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TEN YEARS OF HOARE’S LOGIC
A SURVEY - PART II: NONDETERMINISM

K.R. Apt
LITP, Paris, France

ABSTRACT

A survey of various results concerning the use of Hoare's logic in
proving correctness of nondeterministic programs is presented. Various proof
systems together with the example proofs are given and the corresponding
soundness and completeness proofs of the systems are discussed. Programs
allowing bounded and countable nondeterminism are studied. Proof systems
deal with partial and total correctness, freedom of failure and the issue
of fairness. The paper is a continuation of APT [1] where various results
concerning Hoare's approach to proving correctness of sequential programs

are presented.
1. INTRODUCTION

The purpose of this paper is to provide a systematic presentation of
the use of Hoare's logic to prove correctness of nondeterministic programs.
This paper is a continuation of APT [1] where we surveyed various results
concerning the use of Hoare's logic in proving correctness of deterministic
programs.

Hoare's method of proving programs correct was introduced in HOARE [147.
Even though it was originally proposed in a framework of sequential programs
only, it soon turned out that the method can be perfectly well applied to
other classes of programs, as well, in particular to the class of nondeter-—
ministic programs.

We discuss the issues in the framework of Dijkstra's nondeterministic
programs introduced in DIJKSTRA [7] and concentrate on the issues of sound-
ness and completeness of various proof systems.

This survey is divided into two parts dealing with bounded and coun—

table nondeterminism in sections 3 and 4, respectively. A program allows
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bounded nondeterminism if at each moment in its execution at most a finite, fixed
in advance number of possibilities can be pursued. If this number of possi-
bilities can be countable then we say that the program allows countable non-
determinism.

In section 2 we introduce the basic definitions. In section 3 we dis-—
cuss partial and total correctness of Dijkstra's programs. The methods used
are straightforward generalizations of those which were introduced in the
case of sequential programs and discussed in section 2 of APT [1]. This
should be contrasted with the presentation in section 4 where total correct-
ness of countably nondeterministic programs and total correctness of programs
under the assumption of fairness is discussed. Even though the methods and
techniques used there are appropriate generalizations of those used in sec-
tion 3, various new insights are there needed. Finally, in section 5 biblio-

graphical remarks are provided.
2. PRELIMINARIES

Throughout the paper we fix an arbitrary first order language L with
equality containing two boolean comstants true and false with obvious mean-
ing. Its formulae are called assertions and denoted by letters p, q, r.
Simple variables are denoted by letters a, b, x, y, 2z, expressions by let-—
ters s, t and quantifier-free formulae (Boolean expressions) by the letter
e; p [t/x] stands for a substitution of t for all free occurrences of x in
p-

All classes of programs considered in this paper contain the skip
statement, the assignment statement x:=t and are closed under the composition
of programs " ;".

By a correctness formila we mean a construct of the form {p}S{q} where
P, q are assertions and S is a program from a considered class. Correctness
formulae are denoted by the letter ¢.

An interpretation of L consists of a nonempty domain and assigns to each
nonlogical symbol of L a relation or function over its domain of appropriate
arity and kind. The letter J stands for an interpretation. Given an interpre—
tation J by a state we mean a function assigning to all variables of L val-
ues from the domain of interpretation. States are denoted by letters ¢, T.
The notions of a value of an expression t in a state o (written as o(t)) and

truth of a formula p in a state o (written as I=Jp(c)) are defined in the
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usual way. A formula p is true under J (uritten as |= P) if = jP(0) holds
for all states O.

We allow two special states: lreporting nontermination of a program and
fail reporting a failure in execution of a program. We have by definition
HJP (L) |;/Jp (fail) for all formulae p. We define [p]J to the set all states
o which satisfy p under J (i.e. such that |=Jp (o) holds). Thus by definition
for any p and J L ¢ [p]J and fail ¢ [p]J.

Finally, let TrJ be the set of all assertions which are true under J.
3. BOUNDED NONDETERMINISM

Denote by Sn the least class of programs such that for all boolean ex-
pressions CIEREEL . and S]""’Sm € SnE e~ S] 0... 0 e~ Sm_f_i_ € Sn
and do e, ->Sll:l... Dem->Smo_deSn.

This class of programs was introduced in DIJKSTRA [7] and further ex—
tensively studied in DIJKSTRA [8] and various other papers. The boolean ex-
pressions e; in the context of the if and do - constructs are called guards.

An intuitive meaning of the program if e - 5, 0...0 e ” Sm fi is:

1
choose nondeterministically a guard e; which evaluates to true and execute

the program Si' In the case when all guards e RPN evaluate to false the

1
program fails, i.e. its execution improperly terminates. An intuitive meaning

of the program do e, > 5, o...0 e Smgg_ is : as long as at least one

1
guard evaluates to true repeatedly do the following: choose any guard e; which
evaluates to true and execute the program Si' In the case of one guard only
the construct do e, S1 O...0 e > S, od is thus equivalent to the usual

construct while e do S1 od.

3.1. Semantics of nondeterministic programs

Before we dwell on the issue of correctness of the programs from Sn
we define their semantics. We follow here the approach of HENNESSY & PLOTKIN
[13] the advantage of which is that it can be easily adopted to several other
classes of programs. This semantics is based on the consideration of a tran-
sition relation "+" between pairs <S, o> consisting of a program S and a

state 0. The intuitive meaning of the relation

<S], ag> > <SZ’ ™
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is: executing §, onme step in a state o can lead (nondeterministically) to

a state T with S, being remainder of S] still to be executed. It is copve-

nient to assume ihe empty program E. Then S2 is E if Sl terminates in t.
We assume that for any S E;S = S;E = S.

Given an interpretation we define the above relation by the following
clauses:
(i)  <skip, o> » <E,0>
(ii) <x:=t, o> + <E,1>

where 7(x) = o(t) and 1(y) = o(y) for y # x

(iii) «<if e

> 8, 0. Oe > s fi, 0>><8;,0> if |=Jei(c)

1
1
if I=Jei(°) o

+8, 0... Oey > s od, 0> > <E, o> if {=; A Te, (o)

. S m
(iv) <if e, »s, 0... Oe > S fi, o> > <E, fail> if ]=J jél Tle; (o)

) <do e »Sl g0...0 en ” S od, 0> +> <Si ; do e S] 0... Dem+smod,g>

(vi) <do e,

(vii) 1if <Sl’°> > <sz,r> then <S1 5 S, o> > <S2 5 S, T>.
Let + stand for the transitive, reflexive closure of —.

