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Asymptotic expansions are derived for the confluent hypergeometric functions 
M(a,b,x) and U(a,b,x) for large b. The results are uniformly valid with respect to 
A.= x/b in a neighbourhood containing A.= 1; a is a fixed parameter. The expansions 
are derived from integral representations and contain parabolic cylinder functions 
and asymptotic series. 

1. Introduction 

IN A RECENT paper (Temme, 1975) new asymptotic expansions for the incomplete 
gamma functions y(oc, x) and J(oc, x) were derived. The methods immediately lead to 
results for the confluent hypergeometric functions, of which the incomplete gamma 
functions are special cases. In the notation of Abramowitz & Stegun (1964) we denote 
the confluent hypergeometric functions by M(a,b,x) and U(a,b,c). They are 
solutions of Kummer's equation 

xy"+(b-x)y'-ay = 0. (1.1) 

We suppose that the parameters are real. Much information on Mand U is contained 
in, for instance, Slater (1960). 

For b --+oo and x --+oo the asymptotic behaviour of solutions of (1.1) depends on 
the value of A. = x/b. The critical value is A. = 1. The author's results for the functions 
y(oc,x) and r(a,x) describe the non-uniform behaviour of these functions adequately, 
especially near and in x = a. In the present paper expansions for M and U are given, 
which are uniformly valid in a A.-interval containing A. = 1. 

From the literature we know already that asymptotic expansions for M and U (for 
b--+oo, x --+oo, x - b) involve parabolic cylinder functions, which are special cases of 
the confluent hypergeometric functions. Explicitly, we have 

Dv(x) = 2v12e-xi14U(--!v,!,1x2). (1.2) 
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The Whittaker functions are closely connected with the confluent hypergeometric 
functions. The relations are 

MK,µ(x) = e-x/2 x 11 +1M(t+µ-K,1 +2µ,x) 

W (x) = e-.x12 x1i+!U(t+µ-K,1 +2µ,x). K,µ 

Wong (1973) gives an asymptotic expansion of the Whittaker function W.C,,,(z) for 
large values of the three parameters. In that expansion, parabolic cylinder functions 
also occur. For 

Z -+OO, /arg z/ < n-b, 
the expansion is 

K = o(z), µ = o(zt) 

2 ->< t ~ f(t+2µ+n) D2K-n-t(z) 
W.C,µ(tz ) "' 2 z n~O n !f(t+2µ-n) (2zt . 

In our expansions we can take both Kandµ of order O(z2 ), but we have the condition 
/µ-Kl:::;; M for some positive constant M. Wong's expansion is easy to handle in a 
numerical sense, but it does not give an approximation near A. = 1. For this aspect we 
mention the papers of Kazarinoff (1957), Joma (1965) and the book of Dingle (1973). 
The latter gives interesting results (from a practical point of view) for x < b, x > b 
and also near x = b. 

Kazarinoffinvestigated the Whittaker functions for complex variables and for large 
/Kl, /µ/, and x unrestricted, under the hypothesis that (µ 2 -K2)/K be bounded. His 
rigorous analysis is based upon the methods of R. E. Langer for differential 
equations. His method is quite different from ours, while his expansions contain first 
order approximations only. But our approximations are of the same kind, with 
essentially the same argument in the parabolic cylinder functions. 

Some of the above-mentioned results of Dingle are based on the work of Jorna 
(1965), who also used the differential equations as starting point. Joma's treatment is 
rather formal and his results are for the U-functions only. The terms of the series in 
his asymptotic expansion (4.6), however, constitute asymptotic sequences for b -+oo 
under the restriction x/b -1 = o(l) (for b -+ OCJ ). Hence, in Joma 's results, the domain 
of uniformity with respect to A. = x/b shrinks to the point A. = 1 as b -+co. 

The aim of the present paper is to enlarge the domain of uniformity with respect to 
A. to compact intervals of (0, OCJ) and to give the complete asymptotic expansions for 
both U and M. Another point of interest is that the starting point for the 
investigations is an integral. Standard integrals for the U- and M-functions are not 
flexible enough for our analysis. Therefore we pay attention to other integral 
representations in Section 2. In Section 3 we give the saddle point analysis leading to 
expansions as in Bleistein (1966). 

