
BULLETIN DE L'ACADEMIE 
POLONAISE DES SCIENCES 
Serie des sciences math., astr. 
et phys. - Vol. XX, No. 11, 1972 

MA.THEMATICS 

(l.OGJC AND FOUNDATIONS) 

w-Models m Analytical Hierarchy 
by 

K. R. APT 

Presented by A. MOSTOWSKI on July 4, 1972 

Summary. We consider co-models of the second order arithmetic A2 , which are the subsets of the 
class of analytical sets. It is proved that there exist w-models of A2 'l{, such that'll r. u1: u Il>= 
=LI~ and 'll u (JI~ u L'~) ~ Lli, and that there are no OJ-models which lie lower in the analytical 
hierarchy. It is shown that there exist ro-models of A2 in which every set is analytical but no code is 
analytical. Finally, we prove some results concerning hyperdegrees, e.g. the existence of "many" 
uncountable antichains of hyperdegrees. 

1. Introduction. We consider the second order arithmetic A2 (with the set va­
riables) Every w-model is identified with its class of sets, and so is a subset of the 
power set of w. 

It seems sensible to look for such w-models which are least complicated in their 
structure. We must look for such w-models among those that are the subsets of 
the class of all analytical sets, because only in his case we can examine the compli­
cation of the structure of the w-model. 

The complication of the structure of such w-models we may understand in two 
ways: as a level of the analytical hierarchy, of which the ro-model is already a subset, 
or as the least level of the analytical hierarchy to which a certain code of the ro­
model belongs. We show that these possibilities are quite different. 

By N x we denote the set {(X)k : k <co}, where (X)k = {y: 2k • 3' e X}. 
If '!( is a countable w-model, then every set X such that Nx='ll is called the 

code ofl.2t 
Terminology and notations are well-known in the recursion theory. In parti­

cular X ~h Y denotes that X is hyperarithmetical in Y, X denotes the hyperdegree 
of the set X. 

By 0 we denote the hyperdegree of the hyperarithmetical sets, and by O' its 

hyperjump. 

2. w-models of A 2 • Every w-model of A 2 contains all LI~ sets. By a theorem of 
Kleene (see [l]) A~ does not satisfy the comprehension schema, i.e. it is not the 

w-model of A 2 • 

The next level of the analytical hierarchy, which could contain an w-model 
of A 2 is fl~ UL'~. However we have the following simple 

[901) 
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THEOREM 1. If Ills lli u .Ei, then Ill is not an OJ-model of A 2 • 

Proof. Suppose, on the contrary, that Ill F= A 2 • By the above remarks there 
exists the set XEfli-.EL such that XE'l!. By the comprehension schema the set 
Y = {2k: k EX} U {2k+ 1 : k ~ X} belongs to Ill. Hence YE ll i U ..[ i, which implies 
that X E Ai, which is a contradiction. 

Spector proved (see e.g. theorem XXX II p. 411 in [2]) that all lli-Ei sets 
have the same hyperdegree, namely O'. Every w-model of A 2 is hyperarithmetically 
closed (i.e. Ill F A2, X E Ill, Y ~11 X implies that YE '2{) and therefore we have 
the following. 

Remark. If an cv-model of A2 contains a set from 17 i - .Ei (or from .Ei-lli), 
then it contains every set from IIi u ..[i. 

The next level of the analytical hierarchy is Lf;. In this case we have already 
got the positive result. Namely we prove 

THEOREM 2. There exists an w-model of A 2 Ill suclz that Ill has A~ code and 

filn(Jiiu.Ei)=Lli and 
filu(Jii u.ED$LI~. 

Proof. It follows from Mostowski [3], that the relation Mod w (X)+-+Nx I= A2 
is a Lfi one. By the Skolem-Lowenheim theorem :IX Mod w (X), hence by Gandy's 
basis theorem (see [4]) there exists a set X, such that X <h O' and Mod w (X). X is 
Ai in IIi sets, and so is A; set (see e.g. the exercise 18 b, p. 198 in [5]). If YeNx, 
then Y <1, O', i.e. Nx does not contain the sets from O'. This means, by the above 
remark, thatNx n (lli u .Ei)= Ai. 

It suffices now to show that 'll F= A 2 , Ills; A~ and 

llln(lliu.Ei)=Lli implies that lllu(fliu.Ei)$A;. 
Let YE 0" Then. 

YEA~-(IJiul'i) and (because 0'< 1, Y) Y\f;'2t. 
The w-model obtained in the above Theorem has the least complicated structure 
in every sense. Its code lies as low as possible in the analytical hierarchy and in the 
structure of the hyperdegrees (in the sense of the levels determined by 0, O', O", ... ). 

The following two theorems show that both notions of the complication of 
the structure of the uJ-model are quite different. 

THEOREM 3. There exists an CV-model of A 2 Ill which satisfies the conditions ( *) 
from the Theorem 2, but has no LI; code. 

Proof. Let AC denote the choice schema for A 2 (i.e. the following one: 
Vx :I Y <p (x, Y)__,:J Y V x rp (x, ( Y)x)· 

By [3] the relation Mod'w(X)+-+Nxf=A 2 +AC is L1i one. From the proof 
of Theorem 2 there exists X0EA~, such thatNx, f=A 2 +AC andNx0 n (Jii uLi)= Ai. 