We now introduce the following definitioms.

DEFINITION
(1) S can diverge from ¢ if there exists an infinite sequence
<Si’°i> (i=0,1,...) such that <S,o> = <So,c > > <Sl,cr > >

cee

0 1

(ii) S can fail from o if
<8,0> <S,,fail> for some S,.
(iii) A finite sequence <si’°i> (i=0,1,...,k) such that
<8,0> = <8,0,> > <Sl’°l> el > <Sk’gk> = <E,ak> is called a compu-
tation starting in <S,5> ; k is the length of this computation.

The following lemma will be needed later.

LEMMA 1. If S camnot diverge from o then there exists a natural number k such
that all computations starting in <S,0> are of length at most k.

PROOF. Consider the set of all finite sequences
<§,0> = <SO,00> el > <Sn,on> ordered by the subsequence ordering. This
set forms a finitely branching tree. If the dedired k did not exist then this

tree would be infinite. By Konig's Lemma it would then contain an infinite

branch which contradicts the assumption. []

We define now two types of semantics for the programs from Sn by put-
ting
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MIsl(o) = {t|<S,0> +* <E, 1>}

and

Mtotﬂsﬂ(c) =MIsl(o) u {L | S can diverge from o}

u {fail | S can fail from o}

Both semantics depend on the interpretation J but we do not mention this
dependence hoping that no confusion will arise. The difference between

these two semantics lies in the way the 'megative'" informations about the
program are dealt with - either they are dropped or they are explicitly men-—

tioned.

3.2. Partial and total correctness

While studying a correctness of programs we are interested in various
properties namely
(a) whether all proper states generated (or produced) by the program satisfy
a given post—condition,
(b) whether the program always terminates, and
(c) whether none of the executions of the program leads to a failure.
We are usually interested in executions starting in a state satisfying
some initial pre—condition. The above properties lead to various possible

interpretations of the correctness formulae {p} S{q}. Let

M[[S]]([p]J)= u M [s] (o)

celpl
and J
Mo ISICCRI) = U M [s1(o).
oe[p]J
We define

|=J{p}S{q} iff M HSH([p]J) c [q]J,

I=J,tot{P} S {q} iff Mtot[SH(EP]J) C [qd;.

Informally speaking, I=J{p} S {q} means that any properly terminating execu-—

tion of S starting in a state satisfying p leads to a state satisfying q ;
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FJ tot{p} S {q} in addition guarantees that any execution of § starting
3

in a state satisfying p properly terminates. If ]=J{p} S{q} holds we say that
the program S is partially correct under J (with respect to p and q). If
FJ,tOt{p} S{q} holds we say that the program S is totally correct under
J (with respect to p and q).

3.3. A proof system for partial correctness

We now present a formal system allowing us to deduce formally partial
correctness of programs from Sn' Its axioms and proof rules are the follo-

wing

AXIOM 1 : skip axiom
{p} skip {p}

AXIOM 2 : assignment axiom
{plt/x1} x:=t {p}

RULE 3 : composition rule

{p} Sl{r},{r} Sz{q}

{p} S1 3 8y {q}
RULE 4 : if - rule
{p A ei} Si {q}, i =1....,m

{ptif e; > 5, 0...0e - s fi{q}

RULE 5 : do - rule

{p A ei} Si {pl, i=1,...,m

m
{p} do e > 8, 0... Dem + S od {p A 0, Tes
p is called a loop imvariant.
RULE 6 : consequence rule
p>pp {p} S lq), qp > q
{p} s {q}

We call this proof system N. For A being a set of assertioms and a cor-

rectness formula ¢ we write A |ﬁ ¢ to denote the fact that there exists a
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proof of ¢ in N which uses as assumptions for the consequence rule

assertions from A.

3.4. An example of a proof in N

To illustrate the use of the proof system N we now provide the follow-

ing example. Let S stand for the following program

do 2]x v 3|x »
if 2|x > x:=x/2 ; a:=b+l
03|x + x:=x/3 ; b:=b+l
O4|x + x:=x/4 ; a:=a+2 fi
od
where x, a, b are integer variables. This program computes the greatest
powers of 2 and 3 which divide x. We now present a formal proof of this

fact. More precisely we prove
1) Tr s la=0Ab=0Arx=2}5 {z= x.22.3° A @lx v 3%}
0

where JO is the standard interpretation of the language of Peano arithmetic

augmented with the division operation and divisibility relation.

We present the proof in a "top-down" fashion. We choose p = z = x-za-3b

to be the loop invariant. We now show

(2) a=0Ab=0Ax=12z>p,

3) {p A (lxv3x)} S, {p}

where S1 is the loop body,

) p AT Qlx v 3]x) » z = x+22-3% AT (2]x v (2]x v 3]x).

Note that (3) implies by the do-rule {p} S {p A7 (2|x v 3|x)} which
together with (2) and (4) implies by the consequence rule (1). Both (2)

and (4) are obvious.

To show (3) we have to show
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(5 {p A 2]x v 3|x) A 2]x} x:=x/2 ; ar=a+l {p},
(6) fp A 2lx v 3% A 3|x} xi=x/3 5 bi=b+l {p],
%)) {p A 2lx v 3lx) A 4]x} xi=x/4 ; as=a+2 {p}

and apply the if-rule.

We now prove (5). By the assignment axiom

{z = x.23+1-3b} a:=a+l {p}

and

a+1.3b}

{z (x/2)‘23+1-3b} x:=x/2 {z = x°2
P a+l b _ . a:=a+! {p} which

so by the composition rule {z = (x/2)-2% +37} x:=x/2 ; a:=a p} whi

by the consequence rule implies (5). Proofs of (6) and (7) are similar

and left to the reader.

Note. To ensure that the application of the division operation does not
result in producing non-integer values we should actually use here the

following assignment rule in the case of division operation:

pl(a/b)/x] > bla
{pl(a/b) /x}x := a/b{pl °

We leave it to the reader checking that the above proof remains

correct when this assignment rule is used.

3.5. Soundness of N

To justify the proofs in the system N one has to prove its soundness
in the sense of the following theorem which links provability of the

correctness formulae with their truth.

THEOREM 1. For every interpretation J, set of assertions A and correctness
formula ¢ the following holds: if all assertions from A are true under J
and Al—ﬁ ¢ thenm ¢ is true under J.

