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Abstract. A new approach to the asymptotic analysis 
of the marginal stability of whistler-mode waves in a 
weakly relativistic plasma allows us to generalise the 
results of our previous papers to a wider range of 
parameters. In particular, it is pointed out that a de­
crease in electron density tends to stabilize whistler­
mode instability, while an increase in electron temper­
ature destabilizes or stabilizes it depending on the 
choice of the plasma model. However, the second effect 
is usually small when compared with the first one and 
can be neglected when analysing the dynamics of whis­
tler-mode waves in the Earth's magnetosphere, as well 
as in the magnetospheres of other planets. 

Introduction 

In our previous papers (Sazhin and Temme, 1990, 1991) 
we presented an asymptotic analysis of relativistic effects 
on parallel whistler-mode propagation and instabilities. 
Our results appeared to be consistent with the previous 
simplified analytical analysis by Sazhin (1989) and were 
shown to be potentially useful for the interpretation of 
whistler-mode dynamics in the magnetosphere of the 
Earth. The analysis of our papers was based on the dis­
persion equation for parallel whistler-mode waves writ­
ten in the form: 

N 2 =1-- .? -~(A -1)N2 2X [ dffe J 
r 1/2,2 dz e ' 

( 1) 

where 

·'"J.J at2 

~-P=~.p(z,a, b)= -i J ei= 1-l-i1 (1-it)-q(1-ibt)-Pdt, 
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ll 0 , Q0 and w are electron plasma frequency at rest, elec­
tron gyrofrequency at rest and wave frequency respective­
ly; N is the wave refractive index. 

When deriving Eq. 1 we assumed an electron distribu­
tion function of the form: 

f(p P) -U'n3f2p2j+2p )-1p2jexp( Pi PTI) l• 11 - • 01 011 l __ 2 ___ 2_ ' 

Pol Po11 
(3) 

where Po l( 11 l is the electron thermal momentum in the 
direction perpendicular (parallel) to the magnetic field, p .L 

and p 11 are the electron momenta in the corresponding 
directions, and j = 0, 1,_ 2, ... We restricted our analysis to 
the case j = 0 (bi-Maxwellian plasma). The generalization 
to j-1= 0 is straightforward (Tsai et. al., 1981; Sazhin, 1989). 
We also restricted ourselves to considering wave frequen­
cies well above the proton gyrofrequency so that the pro­
tons and other heavy ions could be considered as a neu­
tralizing background. Finally, we assumed the plasma to 
be weakly relativistic so that p0 l(lll ~ m,c, where m. is the 
electron mass at rest and c is the velocity of light. 

The function ~. P was called the generalized Shkarof­
sky function by analogy with the conventional Shkarof­
sky function ~(z, a), defined e.g. by Robinson (1986, 
1987): 

oc, . ac 2 

~(z, a)= -i J e1=1-1-;1 (1-it)-q dt 
0 

[see also the original paper by Shkarofsky (1966)]. 
We have the straightforward identities: 

.~. 0 (z, a, b)=~,p(z, a, O)=~(z, a), 

~.p(z, a, 1) =~+p(z, a). 

(4) 

Both the real and the imaginary parts of Eq. 1 were 
analysed by Sazhin and Temme (1990) in the asymptotic 
limit a ..... oo and lµI = lz/al ~ 1, while Sazhin and Temme 
(1991) restricted their analysis to the imaginary part of 
Eq. 1 in the limit IAe -11~1. The analysis of the imagi­
nary part of this equation was of particular interest as it 
allowed us to consider the problem of the stability of the 
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waves. In this paper we concentrate our attention just on 
this very aspect of the problem. We begin with an analysis 
of the imaginary part of~. P based on the ideas of Sazhin 
and Temme (1990) but using more terms in the asymp­
totic expansion of '.3.~.p (second section). Based on these 
results and Eq. 1 we then consider the problem of margin­
al stability of the waves. Here again we extend the results 
of Sazhin and Temme ( 1990, 1991) taking into account 
higher order relativistic corrections to the value of Ae 
when the waves are marginally stable. In contrast to 
Sazhin and Temme ( 1990) we impose a milder restriction 
on µ (not 1111~1 but µ < 1 ). In contrast to Sazhin and 
Temme (1991) we impose no specific restrictions on the 
value of Ae, although we assume that !al~ 1. The later 
inequality always holds true in the Earth's magneto­
sphere. Our results are important not only from the point 
of view of obtaining the higher order correction them­
selves but also from the point of view of justifying the 
applicability of the lower order approximation when only 
the first order corrections are taken into account. The 
main conclusions of the paper are summarized in the final 
section. 

