boundary layer near the points (£1, 0) by using boundary layers coordinates.
Integrals of ratios of Airy functions are used to obtain the approximations. In
[25] the problem is considered in a domain exterior to the unit circle. In that
very instructive paper the exact solution is used with saddle point methods for
integrals and residue series in terms of zeros of modified Bessel functions. In
[10] these results are summarized and numerical aspects of this problem are
discussed.

In [8], [19] and [20] problems from mathematical physics are given that lead
to the elliptic singular perturbation problem considered here. The equation (1.1)
arises in magnetohydrodynamics, where € measures the importance of viscous
force relative to the electromagnetic force, and in the theory of plate-membranes
under tension in the y—direction, where € measures the bending stiffness.

The purpose of the paper is to construct approximations of ®(z,y) by using
the analytic representation of the solution, which in the present case can be
given in terms of a Fourier series of which the coeflicients can be written in
terms of Bessel functions.

2 Singular perturbation methods

We give a few steps on the construction of the asymptotic solution of the singular
perturbation problem by substituting an asymptotic expansion. We consider the
problem defined in (1.1)—(1.2) with simple choices of f and g. In order to be
able to construct an explicit series solution later in this paper we consider

0P
eAD(x,y) — 8—y($,y) =1, 22+y*<1, 2.1)

®(cosd,sinf) = 0.

To give a first impression of what is happening in the boundary layer we
consider an example of a singular perturbation problem for an ordinary differ-
ential equation. It is known that the influence of the term w,, in (1.1) is not
very great in the interior of the circle and when z is bounded away from =+1.
This is due to the influence of the characteristic lines x = constant of the linear
operator in the equation. The solution of the equation

Pw  dw

CUE T ay b w=0 i y==x1 (2.2)
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Figure 2: The solution w(y) of (2.3) on the interval [—1, 1], with boundary layer near
y=1.

is given by
1 e¥e — et 2.3
w(y) = — —9+W (23)
We observe that on the interval [—1,1 — §], where § is a fixed small positive
number, for small values of € the function w is equal to wo(y) = —1 — y plus

a function that is exponentially small. Near the boundary y = 1 the solution
w drops from the value —2 to its proper boundary value 0; see Figure 2. In
this example we see that the boundary layer occurs at y = 1. Similarly, for the
circle problem (1.1) the boundary layer occurs at the upper semi-circle. Inside
the circle the solution of the circle problem can be approximated by

wo(z,y) = —y —V1— 22 (2.4)

which satisfies the condition on the lower semi-circle, but not on the upper
semi-circle. Using the singular perturbation method (cf. for instance [6]) we
can construct more terms in an expansion. When we substitute the formal
series

O(z,y) ~ Zs”wn(x,y) (2.5)
n=0

into (2.1) and equate equal powers of e, we find

3w0(:1?,y) - _1

% 7 (2.6)
Own (, '
%—Awnl(a@y)v TL:1,2,...,

and all w,, should vanish at the lower part of the unit circle. This gives wy given



in (2.4) and

y
wp(z,y) = / Awp_q1(z,n)dn, n=12,...,. (2.7)
Vima?

It is easily verified that

y+ R y+ R
wy(z,y) = R wo(z,y) = SR (3y+ 12y2” + R) ,
y+R
ws(w,y) = SR X
(15(8z* + 1227 + 1)y + 3(3 + 202%)y R — 2(122* + 62 — 1)R?) ,

(2.8)
where R = v/1 — 22. We observe that these w,, become singular at the points
(£1,0) and that they do not satisfy the boundary condition w, = 0 on the
upper part of the unit circle.

To satisfy the boundary conditions along the upper part of the unit circle so-
called boundary layer terms are introduced. These functions have the property
of being of order O(¢™) for all n everywhere inside the unit circle, except for a
small neighborhood of the upper part of the circle. Following the construction
of the boundary layer term given in [6], we can write in first approximation

O(r,y)=—y—V1—a2+ 2sinf e~z (1=)sind (z,y) + 20(x,y, ), (2.9)

where zg(z,y,2) = O(e), uniformly inside the unit disk, with the exception of
small neighborhoods of the points (£1,0). The function ¢ is a C'°®—function,
a smoothing factor, on the disc, which equals unity on a neighborhood of the
upper part of the circle, say the domain given by % <r <1,y > yo, where yo is
a fixed positive small number, and 1 vanishes in the lower part of the disc.

In [6] an iteration process is given for obtaining any number of terms wy,
and boundary layer functions v,, in the expansion

n n+1
O(z,y) = Z e wm (z,y) + ¥(z,y) Z eMom (2, y,€) + zn(z,y,e), (2.10)
m=0 m=0

where wy, (z,y) and vy, (z, y,€) are uniformly bounded for € > 0 for » < 1, with
the exception of small neighborhoods of the points (£1,0), and where ¥ (z,y)
is a smoothing factor. For a description of the properties of the remainder
zn(x,y,€) we refer to [6, Theorem VIJ.

3 The solution of the boundary value problem

We construct the solution of equation (1.1) and boundary condition (1.2) with
the simple functions f(z,y) = 1,¢(f) = 0. A first substitution

(I)(Iay) = —Yy- ewyF(xvy)a (31)



gives the problem

AF(I,y)—W2F($,y):O7 w:%a (32)
with boundary condition
F(cos#,sinf) = —sinf e w50, (3.3)

The Helmholtz equation in (3.2) can be solved in terms of modified Bessel
functions by using the polar coordinates

x=rcosf, y=rsinb. (3.4)
In terms of r and 6, (3.2) reads
r2F,.. +rF. —w?r’F 4+ Fyp = 0. (3.5)
The modified Bessel function I, (wr) satisfies the differential equation
r’G" +rG — (wr® +n*) G =0, (3.6)

where differentiation is with respect to r. It is straightforward to verify that

the Fourier series
o0

F(z,y) = Z an I (wr)e™? (3.7)

n=—oo

satisfies (3.2), where the coefficients a,, follow from the well-known Bessel func-
tion series (cf. [1, 9.6.33])

o0

e*cost = Z I,,(z) cosnt. (3.8)

n=—oo

This gives

<

1

n

~

(@) jingr (3.9)

Qp = (w

~—

I,
By using the symmetry I,,(z) = I_,(z), we obtain

In(w)

where the prime in the summation symbol means that the first term of the sum
is to be halved.