In other words if Tr, l'ﬁ ¢ then k4.
We call correctness formula valid if it is true under all interpreta-—

tions J and a proof rule sound if for all interpretations J it preserves

the truth under J of correctness formulae (and in the case of the
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consequence rule, assertions).

To prove the soundness of N it is sufficient to show that all axioms
of N are valid and all proof rules of N are sound since the desired conclu-
sion follows then by the induction on the length of proofs. As an example

proof we now show the soundness of the do-rule.

Let S stand for do e, »~ S [J...0e + S od. Fix an interpretation J
— 1 1 m m—

and assume that all the premises of the do-rule are true under J, i.e. that
(8) M [Siﬂ (Ip A ei]J) < [p]J for i = 1,...,m.

Let T ¢ M [s] ([p]J). Then for some g € [p]J T e M[S] (o). By the
definition of M we have
<S,0

> +*<S > +* +*< > >
0 1,01 . Sz,qz <E,U£>

where ¢ = Ogs T = 0y and for all j = 0,..., £-1

Gj € [ek.]J and 0j+1 e M ﬂSkj](oj) for some kj e {1,...,m} and

ap € [izl T ei]J' We have oy € [p]J and if for some j € {0,...,2-1}

Gj € [p]J then by (8) 0j+l e M ﬂSkjﬂ([p A ekj]J) f_[p]J, i.e. 0j41 € [p]j.
Thus for all j = 0,...,2 cj € [p]J. In particular ap € Lp]J which means
that 7 ¢ [p A igl 1 ei]J' This proves the truth under J of the conclusion
of the do-rule and thereby concludes the proof of the soundness of the

rule.

3.6. Completeness of N in the sense of Cook

A converse property to that of soundness of a proof system is
completeness which links truth of the correctness formulae with their
provability. Unfortunately a converse implication to this theorem 1 can be
proved only for a special type of interpretations J. This issue is
discussed at length in APT [1] in sections 2.7. and 2.8. where we refer
the reader for the details. We restrict ourselves here to presenting the
appropriately adopted definitions without entering into any discussion of

the results.
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Define

post ;(p,8) = M [sI(Cplp

{o 2 MIsI(o) < [q];}

pre; ,9

Note that these sets are characterized by the following equivalences (the

second of them is just a rewording of the definition):

l=J{p} s {q} iff [p]J gpreJ(S,q)

9)
iff postJ(p,S) < [q]J.

Let So be a class of programs.

Call the language L expressive relative to J and SO if for all asser-
tions p and programs S ¢ SO there exists an assertion q which defines
postJ(p,S). If J is such that L is expressive relative to J and SO we write
J e Exp(L,So). It is worthwhile to note that in the definition of expres-—
siveness we can alternatively require definability of preJ(S,q) instead of
postJ(p,S) (see APT [1]).

Definition A proof system G for S0 is complete in the sense of Cook if, for

every interpretation J € Exp(L,SO) and every asserted program ¢ if |=J¢,

then Tr |E .

This definition of completeness is, as the name indicates, due to
COOK [61].

Now, the proof system N for Sn is complete in the sense of Cook. The

proof proceeds by induction on the structure of the programs.

The only two nontrivial cases are these of composition and the
do-construct.

1f FJ{p} 8,35, {q} then clearly I=J{p} s, {r} and FJ{r}SZ{q} where
r defines preJ(Sz,q) ; 50, by the induction hypothesis and the composition
rule, TrJlﬁ- {p}S1 H Sz{q}. If FJ{p}S{q}, where S = do e > S]D...Dem > 8 od,
then we must find a loop invariant r such that for i = 1,...,m
m
Fylraed s, {xl, Fyp>r and k (r A ;2 1 e)) > q. Then by the induc-
tion hypothesis and the consequence rule TrJlﬁ {p} s {q}.

We choose r to be an assertion defining preJ(S,q). Then by (9)
FJ(r} S {q} so also I=J{r} if e, » §; 01 e; » skip fi ; S{q} for all
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i=1,...,m as for any o M [if e; > S, 0o e; > skip £i ; sl(o)cM[s] ()
clearly holds. Now, since r deflnes pre; (S,q), then as in the case treated
above E {r} if e; > S ] e, skip fi {r} from which E {r A ey } S {r}
follows. By (9) we have E gP ¥ and E (r AL ey e follows from

the definition of r. This concludes the proof.

3.7 A proof system for total correctmness

To prove total correctness of programs from Sn we must provide proof

rules ruling out possibility of failure and nontermination.

A possible failure in an execution of a program from Sn can be caused
only by the if-construct. Clearly the if-rule does not rule out a possibil-
ity of failure. However, a small refinement of this rule suffices to prove
the lack of failure. We only need to ensure that at each moment an j._f_—
statement 1S to be executed at least one of its guards evaluates to true.

This is achieved by the following modification
RULE 7 : if-rule II

m
P>V e (pred s, oy

{p} if e, > 8, D...Dem+ Smﬁ {q}

yeoa,l

A possible nontermination of an execution of a program from Sn can
be caused omnly by the do-construct and clearly the present do-rule does
not rule out such a possibility. The following modification of the do-rule
suffices to prove termination of each do-construct. This rule is due to

HAREL [1 1] where a different formalism is used.
RULE 8 =: do-rule II

m m
P(n) An>0> .V e, p(0) > (A ey,

{p(n) An>0n~A ei} Si {im < n p(m)}i--l,...,m

{3n p(n)} do e > s D...Dem > Sm_cg {p(0)}

Here p (n) is an assertion with a free variable n which does not appear
in the programs and ranges over natural numbers.

Let NT denote the proof system obtained from N by replacing the if
and do-rules by their modified versions. This proof system is appropriate

for proving total correctness of programs from Sn'
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To illustrate the use of the system we now indicate how to modify the
proof given in section 3.4. to demonstrate the total correctness of the
program there considered, i.e. to prove (1) within NT.

We choose p(n) = p A Jal,bl,x1 (x=2 "3 lvx1 A _I(2|x v 3]x ) A n=a, +b )

The second component of p(n) states that n is the sum of powers of
2 and 3 which divide x.

We now have

(10) a=0Ab=0Ax=12z>Inp(),
(1) pn) An>0~>2[x Vv 3|x,

(12) p(0) ~1(2]|x v 3|x),

(13) {p(n) A n>0}s, {m < n p(m)}

where the last correctness formula can be proved using the if-rule II since
p(m) An >0~ 2|x v 3|xV 4|x holds. The proof of (I13) is a small modifi-
cation of the proof of (3) and is left to the reader. Now by the do-rule
II, (10) and (12) we obtain (1) as desired.