Asymptotics for '.3~. P 

As was shown by Sazhin and Temme (1990), in the limit 
a--+ oo and µ=z/a < 1 we can write: 

'.3~.p~'.3{e-ax;l i ck J e-4avt=µw2 wk dw} 
k~O 0 

= '.3 { i e-axd k~o ck r(k; 1) [4a Jl-=µ]-<k+ tl/2}' 
where the ck are defined as: 

ds de "-
! (s)de d- = L ck o}' 

w k;O 

w=-sinte, 

cos&+isinO 
S=-1+ J1-ii ' 
(-ns e sO), with: 

f (s)=(1 +s)-q (1 +bs) P 

and 

Xo=fi-11-2 j1-µ. 
Based on the definitions of s and w we can write: 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

1 [ . 2 • 3 iws J s=s++ J1-=µ -2zw-2w +zw + 4 + ... , (11) 

where 

S+=-1+ r;---:_· 
v 1-11 

Furthermore, we need: 

~·~ :~ =1~= *"[-2i-4w+3iw2 + 5i:4 + ... ] 
(12) 

and 

f (s)= f (s+l [1 + f 1 w+ f 2 w 2 + ... ] , 

where 

f -2·jl-=µ(b-1)q-b(q+p) 
1- l ' 

jf=µ(b-1)-b 

!2 =2{ji=µ(h-1) b(2q2+2q ;-p) 
[fi=µ (b-1)-b] 

(13) 

(1-µ)[2q2 b-q2]+q2 b2(µ-2)-b2[p2+2pq]} 
+ r;--:: . 

[y 1-µ(b-1)-b] 2 

Having substituted Eqs. 12 and 13 into expansion 6 we 
obtain the following expressions for the first three coeffi­
cients in this expansion 

-2i . 
c0= ~j(s+), 

v 1-p 

. - -4[jt-µ(b-1) (1-q)+b(q+ p-1)] j"( ) 
C1 - ~ r;---:_ S+ , 

v 1-µ[y 1-p(b-1)-b] 

c2 = =-i[ii+h1£+c JT=µ] f (s+l, 
~1-µ [~1-µ(b-1)-b]2 

where 

ii= b2(-8q 2 -4p2-8qp+16q+8p-6) 

+(2b-1) (4q 2 -8q+3)' 

h=(b-1)2 (4q2 -8q+3)' 

c= 2b(b-1) (4q2 +4qp-8q-6p+3). 

(14) 

(15) 

(16) 

Sazhin and Temme ( 1990) derived only the coefficients 
c0 andc 1 • The coefficient c 1 contributes to the m~. P and 
was used for the analysis of whistler-mode propagation, 
while the coefficient c0 contributes to the :3~. P and was 
used by Sazhin and Temme (1990) for the analysis of 
marginal stability of the waves. However, this part of their 
analysis was not strictly rigorous as the neglection of the 
term c2 (which also contributes to '.3~.p) was not justi­
fied. Moreover, they imposed the condition !µI~ 1 which 
is sometimes rather stringent for applications. We will 
derive our main equations under the milder restriction 
µ< 1. 

Having substituted Eqs. 14 and 16 into Eq. 5 we ob­
tain: 

:S.¥ ~_Jn I (s+) exp(-ax~) 
q,p 2.ja.(1-p)3/4 

[ 1 a+fiµ+cjf=µ J 
x + 16a(1-µ) 5'4 [jf=µ(b-1)-b] 2 ' (1 7) 

where ii, b and c are the same as in Eq. 16. 
In the next section this expression will be used for an 

analysis of the condition of marginal stability of whistler­
mode waves. 
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Analysis of marginally stable waves 

Similarly to Sazhin and Temme (1990) we can present the 
condition for marginal stability of the waves as: 

<E d3~12.2 2 
'.:3.'.1-112.2 = d (A. -1) N . 

z 
(18) 

When Eq. 18 is valid, the imaginary part of the right hand 
side of Eq. 1 is equal to zero. 

