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Summary. An algorithm is given for the computati on of the confluent hypergeomet ric function U(a, b, z). For real values of a, b and z, z>O, ALGOL 60 procedures are given. The computati ons are based on a Miller
algorithm and on asymptotic expansions .
Subject Classifications. AMS(MOS ): 65D20; CR: 5.12.

1. Introduction
1.1. Definitions and Relevant Properties
We consider the computati on of the confluent hypergeom etric function
1
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- Je-zr t"- 1 (1 + t)b-a- i dt
U(a b 7 ) =
.
, ' - I'(a) o

( 1.1)

This representa tion is valid for Re a> 0, Re z > 0, bE a::. For other values of a
and z we define U(a, b, z) by analytic continuati on. In general, i.e., for general a
and b values, U(a,b,z) is singular at z=O. It is a many-valu ed function with
respect to z and we consider for larg zl < n the principal branch, which is real
(if a and b are real) for z > 0. With respect to a (or b) U(a, b, z) is an entire
function. For a= 0, -1, -2, ... it can be written in terms of Laguerre polynomials
(1.2)
U ( - n, et+ 1, z) = ( - 1)" n ! IJ~l (z).
If b - a - 1 = n (n = 0, 1, 2, ... ) it also reduces to an elementary function. It easily
follows from ( 1.1) that

U(a,a+n+ l,z)=

f

k= 0

where (a)k=I'(a+ k)/T(a), k=O, 1,2, ....

(a)k

(~)z-•-\

(1.3)
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The function U(a, b, z) is a solution of Kummer's equation
(1.4)

zw" +(b-z)w' -aw=O.

'

A second solution is the function (also denoted by 1Fi(a, b, z))
:1J

M(a, b, :::) =

L [(a)n/(b)n] zn/n !

(1.5)

n= 0

which is regular for all finite z-values, although it is undefined for some pairs
(a, b).

The functions U(a, b, z) and M(a, b, z) satisfy recurrence relations with respect to a and b. With respect to a we have

J

0 _

1

+(b-2 a-z)f.+a(l +a-b)fa+ 1 =0

( 1.6)

which is satisfied by

M(a,b,z)/I'(l+a-b).

( 1.7)

(b-a- l)f,,_ 1 +(1-b-z)fb + zf,,+ 1 =0

(l.8)

U(a,b,z)

( 1.9)

U(a,b,::)

and

'

With respect to b we have
with solutions
and

I'(b-a)/I'(b)M(a,b,z).

We use here the notation of Abramowitz and Stegun (1964, Chap. 13). More
information on Kummer's function can be found in this and in many other
references, for instance in Slater (1960).
For certain combinations of a and b the function U(a, b, z) reduces to other
special functions. We list here some examples (see Abramowitz and Stegun
(1964, p. 510) for a more extensive table).
a

b

v+!
1-:x
1

2v+I
IX+!
1-IX
l+ix

-j-v

l
2

-11

Relation

Function

2z

ir-t e'(2 :i- ,. K,(z)

=

( -1)" 11 ! L",(z)
e= f(ix,z)
}

modified Bessel
Laguerre polynomial

=

1 .. 2
2-

e= z-• f(ix, z)

incomplete gamma

2-t' et=' D,(z)

parabolic cylinder

The incomplete gamma function has a special cases the exponential integrals,
the sine and cosine integrals and the error functions. Dn(z) is an Hermite
polynomial, D -n- i (z) is a repeated integral of the error function (n = 0, 1, 2, ... ).

1.2. Contents of the Paper
The algorithms given here can be used for complex values of a, b and z. In
order to formulate concrete stability conditions it is better to concentrate on
real a, band z=x>O.

'
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The algorithms are implemented in two ALGOL 60 procedures:
1. the procedure ell.a computes the values
uk = (a)k U(a + k, b, x)

and

(a)K U'(a + K, b, x)

for a;;;;;O, k=O, 1, ... ,K, bEJR, x>O, where K is an integer
2. the procedure aa6x computes the values

(1.10)

;;;;;o.

U(a,b,x) and U'(a,b,x)
(1.11)
for aEJR, bEJR, x>O.
The prime denotes differentiation with respect to x. The single value
(a)K U'(a + K, b, x) delivered by ell.a is used for a backward recursion process
and it plays an important role when cli.u calls recursively itself. Also aa6x
calls eli.u, and then the derivative is important too. It is possible to obtain the
derivative U'(a+K,b,x) from the values uK, uK_ 1, for instance by using
xV'(a,b,x)=(a-b+x) U(a,b,x)- U(a-1,b,x).

For small values of x and/or large values of b this formula is not stable. Our
methods in ell.a guarantee a stable computation for the derivative of V(a
+K,b,x).
In Sect. 2 we discuss recursion with respect to a. For values of x bounded
away from zero we can use a Miller algorithm. For x-values close to zero, we
use asymptotic expansions. In an earlier publication Temme (1975a) we used
analogous methods for the computation of (1.10) with a=b= 1.
In Sect. 3 we consider some aspects of recursion with respect to b. The
ALGOL 60 procedures are described in Sect. 4. The procedures call for procedures published earlier in Temme (1975b), a publication on the computation
of modified Bessel functions.