3.8. Arithmetical soundness and completeness of NT

As explained in section 2.11 of APT [1] when trying to prove soundness
of a proof for total correctness one has to revise appropriately the notion
of soundness. We follow here the approach of HAREL [11] also adopted in
APT [1]. We recall the introduced definitionms.

Let L be an assertion language and let 1" be the minimal extension of
L containing the language L of Peano arithmetic and a unary relation
nat(x). Call an mterpretatlon J of L arithmetical if its domain includes
the set of natural numbers, J provides the standard interpretation for Lp,
and nat(x), is interpreted as the relation "to be a natural number".
Additionally, we require that there exists a formula of Lt which, when
interpreted under J, provides the ability to encode finite sequences of
elements from the domain of J into on element. (The last requirement is
needed only for the completeness proof.)

One of the examples of an arithmetical interpretation is éf course JO'
It is important to note that any interpretation of an assertion language L
with an infinite domain can be extended to an arithmetical interpretation

+
of L . Clearly, the proof system NT is suitable only for assertion
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languages of the form L+, and an expression such as p(n) is actually a
shorthand for nat(n) A p(n).

We now say that a proof system G for total correctness is arithmetically
sound if, for all arithmetical interpretations J and asserted programs
¢ Tr |E ¢ implies ’=J,tot¢'

It can be shown that the proof system NT is arithmetically sound. The
case of the if-rule II is easily handled. The proof of soundness of the
do-rule II for the case of arithmetical interpretations is in turn an easy
modification of the proof of soundness of the do-rule where one simply
parametrizes the invariant p. The proofs of other cases are the same as
before.

We say that a proof system G is arithmetically complete if for all
arithmetical interpretations J and asserted programs ¢ [
Tr

J,tot¢ implies
5 g
To show the arithmetical completeness of the system NT we first

introduce the following notion:
pret (8,q) = {o : M_  [s1(0) = [q];}.
pret stands in the same relation to total correctness as pre does to partial

J,tot{p} s {q} iff [p]J EpretJ(S,q).

Thanks to the provision for coding of finite sequences it can be

correctness : we have E

shown that for any arithmetical interpretation J there exists an assertion
which defines pretJ(S,q). This fact is not completely obvious as the
definition of pretJ(S,q) also mentions (the nonexistence of) infinite
sequences. This difficulty can be however circumvented by making use of
Lemma 1.

The completeness proof proceeds by induction on the structure of
programs. The only cases different from the corresponding ones in the
completeness proof of N are those of if and do-comstructs. Let J be an
arithmetical interpretation.

If FmJ,tot{p} if e, > 5, 0 ...0e > 8 fi {q} then by definif‘:ion .
FJ P>y e and '=J,tot{p A ei} S, {q} for i = 1,...,m. By the induction

hypothesis Tr Iﬁ {p A ei} 8; {q} for i = 1,...,m so by the if-rule II

J
T i e fi .

TrJINT e RN ) s - Qe + S od. Let n

J,tot{r} ${q} where $do e, > §; 0...0¢, ol

be a fresh variable. Let now C be the following set of states:

Assume now kE
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pretJ(S,q) n {o: I=Jnat(n) (o) A the longest computation
starting in <S,0> is of length k+l,

where k = o(n)}.

Thus ¢ ¢ C iff o(n) is a natural number, say k, such that all computations
starting in <S,0> properly terminate in a state satisfying q and the
longest of these computations is of length k+1. It can be shown that there
exists an assertion p(n) which defines C.

By the definition of p(n) we now have }=Jp(n) An>0->.v

i €.

1 71
m
FJp(O) N "lei. Also it can be easily shown that
FJ{P(H) An>0A ei} 5, {lm < n p(m)}. By the induction hypothesis and the
do-rule II we get Trjlﬁ— {In p(n)} do e, 5, O... []el_[l + S od {p(0)}.

We now have by assumption [1:]J < pretJ(S,q) and so by virture of Lemma
1 I=Jr + In p(n). Also I=Jp(0) -+ q holds so by the consequence rule we get
TrJi_ﬁ {r} do e, > 8§, O ...0 »s od {q}.

This concludes the proof.

4. COUNTABLE NONDETERMINISM

4.1. Bounded nondeterminism versus finite and countable nondeterminism

Up till now we have considered programs which allowed bounded non—
determinism only. By this we mean that for each pair <S,0> where S ¢ Sn
the set {<Sl, 0> i <S, 0> > <5, crl>} is finite and moreover its cardinal-
ity is bounded by a constant dependent on S only. Informally it means that
each program S ¢ Sn gives rise in one computation step to at most k
different continuations where k depends on S only.

This property should be contrasted with that of finite nondeterminism
which means that the above set is always finite but its cardinality does
not depend on S only. An example of an instruction which leads to finite
nondeterminism is x:=? < y which sets to x a value smaller or equal to y.
Such an instruction has been considered in FLOYD [9]. (Of course, we assume
here that the programs are interpreted under a standard interpretation in
natural numbers.)

It should be however noted that finite nondeterminism can be reduced

to a bounded nondeterminism in the sense that x:=? < y is équivalent to

a program from Sn' To see this take for examplé the program b:=true;

x:=0 ; dobAx<y->xi=x+x10b A x< y + b:=false od. Consequently the
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study of finite nondeterminism (in the above sense) can be reduced to the
study of bounded nondeterminism.

This is not any more the case with countable nondeterminism. By
countable nondeterminism we mean that the above defined set can be countably
infinite. An example of an instruction which leads to countable nondetermin-
ism is the random assigment x:=? which sets to ¥ an arbitrary nonnegative
integer.

It is obvious how to define the semantics Mtotl[x:=?] of x:=?. We
have L ¢ Mtot
§ ¢ S such that Mtot[[x:=?]l = Mtot[[ S]. This follows immediately from the

[x:=?] (o) for any o. We now claim that there is no program

following corollary to Lemma 1.

Corollary 1. For any S € Sn and o if L ¢ Mtot[ Sl (o) then Mtotﬂ Sl (o) is a
finite set. [

Thus countable nondeterminism cannot be reduced to bounded (or finite)
nondeterminism. This indicates that to study total correctness of programs
allowving countable nondeterminism we have to develop essentially new proof
rules, i.e. proof rules which cannot be derived from those of the proof
system NT.