Having substituted Eq. 17 into Eq. 18 we obtain the 
equation of marginal stability in a more explicit form: 

(b-l)N2f ,(s) l+ a312+C312v 1 -P [ ~ ~ ~ J 
31 - + 16a(1-11)514 [y1f=µ(b-1)-b] 2 

=[1+(b-1)N2] 

·/' ,(s+)[l+ ii112+i'112y11=µ ], (19) 
· 11 - 16a(1-Jt)514 [jt=µ(b-1)-b] 2 

where: 

a11 2 13·2i = a(q = 1/2(3/2)), c 1121312) = c(q = 1 /2(3/2)), 

.f11213/2) = f (q = 1/2(3/2)). 

Remembering our assumption that a is large, we can 
expand Ae with respect to a- 1 and write it as: 

(20) 

Having substituted Eq. 20 into Eq. 19 we obtain the 
following expressions for A.0 and A. 1 : 

- 1 A = 1 + ----- ------ --.o 2 ;-:;----:-, ' N [v-1-p-1] 
(21) 

The expression for A.2 is much more complicated and 
is only significant when we take into account one further 
term in Eq. 5. 

At first sight expression 21 appears to contradict the 
expression 19 of Sazhin and Temme (1991) which in the 
limit a --+ OCJ reduces to: 

(23) 

However Eq. 23 was derived under the assumption that 
IA. -11~1 which is satisfied only when N2 ~1. In this 
case we can neglect the 2 when compared with N 2 in the 
denominator of Eq. 23 and reduce Eq. 23 to Eq. 21 taken 
in the limit IA., - 11~1. 

In the limit Iµ I~ 1 Eqs. 21-22 reduce to: 
- 2 1 µ 
A.o = - Jl N1+1 + 2 N2 + 8 N1 + ... ' (24) 

- 1 4 
Aei = - 8N2(N2-1) /t3 + (N2-1) Jl2 

4N2 -3 
+ 411N2 (N 2 -1) + .... (25) 

Taking the first three terms in Eq. 24 we can write it in 
a more explicit form: 

- y 1 
A.o = y -1 + 2 N1 . (26) 

Equation 26 is equivalent to the corresponding expres­
sion derived by Sazhin and Temme (1990) in the limit 
N 2 ~ z2 ( Y -1)/4a~1 (see their Eqs. 5.3 and 5.6. However, 
the other expression for A. derived by Sazhin and Temme 
(1990) (see their Eqs. 5.3 and 5.8) in the limit z2 (Y-1)/ 
4a ~ N 2 ~ 1 has no physical meaning, as in this limit the 
condition pz/4a --+ 0, on which the analysis of Sazhin and 
Temme (1990) was based, cannot be satisfied. 

In what follows we will return to Eqs. 21-22 valid for 
Jl< 1. 

The general expression for N 2 for whistler-mode 
waves, with thermal and relativistic corrections taken in­
to account, can be written as (Jaquinot and Leloup, 1971; 
Sazhin 1987 a, b): 

, , [ ( v Y3 v(1 +4A.) Y 2 v A., Y 2 ) J 
N-=No 1+ 2(Y-1)3+ 4(Y-1)2N~ -2(Y-1)2 r' 

where v = n6/Q6 ' 
(27) 

(28) 

(22) 

Restricting ourselves to considering frequencies at 
which the waves are marginally stable, we can put in 
Eq. 27 A.,= Y /( Y -1) and simplify it to: 

2 . 2 [ v(5 Y-1) Y2 r] 
N =No 1 + 4(Y-1)3 N~ . (29) 

Having substituted Eq. 29 into Eqs. 21-22 and ne­
glecting higher order terms with respect to r we can 
rewrite Eq. 20 as: 

(30) 

where 

(31) 

(32) 
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Fig. l. Plots of Aeo versus Y - i for v = ll~/Q~ = 0.5 (curve 1 ), v = 1 
(curve 2), v = 5 (curve 3) and v = 100 (curve 4) 
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Fig. 2. As in Fig. 1 but for Ae1 

