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ON FORMAL GROUPS, THE FUNCTIONAL EQUATION
LEMMA AND SOME OF ITS APPLICATIONS.
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1. INTRODUCTION, Let R be a ring and let F(X,Y) be an n-dimensional commutative
formal group law over R. Assume that R is torsion free and let £(X) over R Q)
be the logarithm of F(X,Y). Roughly, the functional equation lemma to be
discussed below says what kind of regularity f(X) € R 8 D[[X]]n must exhibit

in order that it be the logarithm of a formal group law with coefficients in R,
The precise statement of the lemma is in section 2 below. The lemma turns out

to have many more applications (then just the construction of universal formal
group laws). It is the purpose of the present paper to outline a few of these
and to try to convince the reader of the power of the lemma in proving a large
variety of integrality statements. (Because commutative formal group laws over
D-algebras are trivial, the theory of commutative formal group laws over torsion
free rings is largely a matter of integrality statements). To cite of few
instances: the integrality of the addition and multiplication polynomials of the
Witt vectors, the Atkin-Swinnerton Dyer congruences, the construction of
generalized Lubin-Tate formal group laws ('tapis de Cartier") can all be seen as
applications of the functional equation lemma. Many more applications of the
functional equation lemma can be found in [7] and [8]. This paper contains no
new results or proofs which are not also in [7], with the exception of the

proof of "v(M,n)(X) reduces to V(X)" in section 6 below, which in [7] is done

in a needlessly cumbersome fashion,
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)y THE FUNCTIONAL EQUATION LEMMA. The ingredients we need are the following
(2. 1) Bol,on B, 7 : L=~ 1L,p, q, Sys S5 aee

Here B is a subring of a ring L, o is an ideal in B, o a ring endomorphism of L,
p is a prime number, g is a power of p and the S5 i=1,2, ees @aremxm
matrices with their coefficients in L, These ingredients are supposed to

satisfv the fellowing conditions
(2.2) pea, a(» = b¥ node for all b € B, o' (s;(j,k)) 6v < B for all i,j,k,r

Here si(j,k) is the (j,k)= entry of the matrix SFp) For example if 6L = B then

the last condition means that si(j,k) € B; and if e.g. B=Z, L =1,

o = id, g = p then the conditions are satisfied iff si(j,k) € p—lE for all i,j,k.
If g(X) is an m-tuple of power series in X], ceos Xn with coefficients in

L then we denote with o,g(X) the m—tuple of power series obtained by applying o

to the coefficients of g(X),

2.3. Functional Equation Lemma. Let £(X) € L[[X]1" be an m-tuple of power

series in m indeterminates XI’ ees Xm and £(X) an m-tuple of power series in

'Y = ' 2 T @
cevy Xn. Suppose that f(X) = b]k mod (degree 2) where b] is

n indeterminates i]’

a matrix with coefficients in B which is invertible (over B). Suppose moreover

that
s+

(2.4) £(X) = L

. i
Tosorad) e BN, E® - I 0 F®Y) € BRIV
i =

1 i=1

1 1 1 1
where X3 and X4 are short for (X? ,...,Xg ) and (X? ,...,§: ). Then we have
(2.5) F(XL,Y) = £ () + £(¥)) € BI[x;¥]1™
) -1 = =..m
(2.6) f (X)) € B[IX1].

Let h(X) € BLIX]I™ be an m-tuple of power series with coefficients in B in yet

another set of indeterminates and let £(X) = £(h(X)). Then

T -
2.7 £ - £ osopfx?) € B[[X]]
i=1
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Finally let a(X) € B[[X]]™, 8(X) € LI[XIJ®, r € N = {1,2,...}. Then
(2.8) a(X) = B(X) mod @ e f£(a(X)) = f(s(;()) mod &

For a proof cf., [7], sections 2 and 10,

1 2

2
3. SOME ALMOST TRIVIAL APPLICATIONS. Let H(X) = X + p ‘X0 + p “X? + ,,.

o)

and £(X) = log(1+K) = £ (-1™'a7'%X", One notes that H(X) - p 'HEXP) = X
n=1
and 2(X) - p—IE(Xp) €z (p)[X]. So taking B = Z (o) ™ * pB, L =10, q = p,
s; = p—l, Sy = 83 = ou. = 0 and 0 = id, we obtain from (2,6) Hasse's old result

that exp(H(X)) has its coefficients in Z o)

More generally let d(X) = dOX + d]Xp * ceos di €T, Using the same
ingredients and combining (2.6) and (2.7) above one finds that
exp(d(X)) € Z

one takes d_

. . -1 .
)[[X]] if and omly if di~p di—l € Z » for all i (where

(p
= 0), This a lemma of Dieudonnd [3].

