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Summary. The following theorem is proved: Assume V=L. Let (4) be the second order arithmetic,
and let S be the set of all true I1} formulas of the language of (A). Then Cn(S) does not contairn
Cn (4). As a corollary we get that (A) is not finitely axiomatizable.

By a second order arithmetic we mean the system (4) described in [1] with one
argument function variables only, without the symbol 1 and with the following
schema of comprehension axiom: 3a Vx (a (x)=0<>¢ (x)), where ¢ does mnot
contain free variables other than x.

By N we denote the standard model of arithmetic, and by |4}| the c-structure
whose functions are all the 4} ones. If R is a collection of formulas, then A<z B
denotes the fact that 4 is an elementary substructure of B with respect to formulas
in R, i.e. for every formula ¢ (xo, ..., X,—1) from R with free variables indicated,
and every sequence (do, ..., @;—) Of elements of A we have Ao (ag, ... Gx—1)
if and only if BE¢ (o, --s Gx—1)-

Let, for n<w, R, denote the set of all formulas which are ., or Iy,

We shall use the following theorem of Addison (see [2]): If V=L, then, for each
n<w, every non-empty .., family of functions contains a 4}, function.

LemMaA 1. If V=L, then |4,,,|<g,N.

Proof. We use the slightly modified version of Tarski-Vaught criterion of
being an elementary substructure (see [3]). Let go, -.s 8k-1 be a sequence of dy,s
functions. It suffices to prove that if ¢ is a II},, formula, such, that

6] NEo(8os - gk-1.1)

for some £, then (1) holds for some f” being a 4 !, function. It is easy to see that (1)
is 4%, , relational, with one variable /. Hence the existence of f is a consequence of
Addison’s theorem.

LEMMA 2. If V=L then |4},,] is not a model of (4).

Proof. Let X be a 11, ,— S}, , set, and let ¢ be a II,, , formula which defines
X in N i.e.
@ X={n:Nko @)}.

Assume, on the contrary, that |4, ,| is a model of (4). By a comprehension axiom
there exists a 4%, , function g such that

lA;-{-zl l=Vx (g (x)=09 (x)): ie.
[347]




348 : K. R. Apt

(6) 4:,, EVx (g ()=0-¢ (x)) and
@ [4r 5] EVx (9 ()~ (x)=0).
By Lemma 1 (3) and (4) hold with |4}, ,| replaced by N. Hence N|=Vx (g (x)=
=09 (x)) and because g is a 4., function we get by (2) a contradiction.
THEOREM. Assume V=L. Let T be an extension of Cn (A4) in the language of (4),
and let S be a set of 11} formulas (n<w) such that N is a model of TU S. Then
1) Cn(S)#T.
2) Cn,(S)#T.
3)  Cng (S)#T.
Proof. It is an immediate consequence of the above lemmata. [4),,| is
B-model, because the formula Bord (a) if II] one (see [4]).

CoROLLARY. For every formula ¢ we have
Cn (p)# Cn (4).

The author observed that the consideration of the structure |4}, ,| is the key
to the proof of the theorem. The original proof that the structure |4,,,| has the
required properties was longer than the present one. The present version of the
proof that |4, ,| has the required properties was suggested to the author by dr L.
Pacholski, to whom the author expresses his great gratitude.

After the preparation of the paper the author was informed that Lemma 1 could
be found in [3].

The first proof of non-finite axiomatizability of the second order arithmetic
with the full comprehension schema was given in [6].
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K. P. Anr, BeckoHeuHasi aKCHOMATH3HPYEMOCTh apHMMETHKH BTOPOH CTYIEHM

Conepxanue. B HacTosmel paboTe noxaspiBaeTcs cnemyiomas reopema: Ilycts V=L. ITycte (4)
Oyner apu¢meruxoit BTOpo¥ crynerw. Ecimu S sABISETCS MHOXECTBOM BCEX CIPABEITHUBBIX II,l,

dopmyn, 10 Crp (S) e comepxuT B cebe Cn(4). B cnencTeru MbI monydaeM, 4To (4) He MOXeET
OBITH KOHEYHO aKCHOMATH3MpyeMa.