Fla,y) =2 i n(@) 1 or) cosn(8 + Lm), (3.10)
n=0



4 The Poisson summation formula

In the previous section we have derived the solution of the boundary value prob-
lem (3.2)—(3.3) in terms of the Fourier series given in (3.10). In this section we
investigate this Fourier series by transforming it by using the Poisson summa-
tion formula. In this way we obtain a series of integrals, and the first term of
the new series can be used for obtaining the asymptotic expansion of ®(z,y)
outside the boundary layer.

We apply the Poisson summation formula to the series in (3.10). We have

Yo fmy= > femm), (4.1)

n=-—oo m=—oo

where fis the Fourier transform of f:
fo = [ e (12)

This result holds if f is of bounded variation and absolutely integrable on IR
(cf. [29, p. 68]). For cosine transforms we have (by assuming that f is even)

S fm) =Y Femm), fy)=2 /Oof(x) cos(ay) dr.  (43)
n=0 n=0 0

Applying this to (3.10) we obtain

F(xvy) = 2ZI Fm(xay)v (44)
n=0

where

oo 7/
Fo(z,y) = 2/ L) I, (wr) cosv(f + Lm) cos(2mmu) dv. (4.5)
o lv(w) 2

The function I, (z) is an analytic function of v, with the the asymptotic behavior
as given in (A.2). For small values of v and large z the estimates given in (A.3)
are applicable, and I, (z) is positive if z and v are positive. It follows that all
functions F,,(z,y) in (4.5) are well-defined, and that the Poisson summation
formula can be applied. The integrals that define F),(x,y) converge fast for
fixed values of w, as follows from (A.2).

4.1 The asymptotic behavior of Fy(x,y)

To investigate the asymptotic behavior of Fy(z,y) defined in (4.5) we use the
Debye uniform approximation of I, (w) given in Appendix A. We have

L), (wr) = V2 +w? eV
(w) 7 Vorw (12 4 w2r2)t

1+0(1/w)], (4.6)

o



as w — oo, uniformly with respect to v € [0,00). The quantity 7 is given by

z wr
=VI+22+lh—— =2 47
n +z —I—ml+ T 2= (4.7)

Using this in Fy of (4.5), putting v = wrsinht, replacing the cosine by an
exponential function, we obtain

Fo(z,y) ~ 4/ % / V1 + r2sinh®t Veosht e g, (4.8)

where

f@)=(@t—i6— z%w) sinh ¢ — cosh . (4.9)

The saddle points follow from the equation f'(t) = (t — i — 1mi)cosht = 0.
The zeros of cosht are i(3m + k). The other one is if + mi. For details on the
saddle point method for integrals we refer to [28]

Several interesting aspects can be observed:

e when # — 0, the two saddle points and a singularity of the integrand
coalesce.

e when 6 — 0 and » — 1, another singularity coalesces with the two coa-
lescing saddle points.

There is no standard method in uniform asymptotic methods for integrals avail-
able to handle the second case. In the first case Airy functions can be used,
although the term v/cosht causes a difficulty.

This first orientation in the asymptotic phenomena demonstrates the com-
plicated situation that arises in the points (£1,0). On the other hand, the
asymptotic estimate (4.6) is not valid in the neighborhood of the points v = +iw
and v = +iwr. The first points correspond with saddle points due to zeros of
cosht.

By using standard methods we obtain the first terms in the asymptotic
expansion of Fj for the case that y < 0. Because our singular perturbation
problem is symmetric with respect to x we can always assume that x > 0.

Let 6 € [—3m,0). The saddle point of interest is to = i(f + ), and we can
deform the interval of integration (—oo,00) into the path of steepest descent
through the saddle point ty; see Figure 3.

We have f(tg) = sin6 and transform

f(t) = f(to) + 5u®, sign(t) = sign(u), (4.10)

Fo(z,y) ~ 4/ % e wrsing / e zwry’ g(u) du, (4.11)

dt
g(u) = \/m\/cosht%. (4.12)

which gives

where
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Figure 3: Saddle point contour through the saddle point to = i(0+17) if 6 € [-17,0).
The points t+ = +arccosh % + %m’ are singularities of \/1 + r2sinh?¢. The point %m’
is also a singularity, because of the factor vcosht. When # — 0 and r — 1 the three

singularities at ti‘ and %m’ coincide with the saddle point ¢, and the standard saddle
point method cannot be used.

The expansion of ¢ in powers of u can be obtained by inverting the relation

Lu2 = —sing [%(t—tof + (=) + Lt —t0)® + }

: 1 3, 1 5 1 7 (4.13)
+icosd [g(t —10)? + (L —t0)® + gt — t0)T + .. ] ,
that is
U icosf 9sin? 6 4 20 cos? 4
t=to+ — u® — 3 4.14
T V/=sind 3sin’0 72(—sinf) 3 (4.14)
This gives
g(u) = go + gru+ gau® + ..., (4.15)
with
go=v 1- :E27
go= ————— [12/%sin" 6 — (5cos> 6 + 3sin® 0)(1 — 2%)] . (4.16)
24430 (1 — 22)3
When we take into account the term g only, we obtain
Fo(z,y) ~ e @rsint /1 — 22, (4.17)

which gives

(z,y) ~ —y — V1—2% =wo(z,y), (4.18)
cf. (2.4). To obtain a second term, which should be compared with w; of (2.8),
we need go and a coeflicient that comes from a second term in the Debye-type
expansions of the modified Bessel function I, (w); cf. Appendix A. That is, we
use