1

An easy application with ¢ non trivial is the following. Let B be the ring

of integers of the completed maximal unramified extension T of‘Qp; let L =T,
p=gq, s = p_], Sy =83 % aue = 0, and 0 the Frobenius automorphism of T.
Let h(X) = 1 + a X + a2X2 + ... € T[[X]]. In this setting the combination of

(2.6) and (2.7) yields that h(X) € B[[X]] if and only if o,h(xXP)/h(x)P €
1 + pXB[[X]], which is lemma ! of Dwork [6].
For an easy more dimensional application consider the slightly modified

Witt vector polynomials QO(X) =X, 61(X> =X + p_lxg, o s

o 1

1

n
v (X) = X_+p xfl_]+...+p“x2.'rakes=z,o1.=pzz, L=0, 0= id,

9 = P5 85,83, oen = 0 and let s, be the (n+l) x (n+!) matrix with p_1 on the

first subdiagonal and zero's eliewhere; i.e. s](j,k) = 0 unless j = k + 1 and
s](k+l,k) = pnl, k= 1,2, +oe, n. Let w(X) be the column vector (QO(X),e..,Gn(X)),
Then, obviously, w(X) = X + SIG(XP). It now follows from (2.5) that

I(X) = Q“l(a(x) + w(¥)) has integral coefficients; or, multiplying both sides

of w(Z(X)) = ;(X) + w(¥Y) with pn, we see that we have shown that the addition

polynomials of the Witt vectors have integral coefficients,

4, ATKIN-SWINNERTON DYER CONGRUENCES. Let E be an elliptic curve over I)

and let L(s) =1 (1 - app—s + bp p]—ZS)—I be its global L~function, where the
local factors (1 - app_s + bp pl—zs)_l are defined as follows in terms of the
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reductions mod p of a global minimal model D over Z for E :

. . - 1-2s, .
(i) if p is good, i.e. if D 8 Z /(p) is nonsingular then (l—app S+bpp ) is
the numerator of the zetafunction of the elliptic curve D 8 Z /(p) over
Z/ (p)s
sey s . . -s 1-2s -s
(ii) if D ® Z /(p) has an ordinary doublepoint then 1 - app + bpp =1 - p

P
where Ep = + 1 depending on whether the tangents in the double point are

rational over Z /(p) or not;

Loy s - 1-2
(i1i1) if D@ Z /(p) has a cwp | - a p S+ P - 1,
Now let fE(X) = 1 n_]aan where L(s) = L an Su Then an immediate and
n=1 n=1

obvious consequence of the Euler product structure of L(s) is that for all p

2
_ ol p -1 P
(4.1) £, - p apr(X ) +p bpr(X ) € Z (p)[X].

It now follows from (2,5) that FE(X,Y) = f;l(fE(X) + fE(Y)) is a formal group
law over Z . Let GE(X,Y) be the formal completion along the identity of the

minimal model D over Z . The formal group law GE(X,Y) can be explicitly described

as follows. Let D be given by y2 + chY + c3Y = X3 + c2X2 + c4X + Cgs
w = (2Y+c]X+c3)—ldX be the invariant differential and z = (ZY)—]X a éocal

parameter at zero, Let, locally, w = ZB(n)zn_ldz and define gE(X) =1I n_lﬁ(n)Xn,
n=|

then GE(X,Y) = ggl(gE(X) + gE(Y)). This comes from the fact that if £ (X) is

let

the logarithm of a formal group law F(X,Y) over a torsion free ring R then

df (X) is an invariant differential for F(X,Y).

FE(X,Y) and GE(X,Y) are strictly isomorphic over Z (i.e. there exists a power
series ¢(X) = X + bZX2 + aaos bi € Z such that ¢(FE(X,Y)) = GE(¢(X),¢(Y)).

It follows that gE(X) = fE(¢_](X)). So that by (2.7) we have that gE(X)
also satisfies the integrality conditions (4.1), Writing this out in terms of

coefficients one finds the Atkin Swinnerton-Dyer congruences.

(4.3) B(np) - a B(m) + b B(n/p) = 0 mod p*if n = O mod !
vhere B(n// p) = B(n/p) if pln and R(n// p) =0 otherwise.