Plots of Aeo versus y- 1 and Aei for the same v as in 
Sazhin and Temme ( 1991) are shown in Figs. 1 and 2 re­
spectively. We consider y- 1 <0.5 when Aeo is about or 
below 2 (typical values of this parameter in the Earth's 
magnetosphere, see e.g. Tsurutani et al., 1982; Bahnsen 
et al., 1985; Solomon et al., 1988). Also, for the values of 
the parameters Y - 1 and v under consideration, the condi-
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Fig. 3. As in Fig. 1 but for Ae 1 • The curve corresponding to v = 100 
almost coincides with Y - 1 axis 

tion 1<< 1, on which our theory is based, is satisfied. As 
follows from Fig. 1, a decrease in electron density (param­
eter v) tends to stabilize whistler-mode waves in agree­
ment with the earlier results of Sazhin and Temme (1991 ), 
who reached the same conclusion for y- 1 ~ 1 and 
!Ae -1 [ ~ 1. In other words a decrease in electron density 
requires a larger anisotropy to achieve marginal stability. 

At the same time, as follows from Fig. 2, and Eq. 30 the 
non-zero electron temperature (parameter r) tends to de­
crease Ae(Ae 1 <1) thus destabilizing whistler-mode waves 
(smaller anisotropy is required to achieve marginal stabil­
ity). However, in the actual conditions of the Earth's mag­
netosphere, when r is almost always below 10- 2 (electron 
energy below several ke V), this stabilization of whistler­
mode instability appears to be negligibly small. 

Equation 20 can also be used for the analysis of whis­
tler mode instability in a slightly different plasma model 
when we assume that the density of the hot electrons 
responsible for whistler-mode instability is well below the 
density of the "cold" electrons responsible for whistler­
mode propagation (cf. Kennel and Petschek, 1966; Etch­
eto et al., 1973). In this case we can assume that N = N 0 

and rewrite Eq. 30 as: 

where A,,0 is determined by Eq. 31, 

Ael = Ael (N =Noll N~ 

(Ae 1 is determined by Eq. 22) . 

(33) 

(34) 

As follows from the plot Ae 1 versus y- 1 (Fig. 3), in this 
case the effect of non-zero electron temperature (non-zero 
r) tends to stabilize whistler-mode waves. However, the 
efficiency of this process appears to be even smaller than 
in the case of destabilization due to Ae 1 <0. 
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Finally, we attempted to compare the results shown in 
Fig. 1 with the results of numerical analysis of Jacquinot 
and Leloup (1971). In fact, Jacquinot and Leloup consid­
ered not the problem of marginal stability of the waves 
but the frequency dependence of their increment of insta­
bility (y). However, it seems possible to get the values of 
y-i for marginally stable waves from the curves given in 
their Fig. 5 if we extrapolate them to the point where 
y=O. Having done this, we obtained that at A.=2 and 
v = 1 relativistic effects decrease the frequency of mar­
ginally stable waves from y- 1 =0.5 to y- 1 ::::::: 0.42, while 
our Fig. 1 predicts a decrease from y- 1 = 0.5 to 
y- 1 ::::::: 0.47 at the same Ae and v. The reason for this 
apparent discrepancy between our results is not clear, but 
we suspect that it might have its origin in the low accura­
cy of extrapolation of the corresponding curve of 
Jacquinot and Leloup (1971). 

Main conclusions 

The conclusion of Sazhin and Temme (1991) that whis­
tler-mode waves are stabilized by a decrease in electron 
density is confirmed without the restriction that 
IAe-11~1. 

If we assume that the electron distribution is of the 
type described by Eq. 3 then an increase in the electron 
temperature tends to destabilize whistler-mode waves. 
However, if we assume that hot electrons with the distri­
bution 3 influence whistler-mode instability or damping, 
while wave propagation is mainly determined by cold 
electrons with a density well above that of hot electrons, 
then an increase in r leads to an opposite effect. In both 
cases the effect of non-zero electron temperature on mar­
ginally stable waves appears to be much smaller than the 
effect of a decrease in electron density. This justifies the 
application of expression 31 to the analysis of marginally 
stable whistler-mode waves. 

Our results are potentially most useful for the analysis 
of marginal stability of whistler-mode waves in those re­
gions of the Earth's magnetosphere and the magneto­
spheres other planets (e.g. Neptune) where the plasma is 
relatively rarefied (v::;; 1) (see e.g. Curtis, 1978; Gurnett et 
al., 1990). 
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