I(w) VAFS e
I, (wr) = _—
I, (w) V2w (b2 4 w2r2)T (4.19)
1_|_3cosh21€—5sinh2t 1 +O(/w?) '
_ Wi,
24wr cosh® t 2w(1 + 72 sinh? t)2
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Figure 4: Saddle point contour through the saddle point to = (6 + ) if 6 € (0, 37).

where t and v are related by v = wrsinht. We have

wr

et [ de gy by du, (120)

where g(u) is given by (4.12) and h(u) corresponds with the function between
square brackets in (4.19). We expand

1

h(u) =1+ [ho + hiu + O(uQ)] » +0w™), (4.21)

where ) )

3 cosh”tyg — 5sinh” ¢ 1
ho = cosh” tg sinh®to _ . (4.22)
24r cosh tg 2(1 4 r2 sinh ¢)?
It follows that
—wrsin @ 1 1 —2

Eb@;y):%Z go+- gdm—%;gz ;«+CXw ). (42&

By using the values of the coeflicients gg, g2 and ho given above, we obtain

Fo(z,y) = e—«rsin? l\/ 2 4 y o i ;)‘TQ +O(w™ )1 . (4.24)

For ® this gives

y+v1—a? _ 1
D(z,y) —V1i-a24+Z— 2ol 1) ~+0W™), w= 5o (4.25)

which is the same as the two-term expansion that is obtained by using singular
perturbation methods (cf. (2.4), (2.5) and (2.8)).

We expect that all higher terms w, of (2.5) follow from the saddle point
method, by using more terms in the Debye-type expansions of the Bessel func-
tions and in the expansion of g(u).

We have derived the above results for negative values of y (that is, 6 €
[—%77,0)), although the results appear to hold inside the unit disk, with the

10



exception of the boundary layers. When y > 0, the saddle point t; is located
above the other saddle point at %m', which is also a singularity of the integrand

(because of the factor vcosht). The point t is still the relevant saddle point
in this case, and we have to integrate around the branch cut of v/cosht; see
Figure 4. This yields the same terms as in (4.25). Again, this follows from
standard saddle methods, but the details will not be given.

It is of interest to see how the results for y < 0 and for y > 0 can both be
obtained by using uniform asymptotics, that is, by using a cubic transformation
in (4.8). We will not work out this in the present paper.

The approximations derived so far are not valid in the boundary layers. In
84.2 we discuss the behavior of Fy on the periphery of the circle, and we show
that, if » = 1, with exception of the point(0, 1),

Fo(z,y) = —sinfe w0 1 O (e™), w— 0. (4.26)

So, apart from the point (0,1), Fy satisfies the boundary relation for F (cf.
(3.3)) up to an exponentially small term.

A further analysis is needed to show how this behavior can be obtained from
the integral in (4.5) with m = 0.

In connection with this we mention the following points.

e Equations (4.8) and (4.20) are obtained by replacing the modified Bessel
functions in (4.5) with their Debye-type approximations. These approxi-
mations are excellent if v is positive (and w is large). In the saddle point
analysis we encounter saddle points near v = iw, which is a turning point
of the modified Bessel function. Near the turning point the Debye-type
approximations are not valid, and the singularities in the approximations
of the Bessel functions are in fact not related with singular points of the
Bessel functions themselves.

e By replacing in (4.5) the Bessel functions with Debye-type approximations
we cannot take into account the v—zeros of I,,(w), which cause poles near
the saddle points. From Appendix B it follows that the zeros occur if

v = +iw {1 + O(L‘r%)} (4.27)

(cf. (B.10)). The transformation of variables v = wrsinh¢, which leads
to the integral in (4.8), maps the v—zeros that are near iw to points in
1

the t—plane near 5mi. At this point interesting phenomena occur when

we consider (z,y) in (4.8) near the points (+1,0).

e We might replace the Bessel functions in (4.5) with the Airy-type approx-
imations as given in Appendix A, which are based on results in [5]. The
Airy-type expansions, which are valid near the turning point, do not show
singular terms. However, it is quite difficult to manipulate these approx-
imations in a saddle point analysis. In [19] integrals with ratios of Airy
functions are used to approximate the solution of ®(z,y) near the points
(£1,0); the analysis is based on singular perturbation methods.

11



4.2 The behavior of F,, at the boundary

We investigate the behavior of the quantities Fy, (z, y) introduced in (4.5) at r =
1. This gives insight in the role of each F,,,(z,y) in constituting the boundary
value of F(x,y) given in (3.3). We have to evaluate integrals of the type

G (w) :/0 I (w) cosovdy, (4.28)

where o is a real number. In order to do this we first consider the integral
Go(w) = / I,(w) cosovdv. (4.29)
0

We use the Sommerfeld-type integral representation (cf. [24], page 235 or [27],
page 181)

1 oo zcosht—uvt
I,(2) = — e dt. (4.30)

2mi —im+00

For the contour we take the two half lines t = +im+v,v > ¢ > 0 and the segment
that runs from ¢t = 6 — iw to t = § + im. With this choice we can substitute the
integral in (4.30) into (4.29), interchange the order of integration, and obtain

Go(w) = L /W+00 v cosht _t dt. (4.31)
270 ) irtoo 2+ 02

We let § — 0 and obtain

1 [ ) T—0 T+o0o
o = Acr -5 —weosht dt 4.32
Golw) (@) 27r/0 ‘ {t2+(7r—0)2+t2+(7r+0)2  (432)

where )
1 o t
Ap(w) = =— weosht —_—__ ¢ 4.33
@) =50 /,me 2 + o2 (4.33)
This integral vanishes if |o] > 7, whereas if —7 < 0 < 7 the poles at t = +io
are avoided by integrating along small semi-circles (with Rt > 0) around the
poles. In the latter case the integral can be evaluated by using the residues. It
follows that
0, if |o| > ,
Ay(w) = (4.34)

%e“’cos", if —m<o<m.