2. Recursion with Respect to a

From (1.6) and (1.7) it follows that uk of ( 1.10) satisfies

(a +k-1) uk- l +(b-2a-x-2k) uk +(a +k+ l -b) uk+ 1 =0,

(2.1)

a second solution being
gk =

[I'(a + k)/I'(l +a+ k- b)] M(a + k, b, x).

(2.2)

From asymptotic expansions 'of the gamma functions and from Slater (1960,
p. 80) it follows easily that for k--+ oo
uk = [2/I'(a)] (k/x)<b- l)/Z exfZ Kb- 1 [2(k x)t] [1
gk =

I'(b)(k/x)<b- l)/l

ex 12

I b- 1 [2(k x)i] [1

+ O(k- t)],

+ O(k-t)],

(2.3)

where I v(z) and KJz) are modified Bessel functions. For Re k x--+ oo we obtain
by using well known expansions for the Bessel function
uk ~ [nt / I'(a)] (k/x)<bgk ~

1 11 2 (k

x)- t exp[± x - 2(k x)tJ,

±n-t I'(b)(k/x)<b- 11 12 (k x)-± exp [t x + 2(k x)t].

(2.4)
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So, in the terminology of Gautschi (1967), uk is a minimal solution and gk is a
dominant solution of (2.1). Hence the computation of uk+ 1 from uk, uk-1 (using
(2.1)) is not stable. If we want to use (2.1) for the computation of {uk} we have
to use it backwards, i.e. from uk, uk+ 1 we compute uk_ 1. Backward recursion
may be unstable for small k; see§ 3.2.

'

2.1. A Miller Algorithm for {uk}
As follows from (2.4) we can use a Miller algorithm for the computation of
{uk}. For details of such an algorithm we refer to Gautschi (1967). As normalization we use

00

L mkuk=x-

0,

mk=(-l)k

(b-a-1)
k
.

(2.5)

k=O

This relation is easily verified by substituting (1.10) in (2.5) and using (1.1). For
x>O, a~O, bElR the uk are non-negative; for b~a+ 1 all mk are non-negative.
Hence in these cases (it will appear that we can restrict b to [O, 1]) the series in
(2.5) has non-negative terms, which is important in the numerical procedure.
For a=O we have u0 =1, u 1 =u 2 = ... =uK=O. For the Miller algorithm we
suppose O<a~ 1, other positive a-values need not be considered.
The Miller algorithm for the recursion relation (2.1) is also considered by
Wimp (1974), who in fact gives two different Miller algorithms for the computation of the U-function. His first algorithm is based on a third order difference scheme and gives a single value U(a,b,x). It converges faster than his
second algorithm which is similar to ours and which gives any desired number
of values uk.
Wimp did not go into the numerical details, although some important
problems may arise. For instance, we found that backward recursion by using
(2.1) may be unstable for certain combinations of the parameters, especially
when b is large with respect to a+ k + x. More details on this point are discussed in § 3.2.
This algorithm was also used in Temme (1975b) for the computation of the
Bessel function K,(x). For x-values satisfying 1 <x ~4, Campbell (1980) modified this algorithm by using the Wronskian relation for the modified Bessel
functions. His faster method applies also in the present case. For 1.4<x~6.5
we use (instead of (2.5)) the normalization

U(a,b,x) M'(a, b,x)- U'(a, b, x) M(a, b, x) = I'(b) x-b ex.
I'(a)

(2.6)

The M-functions are computed by using (1.5); the rate of convergence of (1.5)
is the same as that of the exponential function (a=b).
In (2.6) U, M and M', are positive and U' is negative for a> 0, b ~ 0, x > 0.
Therefore, (2.6) is stable for the indicated ranges of a, b and x. The Wronskian
(2.6) is also used in the case x>6.5 and a=b. In that case the M-functions are
exponentials and (2.6) becomes

U(a, a, x)- U'(a, a,x)=x-•.

,

'
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U(a, b, x) =

I

N-!

U'(a ,b,x )=

cn(b, x) rf>n(a, b, x)+ RN( a, b, x)

n= 0

I

dn(b,x)rf>n-i(a,b,x)+TN(a,b,x)

n= 0

1
rf>n(a, b, x) = 2 ex12 /I'(a)(x/aj<"+ -b)/Z Kn+
n

cn(b, x) =

I

b)1l(x) b~2.!. j(b),

i= 0
n

dn(b, x) =

I

i= 0

-

bj 0 (x) b~3~)b).

l -b

[2(a x)!J

(2.9)
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The bl.il
are defined by the generating functions (for lrl < n:)
J
00

00

exp[xµ(r)]=

L b~ 1 >(x)ri;

['r/(1-e-•W=

2

i=O

i= 0

b~3 l(b) =(1- j/b) b)2 >(b);

L b~ >(b)ri;
(2.10)

µ(t)= 1/r-1/(e'-1)-!.