Note that this is not the case when dealing with the partial correct-

ness of programs allowing countable nondeterminism as clearly

M [x:=? §] = M [b:=true ; x:=0 ; do b + x:=x+! 0 b + b:=false od]
(In this and the above considerations we ignored the fact that the value
of b has been changed. It is easy to remedy this problem.)

Before we enter the proof theoretic considerations of countable
nondeterminism we should perhaps explain why it is useful to study countable
nondeterminism in the first place. First, the instruction x:=? can be
viewed as another version of a more familiar read (x) instruction. Secondly,
this instruction is particularly useful when dealing with the assumption of
fairness, which will be discussed later. Also it allows to provide various
neat characterizations of objects discussed in mathematical logic (see

e.g. HAREL & KOZEN [12]).

4.2, Aproof system for total correctness of countably nondeterministic programs

Consider now the class Scn of programs which differs from Sn in that
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additionnally the instruction x:=? is allowed. We now present a proof
system which allows us to prove total correctness of programs from Sc . We
n
add to the proof system NT the following axiom
AXIOM 9: random assignment axiom
{ptx:=? {p}

provided x is not free in p
and replace the do-rule II by the following generalization of it:
RULE 10: do-rule III

m
Yy e PO) > o4 ey,

p(a)/\a>0‘>.l i

1

{p(a) Aa>0n ei} Si {IB<ap®},i=1,...,m

{Jo p(a)} do e > Sl E]...Dem+8m9£ {p(0)}

where p(c¢) is an assertion with a free variable o which does not appear
in the programs and ranges over ordinals.

Call the resulting proof system CNT.

4.3. An example of a proof in CNT

As an example proof in CNT consider now the following program:

8 = do x=0 + y:=? ; x:=1
Ox#0Ay >0 yi=y-I

do.

We now wish to prove in CNT that S always terminates. More precisely,
we prove in CNT the correctness formula {true} s {y=0}.

To this end we first specify the assertion language L. We assume that
L contains the language of Peano arithmetic and has two sorts: data (for
program data - here integer) and ord for ordinals. We assume a constant 0
of sort ord and a binary predicate symbol < over ord. The variables a, B
are of sort ord, all other variables are of sort data.

In the course of the proof we shall have to convert values of sort
data into values of sort ord. To this purpose we assume a one-argument

conversion function T of sort (data, ord) converting integers into ordinals



117

and a constant w of sort ord. We have ¥ x (x < w) as by convention x is of

type data.
Define p(a) by

P@) = (x=0+a=w) A (x#0>0a=y).

Intuitively speaking, for a state o, p(a) (o) holds if o is the smallest
ordinal greater than or equal to the number of possible iterations performed
by the loop when started in ¢.

We now show that p(a) satisfies the premises of the do-rule III, i.e.
that p(a) is a loop invariant.
l.We have p(@) A2 > 0+>x=0VvVy>0=>x=0V (x#0Ay>0)

2. We have p(0) > x # 0Ay=0-+ Tx=0V (x#0Ay>0))
3. We first show {p(a) A a > 0 A x = 0} y:=? ; x:=1 {38 < a p(B)}.

By the assignment axiom we have

{18 < a p(B) [1/x]} x:=1 {18 < a p(R)}

so by the consequence rule
{¥y 18 < o p(B)[1/x]} x:=1 {18 < o p(B)}.
By the random assignment axiom and the composition rule we now get
{%y 318 <ap(B) [1/x]1} y:=? ; x:=1 {IB < a p(B)}
To complete the proof it now suffices to show that
p(@) Aa>0Ax=0->¥18c<ap(B) [1/x] is true. p(a) A x = 0 implies
@ =w. So for any y put 8 =y : then B < a and p(B)[1/x] holds.
Next we show {p(a) Aa >0 Ax#0Ay>0}y:=y-1 {18 <a p(R}.
By the assignment axiom and the consequence rule it suffices to show

that p(a) Ao >0 Ax#0Ay>0~>138<ap(B [y-1/ylis true. We have

Ay>0Aax#0

[
<1

pla) Aa>0Ax#0Ay>0->0

Ay >0 A pGH-T)Iy-1/y]

<l

> 0o =

+ 18 < o p(B)Ly-1/y]
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By the do-rule III we now get
{la p(a)} s {p(0)}.

Clearly both Ja p(a) and p(0) = y = 0 hold, so by the consequence rule
{true} s {y=0} holds. .
To be precise we actually proved ’I.‘rJl ‘EI\TT {true} s {y=0} where J,

is a standard interpretation of the assertion language L.

4.4, Soundness and completeness of CNT

Before we dwell on the issue of soundness and completeness of CNT we
have to specify for which assertion languages and their interpretations
CNT is an appropriate proof system.
As in the previous section we assume that the assertion language L
contains two sorts : data and ord. As before we have a constant 0 of type
ord and a binary predicate symbol < .over ord. Additionally we assume that
L includes second order varigbles of arbitrary arity and sort. The second
order variables can be bound only by the least fixed point operator u
provided the bound variable occurs positively in the considered formula.
(Here a variable occurs positively in a formula if none of its occurrences
in a disjunctive normal form of the formula is in the scope of a negation
sign). Thus if the set variable a occurs positively in p(a) then upa.p is a
well formed formula. The free variables of pa.p are those of p other thana.
An interpretation J for this type of assertion language is an ordi-
nary two-sorted second order structure subject to the following five condi-
tions
1. The domain Jdata of sort data is countable (to ensure countable non-—
determinism,

2. The domain Jord of sort ord is an initial segment of ordinals (to ensure
a proper interpretation of the do-rule III),

3. The domain Jord contains all countable ordinals (needed for thc complete-—
ness proof),

4. The constant O denotes the least ordinal and the predicate symbol <
denotes the strict ordering of the ordinals, restricted to Jord’

5. The domains of each of the set sorts contain all sets of the appropriate
kind (to ensure the existence of the fixed points considered below) .

The truth of the formulae of L under an interpretation J is defined in
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a standard way. The only nonstandard case is when a formula is of the form

ya.p. We put then F=Jua-p iff E Jp[R/a] where R is the least fixed point

of an operator naturally induced by p. Having defined the truth of the for-

mulae of L we define the truth of the correctness formulae in the usual way.
The following theorem due to APT & PLOTKIN [3] explains why this type

of assertion languages and their interpretation is of interest.