5. LUBIN-TATE FORMAL GROUP LAWS. The socalled Lubin-Tate formal group laws
are constructed as follows in [13]. Let K be a local field with finite residue
field (i,e. K is a finite extension of Dp orZFp(x)); let A be the ring of

integers of K, let m be a uniformizing element and let q be the number of
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elements of k, the residue field of K. Let e(X) € A[[X]] be any power series

in one variable such that
(5.1) e(X) = 7X mod(degree 2), e(X) = X% mod

Then there is a unique power series Fe(X,Y) such that Fe(e(X),e(Y)) = e(Fe(X,Y))
and Fe(X,Y) Z X + Y mod(degree 2). This is a formal group law over A, Moreover
for all a € A there is a unique power series [a]e(X) such that
e([a]e(x)) = [a]e(e(X)) and [a]e(X) = aX mod degree 2; the map arr [a]e(X)
defines a ring homomorphism A = EndA(F(X,Y)) and [W]e(X) = e(X). Finally if
both e(X) and e'(X) satisfy (5.1) (with respect to the same T) then Fe(X,Y)
and Fe,(X,Y) are strictly isomorphic over A.

In the ingredients (2.1) for the functional equation lemma now take

1

B=A, L=XK,o=T7A, p=char(k), q = %k, 0 = id, s]=w_,0=32=53=,,,,
Then the conditions (2.2) are satisfied. Let g(X) € A[[X]] be any power series

such that g(X) = X mod(degree 2), and consider £f(X) € K[[X]] defined (recursively)

by the functional equation
(5.2) FX) = gx) + 1 e

Then parts (2.5) and (2.6) of the functional equation lemma say that the power

series
(5.3) F(X,Y) = £ (£ + £(1), [al®X) = £ ' (af(X), a € 4

have their coefficients in A and hence define a formal A-module over A, (A
formal A-module, where A is as above, over an A-algebra R is a formal group law
P A > EndR(F(X,Y)) such that
DF(a) Z aX mod(degree 2) for all a € A), Now consider [m](X). We have

F(X,Y) over R together with a ring endomorphism p

(5.4) £(In1(X)) = TE(X) = mg(x) + £(x%) = £(xY) mod 7

It follows by part (2.8) of the functional equation lemma that [7](X) = X% mod 7
Also of course (cf. (5.3)) F(Ir](X),[nl(Y)) = [n](F(X,Y)) so that F(X,Y) is a
Lubin-Tate formal group law with e(X) = [7](X)). As all Lubin-Tate formal group
laws constructed via the same uniformizing element 7 are strictly isomorphic,
it follows from part (2.7) of the functional equation lemma that all Lubin-Tate

formal group laws are obtained by the construction (5.2), (5.3) by varying
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g(X).

Finally we use the functional equation lemma to show that Lubin-Tate formal
group laws constructed via different uniformizing elements T and T become
isomorphic over ;nr? the completion of the ring of integers of the completion

K . of the maximal unramified extension Knr of K, Let therefore £f(X), f(X)EA[[X]]

satisfy
-— -— .._]_
(5.5) £00 - 1 e € Allx11, Eo - 7 E&D € allx]]
Now take as functional equation ingredients B = Anr’ =18, L=K _,0 the
Frobenius substitution in Gal(Knr/K) extended by continuity to Knr’ P> 9>

. - ~1=
$1389s oc. @S before, Let u € K;r, the units of Anr’ be such that u 1G(u) =T 7,

(Such a u exists). Then we have

(5.6) uwE(X) - T o) = uf@ - T o Ry =

w0 - v eah) € A (1K)

and also of course f(X) - %~]0*E(Xq) = £(X) - n—lf(Xq) € AllX]] < an[[x]], so

that by part (2.6) of the functional equation lemma we have that
—_] ~
(5.7) ¢(X) = £ (uE(X)) € A [[X]]

which defines as an isomorphism ¢(X) between the formal A-modules defined by
£(X) and £(X) as in (5.3).