'

The function K. in <f>. is the modified Bessel function. Coefficients b)l)(x) and
W>(b) are for j=0, ... ,8 incorporated in the ALGOL 60 program (in fact
b~2 l(b)/b); see arrays tx, M[0:8] in the block announced by "if x~ 1.4 then").
The remainders RN and TN are bounded by simple expressions. Let

K(d, b,x)= lsindl-b exp(!x(l/d + 1/lsindl)]
then, as proved in Temme (1979), for a>O, x>O,

(2.11)

b~O

IRN(a, b,x)l <db-N K(d, b, x) cf>N(a, b, x)

'
(2.12)

[Tia, b,x)[ <db-N+ 1 K(d,b+1, x) </>N(a, b+ 1, x),
where d is arbitrary in [3 n:/2, 2 n:).
We use the above expansions for the computation of uk and v~ for a large
value of k (see (1.10) and (2.7)). We fix N; in the computer program we use N
=9. Furthermore we take O~b~l. We have to choose k~K so large that,
given ae(0,1], be[0,1], x>O, e>O, de[3n:/2,2n:),

'
The minimal value of k satisfying both inequalities of (2.13) is computed by
using inequalities for <f>i(a,b,x) as given in Temme (1979). Also the value of dis
computed according to a device given there.
When uk and vk are computed we use (2.8) for backward recursion.

2.3. Negative a-Values
The integral (1.1) defines U(a, b, z) for Re a> 0. However, as follows from recursion with respect to a, see (1.6), U(a, b, x) is an entire function of a and
recursion can be used for the analytic continuation of (1.1) to Re a ~O. First
values for the recursion can be obtained from the algorithms of Sect. 2. We
give an ALGOL 60 program uatx which computes U(a, b, x) and the x-derivative for aeJR, beIR, x>O. Computation of (1.10) for a<O is not attractive
due to possible singularities (for negative integer values of a) of the factor I'(a
+ k)/I'(a). Special values for a= - n, n = 0, 1, 2, ... , follow from (1.2).
For a--. - oo, b bounded, x >0 we have

U(a, b, x) =I'(! b-a+i) n:-t etx x-1-tb cos(x+a n:)[l + 0( -a)-t]
M(a, b, x) = I'(b) n-t etx( -a x)t-tb cos(x)[l + 0( -a)-1']
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with x=(2bx-4abx)+-}bn+;tn. It follows that U(a,b,x) and M(a,b,x)T\[
+a - b), the two solutions of ( 1.6), are not dominant with respect to each other.
Thence recursion is possible for both solutions in negative a-direction.
We use (2.8) in the form

U'(a, b, x) = U'(a + 1, b,x)- U(a +I, b, x)
U(a, b,x)= - U'(a + l, b, x)+(a+x+ 1-b) U(a + 1, b,x).
It is not possible to give strict conditions for the stability as was done for a> 0.
In fact U(a, b, x) and U(a + 1, b, x) may have different signs when a< 0. The
same remark applies for the derivatives.
When a< 0 and a= b we have the incomplete gamma case, viz.

U(-a, -a,x)=ex I'(l +a,x).
In that case we can claim stability since we can recur according to the relation

which is stable for increasing (positive) a. In terms of the U-functions the recursion is
U( -a, -a, x) =a U(l -a, 1-a,x) +x U(l -a, 2-a, x),
in which the last term is an elementary function (see (1.3)).

'

3. Recursion with Respect to b
For convergence aspects of the algorithms of the previous section we restricted
b to the interval [O, 1]. Here we are concerned with the remaining b-values and
we will start with b<O. Throughout this section we suppose that a>O and

x>O.
3.1. Negative b-Values
The crucial relation is the reflection formula

U(a,b,x)=x 1 -b U(l +a-b, 2-b,x).

(3.1)

If b is negative the b-place in the U-function on the right is positive (in fact the
reflection occurs at b = 1, for convenience we use it at b = 0). In order to compute
k=O, ... ,K,
(3.2)

vK =(a)K U'(a + K, b, x)

for b < 0 we first compute

uk=(chU(c+k,1-b,x),
w=(c)K U'(c+K, 1-b,x).

k=O, ... ,K,

c=l+a-b

(3.3)
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Using (3-1) and U'(a,b,x)= -a U(a+ 1,b+ 1,x), we write this as

(c)

ilk =(c)k xb U(a + k + 1, b + 1, x) = -xb _(_)_k__ vk

a k+ 1

w=-(c)K+l

u (c+K+l,2- b,x) =-X

(3.4)

b-l(c)K+l

(·-.)--UK+\
a K+ 1

where vk = u~ (see (2. 7)).
For computing the values in (3.3) we need an algorithm for computing {uk}
for b > 1. Details on this point will be discussed in the next subsection.
The values in (3.4) are used to compute the required uk. First uK is computed by using
(3.5)
aU(a,b,x)=a(l +a-b) U(a+ l,b,x)-xU'(a,b,x)
and the remaining uk (k = K -1, ... , 0) follow from the second of (2.8). This
recursion is stable since vk and b are negative. Also (3.5) is stable.

Remark. Instead of (3.3) we might have computed
iik=(chU(c+k,2-b,x),

k=O,. .. ,K,

c=l+a-b,

w=(chU'(c+K,2-b,x)= -(c)K+txb-l U(a+K,b-1,x).
Then

hence uk follows rather straightforwardly form the computed iik. However, we
need also vK. This value can be computed from the uK, uK _ 1, or w, uK by using
one of the recursions

x U'(a, b, x) = (a-b + x) U(a, b, x)- U(a -1, b, x),
x U'(a, b;x) = (1-b) U(a, b, x)-(1 +a - b) U(a, b -1, x).
For small values of x and/or large values of - b they are not stable. In the
approach described earlier all computations are stable.