2. Contour Integrals 

In this section, we consider integrals of the type 

~ r e•sc(s-x)-a ds, 
2mJL (2.1) 
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where a, c and x are real numbers. Throughout this paper we take x ~ o and 

c = a-b; 

a and b are the parameters of the confluent hypergeometric functions. L is a contour 
either so that it is a closed circuit such that the integrand of (2.1) returns to its initial 
value after s has described the circuit, or so that the integrand vanishes at each limit. 
Of course, the integral is supposed to converge on L. From well-known methods (cf. 
Hochstadt, 1971, p. 100) it follows, denoting the integral in (2.1) by y(x), that y(x) 
satisfies 

xy"+(b-x)y'-ay = 2-~1 dd [e•s<+ 1(s-x)- 0 - 1]ds, 
1tl L S 

and hence that it satisfies Kummer's equations (1.1 ). 
After a further specification of L, we wish to write (2.1) as a U- or M-function, or as 

a linear combination of them. When considering known asymptotic behaviour of U 
and M for x--> 0 or x ->co, we arrive at the following representations (the many­
valued functions in the integrand are supposed to be real for positive values of their 
arguments, the figures show appropriate branch-cuts) 

1 I (x+) 1 
2rci _

00 
e•s<(s-x)- 0 ds = f(b) M(a,b,x), (2.2) 

(with contour as in Fig. 1); 

1 J(O+) 1 
-. e•s<(x-s)-"ds = -1-- U(a,b,x), 
2m _ 00 ( - c) 

(2.3) 

(with contour as in Fig. 2); 

1 f e•i1tc+x . 

2rci L, e•s<(s-x)- 0 ds = f(a) U(-c, b,e-""x). (2.4) 

In (2.4 ), e = ± 1 ; L, is sketched in Figs 3 and 4 for e = - 1, e = + 1, respectively. 

x 

FIG. 1. Contour for (2.2). FIG. 2. Contour for (2.3). 

F10. 3. Contour for (2.4), e = -1. FIG. 4. Contour for (2.4 ), e = + 1. 



218 N. M. TEMME 

Remarks 

(i) The confluent hypergeometric functions in (2.2), (2.3) and (2.4) are related to 
each other, as follows from the connection formula 

M( b X) = f(b) ei'"0 U(a b x)+ f(b) einec+xU(b-a b e-i<"x) (2.5) a, , f(b-a) , ' f(a) , , -

where s = ± 1. This formula follows from our results by deforming the contour in Fig. 
1 into the contours of Figs 2 and 3 (for s = -1) or into those of Figs 2 and 4 (for 
s = +l). 

(ii) More integral representations can be derived from (2.1 ), but in this paper we 
only use the above ones. Of course, the results (2.2) to (2.4) are valid for wider ranges 
of the parameters. 

The following function is important in the asymptotic expansions considered in this 
paper: 

(2.6) 

with a e IR, v e C. The contour of integration passes the singularity at u = v as in the 
following Fig. 5. 

Fro. 5. Contour for (2.6). 

As follows from Abramowitz & Stegun (1964, p. 688), JiY,.(v) is related to the 
parabolic cylinder function (1.2), this relation being given by 

Clearly we have 
W.(v) = (2n)! exp (-!v2 + !ian)D _a( -iv). (2.7) 

3. Uniform Expansions 

3.1. Saddle Point Contours 

d 
dv W.(v) = aW.+ 1(v). (2.8) 

Let us start with M(a, b,x). We will derive an asymptotic expansion of this function 
for b -+ oo, uniformly valid with respect to A., where 

A.= x/b. (3.1) 

• Fro: 
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(3.2) 

re 
c/J(t)=t-1-lnt. (3.3) 

us suppose temporarily A.< 1. As in Temme (1975), we choose the contour in 
) through the saddle point of c/J at t = 1 along the steepest descent curve L given 
:m efJ(t) = 0, or explicitly 

a= r cotg r, -n<r<n, (3.4) 

:re t = a+ir(a,r E IR), see Fig. 6. The function c/J is real and non-positive on L. 

