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Abstract— R wave propagation at frequencies near the cut-off [requency is studied in detail based on a
weakly relativistic approximation. It is pointed out that the deviation of the relativistic cut-off frequency
from the corresponding value of the cut-ofl frequency predicted by the theory of wave propagation in a
cold plasma is particularly noticeable in a rarefied plasma. Our theory predicts that the R wave in the
frequency range under consideration can propagate without collisionless damping or amplification. The
obtained results are applicable to the analysis of low frequency cut-off in the dynamic spectra of natural
magnetospheric radio emissions at frequencies above the electron plasma frequency (non-thermal con-

tinuum).

1. INTRODUCTION

It is well known that, for certain values of wave fre-
quencies and plasma parameters, the dispersion equa-
tion for wave propagation in a cold plasma has solu-
tions corresponding to the wave refractive index N
equal to zero (sce c.g. Stix, 1962). Frequencies at
which this happens are called cut-off frequencies. The
analysis of wave propagation in the vicinity of these
frequencies is particularly important for under-
standing different propertics of wave propagation in
plasmas, and, in particular, in the Earth’s magneto-
sphere, and also for wave diagnostics of plasma par-
ameters (se¢ ¢.g. Gurnett and Shaw, 1973 ; Gurnett
and Frank, 1974). Although the results of the latter
diagnostics based on a cold plasma theory appeared
to be in a qualitative agreement with the in situ
measurements of these parameters, the more refined
quantitative diagnostics require taking into account
the effects of finite plasma temperature as well. One
can casily see that the finite temperature effects do not
influence wave propagation within the non-relativistic
theory, but this influence appears, and can be quite
significant, if we base our analysis on a more general
weakly relativistic approximation. Some basic results
of an approximate relativistic theory of plasma cut-
offs have been discussed by Sazhin (1987), who
pointed out that the relativistic effects can lead to a
noticeable shift in the cut-off frequencies. In view of
the importance of this shift for practical applications
(in particular, for diagnostics of plasma parameters
in the Earth’s magnetosphere), we feel that further
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developments of the relativistic theory of plasma cut-
offs would be justified.

The results of one of these developments are pre-
sented in this paper. In contrast to Sazhin (1987) we
restrict ourselves to the analysis of only one type of
wave, namely the so-called R wave propagating
strictly parallel to the magnetic field. In the cold
plasma limit this wave is described by the following
dispersion cquation (Stix, 1962):

N?=R, (1)
where
vy?
= i 2
R=1+,_, 2
v=T12Q%, Y = Qo < (14+4v—1)/2v = Qfwy, T

is an clectron plasma frequency, Q is the electron
gyrofrequency and o is the wave frequency.

In a weakly relativistic approximation the dis-
persion equation for this wave can be written as

N 2y Y2 - d»‘//-'.x 22 b
N==1- A Fraa— T ADNT L ()
r dz
where
Ty =T 0200, b)
[ , at’ . .
= —1J exp <1:f— . >(l —1it) (1 —ibt)y 7 dt
0 | —ir
(4)
is the generalized Shkarofsky function, ==
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21=Y)r, a=N3[r, r=pg/mic), b=A.=p;.|
p&- When deriving equation (3) we assumed that
the electron distribution function had the form:

f(p.py) = (2 pilt l[’ony 'pi

X exp (—— E,L - ﬁ;‘) (3)
Por  Poy
where pg,(, is the electron thermal momentum in
the direction perpendicular (parallel) to the magnetic
field, p, and p, are the clectron momenta in the cor-
responding directions, j = 0,1,2,....

We restricted our analysis to the case j =0 (bi-
Maxwellian plasma). The generalization to j#0
would be straightforward (Tsai er al., 1981 Sazhin,
1989). The protons and other heavy ions were con-
sidered as a neutralizing background. Note that when
w < Qequations (1) and (3) describe the propagation
of whistler-mode waves (see Sazhin and Temme,
1990).

In Section 2 we describe the R wave propagation
near the cut-off frequency in an isotropic plasma
[b=A.=1 in equation (3)]. In Section 3 we gen-
eralize the results of Section 2 to the case of an aniso-
tropic plasma. The main results of the paper are
summarized in Section 4.