3.2. The Case b > 1
Recursion with respect to b can be done by using
(b-a-1) U(a,b-1,x)+(l-b-x) U(a,b,x)+xU(a,b+ 1,x)=O,

(3.6)

of which a second solution is [I'(b-a)/I'(b)] M(a, b, x). From the series (1.5) it
follows that M(a,b,x)=l+O(b- 1 ) for b-HXJ, a and x bounded. From (1.1) it
follows that for b-a-1~0 (by using (l+t)b-a- 1 ~1)

U(a, b, x) > x t -b f(b-1)/f(a).

(3. 7)
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Hence for the recursion (3.6) the function U(a, b, x) is dominant with respect to
the second solution. It follows that recursion in the forward b-direction is stable.
More insight is gained when we use the derivative as in (2.8). Let us write

!,, = U(a, b + k, x)
gk = U'(a, b + k, x).

(3.8)

Then the recursion in the b-direction is given by

h+ t =

fk - gk

xgk+ t =(k+b)gk-ak

(3.9)

Since fk > 0, gk < 0 (k ~ 0), (3.9) is a recursion without subtractions (formula (3.6)
lacks this property), and hence it is stable.
Suppose we want to compute (1.10) with b>l. Then we define b 1 =b-[b]
and we compute the values

by using the algorithms of Sect. 2. Then we use (3.9) for obtaining uK and vK
and then (2.8) can be used for the remaining uk (k= K -1, ... , 0).
As mentioned earlier, (2.8) is stable if a+ k + 1 + x - b is not negative. Large
b values may violate this condition and in fact the second of (2.8) is not stable
for large b-values. To show this we need the asymptotic relation (compare
(3.7))
U(a,b,x)~x 1 -b f(b-1)/I'(a),
(3.10)
which is valid for x __, 0 (b > 1) or b ~ '.XJ (x fixed). Inserting this in the second of
(2.8) (with modifications for vk + 1 and uk + 1) we infer that indeed large values
will cancel each other in order to obtain a smaller value, especially when k is
small. Repeated application of (2.8) is allowed as long as k is so large that a+ k
+ 1 + x -b is not negative. If a, b and x (and K) are such that for some k this
quantity becomes negative, instabilities may arise.
It is not easy to formulate an "if and only if" condition for the stability.
The subtraction p-q of two positive numbers (q <p) is harmless if, say, q<~p.
The recursion (2.8) can be done by checking this criterion. However, in the
computer program it is convenient to have a priori information on safe kvalues. We use simply the above condition: a k-value is safe if a+k+ 1 +x-b
is non-negative. Call m the largest value of k that makes a+k+l+x-b negative. Then
(3.11)

are computed via (2.8) and for
(3.12)

we need a different approach.
The value m is defined by

m=[b-x-l-a];

(3.13)
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if b-x-1 -a=[b -x-l-a ] then m:=b- x-2-a. It may happen that
m<O.
In that case all uk are obtained by (2.8). If m?;, K none of the uk are obtaine
d
by (2.8). In other words, the sets in (3.11) or (3.12) may be empty.
To obtain the values in (3.12) we may suppose that the values
(3.14)
are available, together with their derivatives. We can use (3.9) for recursio
n up
to b with
(3.15)
All these recursions are stable. However, it may be rather expensiv e,
since
every element in (3.14) is recurred to the b-level. For an alternat ive method
,
which may be much more efficient, we proceed as follows. We start with
the
element with )=0 in (3.14) and we recur up to b-m. That is, we comput
e
(3.15) withj=O for k=O, 1, ... , [b]-m, giving

J[bJ-m = U(a, b-m,x) ,
Next we compute
Fj=(a)j U(a+ j, b-m+ j,x),

,

g[bJ-m= U'(a, b-m, x).
Gj=(a)j U'(a + ), b-m+ j, x)

(3.16)

for j = 1, 2, ... ,rn. (Consider the (a, b)-plane. We compute U and U' along
a diagonal in the (a, b)-plane.) These diagonal elements F1, GJ are obtaine d by
using

aU(a+ l,b+l,x )= -U'(a,b ,x)
ax U'(a + 1, b + l,x) =-a U(a, b,x)+(b -x) U'(a, b, x),

(3.17)

which in fact is Kumme r's equation (1.4). In terms of F., G. it reads as
J
J

F1+ 1 =-Gj
xGj+ 1 =-(a+ j)Fj+(b + j-rn-x) Gj

(3.18)

for j = 0, 1,. .. , rn- 1. This recursio n is stable: G. is negaitve and (b +j - m
- x) is
positive for )=0, ... ,m-1 (cf. (3.13)). From the diagona l a final recursio
n in
the b-direction is performed by using (3.9) with starting values F., G. in
order
1
1
to obtain (3.12). The procedu re is illustrated in Fig. 1.

b

b= Q+X+I

b:a+l

Example :
K=IO, a=0.5, b=975
x = 4, m= 3, b1 =075
o auxil 1ary values
• required values

a
Fig.1. The values • at the right of the line b =a+ x + J are computed via
(2.8)

!!
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In the procedure diu this algorithm is controlled by the Boolean variables
rand s; r=true means that (3.11) is empty, all required values follow from
diagonal elements; s =false means that (3.12) is empty, all required values follow from backward a-recursion. In ALGOL 60 notation: r:= K 22m, s:=m~O
(in cllu ,){ is replaced by lma:z'),