------------ .,,. 

------------ -Tr 

FIG. 6. Contour for (3.2). 

t, we define a mapping of the t-plane into the u-plane by the equation 

-tu2 = c/J(t), (3.5) 

t the condition that t E L corresponds with u E IR, and u < 0 if r < 0, u > 0 if 
0. From these conditions it follows that 

u = i(l-t)[2(t-l-ln t)/(l-t)2J', (3.6) 

re the square root is positive for positive values of its argument. Integration with 
1ect to u gives for (3.2) 

M( b ) _r(b+l)ebb-bfoo -!b11,dt du 
a, ,x - e . 

2ni _ 00 du (l-A/t)0 
(3.7) 

singular points of the integrand in (3.7) are of two different types. First, we have 
singularity due to the factor (1-A./t)-a (of course, a singularity will only occur of 
0, -1, - 2, ... ). The singular point t = A. in the t-plane corresponds with a point 
u(A.) = u1 , say, in the u-plane explicitly given by (cf. (3.6)) 

U1 = i(l-A)[2(A-1-ln A)/(1-A)2]!, (3.8) 

if A.--> 1, then u1 --> 0. The contour in (3.7) is as in Fig. 5, with v = u1 • If 
'.-1 1 > 0, an ideal contour of integration is the steepest descent path Im u = 0. If 
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Im u1 ~ 0, the contour in (3.7) will be defor,med around the branch-cut of (1-A/t)-". Hence, we may dispose of the condition 0 :;;:: Jc < 1 and we suppose henceforth ).. ?;: 0. The second type of singularities of the integrand is due to the factor dt/du, which, by using (3.3) and (3.5) can be written as 

dt ut 
du 1-t' (3.9) 

The point t = 1, corresponding to u = 0, gives a regular point. On account of the many-valuedness of the logarithm in (3.3), we also must consider the points exp (2nin ), for integer values of n, giving a sequence of singular points 

2(rrin)±, n = ± 1, ±2, ... , (3.10) 
in the u-plane. A proper interpretation of the square root gives that for n = ± 1 the points are 2.j:;e± 3ni/4, When distorting the contour in (3.7) in order to allow non­positive values of Im u1 , the singularities (3.10) must be avoided. It is important to note that the singularities of the second type, given in (3.10), are fixed points in the u-plane, whereas u1 given in (3.8) may be close to the origin (the saddle point); u1 = 0 corresponds with A.= 1. The point u1 causes a non-uniform behaviour in (3.7) while the points in (3.10) are of a secondary interest. 

3.2. The Expansionfor M 

We use an integration by parts procedure suggested by Bleistein (1966 ). The integral in (3. 7) is written as 

Joo , du J(a, b, u1) = e-!btrG(u) --);' 
-oo (U-U1 

where the contour is as in figure (2.5) (with v = ui) and 

dt G(u) = [(u-u 1 )/(1-Jc/t)]" -d . 
u 

(3.11) 

(3.12) 

Except for the points given in (3 .10 ), G is a holomorphic function of u. Especially, it is regular at u = u1 • Straightforward application of Bleistein's method gives the asymptotic expansion 

r(b+ l)ehb-b+l:(a-1) M{a,b,x),..., . x 
2m 

[W.(u1b!) nt Y2nb-"+b- 1Wa-1(u1b 1) n~o Y2n+ 1b-"J. (3 .13) 

Yv,,(v) is given in (2.6). The coefficient Y; are functions of a and A. The first few are 

Yo= Jc[(l -Jc)/u1J•-l, 
Y1 = { A.[(1 - Jc)/u1Ja- 1 - i[uif(Jc- I )Ja} /111. 

(3 .14) 
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In general, we have for n > 0 

Yzn = (1-a)Gn(u1), 

i'2n+l = (1-a)[G"(u1l-Gn(O)]/u1 +G~(O). 

The functions G" are determined recursively from the equations 

(1- a)Gn(u)+ (u- ui)G~(u) =Yin+ (u - u1 h'zn+ 1 + u(u - u1)G"+ 1 (u), (3.15) 

n = 0, 1, ... , with G0 (u) = G(u) given in (3.12). By inspection, 'r'k = 0(1) in ), if), --+ 1. 