We observe that when |o| <7 —§ <,
1 ,
Gy(w) = 3 e+ 0 (e7Y), w— oo (4.35)
When o = £7 we have

Gj:ﬂ-((,(}) = %ef‘“ — A e v COShtm dt. (436)

12



The function G, (w) is continuous (even analytic) at ¢ = £, which cannot be
seen from the above representations.
We proceed with the integrals F, (x,y) of (4.5) at r = 1. Writing

2cosv(f + %w) cos(2mmy) =

(4.37)
cosv (0 + %w —2mm) + cosv (0 + %ﬂ' + 27mm)
we obtain
Fy(z, )’T:1: — sinf e—wsin?
+% /O°° et [tQ +7T(;—U PR +7T(:i 5z | coshtdt, -

where 0 = 6 + %w. This result is valid for 6 < %w. In particular, it is not valid
at the summit of the circle, the point (0,1). Similar results hold for the other
quantities Fy,(z,y). When 6 < £7 we have

Fm (I’ y)}r:l:

1 (% . cosht T— 04 T+ o4
— wcos htdt
<+Z_> 27T/o ‘ Pr(m—o2)? P+ (rrony]

(4.39)
where the sum contains two terms with o = 6 + %w + 27mm. Because the
functions ®(x,y), F(z,y) and F,,(z,y) are even functions of x, we can use (4.38)
and (4.39) also for negative values of .

We see that from (3.3), (3.10) and (4.38) that, when we stay away from
the point (0,1), Fp(x,y) satisfies the boundary condition along the circle up
to an exponentially small term. Also, every F,,(x,y) satisfies equation (3.2).
Therefore, we expect that the function Fy(z,y) can be used as an excellent
approximation for F'(x,y) in the whole unit disc, with exception of a small
neighborhood of the point (0,1). Near that point part of the function Fi(x,y)
is needed to satisfy the boundary condition (up to exponentially small order).

5 The Watson transformation

Another approach is based on replacing the Fourier series in (3.10) with an
integral in the complex plane, where we integrate with respect to complex orders
of the Bessel functions.

For example, we can write:

 (w cosv(f — $m)
F(z,y) = —i /C ﬁgw; I, (wr) Sin(mf dv, (5.1)

where C is a contour around the positive poles of 1/sin(nr) and through the
pole at v = 0 (which gives half of the residue of this pole); see Figure 5. The

13



Figure 5: Contour of integration around the poles of 1/ sin(7v).

residues of the poles of 1/sin(nv) at v = n are (—1)", and (—1)" cosn(0— 3m) =
cosn(f + ). This gives the series in (3.10).

For this approach it is needed to know the location of the zeros of the modi-
fied Bessel function I, (w), and the possibility of using these zeros for obtaining
an expansion in the form of a residue series. When we use a contour as shown
in Figure 5 we can avoid the complex v—zeros of I,,(w), which are located in
the half-plane Rv < —% (cf. Lemma 1, Appendix B). Hence, as long as the
contour is in the half-plane $v > 0, no poles other than those of 1/sin(7v) can
be taken into account.

The convergence of (5.1) for large Rv follows from (A.2). We conclude that
(5.1) holds for any value of 6, as long as Rv — oo on the upper and lower parts
of the contour. When we deform the contour along the imaginary v—axis, we
need to restrict the values of 6 to (0, 7) because (cf. [1, Eq. 6.1.31])

1 sinh 7w
= . 5.2
ST (52)

Before discussing asymptotic methods it is of interest to see how the integral
gives the boundary value if » = 1. From (3.3) it follows that we have to verify

the relation

cosv(f — &) ,

—i/],’j(w),idyz —sinf e wsin?, (5.3)
c sin(7v)
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The following steps are valid if 6 € (0, 7).

cosv(f — 5w
_i/jy(w) g dy —
c

—i00 Sgé(sﬂ—yy)e - %ﬂ—)
_Z/‘ L sin(vm) v o4
“+100
i cosh p(0 — %)
=i [ ) = T (o)) e i =

Q
2 [ )
- / Kw(w) COSh,u(Q — %ﬂ') d'u — e—Ld::mG'
T Jo

The result in (5.3) follows from differentiating with respect to w. In the final step
in (5.4) we have interpreted the integral as a Kontorovich-Lebedev transform,
and used a result in [7, Vol. 2, p. 175]. We have also used the well-known relation
for the modified Bessel functions:

I, (w)=T1T,(w)+ %sinm/ K, (w). (5.5)

A different proof can be based by substituting in (5.3) the Sommerfeld con-
tour integral for the Bessel function, see (4.30). This gives

cosv(f — i
—z'/L,(w) cosv(9 — 3m) dy —
c

sin(mv)
—1 1T +00 COS V(9 . %ﬂ')
— ewcosht / eil’t I e dv df — (56)
2mi imtoo c sin(mv)
1T 100 .
L ewcosht sinh ¢ gt
210 J impoo cosht —cos(0 + Lm)

where the v—integral in the second line is evaluated by using residues and using
the series

> 1—zcost
" cosmt = —— 200 <1 5.7
;Z O = . o cost + 22 12 (5:7)

By using the method for evaluating (4.31) it can easily be shown that the final
integral in (5.6) equals e~wsn?.

A remarkable point is that the derivation in (5.4) is valid only for 6 € (0, 7).
For the singular perturbation problem this is the domain of interest, in particular
if r — 1. This brings us round to investigate (5.1) also if r < 1.