3.3. The Polynomial Case
The actual algorithm for the case b > 1 is more intricate than described above.
The point is that we take advantage of the possibility that some or all of the
desired values {uk} are elementary functions. See ( 1.3). In that case the timewasting algorithms of Sect. 2 may be circumvented.
Let us introduce
c=b-a-1
(3.19)
and we suppose here that c is a non-negative integer. Then the values
(3.20)

are polynomials, and the values
(3.21)

are higher transcendentals. The set in (3.21) may be empty. If it is not, its
elements are computed as in the previous subsection. Since m (see (3.13)) is not
larger than c, the set (3.21) is a subset of (3.11). Hence, the higher transcendentals (3.21) can be computed by backward a-recursion, whereas some of the set
(3.20) (i.e., u0 , .. ., u,.,) are to be computed from diagonal elements. These diagonal elements are elementary functions as well. If (3.21) is empty then all {uk)
are polynomials. Then the first {u0 , .. ., um} are computed from elementary diagonal elements, the remaining with backward a-recursion with elementary
starting values.
The polynomial case is recognized in cAr,, by the Boolean variables /1 and
r;: jl=true iff c is a non-negative integer, fi=true and r;=true iff all {uk} are
polynomials. That is, if K22c. In ALGOL 60 notation: fi:=c=e>tli'et(d
A 1· ~ 0, (I : = ,;f'· ~ c.
If we combine the possible cases of § 3.2 with those of the present subsection we obtain 8 different situations A, B, .. ., H. An illustration by means
of the (a, b)-plane is again very instructive. In Fig. 2 the positions of the (a, b)
parameters of the desired elements {uk) are depicted with respect to the lines b
=a+l, b=a+x+l.
For convenience, fz =true, ft= false, etc. are replaced by p = 1, p = 0, respectively. In the cases A, B, C, D, E diagonal elements must be used (s= 1). In A,
B all elements follow from diagonal elements (r =I). In C, D, E, F, G, H (r = 0)
backward a-recursion is used for some (in F, G, H for all) elements. Values of q
if p=O are not significant; rand s are not independent: s=O implies r=O. G
and H are treated as being the same: in G higher transcendentals are used in
the backward a-recursion and the process is not terminated at the moment

----------...

......................
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b=a+x+1 b=a+1

b

p q r s
I 1 I 1
0

I

0

0 I

I

I 0 I

I

1 0 0 1
1 1 0 0
1 0 0 0

0 0

0

a
Fig.2.

that elementary functions turn up. If K =0 some cases are equivalent. Then the
location with respect to the line b =a+ x + 1 is not relevant; the only question
is whether it is a polynomial case or not. For convenience we put r = s = 1 (case
A or B) if K=O.
Examples with numerical values for the different eight cases are given in
Table 1.
Table I. With the shown values of a, b, x, K
all cases A through H are covered

A
B

c
D
E
F
G
H

a

b

x

K

c

2.5
2.0
2.0
2.5
2.5
2.5
2.5
2.0

8.5
8.5
8.5
8.5
8.5
8.5
8.5
8.5

1.4
1.4
1.4
1.4
1.4

2
2
5
4
6
2
6
2

5
5.5
5.5
5
5
5
5
5.5

6.5
6.5
6.5

m
3
4

4
3

3
-2
-2
-2

4. ALGOL 60 Procedures
The procedures given here make use of external ALGOL 60 procedures for the
computation of the gamma function for positive argument and of the Bessel
function K,(x), for x > 0 and vE[O, 2). For the Bessel function we call the procedure given in Temme (1975b).

4.1. The procedure

c~u

The heading of the procedure reads as follow:
procedure cktt(a, 6, x,lmax, efio, u, ufi~ime); value a, 6, x, lmax, efio;
real a, 6, x, .efio, -uftiime; integer lmax; array a;

'pergeom etric Function U(a, b, z)

75

Jlg of the formal paramet ers is:
ex press ions);
of the conflue nt hyperge ometric function U(a,h,x );
ters
c parame
~ 0, ! E IR, ,/' > 0.
1rithmctic express ion);
e upper bound of the array 11, A\1na.r;:;; 0.
.rithmeti c express ion);
c desired relative accurac y; , ju> 0.
rray identifi er)
ray r1[0: l.ma.r];
it: the values of [r(a+k) /T'(a)] U(a+k, h,x), O~k~l,.Ha:.r:, are as(nec\ to r1 [k];
Jentifie r);
it: the value of [nu+km ax)/I'(a J]U'(a+ kmax,h ,xJ is assigned to

1rithmeti c

1?f;;u'.

ure rli11 calls for the nonloca l procedu res !t.J.da. and yamma ; the
1ed in Temme (1975b) (!<.i.!A'a also calls for other procedures). The
s not protecte d against underflow or overflow and does not give a
1cn the paramet ers arc out of range. This last aspect is easily inhy the user, the first aspect strongly depends on the comput ing
l n general the functions U(a + k, h, x) are singular at x = 0:
ifh< I, the functions arc bounde d at x=O;
if h-"" I, U(a, h,x) ""0(/ 11 x) as x --;{);
ifh,> I, U(a,h,x )=0(x 1 1i) as x->0.
arg..: h-valu..:s this singular ity may cause overflow. For negative h·cflection formula (3.1) is used; hence, in that event, also an ovcrm may occur. For x-values bounde d away from zero together with
1cs s..:c (3.7), which shows that large function values arise in that
we have simrly (t[O]
:inot be obtaine d from

7"