Theorem 2. Let the assertion language L and its interpretation J satisfy

sl ¢
iff E J¢-

This theorem states soundness and completeness of the proof system CNT.
The soundness proof should hold for any reasonable assertion language ; it
is the completeness proof which dictated the specific choice of the asser-
tion language. The arguments used in the proofs are appropriate generaliza-
tions of those used in the soundness and completeness proofs of the system
NT.

The use of ordinals in assertions requires petrhaps a word of comment.
It can be shown that ordinals are indeed necessary, i.e. the do-rule II is
not sufficient here. For example we cannot prove the correctness formula
considered in section 3.11 in a proof system in which the do-rule III is
replaced by the do-rule II. In case when the assertion language L contains
the language of Peano arithmetic and the domain of data values Jdata is N,
the set of natural numbers, we can exactly estimate which ordinals are
needed for proofs in CONT. It turns out that exactly all recursive ordinals
are needed. (By a recursive ordinal we mean here an ordinal attached in a
natural way to a tree which can be coded by a recursive set. For equivalent

characterizations see ROGERS [21].)

4.5, The issue of fairmess

According to the usual semantics Mtot the program

b:i=true ; do b + skip ] b:=false od does not always terminate because the

computation in which always the first guard is chosen is infinite. We can
however imagine restricted forms of interpretation of programs from Sn
under which the above program will always terminate.

One of such interpretations is the one under the assumption of fairmess.
In the context of programs from Sn this assumption states that in every

infinite computation each guard which is infinitely often true is eventuall
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chosen. Here a guard is true if it evaluates to true at the moment the
control in the program is just before it.

This type of assumptions is particularly important when studying the
behaviour of parallel programs in the context of which fairness is a most
general modeling of the fact that the ratio of speeds between concurrent
processors may be arbitrarily large and varying but always finite. Study
of the hypothesis of fairness in the context of nondeterministic programs
is partially motivated by the fact that parallel programs can be modelled
by nondeterministic programs.

We now formally define the semantics of programs from Sn under the

assumption of fairmess. Let & = <SO, 0p> * <Sl’ 0> > e be an infinite

computation starting in <S_ , o,>. We say that ¢ is faZr if it fullfils the

0* "0

following two conditions:

i) for each program § = if e - Sl o... Dem +~ S fi ;3 S' and each

1
i=1,...,m if there are infinitely many j's for which <S§, 0j> appears

in g and FJei(oj), then there are infinitely many j's among them such

. L ar
that the transition <8, cj> - <Si ; ST, 0j+1

ii) for each program S = do e, ~ 8, o... Dem > S od ; S' and each

i=1,...,m if there are infinitely many j's for which <S, oj> appears

> appears in g,

in ¢ and #‘Jei(cj), then there are infinitely many j's among them

such that the tramsition <S§, cj> > <Si s S;8', 0j+ > appears in &.

1

To avoid confusion resulting from the fact that various occurrences of
S in g do not need to correspond with the same program, we should actually
label each statement with a unique label. It is clear how to perform this
process and we leave it to the reader.

We define the fair semantics for the programs from Sn by putting

M sy [81(0) = M [S](o)

u {L | there exists a fair infinite computation

starting in <S, o>}

u {fail | S can fail from o}.

Thus the difference between the semantics Mtot

treatment of infinite unfair computations. We assume that all finite

and M_ . lies in the
fair

computations are fair.

We now define the notion of total correctness of the programs consid-

ered under the assumption of fairness by putting
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F o gair (P} S {a} S£E Mo . IS] (Cp1) < [q],

where of course

M, . = v
fair [sl ([P]J) ce[p]J Mfairﬁsn (o).
If F.J fair {p} s {q} holds then we say that {p} S {q} holds under the
assumption of fairness (w.r.t. J). Thus %.] fair {p} s {q} holds iff each
s
fair computation sequence of S starting in a state satisfying p successfully

terminates and the terminating state satisfies q.

4.6. A transformation realizing fairmess

We now wish to present a proof system in which total correctness under
the assumption of fairness can be proved. For didactic resons instead of
presenting the proof rules immediately, we rather explain how to derive
them. To this purpose we first provide a transformation of a program S ¢ Sn

into a program S € SCrl which realizes the assumption of fairmess in the

fair
sense that Sfair generates exactly all fair computations of S. We proceed

by the following successive steps:

1. replace each subprogram do e, - Sl a... Dem'* Sm od of S by

1

e, >ife »8§ O...0 »8§_ fiod,

-— 1 1

2. replace each subprogram if e - S1 0... Dem > Sm fi of S by the follow-

1
ing subprogram

£ j:=1 t if e. then z.:=z.-1 ;
—== = "= == 5T

if e, A z

— 1

1= 0 A ij. >0 » 21:=? ; S

= ez= . 3
0o... Dem A z, 0 A ijj >0~ z =7 3 S fi,

LR appropriately so that each if-construct

has its "own" set of these variables.

3. Rename all variables z

i i a e
Strictly speaking the program Sfair does not belong to Scn s th
if-then and the for-comstructs are not assumed in the syntax. It is however
clear how to change it here into a sequence of the if-constructs. Note that

in step | we replaced each subprogram of S of the form of a do-loop by
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another subprogram which is equivalent to the original one in the sense of
the M, . semantics.
fair ) . .
Let us call the subprograms introduced in step 2 the Eéfair constructs.
The above transformation boils down to building into all if-comstructs of
S a fair scheduler in which the auxiliary variables z; count down to a
moment when the corresponding guard is selected.
The following lemma relates S to Sfair'
Lemma 2.
a) If & is a fair non failing computation of S then an extension £' of £ dealing with
the auxiliary variables of Sgqip L8aNON failing computationof Sc . .
b) Ift<sanon failing computation of S fair then 1ts restriction to the computa-
tion steps dealingwith S is a fair non failing computation of S.

Proof
a) We annotate the states in £ by assigning in each of them values to all

variables zi. Given a state cj there are two cases.

Case I. For mo state ck(k > j) the guard corresponding with z; has been

chosen.

Then by the assumption of fairness this guard has been only finitely
many times enabled in case the control was there. We put Uj(zi) to be
equal 1 + the number of times the guard will still be enabled whenever

the control will be there.