2. PROPAGATION IN AN ISOTROPIC PLASMA

In the case of an isotropic plasma (A4, = 1) equation
(3) can be simplified to:

2vY?
r

N =1-""0 Fy (6)

i2

where

_ | oot
F 2= Fs5a(2) = —1Ju exp (L:t— | —Tt)

x(1—it) ¥ dt = F 15 (z,ab=1) (7)

N

is the Shkarofsky function with the index § = 5/2.
Restricting our analysis to waves at frequencies
near the cut-off frequency (w.) we can assume that
N2« 1 and a<« 1, and write the following series
expansion [cf. equation (10) in Robinson, 1986] :

- “oal
Fp=ce ¢ Z 7F(5/,2,+,-(:—a), (8)
=0/
where
Fi(z) = F4(z,a=0) 9)

is the Dnestrovskii function (see Robinson, 1986).
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This function can be expressed in terms of the incom-
plete gamma function

I(,z) = J e dr (10)

and written as (Robinson, 1986)
Fiz—a)y==z""eT(1-¢,z—a). (11)
For |z—a|— o and Jargz| < 3m/2 (which is

justified for the waves under consideration) I'(«, z
can be asymptotically expanded (see Abramovitz and
Stegun, 1964, p. 263):

g q
—dr—a)~z e 1 — ———
I'l—g,z—a) ¢ [ —a
i+ 1
f1(<113+,..], (12)
(z—a)
Having substituted (12) into (11) we obtain
S(=De—a) UT(G+))
F.(z—a) ~ e 25,13
s(c—a) ,-;, ra) (13)

where ['(z) is the Euler gamma function.

Having substituted (13) into (8) and (8) into (6) we
obtain the final equation describing the propagation
of the R wave at frequencies close to the cut-off
frequency, ., in an isotropic plasma:

2vY? ol
Ni=1-""rey =
A
L (=Diz—a) TG+ +))
X Y e S (14)
,;, T3+

Let us now consider some limiting cases of equation
(14). We begin with deriving the equation for the cut-
off frequency w,. In order to do this we should put
N? =« = 0in equation (14) and reducc it to:

2 [N A or N
Yo (*:D‘i FG+/) =1. (15)
rA r(d

Considering the contribution of only the zeroth
order term in equation (15) we can simplify this equa-
tion to:

vYy?

7= 1.

(16)
This is exactly the equation for the cut-off frequency
in a cold plasma (R = 0) [see equation (2)].
Considering the contribution of two lowest order
terms in equation (15), we reduce this equation to:

vY? SvY?3r

iZy TaaoyE = b (7
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This equation is compatible with equation (3.11) by
Sazhin (1987) taken for an isotropic plasma (A4, = 1).

The third term in expansion (15) allows us to gen-
eralize equation (17) to:

35pY 32

vY? SvY?lr N
16(1=Y)?

I—Y 4(1—v)> =1 a9

Equation (18) [or its simplified versions (16) and
(17)] can be used for different purposes. For example,
for the calculation of w = w, when IT and Q are
known, or for the calculation of Q when w, and 1
are known, or for the calculation of IT when w,; and
Q are known. In particular, assuming that r is small,
but keeping the second order terms we can rewrite
equation (18) as:

=Y 1+ - o §r2 . 19)
7 IR TE RS 7 Sk T Al

where Y, = Q/w,.

As follows from equation (19), the relativistic cor-
rections, given by the terms containing r in equation
(19), are generally small when r is small and Y, is not
close to unity. However, if Y, is close to unity, which
is the case for the R wave cut-off in a rarefied plasma
(v < 1), these relativistic corrections can be significant
cven for small r (cf. similar conclusions for whistler-
mode waves by Sazhin and Temme, 1990, 1991a,b).

Now we return to equation (14) and consider the
contribution of finite although small . Keeping terms
up to the second order with respect to ¢ and = ' we
rewrite this equation as:

N = Ravy?| B )
- 4(1-1) 16(1=Y)* |
Restricting ourselves to considering the con-
tribution of the terms up to the first order only we can
simplify equation (20) to

@n

At the frequency corresponding to the cut-off in a
cold plasma, w.q, when R = 0, we have:

) 5vY 3
N (U) = O)cﬂ)) = 4’(1“ Y)2 .

This equation is compatible with equation (3.8)
given by Sazhin (1987) and taken in the limit 4, = 1.

The main restriction of the equations derived in this
section is that they arc valid for an isotropic plasma
only. In the next section we generalize the results to
the case of an anisotropic plasma.

435

3. PROPAGATION IN AN ANISOTROPIC PLASMA

In the case of wave propagation in an anisotropic
plasma we should base our analysis on the general
cquation (3).

For small ¢ we can write the following expansion

for #, , (see Temme et al., in press):
53 a/
3’7‘1./7 =c Z i ¢/’+q'ﬂ (23)
j=0J:
with
£ e~ (z--uls
bo= | a0

The asymptotic expansion of equation (24) for large
z—acan be obtained either by expanding the denomi-
nator of the integrand for small s or by integrating
equation (24) by parts. In both cases we obtain the
following first three terms of this expansion :

I q+bp
Gyp ~ T ea)
+ D) +2bpg+bip(p+1
4 datD ,_(;,gfz&,)_} Pt L s

For an isotropic plasma (b = 1) with ¢ = 1/2 and
p = 2, expansion (25) reduces to the first three terms
in expansion (13). We were unable to write an asymp-
totic expansion of &, , in a general form similar to
(13) for the case of an anisotropic plasma.