I,

t1

[k] =0, k?: I. It follows that values of
I'( ll)

k N[k]
U(u+ k,li,x)= ,
I (a+ ·)
0). I lowcvcr, hy calling the pr0<.:edure with a= I,
•;/·'· ;1, Njdt';m:) , we obtain
.1·,
.r,4111a
r/ir1(!,r,

(except for k

/'(I f· k)

rr[kjc:

/'(I)

U(I +k,h,x) ,

k=:O, l, ... ,kmax,

the values of U(a, h, x) with rositivc intcg..:r values of a easily folat a is not restricte d to [O, I].
or (/ arc very large, underflow will occur in 11 [ k] as can be seen
t of (2.4).
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The (relative) accuracy can be controlled by efto. It is used to control the
truncation errors in the approximation processes. Rounding errors are not
considered. They may become important, although the recursions in cltu are
all strictly stable (no significant subtractions). Successive smaller choices of ej10
may yield worse results, especially if eft-:J is of the same size as the machine
accuracy. The relative accuracy in the external procedures 'teaft ?adnma and
oinlt (called by 6eJo 1la) is about 10- 14.
The user may avoid a call of the Bessel function procedure 6Mo ia (with
its external procedures ucift 9amma and oinli) by skipping the part of the
conditional statement announced by if x ~ 1.4 then. In that case the procedure
will use the Miller algorithm for all x > 0. This will result in a less efficient
algorithm with more rounding errors as x becomes smaller.

4.2. The Procedure ua6x
For convenience we supply a function procedure which gives directly the value
of U(a,b,x) for aEJR, bEIR, x>O. This procedure calls for cltu of the previous
subsection. As a second value it delivers U'(a, b, x).
The heading of the procedure is:

real procedure ua6x (a,6,x,ejtJ, u/1iime); value a.,6,x,ej10;
real a, 6, x, efto, ajtiime~
The meaning of the formal parameters is:

aJ,x: (arithmetic expressions);
the parameters of U(a, b, x) and U'(a, b, x);
aElR., 6EIR., x:>O.
efi:J:
(arithmetic expression);
the desired relative accuracy; e ftJ > 0.
ajtiime: (identifier);
exit: the value of U'(a, b, x), the x-derivative of U(a, b, x).
ua6x:: ua6a::=U(a,b,x).
For underflow and overflow aspects and the role of eft.;, see the remarks in the
description of cliu.

4.3. Testing

The procedures can be compared with existing procedures for the computation
of special cases of confluent hypergeometric functions. In this way we checked
s~ccessfully the modified Bessel functions and the incomplete gamma func~10ns. The procedure cliu gives as special case the computation of the repeated
mtegrals of the coerror function. Gautschi (1977) wrote a FORTRAN program.
for computing
00
i"erfcx=Jin- 1 erfctdt,
n=l,2, ...
x
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with i 0 erfcx=erfcx, i- 1 erfcx=(2/Vn)e-x 2 • In terms of the U-functions we
have for x?; 0
with the error function as special case for n=O.
The procedures can also be checked against themselves. The x-interval is
divided in 3 subintervals: (0, 1.4], (1.4,6.5], (6.5, oo). With

xf = 1.4(1 ±c5),

xf =6.5(1 ±c5)

we computed U(a,b,xfl and U(a,b,x£) and we compared the results with each
other. We also compared U(a,a+n+ l,x) with U(a(l +t!i),a+n+ 1,x) (b somewhat larger than the machine accuracy; the computer should recognize the
polynomial case in U(a, a+ n + 1, x) and the non-polynomial case in U(a( 1
+ c5), a+ n + 1, x)). All tests were satisfactory. They were done on the CD CYBER 73 of SARA, Amsterdam (machine accuracy 2- 48 ).
The boundary points 1.4 and 6.5 for the x-intervals were obtained by comparing computing time for the following choice of the parameters in uali.T

a=0.32,

eji.i=I0- 10 •

6=0.56,

In the immediate neighbourhood of x = 1.4 the computing time was about
0.02 s, at x = 6.5 it was 0.03 s. A call of cltu with large values of l mct,x· and lb!
will require much more computing time.
Finally we give the starting index v for the Miller algorithm for a = 0.5, f,
= 1, eji;:; = 1o- 1 2 , ,( ;;wJ: = 0 and for several values of x:

x
v

1.41 2.0
52

40

6.5
19

6.6 10.0 50.0 100.0
38

28

12

9

4.4. Codes of cllu and ttal!;r
procedure chu(a, b, x, kmax, eps, u, uprime); value a, b, x, kmax, eps;
real a,b,x,eps,uprime; integer kmax; array u;
comment computes gamma( a+ k)/gamma(a) x u(a + k, b, x)
for k=O (1) kmax, and the x-derivative of u(a+kmax, b,x);
if a<O or x<O or kmax<O or eps~O then
begin comment here the user can incorporate an output statement
with the message "parameters out of range";
end else
if a =0 then
begin u[O]: = 1; uprime==O;
for kmax: = kmax step -1 until 1 do u[kmax]: = 0
end else
if b <0 then