As in (5.3) we take 6 € (0,7), and write

—i%0 J7 () cosv(f — &)
F(l',y) = _Z‘/Jr IZEW; Iu(wr) TTH/; dv. (58)

In (5.4) a crucial step was the introduction of the K—function. As a conse-
quence, the dominant term at ¥ = 0 in the first and second line, that is, the
function I, (w), has been replaced with an exponentially small term Kj,(w) in

~
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the fourth line. As an extra advantage, the troublesome term sin7v has been
removed. ,
In the present case we replace in (5.8) the function 5; EZ; I, (wr) (considered

as a function of v) by its odd part, because the even part does not contribute
in the integral. The odd part equals

1 , ) -
T LR @b @b =
sin v . e .
A @) @) [w™ I (wr) = I" (W), (w) Ky (wr)]
where we have used the Wronskian (cf. [24, p. 248] or [1, p. 375])
L)L (@) = (W) -y (w) = — 23:;””. (5.10)

It follows that (5.8) can be written as

_ i Fioo UL (wr) — I (W) (W) K, (wr)
ren =z L@

™

cosv(f — %ﬂ') dv. (5.11)

—100

When r = 1 the Bessel functions fraction reduces to —K/ (w), as follows from
another Wronskian:

I (WK, (w) I, (w)K,(w) =— (5.12)

1
v w °

Hence, for 7 = 1, (5.11) reduces to the boundary value — sinfe~“ "% cf. the
fourth line in (5.3) and (3.3).

5.1 Asymptotic analysis in and near the boundary layer

We analyze the two parts forming the integral in (5.11). We write
F(w,y)zFB(w,y)—i—F[(:v,y), (513)

where

-1 [ Ly (wr 1
=— ——+———— coshu(0 — 5m) dy,
o7 ) Ty ) 027 (5.14)
L[, (w) 1
Fr(z,y) = wi) . T Ky (wr) cosv(0 — 5m) dv

oo I/ X
- l/ Cin() Kiu(wr) coshp(f — 37) dp.

7T —00 I*i#(w)

The function Fy(z,y) yields the asymptotic expansion outside the boundary
layer, which may be compared with the contributions given by Fy in (4.24).
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The function Fp(z,y) is the boundary layer function: in the interior of the
disk it is exponentially small compared with Fr(z,y), except near the upper
boundary where it gives the correction to Fy(x,y), in order to produce the
correct boundary value. In other words, Fr(x,y) can be compared with the
linear term —1 — y in the solution (2.3) of example (2.2), and Fp(x,y) plays
the part of the other term in (2.3). See also (2.9), where the boundary layer
function contains the smoothing factor ¢ (z,y).

5.1.1 The contributions from Fy(x,y)

In the fourth integral of (5.14) the K —Bessel function and the hyperbolic func-
tion are even functions of u. The ratio of I—functions is not even; we make it
even and write the integral on the interval [0, 00):

ornl (w) I, (w
Fr(z,y) = %/0 [IZEW; + I_ZZEM; Kip(wr) coshpu(@ — 3m)dp.  (5.15)

On the interval [wr, 00) the K —function is strongly oscillating, and the main
contributions for large w come from the interval [0,wr). We replace the hy-
perbolic function by the dominant exponential term. Because of the symmetry
Fi(z,y) = Fr(—=,y), we consider § € (0, 3], and replace coshu(f — i) by
%e“(%”*(’). Next we replace the Bessel functions by asymptotic forms that are
valid on [0,wr). The best approximations are those based on the Airy func-
tions; see (A.14) and (A.16). However, when r is not close to unity, and 6 not
close to zero, we can use the Debye type approximations given in (A.6) with v
replaced by ip and z by —iw/p (for the I—functions), and z by —iwr/p (for the
K —function).
Summarizing, we use,

Iz(u(w) vV w2 — /L2 1 w2

I; (w)N w 2w w? — 2’
—u%ﬂ'—u[\/ﬁ—l—arctan Vz2—1] (516)

Kip(wr) ~ \/%6 EEnE (1 - ui—;?)

where z = wr/p, t = ip/\/w?r? — p2, and vy (t) is given in (A.7).

For I'; (w)/I-iu(w) we can use the same estimate. This follows from (5.10),
after dividing by I_;,(w)/I_;,(w), and observing that then the right-hand side
becomes exponentially small on [0,wr). We can use these estimates in the
following asymptotic analysis because the main contributions to the integral in
(5.15) come from a saddle point well inside [0, wr).

Using the asymptotic estimates of the Bessel functions given in (5.16) in
(5.15) and substituting p = wrcos B, with 0 < § < %w, we obtain

Fr(z,y) ~ \ % OW V1 =12 cos? 3 /sin Bg(B)e P ap, (5.17)
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where

f(B) =sinfB+ (0 —pB)cosB, [f'(B)=—(0—p)sinp, (5.18)
1 U1 t .
9(B) = <1— 2w(1—r200525)3/2> (1—%) , t=icotf. (5.19)

The saddle point at 6 gives the dominant contributions, and f(0) = f"(0) =
sinf. As long as [ is bounded away from 0, the above estimates for the Bessel
functions are valid. We find

. —y =1 =22
FI(ZC,y) ~ efwrsme [ 1— 2 + Yy xz

By using more terms in the Debye expansions we can obtain a complete asymp-
totic expansion of F7 that holds for large w, uniformly for 6 in a compact set of
(0, ).

Comparing this result with the estimate of Fy given in (4.24), we conclude
that, although the integrals in (5.17) and (4.8) are not the same, they have the
same asymptotic expansion.