Case II. For some state ok(k > j) the guard corresponding with z; has been
chosen. We put oj(zi) to be equal 1 + the number of times the guard will

still be enabled and not chosen whenever the control will be there.

b) By the comstruction of § the restriction of g to the computation

fair
steps dealing with S is a computation sequence for S. Suppose that this
restriction is not a fair computation sequence. Then behind some point
in this computation a guard would be infinitely many times enabled at
the moment a control is there and yet never chosen. By the construction
of Sfair the variable z; corresponding with this guard would become
arbitrarily small. This is however impossible because as sooh as it

becomes negative a failure will arise. [

Corollary 2. Suppose that none of the auxiliary variables introduced in
Sgaip OCCUTs free in the assertions p and q. Then
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E {p} S {q} iff %o [F‘Jp(o) + S cannot fail from o]

J,fair

and F {p} s {qg}. O

J,weak fair

Here #J

Mtot Esfair
is weakly totally correct under J with respect to p and q.

,weak{p} Sfair{q} holds if in the definition of the semantics

] of S we drop any mentioning of failure. We then say that Sfair

4,7. A proof system dealing with fairness

The above corollary indicates that in order to prove total correctness
of S under the assumption of fairness it is sufficient to prove weak total
correctness of Sfair provided the absence of failure in S can be established.

To prove weak total correctness of § we can use the proof system CNT

defined in section 4.2 in which the igiiule II is replaced by the original
if-rule in order to ignore the possibility of failures. Call this system
CWT.

Assume now for a moment that only deterministic do-loops are allowed,
i.e. do-loops of the form do e + S od. Then the first step in the transfor-
mition discussed in the previous section is not needed and can be deleted.

Now, due to the form of S any proof of its weak total correctness can

fair
be transformed into a direct proof of S provided we use the following

transformed version of the if-rule:

{p} for j:=1 to m if e; then zj:=zj—1 {p'},

{p'a e; Az, =0A z 2 0} z;:=? 3 Si{q} i=1,...,m

{p} if e, »s, 0... Dem >S5 £fi {q}

Indeed, by applying the above rule we replace systematically each

igfair—subprogram of Sfair

effect we obtain a direct proof of S. The above rule can be simplified if

by the original if-subprogram of S; thus, in

we "absorb" all assignments to auxiliary variables into the assertion p.
In such a way we obtain a proof rule dealing exclusively with the if-con-
struct and its components.

The last issue to be dealt with is that of freedom of failure which

has to be dealt with according to Corollary 2. This problem can be taken
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care of in the same way as in section 3.7 of by simply adding to the premises
m

of the fair if-rule the assertion p > izl e,

Summerizing, the final version of the rule has the following form

RULE 11: fair if-rule

m

> V. e.
Py 8y

. A -
{p [if e then zj+1 else zj/zj ]j#i[llzi] Ae; Nz z0}s, {q)

=l,...,m

{p}l_f_e1 ->SID ...Elem+Smf_1{q}

We still have to deal with the problem of do-loops as we assumed above
that only deterministic loops are allowed. For this purpose we have to go
back to the transformation from the previous section. In step 1 we replaced
each do-loop by a program equivalent to it in the sense of the Mfair seman-
tics. Therefore a proof of total correctness under the assumption of fair-
ness of the latter program constitutes a proof of total correctness under
the assumption of fairness of the former ome. Thanks to this observation
we can derive the fair do-rule. It has the following form after some

simplifications:

RULE 12 : fair do-rule

m m
p(a) Ao >0 v e, p(0) > A e,

{p(a) [if e then zj+] else zj/zj]jﬁn/zij Aa>0Ae A z > 0}

S.
1

{18 <ap®}_,

50ea,l

{la p(a)} do ey »5, 0 ... 0 +5 od {p(0)}

1
The assertion p(a) satisfies the same condition as in rule 10.
Summarizing, the proof system FN for total correctness of programs

from Sn under the assumption of fairmess is obtained from the proof system

N by replacing the if and do-rule by the proof rules introduced above.

Note that the random assignment axiom is not needed - we used it only to

derive the final form of the new rules.
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The only pupose of intoducing the transformation S into $ was to

fair
derive the new rules in a straightforward way. These rules deal with the

original programs and not their transformed versions.

4.8. Soundness and completeness of FN

The following lemma provides a proof theoretic counterpart of Corollary
2.

Lemma 3. Suppose that none of the auxiliary variables introduced in S
oceurs free in the assertions p and q. Then

fair

Tr; ]fﬁ-{p} S {q} iff Tr lEﬁT {p} s {q} and

fair

Yo [E jp(cr) + S cannot fail from ol. [

This lemma can be easily justified on the basis of remarks provided
in the previous section while introducing the new proof rules.

Lemma 3 together with Corollary 2 reduces the question of soundness
and completeness of FN to that of CWT. But the latter system is clearly
sound and complete in the sense of section 4.4. This shows that the proof
system FN is also sound and complete in the same sense. We have only to
restrict additionally the class of allowed structures to those which in

their data domain contain natural numbers.

4.9. An example of a proof in FN

We conclude the discussion of fairness by presenting an example proof

in FN. Consider the following program S:

do x > 0 » if true - if b + x:=x-1
0 b » bi=false
07b> skip fi
O true > bi=true £

od

We want to prove F {true} S {true}, i.e. that S always

Jo,falr

terminates under the assumption of fairmess.
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To this purpose we have to find an assertion p(a) such that

(14) p(@) Aa>0+x>0

(15) p(0) »x <0

(16) 1o pla)

and

17 {pe) Aa>0Aax>0}S" {18<ap®}

where §' is the body of the do-loop. (Note that we use here the original
do-rule (rule 10) as the do-loop in question is deterministic. It is easy

to see that the do-rules 10 and 12 are equivalent in the case of deterministic
do-loops.)

3

Let p(a,b,c,d) = w .a + wz.b + w.c + d for any integers a,b,c,d where

a > 0. Then p(a,b,c,d) is an ordinal. We define

p(a) 2 a-= if x > 0 then p(x,z3,l—b, b+zl,zz)

else O.