78
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begin real c, d, e, w; integer j; array v[O: kmax];
c== a -b+ 1; d: =xj(-b); chu(c, 1-b,x,kmax, eps, v, w);
for j: = 0 step 1 until kmax do
begin e==(a+j)xd; v[i]:= -exv[i]; d:=e/(c+j) end;
uprime: =v[kmax]; u[kmax] := -x x (uprime +ex w)/(a+ kmax);
c: = c + x; for j: = kmax - 1 step - 1 until 0 do
u[i]:=(-x x v[j+ 1] +(c+j) x u[j+ 1])/(a+j)
end else
if b> 1 then
begin real al,bl,c,d,e,j,g,h,u3,v,w; integer i,j,k,m,n; boolean p,q,r,s;
procedure brec(a,b,k,f,g); value a,b,k; real a,b,f,g; integer k;
begin k: =k - 1; for i: = 0 step 1 until k do
begin h:=f-g;g:=((i+b)xg-ax.f)/x;f==h end
end brec;
n:=entier(b); bi: =b-n; al: =a+ kmax; c:=b-a-1;
e==c-x; m:=entier(e); if m=e then m:=m-1;
p:=c=entier(c) A c;sO; q:=kmax;f:c; r:=kmax;f:m; s:=m;sO;
if kmax = 0 then r: = s: = true ;
if r then m:=kmax; k:= (if p then c else n)-m;
if lr then
begin if p and q then
begin g: = 1; i: = kmax - 1; for j: = 0 step 1 until
do
g:=gxU+a);f:=gxxj(-al); g:= -al xf/x;
brec(al, al + 1, c - kmax,f, g)
end else
begin chu(a,bl,x,kmax,eps,u,u3); f:=u[kmax]; g:=u3;
brec(al,bl,n,f,g); if Ip and s then
begin for j: = kmax step - 1 until 1 do
u3:=u3-u[i]; v:=u[O]; w:=u3; d:=bl
end
end; n==m+l; u[kmax]:=f;uprime==g; if Is then n:=O;
for j:=kmax - l step -1 until n do
begin h:=(-xxg+U-e)xf)/(a+j);g:=g-f;f:=u[i]:=h end
end; if s then
begin if p then
begin v:=xj(-a);w:=-axv/x;d:=a+l end else
if r then
begin chu(a,bl,x,O,eps,u,w); v:=u[O]; d:=bl end;
brec(a, d,k, v, w); e:=b-n-x;
for j: =0 step 1 until m do
begin if j = 0 then
begin f: = u[O]: = v; g: = w end else
begin h:= -w; g:=w:= -((a+j-1) x v-U+e) x w)/x; v:=u[i]:=h
end; brec(a+j, b+j-m, m-j, u[i],g)
end; if m=kmax then uprime:=g
end
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else
: ~ 1.4

then

u3, v, w, x2, y, z;
in real d, delta, e,.f, p, q, r, s, t, tO, tl, uO, ul, u2,
i[ -1 :8];
:8],f
integer n,nu,kO, kl, i,j; array bb,b bl, bx[0
9;
11:=
x n +r-s qrt( r x r+4 x n x x))/(2 x n);
v: = 12.56637; r: =(x -v x (b + 1))/2; d: =(v
then
if d<4. 7124
begin d:=4 .712 4; v:=w :=l end else
begin v:=a bs(si n(d)) ; W:= vi(- 1-b) end;
w:=w x exp(0.5 x x x (1/v+ l/d));
ln(d))/w;
delta := eps x exp( -0.5 x x + (n -1-b ) x
l;
i:=n
;
.5-b
v:=0
lta;
.5/de
z:=0
i: = 0;
for j: = 1 step 1 until i do z: = z x U+ v);
ln(x);
x
n-n
lta)+
n(de
e:=l
11));
x
(2
zi(l/
x
t: =sqr t(x)
(s);
r:=n +b+ t; s:= 1 +b+ t; p:=/ n(r); q:=/n
- 0.5) x q- e)/
p-(s
x
0.5)
+(rln(t)
x
n
x
-2
f: =(ln (t + 0.5)
;
( 1/(t +0.5 )- 2 x 11/t +0.5 x (11- l)/(r x s) + p-q)
if f <0 then
1;
begin t: = t - f; t: = sqrt(2 x x + t x t); i: = i +
lab
to
if i < 10 then go
end else kO:= l+en tier( txt/x -a);
kO;
nu:= if kmax-;;;, kO then 1 + kmax else
ka(- b,v,t O,tl) ;
r:=a +nu ; w:=s qrt(x /r); v:= 2xrx w; bess
l;
:=
x[OJ
]:=b
bl[O
]:=b
~:=wi(-b); bb[O
x2: = x x x;
~z: = fi[ -1]: = v x tO; uO: = fi[O]: = v x w x tl;

)X[l] : = -x/1 2;
ix[2] : = x2/288;
•x[3] == -x x (5 x x2-7 2)/51 840;
•x[ 4]: = x2 x (5 x x2- 288)/2488320;
018880;
'X[5]: = -x x (x2 x (7 x x2-1 008) + 6912)/209
5246 7968 00;
36)/7
2799
80)+
-100
x2
x[6] : = x2 x (x2 x (35 x
7464 96)/9 0296 1561 600;
56)1762
20)+
5-25
x[7J := -x x (x2 x (x2 x (x2x
84)- 9953280)/86684309913600;
x[8] : = x2 x (x2 x (x2 x (x2 >< 5 -403 2) + 5667
b[l]: =0.5 ;
b[2]: = (3 x b-1) /24;
b[3]: =bx (b-1 )/48 ;
~1[4]: =(b x (bx (bx 15-3 0)+ 5)+2 )/576 0;
)[5]: = b x (bx (bx (bx 3 -10) + 5)+ 2)/11520;
+ 91)- 42)- 16)/2903040;
:{6]: =(b x (bx (bx (bx (bx 63- 315) + 315)
+ 7)- 42)-1 6)/58 0608 0;
?[7]: =bx (bx (bx (bx (bx (bx 9- 63)+ 105)
) + 3150) - 840) - 2345 )1260
1[8]: =(b x (b x (bx (bx (bx (bx (b x 135
00;
4592
1393
540) +404 ) + 144)/