6. TAPIS DE CARTIER., Let A be the ring of integers of an unramified extension
K of np‘ Let 0 € Gal(K[Qp) be the Frobenius automorphism. Now suppose we have
given a free A-module M of finite rank h < « together with a semilinear
endomorphism n : M + M (i.e. n(m+tm') = n(m) + n(m"), n(am) = o(a)n(m)). To these
data we associate a formal group law over A as follows, Let D(n) be the matrix
of n with respect to some basis for M. Define g(M,n) (X) € K[[Xl,...,Xh]]h by

the equation
~1
(6.1) g, (X) = X + p D(N)o,gM,n) (xP)
By part (2.5) of the functional equation lemma (with B = A, L =K, 0t = pA, O

-1 .
as above, q = p, s =p p(n), S, =Sy = ... = 0) it follows that
-1 .
GM,M (X,Y) = g,n)  (gM,m X) + gM,n) (¥Y)) is a formal group law over A. This
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construction is functorial in the following sense, Let a : (M,n) > (M',n') be
a morphism, This means that o : M + M' is A-linear and that n'o = an. Let E(a)
be the matrix of o with respect to the chosen bases of M and M'. Then we have
E(w)g(M,n) (X) - p_lD(n')d*(E(a)g(M,n)(xp) = E(@)X € A[[X]]h', because
n'o = an , together with the semilinearity of n and n', precisely means that
D(N')04(E(@)) = E(@)D(n). It follows in particular that G(M,n) (X,Y) does not
depend (up to isomorphism) on the choice of a basis for M,

For each (M,n) as above let (Mo,n) be the pair obtained by leaving the
additive group M and the map n unchanged but by changing the A-action to
a,m = G—l(a)m° One easily checks that G(Mg,n) = 0xG(M,n). There is an obvious
morphism (Mc,n) + (M,n), viz. n itself. Let v(M,n) : o0xG(M,n) = G(M,n) be the
corresponding morphism of formal groups. We claim that v(M,n) reduces mod p
to the Verschiebung morphism V(X): O*E(X,Y) + G(X,Y) over k where the bar
denotes reduction mod p and where we omitted to write (M,n). (If F(X,Y) is a
formal group law over k, then V(X): 0,F(X,Y) - F(X,Y) is the power series over
k defined by V(Xp) = [p](X) (because char(k)

p, [pl(X) is necessarily a

power series in xP)). This is seen as follows. We have
o -
g, Mvxd) = pmgr’,m (XY = DMo,g®,n) (XY = pg1,n) (X) mod pa

It follows by part (2.8) of the functional equation lemma that
WXq) = g(M,n)—‘(pg(M,n)(X)) = [p](X) mod pB, proving our claim,

Thus we have a functor (M,n)++ (G(M,n), v(M,n)). There is an obvious
functor in the inverse direction, viz. taking Lie-algebras. And we clearly have
Lie(G(M,n)) = M, Lie(v(M,n)) = n. The Tapis de Cartier ([1], [2], [7]) now
says that these functors are inverse equivalence of categories. To prove this
we have to show that every formal group law F(X,Y) together with a morphism
v: 0,F(X,Y) » F(X,Y) over A which reduces to V(X) mod pA comes from a pair
(M,mn) .

To prove this we first remark that, because A is unramified, every F(X,Y)
over A is of functional equation type (Honda [12], cf, [7], section 20.3) i.e.
if £(X) is tbe logarithm of F(X,Y) then there are 8 3Ss s such that
f(X) - Z sioif(xpl) € A[[X]]h, where h = dim(F(X,Y)). Now a ?omomorphism
v(X): 0,F(X,Y) = F(X,Y) is necessarily of the form v(X) = £ ~(E0,f(X)) for
some matrix E,
Hence £ ' (pE(X)) = [pl(X) = v(x®) = £ '(Eo,f(xP)). It follows by part (2.8)
of the functional equation lemma that pf(X) = Eo*f(Xp) mod pA, i.e. that
f(X) - p-lEO*f(Xp) € A[[X]], so that by part (2.6) of the functional equation
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lemma F(X,Y) is strictly isomorphic to the formal group law with logarithm
defined by gi{X) = X + p_lﬁg(xp) which is of the form g(M,n)(X).

For some details about the rdle which the tapis de Cartier plavs in the
theery of lifting formal group laws ¢f, [7], section 30, as well as for an
analopgous theory for formal A-modules, where A is a finite extension of DD or

F oix),
p

7. RAMIFIED WITT VECTORS. Let A be the ring of integers of a finite (not

necessarilv unramified) extension K of DF or Fp(x\. Let k be the residue field

. ro. . - . .
of K, g =%k =p ,7 auniformizing element, Consider the power series

(7.1} g Xy = X+ ST R I . 90 B g:i(g,,,(?x') + g (YD)
‘ v By ‘

- . « 4, . i Lo s .