5.1.2 The contributions from Fg(z,y)
We write Fip of (5.14) in the form

-1 [ L (wr)
F =— —— = coshu(f — im)d 5.21
B(Iay) Wt /_OO Iiu(w)l—iu(w) cos :u( Qﬂ-) s ( )
where L;,(z) is the even part of I;,(z) (see (A.12)). We proceed as in the
treatment of Fy(x,y). Observe that

sinh? (7 p1)

Lip(2) 1 _iu(2) = L}, (2) + ——K],(2), (5.22)
and that on [0, wr) the L—part is dominant compared with the K —part, because
of the different Airy functions in (A.14) for those functions. We use the first
term approximation of the Airy function Bi when ¢ < 0 (see (A.20)), and obtain
ifo<pu<rw

™

%mﬂr,um %ﬂ’lﬂr#ﬁr
L; c L; c 5.23
W o et O e ey O
where
=4/z —1—arctan1/ -1, =
(5.24)

N =22 —1—arctan/22 — 1, z =

This gives, on substituting u = wr cos g,
2wr g < —w (ﬁ)
Fp(x,y) ~ —/ — V1 —712cos? 3 /sin Be29) 43, (5.25)
T Jo
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1.0

-1.0 1.0

Figure 6: In the domain near the upper part of the boundary, equation in (5.28), that
defines the saddle points of the integral in (5.25), has one real saddle point; in the
shaded domain two real saddle points occur; in the domain below the shaded domain
two complex saddle points occur.

where
g(B) =2sina+r(@+ 6 —2a) cosB—rsinf, cosa=rcosp. (5.26)

When r = 1 we have g(8) = f(0), the function of (5.18). The saddle points
follow from

g (B) = —rsinB (0 + 3 —2a) = 0. (5.27)

The relevant saddle point 3y is the one that follows from the equation

2arccos(rcosB) —B3=460, B€(0, %w) (5.28)

This equation has one real solution 3y € (0, 3m) for values of (z,y) in the
domain along the upper part of the boundary of the unit disc; see Figure 6. In
the shaded part of the disc there are two real saddle points, in the lower part
there are no real saddle points. The curves along the upper part of the shaded
domain are defined by r = cos %9, 0<0< %w, with a symmetric part for x < 0.
This easily follows from drawing the curves of rcos and cos (6 + 8). The

curves along the lower part follow from the equation

V1 —7r2(1+8r?)
(4r2 —1)3

tan @ = <r<1, 0<6<im, (5.29)

1
r2
with a symmetric part for x < 0. This equation follows from putting the deriva-
tive of 2arccos(r cos 3) equal to unity, which gives rcos 3 = |/%(4r? — 1), and

using this relation in (5.28).
We concentrate on the domain along the boundary. In that case a unique
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real saddle point fy € (0, 37) satisfies (5.28). We have

9(Bo) = 2sina — rsin Gy = 24/1 — r2 cos? By — rsin Py,

2r2 sin? By 2r2 sin? By (5.30)
" = V—_— 1 = — — i
9" (Bo) = oo rsin g Ry rsin Bo.

It follows that a first order saddle point approximation reads

Fu(z,y) ~ —2\/ Tsmﬁo(;ﬂ_(ﬁr 2>2 ) g-unt), (5.31)
0

This is the requested boundary layer term; it compensates the wrong behavior
of Fr(x,y) at the upper boundary. Namely, it easily follows that, if r = 1,y > 0:

Fp(x,y) ~ —2ye™“Y. (5.32)

Hence, if r =1,y > 0, by (3.1) and (5.13),

O(z,y) = —y—eF(r,y) =—y—eY[Fp(z,y) + Fr(z,y)]

(5.33)
~ —y— e [2ye Y +ye Y] = 0.

We conclude that the splitting of the function F' into Fg and F} yields the
asymptotic behavior of ®(z,y) inside the upper half of the unit disc (includ-
ing the upper boundary), with exception of small neighborhoods of the points
(£1,0). The uniform approximations can be given in terms of elementary func-
tions. We expect that near the points (£1, 0) integrals containing ratios of Airy
functions are needed for the local approximations.

A Asymptotic expansions of modified Bessel func-
tions

We summarize a few properties and asymptotic expansions of the modified
Bessel functions. These can be found in [1, Ch. 9] or in other mentioned refer-
ences.
From the expansion
= (@)

I,(z) = (%Z)Ukzzom (A1)

it follows that
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with z fixed. Asymptotic expansions for large arguments are

e? a1 o Qg
LE~ ==+ 3 -3+ ]
KU(Z)N ie_z [1_;’_%4_%_;’_%4_ }7
2z z 2 3
: (A.3)
I (2) ~ c 1—ﬁ+&—&+
v Vonz z 22 2 T
T _, B, B2, B3
K,IJ(Z)N — Z [1+—+Z—2+—3+ ],
where
a1:“_1, o@:(u—l)(u—f)), agz(u—l)(u—%(u—%)’
8 2!682 3183 (A.4)
g = Mt3 5_(#—1)u+15) 5_(#—1)(u—9)(u+35)
Ty 2182 roE e 3183 ’

and p = 4v2. The expansions for the K —functions hold for |ph z| < %w, those
for the J—functions for [ph z| < .

A.1 Debye-type expansions

Let
z
t=1/vV1+ 22, =vVIi+22+In——. A5
VIt = VitS s (4.5)
Then
1 evn ui(t)  wual(t) ]
Il, ~ 1+ ’
—un
K, (vz) ~ 1/1 © . [1_u1t)+u2(2t)+.”]7
waran L v (A.6)
1 (14 22)% vi(t)  va(t) '
I ~ — e |14+ —=+ === +...
y(p2) ~ e e I A T
2\ 4
K (vz2) ~ —y | a+=)x e [1 V) + —UQ(;) + ],
2v z v v
where
u = 5t(3—5t%), v = t(—9+ 7). (A7)
The higher coefficients follow, for k =2,3,..., from
t
wpe(t) =22 (1 =), (t —|—l/ 1 —572) up_1(7) dr,
() 2 ( )kl() 80( ) () (A8)

vp(t) = ug(t) + (2 — 1) Buk_l(t) + tu;c,l(t)]

The expansions in (A.6) hold as v — 400, uniformly with respect to z in
the sector |phz| < %w — 0, where 0 is a small positive number. They have a
double asymptotic property: they hold when one of the parameters z, v tends

to infinity, uniformly with respect to the other parameter.
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A.2 Airy-type expansions

We give Airy-type asymptotic expansions of the modified Bessel functions and
concentrate on functions with purely imaginary order. We summarize the results
of [5].