The relation EL (X, Y)+-+Nx<..Nr is Lfi one (see Mostowski [6]), hence the 
relation ELM(X,Y)HNxf=A 2 +AC and EL(X,Y) and Nrn(ll~uED=Ai 
is A; one. Indeed, provided Ny F= A 2 , we have on the base of Remark: 

Nr(l(fli ULi)=LfiH Vk ((Y)d,z), 
where Z E Jii-.Ei, hence it is easily seen that it is A; relation with respect to Y. 
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Keisler proved in [7] (p. 155) that (we give a weaker version of the theorem) 
if~ is a countable co-model of A2 +AC and [s;;; 20) is a countable set, such that 
m'.n[=0, then there exists a w-model m, such that ~-<lBand mnG::=0. This 
implies that 3Y ELM (X0 , Y). Using the relativized form of the Kondo-Addison basis 
theorem (see [2]) we obtain the set X 1 which is ,j; in X0 (i.e. really A; one) and 
such that ELM (X0 , X 1 ). Iterating this procedure we get the sequence X0 , X 1 , ... of 
.Ji sets such that ELM (Xn. Xn+i) for n~O. By Tarski's Lemma, U Nx.l=A 2 +AC. 

n<t.o 

Suppose that the thesis is false. Because LJ Nxn satisfies the conditions (*) 
n<c> 

(see the proof of Theorem 2), there exists the set Xco E .J~ such that Nxw= U Nx.· 
n<o> 

Continuing this procedure we obtain a strictly increasing elementary chain of 
ro-models of the length wt> whose sum is the subset of .d~, which gives a contra­
diction. 

THEOREM 4. There exists an w-model of A2 which has no analytical code, but 
is a subset of the class of analytical sets. 

Proof. Suppose that the thesis is false. We show, that then exists a strictly 
increasing elementary chain of w-models A2 +AC of the length w1 , such that the 
code of each of these OJ-models is analytical, which of course is impossible. Let 
Nx, l=A2+AC for some X, EA~, where k ~2 (r<w1). On the ground of the theorems 
of Keisler and Kondo-Addison there exists the set Xa 1 which is LI~ in Lfi sets, 
(i.e. is LI~ set) such that EL (X., X,+ 1). 

On the limit steps the sum of OJ-models constructed till now has (by our assump­
tion) the analytical code, because on the base of Tarski's Lemma it is a model of 
A 2 +AC. 

It seems that the following conjecture is true. 

CONJECTURE. There exists an OJ-model of A2 ~such that for some k ms Lit, but 
m has no analytical code. However the author was unable to prove it. 

No level of the analytical hierarchy is ro-model of A2 • Namely, we have the 
following 

THEOREM 5. a). II! u .E; is not the w-model of A2 (n~ I). 
b). ,j~ is not the m-model of A2 • 

c). If every non-empty .E!+i relational has Ll!+i set as its element, 
then A!+ 1 is not the OJ-model of A2. 

d). Boolean closure of II; v .E! ((II; v .E!)s) is not the co-model 
of A2 (n~ I). 

The condition in c) follows from the axiom of constructibility, (see [8]). 

Proof. a) The proof is analogous to the proof of Theorem l, b) and c) see [9]. 
d) Suppose that (fln1 v .E!) is the w-model of A 2 • Then it is hyperarithmetically 
closed. If X E (n; u L'!)B then X is recursive in a II; complete set, say Pn. Hence 
(fln1 u .E!)s would be just the collection of all LI~ sets in P., what would contradict 
the relativized form of Kleene's theorem, that LI~ is not the ro-model of Az. 
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3. Hyperdegrees. Up to now we have used the connection between models and hyperdegrees only in one direction. Now we show how by using the theorems about co-models we can examine hyperdegrees. 
THEOREM 6. Let (£; be the countable set of nonhyperarithmetic sets. Then there exists a set A which is hyperarithmetrically incomparable with ei•ery set from G:. Proof. By a theorem of Mostowski (see [10]) there exists the countable w-model of A 2 m, such that m: n [= 0. From the already cited theorem of Keisler there exists ru-model ~of power ro 1, such that m-<~ and ~n[=0. The set D={Z: z:::;;;hc for some C e [} is the countable one. Hence there exists A e ~-D. If Z < 1, A then Z E \13, what shows that A is the required set. 
THEOREM 7. If X h> 0, then there exists the antichain of hyperdegrees of power ro1 which has X as its element. 
Proof. By Zorn's lemma there exists a maximal antichain ofhyperdegrees which has X as its element. This antichain cannot be countable on the ground of Theorem 6. 
INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES, WARSAW (INSTYTUT MATEMATYCZNY PAN, WARSZAWA) 
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K. P. Arn, co-Mo,aeJIU B aua.rmTll'lecKoii uepapxuu 
Co,aepllallllle. B pa6oTe paccMaTpHBaroTc.st w-Mop;emi: apmpMennrn eToporo rropsr,n;Ka A2, KOTopi:.re .stBJUIIOTCll IIO.r(MHO:lKeCTBa.MH K.Tiacca BCex aaa.JlliTli'ieCKMX MHO:iKeCTB. ):(oKa3aHO, 'iTO cyw;eCTBYfOT co-Mop;e.rm: A2 a Tame:>K 'IeTo an(:iriUZ'i)=Lf~rr au(n~u2:';J$Ll~ H '!To tteT m-Mo.n;enea, KOTopi:.re Jie:>KaT HIDICe B aHaJIHTB"!ecro1eoa :e:epapxn:e:. IlOKa3aHO, 'ITO cyw;ecTBYlOT (ti-MO.D;eJrn A2' He l!Me:EOlf(He amumTll."IecKoro KO,l:la, HO B KOTOpbIX KIDK,D;Oe MHO:lKeCTBO aHaJiliTWfeCKOe. B 3aKJIIO'IeHKe pa60T.1>!, .D;OKa3aH.l>I HeKOTOp.1>re TeopeM.1>1 0 rnnepCTylleHm:, KaK HarrpHMep cyw:ecTBOBaHKe Herre­pe'IBCJlliM.l>IX aKT1'llleneil: nmepcTyneHea. 
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