Then g (X} = X + ¢ g (X7 so that by section 5 above, GW(K,Y) is a Lubin-Tate

formal group law over A, For every A-torsion free A-algebra B let NA (B) be
q.w

>
the following set of power series in one variable t

x i
(7.2) 'w“(: LBy = ey € 8Ll = 0, g y() = ¥ xitq for certain
? i=o

4
Xi € B @A K»

For arbitrary A-algebras B one can define wg L(B) = {¢*y(t5]Y(t) € wiags'u}
bl 2
where B' is any A-torsion free A-algebra with a surjective A-algebra

homomorphism $ : B' —~ B, The sets WA .(B) have a natural group structure defined

by y(t) + &(t) Gv(w(t),é(t)) and a topology defined by the subgroups

n
1yle) € wg @(B)?y(t) 2 0 mod t3 ), There is an obvious morphism

A A
wq *(Bl) - H;G§Bﬁ) attached to an A-algebra homomorphism ¢ : B - B,, viz,
> 3 - -~

1
Y (o) ¢, 1(t). So that we have a complete topological group valued functor

B W (B).
G,

We are now going to define a functorial ring structure on Vﬁ »(B). The

3
definition for A-torsion free A-algebras B 1is:

i i . i
o . =1
(7.3) ifg (o) = Dxt?, g 8(0) = Ty t?, then y(0)8(1) = g (Trixy e

To show that this is welldefined we must show that the coefficients of y(t)d(t)
are in B (and not just in B QA K). This is seen as follows.
Assume that B is A-torsion free and admits an A-algebra endomorphism ©

such that o(b) = b9 nod 7B for all b € B. By part (2.7) of lemma 2.3 we then

L
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_ _ _ -1 _ . . _ _
have X, LI S a; € B, v ™o, = bi € B for all i (with X, =y = 0).
i i . i -1 i—]
Hence T x;,my; € Bfor all i. It follows that = Xy, =T (m XYl l) =
i i-1 i—1
=T aibi + ot ay. g % mt bifi-l € B, so that by part (2.6) of lemma 2.3 we

have indeed that g;](Zﬂixiyitql) has its coefficients in B, To extend this
definition to the case of arbitrary A-algebras B use an argument similar as

just below (7.2) using that every A-algebra B is a quotient of an A-algebra B'
which satisfies our assumptions, e.g, B' = A[Zblb € B]. There is also a natural
A-module structure on WA »(B) defined by Y(t)=b» [a](y(t)) where

[al(x) = (ag X)), a € A, cf. also section 5. All in all this defines a functor

Wz ol é;g - é;gA, which, we claim,possibly deserves the name "ramified Witt
>

vector functor"., To bolster this claim we remark the following
LY (e = vH

and a Frobenius A-algebra functor endomorphism f . The latter is deflned for

- There is an additive Verschiebung morphism Vq defined by

A-torsion free A-algebras B by the formula =,”Y(t:) ( Z ﬂx q ) where the
i=o0

x; are as in (7.3). Of course the integrality of f Y(t) is proved by means of
L 70 = ¥(©)% mod [nlWl (8).

- Let A' be the ring of integers of an unramlfled extension K' of K. Let k'

the functional equation lemma. We have £ V = [n]

be the residue field of K' and let o € Gal(K' /K) be the Frobenius automorphism,

For each a' € A' let A(a') = g;l( zom -i l(a )tq ) € WA (B). (Integrality of
i=o0

Aa') is of course proved by means of the functional equation lemma). Then
a'"== A(a') is a homomorphism of A-algebras and the composite

A’ é wﬁ co(A') > wﬁ OO(k') is an isomorphism., In particular w2 oo(k') = A' with o
> ’ bl

corresponding to £ﬂ, generalizing a wellknown property of the Witt vectors.

- There is an A-algebra homomorphism A : wﬁ oo(—) —_ wg Uo( 2 m( )), the ramified
’ I
Artin-Hasse exponential, characterized by wg ;00 = g:, where wé i F Wg L(3B) — B
bl 2’ b

is the functorial A-algebra homomorphism wg i(y(t)) = 7' times the coefficient of
i 3
t? in g, (y(©).

For more details concerning this construction cf. [7], section 25 ; for a
twisted version of these constructions which also works for local fields with not
necessarily finite residue field cf. also [9]. Another construction of the functors

wg . has independently been given by Ditters [4] and Drinfel'd [5].
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