Let ¢ be defined by

(7 =arctanhy/1— 22— /1—22, 0<z<]1,

(—O%Z\/ZQ—l—arctan 22—-1, z>1.

By expanding the arctanh-function:

Wi Wi
=
Ne)j
=

2i=1a-2+1la-2F+.., (A.10)
which gives )
¢=251-2)140(1-2)], z—1. (A.11)

This defines the relation near z = 1. For complex values of z this relation should
be used with analytic continuation to define which branch of the multi-valued
function ¢ % is used.

The function Kj,(z) is real for real values of v and z,z > 0. The func-
tion I;,(z) is complex in that case. Therefore it is convenient to introduce the
function

Liv(z) = 21— (2) + L (2)]. (A.12)

This function is real for real values of v and 2,z > 0 and the definition may be
compared with the relation

™

K’LV = 5 i
(2) 2i sinh(7v)

[I_iv(z) — Liu(2)], (A.13)

which is defined at v = 0, with limit Ky(z).
We have the following representations

1
uln i
Ki(vz) =nv5e 2 ( S ) X

1—22

[Ai(—u%g) F(¢) + v AT (—v3() GU(C)},

1 (A.14)
Liy(vz) = %u_% e’3m (1 fia) X
[Bi(—v30) £, () + v 3B (-3 Q) G(Q)]
where the functions F,({), G, (¢) can be expanded:
) AS _ [eS) B,(—
FQ~ YR g~y BUY (A15)
s=0 s=0
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as v — 00, Ag(¢) = 1. If v > 0 the expansions hold uniformly with respect to z
in the sector |phz| < 7 — §, where § is a small positive number. Ai(z) and Bi(z)
are the well-known Airy functions; see [1, Ch. 10]. We also have

Iy (vz) = e ( S )Z X

2v3 \1— 22 (A.16)
5. 2 _apt, 2
[Bi(—3Q) B () + v ¥Bi (-3 0) Gu(Q)]
where ]§1(z) is a linear combination of two Airy functions:
Bi(z) = Bi(z) — i tanh(7v) Ai(z). (A.17)

The coefficients A4(¢) and Bs(¢) in (A.15) are analytic functions in a large do-
main of the (— plane and are the same as those used in the Airy-type expansions
of ordinary Bessel functions (cf. [18, p. 421]). In [5] the expansions like (A.15)
are supplied with remainders, and bounds on the remainders can be obtained
from [18, p. 418]. !

When in (A.14) and (A.16) the arguments of the Airy functions are large,
these functions can be replaced by their asymptotic expansion, and the expan-
sions are in terms of elementary functions. For example, when z > 1, ( is
negative (see (A.9)), and the arguments of the Airy functions in (A.14) are
positive. By using

3 3
Ai(z) ~ %w_%z_ie_%zz . Bi(z) ~ 2z 0372, (A.18)
as z — 00, we obtain for large p and z > 1
% ( ) p— ef%ﬂ,uf,u[\/zzflfarctan Vz2—1] (A 9)
i z) ~ -— ) 1
s V 2p (22 — 1)i

and
1 e%ﬂ',qu,u[\/z?flfarctan Vz2-1]

Liﬂ(ﬂz) ~ \/m (22 _ 1)%

These results follow also formally form the Debye expansion of K, (vz) and
I,(vz) given in (A.6) by replacing v — iy and z — —iz.

(A.20)

B On the zeros of K;,(x) and I;, (x) with respect
to v

The function K;,(x) is an even function of v. If z > 0 it has an infinite number
of simple real v—zeros and no complex zeros (cf., for instance, [4]). There are

n Dunster’s formula (4.6) there seems to be an error, and in (4.7), (4.14), and (4.14) he
should have used the coefficients As(—(), Bs(—() instead of (—1)%As(¢), (—1)*Bs(¢). Also,

in (4.15) the arguments of the Airy functions should read —I/% C.
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two infinite strings of zeros inside the intervals (—oo, —x] and [z, 00). For large
values of = the zeros can be obtained by using the asymptotic representation
in (A.14). The Airy function Ai(z) has real negative zeros, and consequently
K, (vz) has zeros if ¢ > 0. From (A.9) we see that z should satisfy 0 < z < 1,
that is, to have zeros the order of K;,(x) should be larger (in absolute value)
than the argument .

The location of the zeros of the function I, (x) is more complicated. First
we mention the following result from [3].

Lemma 1 The function I, (z), with x > 0, cannot vanish if Rv > —3.

Proof.  The proof is based on the following representation (cf. [27, p. 150])

I(z) I, (x) = % /057r I (22 cos @) cos[(n — v)6] db, (B.1)

which holds if R(p+v) > —1. Let v = vy + ivs be given with v # 0; we try to
find p = p1 + ¢p2 such that the following conditions hold:

e 1+ v is real and larger than —1, which gives ps = —vo, 1 +v1 > —1;
from the series expansion of the Bessel function it follows that the function
1,4+ (2z cos §) is positive.

e The imaginary part of cos(u—v)8, which is sin(v; — )6 sinh 226, should
have a fixed sign on the interval of integration (if 1 = v; this part is zero,
but then the real part is positive). When |u; — v1| < 2 this condition is
satisfied.