a

E
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for i: = 1 step 1 until n - 1 do
begin
tO: =bb[i]; tl: =bbl[i]: =(b- i) x tO;
for j: = 1 step 1 until i - 1 do
begin
tO:=tO+bb[i-j] xbxUJ;
tl :=tl +bbl[i-j] x bxUJ
end;
tO: =bx[i] +bx tO; tl: = tl + bx[i];
fi[i]: =(x x fi[i-2] +(i-b) x fi[i-1])/r;
uO: = uO + tO x fi[i]; ul: = ul + tl x fi[i - 1]
end;
w: = 2 x exp(x/2)/gamma(l +a);
u2:=wxu0; u3:=-wxul; v:=a+l-b+x; kl:=nu-1;
for j: = k I step - 1 until 1 do
begin ul: = (- x x u3 + (v +j) x u2)/( a+ j);
u3: =u3-u2; u2:= ul; if j~kmax then uU]: =a x u2;
if j = kmax then uprime: =a x u3
end; u[0]:=-xxu3+vxu2;
if kmax = 0 then uprime: =a x (u3 - u2)
end else
begin real ar, br, er, c, er, mO, ml, mr, pO, pi, p2, q, ul, u2, u3, v, w;
integer k,n,r; boolean large x;
procedure recursion;
begin p2:=(brxpl-arxp0)/cr; er:=erxar/cr;
r:=r+l; if large x then mr:=mrx(l+c/r); v==er/p2;
br==br+2; cr:=cr+l; pO:=pl; pl:=p2
end recursion;
n:=entier(a); if a=n then n:=n-1; a:=a-n; kmax:=kmax+n;
large x:=x>6.5 /\ a=t=b;
if large x then mr: = 1 else
begin mr: = 0; if a= b then
begin mO: =a; ml:= 1 end else
begin mO: = 0; ml : = v: = 1 ;
for r:=l,r+l while v'?;ml xeps do
begin v: =v x v/r; mO: = mO +v; v:= v x (a+r)/(b+r); ml: =ml+ v end;
v:=exp( -x) x gamma( a+ l)/gamma(b + l);
mO:=v x(b +a x mO); ml ==v x ml
end
end;
c: =a-b; er= =2+c; br: =x+a+cr; pO:=O; v: = pl :=er:= 1; r:=O;
for ar:=a+r while r~kmax do recursion; w:=pOxpl/er;
for ar:=a+r,ar+ 1 while v x (w/pO+mr x (2+a/r))'?;eps do recursion;
c: = 1 +c; v:=x+c; u2:= 1; w: =0; u3 := -2 x r/(x+sqrt(x x (x +4 x r)));
for r:=r-1,r-1 while r>O do
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begin if large x then
begin w:=w+mrxu2; mr:=mrx(r+l)/(c+r) end;
ul: = (-x x u3+(v + r) x u2)/(a+r); u3: = u3-u2; u2: = ul;
if r~n and r~kmax then u[r-n]:=u2;
if r= kmax then uprime: = u3

end;
ul := -x x u3 +v x u2; u3: =u3-u2; v:=a; k:=n-1;

if kmax = 0 then up rime:= u3; kmax: = kmax - n;
w: = if large x then xi( -a)/(a x (w + c x u2) + ul)

else

xi( - b)/(ul x ml - u3 x mO);
for r:=O step 1 until k do v:=v/(a+r);
if n=O then begin k:=l; u[O]:=wxul end else k:=O;
w:=v x w; uprime: =w x uprime;
for r:=k step 1 until kmax do u[r]:=w x u[r]
end chu;
real procedure uabx(a, b, x, eps, up rime); value a, b, x, eps;
real a, b, x, eps, up rime;
begin real al, c, p, q, r; integer j, n; array u[O: OJ;
11:=
if a<O then entier(a) elseO; q:=al:=a-n; u[O]:=l;
if n < 0 /\ a = b then
begin if al>O then chu(al,al,x,O,eps,u,q);
p:=u[O]; r:=p-q;
for j:= 1 step 1 until -n do
begin r:=xxr; q==(al-j)xp; p:=r-q end

end else
begin if al>O then chu(al,b,x,0,eps,u,q);
c:=l +al-b+x; al:=al-1; p:=u[O];
for j: = 1 step 1 until - n do
begin r:=(c-j)xp-xxq; q:=(al-j)x(q-p);p:=r end;
end; uabx:=p; uprime:=q
end uabx;
Ack11owledgement. The author would like to thank R. Montijn, who tested and programmed various versions of the procedures, J.P. Hollenberg, who computed with the AL TRAN system the
arrays f.:r, f.(. for the ALGOL 60 program, and the referees for mentioning the paper of Wimp,
which was overlooked in the first version of the paper.
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