Having substituted (25) into (23) and keeping only
terms up to the third order in @ or z~ ' we can simplify
equation (23) to

+1)+2bpg+b°p(p+1
LAt DR2paxbptpt])

(26)

Having substituted (26) into (3) and neglecting the
higher order terms, we obtain :
N =] vy? | [+44,  3+84.+244;

I % 2 7 4z°

—N?
e )N--]. 27

Assuming N? = 0 in equation (27) we can reduce it
to an cquation determining the cut-off frequency, w,,
in an anisotropic plasma:

vY? 1 (1+4A4.)r

l1-Y

F4A)r | (3484, 42440 i
4(1-7Y) B

16(1—Y)?
(28)
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At A, = 1 equation (28) reduces to equation (I8).
The analysis of equation (28) can be performed in a
way similar to that which was discussed in Section 2
for an isotropic plasma.

Equation (27) can be explicitly resolved with respect
to N2, Assuming |R] to be small and neglecting the
higher order terms we obtain

vYr(l14+44,)

R(Ac—-l)szf
4(1-Y)?

No= R T 20—y

rivYy?

o 2

6= 71) [(3+8A4.+244,)
+20Y (= 1-34.+44)7". (29)

Neglecting the second order terms we can further

simplify equation (29) to

vY2r(1444,.)

No=RE oy

(30)

At the cut-off frequency in a cold plasma, when
R =0, equation (30) gives an expression for N? at
w = ., which exactly coincides with that derived by
Sazhin (1987) [see his equation (3.8)]. For isotropic
plasma, expressions (29) and (30) reduce to (20) and
(21), respectively.

Note that equations (3.8) and (3.11) in Sazhin
(1987) can be considered as particular cases of equa-
tion (30) corresponding to R = 0 and N* = 0, respec-
tively. Equation (29) can be used either for more
refined analysis of the R wave propagation in the
vicinity of the cut-off frequency, or for the rigorous
justification of the range of applicability of equation
(30). As one can see from equation (29) the neglect of
second order terms with respect to r is not always
justified, particularly for Y close to 1 and/or large A4..

Note that in the case z = « the function ¢, , [sce
cquation (24)] is real for real - and «. Hence, based
on equation (23), we can sce that #, , is real as well,
which means that the waves described by equation (3)
can propagate without growth or damping for these
values of parameters. Remembering that for the R
wave and frequencies near the cut-oft frequency z is
large and positive, while « is small, we can see that the
condition = = « for these waves is surely satisfied and
we can expect that the interaction of these waves with
charged particles will not lead to the change of their
amplitude. In the case of an isotropic plasma we have
S F ;=0 when z = g, as also follows from equation
(43) of Robinson (1986). The non-relativistic theory
of R wave propagation in a hot plasma would predict
the absence of growth or damping of the waves only
when w = . At 0 > iy, this theory would predict
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slight damping or amplification of the waves depend-
ing on the value of 4,.

In the Earth’s magnetosphere the R wave cut-off
was observed as a lower frequency cut-off in the
dynamic spectrum of the natural electromagnetic radi-
ation at frequencies above the electron plasma fre-
quency (non-thermal continuum) (Gurnett and Shaw,
1973 ; Gurnett, 1975). Based on the theory of wave
propagation in a cold plasma this cut-off was used
to estimate the magnetospheric magnetic field |By|
bringing results in qualitative agreement with the in
situ measurements of this field. However, we strongly
believe that before this method of diagnostics of |By|
or electron density could be recommended for prac-
tical applications, the relativistic effects on R wave
propagation near the cut-off frequency need to be
taken into account.

4. CONCLUSIONS

An expression for the R wave refractive index N at
frequencies near the cut-off frequency, where |N] is
small, is presented in the form of a Taylor series with
respect to N2 and an asymptotic series with respect to
the squared electron thermal velocity. This expression
allowed us to obtain a rather accurate expression for
the cut-off frequency, generalizing the expression
obtained earlier by Sazhin (1987). It is pointed out
that the relativistic corrections to the corresponding
expression for the R wave cut-off frequency in a cold
plasma are particularly important in the case of wave
propagation in a rarefied plasma (the electron plasma
frequency is less than the electron gyrofrequency).
Relativistic theory predicts the propagation of these
waves without collisionless damping or amplification.
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