Combining the two conditions we conclude that I, (z) cannot vanish if v; > —3.
|

When z is large the location of the zeros of I,(vx) can be derived from

(A.16): we need the zeros of the Airy function ]§1(z) defined in (A.17). We can
eliminate the functions Ai(z) and Bi(z) by using

: Zoins (o 2mi —2pins (o —2m
Ai(z) = —e3™Ai (ze?””)—e 3T AL (ze 37”),

‘ . . (B.2)
Bi(z) = es™ Al (zegm) e oA (ze_%m),
(cf. [1, p. 446]). The result is
Bi(z) = e 5™[1 4 tanh(mv)] x
(2) [ (mv)] (B.3)

Ai (ze_%m) + eé”[l — tanh(mv)] Ai (Zegﬂ) ;

from which follows that, if v is large, the zeros of 1§1(z) are approximately
given by those of the Airy function Ai (ze*%”), which lie on the half-line with
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phz = —gm. From (A.16) and (B.3) we infer that the zeros of I;,, (vz) can be
derived from those of Ai(—v3(e™37).

Before giving more details on the v—zeros of I,,(z) we introduce a different
notation in (A.16), because the order v occurs also in the argument. Let

z==, V=pw. (B.4)

Then, the first line of (A.9) becomes

2,8 _
HE = arctanhy/1 — 1/p2 — /1 — 1/p2. (B.5)

A first approximation of the p—zeros of I, (w) if w is large can be obtained
as follows. When we denote the negative zeros of Ai(z) by as,s = 1,2,..., then
the zeros ju, of the dominant Airy function in (A.16), that is, of Bi(—v3¢) with
v = wp, are approximately given by

o

2 .
75 67%7”<5 ~ —agw” 3, (B.6)

where ( is given in (B.5) with u = ps. Using the relation in (A.11), that is,

Wl

(=2

we obtain for the early zeros (small values of s) of I, (w) the estimate

(=D A+0w-1)], p—1, (B.7)

us:1—a52_%w_%e%”+(’)(w_%), w — 0. (B.8)

When we consider the function I, (w), we see that for large values of w the
v—zeros near w have the expansion

1
Vs =w — Qs (%w)g e%m'—i-(?(w*%) , W — 00, (B.9)
and that I, (w) has v—zeros near iw with the expansion
% iy 1
Vs = iw — ag (%w) 65”1+(9(w7§), w — 00, (B.10)

with conjugate values in the lower half plane.

In Figure 7 the first 25 zeros of the function Ai(—u%Ce_%”i) are given. This
Airy function is used via (B.3) in (A.16), with ¢ defined in (A.9). The first zeros
correspond with the v—zeros of I, (w), and an approximation of these zeros is
given in(B.9).

The expansions in (B.9) and (B.10) agree with the analysis in [2], where the
v—zeros of the Hankel function H,El)(w) are investigated. However, with the
information in (B.9), (B.10) and Figure 7, the description of the zeros of the
modified Bessel function I, (w) is not complete. To see this, we observe that
the hyperbolic functions in (B.3) may have poles when v becomes an imaginary
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Figure 7: First 25 zeros of the Airy function Ai(—l/% Cef%”) corresponding with some
v—zeros of I;, (w), of which an approximation is given in (B.9).

number, and the first term in (B.3) is no longer the dominant one. For describing
the zero distribution also the role of the hyperbolic functions should be taken
into account. The zeros of I, (w) near the positive imaginary v—axis correspond
with zeros of I,(w) near the negative v—axis.

It is better to describe these zeros near and on the negative v—axis by using
the relation

I, (w)=1,(w)+ %sinm/K,,(w). (B.11)

By using (cf. [1], page 375)
I (w) ~ (%w)y/l"(l/—i- 1), K@)~ iTw) (%w)ﬂj, v oo, (B.12)

with w fixed, we see that large v—zeros occur near the large positive zeros of
sin .

A better description follows by using the Debye-type expansions of (A.6). It
follows that approximations of the p—zeros of I, (w) can be obtained from the
equation

e = —2sin pwr, (B.13)

n:m—ln(qu\/uerl)- (B.14)

When we write ;4 = sinh xk, we see that un = coshk — ksinhk, and it is not
difficult to compute the zeros from the above analysis. It is easily verified that
real negative zeros of I, (w) occur if v < —wsinh kg, where ko = 1.19968. .. is
the positive solution of the equation = 0, that is of coshx — ksinhx = 0. In
Figure 8 we show the v—zeros of I, (w) for w = 10. We see that left from —15.0
real negative zeros occur (observe that wsinh kg = 15.0888 if w = 10).

where
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Figure 8: The v—zeros of I;,(w) for w = 10. Left from v = —15.0888w real negative
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Epilogue

My thesis supervisor Hans Lauwerier suggested me to study this type of prob-
lems when the topic of matched asymptotic expansions for singular perturbation
methods became very popular in my country, with as main actors Wiktor Eck-
haus, Eduard de Jager, and Johan Grasman. Lauwerier liked simple non-trivial
model problems which could be studied by using the explicit solutions in the
form of integrals and series, and by exploiting the role of special functions and
the well-known techniques of asymptotic analysis, such as saddle point methods.

Our aim was to obtain new insight in certain phenomena of singular per-
turbation problems by studying these model problems. My paper [23] provides
a few results that, perhaps, cannot be obtained by using matched asymptotic
analysis.

In my younger days the results were not suitable as part of my thesis. Later
I studied this circle problem time and again, and came back to it quite often,
and I was not earlier satisfied with the results. Quite recently a few steps gave
the desired breakthrough, although the treatment of the asymptotics near the
points (£1, 0) is still missing in the present paper. This can be done by replacing
the modified Bessel functions in (5.14) by their approximations in terms of Airy
functions, which I don’t like because it gives a rather messy result.

This paper summarizes, somehow, a lifetime activity in asymptotic analysis
and special functions. I appreciate that it can be included in the proceedings of
the Santander conference.
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