By using the more familiar parabolic cylinder functions (1.2) we obtain, by 

considering (2.7), the asymptotic expansion in which all variables are real 

M (a, b, x) ~ (2n )-1r(b+1 )b-b+tta- l J e0 +±h~' x 

[D-a(,b1) JO D2nb-n + b-! D1 -a((bl) ntO Dzn+ 1 b-n l 
where 

( = [2(A- 1-ln A)]!(with sign (0 = sign (/c-1 )), }, = x/b 

and 
b2n = e±irrta-ILYzn, 

The first coefficients are 

(3.16) 

(3.17) 

The coefficients b; (and }';) are functions of a and C or of a and A. That is, the large 

parameter b does not occur explicitly in b;. Following Olver (1975), we call b the 

asymptotic variable and a and ' the non-asymptotic variables, and we consider 

uniformity of the expansions (3.16) with respect to the non-asymptotic variables. 

From their construction it follows that b; are analytic functions of a and ( for all real 

values of these variables (and also for some complex domains, but that is not 

considered here). Thus it follows that for a and 'belonging to compact sets of the real 

line the sequences {i5 2nb-n} and Pzn+ih-"} appearing in (3.16) are uniform 

asymptotic sequences. From Bleistein (1966; see also Bleistein & Handelsman, 1975, 

Chapter 9), the asymptotic nature of the expansion can be examined, giving error 

bounds and uniformity again on compact sets for real a and C 
Translating it in terms of A, it says that we have uniformity in compact A-intervals 

of (0, oo ). This extends the results of Jorna ( 1965), whose expansion admits A-values 

from an interval containing A. = 1, which for b--+ co coincides with A.= 1. 

Remark 

For a = 1 the confluent hypergeometric functions are incomplete gamma 

functions. Explicitly, we have 

y(ct,x) = ct- 1x'"e-xM(l,ct+ 1,x), 

For this case 

r(a,x) = x"e-xU(l,rx+ 1,x). 

D_ 1(z)= (n/2)!e~='erfc(z/,j2), 

D2n = 0 (n > 0). 
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As can be verified, expansion (3.17) is the analogue of the result of our previous 
paper. There it is proved that the expansion for°' -+oo is uniformly valid in x ~ O. 
Hence, the range of uniformity is larger than in the present paper. 

3.3. The Expansion for U 

The starting point is (2.3). After some transformations, we obtain 

- bl-bebI'(b-a)f oo e-tb11'G(u) du 
U(a,b,x) - 2 . ( )a' 

1T:l -oo U1-U (3.18) 

where G and u1 are given in (3.12) and (3.8). The contour passes the singularity at 
u = u 1 as in Fig. 7. 

F10. 7. Contour for (3.18). 

The asymptotic expansion now contains functions of the type 

f :ro e-t11'(v-u)- 0 du. 

If we make the change of variable u-+ - u, it appears that this integral equals W.( -v). 
Proceeding as before, we arrive at the expansion 

U(a, b,x) "' (2nttbHI +t1)-b eh+kWqb -a) x 

[ D _.( -(b1) J, J,.b-•-b-1 D, _0 ( -(b'I J; ;,,+, b-·]. (J.19) 

The coefficients 1\ are the same as those for M(a,b,x) in (3.16). 
The expansions for the integrals along the contours in Figs 3 and 4 follow now from 

(2.5). By using (3.16), (3.19) and a connection formula for the parabolic cylinder 
functions, viz. 

D.(z) = e-tivir D.( - z)+ (211:)* f( - v)- 1 D-v- l (aiz) e-•iir(v+ 1 )/ 2 , 

with a = ± 1, we obtain 

U(b -a, b, e-•i"x) "" bt(a+ t)-b eb+ib,'-x+ti•ir(2b-a-I) x 

[ D ·- ,(s;(b1I1 D,,b-• +b-•ra-1 le''" D •- ,(e;(b'I J, ;,, ., b-• J (J.20) 
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The author would like to thank the referee for mentioning the papers of Joma and 
Kazarinoff, which were overlooked in the first version of the paper. 
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