In the expression ! - b, true is interpreted as 1, false as 0 ; b » zy52,

stands for if b then z else zy 3 the auxiliary variables z, and z, are

associated with the outer guards and 2352, and zg with the inner guards,
respectively,

It is clear that (14) - (16) hold. To prove (17) we have to insure that
in a fair computation the value of p decreases on each iteration of the

loop. More formally we wish to apply the: fair if-rule so we have first to prove
the premises

(18) {(p(a) Aa>0Aax>0) [ZZH/ZZJU/ZIJAZI’ z220} S1 {18<ap(B)}

and

(19) {p(a) Aa>0Ax>0) [Zl+l/21][1/22]/\zl, zZZO}b :=true {18 <ap(R)}
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as the first premise of the fair if-rule is obviously satisfied. Here

S1 2 if b > xi=x-1

0 b - b:=false

O7b + skip fi.

To prove (18) we once again wish to apply the fair if-rule. The premises

to prove are

(20) {pl[b—*za+1,24/z4] [—|b+z5+1,25/z5] []/z33AbAz3,za,z520}

x:=x-1 {] B+ap(B)}

(21) {p1[b+z3+l,z3/z3] [_!b—>25+l,25/25][]/zajl\b/\z ,2520}

3%
b:=false {1 R+ap(B)}

and
(22) {pl[b—> zi+l ’zi/Zi]i=3,4[l/25] ATlb A 2352125 20} skip {18 <a p(B)}
where

P, = (p(a)Aa>0Ax>0) [22"‘1/22][1/21]/\21,2220.

Note that the pre-assertion of (20) is equivalent to
p(x,1,0,1) =a AbAXx>0AzZ20.

We have by the assignment axiom

{p(x,1,0,1) =a AbAx>0Acz2>0}

x:=x~1

{(p(x+1,1,0,1) =a AbAx>0az20)Vp(0)}
which implies by the consequence rule (20) as the necessary implication
is clearly true.

To prove (21) note that the pre—assertion of (21) is equivalent to

p(x,z3+l,0,l)=ot.Au>OAbA§20Ax>0



128

which in turn implies the assertion
q = 3B < a(x>0/\;20/\6=p(x,23,1,22)).
Now by the assignment axiom and the consequence rule
{q} b:=false{18 < a p(B)}

so (21) by the consequence rule.

Finally, to prove (22) we note that

pl[b > zl+l, Zi/zi]i=3,4[1/25] ATlDb A 235225 20
implies

Mxﬂ3ﬂ,%+n =aATbAZ20AX>0

which in turn implies ]B < o p(B). Hence (22) holds by the skip axiom.
Now, from (20) - (22) we get (18) by the fair if-rule.

To prove (17) note that the pre-assertion of (19) is equivalent to

p(x,24,1-b,b>z +1,1) = aAa>0Ax>0Az20

1

which in turn implies the assertion
r = 38<alp(x,2z4,0,2z,+1) = BAX>0AzZ20).

Now by the assignment axiom and the consequence rule {r}b:=true {Jg<a p(R)!}
so (19) by the consequence rule.

We now proved both (18) and (19) and we get (17) by the fair if-rule.
(14) = (17) imply by the do-rule {true} S {true} so by virtue of the

soundness of the system FNT we get k {true} S {true}. This concludes

Jo,fair
the proof.

4.10 The issue of justice

Another possible restricted interpretation of nondeterministic programs
is the one under the assumption of justice. In the context of programs from
Sn this assumption states that in every infinite computation each guard
which is true from some moment on is eventually chosen. Here, as before, a
guard is true if it evaluates to true at the moment the control in the

program is just before it.

The assumption of justice can be treated in an analogous way as that
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of fairness. To obtain a transformation realizing justice we only need to
replace in the transformation from section 4.6. the program from the first

line in step 2 by
for j:=1 tom if e, »> z.:=z.-1 0 Tle, » z.:=? fi.
- - — 1 J J J J -

All other steps in the development of the proof rules for justice are
the same as before and left to the reader.

As a final remark we would like to indicate that in the transformation
from section 4.6 we can omit the conditions zi=0 from all of the guards,
both for the case of fairness and justice. Clearly various other transfor-
mation also satisfy lemma 2. We chose here a transformation which leads

to simplest proof rules dealing with fairness or justice.

5. BIBLIOGRAPHICAL REMARKS

The first treatment of nondeterminism in the framework of Hoare's logic
is due to LAUER [15] where a proof rule dealing with the or-construct (the
meaning of the construct S1 or 52 is execute either S1 or Sz) is introduced.
Correctness of nondeterministic programs introduced in section 3 is exten-
sively studied in DIJKSTRA [8] using a different approach. Axioms 1,2 and
proof rules 3,6 are from HOARE [14]. Rules 4,5 are obvious modifications of
the appropriate rules dealing with the deterministic versions of the
constructs and introduced in LAUER [15] and HOARE [14], respectively. They
appear for example in DE BAKKER [5] (p. 292).

Soundness and completeness proofs from sectioms 3.5 and 3.6 are
straightforward generalizations of the corresponding proofs dealing with
deterministic versions of the programs and presented for example in DE BAKKER
[5] (section 3). Rule 7 is inspired by the discussion of clean behaviour of
programs in PNUELI [19]. The completeness proof from section 3.8 is an
appropriate modification of a corresponding proof from HAREL [11].

The notion of bounded nondeterminism is introduced in DIJKSTRA [8].
Countable nondeterminism is extensively studied in APT & PLOTKIN [3] and
several related references can be found there. Corollary 1 is implicit in
DIJKSTRA [8]. Axiom 9 is from HAREL [11] and rule 10 from APT & PLOTKIN [3]
where a slightly different syntax is used. Sections 4.3 and 4.4 are based on
APT & PLOTKIN [3], as well. The program from section 4.3 is from DIJKSTRA
[81].
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The issue of fairness is discussed in several papers (see for example
PNUELI [191). First proof rules dealing with fairness were proposed in
GRUMBERG et al. [10], LEHMANN et al. [17] and APT & OLDEROG [2]. LEHMANN
[16] contains a simplified completeness proof of a rule introduced in
GRUMBERG et al. [10]. Sections 4.7 - 4.10 are based on APT et al. [4].
Transformations realizing fairness were first introduced in APT & OLDEROG
[2]. Simplified versions of such transformations are given and discussed
in PARK [18].

The program studied in section 4.9 is due to S. Katz. First proof
rules dealing with justice were proposed in APT & OLDEROG [3] and LEHMANN
et al. [17]. LEHMANN [16] contains another proof rule for justice. In
LEHMANN et al. [17] arguments for introducing the hypotheses of justice
and fairness when studying parallel programs are given. QUEILLE & SIFAKIS
[20] contains a thorough discussion of various possible formalizations of

the assumption of fairness.
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